and the Future,” (page 355) in this same
issue of ELECTRICAL ENGINEERING.
We would appreciate anything you can
do to put the facts straight.

J. C. McPHERSON

(Patent research and development manager, Inter-
national Business Machines Corporation, Endicott,
N.Y)

Forces Between
Moving Charges

To the Editor:

Captain E. G, Cullwick in his interesting
letter (EE, May *47 pp 518-9) voices the
very reasonable expectation that the in-
fluence of one electric system upon an-
other, will depend only on the relative
velocity of the two systems, and not on any
“absolute” velocity which may be assigned
to either system. No doubt this is true, in
a sense which requires careful definition.

However, it is not true that the descrip-
tion which an observer will give, of the in-
fluence of the one system upon the other,
will depend only on the relative velocity
of the two systems. It will depend also
on the velocity of either system relative to
the observer. This is because the observer
describes his observation in terms of con-
cepts whose definitions are relative to him.

Thus the observer defines the electric
field at a point, as the force per unit charge
on a charged body at rest relative to him at
that point. He will also define the magnetic
field, through the effects observed on a
charged body, or on a probe coil, moved in
some prescribed manner relative to him.
Another observer, however, in motion rela-
tive to the first observer, in observing the
electromagnetic field, will define the elec-
tric field at a point as the force per unit
charge on a charged body at rest relative
to him, and therefore in motion relative to
the other observer. Similarly, with respect
to the magnetic field. Thus, the electric
and magnetic fields, in their very definition
are relative to the observer, and the two
observers, in our case, will not “see’ the
same electric and magnetic fields.

This relativity of the electric and mag-
netic fields with respect to the observer,
arises not only from the relativity of the
motion of the probes and probe coils used
in the definition of the fields, but also from
the relativity of the concept of force used in
the definitions. Each observer will prob-
ably define force through some observation
of the acceleration given to a particle of
known mass. However, each observer, in
measuring mass, will use a standard in a
laboratory at rest relative to him, and in
measuring acceleration, will use meter
sticks and clocks at rest relative to him and
in motion relative to the other observer.
Hence, the concept of force which enters
into the definition of the electric field, will
also be relative to the observer.

Thus we find, as Captain Cullwick points
out, that the electric and magnetic fields
around a point charge, for an observer for
whom the charge is at rest, are different
from the electric and magnetic fields for an
observer for whom the charge is moving.
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One can hardly disagree with Captain
Cullwick, that if absolute velocity is to have
no meaning in nature, then the influence
of one system upon another must depend
only on their relative velocity. But this
does not mean that the description of this
influence as given by all observers will de-
pend only upon this relative velocity of the
two systems. We require only that these
various descriptions shall be accounted for
by taking account of the relativity of the
concepts occurring in the various obser-
vers’ descriptions, that is, that different
probe charged bodies, probe coils, meter
sticks, clocks, and so forth, are used by the
different observers, in giving their descrip-
tions of the influence of the one system on
the other.

Captain Cullwick takes as his two sys-
tems, a coil, and a system of charges on a
rigid body, in relative motion. For an
observer for whom the system of charges is
at rest, Captain Cullwick states that the
integral of electric force along the wires of
the coil is zero. For an observer for whom
the coil is at rest, the integral of electric
force along the wires of the coil is not zero.
There is no contradiction in this. Each
observer is able to account for the other’s
result by the different probe bodies, mass
unit, meter sticks, and clocks which the
other uses.

J. SLEPIAN (F °27)

(Associate director, research laboratories, Westing-
house Electric Corporation, East Pittsburgh, Pa.)

To the Editor:

Reference is made to an article entitled
“The Forces Between Moving Charges”
by R. D. Sard, which appeared in the
January 1947 issue of ELECTRICAL
ENGINEERING, in which reference is
made to an earlier article written by me
(EE, Oct 45, pp 351-6).  Professor Sard

contends that my analysis proposes a

drastic modification of electromagnetic
theory, but it is worthy of note that he does
not attempt to impeach the correctness
of the results obtained by my methods.
Indeed, he presents a lengthy demonstra-
tion to prove that for the case of charges
moving parallel, line abreast, the textbook
formulas yield the same results given by
my formulas.

In writing the article to which Professor
Sard refers I was under the impression
that I was merely reviewing some of the
basic concepts of electromagnetism in the
light of prevailing thought, and offering
a means for the practical engineer to
bridge the gap. between the two. Conse-
quently, I have been somewhat surprised
at the controversy which the article has
aroused. While the most satisfactory
reply would be to show the innumerable
ways in which the analysis given in my
article proves itself out, this would require
an amount of demonstration and mathe-
matical proof out of place in a communica-
tion of this character. Therefore I shall
limit my remarks to matters related di-
rectly to the subject of Professor Sard’s
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article, with the object of demonstrating
the following:

1. There is not so much difference between my
formulas and the textbook formulas as might appear
from a casual review,

2. My formulas are closer to Maxwell’s teachings
than are the textbook formulas.

3. The differences between my formulas and Max-
well’s teachings are in accord with precepts taught by
the current textbooks.

