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Chapter 1

Galois Theory of Fields

1.1 Algebraic Field Extensions

In this section and the next we review some basic facts from the theory of field
extensions. As most of the material is well covered in standard textbooks
on algebra, we shall omit the proof of some of the more difficult theorems,
referring to the literature instead.

Definition 1.1.1 Let k£ be a field. An extension L|k is called algebraic if
every element a of k is a root of some polynomial with coefficients in k.
If this polynomial is monic and irreducible over k, it is called the minimal
polynomial of a.

When L is generated as a k-algebra by the elements aq,...,q,, € L, we
write L = k(aq, ..., a,). Of course, one may find many different sets of such
;’s.

Definition 1.1.2 A field is algebraically closed if it has no algebraic exten-
sions other than itself. An algebraic closure of k is an algebraic extension k
that is algebraically closed.

The existence of an algebraic closure can only be proven by means of
Zorn’s lemma or some other equivalent form of the axiom of choice. We
record it in the following proposition, along with some important properties
of the algebraic closure.

Proposition 1.1.3 Let k be a field.

1. There exists an algebraic closure k of k. It is unique up to (non-unique)
isomorphism.

2. For an algebraic extension L of k there exists an embedding L — k
leaving k elementwise fized.
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3. In the previous situation take an algebraic closure L of L. Then the
embedding L — k can be extended to an isomorphism of L onto k.

For the proof, see Lang [33], Chapter V, Corollary 2.6 and Theorem 2.8
or van der Waerden [72], §72.

Thus henceforth when speaking of algebraic extensions of k£ we may (and

often shall) assume that they are subfields of a fixed algebraic closure k.

Facts 1.1.4 A finite extension L of k is algebraic. Its degree over k, denoted
by [L : K], is its dimension as a k-vector space. If L is generated over k
by a single element with minimal polynomial f, then [L : K] is equal to the
degree of f. If M|L|k is a tower of finite extensions, then one has the formula
(M : k] = [M : L]|[L : k]. All this is proven by easy computation.

Definition 1.1.5 A polynomial f € k[z] is separable if it has no multiple
roots (in some algebraic closure of k). An element of an algebraic extension
L|k is separable over k if its minimal polynomial is separable; the extension
L|k itself is called separable if all of its elements are separable over k.

Separability is automatic in characteristic 0, because a well-known crite-
rion implies that an irreducible polynomial has no multiple roots if and only
if its derivative f’ is nonzero (see [72], §44). However, the derivative can be
zero in characteristic p > 0, e.g. for the polynomial z? — a.

In the case of finite extensions there is the following important charac-
terization of separability.

Lemma 1.1.6 Let L|k be a finite extension of degree n. Then L has at most
n distinct k-algebra homomorphisms to k, with equality if and only if L|k is
separable.

Proof: Choose finitely many elements aq, ..., a,, that generate L over k.
Assume first m = 1, and write f for the minimal polynomial of a; over k.
A k-homomorphism L — k is determined by the image of a;, which must
be one of the roots of f contained in k. The number of distinct roots is at
most n, with equality if and only if « is separable. From this we obtain by
induction on m using the multiplicativity of the degree in a tower of finite
field extensions that L has at most n distinct k-algebra homomorphisms to
k, with equality if the «; are separable. To prove the ‘only if’ part of the
lemma, assume « € L is not separable over k. Then by the above the number
of k-homomorphisms k(a) — k is strictly less than [k(a) : k], and that of
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k(ar)-homomorphisms from L to k is at most [L : k(e)]. Thus there are
strictly less than n k-homomorphisms from L to k. O

The criterion of the lemma immediately implies:

Corollary 1.1.7 Given a tower L|M|k of finite field extensions, the exten-
sion L|k is separable if and only if L|IM and M|k are.

In the course of the proof we have also obtained:

Corollary 1.1.8 A finite extension L|k is separable if and only if L =
k(ay, ..., ) for some separable elements o; € L.

We now show that there is a largest separable subextension inside a fixed
algebraic closure k of k. For this recall that given two algebraic extensions
L, M of k embedded as subfields in k, their compositum LM is the smallest
subfield of k containing both L and M.

Corollary 1.1.9 If L, M are finite separable extensions of k, their composi-
tum 1s separable as well.

Proof: By definition of LM there exist finitely many separable elements
aq,...,qy, of L such that LM = M(ay,...,q,). As the «; are separable
over k, they are separable over M, and so the extension LM |M is separable
by the previous corollary. But so is M|k by assumption, and we conclude by
Corollary 1.1.7. |

In view of the above two corollaries the compositum of all finite separable
subextensions of k is an extension k; of k with the property that each element
of k, generates a finite separable subextension of k|k. Moreover, by definition
each finite separable subextension of k|k is contained in k.

Definition 1.1.10 The extension k, is called the separable closure of k in k.

From now on by “a separable closure of k7 we shall mean its separa-
ble closure in some chosen algebraic closure. Also, henceforth all (possibly
infinite) subextensions of k;|k will be called separable.

The following important property of finite separable extensions is usually
referred to as the theorem of the primitive element.

Proposition 1.1.11 A finite separable extension can be generated by a single
element.
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For the proof, see Lang [33], Chapter V, Theorem 4.6 or van der Waerden
[72], §46.

A field is called perfect if all of its finite extensions are separable. By
definition, for perfect fields the algebraic and separable closures coincide.

Examples 1.1.12

1. Fields of characteristic 0, algebraically closed fields and finite fields are
perfect. In the first two cases this is obvious; for the third see e.g. [72],
§45.

2. A typical example of a non-perfect field is a rational function field F(T')
in one variable over a field F of characteristic p: here adjoining a p-th
root ¢ of the indeterminate 7" defines an inseparable extension in view
of the decomposition X? — T = (X — £)P.

1.2 (Galois Extensions

Now we come to the fundamental definition in Galois theory. Given an
extension L of k, denote by Aut(L|k) the group of field automorphisms of
L fixing k elementwise. The elements of L that are fixed by the action of
Aut(L|k) form a field extension of k. In general it may be larger than k.

Definition 1.2.1 An algebraic extension L of k is called a Galois extension
of k if the elements of L that remain fixed under the action of Aut(L|k) are
exactly those of k. In this case Aut(L|k) is denoted by Gal (L|k), and called
the Galois group of L over k.

Though the above definition is classical (it goes back to Emil Artin), it
may not sound familiar to some readers. We shall now make the link with
other definitions. The now first step is:

Lemma 1.2.2 A Galois extension L|k is separable, and the minimal poly-
nomial over k of each a € L splits into linear factors in L.

Proof: Each element o € L is a root of the polynomial f = [[(z — o(«a)),
where o runs over a system of (left) coset representatives of the stabiliser of
a in G = Gal (L|k). The product is indeed finite, because the o(«) must be
roots of the the minimal polynomial g of a. In fact, we must have f = g.
Indeed, both polynomials lie in k[z] and have « as a root, hence each o(«)
must be a root of both. Thus f divides g but g is irreducible. Finally, by
construction f has no multiple roots, thus « is separable over k. O
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The converse also holds. Before proving it, we consider the ‘most impor-
tant’ example of a Galois extension.

Example 1.2.3 A separable closure k; of a field £ is always a Galois exten-
sion. Indeed, to check that it is Galois we have to show that each element
a of ks not contained in k is moved by an appropriate automorphism in
Aut(ks|k). For this let o’ € kg be another root of the minimal polynomial of
«, and consider the isomorphism of field extensions k(o) — k(') obtained by
sending « to /. An application of the third part of Proposition 1.1.3 shows
that this isomorphism can be extended to an automorphism of the algebraic
closure k. To conclude one only has to remark that each automorphism of
Aut(k|k) maps k, onto itself, since such an automorphism sends an element
B of k to another root 3 of its minimal polynomial; thus if 3 is separable,
then so is (.
The group Gal (ks|k) is called the absolute Galois group of k.

We can now state and prove the following important characterization of
Galois extensions.

Proposition 1.2.4 Let k be a field, ks a separable closure and L C ks a
subfield containing k. The following properties are equivalent.

1. The extension L|k is Galois.

2. The minimal polynomial over k of each o € L splits into linear factors
in L.

3. Each automorphism o € Gal (ks|k) satisfies o(L) C L.

Proof: The proof of (1) = (2) was given in Lemma 1.2.2 above. The
implication (2) = (3) follows from the fact that each o € Gal (ks|k) must
map « € L to a root of its minimal polynomial. Finally, for (3) = (1) pick
a € L\ k. As ks is Galois over k (Example 1.2.3), we find o € Gal (k;|k)
with o(a) # a. By (3), this o preserves L, so its restriction to L yields an
element of Aut(L|k) which does not fix a. m

Using the proposition it is easy to prove the main results of Galois theory
for finite Galois extensions.

Theorem 1.2.5 (Main Theorem of Galois Theory for finite exten-
sions) Let L|k be a finite Galois extension with Galois group G. The maps

M+ H := Aut(L|M) and H i+ M :=L"
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yield an inclusion-reversing bijection between subfields L D M D k and sub-
groups H C G. The extension LIM is always Galois. The extension M|k

is Galois if and only if H is a normal subgroup of G; in this case we have
Gal(M|k) = G/H.

In the above statement the notation L¥ means, as usual, the subfield of
L fixed by H elementwise.

Proof: Let M be a subfield of L containing k. Fixing a separable closure
ks|k containing L, we see from Proposition 1.2.4 (3) that L|k being Galois
automatically implies that L|M is Galois as well. Writing H = Gal (L| M),
we therefore have L = M. Conversely, if H C G, then L is Galois over
LY by definition, and the Galois group is H. Now only the last statement
remains to be proven. If H C (G is normal, we have a natural action of
G/H on M = L since the action of ¢ € G on an element of L7 only
depends on its class modulo H. As L|k is Galois, we have M/H = L¢ =k,
so L|k is Galois with group G/H. Conversely, if M|k is Galois, then each
automorphism o € G preserves M (extend o to an automorphism of k; using
Proposition 1.1.3 (3), and then apply Proposition 1.2.4 (3)). Restriction to
M thus induces a natural homomorphism G — Gal (M |k) whose kernel is
exactly H = Gal (M |k). It follows that H is normal in G. O

Classically Galois extensions arise as splitting fields of separable polyno-
mials. Given an irreducible separable polynomial f € k[z], its splitting field
is defined as the finite subextension L|k of ks|k generated by all roots of f
in k. This notion depends on the choice of the separable closure k;.

Lemma 1.2.6 A finite extension L|k is Galois if and only if it is the splitting
field of an irreducible separable polynomial f € k|x].

Proof: The splitting field of an irreducible separable polynomial is indeed
Galois, as it satisfies criterion (3) of Proposition 1.2.4. Conversely, part (2)
of the proposition implies that a finite Galois extension L|k is the splitting
field of a primitive element generating L over k. 0

Corollary 1.2.7 Let L|k be a finite Galois extension with group G. Then
G has order [L : k.

Proof: In the case of the splitting field of a polynomial this is so by con-
struction. O
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Remark 1.2.8 An important observation concerning the splitting field L of
a polynomial f € k[z] is that by definition Gal (L|k) acts on L by permuting
the roots of f. Thus if f has degree n, we obtain an injective homomorphism
from Gal (L|k) to S,, the symmetric group of n letters. This implies in
particular that L|k has degree at most n!. The bound is sharp; see for
instance Example 1.2.9 (3) below.

In the remainder of this section we give examples of Galois and non-Galois
extensions.

Examples 1.2.9

1. Let m > 2 be an integer and w a primitive m-th root of unity. The
extension Q(w)|Q is Galois, being the splitting field of the minimal
polynomial ®,, of w. Indeed, all other roots of ®,, are powers of w, and
hence are contained in Q(w). The degree of ®,, is ¢(m), where ¢ de-
notes the Euler function. The Galois group is isomorphic to (Z/mZ)*,
the group of units in the ring Z/mZ. When m is a prime power, it is
known to be cyclic.

2. For an example of infinite degree, let Q(1)|Q be the extension obtained
by adjoining all roots of unity to Q (in the standard algebraic closure
Q contained in C). Every automorphism in Gal (Q|Q) must send Q(1)
onto itself, because it must send an m-th root of unity to another m-th
root of unity. Thus by criterion (3) of Proposition 1.2.4 we indeed get
a Galois extension. We shall determine its Galois group in the next
section.

By the same argument we obtain that for a prime number p the field
Q(ptp ) generated by the p-power roots of unity is Galois over Q.

3. Let k be a field containing a primitive m-th root of unity w for an
integer m > 1 invertible in &k (this means that the polynomial 2™ — 1
splits into linear factors over k). Pick an element a € k* \ £*™, and
let %/a be a root of it in an algebraic closure k. Then the extension
k( {/a)|k is Galois with group Z/mZ, generated by the automorphism
o : ¥/a — w/a. This is because all roots of 2™ — a are of the form
w'/a for some 0 < i <m — 1.

4. When k does not contain a primitive m-th root of unity, we may not get
a Galois extension. For instance, take k = Q, m = 3 and a € Q*\ Q3.
We define /a to be the unique real cube root of a. The extension

Q(v/a)|Q is nontrivial because /a ¢ Q, but Aut(Q(/a)|Q) is trivial.
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Indeed, an automorphism in Aut(Q(/a)|Q) must send /a to a root
of 23 — a in Q(/a), but /a is the only one, since Q(/a) C R and
the other two roots are complex. Thus the extension Aut(Q(+/a)|Q)
is not Galois. The splitting field of 23 — a is generated over Q by V/a
and a primitive third root of unity w that has degree 2 over Q, so it
has degree 6 over Q.

5. Finally, here is an example of a finite Galois extension in positive char-
acteristic. Let k be of characteristic p > 0, and let a € k£ be an element
so that the polynomial f = 2” —x —a has no roots in k. (As a concrete
example, one may take k to be the field F,(¢) of rational functions
with mod p coeflicients and a = ¢.) Observe that if « is a root in some
extension L|k, then the other roots are a + 1, e + 2,...,a + (p — 1),
and therefore f splits in distinct linear factors in L. It follows that f is
irreducible over k, and that the extension k(«)|k is Galois with group
Z/pZ, a generator sending « to a + 1.

Remark 1.2.10 There exist converse statements to Examples 3 and 5 above.
Kummer theory teaches that for a field k£ containing a primitive m-th root
of unity every cyclic Galois extension with group Z/mZ is generated by an
m-th root %/a for some a € k* \ k*™. This further generalizes to Galois
extensions with a finite abelian Galois group of exponent m: they can be
generated by several m-th roots of unity.

According to Artin-Schreier theory, in characteristic p > 0 every cyclic
Galois extension with group Z/pZ is generated by a root of an ‘Artin-Schreier
polynomial” 2 —x —a as above. There are generalizations to extensions with
a finite abelian Galois group of exponent p, but also to extensions with group
Z/p"Z; the latter uses the theory of Witt vectors. For details and proofs of
the above statements, see e.g. [33], Chapter VI, 8.

Our final example gives an application of the above ideas outside the
scope of Galois theory in the narrow sense.

Example 1.2.11 Let k be a field, and K = k(z4,...,x,) a purely transcen-
dental extension in n indeterminates. Make the symmetric group .S, act on K
via permuting the z;. By definition the extension K|K*" is Galois with group
Sy. It is the splitting field of the polynomial f = (v — z1)...(z — z,). As f
is invariant by the action of S,,, its coefficients lie in K. These coefficients
are (up to a sign) the elementary symmetric polynomials
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o1 = T1+ Ty A+ Ty,
Oy = T1Xog+ XT3+ "+ Tp_1Tp,
Op — T1T92:"Tp.

But by definition K is also the splitting field of f over the field k(o, ..., 0,).
As k(oq,...,0,) C K% and [K : K] = nl, the previous observation shows
that K9 = k(oy,...,0,).

With a little commutative algebra one can say more. The x;, being roots
of f, are in fact integral over the subring k[oy,...,0,] C k(oy,...,0,) (see
Section 4.1 for basic facts and terminology). As K D k(oy,...,0,) is a finite
extension containing n algebraically independent elements, the o; must be
algebraically independent over k, and thus k[oq,...,0,] is isomorphic to a
polynomial ring. In particular, it is integrally closed in its fraction field.
But then k[zy,...,2,]°" = k[z1,...,2,) N K = k[oy,...,0,]. This is the
Main Theorem of symmetric polynomials: every symmetric polynomial in n
variables over k is a polynomial in the ;. For more traditional proofs, see
[33], Chapter IV, Theorem 6.1, or [72], §33.

Remark 1.2.12 The above example also shows that each finite group G
occurs as the Galois group of some Galois extension. Indeed, we may embed
G in a symmetric group S,, for suitable n and then consider its action on the
transcendental extension K|k of the above example. The extension K|KY
will then do. However, we shall see in the next section that the analogous
statement is false for most infinite G.

