
Applicationof theMethodof LeastSquares
to theElementsof thePlanetPallas

1

In volumeI of theGottingen Nachrichten, Gaussgavetheapplicationof hismethod
to the correctionof the elementsof the planetPallas. Sincethe illustrious mathem-
aticiandevelopedthealgorithmoutlinedmorebriefly in hisgreatwork Theoria Motus
Corporum Coelestium (seethepreviousNote)onthisexample,wefelt weshouldtrans-
lateherethispartof hismemoire.Sincethefirst partrequiresanextensiveknowledge
of the theoryof planetarymotion, we shall not reproduceit, andwe take asstarting
point thetwelveequationswhich thesix elementsof theorbit oughtto satisfy.

Denotingthesecorrectionsby

�������������	�
����������������
theequationsobtainedby Gaussarethefollowing� � � ���	��� ���	� � � ���"!#�	�	$�� ��� � �&%���� $�$ ��� � �'� �	�	%��	� �	�� ��� ��(#��)	� ��* � �'�+��	��(#$ ��� � �'�+�,!#�	��! �	�.-� � � $�� ���� � � ��� ��)#$�(	� ��� � %�$'�/!�� �,� � �'� ��)	$�(#� �	�� ��� )	�	��(	� ��* � �'�+��(#�	%�$ ��� � �	�")	(�!���) �	�.-� � � ��� ��$	� � � ��� (	�	�	��� ��� � ��(#���0�,) ��� � �'�")#$�)#�	� �	�� ��� ��(	)#�	% ��* � �'�+�&%�����) ��� � �'�+�,!�!	!#( �	�.-� � � ��� ���	� � � ��� ����'��� ��� � )#�'� �	� �,� � �'� �'���'�� �	�� ��� ��!��	$�� ��* � �'� �'�,!#�#% ��� � �'�"(�%��	$�( �	�.-� � � ��� ��)#� � � ���"!#�#%���$ ��� � ��#%�$'�+�,! �,� � �'�"(�%�$	�	� �	�� )'� ��(#$	$�) ��* � �'�+��	��(#� ��� � �'�+�,!�%	%�( �	�.-� � � ��� ���	� � � ���0�,)#$	��$ ��� � )	)�!1� %�) ��� � �'�+��)	$	�	$ �	�� ��� ���	�	��� ��* � �'�+�,!���!�$ ��� � �	� ��(#%	%�� �	�.-� � � )'� ���� � � ��� ����(#�	% ��� � ��(�!#�'� �	� �,� � �'� �	$	%�(#$ �	�� ��� ����(�%�( ��* � �'� �	$	�	%�� ��� � �'� �	��!#(#� �	�.-� � � )'� %1!�� � � ��� ���	�	��� ��� � $�!��")	) �,� � �'� �	���	�	� �	�� ��� ���	��!#� ��* � �'� %�$	��(#� ��� � �	�")	)	�	�	� �	�.-� � � ��� ���� � � ��� $�(#�'��� ��� � ���)	�'� �	� �,� � �'� �	���	�#% �	�� ��� ���#%���� ��* � �'� �#%�����( ��� � �'� �#%�)#$	� �	�.-� � � ���'�+��)	� � � ��� ����)1��� ��� � �	�'� %�! �,� � �'� �	��)1�� �	�� ���0����!���� ��* � �'� %�!����'� ��� � �	�+�&%���!�� �	�.-� � � ���,!1�"!#�	� � � ��� $��	��(�! ��� � �,!����'� ��) �,� � �'�+��)	�'�� �	�� ��� ����!���! ��* � �'�+�,!����	� ��� � �'� �	���	$	� �	�.-� � � ���,!1� ��!�� �2� ��� ����'�,( ��� � %��'� �#% �,� � �'� �'���'��( �	�� ��� ��)#��)	� ��* � �	� ��)1���	� ��� � �'�")�!1���! �	� �

Fromthenatureof theobservationswhich furnishedthetenthof theseequations,it is
judgedto inspiretoo little confidenceto make useof it, andthesix unknownswill be
determinedonly from theothereleven.
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Thefollowing explanationsareliterally translatedfrom Gauss’sMemoire
J.Bertrand

2 ( 3 13 in the original)

Sinceit is impossiblefor us to satisfytheelevenproposedequationsexactly, that
is to say, to make all theright handsideszero,we shallseekto make thesumof their
squaresassmallaspossible.