4. It is widely recognized that the textbook formulas
give incorrect or inconsistent results in many cases.

In the case of two charges moving line
abreast, assume that the first charge is
located at point x=0, y=y, z=0, with the
other at the origin of co-ordinates. Pro-
fessor Sard’s equation 3a then reduces
to a single component of force, which is
in the y direction and equal to Fjp=
'—8162(1 —ﬂlﬂz) /_yz\/1 _ﬂxz. NOW, if the
observer measures 8; and 8; equal in mag-
nitude and in the same direction parallel
to the x axis, this reduces to Fya= —ee2

V1 —B,2/y%. But if the observer should
attempt to transport his mental processes
into the reference system of the second
charge, which is also the reference system
of the first charge since 8 = 81 = fz, he knows
from electrostatics that he would measure
the force as Fyp= —eez/y? and is forced
to introduce the concept of variable mass
with respect to hisown system, as Professor
Sard has done in order to make his kine-
matic equations come out right.

However, there is available to the ob-
server a simpler process which Professor
Sard seems to have overlooked. He can
use the transformation equations to relate
E and H as measured in his own reference
system to their values in the reference
system of the charge on which the force is
to be determined. In his own system the
observer measures the velocities of the
two charges as 8, and §: and the electric
and magnetic fields, according to Pro-
fessor Sard’s equation 1 for the conditions
stated, as

E,=0
Ey=—a/y+/1-8
E,=0
H,=0
H,=0

H,=—gie/y*/1-42

Transferring these field terms to the
reference system of the second charge,
according to the transformation equations
as given by Page and Adams!, yields:

E;,=0

Ep=—(1—BiB)er/p*/ 1B/ 1=
E,,=0

H,,=0

Hy,=0

Hy=—(Bi— e/ T—pv/1 -6

Putting these values in Professor Sard’s
equation 2 yields a single component of
force, which is in the y direction and equal
to:

Fom (1 28182+ B eren W
v =
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When 8,=8;=28, this reduces to Fp=
—eie2/y? just as though the second charge
were at rest in the system of the first charge,
which is my contention exactly.

It is to be noted that my article dealt
with force effects as related to motion,
which may be considered as the full elec-
tromagnetic effect. Professor Sard’s analy-
sis, following the usual textbook tech-
nique, combines the electrostatic and
electromagnetic forces in the one formula.
Any comparison with my formulas is to
be made only with respect to terms in the
combined formulas which contain 8 in
any form. This is in accordance with
the generally accepted concept that
magnetism is a dynamic phenomenon, one
of motion. To quote Maxwell,2 “Ac-
cording to our hypothesis, we assume the
kinetic energy to exist wherever there is
magnetic force...” and “...this energy
exists in the form of some kind of motion
of the matter in every portion of space.”

Since Professor Sard offers Maxwell as
a background to his analysis, a few com-
ments should be in order showing that
my analysis follows Maxwell with very
little change. In the first place, Maxwell
based his development of electromagnetism
on Ampére’s work. In Chapter II of
Section IV of his “Treatise” he gives an
extensive discussion of Ampére’s work,
including Ampére’s formulas for the inter-
action of currents. The basic formula
for the force between current elements, as
given by Ampére? and described by him as
fundamental to his entire theory, is F=
11’ ds ds'(sin @ sin 6’ cos w + £ cos 6 cos §7) /r?
with a value of —1/; for £. Recognizing
the relation between i ds and the quantity
and velocity of the electricity making up
a flow of current, this formula can be
written: F=00'(v sin v’ sin §’ cos w—
1/5 v cos @v’cos 6°) /72, in which form it will
be recognized as equivalent to equation
4 in my article except that I use the
squares of relative velocity components
instead of the products of individual
velocity components. Maxwell claimed*
that Ampére’s formula required a factor
of two for use in electromagnetic units,
as Ampére used -electrodynamic units.
This undoubtedly is true, but does not
apply to my formulas, as it is to be noted
that in the days of both Ampére and
Maxwell, as the latter admits,5 it was
not known whether a flow of current was
more correctly treated in terms of the 1-
fluid theory or the 2-fluid theory. Any
formula designed for application to both
positive and negative electricity com-
bined, even though one kind is “bound”
as we now consider the positive to be,
should be expected to give twice the value
given by formulas, such as mine, which
treat the two kinds individually. When
the results are summed up for the total of
the two effects, as explained in my article
and also used by Professor Sard, the two
procedures become equivalent.

