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On the Lower Bound of the Radiation Q for
Electrically Small Antennas

Gary A. Thiele Fellow, IEEE Phil L. Detweiler Member, IEEEand Robert P. Penn&enior Member, IEEE

Abstract—The fundamental question of the lower bound on A fundamental definition for the radiation Q, €¥,, of an
the radiation Q of an electrically small antenna is of practical gntenna is
importance because of its relationship to the antenna bandwidth.
Previous works predict a lower bound on the radiation Q that is 2‘}% We > W,
usually too low and, hence, a bandwidth that can be optimistically Qa = 20W,, W. > W (1)
large. This paper addresses why this is so and offers a new P m ¢

prediction for a realizable lower bound on the radiation Q. This : . : ;
new prediction is based on the far-field pattern, in both the whereW. is the time average, nonpropagating stored electric

visible and invisible spatial regions, in contrast to previous works €N€rgy,Wn, is the time-average, nonpropagating stored mag-
based upon a near-field modal approach. Results for a linear netic energyw is the radian frequency, arig, is the radiated
dipole, _b(_)w-tie, and end-loaded dipole are prese_nted to illustrate power.

the validity of the lower bound presented herein. An approximate representation 6§, when the antenna

Radiation Q can be related to bandwidth provided the Q is ade- . :
quately large. Implicit is the presence of a matching network as a input impedance can be adequately represented by a lumped

part of the antenna system. Both the losses in the antenna and the Circuit (i.e., an electrically small antenna), is

losses in the matching network have an effect on the system band- X

width, the system efficiency and the system Q, of which the radia- Qa = 24 provided Q > 10 %)
tion Q is a part. These various relationships are also discussed. Ra

Index Terms—Antenna theory, antennas, apertures, dipole WhereXj is the antenna input reactance dtg is the antenna
antennas, electrically small antennas, electromagnetic radiation, input resistance. FOF < Qs < 10, the relationship in (2)

linear antennas, Q factor, wire antennas. becomes questionable and 95 < 5 itis not likely to be valid.
An antenna is generally considered electrically small if it can
I. INTRODUCTION fit inside a radiansphere. The term radiansphere was originated

by Wheeler [1], [2] in his early works and denotes an imagi-

T HE radiation Q of electrically small antennas is aquanti%lry sphere of radius equal 827 (a diameter of about 1/3
of fundamental interest. On the other hand, a quantifyayelength ). In 1948 Chu [3] published a classic and widely

of practical interest is the_bandwidth of electri_cally ?maﬂluoted paper in which he derived an expression for the min-
antennas. When the radiation Q, denoted hereirQQy is  jmym radiation Q by expressing the fields around a small hy-
adequately large (i.eQs > 10), the fractional bandwidth is pothetical antenna in series of spherical modes, which give the
approximately equal to the inverse @fy. It is important t0  tot5] energy surrounding the hypothetical antenna. In an effort to
know the maximum possible bandwidth and hence the lowggparate the nonpropagating energy from the total energy so as
_bound onQ 4 in a number of_ practlcal S|t_uat|ons. For examplgg know both the propagating and nonpropagating energy sepa-
in o_rder to ach!eve a specified bandwidth for an antenna fFHter, Chu used an ingenious ladder network approximate rep-
a wireless device, a knowledge of the lower bound on thgsentation of the modes to indirectly calculate the radiation Q.
radiation Q would set a limit on how small the antenna could bgy s approximate result was subsequently quoted by others in
More emphatically, if bandwidth and size were specificationg|ated works over the following years [4]-[9].
given to a designer, a knowledge of the lower bound on the|, 1996 McLean [10] improved on the work of Chu by de-
radiation Q could determine if the two specifications wergying an exact result for the radiation Q using the fields for
compatible and could be satisfied simultaneously. the TMy; mode directly. McLean’s result is nearly the same

as Chu’s for very small antennas and predicts a slightly higher

lower bound o) 5 for antennas approaching a length of about

1/3 wavelength. McLean’s result is
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One argument [7] often given for practical designs havirend E,,(v) is the normalized field pattern. Rhodes [16] had no
a higherQ, than the lower bounds given in [3] and [10], isneed to consider the element pattern, g(u), in his synthesis work
that the entire spherical volume is not utilized by the antenrgince g(u) “is not a controllable part of the radiation pattern.”
In an attempt to overcome this factor, Foltz and McLean [11] Therefore, the expression used to calcu@ighere is

expanded the fields around an antenna using prolate spheroidal L ) - )
functions (instead of spherical functions) and found thatwas _ S22 |Ea(w)]” du+ f% |En(u)|” du
dependent on the ratio of the major and minor axis of the pro- AT = ) )

