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We consider the concept of field line motion in classical electromagnetism for crossed
electromagnetic fields and suggest definitions for this motion that are physically meaningful but not
unique. Our choice has the attractive feature that the local motion of the field lines is in the direction
of the Poynting vector. The animation of the field line motion using our approach reinforces
Faraday’s insights into the connection between the shape of the electromagnetic field lines and their
dynamical effects. We give examples of these animations, which are available on the Web. ©2003

American Association of Physics Teachers.
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I. INTRODUCTION

Classical electromagnetism is a difficult subject for beg
ning students. This difficulty is due in part to the complex
of the underlying mathematics which obscures the physi1

The standard introductory approach also does little to c
nect the dynamics of electromagnetism to the everyday
perience of students. Because much of our learning is d
by analogy,2 students have a difficult time constructing co
ceptual models of the ways in which electromagnetic fie
mediate the interactions of the charged objects that gene
them. However, there is a way to make this connection
many situations in electromagnetism.

This approach has been known since the time of Fara
who originated the concept of fields. He was also the firs
understand that the geometry of electromagnetic field line
a guide to their dynamical effects. By trial and error, Farad
deduced that the electromagnetic field lines transmit a
sion along the field lines and a pressure perpendicular to
field lines. From his empirical knowledge of the shape of
field lines, he was able to understand the dynamical effe
of those fields based on simple analogies to strings
ropes.3–5

As we demonstrate in this paper, the animation of the m
tion of field lines in dynamical situations reinforces Far
day’s insight into the connection between shape a
dynamics.6 Animation allows the student to gain insight in
the way in which fields transmit stresses by watching h
the motion of material objects evolve in response to th
stresses.7 Such animations enable the student to better m
the intuitive connection between the stresses transmitted
electromagnetic fields and the forces transmitted by m
prosaic means, for example, by rubber bands and string

We emphasize that we consider here only the mathema
of how to animate field line motion and not the pedagogi
results of using these animations in instruction. We are c
rently using these animations in an introductory studio ph
ics course at MIT that most closely resembles
SCALE-UP course at NCSU.8 The instruction includes pre
and post-tests in electromagnetism, with comparisons to c
trol groups taught in the traditional lecture/recitation form
Although some of the results of this study have appeare
preliminary form,9 the full study is still in progress, and th
results will be reported elsewhere.

We note that the idea of moving field lines has long be
considered suspect because of a perceived lack of phy
220 Am. J. Phys.71 ~3!, March 2003 http://ojps.aip.org/a
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meaning.10,11 This skepticism is in part due to the fact th
there is no unique way to define the motion of field line
Nevertheless, the concept has become an accepted and u
one in space plasma physics.12–14In this paper we focus on a
particular definition of the velocity of electric and magne
field lines that is useful in quasi-static situations in which t
E and B fields are mutually perpendicular. Although th
definition can be identified with physically meaningful qua
tities in appropriate limits, it is not unique. We choose her
particular subset of the infinite range of possible field li
motions.

Previous work in the animation of electromagnetic fiel
includes film loops of the electric field lines of accelerati
charges15 and of electric dipole radiation.11 Computers have
been used to illustrate the time evolution of quasi-sta
electro- and magneto-static fields,16,17 although pessimism
has been expressed about their educational utility for the
erage student.18 Electric and Magnetic Interactionsis a col-
lection of three-dimensional movies of electric and magne
fields.19 The Mechanical Universeuses a number of three
dimensional animations of the electromagnetic field.20 Max-
well World is a real-time virtual reality interface that allow
users to interact with three-dimensional electromagn
fields.21 References 11 and 15 use essentially the method
define here for the animation, although they do not explic
define the velocity field that we will introduce. The oth
citations on the animation of field lines are not explicit abo
the method they use. None of these treatments focuse
relating the dynamical effects of fields to the shape of
field lines. Our emphasis on dynamics and shape is simila
other pedagogical approaches for understanding force
electromagnetism.4,5

II. NONUNIQUENESS OF FIELD LINE MOTION

To demonstrate explicitly the ambiguities inherent in d
fining the evolution of field lines, consider a point char
with chargeq and massm, initially moving upward along the
negativez-axis in a constant background fieldE52E0ẑ.
The position of the charge as a function of time is given

Xcharge~ t !5~ 1
2 t223t1 9

2!ẑ ~1!

and its velocity is given by

Vcharge~ t !5~ t23!ẑ. ~2!
220jp/ © 2003 American Association of Physics Teachers
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The charge comes to rest at the origin att53 time units, and
then moves back down the negativez-axis.

Figure 1 shows the charge at the origin when it comes
rest. The strength of the background field is such that
total field is zero at a distance of one unit above the cha
Figure 1 also shows a set of electric field lines at this time
the total field~that is, the field of the charge plus that of th
constant field!. Note that in Fig. 1 and in our other figure
we make no attempt to have the density of the field lin
represent the strength of the field~there are difficulties asso
ciated with such a representation in any case22!. We discuss
other features of Fig. 1 below.

Now suppose we want to make a movie of the scenario
Fig. 1, showing both the moving charge and the tim
changing electric field lines. How would we do this? O
course, there is no problem in animating the charge mot
but there are an infinite number of ways of animating
field line motion. We show one of these ways in Fig.
which gives two snapshots of the evolution of six differe
field lines. The animation method that we use here is
follows ~this method isnot the method we use later!. At any
time ~frame!, we start drawing each of our six field lines
six different points, with each of the six initial points fixed
time and space for a given field line. These six points
indicated by the spheres in Fig. 2. Figure 2~a! shows the field
lines computed in this way when the charge is still out
sight on the negativez-axis att50, moving upward. Figure
2~b! shows these ‘‘same’’ field lines when the charge h
arrived at the origin att53.

