Example of mass—energy relation: Classical hydrogen atom accelerated
or supported in a gravitational field
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A simple example of the mass—energy relation is given by using electromagnetic calculations for a
classical hydrogen atom, a point mass electron moving under the Coulomb force in a uniform
circular orbit around a heavy point mass proton when the radiation-reaction self-force is neglected.
The system mass is determined by calculating the ratio of the total external force to the system
acceleration in the limit of small acceleration, and is shown to be equalttimes the total system
energy including the particle rest-mass energies, the particle kinetic energies, and the electrostatic
potential energy. From the equivalence principle, the external forces can be regarded either as
accelerating the atom relative to an inertial frame or else as supporting the atom in a gravitational
field. The calculations are carried out for two different models. In the first case, the atom is regarded
as accelerated by a frictionless surface which applies forces to both the electron and the proton. In
the second case, the atom is accelerated by a single external force applied to the proton, and the
electron orbit is displaced relative to the proton. In both cases the accelerating forces are constant
forces and there are no external forces stabilizing the systenmi99® American Association of Physics
Teachers.

. INTRODUCTION _ I:external, total 1 4102

M gysteni= 3 =z m;c2+m,c2+ - @
The connections between mass and energy within relativ-

istic classical physics can be subtle and are sometimes mi§tudents are often fascinated to see this simple example of

understood. On this account, it is helpful to have examplede rr]r)a?%—en;:t;gl)l/”connfe_:ction_. has also been discudsed
which illustrate these connections for simple cases. This “dumbbell” configuration has also been discusse

In the past some simple examples have been given involy/Y'e" the acceleration is in directions other than perpendicu-
ing th lerati £ vairs of point ch d lar to the line joining the charges. In these cases, the external
Ing the acceleration of pairs of point chargpsandq per- stabilizing forces(which keep the dumbbell togethedo

pendicular to the direction of separatibrt In these cases, work and Eq(1) no longer holds. For example, in the case of
there is no work done by the external forces stabilizing theacceleration parallel to the link joining the charges, the
system and so one finds that the total foFG@emal, 10taN€C-  system “mass”’ (external accelerating force divided by ac-
essary to slowly accelerate the configuration corresponds toeleration includes a term 8,q,/(Ic?) which is twice the
system masdgygem Which is exactlyc™? times the total electrostatic energy divided lyf.

energy including the particle rest-mass energies and the sys- The appearance of a constdfitother thanK=1 for the
tem electrostatic potential energy, so term Kq,q,/(Ic?) involving electrostatic energy on the
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right-hand side of Eg(1) is an old problem which is famous proton accelerates and drags the electron along in an orbit a
in connection with the classical model of the electron wherdixed distance behind it. In this case the electromagnetic cal-
a factor of 4/3 occurs.One of the several ways of under- culations are carried to order 2 in Gaussian units.

standing this surprising factor is in terms of a standard ex- In both cases we can regard the system as accelerating in
ample in relativity texts where a motor and conveyer belt an inertial frame, or, by the equivalence principle, as being
transfer energy from one end of a plank to the other. Al-supported in a weak gravitational field.

though there is no transfer of particles, the center of energy

(mass$ of the system shifts toward the en_d Whi(_:h receives thql. CASE |: ACCELERATION OF A HYDROGEN

energy. In the case of a QUmbbeII configuration of two OP-ATOM BY A FRICTIONLESS PLANE

posite chargegq; andq, which are accelerated parallel to the

line | connecting them, the external stabilizing forces do The hydrogen atom is treated classically as an electron in
work and hence transfer energy. The stabilizing fdfgeon  uniform circular motion around a massive proton neglecting
the trailing (back particle absorbs power at a rafg-v  radiation-reaction self-forces. The atom is assumed to lie in
=(0,9,/1%)v while the external stabilizing forcg; on the  thexy plane.and' Is accele_rateq in tkzedirection. This ar--
leading(front) particle provides power at the same rate. Thisfangement simplifies the situation to a steady state configu-
corresponds to a power flow over a distaricand hence ation where we can neglect the orbital motion of the proton.
involves a change in the center of mass: there is an assodf- the relativistic mass—energy connection holds, then the

ated momentum sum of the external forces must provide the change of mo-
mentum associated with the rest m&dsof the proton, the
dm  Qgi0v . 0107 rest massn of the electron, the relativistic kinetic energy of
T dr | 12¢2 |=|C—2V, (2)  the electron, and the system electrostatic potential energy