. : _ I35, | Ba(w)]? du
late bounding surface. This served to raised the expeQted =

for antennas, such as a small dipole. A small dipole, of coursge will use (7) to determine the lower bound 6 for an
does not consume much of a spherical volume and is better rgRsctrically small dipole with a sinusoidal current distribution.
resented by a prolate spheroidal volume. However, it is not apor a dipole of arbitrary length along tteaxis with a si-

parent in their work what ratio of the major to minor axis of thusoidal current distribution, it is well-known that the far-zone
prolate bounding surface should be used for a specific anterfigctric field is [14]

configuration. 3L BL
In this paper, a much different approach is taken to estab- _eTifr €08 [(T) cos 6} —cos (T)
lish the lower bound on the radiation Q for electrically small Lo = jn 2 I sin @ (8)

antennas. Instead of expanding the near-fields around an BBi1, < \ the maximum value of (8) occurs @t /2, so
tenna, the far-field pattern is used. The approach here relies ' '

on the concept of superdirectivity. It is well-known that elec- e—ifr 1 —cos (%)
trically small antennas are superdirective, since they have more Ey, .. =ijn I, (9)
directivity than their small size warrants. Radiation Q can be o2 1 _

related to superdirectivity. Results using this different approadiUs, the normalized field patterf,, (), can be written as

give a higher lower bound on the radiation Q and suggest that Ey(6)
the lower bound o) 5 for an electrically small antenna can be n(0) = B,
determined from how superdirective the antenna pattern is. eos [(%) cos 6} o (%)
[I. SUPERDIRECTIVEAPPROACH = sinf [1 — cos (HTL)} sin2 0
Superdirectivity is produced by an interference process —g(0)1(9). (10)

whereby a portion of the antenna pattern is scanned into
the invisible region. This causes energy to be stored in th&e normalization is for convenience. Sinee= ((3L)/2)
near-field resulting in a large radiation Q. A superdirectiveos ¢, it follows thatsin ¢ is given by

ratio Rsp has been defined as the ratio of an integration of the . T
far-field pattern function over all space (i.e., visiblénvisible) sinf =1 —cos*f
to an integration over visible space as follows [12]—-[15]: _ 1 2 \?2 BL 0 2
- 2 Vo) (2
oo [ ()] du
Rsp = %—2 (4) 2u 2
L 1) du 1= (%)
wheref(u) is a normalized far-field pattern functioninspace =g(u) (11)
andu = (ﬂL/Z_) cosﬂ when main beam radia_tion is broadsid%ndEn(u) in turn is given by
to the source (i.e., linear source of length L with constant phase)
and the source is along thexis. The superdirective ratio is not COS U — COS (JQL)
new [15] and is recognized as a measure of the realizability of an En(u) = = (12)
antenna. Rhodes in [16] comments that (4) above “is something [1 — oS (@TL)] 1— (%)
like QA" and “is somewhat similar t&) o + 1.” ’
In [12]-[14] Rsp in (4) is equal tal + Q4 if Thus, (12) is used in (7) to computg, of an electrically small
. dipole with a sinusoidal current distribution. Note that (12) van-
-2 |f(w)* du+ [22 |f(w)]? du ishes at infinity. The integrations in (7) could be carried out in
A= . : (5)  #-space. Our preference is to workirspace.