Utilization of the relative velocity as
employed in my article, instead of the
individual velocities of the current elements,
is in accordance with prevailing concepts
and may be considered a “modernization”
of Ampére which is no more to be criticized
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than the Lorentz transformation, and,
indeed, has been shown to be equivalent
thereto in the case just investigated.
Maxwell’s “Treatise” abounds with re-
ferences to relative motion. Modern
textbooks introduce it through the concept
that the field of a charge is carried along
with the charge. For this I quote Paget
and Richtmyer and Kennard,” the latter
even amplifying to the extent of stating:
. ..relative to the charge the field seems
to stand still.” This is in conformity
with the principle that the laws of nature
are the same in any inertial system. Cer-
tainly, in accordance with this, the condi-
tions when all charges have a common ve-
locity must be the same as for static condi-
tions. Professor Sard agrees with this.
Then it follows that when the velocities
are not the same the effects must depend
upon the difference of the velocities. Of
course I have not combined my velocities
in a relativity manner. This does not seem
to be necessary, but I see no objection to
doing so if it gives the user more esthetic
satisfaction.

The textbook formulas make a much
more radical departure from Maxwell’s
teachings than any which I have dis-
cussed, in that they use Biot’s law for
the electromagnetic effects of current
flow. Actually it is commonly believed
that it is Ampére’s law which is being used.
Page? makes this misstatement, as do
others, including Jeans.® In a recent
article!® in ELECTRICAL ENGINEER-
ING, describing the method of teaching
electricity and magnetism in the Univer-
sity of Kansas, the same historical error
is made. This error has been pointed out
by a number of sources.t1213 While
historical accuracy is not essential to
scientific accuracy it frequently is helpful
to a proper grasp of the significance of
the ideas of past authorities. In this
instance I believe that the introduction
of Biot’s formula, instead of Ampére’s,
as intended by Maxwell, is at the root of
the present controversy. Maxwell seems
to have discounted Biot’s work rather
completely. I have not noted in his
“Treatise” a single direct reference to
either Biot or Savart.

Use of Biot’s formula leads to results
which are incongistent with the third law
of motion (equality of action and reaction).
This has been recognized widely, and has
been the subject of a number of
articles.13:1415  However, none of these
references resolves the problem as com-
pletely and simply as does a straightforward
application of my formulas. Robertson
goes back to Ampére but does not employ
the relative velocity concept. Howe at-
tempts to reintroduce Maxwell’s now out-
moded displacement currents in free space.
Both arrive at conclusions which should
be recognized at once by any electrical
engineer as contrary to the facts in
generator and motor operation. Keller
introduces the concept of the momentum
of the field as expounded by J. J. Thom-
son,'® but he uses formulas for £ and H
which, while purporting to be the same as
the textbook formulas, actually differ
from those in general use by a factor of
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1—8? although they appear at first glance
to be equivalent but in slightly different
form. This tends to cast doubt upon
the correctness of his entire analysis.

It is worth noting that Maxwell re-
peatedly points out the usefulness of a
close adherence to Ampére’s analysis.
For instance, following a comparison of
possible formulas for the interaction of
current elements, he concludes with this
statement:” “Of these four different
assumptions that of Ampére is undoubtedly
the best, since it is the only one which
makes the force on the two elements not
only equal and opposite but in the straight
line which joins them.” This is a strikingly
significant statement, and gives an un-
equivocal interpretation of the mental
picture he had as he started upon the
development of his field theory.

It even might be inferred that Maxwell
felt impelled to utter 2 word of caution
against breaking too far away from
Ampére in the application of the field
equations to individual charges. For
after developing his field theory, we find
he reverts to Ampére, repeating a thought
previously mentioned in the course of his
field development, in these terms:® “If
we suppose our mathematical machinery
to be so coarse that our line of integration
cannot thread a molecular circuit, and that
an immense number of magnetic mole-
cules are contained in our element of
volume, we shall still arrive at results
similar to those of Part III, but if we
suppose our machinery of a finer order,
and capable of investigating all that goes
on in the interior of the molecules, we
must give up the old theory of magnetism,
and adopt that of Ampére, which admits
of no magnets except those which consist
of electric currents.”

Finally it seems worth while to point
out that the writer’s formulas, when put
in vector form and combined with the
Coulomb electrostatic force become:

l:R R 3 R(V-R)2:|

o —
3y 2 c2rs

2

F= £1€

where

R=the vector distance between the charges

r=the scalar magnitude of R

V=the vector velocity difference of the
charges

v=the scalar magnitude of V'

c¢=the ratio of electromagnetic to electro-
static units

e1, ¢ez=the magnitudes of the charges

(All terms in centimeter-gram-second

electrostatic units)

This formula follows from the work of
Wilhelm Weber, published in 1846-48,
and discussed at some length in the con-
cluding chapter’® of Maxwell’s “Treatise.”
It is worthy of note that Maxwell admits
the correctness of the results obtained by
Weber’s analysis, but rejects the method
largely because it either did not require
a medium or seemed to require instan-
taneous transmission in a medium. But
it now appears that for unaccelerated
charges (the case under discussion) the
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question of transmission does not enter,
because if we accept, along with ref-
erences quoted, the idea that ‘“‘the field
is carried along with the charge,” then
the effect of the velocity is uniformly
present everywhere simultaneously. Of
course if accelerations occur, a term for
the acceleration effect must be added,
and for large distances of separation the
method of retarded potentials must be
used. But this is only what should be
expected, in accordance with the com-
monly accepted principle that radiation
is produced only by accelerated charges.