1.3 Infinite Galois Extensions

We now address the problem of extending the Main Theorem of Galois The-
ory to infinite Galois extensions. The main difficulty is that for an infinite
extension it will no longer be true that all subgroups of the Galois group
arise as the subgroup fixing some subextension M|k. The first example of
a subgroup that does not correspond to some subextension was found by
Dedekind, who, according to Wolgang Krull, already had the feeling that
“die Galoissche Gruppe gewissermaflen eine stetige Mannigfaltigkeit bilde”.
It was Krull who then cleared up the question in his classic paper [32]; we
now describe a modern version of his theory.

Let K|k be a possibly infinite Galois extension. The first step is the
observation that K is a union of finite Galois extensions of k. More precisely:
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Lemma 1.3.1 FEach finite subeztension of K|k can be embedded in a Galois
subextension.

Proof: By the theorem of the primitive element (Proposition 1.1.11), each
finite subextension is of the form k(«) with an appropriate element o and
we may embed k(«) into the splitting field of the minimal polynomial of «
which is Galois over k. O

This fact has a crucial consequence for the Galois group Gal (K |k), namely
that it is determined by its finite quotients. We shall prove this in Proposition
1.3.4 below, in a more precise form. To motivate its formulation, consider a
tower of finite Galois subextensions M |L|k contained in an infinite Galois ex-
tension K'|k. The main theorem of Galois theory provides us with a canonical
surjection ¢y : Gal (M|k) — Gal(L|k). Moreover, if N|k is yet another
finite Galois extension containing M, we have ¢y, = ¢nrr © ¢ny. Thus one
expects that if we somehow “pass to the limit in M7, then Gal (L|k) will
actually become a quotient of the infinite Galois group Gal (K|k) itself. This
is achieved by the following construction.

Construction 1.3.2 A (filtered) inverse system of groups (G, ¢ag) consists
of:

e a partially ordered set (A, <) which is directed in the sense that for all
(a, B) € A there is some v € A with a <, 8 < ;

e for each a € A a group Gg;

e for each v < 8 a homomorphism ¢,5 : Gz — G, such that we have
equalities ¢oy = @op 0 Pgy for a < G <.

The inverse limit of the system is defined as the subgroup of the direct
product [], ., G4 consisting of sequences (gq) such that ¢,3(gs) = go for all
a < . It is denoted by lim G,; we shall not specify the inverse system in the

notation when it is clear from the context. Also, we shall often say loosely
that lim GG, is the inverse limit of the groups G, without special reference

to the inverse system.

Plainly, this notion is not specific to the category of groups and one can
define the inverse limit of sets, rings, modules, even of topological spaces in
an analogous way.

We can now define a profinite group as an inverse limit of a system of
finite groups. For a prime number p, a pro-p group is an inverse limit of
finite p-groups.
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Examples 1.3.3

1. A finite group is profinite; indeed, it is the inverse limit of the system
(G, ¢op) for any directed index set A, with G, = G and ¢,p = idg.

2. Given a group G, the set of its finite quotients can be turned into an
inverse system as follows. Let A be the index set formed by the normal
subgroups of finite index partially ordered by the following relation:
Uy < U ift U, D Ug. Then if U, < Us are such normal subgroups, we
have a quotient map ¢.5 : G/Usg — G/U,. The inverse limit of this
system is called the profinite completion of G, customarily denoted by
G. There is a canonical homomorphism G — G.

3. Take G = Z in the previous example. Then A is just the set Z~, since
each subgroup of finite index is generated by some positive integer
m. The partial order is induced by the divisibility relation: m|n iff
mZ D nZ. The completion Z is usually called zed hat (or zee hat in
the US). In fact, Z is also a ring, with multiplication coming from the
one on the Z/mZ’s.

4. In the previous example, taking only powers of some prime p in place
of m we get a subsystem of the inverse system considered there; it is
more convenient to index it by the exponent of p. With this convention
the partial order becomes the usual (total) order of Z.o. The inverse
limit is Z,,, the additive group of p-adic integers. This is a commutative
pro-p-group. The Chinese Remainder Theorem implies that the direct
product of the groups Z, for all primes p is isomorphic to Z. Again
the Z, carry a natural ring structure as well, and this is in fact a ring
isomorphism.

Now we come to the main example, that of Galois groups.

Proposition 1.3.4 Let K|k be a Galois extension of fields. Then the Galois
groups of finite Galois subextensions of K|k together with the homomorphisms
omr : Gal(M|K) — Gal (L|k) form an inverse system whose inverse limit
is isomorphic to Gal (K k). In particular, Gal (K|k) is a profinite group.

Proof: Only the isomorphism statement needs a proof. For this, define a
group homomorphism ¢ : Gal (K|k) — [][ Gal(L|k) (where the product is
over all finite Galois subextensions L|k) by sending a k-automorphism o of
K to the direct product of its restrictions to the various subfields L indexing
the product. That o(L) C L for all such L follows from Proposition 1.2.4.



14 CHAPTER 1. GALOIS THEORY OF FIELDS

The map ¢ is injective, since if an automorphism ¢ does not fix an element
« of ks, then its restriction to a finite Galois subextension containing k(«)
is nontrivial (as we have already remarked, such an extension always exists).
On the other hand, the main theorem of Galois theory assures that the image
of ¢ is contained in lim Gal (L|k). Tt is actually all of lim Gal (L|k), which

is seen as follows: take an element (o) of lim Gal (L|K) and define a k-

automorphism o of K by putting o(«) = o () with some finite Galois L
containing k(a)). The fact that o is well defined follows from the fact that
by hypothesis the o7, form a compatible system of automorphisms; finally, o
maps to (o) € liin Gal (L|K) by construction. O

Corollary 1.3.5 Projection to the components of the inverse limit of the
proposition yields natural surjections Gal (K|k) — Gal(L|k) for all finite
Galois subextensions L|k contained in K.

Examples 1.3.6

1. Let F be a finite field, and F, a separable closure of F. It is well
known that for each integer n > 0 the extension F,|F has a unique
subextension F, |F with [F,, : F] = n. Moreover, the extension F,,|F is
Galois with group Gal (F,|F) = Z/nZ, a generator being given by the
Frobenius automorphism o — «oP. Via this isomorphism the natural
projections Gal (F,,,|F) — Gal (F,|F) correspond to the projections
Z/mnZ — Z/nZ (see [33], Chapter V, §5 or [72], §§43, 57). It follows
that Gal (F,|F) 2 Z, the element 1 on the right hand side correspond-
ing to the Frobenius automorphism on the left.

2. Consider now the infinite extension Q(py~) obtained by adjoining to Q
all p-power roots of unity for a fixed prime p. We have seen in Example
1.2.9 (2) that this is a Galois extension. It is the union of the chain
of finite subextensions Q(u,) C Q(up2) C Q(ups) C ..., where p,r is
the group of p"-th roots of unity. As mentioned in Example 1.2.9 (1),
one has Gal (Q(u,)|Q) = (Z/p"Z)*. It follows that Gal (Q(pp~)|Q)
is liin(Z/pTZ)X = 7, the group of units in the ring Z,. This group is
known to be isomorphic to Z/(p—1)Z x Z,, for p > 2, and to Z/2Z x Zy
for p =2 (see e.g. [59], Chapter II, Theorem 2).

Similarly, one obtains that the Galois group of the extension Q(u)|Q
is isomorphic to Z*, where Q(u) is the extension of Q generated by all
roots of unity.
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Profinite groups are endowed with a natural topology as follows: if G
is an inverse limit of a system of finite groups (Ga, ¢us), endow the G,
with the discrete topology, their product with the product topology and the
subgroup G C [] G, with the subspace topology. It immediately follows from
this construction that the natural projection maps G — G, are continuous
and their kernels form a basis of open neighbourhoods of 1 in G (for the
last statement, note that the image of each element g # 1 of G must have
nontrivial image in some G,, by definition of the inverse limit).

To state other topological properties, we need a lemma.

Lemma 1.3.7 Let (G, ¢ap) be an inverse system of groups endowed with
the discrete topology. Then the inverse limit lim G, is a closed topological

subgroup of the product || G

Proof: Take an element g = (9,) € [[Ga. If g ¢ limG,, we have to
show that it has an open neighbourhood which does not meet lim G,. By

assumption for some o and § we must have ¢n3(9s3) # go- Now take the
subset of [[ G, consisting of all elements with a-th component g, and -th
component gg. It is a suitable choice, being open (by the discreteness of
the G, and by the definition of topological product) and containing g but
avoiding lim G, O

Corollary 1.3.8 A profinite group is compact and totally disconnected (i.e.
the only connected subsets are the one-element subsets). Moreover, the open
subgroups are precisely the closed subgroups of finite index.

Proof: Recall that finite discrete groups are compact, and so is a prod-
uct of compact groups, by Tikhonov’s theorem. Compactness of the inverse
limit then follows from the lemma, as closed subspaces of compact spaces are
compact. Complete disconnectedness follows from the construction. For the
second statement, note that each open subgroup U is closed since its com-
plement is a disjoint union of cosets gU which are themselves open (the map
U — gU being a homeomorphism in a topological group); by compactness
of GG, these must be finite in number. Conversely, a closed subgroup of finite
index is open, being the complement of the finite disjoint union of its cosets
which are also closed. |
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Remarks 1.3.9

1. In fact, one may characterize profinite groups as being those topological
groups which are compact and totally disconnected. See e.g. Shatz [64]
for a proof.

2. One may ask whether it may not be true that all subgroups of finite
index in a profinite group are open. This is false already for the absolute
Galois group of Q (see Exercise 4). However, it has been conjectured
for a long time whether the property holds for those profinite groups
that are topologically finitely generated (i.e. contain a dense finitely
generated subgroup). This conjecture was recently proven by Nikolov
and Segal [50].

We may now state and prove the main theorem of Galois theory for
possibly infinite extensions. Observe first that if L is a subextension of a
Galois extension K|k, then K is also a Galois extension of L and Gal (K |L)
is naturally identified with a subgroup of Gal (K|k).

Theorem 1.3.10 (Krull) Let L be a subextension of the Galois extension
K|k. Then Gal(K|L) is a closed subgroup of Gal(K|k). Moreover, in
this way we get a bijection between subextensions of K|k and closed sub-
groups of Gal (K|k), where open subgroups correspond to finite extensions
of k contained in K. A subextension L|k is Galois over k if and only if
Gal (K|L) is normal in Gal (K|k); in this case there is a natural isomor-

phism Gal (L|k) = Gal (K|k)/Gal (K|L).

Proof: Take first a finite separable extension L|k contained in K. Using
Lemma 1.3.1 we may embed it in a finite Galois extension M|k contained
in K. Then Gal (M|k) is one of the standard finite quotients of Gal (K|k),
and it contains Gal (M|L) as a subgroup. Let Uy be the inverse image of
Gal (M|L) by the natural projection Gal (K|k) — Gal(M|k). Since the
projection is continuous and Gal (M|k) has the discrete topology, Uy, is open.
We claim that U, = Gal (K|L). Indeed, we have U, C Gal (K|L), for each
element of Uy, fixes L; on the other hand, the image of Gal (K|L) by the
projection Gal (K|k) — Gal (M|k) is contained in Gal (M|L), whence the
reverse inclusion. Now if L|k is an arbitrary subextension of K|k, write
it as a union of finite subextensions L,|k. By what we have just proven,
each Gal (K|L,) is an open subgroup of Gal (K|k), hence it is also closed
by Corollary 1.3.8. Their intersection is precisely Gal (K |L) which is thus a
closed subgroup; its fixed field is exactly L, for K is Galois over L.
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Conversely, given a closed subgroup H C G, it fixes some extension L|k
and is thus contained in Gal (K|L). To show equality, let o be an element of
Gal (K|L), and pick a fundamental open neighbourhood Uy, of the identity
in Gal (K'|L), corresponding to a Galois extension M|L. Now H C Gal (K|L)
surjects onto Gal (M|L) by the natural projection; indeed, otherwise its im-
age in Gal (M|L) would fix a subfield of M strictly larger than L according
to finite Galois theory, which would contradict our assumption that each el-
ement of M \ L is moved by some element of H. In particular, some element
of H must map to the same element in Gal (M|L) as 0. Hence H contains
an element of the coset oU,; and, as Uy, was chosen arbitrarily, this implies
that o is in the closure of H in Gal (K|L). But H is closed by assumption,
whence the claim. The assertion about finite extensions follows from the
above in view of Corollary 1.3.8.

Finally, the relation between Galois subextensions and normal subgroups
is proven exactly as in the finite case. O

Remark 1.3.11 To see that the Galois theory of infinite extensions is really
different from the finite case we must exhibit non-closed subgroups in the
Galois group. We have already seen such a subgroup in the last two examples
of 1.3.3: the absolute Galois group of a finite field is isomorphic to 7., which
in turn contains Z as a non-trivial dense (hence non-closed) subgroup; there
are in fact many copies of Z embeddded in Z.

The original example of Dedekind was very similar: he worked with the
extension Q(up=)|Q. However, he did not determine the Galois group it-
self (profinite groups were not yet discovered at the time); he just showed
the existence of a non-closed subgroup. His proof was generalised in Krull
[32] to establish the existence of non-closed subgroups in the Galois group
of any infinite extension as follows. First one shows that given a non-trivial
Galois extension K5|K;, each automorphism of K; may be extended to an
automorphism of K5 in at least two ways. From this one infers by taking an
infinite chain of non-trivial Galois subextensions of an infinite Galois exten-
sion L|k that Gal (L|k) is uncountable. By the same argument, all infinite
closed subgroups of Gal (L|k) are uncountable, hence countable subgroups in
an infinite Galois group are never closed.

Remark 1.3.12 The absolute Galois group is a rather fine invariant for
fields of finite type. In 1995 Florian Pop proved the following remarkable
theorem: Let K, L be two infinite fields that are finitely generated over their
prime field. Fiz separable closures K,, Ly of K and L, respectively, and
assume there exists a continuous isomorphism ® : Gal (K,|K) — Gal (L,|L)
of profinite groups. Then there exist purely inseparable extensions K'|K, L'| L



18 CHAPTER 1. GALOIS THEORY OF FIELDS

with K' = L'. Moreover, there is an isomorphism ¢ : L'Ly = K'K, of
separable closures such that ®(g) = ¢~ o go ¢ for all g € Gal (K'K,|K").

Of course, in characteristic 0 one has K = K', L = L’. In fact, already
the case L = K is interesting: it shows that every continuous automorphism
of the absolute Galois group comes from a field automorphism. The first
nontrivial case of this theorem, that of finite Galois extensions of Q, was
proven by J. Neukirch [47]. Already this special case is quite surprising: for
instance, it shows that if p and ¢ are different primes, then the absolute
Galois groups of Q(,/p) and Q(,/q) cannot be isomorphic. For more on this
fascinating topic, see [53] and [67].

1.4 Interlude on Category Theory

In the next section we shall give another formulation of Galois theory which
roughly states that ‘up to isomorphism it is the same to give a finite sepa-
rable extension of £ and a finite set equipped with a continuous transitive
Gal (ks|k)-action’. In order to be able to formulate the ‘up to isomorphism it
is the same’ part of the above statement rigorously, it is convenient to recall
some basic notions from category theory. These notions will be of constant
use in the sequel.

Definition 1.4.1 A category consists of objects as well as morphisms be-
tween pairs of objects; given two objects A, B of a category C, the morphisms
from A to B form a set, denoted by Hom(A, B). (Notice that in contrast to
this we do not impose that the objects of the category form a set.) These
are subject to the following constraints.

1. For any object A, the set Hom(A, A) contains a distinguished element
id4, the identity morphism of A.

2. Given two morphims ¢ € Hom(B, C) and ¢ € Hom(A, B), there exists
a canonical morphism ¢ o1 € Hom(A, C), the composition of ¢ and .
The composition of morphisms should satisfy two natural axioms:

e Given ¢ € Hom(A, B), one has ¢ oidy = idg o ¢ = ¢.

e (Associativity rule) For A € Hom(A, B), ¥ € Hom(B,(C), ¢ €
Hom(C, D) one has (¢potp)o A= ¢ o (1ho ).

Some more definitions: a morphism ¢ € Hom(A, B) is an isomorphism
if there exists ¢ € Hom(B, A) with ¢ o ¢ = ida, ¢ o ) = idg; we denote
the set of isomorphisms between A and B by Isom(A, B). If the objects
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themselves form a set, one can associate an oriented graph to the category by
taking objects as vertices and defining an oriented edge between two objects
corresponding to each morphism. With this picture in mind, it is easy to
conceive what the opposite category CP of a category C is: it is “the category
with the same objects and arrows reversed”; i.e. for each pair of objects (A,
B) of C, there is a canonical bijection between the sets Hom(A, B) of C and
Hom(B, A) of C preserving the identity morphisms and composition.

The product of two categories C; and C, is the category C; x Cy whose
objects are pairs (C1, Cy) with C; € C; and whose morphisms are pairs (¢1, ¢2)
of morphisms in the C;. One defines arbitrary finite products of categories in
a similar way.

A subcategory of a category C is just a category D consisting of some
objects and some morphisms of C; it is a full subcategory if given two objects
in D, Homp(A, B) = Hom¢(A, B), i.e. all C-morphisms between A and B

are morphisms in D.