JE 1) du

. . N - lll. RESULTS
However, we have found in our investigation that it is not ade-

quate to use just the far-field pattern functipfu) in (5) asis _ Fig. 1 shows a curve based on (7) and (12), denoted "far-field
written in [12]-[14]. The expression in (5) should be consiste:” for a dipole that generates the far-field pattern given by (8).

with the fundamental definition in (1) and, therefore, should inthat (middie) curve is above the lower curve from (3) due to
clude the element pattegfu) where McLean but below the third (top) curve based on (2) for the

ratio of X /Ra. The (top) curve based on (2) was calculated
En(u) = g(w)f(u) (6) using the Method of Moments for a dipole of radii®05\.
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L L L Fig. 2. Radiation Q versusa. Top two curves are for thin linear dipoles using
0 0.2 0.4 0.6 0.8 1 X/R. Bottom curve is the lower bound for an ideal or Hertzian dipole, which
Ba or /A has a uniform current distribution. Solid line curve is the lower bound for a
sinusoidal current dipole. Bow-tie (Fig. 3) and end-loaded dipole (Fig. 4) data
points are determined using X/R.

Fig. 1. Radiation Q versusa or 7L./X whereg is the wavenumber, a is the
radius (L is the diameter) of the smallest sphere that can enclose the radiator. ] ] o
Bottom curve is théower boundfor an ideal or Hertzian dipole, which has awhich accounts for the far-field pattern and a certain minimum
uniform current distribution, using (3). Middle curve is tlsver boundfor a  gmount of stored energy in the near-field, and another compo-
dipole with a sinusoidal current distribution using (7). Top curve is a typical ; . .
radiation Q for a thin wire dipole using the ratio of input reactance to radiaticfﬂlent of the current which Only contributes to near-field stored
resistance. energy.

Fourth, the top curve in Fig. 1 using the ratio of antenna input

actance to antenna input resistance for a thin linear dipole,

. . R
For. several reasons we believe that the middle curve in Fig. "-Ehile associated with an identical far-field pattern as in (10),
derived from the far-field pattern, more accurately represents ts\fyﬁ:

lower bound orQ 5 for an electrically small linear dipole with ows a.h|gher value @, Th_|s Squ.GStS that there are other
a sinusoidal current distribution. geometries of the same maximum d|men§|on that are capable
) , . , . of producing the pattern in (10) while yielding a lon@y, . To
First, the curve from McLean's result is derived using thgsirate that this is so, consider Fig. 2, which shows that dipoles
lowest order TM mode and that modely. The TMy: mode, o thicker radii have a lowef) ., a fact which is well-known.

as pointed out by McLean, generates fields that are equivalgig gipole radiation Q curves were obtained using (2) and the
to the fields of an ideal (or Hertzian) dipole withsiau 6 pattern.  n1athod of Moments.

Such fields are associated with a uniform current that obvioustA|SO in Fig. 2 are data points for a “bow-tie” dipole of a size

does not go to zero at the dipole ends. The fields from su%t fits into the spherical volume of radius “a” (see Fig. 3),
a radiator are not the same as those from a small dipole Wil 5 current that goes to zero at its ends, and has the same
a sinusoidal (almost triangular) current distribution. Even thg, fiaq pattern as in (10). The radiation Q of the bow-tie has the

far-field patternsare not exactly the same. That is, the ideglyest(), of those with the pattern of (10), but is still above the
dipole has ain # pattern independent of its length whereas thg, . ia|q Q, curve in Fig. 2 obtained using (7). On the other

pattern in (10) only approacheis. § as the dipole becomes very, 5 the end-loaded dipole of Fig. 4 has a somewhat uniform
small. Thus, McLean's curve can be considered to be the loWg[irent on its radiating portion (i.e., approximates a Hertzian
bound for an ideal or Hertzian dipole. dipole), and its radiation Q using (2) lies between the McLean
Second, the pattern for a small dipole with a sinusoidal cuurve and our “far-field” curve, as expected. The current distri-
rent distribution is slightly narrower than the pattern of an ide@ltion on the electrically small end-loaded dipole is that of a
dipole, and is, therefore, more superdirective (higher radiatigflangle on a pedestal or uniform value. As shown in Fig. 5, as
Q) Thus, the lower bound for a sinusoidal distribution ShOUMe d|po|e becomes e|ectrica||y |0nger, mGpeof the triang|e
be higher than the lower bound for a uniform distribution.  portion of the triangle on a pedestal becomes less (i.e., the dis-
Third, practical designs for antennas with a sinusoidal curremibution becomes more uniform). Thus, the data points in Fig. 2
distribution fall above our “far-field Q” curve. In view of (7), this for the end-loaded dipole move closer to the McLean curve for
suggests that there are two components to the current, oneawfdeal or Hertzian dipole as the dipole becomes longer.
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Fig. 3. Bow-tie antenna inside a sphere of diameter L.

