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The electromagnetic fields due to a point charge can be broken into velocity fields and acceleration
fields. The acceleration fields give rise to electromagnetic waves whose penetration into ohmic
conductors is described by exponential damping with a characteristic skin depth. The velocity fields
allow a steady-current limit where the magnetic field penetrates even a good conductor. Here we
note the contrasts between velocity fields and wave fields in their interactions with conductors. We
derive a new time-integral invariant of the magnetic field in an ohmic conductor. Finally we note
the disparate analyses in the literature and suggest the following summary regarding the penetration
of the electromagnetic fields of a point charge moving parallel to a conducting surface.~1! The
falloff of the electromagnetic fields is algebraic, not exponential, and cannot be characterized by a
skin depth.~2! In the limit of low velocity, the magnetic field penetration is independent of
the conductivity of the material.~3! In general the penetration of the electromagnetic fields depends
upon the velocity of the particle and becomes vanishingly small for a perfect conductor.~4! The
time integral of the magnetic field at a fixed spatial point inside~or outside! an ohmic conductor
is independent of the conductivity of the material; thus as the conductivity of the material becomes
larger and the magnetic field inside becomes smaller, the time of penetration becomes longer. The
penetration of time-dependent velocity fields into conductors has become of interest largely
in connection with the Aharonov–Bohm effect. It is curious that the classical explanation for
the Aharonov–Bohm effect depends upon the time integral of the magnetic field, which is
independent of the conductivity of any ohmic shielding material. ©1999 American Association of Physics
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I. INTRODUCTION

In ohmic conductors, changing magnetic fields cause e
currents which tend to oppose the changes in the magn
fields. Yet ohmic conductivity is irrelevant for time
independent magnetostatic fields, which penetrate even
cellent conductors. This contrasting behavior between
penetration of time-dependent and time-independent m
netic fields suggests the possibility of significant differenc
between the penetration into conductors of electromagn
wave fields, which do not have a time-independent limit, a
of electromagnetic velocity fields, which do have a tim
independent limit. In this analysis we provide a consist
understanding of the contrasting views in the literature
garding the penetration of electromagnetic velocity fie
into conductors.

II. VELOCITY FIELDS AND ACCELERATION
FIELDS OF A POINT CHARGE

The electromagnetic fields of a charged particlee at posi-
tion re break up naturally into the form1

E~r ,t !5eF ~ n̂2b!~12b2!

~12n̂•b!3ur2reu2
G

tret

1
e

c
F n̂3$~ n̂2b!3ḃ%

~12n̂•b!3ur2reu
G

tret

, ~1!
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B~r ,t !5n̂ret3eF ~ n̂2b!~12b2!

~12n̂•b!3ur2reu2
G

tret

1n̂ret 3
e

c
F n̂3$~ n̂2b!3ḃ

~12n̂•b!3ur2reu
G

tret

, ~2!

wheren̂ret5(r2re)/ur2reu, b5ve /c, and all quantities are
evaluated at the retarded time. The velocity fields corresp
to the first bracket on the right-hand sides of Eqs.~1! and~2!;
they fall off as the inverse distance squaredur2reu22 from
the retarded position of the charge, and depend upon
position re and velocityve5cb of the chargee at the re-
tarded time. The second bracket on the right-hand side
Eqs.~1! and~2! gives the electromagnetic wave fields whic
fall off as the inverse distanceur2reu21 from the retarded
source point, depend linearly on the particle accelerationv̇e

5cḃ at the retarded time, and are transverse to the displ
ment of the field point from the retarded source point.
large distances, the wave fields can be expressed as a s
position of spherical wave fields, each spherical wave hav
its own characteristic frequency derived from a time-spec
analysis of the source.2 The contrast in the properties of ele
tromagnetic velocity and wave fields leads to contrasting
teractions with conductors.