Examples 1.4.2 Some categories we shall frequently encounter in the sequel
will be the category Sets of sets (with morphisms the set-theoretic maps), the
category Ab of abelian groups (with group homomorphisms) or the category
Top of topological spaces (with continuous maps). Both Ab and Top are
naturally subcategories of Sets but they are not full subcategories; on the
other hand, Ab is a full subcategory of the category Groups of all groups.

Now comes the second basic definition of category theory.

Definition 1.4.3 A (covariant) functor F between two categories C; and
Cy consists of a rule A — F(A) on objects and a map on sets of morphisms
Hom(A, B) — Hom(F(A), F(B)) which sends identity morphisms to identity
morphisms and preserves composition. A contravariant functor from Cy to
C, is a functor from C; to Co*.

Examples 1.4.4 Here are some examples of functors.

1. The identity functor is the functor ide on any category C which leaves
all objects and morphisms fixed.

2. Other basic examples of functors are obtained by fixing an object A of a
category C and considering the covariant functor Hom(A, ) (resp. the
contravariant functor Hom( , A)) from C to the category Sets which as-
sociates to an object B the set Hom(A, B) (resp. Hom(B, A)) and to a
morphism ¢ : B — C' the set-theoretic map Hom(A, B) — Hom(A, C)
(resp. Hom(C, A) — Hom(B, A)) induced by composing with ¢.
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3. An example of a functor whose definition is not purely formal is given
by the set-valued functor on the category Top that sends a space to its
set of connected components. Here to see that this is really a functor
one has to use the fact that a continuous map between topological
spaces sends connected components to connected components.

Definition 1.4.5 If F' and G are two functors with same domain C; and

target Co, a morphism of functors ® between F' and G is a collection of
morphisms ®,4 : F(A) — G(A) in Cy for each object A € C; such that for
any morphism ¢ : A — B in C; the diagram

D4

(A) —— G(4)
F(¢)l le)

®p

(B) —— G(B)

s

!

commutes. The morphism ® is an isomorphism if each ® 4 is an isomorphism;
in this case we shall write F' = G.

Remark 1.4.6 In the literature the terminology ‘natural transformation’ is
frequently used instead of ‘morphism of functors’. We prefer the latter name,
as it reflects the fact that given two categories C; and Cy one can define a
new category called the functor category of the pair (Ci,Cs) whose objects
are functors from C; to C; and whose morphisms are morphisms of functors.
Here the composition rule for some ¢ and ¥ is induced by the composition
of the morphisms ®4 and W, for each object A in C;.

We can now give one of the notions which will be ubiquitous in what
follows.

Definition 1.4.7 Two categories C; and Cy are equivalent if there exist two
functors F': C; — Cy and G : Cy — (Cy, and two isomorphisms of functors
®: FoG Side, and U : GoF = ide,. If we can actually find F and G
with /"o G =id¢, and G o F' = id¢,, we say that C; and Cy are isomorphic.
Finally, we say that C; and Cy are anti-equivalent (resp. anti-isomorphic) if
C, is equivalent (resp. isomorphic) to C5”.

One sees that equivalence of categories has all properties that equivalence
relations on sets have, i.e. it is reflexive, symmetric and transitive. Also,
the seemingly asymmetric definition of anti-equivalence is readily seen to be
symmetric.



1.4 INTERLUDE ON CATEGORY THEORY 21

In practice, when one has to establish an equivalence of categories it often
turns out that the construction of one functor is easy but that of the one
in the reverse direction is rather cumbersome. The following general lemma
enables us to make do with the construction of only one functor in concrete
situations. Before stating it, we introduce some terminology.

Definition 1.4.8 A functor F': C; — Cs is faithful if for any two objects A
and B of C; the map of sets Fap : Hom(A, B) — Hom(F(A), F(B)) induced
by F'is injective; it is fully faithful if all the maps F4p are bijective.

The functor F'is is essentially surjective if any object of Cs is isomorphic
to some object of the form F'(A).

Lemma 1.4.9 Two categories C; and Cy are equivalent if and only if there
exists a functor F' : C; — Co which is fully faithful and essentially surjective.

There is an analogous characterisation of anti-equivalent categories with
fully faithful and essentially surjective contravariant functors (defined in the
obvious way).

Proof: For the proof of the ‘if’ part fix for all objects V' of Cy an isomor-
phism 4y : F((A) =V with some object A of C;. Such an isomorphism exists
by the second condition. Define a functor G : Co — C; by sending each
object V in Cy to the A fixed above, and each morphism ¢ : V — W to
G(¢p) = Fypliyy o poiy) for ¢ € Hom(V,W), where B = G(V) and Fap
is the bijection appearing in the definition of fully faithfulness. The maps
iv : F(G(V)) = V induce an isomorphism ® : FoG = id¢, by construction.
To construct an isomorphism ¥ : G'o F' = ide,, we first need functorial maps
U, G(F(A)) — A for each A in C;. By fully faithfulness of F' it is enough
to construct maps F(V,) : F(G(F(A)) — F(A), and we may take as F'(V 4)
the unique preimage of idp(4y by ®p(4). A similar construction yields a map
A — G(F(A)) that is an inverse to W 4. As the construction is functorial in
A, we obtain an isomorphism of functors.

For the ‘only if’ part assume there exist a functor G : Co — C; and
isomorphisms of functors ® : F o G >ide, and ¥ : G o FSide,. Essen-
tial surjectivity is immediate: given an object C of Cy, it is isomorphic to
F(G(C)) via ®. For fully faithfulness fix any two objects A, B of C; and
consider the sequence of maps

Hom(A, B) — Hom(F(A), F(B)) — Hom(G(F(A)), G(F(B))) — Hom(A, B)

induced respectively by Fap, Gra),rpy and W. Their composite is the iden-
tity, so given two morphisms ¢, 1 € Hom(A, B) with F(¢) = F(¢), following
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their images in the above sequence gives ¢ = 1, i.e. F'is a faithful functor.
Since the situation is symmetric in F' and G, we conclude that G is faithful
as well. We still have to show that any A € Hom(F'(A), F(B)) is of the form
F(¢) for some ¢ € Hom(A, B). For this define ¢ as the image of A by the
composition of the last two maps above. Since the last map is a bijection,
chasing this ¢ through the above sequence gives G(\) = G(F(¢)), whence
A = F(¢) by faithfulness of G. ]

Note that in the above proof the construction of G depended on the
axiom of choice: we had to pick for each V' an isomorphism %y. Different
choices define different G’s but the categories are equivalent with any choice.
This suggests that the notion of equivalence of categories means that “up to
isomorphism the categories have the same objects and morphisms” but this
does not mean at all that there are bijections between objects and morphisms.
In order to stress this point we discuss an example that expresses a basic fact
from linear algebra in the language of category theory.

Example 1.4.10 Consider a field £ and the category FinVect; of finite
dimensional k-vector spaces (with linear maps as morphisms). We show that
this category is equivalent to a category C that we define as follows. The
objects of C are to be the natural integers, and the set of morphisms between
two integers m,m > 0 is to be the set of all n by m matrices; here the
identity morphisms are given by the identity matrices and composition by
multiplication of matrices. There are also canonical morphisms 0 — n and
n — 0 for each n > 0. (Notice that this is an example of a category where
morphisms are not set-theoretic maps.)

To show the asserted equivalence, we introduce an auxiliary subcategory
C’ and show it is equivalent to both categories. This category C’ is to be
the full subcategory of FinVect; spanned by the standard vector spaces k.
The equivalence of C" and FinVect,, is immediate from the criterion of the
previous lemma applied to the inclusion functor of C’ to FinVecty: the first
condition is tautological as we took C’ to be a full subcategory and the second
holds because any finite dimensional vector space is isomorphic to some k™.

We now show the equivalence of C’ and C. Define a functor F': C' — C
by sending k™ to n and a morphism £" — k™ to its matrix with respect to
the standard bases. The fact that F' is indeed a functor hides a non-trivial
result of linear algebra, namely that the matrix of the composition of two
linear maps ¢ and v is the product of the matrix of ¢ with that of ). One
constructs an inverse functor G by reversing this procedure. It is immediate
to check that in this case F'oG and GoF are actually equal to the appropriate
identity functors.
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We close this brief overview with a very important notion due to Groth-
endieck. It will not be used until the next chapter.

Definition 1.4.11 Let C be a category. A functor F' from C to the category
Sets is representable if there is an object C' € C and an isomorphism of
functors F' = Hom(C, ).

Recall that the latter functor sends an object A to the set of morphisms
from C to A. There is also an analogous notion for contravariant functors.
The object C'is called the representing object.

The following well-known lemma is of pivotal importance. Observe that
if C"'and D are objects of C, every morphism D — C' induces a morphism of
functors Hom(C, ) — Hom(D, ) via composition.

Lemma 1.4.12 (Yoneda Lemma) If F' and G are functors C — Sets
represented by objects C' and D, respectively, every morphism ® : F' — G of
functors is induced by a unique morphism D — C' as above.

Proof: There morphism ®¢ : F(C) — G(C) can be rewritten as a map
Hom(C,C) — Hom(D,C) using the representability of the functors. The
image of the identity morphism id¢ € Hom(C, C') by ®¢ then identifies with
a morphism p : D — C; we claim this is the one inducing ®. Indeed, for
an object A each element of F'(A) = Hom(C, A) identifies with a morphism
¢ : C — A. Observe that ¢ as an element of F'(A) is none but the image
of ide € Hom(C,C) = F(C) via F(¢). As ® is a morphism of functors,
we get P4(¢p) = G(¢)(p), which under the isomorphism G(A) = Hom(D, A)
corresponds exactly to ¢ o p. O

Corollary 1.4.13 The representing object of a representable functor F' is
unique up to unique isomorphism.

Proof: Assume C' and D both represent F', and apply the Yoneda Lemma
to the identity map of F'. 0

We shall encounter several interesting examples of representable functors
from Chapter 2 onwards.

1.5 Finite Etale Algebras

We now return to Galois theory and give a second variant of the Main The-
orem which is often referred to as ‘Grothendieck’s formulation of Galois the-

Y

ory’.
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We start again from a base field k of which we fix separable and algebraic
closures ks C k. We use the shorthand Gal (k) for Gal (ks|k). Let L be a
finite separable extension of k; here we do not consider L as a subextension
of ks. We know that L has only finitely many k-algebra homomorphisms
into k (the number of these is equal to [L : k] by Lemma 1.1.6); actually the
images of these homomorphisms are contained in k;. So we may consider the
finite set Homy(L, ks) which is endowed by a natural left action of Gal (k)
given by (g, ¢) — go ¢ for g € Gal (k), ¢ € Homy(L, k).

The first property we shall show about this action is its continuity. Recall
that the action of a topological group G on a topological space X is said to
be continuous if the map m : G x X — X given by (g, x) +— gz is continuous.
In our case X is discrete, and the property is equivalent to the openness of
the stabilizer G, of each point x € X. Indeed, the preimage of x (which is
an open subset of X) in G x X is U, = {(9,y) € G x X : gy = z}, which
is the disjoint union of the sets {g € G : gy = z} for fixed y € X. Each of
these is either empty or homeomorphic to G, via the map g — gh, where
h € G is an element with hx = y. Thus the openness of G, implies that of
U,, i.e. the continuity of m. On the other hand, G, is the preimage of x by
the composite map G % G x X % X, where i,(g) = gz, so the continuity
of m implies the openness of G,.

Lemma 1.5.1 The above left action of Gal (k) on Homy(L, ks) is continuous
and transitive, hence Homy (L, ks) as a Gal (k)-set is isomorphic to the left
coset space of some open subgroup in Gal (k). For L Galois over k this coset
space is in fact a quotient by an open normal subgroup.

Proof: The stabilizer U of an element ¢ consists of the elements of Gal (k)
fixing ¢(L). Hence by Theorem 1.3.10 U is open in Gal (k) i.e. that Gal (k)
acts continuously on Homy (L, ks). If L is generated by a primitive element
a with minimal polynomial f, any ¢ € Homy(L,k,) is given by mapping
a to a root of f in ks. Since Gal (k) permutes these roots transitively, the
Gal (k)-action on Homg(L, k) is transitive. The above argument also shows
that the map g o ¢ — gU induces an isomorphism of Homg(L, ks) with the
left coset space U\Gal (k). For U normal we obtain the quotient Gal (k)/U;
by Theorem 1.3.10 this case arises if and only if L is Galois over k. |

If M is another finite separable extension of k, any k-homomorphism ¢ :
L — M induces a map Homy (M, k;) — Homy (L, ks) by composition with ¢.
This map is clearly Gal (k)-equivariant so we have obtained a contravariant
functor from the category of finite separable extensions of k to the category
of finite sets with continuous transitive left Gal (k)-action.
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Theorem 1.5.2 Let k be a field with fixed separable closure ky. Then the
contravariant functor mapping a finite separable extension L|k the finite
Gal (k)-set Homy(L, ks) gives an anti-equivalence between the category of fi-
nite separable extensions of k and the category of finite sets with continuous
and transitive left Gal (k)-action. Here Galois extensions give rise to Gal (k)-
sets isomorphic to some finite quotient of Gal (k).

Proof: We check that Homg( , ks) satisfies the conditions of Lemma 1.4.9.
We begin by the second condition, i.e. that any continuous transitive left
Gal (k)-set S is isomorphic to some Homy (L, k;). Indeed, pick a point s € S.
The stabilizer of s is an open subgroup U, of Gal (k) which fixes a finite
separable extension L of k. Now define a map of Gal (k)-sets Homg(L, ks) —
S by the rule goi — gs, where 7 is the natural inclusion L — k4 and ¢ is any
element of G. This map is well-defined since the stabilizer of i is exactly U
and is readily seen to be an isomorphism; in fact, both Gal (k)-sets become
isomorphic to the left coset space Us\Gal (k) by the maps sending i (resp. s)
to Us.

For the first condition we have to show that given two finite separable
extensions L, M of k, the set of k-homomorphisms L. — M corresponds
bijectively to the set of Gal (k)-maps Homy (M, ks) — Homyg(L, k). Since
both Homy (M, k) and Homy (L, k) are transitive Gal (k)-sets, any Gal (k)-
map f between them is determined by the image of a fixed ¢ € Homy (M, k).
As f is Gal (k)-equivariant, the elements of the stabilizer U of ¢ fix f(¢) as
well, whence an inclusion U C V| where V' is the stabilizer of f(¢). By what
we have just seen, taking the fixed subfields of U and V' respectively, we get an
inclusion of subfields of kg which is none but the extension f(¢)(L) C ¢(M).
Denoting by ¢ : ¢(M) — M the map inverse to ¢ we readily see that 1o f(¢)
is the unique element of Homy (L, M) inducing f.

The last statement follows from Lemma 1.5.1. O

If we wish to extend the previous anti-equivalence to Gal (k)-sets with
not necessarily transitive action, the natural replacement for finite separable
extensions of k is the following.

Definition 1.5.3 A finite dimensional k-algebra A is étale (over k) if it is
isomorphic to a finite direct product of separable extensions of k.

As above, the Gal (k)-action on k, induces a left action on the set of
k-algebra homomorphisms Homy (A, k).

Theorem 1.5.4 (Main Theorem of Galois Theory — Grothendieck’s
version) Let k be a field. Then the functor mapping a finite étale k-algebra
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A to the finite set Homy (A, ks) gives an anti-equivalence between the category
of finite étale k-algebras and the category of finite sets with continuous left
Gal (k)-action. Here separable field extensions give rise to sets with transi-
tive Gal (k)-action and Galois extensions to Gal (k)-sets isomorphic to finite
quotients of Gal (k).

Proof: This follows from the previous theorem in view of the remark that
given a decomposition A = []L; into a product of fields and an element
¢ € Homy (A, ks), then ¢ induces the injection of exactly one L; in k; indeed,
if ¢(L;) # 0, then being a field, L; injects in k,, and on the other hand, a
product L; x L; cannot inject in ks since ks has no zero-divisors. Thus
Homy (A, k) decomposes into the disjoint union of the Homy (L;, ks); this is in
fact its decomposition into Gal (k)-orbits. For a similar reason, given another
étale k-algebra A’ =[] L}, a morphism A — A’ identifies with a collection of
morphisms L; — L}, one for each 7, and these in turn correspond bijectively
to morphisms of the corresponding Gal (k)-sets by the previous theorem. 0O

To conclude this section we give another characterisation of finite étale
k-algebras which ties in with more classical treatments.

Proposition 1.5.5 Let A be a finite dimensional k-algebra. Then the fol-
lowing are equivalent:

1. A is étale.
2. A®y, k is isomorphic to a finite direct sum of copies of k;
3. A®y k has no nonzero nilpotent elements.

In the literature, finite dimensional k-algebras satisfying the third condi-
tion of the proposition are often called separable k-algebras. The proposition
thus provides a structure theorem for these.

Note that it may well happen that A has no nilpotents but A®k does. A
typical example is the following: let £ be an imperfect field of characteristic
p > 0, and set A := k[z]/(xP — a) for an a € k that is not a p-th power in
k. Then A is a degree p field extension of k, so it has no nilpotents. But
A= A® k= k[r]/(2P — a). Choosing a € k with o = a and denoting by
T the image of z in A we have (Z — a)? =27 —aP = 0 in A.