Although we have a perfectly well-defined animation
the field line motion using this method, the method has m
undesirable features. To name two, the innermost four fi
lines in Fig. 2, which were originally connected to th
charges producing the constant field in Fig. 2~a!, are con-
nected to the moving charge at the time shown in Fig. 2~b!.
Moreover, the motion of all of the field lines in the horizont
direction is opposite to the direction of the flow of ener
whenever the charge is in motion. A much more satisfy
way to animate the field lines for this problem is outlined
Sec. IV.

Fig. 1. Electric field lines for a point charge in a constant electric field.
also show the Maxwell stress vectorsdF5T"ndA on a spherical surface
surrounding the charge. Because the magnitude of the stress vector
greatly around the surface, the length of the displayed vectors is pro
tional to the square root of the length of the stress vector, rather tha
length of the stress vector itself.
221 Am. J. Phys., Vol. 71, No. 3, March 2003
o
e
e.
r

s

in
-

n,
e
,
t
s

e

f

s

y
ld

g

We again emphasize that there are an infinite numbe
ways to animate electric field line motions for the problem
hand. We have shown one way in Fig. 2. Another way wo
be to start out with the same six points shown in Fig. 2~a!,
but now let their positions oscillate sinusoidally in the ho
zontal direction with some amplitude and frequency. At a
instant of time, we could then construct the field lines th
pass through those six points. This construction would a
give us an animation of the field line motion for these s
field lines which would be continuous and well-behave
However, other than the fact that the field lines would
valid field lines at that instant, the manner in which th
evolve has little to do with the physics of the problem.

III. DRIFT VELOCITIES OF ELECTRIC AND
MAGNETIC MONOPOLES

Before we present our preferred method of animation
field lines, we first discuss the drifts of electric and magne

ries
r-
to

Fig. 2. Two frames of a method for animating field lines for a char
moving in a constant field. At any instant of time, we begin drawing the fi
lines from the six spheres, which are fixed in space. In~a!, the particle is still
out of sight on the negativez-axis, but the influence of its field can be see
In ~b!, the particle is at the origin and has come to rest before beginnin
move back down the negativez-axis.
221J. W. Belcher and S. Olbert
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monopoles in crossed electric and magnetic fields. This
cussion will help motivate our definitions of field line motio
in the following sections. For an electric charge with veloc
v, massm, and electric chargeq, the nonrelativistic equation
of motion in constantE andB fields is

d

dt
mv5q~E1vÃB!. ~3!

If we define theEÃB drift velocity for electric monopoles to
be

Vd,E5
EÃB

B2 , ~4!

and make the substitution

v5v81Vd,E , ~5!

then Eq.~3! becomes~assumingE andB are perpendicular
and constant!:

d

dt
mv85qv8ÃB. ~6!

The motion of the electric charge thus reduces to a gyra
about the magnetic field line superimposed on the ste
drift velocity given by Eq.~4!. This expression for the drif
velocity is only physically meaningful if the right-hand sid
is less than the speed of light. This assumption is equiva
to the requirement that the energy density in the electric fi
be less than that in the magnetic field.

For a hypothetical magnetic monopole of velocityv, mass
m, and magnetic chargeqm , the nonrelativistic equation o
motion is23

d

dt
mv5qm~B2vÃE/c2!. ~7!

If we define theEÃB drift velocity for magnetic monopoles
to be

Vd,B5c2
EÃB

E2 , ~8!

and make the substitution analogous to Eq.~5!, then we re-
cover Eq.~6! with B replaced by2E/c2. That is, the motion
of the hypothetical magnetic monopole reduces to a gyra
about the electric field line superimposed on a steady d
velocity given by Eq.~8!. This expression for the drift veloc
ity is only physically meaningful if it is less than the speed
light. This assumption is equivalent to the requirement t
the energy density in the magnetic field be less than tha
the electric field. Note that these drift velocities are indep
dent of both the charge and the mass of the monopoles.

In situations whereE andB are not independent of spac
and time, the drift velocities given above are still appro
mate solutions to the full motion of the monopoles as long
the radius and period of gyration are small compared to
characteristic length and time scales of the variation inE and
B. There are other drift velocities that depend on both
sign of the charge and the magnitude of its gyroradius,
these can be made arbitrarily small if the gyroradius of
monopole is made arbitrarily small.24 The gyroradius de-
pends on the kinetic energy of the charge as seen in a fr
moving with the drift velocities. When we say that we a
considering ‘‘low energy’’ test monopoles in what follow
222 Am. J. Phys., Vol. 71, No. 3, March 2003
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we mean that we take the kinetic energy~and thus the gyro-
radii! of the monopoles in a frame moving with the dri
velocity to be as small as we desire.

The definition we will use to construct our electric fie
line motions in Sec. IV is equivalent to taking the local v
locity of an electric field line in electro-quasi-statics to be t
drift velocity of low energy test magnetic monopoles spre
along that field line. Similarly, the definition we will use t
construct our magnetic field line motions in Sec. V is equiv
lent to taking the local velocity of a magnetic field line
magneto-quasi-statics to be the drift velocity of low ener
test electric charges spread along that field line. Th
choices are thus physically based in terms of test part
motion and have the advantage that the local motion of
field lines is in the direction of the Poynting vector.

IV. A PHYSICALLY-BASED EXAMPLE OF
ELECTRIC FIELD LINE MOTION

We now introduce our preferred way of defining the ele
tric field line motion in the problem described in Sec. II.
this section and in Secs. V–VI we concentrate on explain
our calculational technique. In Sec. VII, we return to t
question of the physical motivation for our choice of anim
tion algorithms.