III. DIFFERENTIAL EQUATIONS FOR THE FIELDS
IN CONDUCTORS

Inside an ohmic conductor characterized by conductiv
s, and with m51, e51, the electromagnetic fields satisf
954© 1999 American Association of Physics Teachers
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Maxwell’s equations with currentJ5sE. Any free charge
in the conducting material decays away exponential3

thus no charge will appear inside the body of a conduc
unless it is introduced by some nonelectromagnetic sou
and so one may assume¹•E50 inside a conductor. Max
well’s equations, ¹•E50, ¹•B50, ¹3E52c21]B/]t,
¹3B5(4p/c)sE1c21]E/]t, then lead to the wave
equation4

S ¹22
4p

c2 s
]

]t
2

1

c2

]2

]t2D HE
BJ 50. ~3!

An electromagnetic wave in vacuum which is incide
upon a conducting plane is represented by a superpositio
waves of different frequencies. Each of the wavesE(r ,t)
5E0(r )e2 iv0t, B(r ,t)5B0(r )e2 iv0t, of a given frequency
v0 can be treated independently in its interaction with
conducting wall in Eq.~3!, leading to an equation of the form

S ¹21 i
4psv0

c2 1
v0

2

c2 D HE0~r !

B0~r !J 50. ~4!

This equation corresponds to exponential spatial damp
characterized by a skin depth involving the length param
c/(sv0)1/2, which includes the characteristic frequencyv0
of the wave.

Electromagnetic velocity fields are characterized not
any frequency but rather by the velocity of their source. F
a particle moving parallel to a conducting wall with consta
speedv, the entire pattern of electromagnetic fields mu
move with constant speedv. Thus if the particle is moving in
the x direction, the electromagnetic fields must have
functional formE(x2vt,y,z),B(x2vt,y,z). Inside the con-
ductor, the fields satisfy Eq.~3! in the form

S ¹21
4psv

c2

]

]x
2

v2

c2

]2

]x2D HE~x2vt,y,z!

B~x2vt,y,z!J 50. ~5!

One should notice how different this equation is from Eq.~4!
for wave fields. The only length parameter appearing her
Eq. ~5! is c/s, which makes no reference to the characte
tics of the electromagnetic velocity field in free space.
deed, the free-space motion of the particle provides no n
ral length parameter; any length in the problem must
introduced as a distance between the charge and some
ferred spatial point, such as the distance from the particl
the conducting wall.

IV. EXISTENCE OF A TIME-INDEPENDENT LIMIT

The contrasting characteristics of velocity and wave fie
lead to a crucial distinction involving the existence of a tim
independent limit. This limit is essential for understandi
interactions of the fields with conductors.

Since Maxwell’s equations for ohmic materials are line
in the electromagnetic fields and the sources, the fields
responding to the presence of several charges can be f
simply by superimposing the fields due to the individu
charges in the absence of the others. If a set of char
particles is arranged so as to allow the passage to the lim
a steady current, then the electromagnetic fields of the ste
current~obtained by adding the electromagnetic fields of
individual charges! have nonvanishing contributions only fo
the velocity fields. The radiation fields of the particles gi
no contribution in the steady-current limit.5 There is no such
thing as a nonvanishing, time-independent superposi
955 Am. J. Phys., Vol. 67, No. 11, November 1999
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limit for electromagnetic wave fields, whereas there is inde
for electromagnetic velocity fields. We will use this limit a
a touchstone in understanding the interaction of veloc
fields and conductors.

V. THE TIME INTEGRAL OF THE MAGNETIC
VELOCITY FIELD

When a charged particle moves with constant velocity p
any ohmic conductor, its magnetic field must penetrate i
the conductor. The requirement of penetration follows fro
the existence of a magnetic field inside the conductor in
steady-current limit. If the magnetic field of a single poi
charge did not penetrate, then there would be no field w
the field of many charges were superimposed to form a c
stant line current; yet we know that the magnetic field o
line current indeed penetrates a good ohmic conducto
though the conductor were not present. Although the e
tence of a steady-current limit assures us that the magn
velocity field must penetrate the conductor, it does not tell
that the field is not modified in some fashion in time or spa
while maintaining the superposition limit. The magnetic fie
corresponding to the steady-current superposition limit fo
charge moving with constant velocityv5 î v corresponds to a
line chargel moving with velocityv along its length. Using
Ampere’s law and symmetry, the static magnetic fieldB(r ) a
distancer 5(y21z2)1/2 from the moving line charge is found
to be