For the proof we need the following lemma which is the commutative
version of the Wedderburn-Artin theorem.

Lemma 1.5.6 Let I be a field, A a finite-dimensional F-algebra. Then A
is isomorphic to a direct sum of finite field extensions of F' if and only if A
has no nonzero nilpotent elements.
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The proof is taken from Fréhlich-Taylor [21].

Proof: The ‘only if” part is obvious. To prove the ‘if” part, by decomposing
A into a finite direct sum of indecomposable F-algebras, we may assume
that A is indecomposable itself. Notice that under this restriction A can
have no idempotent elements other than 0 and 1; indeed, if e # 0,1 were an
idempotent then A = Ae x A(1 — e) would be a nontrivial direct product
decomposition since e(1 — e) = e — e? = 0 by assumption. The lemma will
follow if we show that any nonzero element z € A is invertible and thus
A is a field. Since A is finite dimensional over F', the descending chain of
ideals (x) D (xQ) D ...(2") D ... must stabilise and thus for some m we
must have 2" = 2"y with an appropriate y. By iterating this formula we
get x" = :13"H ¢ for all positive integers 4, in particular 2” = 2?"y". Thus
2"y" = (z™y")?, i. e. 2"y" is an idempotent. By what has been said above
there are two cases. If z"y™ = 0, then 2" = (2")(z"y") = 0 which is a
contradiction since x # 0 by assumption and A has no nonzero nilpotents.
Otherwise, 2"y" = 1 and thus z is invertible. |

Remark 1.5.7 The lemma already implies that a finite-dimensional algebra
over a perfect field is étale if and only if it contains no nilpotents.

Proof of Proposition 1.5.5. The derivation of the third condition from the
second is immediate; actually, the lemma applied to A ®; k shows that they
are equivalent. We therefore only have to prove the equivalence of the first
two conditions. To see that (1) implies (2) we may restrict to finite separable
extensions L of k. We then have L = k[X]/(f) with some polynomial f which
decomposes as a product of n distinct factors (X — ;) in k. We conclude by
the chain of isomorphisms

Il

Lank 2 k[X]/(f) = k[X]/(X—a1) ... (X —ay, zH /(X —a) gH/%

the middle isomorphism holding by the Chinese Remainder Theorem (see
e.g. Lang [1], Chapter II, Theorem 2.1).

Now to derive (1) from (2), let A be the quotient of A by the ideal
formed by its nilpotent elements. The lemma implies that A is a sum of
finite extension fields of k. Since k contains no nilpotent elements, each k-
algebra homomorphism A — k factors through A and hence through one
of its decomposition factors L. By lemma 1.1.6, the number of k-algebra
homomorphisms L — k can equal at most the degree of L over k, with
equality if and only if L|k is separable, whence Homy(A, k) has at most
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dimy(A) elements with equality iff A = A and A is étale. To see that equality
indeed holds, observe that we have a canonical bijection of finite sets

Homy (A, k) = Homy (A ®y, k, k).

[To see this, observe that given a k-algebra homomorphism A — k, tensoring
by k and composing by the multiplication map gives a k-homomorphism
A®pk — k®, k — k; on the other hand the natural inclusion k¥ — k&
induces a k-homomorphism A = A ®, k — A ®; k which composed by
homomorphisms A ®y, k — k gives a map from the set on the right hand side
to that on the left which is clearly inverse to the previous construction.] The
assumption now implies that the set on the right hand side has dimy (A ®y k)
elements. But dimz(A ®;, k) = dim;, A, whence the claim. O

EXERCISES

1. Show that an inverse limit of nonempty finite discrete sets (for any directed
index set) is nonempty. [Hint: For such an inverse system {X, : o € A}
consider the subsets X, C [[ X, consisting of the sequences (z,) satisfying
édxp(xy) = ) for a fixed pair A < p and use the compactness of the topo-
logical product of the X,. We shall go through this argument in a more
general case in Lemma 3.4.12.]

2. Let G be a profinite group, p a prime number. A pro-p-Sylow subgroup of G
is a pro-p-group whose image in each finite quotient of G is of index prime
to p. Show that pro-p-Sylow subgroups exist and they are conjugate in G.
[Hint: Apply the previous exercise to the inverse system formed by the sets
of p-Sylow subgroups in each finite quotient of G.]

3. Let k be a perfect field, p a prime number. Show that there exists an
algebraic extension k®)|k such that each finite subextension is of degree
prime to p and &P has no nontrivial finite extensions of degree prime to p.
Is such an extension unique inside a fixed algebraic closure? [Hint: Use the
previous exercise.|

4. Consider the compositum E of all quadratic extensions of Q inside a fixed
algebraic closure Q.

(a) Show that Gal (E|Q) is uncountable and has uncountably many sub-
groups of index 2.

(b) Deduce that there are uncountably many subgroups of index 2 in
Gal (Q|Q) that are not open.
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5. Let G be a profinite group acting via field automorphisms on a field K.
Assume that the action is continuous when K carries the discrete topology
and that each nontrivial element in G acts nontrivially on K. Show that

G = Gal (K |k), where k = K©.

6. (Leptin, Waterhouse) Show that every profinite group G arises as the Galois
group of some Galois extension K |k. [Hint: For each open normal subgroup
N C G fix a system of left coset representatives 1 = oi¥ ... olN. Let F
be a perfect field, and K|F' the purely transcendental extension obtained
by adjoining an indeterminate :L‘fV for each UZN . Make G act on F trivially,
and on K via o(z}V) = xé-v, where ajVN = o(oNN). Verify that this action
satisfies the criterion of the previous exercise.]
[Remark: The statement does not hold if one requires K to be a separable
closure of k. For instance, Artin and Schreier showed in [3] that among the

finite groups only Z/2Z can arise as an absolute Galois group.]



30

CHAPTER 1.

GALOIS THEORY OF FIELDS



Chapter 2

Fundamental Groups in Topology

In the last section we saw that when studying extensions of some field it is plausi-
ble to conceive the base field as a point and a finite separable extension (or, more
generally, a finite étale algebra) as a finite discrete set of points mapping to this
base point. Galois theory then equips the situation with a continuous action of
the absolute Galois group which leaves the base point fixed. It is natural to try
to extend this situation by taking as a base not just a point but a more general
topological space. The role of field extensions would then be played by certain con-
tinuous surjections, called covers, whose fibres are finite (or, even more generally,
arbitrary discrete) spaces. We shall see in this chapter that under some restrictions
on the base space one can develop a topological analogue of the Galois theory of
fields, the part of the absolute Galois group being taken by the fundamental group
of the base space.

In the second half of the chapter we give a reinterpretation of the main theorem
of Galois Theory for covers in terms of locally constant sheaves. Esoteric as these
objects may seem to a novice, they stem from reformulating in a modern language
very classical considerations from analysis, such as the study of local solutions
of holomorphic differential equations. These theories predate the invention of
covers themselves, so what we present here as a reformulation of the theory of
the preceding sections in fact gives a natural framework for the study of older
concepts, as the examples at the end of the chapter will demonstrate.

2.1 Covers

Let us begin with the basic definition.

Definition 2.1.1 Let X be a topological space. A space over X is a topological
space Y together with a continuous map p : ¥ — X. A morphism between two
spaces p; : Y; — X (i = 1,2) over X is given by a continuous map f: Y7 — Y3

31
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making the diagram

commute.

A cover of X is a space Y over X where the projection p: Y — X is subject
to the following condition: each point of X has an open neighbourhood V for
which p~1(V) decomposes as a disjoint union of open subsets U; of Y such that
the restriction of p to each U; induces a homeomorphism of U; with V.

We define a morphism between two covers of a space X to be a morphism of
spaces over X.

In the literature the terms ‘covering space’ and ‘covering’ are also used for what
we call a cover; we shall stick to the above terminology. Note an easy consequence
of the definition: if p: ¥ — X is a cover, the map p is always surjective.

Example 2.1.2 Take a discrete topological space I and form the topological prod-
uct X x I. The first projection X x I — X makes X x [ into a space over X which
is immediately seen to be a cover. It is called the trivial cover.

Trivial covers may at first seem very special but as the next proposition shows,
every cover is locally a trivial cover.

Proposition 2.1.3 A space Y over X is a cover if and only if each point of X
has an open neighbourhood V' such that the restriction of the projectionp: Y — X
to p~Y(V) is isomorphic (as a space over V') to a trivial cover.

Proof: The ‘if’ part follows from the previous example and the ‘only if’ part is

easily seen as follows: given a decomposition p~1(V) = [ U; for some index set
el
I as in the definition of covers, mapping u; € U; to the couple (p(u;),i) defines
a homeomorphism of [[ U; onto V x I, where I is endowed with the discrete
el

topology. By construction that this is an isomorphism of covers of V. O
In the notation of the previous proof, the set I is the fibre of p over the points

of V. The proof shows that the points of X over which the fibre of p equals I

form an open subset of X; making I vary they yield a decomposition of X into a

disjoint union of open subsets. In particular:

Corollary 2.1.4 If X is connected, the fibres of p are all equal to the same discrete
set I.
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Notice that this does not mean at all that the cover is trivial. Indeed, let us
give an example of a non-trivial cover with a connected base.

Example 2.1.5 Consider a rectangle XY ZW and divide the sides XY and ZW
into two equal segments by the points P and @. Identifying the sides XY and ZW
with opposite orientations we get a Mobius strip on which the image of the segment
PQ becomes a closed curve C' homeomorphic to a circle. The natural projection
of the boundary B of the Mobius strip onto C coming from the perpendicular
projection of the sides XW and Y Z of the rectangle onto the segment P() makes
B a space over C' which is actually a cover since locally it is a product of a segment
by a two-point space, i.e. a trivial cover of the segment. However, the cover itself
is non-trivial since B is not homeomorphic to a disjoint union of two circles.

Other important examples arise from group actions on topological spaces. To
obtain covers we need a technical restriction.

Definition 2.1.6 Let G be a group acting from the left on a topological space Y.
The action of G is even if each point y € Y has some open neighborhood U such
that the open sets gU are pairwise disjoint for all g € G.

This terminology is that of Fulton [22]. Older texts use the much more awkward
term ‘properly discontinuous’. Now recall that if a group G acts from the left on
a topological space Y, one may form the quotient space G\Y whose underlying
set is by definition the set of orbits under the action of G and the topology is the
finest one which makes the projection Y — G\Y continuous.

Lemma 2.1.7 IfG is a group acting evenly on a connected space Y, the projection
pg: Y — G\Y turns Y into a cover of G\Y'.

Proof: The map pg is surjective and moreover each z € G\Y has an open
neighbourhood of the form V = pg(U) with a U as in Definition 2.1.6. This V is
readily seen to satisfy the condition of Definition 2.1.1. O

Example 2.1.8 With this tool at hand, one can give lots of examples of covers.

1. Let Z act on R by translations (which means that the automorphism defined
by n € Z is the map x — x4+ n). We obtain a cover R — R/Z, where R/Z
is immediately seen to be homeomorphic to a circle.

2. The previous example can be generalised to any dimension: take any basis
{z1,...,2,} of the vector space R™ and make Z™ act on R" so that the i-th
direct factor of Z" acts by translation by x;. This action is clearly even and
turns R’ into a cover of what is called a linear torus; for n = 2, this is the
usual torus. The subgroup A of R™ generated by the x; is usually called a
lattice; thus linear tori are quotients of R™ by lattices.
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3. For an integer n > 1 denote by u, the group of n-th roots of unity. Multi-
plying by elements of p,, defines an even action on C* := C\ {0}, whence a
cover p, : C* — C*/uy,. In fact, the map z — 2™ defines a natural home-
omorphism of C*/u, onto C* (even an isomorphism of topological groups)
and via this homeomorphism p,, becomes identified with the cover C* — C*
given by z — 2z". Note that this map does not extend to a cover C — C;
this phenomenon will be studied further in Chapter 4.

2.2 Galois Covers

Henceforth we shall fix a base space X which will be assumed locally connected (i.e.
each point has a basis of neighbourhoods consisting of connected open subsets).
Given a cover p : Y — X, its automorphisms are to be automorphisms of Y as
a space over X, i.e. topological automorphisms compatible with the projection
p. They clearly form a group that we shall denote by Aut(Y|X). By convention
all automorphisms will be assumed to act from the left. Note that for each point
r € X, Aut(Y|X) maps the fibre p~!(z) onto itself, so p~!(z) is equipped with a
natural action of Aut(Y|X).

First we prove a necessary and sufficient condition for a topological automor-
phism of Y to be an element of Aut(Y|X).

Lemma 2.2.1 An automorphism ¢ of a connected cover p : Y — X having a
fixed point must be trivial.

Instead of proving the lemma we establish a more general statement which will
also be needed later. The lemma follows from it by taking Z =Y, f = id and

g=9¢.
Proposition 2.2.2 Letp: Y — X be a cover, Z a connected topological space,

f,9: Z — Y two continuous maps satisfying po f = po g. If there is a point
z € Z with f(z) = g(2), then f = g.

Proof: Suppose z € Z is as above, y = f(z) = g(z). Take some connected open
neighbourhood V of p(y) satisfying the condition in the definition of a cover (such a
V exists since X is locally connected) and let U; = V be the component of p~1(V)
containing y. By continuity f and g must both map some open neighbourhood
W of z into U;. Since po f = po g and p maps U; homeomorphically onto V', f
and g must agree on W. The same type of reasoning shows that if f(z’) # z(y')
for some point 2/ € Y, f and g must map a whole open neighbourhood of 2’ to
different components of p~1(V). Thus the set {z € Z: f(z) = g(z)} is nonempty,
open and closed in Z so by connectedness it is the whole of Z. O

Here is a first application of Lemma 2.2.1.

Proposition 2.2.3 If p : Y — X is a connected cover, then the action of
Aut(Y[X) onY is even.
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Proof: Let y be a point of Y, and set z = p(y). Let V be a connected open
neighbourhood of z such that p~!(V) is a disjoint union of open sets U; as in
Definition 2.1.1. One of these, say U;, contains y. We contend that U; satisfies
the condition of Definition 2.1.6. Indeed, a nontrivial ¢ € Aut(Y|X) maps U;
isomorphically onto some Uj;, by definition of a cover automorphism. Since Y is
connected, Lemma 2.2.1 applies and shows that for ¢ # idy we must have i # j.
0

Conversely, we have:

Proposition 2.2.4 If G is a group acting evenly on a connected space Y, the
automorphism group of the cover pg : Y — G\Y is precisely G.

Proof: Notice first that we may naturally view G as a subgroup of Aut(Y[(G\Y)).
Now given an element ¢ in the latter group, look at its action on an arbitrary point
y € Y. Since the fibres of pg are precisely the orbits of G we may find g € G with
#(y) = gy. Applying Lemma 2.2.1 to the automorphism ¢ o g~ we get g = ¢. O

Now given a connected cover p : Y — X, we may form the quotient of Y by the
action of Aut(Y'|X). It is immediate from the definition of cover automorphisms
that the projection p factors as a composite of continuous maps

Y = Aut(V|X)\Y & X
where the first map is the natural projection.

Definition 2.2.5 A cover p: Y — X is said to be Galois if Y is connected and
the induced map p above is a homeomorphism.

Remark 2.2.6 Note the similarity of the above definition with that of a Galois
extension of fields. This analogy is further confirmed by remarking that the cover
pa in Proposition 2.2.4 is Galois.

Proposition 2.2.7 A connected coverp: Y — X is Galois if and only if Aut(Y|X)
acts transitively on the fibres p~1(x) of p.

Proof: Indeed, the underlying set of Aut(Y|X)\Y is by definition the set of
orbits of Y under the action of Aut(Y'|X) and so the map p is one-to-one precisely
when each such orbit is equal to a whole fibre of p, i.e. when Aut(Y|X) acts
transitively on the fibres. O

Remark 2.2.8 In fact, for a connected cover p: Y — X to be Galois it suffices
for Aut(Y'|X) to act transitively on one fibre. Indeed, in this case Aut(Y|X)\Y
is a connected cover of X where one of the fibres consists of a single element; it is
thus isomorphic to X by Remark 2.1.4.
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Example 2.2.9 We give an example of a Galois cover. Let X = R"/A, A =2 Z"
be a linear torus and m > 1 be an integer. The multiplication-by-m map of R"
maps the lattice A into itself and hence induces a map X — X. It is easily seen
to be a Galois cover, with m"™ points in each fibre.

Now we can state the topological analogue of Theorem 1.2.5.

Theorem 2.2.10 Let p : Y — X be a Galois cover, H a subgroup of G =
Aut(Y|X). Then p induces a natural map py : H\Y — X which turns H\Y
into a cover of X.

Conversely, if Z — X is a connected cover fitting into a commutative diagram

Y—f>Z

N

then f: Y — Z is a Galois cover and actually Z = H\Y with some subgroup H of
G. In this way we get a bijection between subgroups of G and intermediate covers

Z as above. The cover q: Z — X is Galois if and only if H is a normal subgroup
of G, in which case Aut(Z|X) = G/H.

q

X

Before starting the proof we need a general lemma on covers.