—e?/r. Thus we expect that in order to accelerate this hy-

which is entirely separate from the momentum associatedrogen atom, we will need a sum of external forces of mag-
with particle mass. This is seen most vividly in the textbookhitude

examplé where a continuous conveyer belt transfers the en- 1 e2
ergy without any transfer of particles. When the charged  Feyema o =2 | Myc?+Mc?— —
dumbbell system is accelerated dv/dt, the external forces ¢ r
must provide this rate of change of momentum in addition toWe now go through the calculations to confirm this.

that associated with the acceleration of the rest masses andWe imagine the atom being accelerated by a frictionless
electrostatic energy of the system. Since the momentum igheet providing external forceBy, o, on the proton and
Eq. (2) associated with the energy transfer of the internalF_ . on the electronFexemal. tota= Fm extit Fm ext» With the
forces of constraint is equal to the momentumd,/Ic?)v  direction of acceleratiom normal to the frictionless sheet.
associated with the electrostatic potential energy, the result isor each particle the total force on the particle must provide
that the total force needed to accelerate the system includegjge change of linear momentudp/dt of the particle. When
term which looks like a mass @f 2 times twice the electro- the atom comes instantaneously to rest at timed, the
static potential energy. In the case of the classical model ofprces on the proton include the external accelerating force
the electron, one can think of the dumbbell configurationg and the electric forceE,, due to the electric field,,

averaged over all directions with a resulting multiplying fac- of the electron, while the forces on the electron include the
tor of 4/3, which is intermediate between the extreme valuegyiernal forceF,, o and the electric force- eEy, due to the

of 1 (where the forces of constraint do no wbrend 2 gjectric field of the proton
(where the forces of constraint do maximum workhich P '

a. 3)

appear for the perpendicular or parallel orientations of the d mv

dumbbell. Fmext€Em=Ma,  Fpen— eEM:& (ﬁ) .
In the present discussion we wish to avoid any complica- 1-vc

tions introduced by forces of constraint which do work. In- )

deed, we will eliminate the forces of constraint entirely. Ac- The Lienard—Wiechert electric field for a point chamge
cordingly, in our simple example we indeed find theis®
expected mass—energy connectiBr=mc?; both internal
electrostatic energy and kinetic energy enter into the system p_
energy with the correct coefficients.

We consider a classical model of the hydrogen atom

AX{(A—B)x B}
(1-n-B°R

(A-pA-p)] q
( ﬁB)R tret ¢

tret

where an electron of chargee and massn is in a circular B=nNXE. ®)
Coulomb orbit around a proton of chargee and massV. Here the proton position is given by

The mass of the system is tested by applying accelerating ~

forces in two cases. In the first case, the accelerating forces ry,(t)=k3at?, (6)

are applied to both the electron and the proton so as to ac- .
celerate them uniformly in the direction perpendicular to the?nd that of the orbiting electron by

orbit of the electron. We may think of_ the_ system as being ro(t)=ir coswt+jr sin wt+§%at2=Fr+ﬁ%at2, @)
accelerated by a frictionless plane which is oriented parallel

to the orbit of the electron. In this case the electromagnetiovherev =rw= Bc. The expressions for velocity and accel-
calculations are carried out to all ordersdn?, but to first  eration follow directly by time differentiation i66) and (7).
order in the small acceleratian In the second case, a single The retarded timé,, needed to evaluate the electric field

external accelerating force is applied to the proton alone; th&,(0,0) due to the electron at the positio(0)=0 of the

873 Am. J. Phys., Vol. 66, No. 10, October 1998 Timothy H. Boyer 873



proton att=0 corresponds to the time for light to travel 1 . . - ~ v .ar )
across the displacemen;(0)—rm(t) from source point to Brer= ¢ (kXTreff @+ Kate) =kXTrer c—k  +0(a%),
field point. From(6) and (7) this is (10)
1 2 r i U2 .~ a
trer= — < re+ > aty,] =-— E+O(a2), (8 Bre= _Fretﬁ_l'k = (11
Then the evaluation ofE,(0,0) from Eq. (5 requires and
through first order in the acceleration —
o idat N Rre=1Tm(0) = Im(tred| = Vr?+ (3atf)®=r+0(a?).
n T lrett T K2 t ~ 12
nretzz—lzrz ==l et— k F +O(a2), (9) o . : ( )
Vr2+(3ats, c Substituting Eqs(9)—(12) into Eq. (5), we find
|
. ~ar [~ . v .ar v? [ar\? .~ ar
. “lem Koz | kKXTe gk ] || 1- 2| =2 K “le K52
m(0,00=4q 1/ar\ 77, c 1 7ar 23
“2le) T "2l ]
. ~ar [~ . v ~ar . v? .a
X4 =g 532 erretE_k? X rreta-i-kg . (13