First, we need to calculate the time-dependent electric
magnetic fields for this problem in the electro-quasi-sta
approximation, assuming nonrelativistic motion. By elect
quasi-statics, we imply that there is unbalanced charge,
also that the system is constrained to a region of sizeD such
that if T is the characteristic time scale for variations in t
sources, thenD!cT. By using Ampere’s law including the
displacement current, we can argue on dimensional grou
that cB'DE/cT5(V/c)E, whereV5D/T. With this esti-
mate ofB, it is straightforward to show that if we neglec
terms of order (V/c)2, then the curl of the electric field is
zero. In this situation, our solution forE(x,t) as a function of
time is just a series of electrostatic solutions appropriate
the source strength and location at any particular time. T
our time-dependent electric field due to the charge in t
problem is given by

Echarge~x,t !5
q

4p«0

x2xcharge~ t !

ux2xcharge~ t !u3 . ~9!

The time-dependent magnetic field in the same approxi
tion can be found by using the Lorentz transformation pro
erties of the electromagnetic fields, and is given by

B~x,t !5
1

c2 Vcharge~ t !3Echarge~x,t !. ~10!

To verify directly that Eq.~10! is the appropriate solution
simply take the curl of this magnetic field. The total elect
field is then the sum of the expression in Eq.~9! and the
background electric field, and the total magnetic field is j
given by Eq.~10!. Note that the electric and magnetic field
are everywhere perpendicular to one another.

Given these explicit solutions for the electric and magne
field, we can calculate at every point in space and time
magnetic monopole drift velocityVd,B(x,t) given in Eq.~8!.
We call this velocity field the velocity of the time-depende
electric field lines in electro-quasi-statics. Note that this v
locity is parallel to the Poynting vector, so that an observ
motion of a field line in our animations indicates the dire
222J. W. Belcher and S. Olbert
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tion of energy flow at that point. This definition is valid on
when we have a set of discrete sources~point charges, point
dipoles, etc.!. In other situations, for example, a continuo
charge density, it is not appropriate~see Sec. VII C!.

We show in Fig. 3 two frames of an animation using th
definition of the velocity of electric field lines to anima
their motion. In addition to the field line representation, w
also show in Fig. 3 a representation of the electric field
which the direction of the field at any point is indicated
the orientation of texture correlations near that point. T
latler representation of the field structure is the line integ
convolution technique of Cabral and Leedom.25 Sundquist26

has devised a novel way to animate such textures using
definitions of field motion contained in this paper. That
the texture pattern in Fig. 3 evolves in time according to E
~8!.27

This animation is constructed in the following wa
Choose any point in spacex0 at a given timet, and draw an
electric field line through that point in the usual fashion~for
example, construct the line that passes throughx0 and is

Fig. 3. Two frames of a physically-based method for animating field li
for a charge moving in a constant field. We show both a field line repre
tation and a method of representing the electric field in which the direc
of the field at any point is indicated by the orientation of the correlations
the texture near that point. The texture is color-coded so that black re
sents low electric field magnitudes and white represents high electric
magnitudes.
223 Am. J. Phys., Vol. 71, No. 3, March 2003
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everywhere tangent to the electric field at that time!. This
procedure defines a particular field line at that instant of ti
t. Now increment the time by a small amountDt. Move the
starting pointx0 to a new point at timet1Dt given by x0

1Dt Vd,B(x0 ,t). Draw the field line that passes through th
new point at timet1Dt. That field line is now the time-
evolved field line at the timet1Dt. Using this method, the
two outer field lines in Fig. 3~a! evolve into the two outer
field lines in Fig. 3~b!. A more elegant way to follow the
evolution of the field lines is to follow contours on which th
value of an electric flux function is constant, and we expla
that method elsewhere.28

An immediate question arises as to why this method
construction yields a valid set of field lines at every instant
time. What if we had considered at timet a different starting
point x1 on the same field line asx0? For our method to
make sense, the pointsx01DtVd,B(x0 ,t) and x1

1DtVd,B(x1 ,t) must both lie on the same field line at tim
t1Dt. This is in fact the case, but it is by no means obvio
We postpone the explanation as to why this is true to S
VII C.

What are the advantages to the student in viewing
kind of animation? To answer this question, let us first
view how Faraday would have described the downward fo
on the charge in Figs. 1 and 3. First, surround the charge
an imaginary sphere, as in Fig. 1. The field lines piercing
lower half of the sphere transmit a tension that is paralle
the field. This is a stress pulling downward on the cha
from below. The field lines draped over the top of the ima
nary sphere transmit a pressure perpendicular to themse
This is a stress pushing down on the charge from above.
total effect of these stresses is a net downward force on
charge. Over the course of the animation the displayed
ometry simply translates upward or downward, so that i
also obvious from the animation that the force on the cha
is constant in time as well.

Figure 1 also demonstrates how Maxwell would have
plained this same situation quantitatively using his stress

sor. We show the Maxwell stress vectorsdF5TI"ndA on the
imaginary spherical surface centered on the charge. Bec
the stresses vary so greatly in magnitude on the surfac
the sphere, we show in Fig. 1 the proper direction of
stress vectors, but the stress vectors have a length th
proportional to the square root of their magnitude, to redu
the variation in the length of the vectors. The downwa
force on the charge is due both to a pressure transm
perpendicularly to the electric field over the upper hem
sphere in Fig. 1, and a tension transmitted along the elec
field over the lower hemisphere in Fig. 1, as we~and Fara-
day! would expect given the overall field configuration.