Lemma 2.2.11 Assume given a locally connected space X, a connected cover q :
Z — X and a continuous map f :Y — Z. If the composite qo f 1Y — X is a
cover, then sois f: Y — Z.

Proof: Let z be a point of Z, 2 = ¢(z) and V a connected open neighbourhood
of X satisfying the property of Definition 2.1.1 for both p = go f and ¢: p~%(V) =
[1U; and ¢~ (V) = []V;. Here for each U; its image f(U;) is a connected subset
of Z mapping onto V' by ¢, hence there is some j with f(U;) C V. But this is in
fact a homeomorphism since both sides get mapped homeomorphically onto V' by
g. This implies in particular that the image of f is open.

Now to prove the lemma we show first that f is surjective. It is enough to see
by connectedness of Z that the complement of f(Y') in Z is open, so assume that
some point z of Z has no preimage by f. Then the whole component V; of ¢~1(V)
containing z must be disjoint from f(Y) since otherwise by the previous argument
the whole of V; would be contained in f(Y) which is a contradiction, whence the
claim. To conclude the proof of the lemma it remains to notice that the preimage
of the above V; is a disjoint union of some U;’s. O

Proof of Theorem 2.2.10: Since H C Aut(Y|X), the projection p factors as a

. D _ . . . .
composite Y Mg \Y =2 X. Here Py is continuous because p is continuous and pg
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is a local homeomorphism by Lemma 2.1.7. By Proposition 2.1.3, over sufficiently
small subsets V of X, p~ (V) is of the form V x F with F a discrete set (the fibre
of p over each point of V') endowed by an H-action. The open set ;T?I}l(V) C H\Y
will then be isomorphic to a product of V by the discrete set of H-orbits of F', so
by applying Proposition 2.1.3 again we conclude that py : H\Y — X is a cover.

For the converse, apply the previous lemma to see that f: Y — Z is a cover.
Then H = Aut(Y'|Z) is a subgroup of G, so to see that the cover is Galois it suffices
by Proposition 2.2.7 to see that H acts transitively on each fibre of f. So take a
point z € Z and let y; and yo be two points of f~!(z). They are both contained
in the fibre p~!(q(2)), so since p : Y — X is Galois, we have y; = ¢(y2) with some
¢ € G. We are done if we show ¢ € H, which is equivalent to saying that the
subset S={y €Y : f(y) = f(¢(y))} is equal to the whole of Y. But this follows
from Proposition 2.2.2, applied to our current Y, Z and f as well as g = f o ¢.

It is immediate that the two constructions above are inverse to each other, so
only the last statement remains, and it is proven similarly as the corresponding
statement in the Galois theory of fields (see the proof of Theorem 1.2.5). One
implication is easy: if H is normal in G, then G/H acts naturally on Z = H\Y,
and this action preserves the projection ¢. So we obtain a group homomorphism
G/H — Aut(Z]X) which is readily seen to be injective. But (G/H)\Z = G\Y =
X, s0 G/H = Aut(Z|X) and ¢ : Z — X is Galois. We prove the converse by an
argument suggested by G. Braun. Assume that Z — X is a Galois cover. We first
show that under this assumption each element ¢ of G = Aut(Y|X) induces an
automorphism of Z over X. In other words, we need an automorphism ¢ : Z — Z
which can be inserted into the commutative diagram:

y % vy

x 4. x
For this take a point y € Y with image z = (¢ o f)(y) in X. By commutativity of
the diagram f(y) and f(¢(y)) are in the same fibre ¢~ !(z) of ¢. Since Aut(Z|X)
acts transitively on the fibres of ¢, there is an automorphism ¢ € Aut(Z|X) with
the property that ¥(f(y)) = f(é(y)). In fact, 1 is the unique element of Aut(Z|X)
with this property, for if A\ € Aut(Z|X) is another one, Lemma 2.2.1 implies that
1 o A1 is the identity. We contend that v is the map we are looking for, i.e.
the maps ¢ o f and f o ¢ are the same. Indeed, both maps are continuous maps
from the connected space Y to Z that coincide in the point y, and moreover their
compositions with ¢ are equal, so the assertion follows from Proposition 2.2.2. Now
it is manifest that in this way we obtain a homomorphism G — Aut(Z|X). Its
kernel is none but H = Aut(Y|Z), which is thus a normal subgroup in G. ]
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2.3 The Monodromy Action

Our next goal is to prove an analogue of Theorem 1.5.4 for covers. The role of the
absolute Galois group will be played by the fundamental group of the base space,
about which we quickly recall the basic facts.

Let X be a topological space. A path in X is a continuous map f : [0,1] — X,
where [0, 1] is the closed unit interval. The endpoints of the path are the points
f(0) and f(1); if they coincide then the path is called a closed path or a loop. Two
paths f,g: [0,1] — X are called homotopic if f(0) = g(0), f(1) = g(1) and there
is a continuous map h : [0,1] x [0,1] — X with ~(0,y) = f(y) and h(1,y) = g(y)
for all y € [0,1]. It is an easy exercise to check that homotopy of paths is an
equivalence relation.

Now given two paths f,¢ : [0,1] — X with f(0) = g¢(1), define their com-
position f e g : [0,1] — X by setting (f ® g)(z) = g(2z) for 0 < =z < 1/2 and
(feg)(x)= f(2x — 1) for 1/2 <z < 1. It is again an easy exercise to verify that
this operation passes to the quotient modulo homotopy equivalence, i.e. if f1, fo
are homotopic paths with f1(1) = f2(1) = g(0) then so are f; e g and fo @ g, and
similarly for the homotopy class of g.

Remark 2.3.1 The above convention for composition of paths is the one used
by Deligne in his fundamental works [10] and [11]. It differs from the convention
of many textbooks: most authors define the composition by first going through f
and then through g. However, several reasons speak for our convention. One is
that it is parallel to the usual convention used for composition of functions. For
another particularly pregnant one, see Remark 2.7.3 below.

Composition of paths thus induces a multiplication map on the set 71 (X, )
of homotopy classes of closed paths with endpoint equal to some fixed x € X. In
fact, m (X, x) equipped with this operation is a group: the unit element is the
class of the constant path [0,1] — {z} and the inverse of a class given by a path
f:[0,1] — X is the class of the path f~! obtained by composing f with the map
[0,1] — [0,1], z — 1—=. It is called the fundamental group of X with base point x.
If X is path-connected, i.e. any two points z and y may be joined by a path f, then
71(X, x) is non-canonically isomorphic to m1(X,y) via g — fege f~! hence the
isomorphism class of the fundamental group does not depend on the base point.
A path-connected space is simply connected if it has trivial fundamental group.

We now show that given a cover p : Y — X, the fibre p~!(x) over a point
x € X carries a natural action by the group 71 (X, z). This will be a consequence
of the following lemma on ‘lifting paths and homotopies’.

Lemma 2.3.2 Let p: Y — X be a cover, y a point of Y and x = p(y).

1. Given a path f : [0,1] — X with f(0) = z, there is a unique path fe [0,1] —

Y with f(0) =y and po f = f.
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2. Assume moreover given a second path g : [0,1] — X homotopic to f. Then
the unique g : [0,1] =Y with §(0) =y and po g = g has the same endpoint
as f, i.e. we have f(1) = g(1).

Actually, the proof will show that in the second situation the liftings f and §
are homotopic but this will not be needed later.

Proof: TFor the first statement, note first that uniqueness follows from Proposi-
tion 2.2.2 applied with X, Y and Z replaced by our actual X, [0,1] and Y. The
existence is immediate in the case of a trivial cover. To reduce the general case
to this, for each z € f([0,1]) choose some open neighbourhood V,, satisfying the
condition in the definition of a cover. The sets f~!(V,) form an open covering of
the interval [0, 1] from which we may extract a finite subcovering since the interval
is compact. We may then choose a subdivision 0 =ty <t; <--- <t, =1 of [0,1]
such that each closed interval [t;,¢;11] is contained in some f~!(V;), hence the
cover is trivial over each f([t;,t;41]). We can now construct f inductively: given
a lifting ﬁ of the path f restricted to [to,t;] (the case i = 0 being trivial), we may
construct a lifting of the restriction of f to [t;,t;1+1] starting from fz(tl), piecing
this together with f; gives fit1.

For the second statement, notice that given a homotopy h : [0,1] x [0,1] — X
with h(0,t) = f(t) and h(1,t) = g(t), one can construct a lifting A : [0,1] x [0,1] —
Y with poh = h, h(0,t) = f(t) and h(1,t) = g(t). The construction is similar
to that for f: first choose a sufficiently fine subdivision of [0,1] x [0, 1] into small
subsquares S;; so that over each h(S;;) the cover is trivial. That this may be done
is assured by a well-known fact from the topology of compact metric spaces called
Lebesgue’s lemma (see e.g. Munkres [46], Lemma 27.5; we have used a trivial
case of it above). Then proceed by piecing together liftings over each subsquare,
moving “serpent-wise” from the point (0,0) (for which we put A(0,0) = y) towards
the point (1,1). Note that by uniqueness of path lifting it is sufficient to find a
local lifting which coincides with the previous one at the left corner of the side
where two squares meet; they will then coincide over the whole of the common side.
Again by uniqueness of path lifting we get successively that the path ¢ — iL(O, t) is
f (since both are liftings of f starting from %), the path s — l~1(s, 0) is the constant
path [0,1] — {y} and that ¢ — h(1,t) is none but §. Finally, s — h(s, 1) is a path
joining f(1) and §(1) which lifts the constant path [0,1] — {f(1)}; by uniqueness
it must coincide with the constant path [0,1] — {f(1)}, whence f(1) = g(1). O

We can now construct the promised left action of 71 (X, z) on the fibre p~!(x).

Construction 2.3.3 Given y € p~!(z) and a € 71(X, x) represented by a path
f:00,1] — X with £(0) = f(1) = z, we define ay := f(1), where f is the unique
lifting f to Y with f(0) = y given by part (1) of the lemma above. By part (2)
of the lemma ay does not depend on the choice of f, and it lies in p~!(z) by
construction. This is indeed a left action of 71 (X, z) on p~1(z): (a e B)y = a(By)
for o, 8 € m (X, ). Tt is called the monodromy action on the fibre p~!(x).
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The monodromy action is the analogue of the Galois action on homomorphisms
encountered in Theorem 1.5.4. We now state a category equivalence analogous to
the algebraic case as follows. Fix a space X and a point x € X. First we define
a functor Fib, from the category Covx of covers of X to the category of sets
equipped with a left m(X,x)-action by sending a cover p : Y — X the fibre
p~1(z). This is indeed a functor since a morphism f : Y — Z of covers respects
the fibres over = by definition, and sends the unique lifting of a closed path through
x starting with a point in y € Y to the unique lifting in Z starting with f(y), by
uniqueness of the lifting.

Theorem 2.3.4 Let X be a connected and locally simply connected topological
space, and x € X a base point. The functor Fib, induces an equivalence of the
category Covx with the category of left (X, x)-sets. Here connected covers cor-
respond to w1 (X, x)-sets with transitive action and Galois covers to coset spaces of
normal subgroups.

Here local simply connectedness means that each point has a basis of simply
connected open neighbourhoods.

The proof of this classification result relies on two crucial facts. The first one
uses the notion of representable functors introduced in Definition 1.4.11.

Theorem 2.3.5 Consider a connected and locally simply connected topological
space X and a base point x € X. Then Fib, is representable by a cover X, — X.

The cover X, depends on the choice of the base point z, and comes equipped
with a canonical point in the fibre 7=1(x) called the universal element. Let us
spell this out in detail. By definition, cover maps from 7 : X, — X to a fixed
cover p : Y — X correspond bijectively (and in a functorial way) to points of
the fibre p~!(x) C Y. In particular, since X, itself is a cover of X via m, we
have a canonical isomorphism Fib, (X,) = Hom(X,, X,); by this isomorphism the
identity map of X, corresponds to a canonical element 7 of the fibre 7~ 1(x); this
is the universal element. Now for an arbitrary cover p : ¥ — X and element
y € 7~ (z) the cover map 7, : X, — Y corresponding to y via the isomorphism
Fib,(Y) = Hom(X,,Y) maps Z to y by commutativity of the diagram

Hom(X,, X,) —— Fib,(X,)

l l

Hom(X,,Y) ——— Fib,(Y)

where the vertical maps are induced by 7.

We next recover the monodromy action. Notice that if ¢ : X, — X, is an
automorphism of X, as a cover of X , then composition by ¢ induces a bijection
of the set Hom(X,,Y) onto itself for each cover Y. In this way we obtain a right
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action on Hom(X,,Y) = Fib,(Y) from the left action of Aut(X,|X) on X,. We
would like to compare it with the monodromy action, which is a left action. To
this end we exploit the following notion:

Definition 2.3.6 For a group G the opposite group G is the group with the
same underlying set as G but with multiplication defined by (x,y) — yzx.

Thus the above right action of Aut(X,|X) on X, corresponds to a left action
by Aut(X,|X)P.

Theorem 2.3.7 The cover X, is a connected Galois cover of X, with automor-
phism group isomorphic to w1 (X, x). Moreover, for each cover Y — X the left
action of Aut(X,|X)P on Fib,(Y) given by the previous construction is exactly
the monodromy action of m (X, x).

We postpone the proof of the above two theorems to the next section, and
prove Theorem 2.3.4 assuming their validity.

Proof of Theorem 2.3.4: The proof is strictly parallel to that of Theorem
1.5.4: we check that the functor satisfies the conditions of Lemma 1.4.9. For full
faithfulness we have to show that given two coversp: ¥ — X and ¢: Z — X, any
map f : Fib,(Y) — Fib,(Z) of m (X, x)-sets comes from a unique map ¥ — Z
of covers of X. For this we may assume Y, Z are connected and that actually
Y is a quotient of X, via the map Ty X, > Y corresponding to some fixed
element y € Fib,(Y). In fact, m, makes Y isomorphic to the quotient of X, by the
stabiliser Uy of ¢; let ¢, : ¥V — U¢\X’x be the inverse map. Since Uy injects into
the stabiliser of f(¢) via f, the natural map 7, : X, — Z corresponding to f(¢)
induces a map U¢\X’x — Z by passing to the quotient; composing it with 1, gives
the required map Y — Z. For essential surjectivity we have to show that each left
71 (X, x)-set S is isomorphic to the fibre of some cover of X. For S transitive we
may take the quotient of X, by the action of the stabiliser of some point; in the
general case we decompose S into its 71 (X, z)-orbits and take the disjoint union
of the corresponding covers. O

Remark 2.3.8 If we compare the above theorems with Theorem 1.5.4, we see
that the cover X, plays the role of a separable closure kg; the choice of z cor-
responds to the choice of the separable closure. The fundamental group is the
counterpart of the absolute Galois group. The functor inducing the equivalence is
A — Hom(A, k) in the case of fields (it is contravariant), and Y — Hom(X,,Y) =
Fib,(Y) in the topological case.

We now state a corollary of Theorem 2.3.4 that is even closer to Theorem 1.5.4
in its formulation and will be invoked in subsequent chapters. First a definition:
call a cover Y — X finite if it has finite fibres; for connected X these have the
same cardinality, called the degree of X.
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Corollary 2.3.9 For X and x as in the Theorem 2.8.4, the functor Fib, induces
an equivalence ou}z category of finite covers of X with the categow finite
continuous left (X, x)-sets. Connected covers correspond to finite w1 (X, x)-sets
with transitive action and Galois covers to coset spaces of open normal subgroups.

Here ﬂ@) denotes the profinite completion of 71 (X, z) (Example 1.3.3 (2)).
We need a well-known lemma from group theory:

Lemma 2.3.10 If G is a group, and H C G is a subgroup of finite index, then H
contains a normal subgroup N of finite index in G.

Proof: Consider the natural left representation py of G on the left coset space
of H, and take N := ker(pg). It is of finite index in G as [G : H] is finite, and it
is contained in H as it fixes H considered as a coset. O

Proof of Corollary 2.3.9: For a finite connected cover p : Y — X the action
of m1(X,x) on p~!(z) factors through a finite quotient, so we obtain an action of

m1(X, z) as well. The stabilizer of each point y € Y is a subgroup of finite index,
and hence contains a normal subgroup of finite index by the lemma. Therefore the

stabilizer of y under the action of 71 (X, z) is an open subgroup in the profinite
topology (being a union of cosets of an open normal subgroup), therefore the action

is continuous. Conversely, a continuous action of 71 (X, x) on a finite set factors
through a finite quotient, which is also a quotient of 71 (X, ), and as such gives
rise to a finite cover ¥ — X. O

2.4 The Universal Cover

In this section we prove Theorems 2.3.4 and 2.3.7. We begin with the construction
of the space X,.