Simplifying and keeping only the-componeng&,(0,0) rel- The electric fieldgy, of the proton at the position of the
evant to the acceleratioa of the entire atom, we have electron follows from Eq(5) using the same retarded time in
through first order i with g=—e, Eq. (8) substituted into Eq(6) and its derivatives. Here the
displacement from source point to field point ig,(0)

~ ea
Em{0.0) =k 5. (14  —Trwu(te) and
o fr—kiat2 ar
Now we turn to the forces on the electron, which include  ~ _ e _pk —+0(a?) (16)
the external forceF,, o, and the force—eE,, due to the ! Jre+ (fat,)? c? ’
electric fieldEy, at the electron due to the proton. Newton’s R
second law for the electron gives kate ~ ar )
ret— =—-k —Z+0(a%, (17)
F L DRNLL P2 +k ’ ’
mext— € M~ gt 10232 =my rT al. ) . a
(15) Bret= K E! (18)
Both the centripetal acceleration and the acceleraioka B B \/ﬁ_ 2
are perpendicular to the instantaneous electron velacdy Reer=[m(0) —rm(tied|= VF*+ (zate)°=r +O(a%),
t=0 and so allow us to take out the factoy (19
=(1—v?/c?) 2 on the right-hand side of Eq15). and from(5) the field is
|
. kar kar 1 ar\? _ kar . kar kar ka
EAO_‘”‘EZ“EZ T\ +qf‘zf>”‘zf"zfxz 2
m(rr,0)= 1ar232 c 1 (ar\ 23 (20
1--|=] | r 1-5l=| |
2 \c? 2\ c?
|
Keeping terms only through first order in the acceleration ~ e%a .
and settingg=e, the field becomes Fineat K 522, =kmvya, (22
Em(ir,0= Pl 21
m(rr.0) =€l 7= 52| (21)
We use Eq.21) in Eq. (15) and Eq.(14) in Eq. (4) to Foook e’a —iMa 29
obtain in thez direction associated with the acceleration, Mext? ™ 2¢2r
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The total external force needed to accelerate the hydrogen Now we expect that the differendebetween thez coor-

atom follows from adding Eq€22) and(23) giving
2

e
mycz+Mcz—T a. (24

1
I:external, totar Fm ext™ Fm ext:EZ

dinates of the electron and proton should be first order in the
acceleratiora, vanishing in the limita— 0. Thus, just as we
retained only first-order terms in the acceleratnso we
retain only first-order terms ih. Therefore the electron

This is exactly the required mass—energy connection involvequation of motion(28) with the electric field(30) becomes

ing a system mass

I:external, total

=M gystent= 2 mycz+Mcz—e—2 (25)
a system C2 r/

Here we recognize the electrostatic potential energf/r
as well as the total particle energieg/c?, Mc? (rest energy
and kinetic energyof the electron and proton.

[ll. CASE Il: ACCELERATION OF A HYDROGEN
ATOM BY A FORCE ON THE PROTON

Our second and related calculation treats the situation T
when a single external force accelerating the system is ap-
plied to the proton, but not to the electron. One can pictur%i
the external force as a string applied to the proton. In thisf
case the electron is accelerated solely by the electric field o

the proton and must lag behirdr below the proton. We
will carry our calculation through to order 2.
If our calculations are carried through order? only, we

can replace the Lienard—Wiechert field expressions by the

Page and Adanfispproximations involving the presefin-

2

—e? 12— k—?) +e2_a ﬁ=m(1+ EU—)(—? v—2+ka .
rr 2¢%r 2 ¢c? r
(32)

Separating this intd andk components gives

e? 102\ v?

r—2=m<1+§?) - (32
and

e’h 102 e?