We now argue that the animation of this scene grea
enhances Faraday’s interpretation of the static image in
1. First of all, as the charge moves upward, it is apparen
the animation that the electric field lines are generally co
pressed above the charge and stretched below the char29

This changing field configuration makes it intuitively pla
sible that the field enables the transmission of a downw
force to the moving charge we see as well as an upward fo
to the charges that produce the constant field, which we c
not see. That is, it makes plausible the stress analysis of
1 that we carried out at one instant of time. Moreover,
know physically that as the particle moves upward, there
continual transfer of energy from the kinetic energy of t
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particle to the electrostatic energy of the total field. This i
difficult point to argue at an introductory level. However,
is easy to argue in the context of the animation, as follow

The overall appearance of the upward motion of
charge through the electric field is that of a point bei
forced into a resisting medium, with stresses arising in t
medium as a result of that encroachment. Thus it is plaus
to argue based on the animation that the energy of the
wardly moving charge is decreasing as more and more
ergy is stored in the compressed electrostatic field, and c
versely when the charge is moving downward. Moreov
because the field line motion in the animation is in the dir
tion of the Poynting vector, we can explicitly see the elect
magnetic energy flow away from the immediate vicinity
thez-axis into the surrounding field when the charge is slo
ing. Conversely, we see the electromagnetic energy fl
back toward the immediate vicinity of thez-axis from the
surrounding field when the charge is accelerating back do
the z-axis. All of these features make viewing the animati
a much more informative experience than viewing a sin
static image.

V. AN EXAMPLE OF MAGNETIC FIELD LINE
MOTION

Let us turn from electro-quasi-statics to a magneto-qu
static example. By magneto-quasi-statics, we assume
there is no unbalanced electric charge, and that the syste
constrained to a region of sizeD such that ifT is the char-
acteristic time scale for variations in the sources, thenD
!cT. Then using Faraday’s law, we can argue on dim
sional grounds thatE'DB/T5VB, whereV5D/T. By us-
ing Ampere’s law including the displacement current, it
straightforward to show that if we neglect terms of ord
(V/c)2, then we can neglect the displacement current,
the B field is determined by

¹3B~X,t !5m0J~X,t !. ~11!

That is, as time increases our solution forB(X,t) as a func-
tion of time is just a series of magneto-static solutions
propriate to the source strength at any particular time. T
electric field is then derived from this magnetic field usi
Faraday’s law.

Now consider a particular situation. A permanent mag
is fixed at the origin with its dipole moment pointing upwar
On thez-axis above the magnet, we have a co-axial, cond
ing, nonmagnetic ring with radiusa, inductanceL, and resis-
tanceR @see Fig. 4~a!#. The center of the conducting ring i
constrained to move along the vertical axis. The ring is
leased from rest att50 and falls under gravity toward th
stationary magnet. Eddy currents arise in the ring becaus
the changing magnetic flux as the ring falls toward the m
net, and the sense of these currents is to repel the ring.

This physical situation can be formulated mathematica
in terms of three coupled ordinary differential equations
the positionXring(t) of the ring, its velocityVring(t), and the
current I (t) in the ring.28 We consider here the particula
situation where the resistance of the ring~which in our
model can have any value! is identically zero, and the mas
of the ring is small enough~or the field of the magnet is larg
enough! so that the ring levitates above the magnet. We
the ring begin at rest a distance 2a above the magnet. Th
ring begins to fall under gravity. When the ring reaches
224 Am. J. Phys., Vol. 71, No. 3, March 2003
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distance of abouta above the ring, its acceleration slow
because of the increasing current in the ring. As the curr
increases, energy is stored in the magnetic field, and w
the ring comes to rest, all of the initial gravitational potent
of the ring is stored in the magnetic field. That magne
energy is then returned to the ring as it ‘‘bounces’’ and
turns to its original position a distance 2a above the magnet
Because there is no dissipation in the system for our part
lar choice ofR in this example, this motion repeats inde
nitely.

How do we compute the time evolution of the magne
field lines in this situation? As before, we first find the tot
electric and magnetic fields for this problem. In the re
frame of the ring, the magnetic field of the ring can be d
rived from the vector potentialA(x,t).30 The electric field of
the ring in its rest frame is given by the negative of t
partial time derivative ofA(x,t). We then calculate the elec
tric field in the rest frame of the laboratory using the Loren
transformation properties of the electric field@for example,
we use the equation analogous to Eq.~10!#. The magnetic
field in the laboratory is just the sum of the magnetic field
the magnet and the magnet field of the ring in its rest fra
~assuming nonrelativistic motion!. Given these explicit solu-

Fig. 4. Two frames from an example of a physically-based method of
mating magnetic field lines for a conducting ring falling in the magne
field of a permanent magnet. The spheres in the ring in the animation
the sense and the relative strength of the eddy current in the ring as it
and rises.
224J. W. Belcher and S. Olbert
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tions for the total electric and magnetic field, we can n
calculate for all space and time the electric monopole d
velocity Vd,E(x,t) given in Eq.~4!. This is the velocity field
we call the velocity of the time-dependent magnetic fie
lines in magneto-quasi-statics. Note again that this velocit
parallel to the Poynting vector, so that the observed mo
in our animations indicates the direction of energy flow
that point.

We show in Fig. 4 two frames of an animation using th
definition of the velocity of magnetic field lines to anima
the motion. The animation is constructed in the same man
as that described for Fig. 3, except that we use Eq.~4! for the
velocity field. There are two zeroes in the total magnetic fi
when the ring is in motion@see Fig. 4~b!#. These zeroes
appear just above the ring at the two places where the
configuration looks locally like an ‘‘X’’ tilted at about a 45
degree angle. Very near these two zeroes, our assum
thatE!cB is violated, which means that our magneto-qua
static equation approximation is no longer valid. However
can be shown28 that the region where the drift velocity i
very large, and thus where our magneto-quasi-static appr
mation is invalid, is a region that for all practical purposes
vanishingly small. Similar considerations apply to elect
quasi-statics.