Oneseeseasilythatif oneconsidersthelinearfunctions

4 � 5 � � 687 � 9;: � ��< � ��&��� = �4 � � 5�� � � 68�+7 � 9&�>: � � � < � ��&��� =?� �4 � �@� 5�� � � � 68� � � � 9&� �0: � � �"� < � ��&��� =?�"� ��&��&��&�&��&�;��&��&�&��&��&�;��&�&��&��&�&��;�&��&��&�&��&��;�&��&�&��&��&�;��&�&��&��&�&��;�
theequationswhichmustbesolvedin orderto make� �A=B�C= � �D= �"� �E��&�
aminimum,are 5�= � 5��>=?� � 5�� �0=F�"�@� �&��G�E� �6.= � 68�0=F��� 68� �>=F�"��� �&��G�E� �98= � 9;�0=F��� 9;� �>=F�"��� �&��G�E� ���&�&�&�&�&��&��&�&��&�;��&��&�&��&��&�;��&�&��&��&�&��;�&��&��&�
or, definingthefollowing abbreviations5 4 � 5�� 4 �@� 5�� � 4 � �@� �&�&��� HI5 4�J �5�K � 5�� K � 5�� � K � �&�&��� HI5�5 J �5�6 � 5��L68�M� 5�� �L68� �M� �&�&��� HI516 J ���&��&�&�&�&�&��&��&�&��&�;��&��&�&��&��&�;��&�&��&��&�&��;�&��&��&�&��6 K � 6.N+) � 6.N>NO) � �&�&��� HP6;6 J �689 � 68�09&� � 68� �+9&� � � �&�&��� HP689 J��&��&�&�&�&�&��&��&�&��&�;��&��&�&��&��&�;��&�&��&��&�&��;�&��&��&�&��
�
,
�
,
:
,
<
, etc.shouldbedeterminedby thefollowing equationsHP5 4�J � HP5�5 J � � HP5�6 J 7Q� HP5�9 J : � �&��G� � �HR6 4�J � HP5�6 J � � HR6;6 J 7 � HR689 J : � �&��G� � �HP9 4�J � HP5�9 J � � HR689 J 7 � HP9;9 J : � �&��G� � ��&��&�&��&�;��&��&�&��&��&�;��&�&��&��&�&��;�&��&��&�&��&��;�&��&�&��&��&�;��&�&��&��&�&�

Theprocessof solution,very tediouswhenthe numberof unknownsis consider-
able,canbesimplifiednotablyin the following way. Supposethatbesidesthecoeffi-
cients

HI5 4�J , HI5�5 J , etc. (of which thenumberif SK H � KT�U� � J , if thenumberof unknowns
is
�
) onehascalculatedthesum

4 K � 4 � K � 4 � � K �EVV&V��WH 4X4�J -
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oneseeseasilythatonehas� � H 4X4�J � )'HP5 4�J � � )�HP6 4�J 7 � )'HP9 4�J : � �&�&�� HP5�5 J � KY� )'HP5�6 J � 7Q� )�HI5�9 J � : � �&��� HR6;6 J 7 K � )'HR689 J 7,: � )�HP6 � J 7 < � �&��� HP9;9 J :,K � )'HP9 � J : < � ��&� -
and,denoting HI5 4�J �ZHI5�5 J � �ZHI5 � J 7��E�+�0�
by [ , all the termsof \X]^+_&_8` which containthefactor

�
, arefoundin theexpression

�
,

andconsequently � � [ KHP5�5 J
is a functionindependentof

�
. This is why, settingH 4 5 J � ^+_8a#` ]^+_;_8` � H 4X4 � � J �HP6;5 J � ^+_8a#`b^+cRa#`^L_;_8` � HR6 4 � � J �HI9&5 J � ^+_8a#`b^+dea#`^+_;_8` � HP9 4 � � J ��&��&��&�;��&�&��&��&�&��;�&��&��&�&��&��;�&��&�&��&�
HP6&6 J � ^+_;cR` ]^L_;_8` � HR6;6 � � J �HP6;9 J � ^+_;cR`e^+_&de`^+_;_8` � HR689 � � J �HP6 � J � ^+_;cR`e^+_&f.`^L_;_8` � HR6 ��� � J�&��&��&�;��&�&��&��&�&��;�&��&��&�&��&��;�&��&�&��&�

onehas� \X]^+_;_8` � HI5�5 � � J � )'HR6 4 � � J 7g� )'HP9 4 � � J : � )�H � 4 � � J < ��&�� HP6;6 � � J 7�K � )'HR689 � � J 7,:h� )�HP6 �i� � J 7 < ��&�� HI9&9 � � J :�K � )�HI9 �i� � J : < ��&�� ��&�
We shalldenotethis functionby

� �
.