Bl~r !5ŵ
2lv
cr

, ~6!

whereŵ is the unit vector in cylindrical coordinates.
Now in going from the magnetic fieldBq(x,y,z,t) due to

a point charge moving with constant velocityv5 î v over to
the superposition limit, we consider a succession of char
q spaced at equal intervals along the path of the mov
charge. We think of the line-charge magnetic fieldBl as a
sum over the fieldsBq arising from the individual charges
Since all the charges are equivalent and differ only in th
positions in time, the magnetic fieldBq at a fixed point
(x,y,z), which one chargeq produces at the instantt, is the
same as the fieldBq8 another chargeq8 produced or will
produce at the instantt8 when it is located at the point wher
the particleq is at timet. Thus we can write

Bl~x,y,z!> (
n52`

`
lDx8

q
BqS x,y,z,t2n

Dx8

v D . ~7!

Here we have introduced a charge per unit lengthl. In the
limit Dx8→0, this becomes the integral

Bl~r !5
l

q E
2`

`

dx8 BqS x,y,z,t2
x8

v D5ŵ
2lv
cr

, ~8!

where r 5(y21z2)1/2 and the second equality follows from
Eq. ~6!. However, the integral can be converted to a tim
integral because of the functional formt2x8/v. Canceling
factors ofv andl on both sides, we have finally

E
2`

`

dt Bq~x,y,z,t !5ŵ
2q

cr
, ~9!
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where r 5(y21z2)1/2. Thus in order to maintain the supe
position limit, we find that the time integral of the magne
field, either inside or outside the conductor, must satisfy
~9! and is independent of the conductivity of the material
is also independent of the velocity of the charge. The ar
ment goes through even if there are variations in the shap
the ohmic conductors near the path. We note that Eq.~9! can
easily be seen to hold for the field of a constant-veloc
point charge in vacuum where the magnetic field is given

Bq~x,r ,t !
vacuum5ŵ

qgvr

c@g2~x2vt !21r 2#3/2. ~10!

with g5(12v2/c2)21/2.
In some calculations it is convenient to consider no

point charge moving parallel to a conducting surface,
rather a line charge moving perpendicular to its length.
this case the superposition limit corresponds to a shee
chargeS per unit area moving with velocityv5 î v and so
giving a surface currentK5Sv. The time integral of the
magnetic fieldBl' of the line charge oriented parallel to th

y axis moving perpendicular to its length alongv5 î v can be
found in a fashion analogous to that for a point charge,

E
2`

`

dt Bl'5
1

v E2`

`

dx8 Bl'S x,z,t2
x8

v D
5

lBS

Sv
56 ̂

2pl

c
. ~11!

This equation can be seen to hold for the magnetic field o
line charge oriented parallel to they axis and moving per-
pendicular to its lengthv5 î v in free space where the mag
netic field is

Bl'~x,z,t !52 ̂
2lvgz

c@g2~x2vt !21z2#
. ~12!