What are the advantages to the student of presenting
kind of animation? One advantage is again the reinforcem
of Faraday’s insight into the connection between shape
dynamics. As the ring moves downward, it is apparent in
animation that the magnetic field lines are generally co
pressed below the ring. This makes it intuitively plausib
that the compressed field enables the transmission of an
ward force to the moving ring as well as a downward force
the magnet. Moreover, we know physically that as the r
moves downward, there is a continual transfer of ene
from the kinetic energy of the ring to the magnetostatic
ergy of the total field. This point is difficult to argue at a
introductory level. However, it is easy to argue in the cont
of the animation, as follows.

The overall appearance of the downward motion of
ring through the magnetic field is that of a ring being forc
downward into a resisting physical medium, with stres
that develop due to this encroachment. Thus it is plausibl
argue based on the animation that the energy of the do
wardly moving ring is decreasing as more and more ene
is stored in the magnetostatic field, and conversely when
ring is rising. Moreover, because the field line motion is
the direction of the Poynting vector, we can explicitly s
electromagnetic energy flowing away from the immedi
vicinity of the ring into the surrounding field when the ring
falling and flowing back out of the surrounding field towa
the immediate vicinity of the ring when it is rising. All o
these features make watching the animation a much m
informative experience than viewing any single image of t
situation.

VI. AN EXAMPLE OF MOVING FIELD LINES IN
DIPOLE RADIATION

Before turning to a physical justification of our choices f
defining motion of the electromagnetic field, we consider o
final example of field line animation, this time in a situatio
that is not quasi-static. Some of what we discuss here
225 Am. J. Phys., Vol. 71, No. 3, March 2003
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been treated elsewhere,11,31 but without explicit reference to
the connection between field line motion and the direction
the Poynting vector.

Consider an electric dipole whose dipole moment varies
time according to

p~ t !5p0„110.1 cos~2pt/T!…ẑ. ~12!

The solutions for the electric and magnetic fields in this si
ation in the near, intermediate, and far zone are commo
quoted, and will not be given here. We take those fields
use Eq.~8! to calculate the electric field line velocity in thi
situation. Figure 5 shows one frame of an animation of th
fields.

Close to the dipole, the field line motion and thus t
Poynting vector is first outward and then inward, correspo
ing to energy flow outward as the quasi-static dipolar elec
field energy is being built up, and energy flow inward as t
quasi-static dipole electric field energy is being destroy
This behavior is related to the ‘‘casual surface’’ discuss
elsewhere.31 Even though the energy flow direction chang
sign in these regions, there is still a small time-averag
energy flow outward. This small energy flow outward rep
sents the small amount of energy radiated away to infin
The outer field lines detach from the dipole and move off
infinity. Outside of the point at which they neck off, th
velocity of the field lines, and thus the direction of the ele
tromagnetic energy flow, is always outward. This is the
gion dominated by radiation fields, which consistently ca
energy outward to infinity.

VII. THE PHYSICAL MOTIVATION FOR OUR
DEFINITIONS

A. Thought experiments in magneto-quasi-statics

To understand more fully what our animation procedu
mean physically, consider a few simple situations. If we h
a magnet in our hand and move it at constant speed, do
field lines move with the magnet? Most readers would ag
that the familiar dipole field line pattern should move wi
the magnet, and it is easy to see how to calculate
motion—we simple translate the familiar static dipolar fie
lines along with the magnet. But consider a more comp
cated situation. Suppose we have a stationary solenoid

Fig. 5. One frame of an animation of the electric field lines around a tim
varying electric dipole. The frame shows the near zone, the intermed
zone, and the far zone.
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carries a current that is increasing with time. At any insta
we can easily draw the magnetic field lines of the soleno
However, in contrast to the moving magnet case, ther
now no intuitively obvious way to follow the motion of
given field line from one instant of time to the next.

The use of the motion of low-energy test electric charg
however, offers a plausible way to define this motion.
‘‘test’’ we mean electric charges whose charge is vanishin
small, and that therefore do not modify the original curre
distribution or affect each other. To see how to approach
concept of field line motion using test electric charges,
first return to the case of translational motion, but conside
moving solenoid instead of a moving magnet. Consider
following thought experiment. We have a solenoid carryin
constant current provided by a battery. The axis of the s
noid is vertical. We place the entire apparatus on a cart,
move the cart horizontally at a constant velocityV as seen in
the laboratory frame (V!c).

As above, our intuition is that the magnetic field lin
associated with the currents in the solenoid should m
with their source, for example, with the solenoid on the ca
How do we make this intuition quantitative in this cas
First, we realize that in the laboratory frame there will be
‘‘motional’’ electric field E52VÃB, even though there is
zero electric field in the rest frame of the solenoid. No
given the existence of this laboratory electric field, imag
placing a low-energy test electric charge in the center of
moving solenoid. The charge will gyrate about the magne
field and the center of gyration will move in the laborato
frame because it drifts in the2VÃB electric field with a
drift velocity is given by Eq.~4!. An EÃB electric drift
velocity in the2VÃB electric field is justV. That is, the test
electric charge ‘‘hugs’’ the ‘‘moving’’ field line, moving at
the velocity our intuition expects. The drift motion of th
low energy test charge constitutes a convenient way to de
the motion of the field line. This definition has the advanta
that this motion is in the direction of the local Poyntin
vector. In the more general case~for example, a stationary
solenoid with current increasing with time, or two sources
magnetic field moving at two different velocities!, we simply
extend this concept. That is, we define field line motion to
the motion that we would observe for hypothetical lo
energy test electric charges initially spread along the gi
magnetic field line, drifting in the electric field that is ass
ciated with the time changing magnetic field. This is t
definition of motion that we have used above.