Similarly, settingHP6 4 � � J � HR6;6 � � J 7Q� HR689 � � J :Q� ��&�G� j �
thedifference � � � jkKHR6;6 � � J
will beindependentof

7
; weshallrepresentit by

� � �
.

Similarly, settingH 4X4 � � J � ^+cRa�l S ` ]^+cecml S ` � H 4X4 � ) J �HP9 4 � � J � ^+cRa�l S `e^+cednl S `^LcRcml S ` � HI9 4 � ) J �HP9;9 � � J � ^+cednl S ` ]^+cecml K ` � HI9;9 � ) J ��&��&�&��&�;��&��&�&��&��&�;��&�&��&��&�&��;�&��&��&�&��&��;�&��&�&�HP9 4 � ) J � HI9;9 � ) J : � HI9 �i� ) J < � �&��G� o
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thedifference � opKHP9;9 � ) J
will bea functionindependentof

:
.

Continuingin thiswayweshallform asequenceof expressions, ’, ”, etc.,of which
thelastwill beindependentof thevariousunknownsandisdenotedby (nn,), if denotes
thenumberof theseunknowns;thenweshallhave

� �Y[ KHI5�5 J �
j KHP6;6 � � J �

o KHI9;9 � ) J � q
KH ���i� � J �EVV&V��ZH 4X4 �nr J

Onecaneasilyprovethatsince is a sumof squares= K �D= �"K �D= � �"K �s�&�� �
andcannotbecomenegative,thedenominators

HI5�5 J , HR6;6 � � J , HI9;9 � ) J , etc. areall posit-
ive. (For brevity weomit thedetailsof theproof.) Accordingly, theminimumvalueof
obviouslycorrespondsto thevaluesof theunknownsfor which

[ �s� � jW�E� � ot�Z� � �+�0� �
and,by startingto solve thesystemwith thelastequation,which containsonly oneof
them,onefindsthevaluesof p, q, r, s,etc.withouthaving to carryoutany elimination.
Themethodgivesat thesametime theminimumvalueof , which is (nn, ).

3 ( 3 14 in the original)

Let usapplytheseprinciplesto our example,in which
�
,
7
,
:
,
<
, etc. arereplaced