Clearly, the idea of the invariance of the time integral
the magnetic field at a fixed spatial point due to the mot
of a charged particle moving with constant velocity can
extended to periodic motions of charges which move aro
a circuit with constant speed. Perhaps the simplest exam
involves a point charge in uniform circular motion at a co
stant distance from a conducting half-space. Then the e
tromagnetic fields are periodic in time and so can be
panded in a time Fourier series involving multiples of t
fundamental frequency. The time integral of the magne
field over one period at a fixed spatial point must depe
upon the charge and spatial coordinates and is indepen
of the conductivity of any materials; it corresponds to t
existence of a magnetostatic limiting configuration of u
formly spaced charges. A single charge in uniform circu
motion will emit radiation which is exponentially damped
the conductor. However, this radiation with its oscillatin
electric and magnetic fields will not contribute to the tim
integral of the magnetic field taken over one period. T
radiation emission completely disappears in the limit o
large number of uniformly spaced particles moving arou
the circuit with constant speed,5 while the time-averaged
magnetic field remains. Although this simplest situati
would involve a plane conducting half-space, the circ
might be near an arbitrary distribution of ohmic conducto
The time Fourier series arising from the periodic motion
the charge around the circuit would still be possible and
956 Am. J. Phys., Vol. 67, No. 11, November 1999
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would still find the independence of conductivity for the tim
integral of the magnetic field at a fixed point in space. Sin
any current induced in the ohmic material according to Fa
day’s law is oscillating and hence produces magnetic fie
of opposite sign at different points in the period, any su
current will not contribute to the time integral ofB over a
complete period.

VI. THE LITERATURE OF THE PENETRATION
PROBLEM

Although the exponential damping for electromagne
wave fields in conductors is mentioned in all the textboo
and is familiar to physicists, the penetration problem for v
locity fields seems to have been noticed only relatively
cently, mainly in connection with the Aharonov–Boh
effect.6 Here we wish to survey the literature of the velocit
field penetration problem.

In 1965 Liebowitz7 noted that certain energy-conservatio
problems involving a charged particle passing a solenoid
not been discussed in connection with the Aharonov–Bo
effect. He suggested that the effect might be due to a rela
lag between charged particles passing on opposite side
the solenoid. In order to counter Liebowitz’s suggestio
Kasper8 undertook to show that the magnetic fields of a pa
ing charge could not penetrate into the interior of a condu
ing solenoid. Kasper followed the reaction of many phy
cists by analyzing the problem as a skin-depth situation w
a characteristic frequency parameterv;v/d, wherev is the
particle velocity andd the distance of the passing charg
from the conductor. In 1975 Kasper again tried to analy
the velocity fields penetrating into a conductor assuming
ponential damping.9

Shier10 in 1968 was apparently the first to realize that t
velocity penetration problem involved new aspects compa
to wave fields. He thought in terms of the usual exponen
damping familiar from wave fields, but noted that when t
particle velocity was small and the penetration depth w
very large, then the velocity field penetration at distanc
less than the assumed skin depth took a very different fo
which he proceeded to derive. Shier’s expressions gave a
braic dependence for the electric and magnetic fields ins
the conductor, but these fields were understood to be s
pressed at large distances by the exponential damping o
skin-depth behavior.

In 1974, Boyer11 and Furry12 independently suggested th
the usual skin-depth analysis for wave fields played no r
whatsoever in the penetration of electromagnetic veloc
fields. Both authors used as the crucial criterion the fact t
velocity fields could be superimposed so as to give the fie
of a steady line current, and the magnetic field of a li
current penetrates even a good conductor. Using a first-o
analysis in the particle velocity, they found expressio
closely related to those which had been given by Shier
years earlier. Both Boyer and Furry were initially unaware
the other’s work and also of Shier’s results. In contrast
Shier, Boyer emphasized that the asymptotic behavior of
electromagnetic fields in the conductor was algebraic and
exponential damping; he showed that the superposition
the field expressions agreed with the line-current and curr
sheet limits. In 1996 Boyer extended his analysis to the c
of a conducting wall of finite thickness.13 In the low-velocity
limit obtained by Boyer and by Furry, the magnetic fie
penetration into the conductor was independent of the c
956Timothy H. Boyer
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ductivity of the wall. Both authors erroneously sugges
that the low-velocity expressions also held in the limit
perfect conductivity. Kasper9 in 1975 correctly objected tha
the large-conductivity limit was not possible in the low
velocity perturbation expansion obtained by Boyer and
Furry. The low-velocity expansion analysis has also be
followed by Aguirregabiria, Hernandez, and Rivas.14 A dif-
ferent approach to the penetration of electric fields in
low-velocity limit has been given by Tomassone a
Widom,15 who find the same retarding force on a pass
charge as given by Shier and by Boyer.

