The easiest way to the Heaviside ellipsoid
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The equation for the electromagnetic field of a point charge moving with constant velocity is derived
from Maxwell’s equations using the symmetry properties of the system. In contrast to conventional
treatments, the derivation does not use retarded integrals or relativistic transformati@s2 ©
American Association of Physics Teachers.
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We are interested in a simple and concise derivation of the Pt A 5%
equation for the electromagnetic field produced by an elec- 772W+ vl W=9(X’{,X2,X3), (7)
tric charge moving with constant velocity. The textbook ap- 1 2 3
proaches are commonly based on the relativistic transformayhere
tion of the fields, which suggests that classical
electrodynamics is incomplete. However, electrodynamics is ~ ¥=21/1—-v?/c?. (8)
self-consistent and all its relations can be obtained fromrnq g pstitution
Maxwell's equations without recourse to any additional
postulates. In the following, a method is proposed which is X1 = yX] (9)
more straightforward than that given in Ref. 1.

We begin with the equations for the electromagnetic po-21OWS us to reduce Ed7) to the Poisson equation

tentialsA and ¢: PE 9%F 9% .
—t —+ —5= TIX X, Xa). 10
on 1 2A o 0 &Xiz ﬁxg ﬁx% gy~ "X1,X2,X3) (10
2o ¢t Thus, Eq.(4) has been transformed into a static equation
) whose solution is well known.
V20— 10¢ 4 5 Following this line of argument we consider the motion of
LA R A @ 4 point electric charge. In this case E¢. and(2) become
2
which are obtained from Maxwell's equations in combina- 2p 1 0°A __ 4mv _
tion with the Lorentz gauge. For a source moving with ve- VA~ 2o g 00w, (D
locity v, the charge density ig(x—vt), and the current den- 15
L @
Sity Is Vo= o = —4mqs(x—vt). (12)

j=Vp(X—vt). 3
J=vp( ) @ We use Eqs(5) and(9) to obtain
(92A1 072A2 072A3 .

For uniform translational motion, this form implies that the ;
——477Qy55(x1,x2,x3), (13

potentials are also functions &f-vt, that is, the charge and - k )
fields move as one with the same constant velocity. 281 IX3 IX3
Given the inhomogeneous d’Alembert equation

P  Po I

—+—+—=—4 O(X7 ,X5,X3). 14
ﬂxiz &x% axg mqyS(X1,X2,X3) (14

,. 1o
\Y% f—?WZQ(X—Vt), (4)
The following property of thes-function was used on the

we explore a particular solution of the forifx—ovt) sug- nght-hand side of Eqs(13) and (14):

gested by the mathematical structure of the source. Advan- 1
tage will be taken of the system symmetries. We select the d(ax)=—-4d(x) (a>0). (15
; o ) ; ) a
Xi-axis to be the direction of motiom=uvi,;. The Galilean
transformation If we use the relation
X=Xt © vzl —4msrx), (16)

X

converts Eq(4) to _ _ _ _
the solutions of the static equatiof3) and (14) are easily

ot g Pf 1P 20 Pf v? P found to be
D A v q
=904 Xz Xs). © Ve MR ATO o
If we recall thatf has the formf(x—wvt) and use Eq(5), we _
obtain TR (18)
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R=[12(x;—vt)?+x3+x3]"2 19 1 1
[Y(_ 1o)X ) , . 19 H=VXA=-VX(vo)= —(VexV). 27)
If we substitute Eqs(17)—(19) with Eq. (8) into c ¢
10A We take the vector cross product of Eg0) andv and use
E=—-Vo- c oo’ (20 the result in Eq(27) to obtain
we find 1 10A 1
) ) ) H=——-| E+ - —|Xv=—-VXE. (28
(Xl_l)t)|1+X2|2+X3|3 C c Jt c
E=7q =3 : (21) _
Then using Eqs21) and(28), the total force on a chargg,
In spherical coordinates we have is given by
X,—vt=rcosf, x5+x3=r?sirf 6, (22) 1
. . F=qo E+ —(VXH)
where 6 is the angle between the radius vectos (X, c
—uvt)is+Xsi5+ X315 and thex, axis. Thus, from Eq(19) we 2
v V(V-E)
have =0o| E- 2B+ —2
R?=92(x,—vt)?+ X5+ X3 . . .
2202 2 ir? _ Y(X1—vt)ig+Xpip+ Xgisg
= y°r°cos f-+resint o qoq[yz(xl—vt)2+x§+x§]3’2
2
v
= 2r2( — —sir? 0). 23 1 ,
7 c? @3 =—0o4V'5 =0,V (29

If we use Eq.(23) in Eq. (21), we find
q(1— v2ic?) which is just the formula fpr the Heaviside ellipsoid
= o — 5. (24) =constant wherey=1/R, R is given by Eq.(19), and the
r’(1— (v%/c?)sinfe) gradientV' is taken in the moving coordinat€s) and(9). It
Equation(24) is the famous Heaviside formula. It describesis thus demonstrated that the total electromagnetic field has
the phenomenon of “squashing” the electric field in the di- qndergone a Lorentz contraction along its direction of mo-

E

rection of motion: tion.
E(0) v?\ %2 | would like to express my gratitude to a referee whose
E(7/2) T2 (25 valuable suggestions were helpful in order to make the easi-

_ ) ) ~est way still easier. Also my thanks to Dr. Alan M. Schwartz
Finally, we derive the total electromagnetic force field (jrvine, CA) for editing the manuscript.

generated by the moving charge From Eqgs.(17) and(18)
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