(b)

Fig. 5. Triangle on a pedestal current distributions on two dipoles. The dipole
in (a) of half the length of the dipole in (b), but its triangular portion has twice
theslopeof dipole (b). Both dipoles have the same tenninal current value.

far-field pattern. The first part determines the lower bound on
the radiation Q.

For example, the far-field pattern is obtained from an integra-
tion of the current distribution. Since integration is a smoothing
process, various relatively minor discontinuities in the current
may not affect the far-field pattern but can contribute to near-
field stored energy (e.g., feed-point design).

IV. CIRCULARLY POLARIZED ANTENNAS

Fig. 4. End-loaded dipole inside a sphere of diameter L. It is written in [4] that the lowest possible radiation Q is

_ ) o ) obtained for an antenna that excites both of the lowest order
The sinusoidal current distribution on a dipole becomqﬁodes, TM; and TE;, and that this radiation Q can be half
nearly triangular when the dipole becomes small. The normgat for either mode alone. This is correct and clearly the
ized field pattern for a triangular distribution is [14] resulting field can be circularly polarized when the modes

12 have the proper relative complex strengths.

En(u) = g(u) | 22 () (13)  The TEy, mode represents a fictitious ideal magnetic dipole

which in turn represents a small loop of electric current. So, if

. . : . . - ircular polarization is generated with an ideal electric dipole

Using (11) and (.13) in ) g|yes.ac'urve'|dentlcallto thatin Flgs"Clnd a snl'?all electric Ioog the Q of that two element systempwill

and 2 _for the sinusoidal dlst_rlbutlon (ie., far-field Q.)’ EXC€He one-half that of either radiator alone. (Note that the fields

very ;Ilghtly at th_e extreme righifa ~ 1) where_ th_e d'.pOIG.} 'S of the two radiators are uncoupled.) On the other hand, if cir-

marginally electrically small and the current distribution is beéular polarization is generated by two crossed electric dipoles
ginning to depart somewhat from a triangular distribution. No

hat (13 dis. theref : bl With ar /2 phase difference, the radiation Q of such a system
that (13) goes to zero gtoo and is, therefore, integrablefibo. will differ from the dipole-loop combination and differ from the

The various results of this section leads to the following W, jiation Q of either element alone. Grimes and Grimes [18],
hypotheses. _ _ using a time-dependent Poynting theorem approach, have re-

Hypothesis #1.A realizable lower bound o for a lin- * cantly showed that for the crossed Hertizian electric dipole case,
earIy_poIanzgd electrically smgll antenna can be determingg, radiation Q approaches 1/3 that of a single dipole as the
from its far-field pattern according to (7). dipoles become electrically small. This factor of 1/3 cannot be

To use this hypothesis, the field pattern squared should §§tained using the frequency domain approaches employed in

integ_rgble att infinity. Further, th_e result_s will be sornewhat[g]_[e], [10], [11] because the near-fields of the two dipoles are
sensitive to the accuracy with which the field pattern is knOW’aoupIed and there is a phase difference between them.

a fact that is consistent with the superdirective nature of electri-|t is interesting to consider the normal mode helix, a popu|ar
cally small antennas. antenna for hand held wireless transceivers. Each turn of the
Hypothesis #2:The radiation Q of a practical antenna mayiormal mode helix can be modeled by an ideal electric dipole
be viewed as having two parts: the first part is associated wighd a small electric loop, and radiates elliptical polarization
that component of the current distribution which generates tfi4]. Thus, the normal mode helix excites both the giMnd
far-field pattern (in both the visible and invisible regions); th&E,; modes, but not of the proper relative amplitudes to gen-
second part is associated with all other components of the carate circular polarization. It follows that the normal mode helix
rent distribution which contribute to stored energy but not to ttehould have a lowe@ » than a linear dipole of the same max-

u
2
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Fig. 6. Lower bounds on the radiation Q of a sinusoidal current dipole f8¥NereR; is the radiation resistance alRdy ;. is the ohmic loss
various values of radiation efficiency verstis or 7L/ A. resistance.