Let us now return to the original case of the stationa
solenoid with a current varying in time. We can find a so
tion for B that is the curl of a time-varying vector potenti
A. Then our electric fieldE is simply given by the time
derivative of this vector potential, and we can calculate
velocity of a given field line directly by using Eq.~4!. Thus
as desired, we have found a~nonunique! way to calculate
field line motion in this case.

B. Thought experiments in electro-quasi-statics

Now we turn to electro-quasi-statics. Consider the follo
ing thought experiment. We have a charged capacitor c
sisting of two circular, coaxial conducting metal plates. T
common axis of the plates is vertical. We place the capac
on a cart, and move the cart horizontally at a constant ve
ity V as seen in the laboratory frame (V!c). Our intuition is
that the electric field lines associated with the charges on
226 Am. J. Phys., Vol. 71, No. 3, March 2003
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capacitor plates should move with their source, for exam
with the capacitor on the cart. How do we make this intuiti
quantitative? We realize that in the laboratory frame th
will be a ‘‘motional’’ magnetic fieldB5VÃE/c2. We then
imagine placing a hypothetical low energy test magne
monopole in the electric field of the capacitor. The monop
will gyrate about the electric field and the center of gyrati
will move in the laboratory frame because it drifts in th
VÃE/c2 magnetic field. TheEÃB magnetic monopole drift
velocity is given by Eq.~8!. An EÃB magnetic drift velocity
in this motional magnetic field is justV. That is, the test
magnetic monopole ‘‘hugs’’ the ‘‘moving’’ electric field line
moving at the velocity our intuition expects. The drift motio
of this low energy test magnetic monopole constitutes o
way to define the motion of the electric field line. This m
tion is not unique, but is physically motivated. As above,
also has the advantage that this motion is in the direction
the local Poynting vector.

In the more general case~for example, two sources o
electric field moving at two different velocities, or sourc
which vary in time!, we choose the motion of an electr
field line to have the same physical basis as above. Tha
the electric field line motion is the motion we would obser
for hypothetical low energy test magnetic monopoles i
tially spread along the given electric field line, drifting in th
magnetic field that is associated with the electric field a
the moving charges.

Finally, consider the animation of the electric field lines
electric dipole radiation that we presented in Sec. VI. In t
situation our definition of the motion of field lines using E
~8! no longer permits a physical interpretation in terms
monopole drifts, as our ‘‘drift’’ speeds so defined can exce
the speed of light in regions that are not vanishingly sm
Even though this velocity is no longer physical in such
gions~that is, corresponding to monopole drift motions!, it is
still in the direction of the local Poynting vector. Thus th
animation of the motion using Eq.~8! shows both the field
line configuration at any instant of time, and indicates t
local direction of electromagnetic energy flow in the syste
as time progresses. For this reason, even in non-quasi-s
situations, animation of the field is useful, even if no long
physically interpretable in terms of the drift motions of te
monopoles.

C. Why are monopole drift velocities so special in
electromagnetism?

We now return to the question of why the method of co
struction of moving field lines described in Sec. IV yields
valid set of field lines at every instant of time. For any ge
eral vector fieldW(X,t), the time rate of change of the flu
of that field through an open surfaceSbounded by a contou
C that moves with velocityv(X,t) is given by

d

dt ES
W"dA5E

S

]W

]t
•dA1E

S
~¹•W!v"dA

2 R
C
~vÃW!•dl. ~13!

If we apply Eq.~13! to E(X,t) in regions where there are n
sources and use¹•E50 and]E/]t5c2¹3B, we have
226J. W. Belcher and S. Olbert



ic
ux

s
nd

t
tri
in
le
c

o
he
n

ole
a

s
e
e

e
ac
t t
d

n

tr

a

e

ac
y
is
e
hi

e
d-
ic
u

s
ck
e

er
l
on
tic
he

be
ri-

ole
to
not
o-
nt,
ani-
r-
u-
of

e
der-
or

ical
e of
r-
rges
s in
at
or

gogi-

ow
ged
der-

ces
en
al-

in
of

ses
lu-
d
e
ns
ro-
ob-
ese
on-

fort
fort
to a
are

he
-
o.

na
ca-
al

rt
r
s
of
ics
d

dt ES
E"dA5c2 R

C
~B2vÃE/c2!"dl. ~14!

Now we specialize to those configurations of electr
magnetic, and velocity fields that preserve the electric fl
that is for which the left-hand side of Eq.~14! is zero, and
thus for which the right-hand side of Eq.~14! is also zero.
Because the surfaceS and its contour are arbitrary~other
than the requirement that they not sweep over source
electric field!, we must have the integrand on the right-ha
side be zero as well in those regions. Note that because
integrand is zero, we are implicitly assuming that the elec
field is perpendicular to the magnetic field at all points
space. This requirement is satisfied for all of the examp
we considered above. We further assume that the velo
field is everywhere perpendicular toE. This restriction is
reasonable because there is no meaning to the motion
field line parallel to itself. Then the requirement that t
integrand be zero leads to our equation for magnetic mo
pole drift, Eq.~8!.

Thus the velocity field defined by our magnetic monop
drifts preserves electric flux in source free regions. In p
ticular, if we define the open surfaceS at time t to be such
that the electric fieldE is everywhere perpendicular to it
surface normal, then the electric flux through that surfac
zero at timet. If we let that surface evolve according to th
velocity field in Eq. ~8!, then Eq.~14! guarantees that th
electric flux continues to remain zero. Note that the surf
does not have to be infinitesimally small for this argumen
hold, because the velocityv(x,t) varies at every point aroun
the contour according the local values ofE and B on the
contour, in such a way that the integrand on the right-ha
side of Eq.~14! is zero. Thus theE field continues to be
locally tangent to the surface as it evolves.