Construction 2.4.1 We construct the space X, as follows. The points of X, are
to be homotopy classes of paths starting from x. To define the projection m, we
pick for each point § € X, a path f : [0,1] — X with f(0) = x representing g, and
put m(X,) = f(1) = y. This gives a well-defined map since homotopic paths have
the same endpoints by definition. We next define the topology on X, by taking
as a basis of open neighbourhoods of a point § the following sets U: we start
from a simply connected neighbourhood U of 7(g) and if f: [0,1] — X is a path
representing ¢, we define ﬁg to be the set of homotopy classes of paths obtained
by composing the homotopy class of f with the homotopy class of some path
g : [0,1] — X with g(0) = y and ¢([0,1]) C U. Notice that since U is assumed
to be simply connected, two such g having the same endpoints have the same
homotopy class. Thus in more picturesque terms, U is obtained by “continuing
homotopy classes of paths arriving at y to other points of U”. This indeed gives a
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basis of open neighbourhoods of ¢, for given two neighbourhoods f]g and f/g, their
intersection (7@ N f/g contains Wg with some simply connected neighbourhood W of
y contained in U NV; one also sees immediately that 7 is continuous with respect
to this topology. The inverse image by 7 of any simply connected neighbourhood
of a point y will be the disjoint union of the open sets Uy for all inverse images
7 of y, so we have obtained a cover of X. Finally note that there is a “universal

element” 7 of the fibre 77! (x) corresponding to the homotopy class of the constant
path.

Proof of Theorem 2.3.5: We show that the cover )E'x — X constructed above
represents the functor Fib,. We have to show that for a cover p : ¥ — X each
point y of the fibre p~!(z) corresponds in a canonical and functorial manner to a
morphism 7, of covers from 7 : X, > Xtop:Y — X. Now if my exists, the
fact that it should be a morphism of covers implies that for each point &’ € X,
the image (p o m,)(Z') must be the endpoint f(1) of any path f : [0,1] — X
representing Z’. So there is only one possible choice for m,: given a point Z’ € X,
represented by a path f : [0,1] — X, we map it to f(1) where f : [0,1] — Y
is the unique path lifting f with f(0) = y whose existence is guaranteed by the
first part of Lemma 2.3.2. The second part of the lemma implies that this map
is well defined; there is no difficulty in checking that it is indeed a map of covers.
The map y — m, is a bijection between p~1(x) and the set of morphisms from
7: X, — X top: Y — X: indeed, an inverse is given by mapping a morphism
f to the image f(Z) of the distinguished element Z. Finally, we have obtained an
isomorphism between the functors ¥ — Fib,(Y) and Y — Hom(X,,Y). Indeed,
given a morphism of p: Y — X to some cover p’ : Y/ — X mapping y to some
y' €Y’ the induced map Hom(X,,Y) — Hom(X,,Y”) maps m, to 7, since these
are the maps mapping Z to y and 3/, respectively. O

The proof of Theorem 2.3.7 will be in several steps. We begin with:

Lemma 2.4.2 The space X, is connected.

Proof: It is enough to see that X, is path-connected, for which we show that
there is a path in X, connecting the universal point # to any other point X;
Indeed, let f : [0,1] — X be a path representing z’. The multiplication map
m : [0,1] x [0,1] — [0,1], (s,t) — st is continuous, hence so is f o m and the
restriction of fom to each subset of the form {s} x [0, 1]; such a restriction defines
a path f; from Z to f(s), with fo the constant path [0,1] — {z} and f; = f. The
definition of the topology of X, implies that the map associating to s € [0, 1] the
homotopy class of f is continuous and thus defines the path we need; in fact, it
is the unique lifting of f to X, beginning at Z. Alternatively, one may start by
taking this unique lifting and check by going through the construction that its
endpoint is indeed Z’. ]

Next we prove:
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Proposition 2.4.3 The cover m : X, — X is Galois.

For the proof we need some auxiliary statements which exploit the topological
conditions imposed on X.

Lemma 2.4.4 A cover of a simply connected and locally path-connected space is
trivial.

Here ‘locally path-connected’” means that each point has a basis of path-
connected open neighbourhoods.

Proof: It is enough to show that given a connected cover p: Y — X of a simply
connected space X the map p is injective. For this, note first that since X is
locally path-connected and p is a local homeomorphism, Y has a covering by path-
connected open subsets. The connectedness assumption on Y then implies that it
must be path-connected as well. Now assume there exist points yg # y1 in Y with
p(y0) = p(y1). By the path-connectedness of Y there is a path f: [0,1] — Y with
f(()) = yo and f(1) = y;. The path f must be the unique lifting starting from
yo of the path f = po f which is a closed path around = = p(yo) = p(y1). Since
X is simply connected, this path is homotopic to the constant path [0,1] — {z}
of which the constant path [0,1] — {yo} provides the unique lifting to Y starting
from yo. But this is a contradiction with Lemma 2.3.2 (2). o

Corollary 2.4.5 Let X be a locally simply connected space. Given two covers
p:Y—X and q: Z—Y, their composite qgop: Z— X is also a cover of X.

Proof: Given any € X, choose a simply connected neighbourhood U. Accord-
ing to the proposition, the restriction of p to p~1(U) gives a trivial cover of U.
Repeating this argument for ¢ over each of the connected components of p~1(U)
(which are simply connected themselves, being isomorphic to U) we get that the
restriction of po g to (poq)~1(U) is a trivial cover of U. |

Proof of Proposition 2.4.3: By Remark 2.2.8 it is enough to show that Aut(X,|X)
acts transitively on the fibre 7=!(z). For each point § of the fibre 7 !(x) Theo-
rem 2.3.5 gives a continuous map 7y : X, — X, compatible with 7 and mapping
the universal element Z to y. We show that 73 is an automorphism. Since X, is
connected, by Lemma 2.2.11 75 endows X, with a structure of a cover over itself —
in particular it is surjective. Take an element Z € m, 1(%). Since momy : Xy — X
is also a cover of X according to Corollary 2.4.5, we may apply Theorem 2.3.5 to
this cover to get a continuous and surjective map s : f(x — X’x with 73(z) = 2
and mo 7y o7z = m. But my o mz(Z) = Z, hence 7y o 7z is the identity map of X,
by Lemma 2.2.2. By surjectivity of 7z this implies that 7 is injective and we are
done. O

We now turn to the second statement of Theorem 2.3.7.

Proposition 2.4.6 There is a natural isomorphism Aut(X,|X)% = 7 (X, z).
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Proof: First observe that X, is endowed with a natural right action of 7 (X, z)
defined as follows: given a point & € X, and an element a € (X, z) with re-
spective path representatives f and f,, we may take the composition f e f, and
then take the homotopy class of the product. It is straightforward to check that
the map ¢o : Xy — X, thus obtained is continuous and compatible with =, i.e.
it is a cover automorphism. Moreover, we have obtained a group homomorphism
71 (X, z) — Aut(X,|X)° which is injective, since any nontrivial o moves the dis-
tinguished element . It remains to prove the surjectivity of this homomorphlsm
For this purpose, take an arbitrary ¢ € Aut(X |X) and a point &’ € X, repre-
sented by some path f: [0,1] — X. The point ¢(Z’) is then represented by some
g:[0,1] — X. Now f~!egisa closed path around z in X with fe(f leg)=g.
Let a be the class of f~! e g in m(X,x); we show that ¢, = ¢. Indeed, the
automorphism ¢ o ¢! fixes ¥’ and thus it is the identity by connectedness of X,
and Lemma 2.2.1. O

Proof of Theorem 2.3.7: Everything was proven above except for the last
statement concerning the monodromy action. By Theorem 2.3.5 each point y of
the fibre corresponds to a morphism of covers m, : X, — Y and the proof shows
that m, maps points of X, represented by paths f to points of the form f (1) where
f: [0,1] — Y is the lifting of f with f( ) = y; in particular y, being the image
of the class of the constant path ¢ : [0,1] — {z}, corresponds to the constant
path [0,1] — {y}. By the proof of the previous lemma an element of 71 (X, x)
represented by a path f, acts on ¢ by mapping it to the class of f,. Hence the
action of o on p~'(z) maps y to fa(1), where fo : [0,1] — Y is the canonical
lifting of f,, starting from y. This is the monodromy action. a

It follows from Construction 2.4.1 that for a path-connected base space the
isomorphism class of X, does not depend on the choice of the base point z: if y
is another point, a non-canonical isomorphism X, X is induced by the choice
of a path between z and y. For this reason most textbooks neglect the role of the
base point and call each cover isomorphic to some X, a universal cover of X. The
next proposition shows that one can easily detect universal covers in practice.

Proposition 2.4.7 Let X be a path-connected and locally simply connected space.
A cover X — X is universal if and only if it is simply connected.

For the proof we need a lemma.
Lemma 2.4.8 Let X be as in the proposition, let x € X be a base point and let

p: Y — X be a connected cover. Then the cover X, of X is also a cover of Y
and it represents Fib, for each y € p~H(z).

PI‘OOfN: Since X, represents Fib,, the point y corresponds to a canonical map
my : Xz — Y which turns X, into a cover of Y by virtue of Lemma 2.2.11.
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Our task is to show that this cover represents the functor Fib,. So take a cover
q: Z — Y and pick a point z € ¢~ !(y). Since by Corollary 2.4.5 the composition
poq turns Z into a cover of X with z € (poq)~!(z), the point z corresponds to a
morphism 7, : X, — Z of covers of X mapping the universal point & of X, to z.
It is now enough to see that 7, is also a morphism of covers of Y, i.e. my = qom..
But pom, = pogqom, by construction and moreover both m, and q o 7, map the
universal point Z to y, so the assertion follows from Lemma 2.2.2. O

Proof of Proposition 2.4.7: To prove simply connectedness of X, for some
z € X, apply the lemma to see that X, as a trivial cover of itself represents the
fibre functor Fibz for the universal element Z. Then it follows from Theorem 2.3.7
that 71 (X,, &) = Aut(X,|X,) = 1. Conversely, if X’ is a simply connected cover
of X, then X’ = m(X’,2')\ X, = X, with some point 2/ € X', by Lemma 2.4.8
and Theorem 2.3.7. O

Example 2.4.9 Since R” is simply connected for any n, we see that the first
two examples in 2.1.8 actually give universal covers of the circle and of linear
tori, respectively. On the other hand, the third example there does not give a
universal cover since C* is not simply connected. However, the complex plane C,
being a 2-dimensional R-vector space, is simply connected and the exponential
map C — C*, z — exp(z) is readily seen to be a cover. Hence C is the universal
cover of C*.

Having determined the universal covers, we can compute the fundamental
groups as well. The first two examples were quotients by group actions, so we
obtain that the fundamental group of a circle is isomorphic to Z, and that of a
linear torus of dimension n to Z". In the case of C* the fundamental group is
again Z, because the exponential map is periodic with respect to 2ms.

Example 2.4.10 Let us spell out in more detail an example similar to that of
C*; it will serve in the next chapter. Let D be the punctured complex disc
{z€C:2+#0, |z| <1}. As in the previous example, the exponential map z
exp(z) restricted to the left half plane L = {z € C : Rez < 0} furnishes a uni-
versal cover of D. The automorphism groups of fibres are isomorphic to Z, the
action of n € Z being given via translation by 2nmi. Thus if we let Z act on L
via translation by multiplies of 2xi, the disc D becomes the quotient of L by this
action. But then by Theorem 2.2.10 each connected cover of D is isomorphic to a
quotient of L by a subgroup of Z. These subgroups are 0 and the subgroups kZ
for integers k > 1; the corresponding covers of D are L and D itself via the map

Z'—>Zk.

The previous considerations showed that one way to eliminate the role of the
base point is to work up to non-canonical isomorphism. A better way is to consider
all possible base points at the same time, as we explain next.
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We first need to recall the notion of the fibre product Y x x Z of two spaces
p:Y — X and q: Z — X over X. By definition it is the subspace of Y x Z
consisting of points (y,z) satisfying p(y) = ¢(z). It is equipped with natural
projections qy : Y xx Z — Y and pz : Y Xx Z — Z making the diagram

YxyZ -2, v

” [

z —*.Xx

commute. In fact, it satisfies a universal property: it represents the set-valued
functor on the category of spaces over X that maps a space S — X to the set of
pairs of morphisms (¢ : S — Y, ¢ : S — Z) over X satisfying po¢ = go). In case
p:Y — X is a cover, then sois pz : Y Xx Z — Z and moreover the fibre p}l(z)
over z € Z is canonically isomorphic to p~!(g(2)). This cover is called the pullback
of p: Y — X along g and is also denoted by ¢*Y — Z. The easy verification of
all the above properties is left as an exercise to the reader. Now we come to:

Construction 2.4.11 Let again be X a connected and locally simply connected
space. We construct a space X over X x X as follows. For each pair of points
(z,y) € X x X we consider the set Xm,y of homotopy classes of paths from x
to y and we define X to be the disjoint union of the )N(x,y for all pairs (x,y).
The projection X — X x X is induced by mapping a path to its endpoints and
the topology on X is defined similarly as in Construction 2.4.1: one continues
homotopy classes of paths into small neighbourhoods of both of their endpoints.
The fact that X is a cover of X x X is again checked as in 2.4.1. Notice that the
cover X, constructed in 2.4.1 is none but the pullback of X — X x X via the
inclusion map {z} x X — X x X. Thus X can be thought of as a continuous
family of the X,. This is the promised base point free construction.

Remarks 2.4.12

1. Fix a pair of points (z,y) € X x X. Pulling back the cover X — X x X via
the inclusion map {(z,y)} — X x X we get back the space X, .y viewed as
a cover of the one point space {(z,y)}. Notice that it carries a natural right
action wa x 1 (X,y) — X, . by the fundamental group 71 (X,y) coming
from composition of paths. This action is in fact simply transitive: given
two paths f,g: [0,1] — X with f(0) =g(0) =z and f(1) = g(1) =y, we
may map f to g by composing with the closed path g e f~! around y. A
topological space equipped with a continuous simply transitive action of a
topological group G is sometimes called a G-torsor. In our case we thus
obtain discrete 71 (X, y)-torsors X, , and we may view X, as a continuous
family of 71 (X, y)-torsors. The space X is then a continuous 2-parameter
family of torsors.
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2. An interesting cover of X is given by the pullback of X — X x X via the
diagonal map A : X — X x X sending z € X to (z,z) € X x X. The
fibre of the resulting cover Xa over a point z € X is precisely m (X, z); in
particular, it carries a group structure. Thus XA encodes the fundamental
groups of X with respect to varying base points. It is called the fundamental
groupoid of X ; for some of its properties see Exercise 7.

2.5 Sheaves

In the next section we shall reformulate the main theorem of Galois theory for
covers in terms of locally constant sheaves. Here we introduce the notion of a
sheaf, to which the first step is the following definition.

Definition 2.5.1 Let X be a topological space. A presheaf of sets F on X is a
rule that associates with each nonempty open subset U C X a set F(U) and each
inclusion of open sets V. C U a map pyy : F(U) — F(V), the maps pyy being
identity maps and the identity pyw = pyw o pyy holding for a tower of inclusions
W CV C U. Elements of F(U) are called sections of F over U.

Remarks 2.5.2

1. Similarly, one defines a presheaf of groups (resp. abelian groups, or rings,
etc.) by requiring the F(U) to be groups (resp. abelian groups, rings, etc.)
and the pyy to be homomorphisms.

2. Here is a more fancy formulation of the definition. Let us associate a category
X1op with our space X by taking as objects the nonempty open subsets
U C X, and by defining Hom(V,U) to be the one-element set consisting of
the natural inclusion V' — U whenever V' C U and to be empty otherwise.
Then a presheaf of sets is just a set-valued contravariant functor on the
category Xrop.

With this interpretation we see immediately that presheaves of sets (abelian
groups, etc.) on a fixed topological space X form a category: as morphisms one
takes morphisms of contravariant functors. Recall that by definition this means
that a morphism of presheaves ® : F — G is a collection of maps (or homomor-
phisms) & : F(U) — G(U) such that for each inclusion V' C U the diagram

FV) -2 Gg(v)

F
Puvl lplgjv

comimutes.
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Example 2.5.3 The basic example to bear in mind is that of continuous real-
valued functions defined locally on open subsets of X; in this case, the maps pyy
are given by restriction of functions to some open subset.

Motivated by the example, given an inclusion V' C U, we shall also use the
more suggestive notation s|y instead of pyy (s) for a section s € F(U).

The presheaf in the above example has a particular property, namely that
continuous functions may be patched together over open sets. More precisely, given
two open subsets U; and Us and continuous functions f; : U; — R for ¢ = 1,2
with the property that fi(x) = fa(z) for all x € Uy N Uz, we may unambiguously
define a function f : U; UUs — R by setting f(z) = fi(x) if x € U;. We now
axiomatize this property and state it as a definition.

Definition 2.5.4 A presheaf F (of sets, abelian groups, etc.) is a sheaf if it
satisfies the following two axioms:

1. Given a nonempty open set U and a covering {U; : i € I} of U by nonempty
open sets, if two sections s,t € F(U) satisfy s|y, = t|y, for all ¢ € I, then
s =t.

2. For an open covering {U; : i € I} of U as above, given a system of sections
{si € F(U;) : i € I} with the property that s;|v;nv; = sjlv;nv; whenever
U;NU; # 0, there exists a section s € F(U) such that s|y, = s; for all ¢ € I.
By the previous property such an s is unique.