It was Jones16 in 1975 who undertook the most extensi
investigation of the penetration problem for velocity field
Jones analyzed the penetration of the magnetic velo
fields of a line charge moving perpendicular to its length a
parallel to a conducting wall without restriction on the spe
of the line charge or the conductivity of the wall. He co
firmed Boyer’s claim that the asymptotic falloff of the velo
ity fields was algebraic, not exponential, and he obtained
same low-velocity limit as given by Boyer. However, Jon
contradicted some of Boyer’s claims. He noted that his c
culations showed that the penetrating magnetic field in g
eral depended upon the conductivity of the wall, and inde
gave vanishing penetration into a perfect conductor.

Jones’ Fourier analysis does not lead naturally to
steady-current limit. Indeed, Jones never discussed this
which played such a large role in Boyer and Furry’s thin
ing, and Boyer largely ignored Jones’ work in his finit
thickness wall calculation of 1996.17 In order to extend
Jones’ analysis to a full understanding of the penetra
problem, it is of interest to take the steady-current limit
his calculations. Jones’ results for the magnetic field b
inside and outside a conducting wall due to a line cha
moving perpendicular to its length are given on the top
page 746 of Ref. 16. However, these contain a transcrip
error involving the omission of the termu0 . Once this is
corrected, it is easily possible to integrate Jones’ express
numerically. One finds that the magnetic field at a fixed s
tial point inside or outside the conductor increases and
creases smoothly in time as the line charge passes; in
eral, the magnetic field is delayed compared to the magn
velocity field for a line charge in empty space, and also
field is both smaller and lasts for a longer time. Evaluation
the time integral of the magnetic field at a fixed spatial po
as given in Eq.~11! of the present paper indeed shows t
invariance of the integral with respect to conductivity, a
velocity of the charge. The time integrals of the magne
field do not correspond directly to the single current sh
situation of Eq.~11! of the present article, but rather indica
the presence of currents at spatial infinity, as noted by Bo
when calculating the low-velocity limit for this situation; th
time integrals of Jones’ expressions do correspond exact
the expected current-sheet limit given by Boyer in Eqs.~89!
and ~90! of Ref. 11.

VII. CONCLUSION

When trying to reconcile the various calculations in t
literature, it seems helpful to separate the generally cor
calculations of the authors from their sometimes errone
comments and extrapolations. Thus Kasper and Shier’s
erences to skin depth damping are inaccurate. Boyer’s
trapolation of his low-velocity field result to a perfect co
ductor is not allowed by his approximations, and his cla
957 Am. J. Phys., Vol. 67, No. 11, November 1999
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for independence of the magnetic field penetration from
conductivity holds only in the low-velocity limit which he
actually calculated. Furry’s assertion that he is working w
a perfectly conducting wall is inaccurate. Jones’ work~when
corrected for the transcription error! seems accurate and i
the low velocity limit fits with the actual calculations o
Shier, of Boyer, and of Furry. His analysis when supp
mented by the time-integral calculation of the present pa
gives a consistent picture of the penetration of electrom
netic velocity fields into conductors.

Thus we suggest the following.~1! The electric and mag-
netic velocity fields in a conductor fall off algebraically wit
distance; all the calculations and suggestions involving
penetration skin-depth seem misdirected.~2! In the low-
velocity limit, one recovers the expressions obtained
Shier, by Boyer, and by Furry which give a penetrating ma
netic field independent of the conductivity of the materi
~3! For a general velocity, the penetrating magnetic veloc
field depends upon the conductivity of the material and v
ishes in the limit of perfect conductivity.~4! The time of
penetration of the magnetic velocity field becomes longer
the conductivity becomes larger, becoming infinite in t
limit of perfect conductivity, so that the time-integrated ma
netic field is independent of the conductivity.

It is curious that this last time-integral condition is pr
cisely what is needed to maintain the possibility of a clas
cal explanation7,18 of the Aharonov–Bohm effect despite th
presence of intervening conductors.
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