Problem.
Let X, y, z be real numbers such that x+y+z =0. Show that

6(X3+y3+z3)2 S(X2 +y2 +22)3.

Solution.

Let f(w)=(wW-x)(W-Yy)(w-2)=w>+pw+q be acubicexpression.

Note that

1. xX*+y*+2°-3xyz=(x+y+z)(x* +y*+1z° —xy —yz - xz) =0, which implies
x*+y®+2° =3xyz =-3q.

2. XPHyP4zP=(x+y+2)°-2(xy+yz+2x)=-2p

Now, the desired inequality becomes

6(-30)* < (-2p)°
279° +4p° <0
D, 20

which is true since f(w) has 3 real roots x, y, z.

Remark.
For (1.), there is an alternative approach to obtain x* +y® +z° = =3q. It goes as
follows:
FO)+f(y)+f(2)=00 (X*+y +2°)+ p(x+y+2)+39=0
It follows that x* +y®+z° =-3q.