We can now argue that our method of constructing elec
field lines in Sec. IV using Eq.~8! yields a valid set of field
lines at every instant of time, as follows. For our surface
time t, take the field line joining the pointsx0 and x1 dis-
cussed in Sec. IV, extended an infinitesimal amount perp
dicular to itself in the local direction ofB. The electric flux
through this surface is zero by construction. Let this surf
evolve to timet1Dt using the velocity field described b
Eq. ~8!. Equation~14! guarantees that the flux through th
evolved surface at timet1Dt remains zero, and thus th
electric field is still everywhere tangent to that surface. T
means that the points x01Dt Vd,B(x0 ,t) and x1

1Dt Vd,B(x1 ,t) discussed in Sec. IV still lie on the sam
field line at timet1Dt, as was to be shown. Similar consi
erations apply to our construction in magneto-quasi-stat
except that we are not limited here to point sources, beca
the divergence ofB is zero everywhere.

VIII. SUMMARY AND DISCUSSION

It is worth noting that the idea of moving field lines ha
long been considered suspect because of a perceived la
physical meaning.10,11This is in part due to the fact that ther
is no unique way to define the motion of field lines. Nev
theless, the concept has become an accepted and usefu
in space plasma physics. In this paper we have focused
particular definition for the velocity of electric and magne
field lines that is useful in quasi-static situations in which t
227 Am. J. Phys., Vol. 71, No. 3, March 2003
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E and B fields are mutually perpendicular, and that can
identified with physically meaningful quantities in approp
ate limits.

In situations that are not quasi-static, for example, dip
radiation, the velocities of field lines calculated according
the above prescriptions are not physical. That is, they do
correspond to the drift motions of low-energy test mon
poles. For example, in some regions of nontrivial exte
these velocities exceed the speed of light. Even so, the
mation of field line motion using these definitions is info
mative. Such animations provide both the field line config
ration at any instant of time, and the local direction
electromagnetic energy flow in the system as tim
progresses. Such a visual representation is useful in un
standing the energy flows during electric dipole radiation,
in the creation and destruction of electric fields.

In conclusion, we return to the question of the pedagog
usefulness of such animations. Emphasizing the shap
field lines and their dynamical effects in instruction unde
scores the fact that electromagnetic forces between cha
and currents arise due to stresses transmitted by the field
the space surrounding them, and not magically by ‘‘action
a distance’’ with no need for an intervening mechanism. F
this reason, our approach is advocated as a useful peda
cal approach to teaching electromagnetism.4 This approach
allows the student to construct conceptual models of h
electromagnetic fields mediate the interactions of the char
objects that generate them, by basing that conceptual un
standing on simple analogies to strings and ropes.

Our further contention is that animation greatly enhan
the student’s ability to perceive this connection betwe
shape and dynamical effects. This is because animation
lows the student to gain additional insight into the way
which fields transmit stress, by observing how the motions
material objects evolve in time in response to the stres
associated with those fields. Moreover, watching the evo
tion of field structures~for example, their compression an
stretching! provides insight into how fields transmit th
forces that they do. Finally, because our field line motio
are in the direction of the Poynting vector, animations p
vide insight into the energy exchanges between material
jects and the fields they produce. The actual efficacy of th
animations when used in instruction is the subject of an
going investigation,9 which will be reported elsewhere.
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NOTES AND DISCUSSIONS

Comments on the motion of magnetic field lines
Carl-Gunne Fälthammar
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�Received 24 August 2005; accepted 3 February 2006�

Belcher and Olbert recently showed that the concept of the motion of magnetic field lines can be
helpful in teaching classical electromagnetism. Although this concept holds in many situations, it
has important limitations. It is shown that the most common definition, v=E�B /B2, which is the
one used by Belcher and Olbert, is not appropriate when an electrostatic field is present, unless the
field satisfies special conditions. In an infinitely conducting medium where the electric field has no
component parallel to the magnetic field, E�B /B2 is still a meaningful definition of the motion of
magnetic field lines �which follow the plasma motion as if “frozen-in”�. It used to be assumed that
space plasmas could be treated as infinitely conducting and therefore the concept of magnetic field
line motion was used extensively. But local nonvanishing values of E ·B can “cut” magnetic field
lines and invalidate the frozen-in condition. © 2006 American Association of Physics Teachers.
�DOI: 10.1119/1.2180285�
I. INTRODUCTION

Although the concept of the motion of magnetic field lines
is inherently meaningless for reasons discussed by Feynman
et al.,1 it can sometimes be usefully defined as v=E
�B /B2, where E is the electric field, B the magnetic field,
and v is the local velocity of the magnetic field line. Belcher
and Olbert2 have shown several examples of the use of the
concept of magnetic field line motion that apply to vacuum
fields. In Sec. II the vacuum case is discussed and it is shown
that this definition of field line motion breaks down in the
presence of an electrostatic field. It remains valid under cer-
tain conditions, such as in the absence of electric field com-
ponents parallel to the magnetic field. For brevity the term
“parallel electric field” will be used for a nonvanishing elec-
tric field component along the magnetic field.

