
Expected Utility Theorem

Axioms

1. (State independence)

[(X, Y ) : (p, 1 − p)] ∼ [(Y, X) : (1 − p, p)]

2. (Reduction of compound lotteries) If Z ∼ [(X, Y ) : (p, 1 − p)], then

[(X, Z) : (q, 1 − q)] ∼ [(X, Y ) : (q + (1 − q)p, (1 − q)(1 − p))]

3. (Continuity) If lotteries X � Y � Z, then there exists a p ∈ [0, 1] such that

[(X, Z) : (p, 1 − p)] ∼ Y

4. (Independence of irrelevant alternatives) If X ∼ Y , then

[(X, Z) : (p, 1 − p)] ∼ [(Y, Z) : (p, 1 − p)]

5. There exist two lotteries B and W such that, for any lottery X,

B � X � W

6. (Monotonicity) If p > q, then

[(B, W ) : (p, 1 − p)] � [(B, W ) : (q, 1 − q)]

Theorem

If preferences satisfies the above axioms, then there exists a utility function u that

satisfies the expected utility property, that is,

u([(X, Y ) : (p, 1 − p)]) = pu(X) + (1 − p)u(Y )

Proof. Construct a utility function u in the following manner. Set u(B) = 1 and

u(W ) = 0. For any lottery Z, let pZ be such that

Z ∼ [(B, W ) : (pZ , , 1 − pZ)]
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We assign u(Z) = pZ .

1. We need to check that the expected utility property holds. Consider a lottery

[(X, Y ) : (p, 1 − p)]. By the independence axiom and by the definition of pX and pY ,

this lottery is indifferent to

[([(B, W ) : (pX , 1 − pX)], [(B, W ) : (pY , 1 − pY )]) : (p, 1 − p)]

By the reduction of compound lotteries, this lottery is indifferent to

[(B, W ) : (ppX + (1 − p)pY , p(1 − pX) + (1 − p)(1 − pY ))]

By the way we assign utility, the utility of the latter lottery is just

ppX + (1 − p)pY

which is equal to

pu(X) + (1 − p)u(Y )

2. We also need to verify that the chosen u function really represent the person’s

preferences. Suppose

u(X) ≥ u(Y )

This is equivalent to

pX ≥ pY

By the monotonicity axiom, this in turn is equivalent to

[(B, W ) : (pX , 1 − pX)] � [(B, W ) : (pY , 1 − pY )]

Since the first lottery is indifferent to X and the second lottery is indifferent to Y , we

have

X � Y
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