VoruME 18, NUMBER 20

PHYSICAL REVIEW LETTERS

15 May 1967

for A’=) odd. There are at least 3(2S,, + 1)
such amplitudes where S, is the minimum of
(S, ;). Also there are (2S,,, +1) independent
matrix elements,
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Thus we expect
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as an operator equation. We see that the sum
rule resulting from crossing to the 27 ampli-
tude in the ¢ channel is satisfied by exhibiting
a set of octet operators, for each helicity A
considered, whose product I'y®*I',# contains
no 27 part.

A solution to (12) is obtained if one assumes
that T'B with the generators G of SU(3) form the
group SU(3),®SU(3),. Let G%=G,% +G,%, where
G,% and G,? are the generators of the two SU(3)
groups. Let I'S=G,. Then (12) is satisfied if
one restricts the representations of SU(3) ®SU(3),
which are characterized by a representation
of SU(3), and SU(3),, so that the representation
of SU(3), does not contain a 27 in the product
with its adjoint—for instance, a (3, 6).

We have not obtained a Lie-group structure

as we might have hoped. However, we have
reduced the coupled superconvergent relation
to an operator equation for each helicity.

The details of these considerations will be
published elsewhere.
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Formulations of electromagnetic theory which
include magnetic currents! carried by magnet-
ic charges predict a force density f,;,, analogous
to the Lorentz force. Consider a medium char-
acterized in mks notation by € and o and a mag-
netic charge current density u,M so that

VXH=€eL+0E=D+d, (1)
—VXE = jH + M =B. (2)
(Scalars and vectors are mostly indicated by

context rather than symbols.) The expected

876

force per unit volume on inertial particles (i.e.,
matter) is f, +f,,,, where

fe =(b—€OE+J)XuOH, (3)

fm:€0EX“0M=€OEX(B—“OH)' (4)
From our analysis we conclude that f,,, will
apply not only to hypothetical® currents of mag-
netic charges but also to the real case? in which
poM is caused by Amperian current loops such
as quantum mechanical spin or orbital motions;
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in the latter case f,,, is a “pseudoforce” in the
sense that it may appear as acceleration of

the center of mass of a collection of matter
while the total momentum of the collection re-
mains constant. The origin of f,, is conversion
of an apparently hitherto neglected “hidden mo-
mentum” Gy =—€qpE£ X ugm associated with en-
ergy flow in a current loop of magnetic dipole
strength m situated in an electric field £. This
energy-flow momentum is required in steady-
state conditions to prevent local changes in
mass density. Conversion of this “hidden mo-
mentum” to other forms may have the effect

of a force accelerating the center of mass of
the matter involved.

The need for f,, in addition to f, was recog-
nized by applying the “try simplest cases’” search
thinking tool® to a superconducting coaxial line
with a thin annular space (W« inner circum-
ference, 27R) and annular area A =27RW that
carries power at rate VI and transports mass
a distance L from an input to an output battery
so that the total electromagnetic momentum is

Gp =VIL /c? =gpAL =(ExH/c?AL, (5)
leading to the conclusion that the electromag-
netic momentum density is

g, =E XH /c? (6)

even when € and . in the annular space do not
5,7
equal €, and p,.%s
The “conceptual experiment” of introducing
resistance on the center conductor causes Gp

to be converted to linear momentum of the co-
axial line and f,, is found to be required to con-
serve momentum.

The mystery of the force f,,, is made vivid
with the “idealized limiting case’””® shown in
Fig. 1. Two charged spheres are supported
from a pill box by rods. The pill box contains
a magnetic dipole m =IA polarized in the z di-
rection, the current being produced by a sym-
metrical pair of counter-rotating disks with
charged rims. Initially, the entire assembly
sits with its center of mass at rest at the ori-
gin of the coordinate system while the disks
rotate without friction. Next, a vanishingly
small frictional force is imagined to bring the
disks so slowly to rest that radiation is negli-
gible, thus producing field £ = —pq /A /41X>.
The two charges are given a combined total
impulse in the =y direction,

o™ ~j QulA/21x? )
but have negligible velocity if M/@ is arbitrar-
ily large. Is momentum conserved? Is there

a force on the disks so that they acquire a com-
pensating impulse Gp=~-Gg?

The answer is understoog in terms of G;, an
apparently hitherto disregarded momentum®>”
as shown in Fig. 2. Figure 2(a) shows the &
distribution outside the pill box. Since £ is
nearly parallel to the x axis, the g, lines are
approximately in y-z planes. Those that enter
the pill box carry power that can be calculat-
ed from the currents as shown in Fig. 2(b).