The category of sheaves of sets (or abelian groups, etc.) on a space X is defined
as the full subcategory of the corresponding presheaf category. This means that a
morphism of sheaves is just a morphism of the underlying presheaves.

We conclude this section by some examples.

Examples 2.5.5

1. If D is a connected open subset of C, we define the sheaf of holomorphic
functions on D to be the sheaf of rings whose sections over some open subset
U C D are complex functions holomorphic on U. This construction carries
over to any complex manifold. One defines the sheaf of analytic functions on
some real analytic manifold, or the sheaf of C*° functions on a C'°° manifold
in a similar way. We shall encounter concrete examples of these in the next
chapter on Riemann surfaces.

2. Let S be a topological space (or abelian group, etc.) and X another topolog-
ical space. Define a sheaf Fg on X by taking Fg(U) to be the set (abelian
group, etc.) of continuous functions U — S for all nonempty open U C X.
As in the case of real-valued functions, this is indeed a sheaf.
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3. Constant sheaves. In the previous example assume moreover that S is dis-
crete. In this case Fg is called the constant sheaf on X with value S. The
name comes from the fact that over a connected open subset U the sections
of Fg are just constant functions, i.e. Fg(U) = S.

4. Skyscraper sheaves. Here is a more eccentric example. Fix an abelian group
A and a point x of a given topological space X. Define a presheaf F* of
abelian groups on X by the rule F*(U) = Aif z € U and F*(U) = 0
otherwise, the restriction morphisms being the obvious ones. This presheaf
is easily seen to be a sheaf, called the skyscraper sheaf with value A over x.

2.6 Locally Constant Sheaves and Their Classification

Given an open subset U of a topological space X, there is an obvious notion of the
restriction F |y of a presheaf F from X to U: one simply considers the sections of
F only over those open sets that are contained in U. This remark enables us to
define the main objects of study in this chapter.

Definition 2.6.1 A sheaf F on a topological space is locally constant if each point
of X has an open neighbourhood U such that the restriction of F to U is isomorphic
(in the category of sheaves on U) to a constant sheaf.

In fact, as we shall instantly show, these are very familiar objects. Assume
henceforth that all spaces are locally connected. First a definition that will ulti-
mately explain the use of the terminology ‘section’ for sheaves.

Definition 2.6.2 Let p: Y — X be a space over X, and U C X an open set. A
section of p over U is a continuous map s : U — Y such that po s =idy.

Now given a space p : Y — X over X, define a presheaf Fy of sets on X as
follows: for an open set U C X take Fy (U) as the set of sections of p over U, and
for an inclusion V' C U define the restriction map Fy (U) — Fy (V) by restricting
sections to V.

Proposition 2.6.3 The presheaf Fy just defined is a sheaf. If moreoverp:Y — X
is a cover, then Fy is locally constant. It is constant if and only if the cover is
trivial.

Slightly abusively, we call the sheaf Fy the sheaf of local sections of Y. It in
fact depends on p, not just Y.
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Proof: The sheaf axioms follow from the fact that the sections over U are con-
tinuous functions U — Y and hence satisfy the patching properties. Now assume
p: Y — X is a cover. Given a point € X, take a connected open neighbourhood
V' of x over which the cover is trivial, i.e. isomorphic to V x F where F' is the
fibre over x. The image of a section V' — Y is a connected open subset mapped
isomorphically onto V' by p, hence it must be one of the connected components of
p~ (V). Thus sections over V correspond bijectively to points of the fibre F' and
the restriction of Fy to V is isomorphic to the constant sheaf defined by F'. We
get the constant sheaf if and only if we may take V' to be the whole connected
component of X containing x in the above argument. O

Thus for instance Example 2.1.5 which shows a simple example of a nontriv-
ial cover also gives, via the preceding proposition, a simple example of a locally
constant but non-constant sheaf.

Given a morphism ¢ : Y — Z of covers of X, it induces a natural morphism
Fy — Fz of locally constant sheaves by mapping a local section s : U — Y of
p: Y — X to ¢pos. To see that we indeed obtain a local section of ¢ : Z — X over
U in this way, it is enough to show by the sheaf axioms that there is a covering of
U by open subsets U; such that (¢ o s)|y, is a local section over U; for all i. But
this holds if we choose each U; to be so small that both covers are trivial over U;.
Thus the rule Y — Fy is a functor.

Theorem 2.6.4 The above functor induces an equivalence between the category
of covers of X and that of locally constant sheaves on X.

For the proof of the theorem we construct a functor in the reverse direction;
the construction will in fact work for an arbitrary presheaf on X. We first need a
definition:

Definition 2.6.5 Let F be a presheaf of sets on a topological space X, and let
x be a point of X. The stalk F, of F at X is defined as the disjoint union of
the sets F(U) for all open neighbourhoods U of x in X modulo the following
equivalence relation: s € F(U) and t € F(V) are equivalent if there exists an open
neighbourhood W C U NV of x with sy = ty.

In case F is a sheaf of abelian groups (or rings, etc.), then the stalk F, carries
a natural structure of abelian group (ring, etc.) For example, if F is the sheaf of
continuous real-valued functions on X, then F, is the ring of ‘germs of continuous
functions’ at x.

Remark 2.6.6 The above definition is a special case of a more general construc-
tion. Namely, a (filtered) direct system of sets (Sq, ¢ap) consists of sets S, indexed
by a directed partially ordered set A together with maps ¢35 : Sy — Sg for all
a < (. The direct limit of the system is defined as the quotient of the disjoint
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union of the S, modulo the equivalence relation in which s, € S, and sg € Sg are
equivalent if ¢o~(sa) = ¢p,(sg) for some v > o, B. In our case A consists of the
open neighbourhoods of x with the partial order in which U <V means V C U.
This partially ordered set is directed since for any U, V we have U,V < U NV.
Now the sets F(U) form a direct system indexed by A whose direct limit is F,.
Again, one can define direct limits of systems of abelian groups (rings, etc.) in an
analogous manner.

Notice that a morphism of presheaves 7 — G induces a natural morphism on
the stalks F, — G,. Hence taking the stalk of a presheaf at some point defines a
functor from the category of presheaves of sets (abelian groups, etc.) on X to the
category of sets (abelian groups, etc.)

Construction 2.6.7 Having the notion of stalks at hand, we now associate a
space pr : Xz — X over X with a presheaf of sets F in such a way that moreover
pF(z) = F, for all v € X. As a set, Xz is to be the disjoint union of the stalks
F, for all z € X. The natural projection pr is then induced by the constant maps
Fr — {x}. To define the topology on X £, note first that given an open set U C X,
a section s € F(U) gives rise to a map is : U — X sending x € U to the image
of s in F,. Now the topology on Xr is to be the coarsest one in which the sets
is(U) are open for all U and s; one checks that the projection ps is continuous for
this topology. In case F is locally constant, the space X r is a cover of X. Indeed,
if U is a connected open subset of X such that F|y is isomorphic to the constant
sheaf defined by a set F', then we have F, = F for all x € U and hence p;_-l(U ) is
isomorphic to U x F, where F' carries the discrete topology.

A morphism ¢ : F — G of presheaves induces maps F, — G, for each z € X,
whence a map of sets ® : X — Xg compatible with the projections onto X.

Lemma 2.6.8 The map ® is a morphism of spaces over X.

Proof: To see that ® is continuous, pick an open subset U C X, a section
t € G(U) and a point x € X. The basic open set i;(U) meets the stalk G, in the
image t, of t in G,. Each preimage s, € @fl(tm) lies in F, and comes from a
section s € F(V), with a V C U containing x that can be chosen so small that
¢(s) = t|y. Then s, is contained in the basic open set i4(V) C Xz, whose image
by ® is exactly 4;(V). Thus @ !(is(U)) is open in Xz. O

By the lemma, the rule 7 — Xz is a functor from the category of sheaves on
X to that of spaces over X. On the full subcategory of locally constant sheaves it
takes values in the category of covers of X, and the stalk F, at a point x equals
the fibre of Xz over .

Proof of Theorem 2.6.4: We have to show that given a locally constant sheaf F
we have Fx, = F functorially in F and conversely, given a cover Y — X we have
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Xr, 2 Y functorially in Y. In any case we have a natural morphism of sheaves
F — Fx, sending a section s € F(U) to the local section U — X £ it defines, and
a morphism of covers Y — Xz, sending a point y € Y in the fibre Y, over a point
x € X to the corresponding point of the fibre Fy, =Y, of Xz, over . To show
that these maps are isomorphisms it enough to show that their restrictions over
a suitable open covering of X are. Now choose the open covering {U; : i € I} so
that F|y, is constant for each i. Replacing U; by X we may thus assume F is a
constant sheaf with values in a set F'. But then X = X X F, and conversely the
sheaf of local sections of the trivial cover X x F' — X is the constant sheaf defined

by F. This finishes the proof. |

Now that we have proven the theorem, we may combine it with Theorem 2.2.10
to obtain:

Theorem 2.6.9 Let X be a connected and locally simply connected topological
space, and let x be a point in X. The category of locally constant sheaves of sets
on X is equivalent to the category of sets endowed with a left action of w1 (X, x).
This equivalence is induced by the functor mapping a sheaf F to its stalk F, at x.

Now we consider sheaves with values in sets with additional structure.

Theorem 2.6.10 Let X and x be as above, and let R be a commutative ring.
The category of locally constant sheaves of R-modules on X is equivalent to the
category of left modules over the group ring R[mi(X, x)].

Proof: The stalk F, is an R-module by construction, and it is also equipped with
a left action by 71 (X, x) as a set. To show that it is an R[71(X, z)]-module we have
to show that the action of 7 (X, z) is compatible with the R-module structure. For
this let F x F be the direct product sheaf defined by (F x F)(U) = F(U) x F(U)
over all open U C X its stalk over a point x is just F, X F,. The addition law on
F is a morphism of sheaves F x F — F given over an open set U by the formula
(s1,82) — $1 + S2; the morphism F, x F, — F, induced on the stalk at z is the
addition law on F,. But this latter map is a map of 71 (X, x)-sets, which means
precisely that o(s; + s2) = 0s1 + osg for all 51,59 € F, and 0 € m1(X,z). One
verifies the compatibility with multiplication by elements of R in a similar way.
The rest of the proof is a straightforward modification of that given for sheaves of
sets; we leave the details to the reader. O

2.7 Local Systems

In this section we investigate a most interesting special case of the preceding con-
struction, which is also the one that first arose historically.
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Definition 2.7.1 A complex local system on X is a locally constant sheaf of finite
dimensional complex vector spaces. If X is connected, all stalks must have the
same dimension, which is called the dimension of the local system.

With this definition we can state the following corollary of Theorem 2.6.10:

Corollary 2.7.2 Let X be a connected and locally simply connected topological
space, and x a point in X . The category of complex local systems on X is equivalent
to the category of finite dimensional left representations of m1(X, ).

Thus to give a local system on X is the same as giving a homomorphism
m1(X,2) — GL(n,C) for some n. This representation is called the monodromy
representation of the local system.

Remark 2.7.3 This is a point where the reader may appreciate the advantage
of the convention we have chosen for the multiplication rule in (X, z) in the
previous chapter. With our convention, the monodromy representation is indeed
a homomorphism for the usual multiplication rule of matrices in GL(n,C). Had
we defined the composition of paths ‘the other way round’, we would be forced to
use here an unorthodox matrix multiplication of columns by rows instead of rows
by columns.

The following example shows where to find local systems ‘in nature’. It uses
the straightforward notion of a subsheaf of a sheaf F: it is a sheaf whose sections
over each open set U form a subset (subgroup, subspace etc.) of F(U).

Example 2.7.4 Let D C C be a connected open subset. Consider over D a
homogeneous n-th order linear differential equation

y(n) + aly(n_l) —+ .. + anily/ —+ any = 0 (21)

where the a; are holomorphic functions on D. We look at local holomorphic
solutions of the equation over each open subset U C D. As C-linear combinations
of local solutions of (2.1) over U are again local solutions, they form a C-vector
space S(U). Moreover, by a classical theorem due to Cauchy (see eg. Forster
[19], Theorem 11.2 or any basic text on differential equations) each point of D
has an open neighbourhood U where the C-vector space S(U) has a finite basis
T1,...,ZTn. The second sheaf axiom then shows that the local solutions of the
equation (2.1) form a subsheaf & C O™; this is a sheaf of complex vector spaces.
Since the restrictions of the above z; to smaller open sets still form a basis for the
solutions, we conclude that the sheaf S is a complex local system of dimension n.

Remark 2.7.5 According to Corollary 2.7.2, the local system S of the above ex-
ample is uniquely determined by an n-dimensional left representation of 71 (X, ),
where x is a point of D (notice that D is locally simply connected). Let us describe
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this representation explicitly. Take a closed path f : [0, 1] — D representing an el-
ement v € m1 (X, z) and take an element s € S, which is, in classical terminology, a
germ of a (vector-valued) holomorphic function satisfying the equation (2.1). Now
s is naturally a point of the fibre over x of the cover ps : Ds — D associated with
S by Theorem 2.6.4. By definition of the monodromy action, the element v acts
on s as follows: s is mapped to the element f (1) of the fibre pgl(:):) = S,, where
f is the unique lifting of f to Ds. By looking at the construction of the unique
lifting in the proof of Lemma 2.3.2, one can make this even more explicit as follows.
There exist open subsets Uy, ..., Uy of D such that the f~1(Uy), ..., f~1(Uy) give
an open covering of [0,1] and S is constant over each U;. There are moreover
sections s; € S(U;) such that the restrictions of s; and s;41 to U; N Uj41 coincide
for all 1 < i < k — 1, and such that s; (resp. sx) maps to s (resp. ~vs) in S,.
Classically this is expressed by saying that s is the analytic continuation of the
holomorphic function germ s along the path f representing ~.

Notice that the existence and the uniqueness of vs are guaranteed by the fact
that S is a locally constant sheaf and hence Ds — D is a cover. Had we worked
with the bigger sheaf O™ instead of S, the analytic continuation of an arbitrary
germ may not have been possible.

Example 2.7.6 Let us work out the simplest nontrivial case of the above theory
in detail. Take as D an open disc in the complex plane centered around 0, of
radius 1 < R < oo, with the point 0 removed. We choose 1 as base point for the
fundamental group of D. We study the local system of solutions of the first order
differental equation

= fx (2.2)

where f is a holomorphic function on D that will be assumed to extend meromor-
phically into 0. It is well known that the solutions to (2.2) in some neighbourhood
of a point x € D are constant multiples of functions of the form exp o F' where F' is
a primitive of f. Thus the solution sheaf is a locally constant sheaf of 1-dimensional
complex vector spaces. The reason why it is locally constant but not constant is
that, as we learn from complex analysis, the primitive F' exists locally but not
globally on the whole of D. A well defined primitive F_ of f exists, for instance,
over U_ = D\ (0,—iR) and another primitive Fy over Uy = D \ (0,iR). The
intersection D_ N D splits in two connected components C_ C {z : Re(z) < 0}
and C; C {z : Re(z) > 0}. As F; and F_ may differ only by a constant on each
component, we are allowed to choose them in such a way that F_ = F, on C_.
The local system of solutions to (2.2) is isomorphic over U_ to the constant sheaf
defined by the one-dimensional subspace of O(U_) generated by exp o F_, and
similarly for U,.

Now we compute the monodromy representation 7;(D,1) — GL(1,C) of this
local system. We have seen in Example 2.4.10 that m1(D,1) = Z. Explicitly,
a generator v is given by the class of the path g : [0,1] — D, t — 2™ which
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‘goes counterclockwise around the unit circle’. A one-dimensional representation of
71(D, 1) is determined by the image m of v in GL(1, C) = C*. By the recipe of the
previous remark, in our case m can be described as follows: given a holomorphic
function germ ¢ defined in a neighbourhood of 1 and satisfying (2.2) with x = ¢,
the analytic continuation of ¢ along the path g representing ~ is precisely m¢. But
we may take for ¢ the function exp o F_; when continuing it analytically along
g, we obtain exp o F since we have to switch from F_ to F; somewhere on C_.
Thus

m = exp (F_(1))(exp (F1 (1)) ™" = exp (F_(1) — F_(~1) + Fi(~1) — F+(1))

= exp (/ f) =exp (2miResg f)
Y

by the Residue Theorem (see e.g. Rudin [55], Theorem 10.42), where Res (f)
denotes the residue of f at 0. So we have expressed m in terms of the function f
occurring in the equation (2.2).

One sees from the above example that for any one-dimensional monodromy
representation we may find a differential equation of type (2.2) whose local system
has the given monodromy; if m is the image of v, one may take, for example,
2'(z) = (p/z)x(z) with p € C satisfying exp (2mip) = m. This equation has the
additional virtue that the coefficient ;/z has only a simple pole at 0. This solves
the simplest case of a famous problem, usually (but somewhat incorrectly) called
the Riemann—Hilbert Problem in the literature. One may state the general problem
as follows:

Let 21 ..., 2m, z be points of the complex projective line P1(C), and assume given a
representation p : T (PY(C)\{z1,...,2m},2) — GL,(C). Find a linear differential
equation of the form (2.1) whose associated monodromy representation is p, and
moreover the functions (z — zj)'a; are holomorphic in P1(C)\ {21,...,2m} and
have at worst a simple pole at the z;.