—sz{m(lﬂLi? ~ 5|2 (33

Turning to the equation of motion for the proton, we have
s particle at rest at=0, so Newton’s second law takes the
rm

Fum extt (+€)Eqn=Ma. (34

The electric fieldE,,(0,0) due to the electron at the position

fm(0)=0 of the proton at timeé=0 is found from(26) with

the electron source located at

retarded time, ro(0)=Fr—kh (35)
h( o 1v? 3(v)?% with velocit
S SR -A)A Yy
E=qz|1t; 2" 7= oc7 (at(a nnj, o
(26) Vi(0)=kXTrv (36)
quxn and acceleration
B="rr @7 b2 .
. . : : an(0)=—T —+Kka, (37)
In this case the equation of motion for the electron involves r
no external force but only the electromagnetic force due Qg that
the proton, R
102\ _v2 . E (00)_(_e)(—Fr+kh) +EU—2+O
(—e)Ey=mya=m 1+§?)(—r7+ka +0(c™9), m(U,0)= (r2+n?)%2 2 o2
(28) (_e) R U2 R R U2
since the acceleration is perpendicular to the orbital velocity 222+ ny| T T tkat| -1 —
v. While the proton coordinate is still given by, (t) . .
=k3at? as in Eq.(6), here the electron orbit lags a distance tkal (—rr+kh)(—rr+kh) (39
h behind the proton at a position r°+h?

r(t)=1r coswt+jr sin wt+k(iat?—h)

=fr+k(lat2—h). (29)

The electric fieldEy is due to the uniformly accelerating
proton which is instantaneously at rest at the origin=a0.
The field follows from(26) and(29) with the insertion of the

field coordinates ,(0)=rr—kh, the source position,(0)
=0, velocityvy, =0, and accelerationy,=a,

e(fFr—kh) e

(r2+ h2)3/2_ 2C2(r2+ h2)l/2
ah(fr—kh)

En(fr—kh,0)=

x| ka— (30)
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Retaining only terms through first order @ and second
order inc™ !, Eq. (34) with E,, from (38) becomes

) P kh 1 v?
FMext—e —r—z‘l'Tg 1+§C7
—Tez i 202+k + v =M 39
2ck |y K AT TV (39
Taking thez components and simplifying, this is
e’h e?a
Fmex— 73+ 502, =Ma. (40

Now substituting from Eq(33) to eliminateh, we find Eq.
(40) takes the form
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FMeXt:EZ Mc +mc2+—mv —T

5 a. (41

Thus the single external force acts as though it were acce
erating(or supporting against gravitya system mass
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h’lanuscript and suggesting improvements.

1 ) 1, €
Msystem:? Mc +mC2+§ mo ryk (42
Thus indeed the system malks.mis associated with the i1y, Boyer, “Electrostatic potential energy leading to an inertial mass
system energy content by the famous equakenm . change for a system of two point charges,” Am. J. Ph8. 383—385
(1978; “Electrostatic potential energy leading to a gravitational mass
V. CLOSING SUMMARY change for a system of two point charges47, 129-131 (1979;

“Lorentz-transformation properties for energy and momentum in electro-
Einstein’s dictum that the mass of an object is a measuremagnetic systems,53, 167-171(1985.
of its energy content becomes Comprehensib|e when one Caﬁ). J. Griffiths and R. E. Owen, “Mass renormalization in classical elec-
see the mechanism which connects forces accelerating a sygtodynamics,” Am. J. Phys51, 1120-11261983. o
tem to the binding energy and internal kinetic energy of a _See, for example, the recent summary given by F. Rohrlich, “The dynam-
system. This can be illustrated easily using electromagnetic'(clsgg_';)a charged sphere and the electron,” Am. J. Pbgs.1051-1056
theory for a classical hydrogen atom where radiation is ig-, i

. . . E. F. Taylor and J. A. WheeleGpacetime Physicéreeman, San Fran-
nored. In this case one finds that external forces which aC-cisco, 1966, pp. 147—148.

celerate the atom or which support the atom against gravitys; p_ jacksonClassical Electrodynamic8Niley, New York, 1975, 2nd
account for the masses of the proton and of the electron asyq,, p. 657, Eq(14.14.

well as the kinetic energy of the electron and the electricéL. page and N. I. Adams, “Action and reaction between moving charges,”
potential energy of the configuration. Am. J. Phys13, 141-147(1945.

876 Am. J. Phys., Vol. 66, No. 10, October 1998 Timothy H. Boyer 876