The radiation Q of a lossy antenna is that of the lossless an-
imum dimension. In fact, it is known that the normal mode helitfenna reduced by the fractional value of the radiation efficiency
has a wider bandwidth than a linear dipole of the same lengégtcording to (15). Fig. 6 shows the unloadgd for several

and thus has a lowe) . values of the radiation efficiency. Just as in a lumped circuit, the
addition of loss decreases Q.
V. SYSTEM Q Fig. 7 shows the radiation efficiency of a small dipole at four

L . L . ._frequencies when the radius is fixed at 1/32 in. The curves in
Implicit in the relationships in (1) and (2) is the assumptio ig. 7 suggest that many practical electrically small dipole an-

that the antenna will be resonated with a lossless matching iy 99 y pract ys IPOIE ¢
nas at VHF and above will likely have radiation efficiencies

cuit so as to exhibit a purely real input impedance at a reson it 0
frequency. In this situatioq) » is often referred to as the un_greater than.50 /° . . -
loaded Q. However, if the matching circuit is not lossless, th?n Ifa matchmg circuitis present with an efﬁmen_cy@fl, de-
the matching circuit has a finite Q, denotéxl,, and the Q of ined by the ratio of power out to power in, the efficiency of the
the system(), often called the loaded Q, are related by [19] system; is [8], [17]

er

1 1 1 €s = €rlm = . (16)
— =t . 14 1+ 82
Qs |:QA * Qm:| ( ) " Qm

Clearly, if the matching circuit is lossled3,,, is infinite, and the
loaded and unloaded Q’s are the same. If the matching circui

a conjugate matching circuit, théa = Qm andQs = Qa/2 " \yhon e matching circuitis lossless, (16) reduces te e,.
according to the definition in (1), since the time-averaged Storf’rﬁj 17] it is shown that many electrically small antennas can be

ifn ter:gys%ttﬁ ISSy zt(()alrjrlelgedmalns unchanged while the d|$5|pat|e iciently matched with a simple reactive L section. Matching
' is also discussed by Wheeler in [20] and [21].

The above relationship is valid when the matching network con-
{ains no elements which store energy in the same form (i.e., elec-

e or magnetic) as the antenna [17].

VI. SYSTEM EFFICIENCY
VII. SUMMARY AND CONCLUSION

Electrically small antennas are known to be inefficient radi- . - . -
ators due to the relative magnitudes of the radiation and ohmi A different approach for predicting the realizable radiation

loss resistances. The antenna radiation efficiencis given by rTEﬁcof an electrically small antenna is presented. The method
. o utilizes the superdirective property of the far-field radiation

the relationship [14] pattern and predicts a higher lower bound on the radiation Q

R, for a dipole type element than previous works. This higher

€r = R, + Ropmic (19) lower bound appears to be closer to achievable valug3 of
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associated with dipole elements, wherein the current goes {ao]
zero at its end points, such as the linear dipole and bow-tie.
This higher lower bound also appears to be in agreemenfy;
with recently published results for the radiation Q of fractal
dipole-type elements [22].

In the previous literature a relationship is published between 2]
the superdirectivity ratioRsp, and the radiation Q, both of
which use only the pattern factgi(«). While one can define
Rsp in any reasonable way, the expression for radiation Q must
be consistent with the fundamental definition in (1). Therefore
a correct expression fad , is given by (7) and not by (5). In [
fact, the omission of the element factor, g(u), as in (5), produces
meaningless results for the radiation Q of a electrically small16]
radiator. The expression in (5) may be approximately true fo[17]

(13]
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