by
���

,
���

,
���

,
��*

,
���

,
���

. By carefulcalculationI have foundH 4X4�J � �k�%��	�	%�� HP5�9 J � ���'� �	���#%	% HI9;9 J � �����"!1����,!HP5 4�J � ����!��	� �	� HP5 � J � �F)1�")#��(1�$ HI9 � J � �k���0���	����)HR6 4�J � �F(	�	�'���#% HP5�u J � ���'� �#%�$	$#% HI9;u J � ����� ��$#%��	�HP9 4�J � �v����'� %�( HP5�w J � ���'�+�����#% HI9&w J � ����� )	$	�	%��H � 4�J � �p)	$	�'�"(#� HR6;6 J � �k����	�#%�)	)�(QH ��� J � �k�,)1� �	���#%��HPu 4�J � ���	%��")#$ HR689 J � �x%���� ��$ H � u J � ����� ��!�����!HRw 4�J � �����	� �'� HR6 � J � ����)�)#�'�/!	! H � w J � �����0���,!#$�)HP5�5 J � �p('� ����(#$�� HR68u J � �v����'� $#% HIu,u J � �p)'� )	��)'��(HP5�6 J � �v!	)#�	��� ���YHR6;w J � �v�&%��'� ��( HIu�w J � ����� ��$'���	$HRwXw J � �F('� $�)�%�(	$
from whichoneobtainsH 4X4 � � J � �k�,)	(	(	$	� HP689 � � J � ��$�)1�+�� HI9&w � � J � ����� )	$	��(#%HP6 4 � � J � �v���	��(	�#% HP6 �i� � J � �F(1���� (	� H ����� � J � �k���	�+��)#��$#%HI9 4 � � J � �v����'� �'� HP68u � � J � �p)1���� �	% H � u � � J � ����� (	��(	)	�H � 4 � � J � �v�,)	(1�+�� HP6;w � � J � �v!��'� %�( H � w � � J � �����0����!����HIu 4 � � J � �v!	)1�"(	) HI9;9 � � J � ���'�/!��,!#$	� HIu,u � � J � �p)'� )	$'���(HPw 4 � � J � �x%��'�")	) HI9 �i� � J � �k�	� �	��!�!�� HIu�w � � J � ����� ��!#)#��)HP6;6 � � J � �p)#%�(#��)	)�(QHI9;u � � J � ���'� ��(#��(	) HPwXw � � J � �p('� $���	��(
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SimilarlyH 4X4 � ) J � �k�	��!	!�$�� HI9&9 � ) J � ���'�/!���$'�,) H � u � ) J � ���'� %�$��	���HI9 4 � ) J � �v�	�,(1� �'� HI9 ��� ) J � �k�	�+�	���	$�� H � w � ) J � ���'�+�,!	)#$�(H � 4 � ) J � �v��(	�'� ��( HI9&u � ) J � ���'� �	$��	��) HPu,u � ) J � �p)1�")�%���)�(HIu 4 � ) J � ���#%i� (�! HI9w � ) J � ���'�")	(	�	$�� HPu�w � ) J � ���'� ��!#�#%i�HPw 4 � ) J � ���	��� ��� H ���i� ) J � �k�	��� ���&%�$	$ HRwXw � ) J � �p(1� $'��$	��$
Fromwhich;H 4X4 � � J � ���	���	�	% H ���i� � J � ���'�")#��)1��� HIu,u � � J � �p)1�")#��!	(�%H � 4 � � J � �p)	('� $�$ H � u � � J � ���'� �	$��,!	( HIu�w � � J � ���'� ��(	(	��)HPu 4 � � J � �v!,%i� )	� H � w � � J � ���'�"(�!#�	� HPwXw � � J � �p(1�"(	)#�	%�)HRw 4 � � J � �p)1�/!#(
Similarly:H 4X4 � % J � �����	��$	� HRw 4 � % J � �?%�� �	� HIu�w � % J � ���'� ��!	!#$	$HIu 4 � ( J � �v!	(1�")#� HPu,u � % J � �p)1�")	)	�#%�$ HPwXw � % J � �p(1� %�)#���	�
Fromwhich:H 4X4 � ( J � ���	$	%���� HPw 4 � ( J � �k�,!��+�	�hHPwXw � ( J � �p(1� %�)#���	�
Fromwhichfinally weobtain H 4X4 � $ J �Z����$	��$#%
Thuswehave thefollowing six equations� � �k�,!��+�	��� � �p('� %�)#�	��� ���� � �v!#(1�")#� � � �p)'� )�)#�#%�$ ��� ����� ��!	!�$�$ ���� � �p)	(1� $	$�� � ����� )	��)1��� ��* ����� ��$'�,!	( ��� ���'�"(�!#�	�#% �	�� � �v�	��('� ���� � �����"!1�$'�,) ��� �k���0����	$�� ��* ���'� �	$��	��) ��� ����� )�(#�	$�� ���� � �v��	��(�% � � �p)#%�(#��)	)�( ��� ��$�)1�+�� ��� ���'�"(1����(#� ��* �p)'��'� �#% ����v!��'� %�( �	�� � ����!���� ���	� � �p('� ����(#$�� ��� �v!	)#�	��� ��� ��� ���'� �	���#%	% �	� �F)'� )	��(1��$ ��*���'� �#%�$�$#% ��� �����0���'��	% ���
from whichoneobtains; ��� �y���'�+��( � �

��� �y���#%�� ��! � �
��* �y�x%��")#� � �
�	� �z�k�$	$�� %�% � �
��� �z���'� ��(�%��	��( � �
��� �y���'� �	$ � �

Thesearethecorrectionswhichshouldbeappliedto theelementsoriginally foundfor
theplanet.
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