The concept of magnetic field line motion has been used
extensively in space plasma physics. In the context of
Alfvén’s discovery of what is now called Alfvén waves, he
noted3 that “the matter of the medium in which the waves
travel appear to be ‘fastened’ to the lines of force;” that is,
the magnetic field lines appear to move with the matter. This
behavior is now described as a “frozen-in magnetic field.”4

In the late 1950s it was generally believed that the parallel
electric field was everywhere zero in space plasmas, because
the essentially unimpeded motion of electrons and ions along
the magnetic field in nearly collisionless space plasmas
would cause any such components to be “shorted out,” that
is, extinguished by the rearrangement of electrons and ions
in the plasma, and a state of frozen-in magnetic field would
prevail. Therefore, little attention was given to Alfvén’s
suggestion5 that magnetic-field aligned electric fields exist
above the ionosphere. As soon as in situ measurements were
made in the space plasma, the first indications in support of
Alfvén’s suggestion were found,6 and the existence and im-
portance of magnetic-field aligned electric fields in space
plasmas is now generally accepted. Therefore, the usefulness
of the concept of moving field lines is limited, and as em-

5
phasized by Alfvén, it can even be misleading.
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II. THE VACUUM CASE

To illustrate the limited applicability of the concept of
field line motion, consider the example of a magnetic dipole
field in the presence of a homogeneous electric field parallel
to the dipole axis. We have in spherical coordinates r, �, �:

Br = Bp cos �, B� = 0.5Bp sin �, B� = 0, �1�

and

Er = Eo cos �, E� = − Eo sin � . �2�

For the same definition as used by Belcher and Olbert,2 the
local “field line velocity” v=E�B /B2 is given by

vr = v� = 0, v� = �6Eo/Bp�sin � cos �/�1 + 3 cos2 �� �3�

which implies an angular velocity �= �6Eo /Bpr�cos � / �1
+3 cos2 ��. Equation �3� implies that different parts of a
magnetic field line would rotate at an angular velocity that
not only varies along the field line but even changes sign.
Thus v=E�B /B2 describes a velocity distribution along the
field line that would continually distort it, while in reality the
magnetic field remains undistorted, and each of its field lines
remains confined to a plane �=constant.

Although this example is simple, we can imagine other
configurations where the local field line velocity v=E
�B /B2 does not describe the real evolution of the field line.
Indeed, for it to do so, it would need to have the property that
different segments of a field line will remain segments of a
common field line in the real magnetic field. It has been
shown by Newcomb7 that v=E�B /B2 satisfies this require-
ment, and thus is a meaningful definition of field line veloc-
ity if

B � curl�B�E · B/B2�� = 0. �4�

This condition is trivially fulfilled if the parallel electric field

is zero everywhere.
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III. INFINITELY CONDUCTING FLUID

In an infinitely conducting medium, where infinite electri-
cal conductivity ensures that “parallel electric fields” are ev-
erywhere zero, a “frozen in magnetic field” is a simple con-
sequence of ideal magnetohydrodynamics. More rigorously,
the state of frozen-in magnetic field lines is one where any
two elements of the medium that are at one instant on a
common magnetic field line will be on a common magnetic
field line at any other instant �see Fig. 1�. This definition
does not imply any concept of motion of magnetic field lines.
However, if this frozen-in condition holds, elements of the
medium can be used to “label” the magnetic field lines and
thus define their “motion.” When ideal magnetohydrodynam-
ics is applicable, the frozen field condition is an attractive
tool for simplifying magnetohydrodynamic problems.

IV. SPACE PLASMA

Almost all of the known matter in our universe is in a state
of magnetized plasma. In some regions, such as in the sun
and stars, the high electrical conductivity makes magnetohy-
drodynamics an acceptable approximation and therefore
magnetic field line motion is a useful concept. In the Earth’s
magnetosphere, solar and stellar winds, and in interstellar
and intergalactic space the plasma is very nearly collision-
less, that is, the density is so low that collisions between
particles are very infrequent and can be disregarded. The
electrical conductivity is very anisotropic. As electrons and
ions move almost unimpeded along the magnetic field, it was
commonly assumed that the electric field component along
the magnetic field would be zero, because the unimpeded
motion of charge carriers along the magnetic field would
“short out” the electric field component along the magnetic
field. Therefore the concept of moving and “frozen-in” mag-
netic field lines has been extensively used in space plasma
physics.

If there exists regions where the parallel electric field is
nonzero, the magnetic field lines can be “cut” so that differ-
ent segments of a field line move differently, as illustrated by

Fig. 1. Frozen-in magnetic field. Two elements of plasma that are on a
common magnetic field line at any one time, t1, will be on a common
magnetic field line at any other time, t2.
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Alfvén and Fälthammar,8 because the condition in Eq. �4� is
violated.

The assumption of vanishing parallel electric fields was
challenged by Alfvén4 who proposed that such fields exist
above the ionosphere and cause downward acceleration of
auroral primary electrons, but his suggestion was generally
disregarded. The first indication in support of Alfvén’s idea
was McIlwains6 observation of auroral primary electrons.
Since then, an extensive body of evidence from space mea-
surements has been accumulated, and the existence and im-
portance of magnetic-field aligned electric fields in space
plasmas is now generally accepted. For example, in the au-
roral acceleration region upward directed parallel electric
fields accelerate electrons down into the ionosphere where
they cause aurora; at the same time ionospheric ions go into
the magnetosphere. Beautiful examples of such electron and
ion fluxes have been reported in Ref. 9. In the auroral return
current region, downward directed parallel electric fields ac-
celerate ions down and electrons up.

The question of how it is possible for an essentially colli-
sionless plasma to sustain a parallel electric field has not
been fully answered, but a number of possible mechanisms
have been identified. �For a recent review see Ref. 10.� Nev-
ertheless, the existence of these parallel fields is an empirical
fact, which means that the concept of moving, frozen-in
magnetic field lines must be applied with caution. Alfvén
seems to have been the first to draw attention to frozen-in
magnetic field lines and he became convinced by his studies
of the aurora that this concept could be dangerously mislead-
ing. Especially in his later years he vigorously warned
against unjustified use of the concept.4
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The expressions

1

2
mṙ2 + r2�̇2

in Eqs. �7� and �8� should be replaced by

1

2
m�ṙ2 + r2�̇2� ,

and the expressions
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mr̈ − 2r�̇2

in Eqs. �10� and �11� by

m�r̈ − r�̇2� .

The conclusions of the Comment are unchanged.
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