This brings up a point which, while
not specifically pertinent to the present
discussion, is so fundamental and so
generally misunderstood that it seems
advisable to conclude with a few remarks
concerning it. This is the fact that in
electromagnetism there are two distinct
processes: the one an effect due to the
relative velocities of the charges, usually
revealing itself as physical forces, as in
the “motor” effect, but also frequently
revealing itself as a voltage, as in the
“generator”’ effect; and the other an
effect due to the relative accelerations of
the charges, usually revealing itself as an
induced voltage, as in the ‘“transformer”
effect. . . . But the distinction between
the effects of uniform velocities and
changing velocities is not made clear in
most textbooks. Even Maxwell does not
draw a clear line of distinction in these
matters. He discusses electromagnetism
with respect to the work of Ampére and
Faraday more or less correlatively, without
seeming to realize that the former’s dis-
coveries were related mostly to the “motor”
effect and the latter’s mostly to the “trans-
former” and ‘‘generator” effects. It prob-
ably is due to the fact that two effects were
discovered by the one individual and,
especially, within a few days of each other
that the distinctions as to causation have
not become recognized generally. . . .
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Transmission Line
Impedance Calculations

To the Editor:

In the usual method of calculating the
attenuation function of a line, the series
impedance per unit length, Z/8z and
the shunt admittance per unit length,
Y /6y, first are determined. The propaga-
tion function per unit length, v/6,, is the
square root of the product of these quan-
tities. The real part of the propagation
function is the attenuation function, e,
and the imaginary part is the phase func-
tion, 8.

For accuracy in the third significant
figure in determining o, it frequently is
found necessary to carry fy and 8z to
1/100 of a degree, while in the determi-
nation of 8, a degree change in 8y or 6z
will not affect the value appreciably.
This is because 6, is close to 90 degrees
where the cosine is changing rapidly with
the angle, and the sine is not.

As an example, consider the following
case. A carrier cable, operated at 50,000
cycles per second, has the following con-
stants per loop foot: (=25.31 micro-
microfarads, L=0.130 microhenry, R=
0.00444 ohm, and G =0.0628 micromho.
Calculation gives

Y=(7.95%107%)/89.55°
Z=0.0409/83.78°

from which

v=(0.571X1073) /86.67°

and

a+jB=1(0.0332+;0.569) X102
If one takes

Y= (7.95X10—5)£9i°

and

2 =0.0409/84°
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v becomes
v=(0.571%1073)/87°

and

a+j8=(0.0299+;0.569) X102

The error in a is about ten per cent, but
the value of 8 is unchanged.

In the same way, the real part, Ry, of
the characteristic impedance, /0%, usually
may be calculated with small error without
great accuracy in 6y and 6z, but the reac-
tive component, X, may require more
care, In the foregoing case

Zr=71.8/—2.88°
and
Ry+jXy=71.7—73.61

Rounding of the angles to 90 and 84
degrees gives

Ry+jX,=71.7—j3.76

causing an error of about four per cent in
X

In making these calculations with
a slide rule, the determination of angles
near 90 degrees to 1/100 of a degree is
inconvenient. A pair of formulas which
are convenient to use and which yield
good accuracy are as follows:

g FRETR )
2Ry
and
_GRi—R
X, = 28 (2)

Since Ry, Z;, and 8 may be determined
accurately without great accuracy in
6y and 0, these two formulas may be used
to determine o and X accurately when
6y and 6; are only approximate values.
In the foregoing example, if the approxi-
mate values 8y =90° and §;=84° are used,
Zx=71.8, Ry=71.7, and

o= (0.0628 X108 5150) 4-0.00444
143.4

=0.0332X107?

Similarly the value of Xj is found to be
—3.62. These errors are well within the
limits of slide rule accuracy.

It should be pointed out that these
formulas for a and X; reduce, at high
frequency, to the well-known formulas
for this case. For high frequencies,
Zy=Ry, and & becomes (R/2Zy)+
(GZr/2); X becomes zero because @
becomes large.

Proof of the formulas is as follows:

y=a+j8

T / 0_2%’
—\/TZ cos <fﬁ;ﬁf>+
N TZsin (M) 3)

2
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