FIG. 1. Conceptual experiment of idealized current loop producing Ey and transmitting equal linear impulses
GQ/Z in —y direction to charges +@ as I—~0. Idealized limit of zero space between plates, =0, u=p,, and e=¢,

for all materials.
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Since power flow 6P over a distance L leads to momentum 6PL/c? it is easily concluded by summing
the powere 6P = —IE- 67 of Fig. 2(b) that the momentum G/) is equal to Gg:

Gp =2F5P/c2=ExL4/c2=eO

the integral being obtained from applying Gauss’s |

theorem to ), T6P with proper regard to sign
and using V ) =0:

(1/c2)ffdp=ff(gp -ds)=fgpdV. )
(A generalization of this treatment to quasista-

tionary situations is based on an energy flow
czgf within any closed surface where gf includes

TN

<

FIG. 2. The origin of the internal momentum G; for
current loop and its equivalence to the integrated Poyn-
ting’s vector momentum for magnetic shell of equal mo-
ment. (a) Distribution of Poynting’s vector momentum
density g, and internal momentum g, for current loop.
(b) Calculation of G, and G; from the power sources
and sinks 0P. (c) Equivalence of G; and Gp for magne-
tic shell (magnetic charge dipole layer) whose magne-
tic moment is equal that of current loop.
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EX i jm = fgpdv= QU IA/21X?=G

Q’ (8)

g, and g;. One concludes that for specific fields
at the surface, the energy-flow momentum

G fgfdv (10)

within the surface is independent of the mod-
el used for magnetism and hence that conver-
sion of “hidden momentum” plus G, within a
surface will give the same accelerations to
centers of mass regardless of the model used.
This is noted below for the specific simple case
considered in this Letter, that of magnetic mo-
ment changing in the presence of an electric
field. It appears that G, is the “key attribute’®
in analyzing the conversion of electromagnet-
ic momentum in fields outside magnetic mate-
rial to ordinary mechanical momentum of the
material.)

In order for the center of mass in Fig. 1 to
be initially at rest, the divergence of the total
energy flow and its associated momentum g
must vanish; hence, there must be some form
of energy flow with momentum

G = _Gp (11)
within the layer of the pill box. The need for
this momentum appears to have been hitherto
overlooked.®? -

The needed momentum G; contained in a lay-
er in the pill box would, for the case of m due
to the equivalent magnetic shell shown in Fig.
2(c), be given by integration of EX H/c? over
the volume A6z within the shell to give IAE/c?
as in Eq. (8). For the plastic disk model, G;
is carried by power flow in the form of mechan-
ical stresses and motions in the disks. The
mechanical model that, we conjecture, would
represent Gy for electronic or nuclear magne-
tism would produce I by electrically charged
inertial masses sliding on circular tracks;

G would then arise from the higher kinetic
energies of masses moving on the lower poten-
tial energy parts of their paths. We also con-
jecture that corresponding features are con-
tained in relativistic quantum mechanics.

Consideration of the electromagnetic stress-
es over the surface of the pill box shows that
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no net force is exerted on the pill box as m=IA
changes except a negligible one exerted on the
vanishingly small cylindrical surfaces. Con-
sequently, momentum is separately conserved
both inside and outside the pill box while m
and G; vanish so that
Gp_’GQ andGl-—GD, (12)

thus conserving total momentum in Fig. 1 by
contributing the needed impulse Gp= —GQ to
the disks. Since the conversion of G; into Gp,
can be accomplished only by setting in motion
the center of mass of whatever matter carries
the current 7, the contribution €,E X p,M to G,
appears as a force acting on the center of mass.
Since Gp outside the pill box and consequent-
ly Gf inside are uniquely determined by E and
m, no matter how m is produced, it follows
that the acceleration of the center of mass of
the matter in the pill box will always have ex-
actly the value expected for a current of mag-
netic charges. Similar conclusions based on
considerations of Gf can be reached for cases
in which E changes.

One experimental prediction of this theory
is a quantized deflection of a longitudinally mag-
netized molecular beam entering a transverse
electric field. It also appears to be possible,
at least in principle, to detect experimentally
the effect of G; in imparting ordinary mechan-
ical momentum to magnetic material in elec-
tromagnetic fields. This cannot be done by
simply measuring the average force exerted
on magnetic material in ac fields but requires
a measurement of the phase of the force with
respect to applied fields or other equivalent
measurement. Performance of such an exper-
iment here is presently being considered.

The authors appreciate valuable discussions
with L. R. Walker and R. L. White. In addition,

we appreciate the improvements in presenta-
tion resulting from the comments by D. L. Web-
ster and H. A. Haus on the manuscript.
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