Recall that P!(C) is just the complex plane with a point added at infinity.
Thus we have solved above the case m = 2 and 29 = co.

The fundamental group p : 7 (PY(C) \ {21,...,2m},2) is known to have a
presentation of the form (vy1,...,%m |71 -9 = 1), where ; is the class of a
closed path going through z that turns around z;. Thus the representation p is
determined by the image of the 7; in GL,(C), i.e. by a system of m invertible
matrices My, ..., M,, € GL,(C) satisfying M --- M, = 1.

It was believed for a long time that Pljemelj gave a positive answer to this
problem as early as 1908. However, the last step of his argument contains a gap,
and only works under the additional assumption that one of the matrices M;
is diagonalizable. At the end of the 1980’s Bolibrukh came up with a series of
counterexamples showing that the answer can be negative in general, already for
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n = 3. For a nice exposition of the problem and of Bolibrukh’s counterexamples,
see the Bourbaki seminar by Beauville [4].

Remark 2.7.7 One way to eliminate the problem with Pljemelj’s proof is to allow
apparent singularities for the equation. This means that the entries of A may have
poles outside the z;, but the associated monodromy matrix should be the identity.
Pljemelj’s theorem then immediately yields a positive answer: one simply adds one
more z; with the identity as monodromy matrix and applies the theorem. This
argument can also be used to give a positive answer to Hilbert’s formulation of
the problem, which is the 21st one on his famous list. He asked for the realization
of a representation p of p : w1 (PY(C)\ {21,...,2m}, 2) as the monodromy repre-
sentation of the local system of solutions to an equation of the form (2.1) such
that each a; has only poles of order at most j at the z;, but may have apparent
singularities. Equations of this type are called Fuchsian equations.

2.8 An Example: Polylogarithms

To be written.

EXERCISES

1. Show that if a finite group G acts without fixed points on a Hausdorff
space Y, its action is even and thus it yields a Galois cover ¥ — G\Y
for connected Y.

2. Show that a connected cover Y — X is Galois with automorphism group
G if and only if the fibre product Y X x Y is isomorphic to the trivial cover
Y x G — Y (where G is considered as a discrete set).

3. Let X be a connected and locally simply connected topological space and
x € X a fixed base point. Consider a connected cover p : ¥ — X and a
base point y € p~ ().

(a) Show that there is a natural injective homomorphism 71 (Y, y) — m1 (X, z).

(b) Viewing 71(Y,y) as a subgroup of Aut(X,|X) via the isomorphism
Aut(X,|X)P = m (X, x) establish an isomorphism 71 (Y, y)P\ X, = Y.

(c) Prove that in this way we get a bijection between connected covers
of X and subgroups of 71 (X, z), where Galois covers correspond to
normal subgroups.

4. Let G be a connected and locally simply connected topological group with
unit element e. Let m : G, — G be a universal cover, and € the universal
element in the fibre 71 (e).
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(a) Equip G. with a natural structure of a topological group with unit
element é for which 7 becomes a homomorphism of topological groups.

(b) Show that a group structure with the above properties is unique.

Let p: Y — X be a cover of a connected and locally simply connected
topological space X. For a point x € X, we have defined two canonical
left actions on the fibre p~!(z): one is the action by Aut(Y|X) and the
other is that by 71 (X, z). Verify that these two actions commute, i.e. that
a(o(y)) = ¢p(a)y for y € 771(x), ¢ € Aut(Y|X) and o € m(X,x). [Hint:
Use Theorems 2.3.5 and 2.3.7.]

. Work out the details in Construction 2.4.11.

Let XA be the fundamental groupoid of a connected and locally simply
connected space X, as introduced in Remark 2.4.12 (2).

(a) Verify that the m (X, x)-space corresponding to XA via Theorem 2.3.4
is m1 (X, x) acting on itself via inner automorphisms.

(b) Let f: [0,1] — X be a path with endpoints z = f(0) and y = f(1).
The pullback f* XA is a trivial cover of [0, 1] by simply connectedness
of [0,1], whence an isomorphism of fibres Xa , — Xa . Verify that

this isomorphism is identical to the isomorphism of fundamental groups
m(X,z) = 7 (X,y) induced by g +— fege f~1.

. Let X be a connected and locally path-connected, but not necessarily locally

simply connected topological space. Construct a profinite group G such that
the category of finite covers of X becomes equivalent to the category of finite
sets equipped with a continuous left G-action.

. Let S be a set having at least two elements, and let X be a topological space.

Define a presheaf Fg of sets on X by setting Fg(U) = S for all nonempty
open sets U C X and pyy = idg for all open inclusions V' C U. Give a
necessary and sufficient condition on X for Fg to be a sheaf.

Let X be a topological space. Show that the category of sheaves on X is
equivalent to the category of those spaces p : Y — X over X where the
projection p is a local homeomorphism (i.e. each point in Y has an open
neighbourhood such that p|y is a homeomorphism onto its image). [Hint:
Begin by showing that for a sheaf F the projection pr : Xy — X is a local
homeomorphism.]

Let F be a presheaf of sets. Show that there is a natural morphism of
presheaves p : F — Fx,, and moreover each morphism 7 — G with G a
sheaf factors as a composite F L F xr — G. [Remark: For this reason Fy,
is called the sheaf associated with F.]



Chapter 3

Riemann Surfaces

One obtains more information on covers of a topological space when it carries
additional structure, for instance when it is a complex manifold. The complex
manifolds of dimension 1 are called Riemann surfaces, and they already have a rich
theory. The study their covers creates a link between the Galois theory of fields
and that of covers: finite étale algebras over the field of meromorphic functions on a
connected compact Riemann surface correspond up to isomorphism to covers of the
Riemann surface. This equivalence in fact only holds if one allows branched covers
as well; they are topological covers outside a discrete exceptional set. As we shall
see, all proper holomorphic surjections of Riemann surfaces define branched covers.
The dictionary between branched covers and étale algebras over the function field
has purely algebraic consequences: as an application, we shall see that every finite
group occurs as the Galois group of a finite Galois extension of the rational function
field C(t).
Parts of this chapter were inspired by the expositions in [14] and [19].

3.1 Basic Concepts

Let now X be a Hausdorff topological space. A complex atlas on X is an open
covering U = {U; : i € I} of X together with maps f; : U; — C mapping U;
homeomorphically onto an open subset of C such that for each pair (4,5) € I? the
map f;o fi_1 : fi(UiNnUj) — C is holomorphic. The maps f; are called complex
charts. Two complex atlases Y = {U; : i € I} and U’ = {U] : i € I'} on X
are equivalent if their union (defined by taking all the U; and U/ as a covering of
X together with all complex charts) is also a complex atlas. Note that the extra
condition to be satisfied here is that the maps f J’ o f;l should be holomorphic on
fz(Uz N UJ/) for all U; € U and Uj el

Definition 3.1.1 A Riemann surface is a Hausdorff space together with an equiv-
alence class of complex atlases.

We shall often refer to the equivalence class of atlases occurring in the above
definition as the complex structure on the Riemann surface.

29
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Remark 3.1.2 The above definition is the case n = 1 of that of n-dimensional
complex manifolds: these are Hausdorff spaces equipped with an equivalence class
of n-dimensional complex atlases defined in the same way as above, except that
the complex charts f; map onto open subsets of C", and the f; o fl._1 are to be
holomorphic maps from f;(U; N U}) to C™.

Examples 3.1.3

1. An open subset U C C is endowed with a structure of a Riemann surface
by the trivial covering & = {U} and the inclusion ¢ : U — C.

2. The complex projective line. Consider the real 2-sphere S2, and fix antipodal
points 0,00 € S2. We define two complex charts on S? as follows. We first
map the complement of co homeomorphically onto the complex plane C via
stereographic projection; we call the resulting homeomorphism z. Then we
define a homeomorphism of the complement of 0 onto C by mapping oo
to 0 and using the map 1/z at the other points. Since the map z — 1/z
is holomorphic on C \ {0}, this is a complex atlas; the resulting Riemann
surface is the complex projective line P*(C).

3. Complex tori. Consider C as a 2-dimensional real vector space and let
c1,¢2 € C be a basis over R. The ¢; generate a discrete subgroup A of C
isomorphic to Z x Z. The topological quotient space is homeomorphic to a
torus. We define a complex atlas on T as follows. We cover C by sufficiently
small open discs D; such that neither of them contains two points congruent
modulo A. The image of each D; by the projection p : C — T is an open
subset of T" by definition of the quotient topology, and the projection maps
D; homeomorphically onto its image. The images of the D; thus form an
open covering of 7', and the complex charts f; are to be the inverses of the
projection maps p|p, : D; — p(D;). The coordinate changes f; o f; * are
translations by elements of A, so we have indeed obtained a complex atlas.

4. Smooth affine plane curves. Let X be the closed subset of C? defined as
the locus of zeros of a polynomial f € C|z,y]. Assume that there is no
point of X where the partial derivatives 0, f and d,f both vanish. We can
then endow X with the structure of a Riemann surface as follows. In the
neighbourhood of a point where 9, f is nonzero, define a complex chart by
mapping a point to its z-coordinate and similarly for points where 0, f is
nonzero we take the y-coordinate. By the inverse function theorem for holo-
morphic functions, in a sufficiently small neighbourhood the above mappings
are indeed homeomorphisms. Secondly, the holomorphic version of the im-
plicit function theorem implies that in the neighbourhood of points where
both x and y define a complex chart, the transition function from x to y is
holomorphic, i.e. when 9, f does not vanish at some point, we may express y
as a holomorphic function of x and vice versa. So we have defined a complex
atlas.
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In the second and third examples we obtain compact Riemann surfaces; the
other two are non-compact. In fact, one may define a compact version of the
last example by considering smooth projective plane curves: these are to be the
closed subsets of the complex projective plane P?(C) arising as the locus of zeros
of some homogeneous polynomial F' € C|z,y, z] such that the partial derivatives
0. F, 0y F, 0. F have no common zero. The complex structure is defined in a similar
way as above, or by means of a covering by smooth affine curves.

Definition 3.1.4 Let Y and X be Riemann surfaces. A holomorphic (or analytic)
map ¢ : Y — X is a continuous map such that for each pair of open subsets
UcC X,V CY satistying (V) C U and complex charts f: U - C,g: V — C
the functions fo¢og~!: g(V) — C are holomorphic.

It follows from the definition of equivalence between atlases that the above
definition does not depend on the atlases chosen. Riemann surfaces together with
holomorphic maps form a category.

We define a holomorphic function on an open subset U C X to be a holomor-
phic map U — C, where C is equipped with its usual complex structure. For
instance, a complex chart f: U — C is a holomorphic map.

Remark 3.1.5 The sheaf of holomorphic functions on a Riemann surface X is
defined by associating with an open subset U C X the ring O(U) of holomorphic
functions on U. One can check that the complex structure on X is uniquely
determined by its underlying topological space and the sheaf O. This is the starting
point of the general definition of complex analytic spaces.

3.2 Local Structure of Holomorphic Maps

In this section we study holomorphic maps between Riemann surfaces from a
topological viewpoint. Henceforth we shall tacitly assume that the maps under
consideration are non-constant on all connected components, i.e. they do not map
a whole component to a single point.

We have seen in Example 2.4.10 that the map z — 2* defines a cover of C*
by itself but its extension to C does not. The next proposition shows that locally
any holomorphic map of Riemann surfaces is of this shape.

Proposition 3.2.1 Let ¢ : Y — X be a holomorphic map of Riemann surfaces,
and y a point of Y with image x = ¢(y) in X. There exist open neighbourhoods
Vy (resp. Ug) of y (resp. x) satisfying ¢(Vyy) C Uy, as well as complex charts
gy : Vy — C and f, : Uy — C satisfying fo(x) = gy(y) = 0 such that the diagram

v, —— U,

gyl lfx

2—2°Y
cC —— C
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commutes with an appropriate positive integer e, that does not depend on the choice
of the complex charts.

Proof: By performing affine linear transformations in C and by shrinking U,
and V), if necessary, one may find charts g, and f, satisfying all conditions of the
proposition except perhaps the last one. In particular, f;o¢og, !'is a holomorphic
function in a neighbourhood of 0 which vanishes at 0. As such, it must be of the
form z — z®H(z) where H is a holomorphic function with H(0) # 0. Denote
by log a fixed branch of the logarithm in a neighbourhood of H(0). It is then a
known fact from complex analysis that by shrinking V,, if necessary the formula
h :=exp((1/ey)log H)) defines a holomorphic function h on g,(V,) with h® = H.
Thus by replacing g, by its composition with the map z — zh(z) we obtain a chart
that satisfies the required properties. The independence of e, of the charts follows
from the fact that changing a chart amounts to composing with an invertible
holomorphic function. O

Definition 3.2.2 The integer e, of the proposition is called the ramification index
or branching order of ¢ at y. The points y with e, > 1 are called branch points.
We denote the set of branch points of ¢ by Sg.

Corollary 3.2.3 A holomorphic map between Riemann surfaces is open (i.e. it
maps open sets onto open sets).

Proof: Indeed, the map z — 2¢ is open. i

Corollary 3.2.4 The fibres of ¢ and the set Sy are discrete closed subsets of Y.

Proof: Indeed, the proposition implies that each point of Y has a punctured
open neighbourhood containing no branch points where ¢ is finite-to-one. O

Now we restrict our attention to proper maps. By definition, a continuous map
of topological spaces is proper if the preimage of each compact subset is compact.
If the spaces in question are locally compact Hausdorff spaces, then a proper map
is closed, i.e. maps closed subsets to closed subsets. This follows from the easy
fact that in a locally compact Hausdorff space a subset is closed if and only if its
intersection with each compact subset is closed. Note that Riemann surfaces are
locally compact Hausdorff spaces (since they are locally homeomorphic to open
subsets of C).

Examples 3.2.5

1. A continuous map Y — X of Hausdorff spaces is automatically proper if Y is
compact. The main case of interest for us will be that of compact Riemann
surfaces.
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2. A finite cover p : Y — X of topological spaces is proper. Indeed, given a
compact subset Z C X and an open covering U of p~1(Z), we may refine U
in a covering by open subsets U; C p~!(Z) so that the cover is trivial over
each p(U;). As p is an open map, the p(U;) form an open covering of Z,
whence we may extract a finite subcovering V. The U; with p(U;) € V yield
a finite open covering of p~1(Z) because the cover p: Y — X is finite.

3. In the next chapter we shall see that if X and Y are smooth complex affine
plane curves and ¢ : Y — X is a finite algebraic morphism, then ¢ is proper
as a map of Riemann surfaces.

We can now state the main topological properties of proper holomorphic maps.

Proposition 3.2.6 Let ¢ : Y — X be a proper holomorphic map of Riemann
surfaces, such that moreover X is connected. Then ¢ is surjective with finite
fibres, and the restriction of ¢ to Y \ ¢~1(¢(Ss)) is a finite topological cover of

X\ ¢(S5).

Proof: Finiteness of fibres follows from the previous corollary, since discrete
subsets of a compact space are finite. The surjectivity of ¢ holds because ¢(Y)
is open in X (by Corollary 3.2.3), but it is also closed (as ¢ is proper), and X
is connected. For the last statement note that by Proposition 3.2.1 any of the
finitely many preimages of x € X \ ¢(S4) has an open neighbourhood mapping
homeomorphically onto some open neighbourhood of x; the intersection of these
is a distinguished open neighbourhood of x as in the definition of a cover. O

We call a proper surjective map of topological spaces that restricts to a finite
cover outside a discrete closed subset a finite branched cover. Its degree is by
definition the degree of the cover obtained by restriction. Thus the proposition
says that proper holomorphic maps of Riemann surfaces give rise to finite branched
covers.

We now state a theorem that will show in particular that a proper holomorphic
map is determined by its topological properties. First some notation: given a
connected Riemann surface X and a discrete closed subset S C X, we denote by
Holx g the category of Riemann surfaces Y equipped with a proper holomorphic
map Y — X whose branch points all lie above points in .S. A morphism in this
category is a holomorphic map compatible with the projections onto X.

Theorem 3.2.7 In the above situation mapping a Riemann surface ¢ : Y — X
over X to the topological cover Y \ ¢~ 1(S) — X \ S obtained by restriction of ¢
induces an equivalence of the category Holx g with the category of finite topological
covers of X \ S.

The proof will be in several steps. The following lemma essentially handles the
case S = ).
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Lemma 3.2.8 Let X be a Riemann surface, p: Y — X a connected cover of X
as a topological space. Then Y can be endowed with a unique complex structure
for which p becomes a holomorphic mapping.

In fact, the proof will show that it is enough to require that p is a local home-
omorphism.

Proof: Each point y € Y has a neighbourhood V that projects homeomorphi-
cally onto a neighbourhood U of p(y). Take a complex chart f : U — C with
U' C U; fop will the define a complex chart in a neighbourhood of y. It is im-
mediate that we obtain a complex atlas in this way, and uniqueness follows from
the fact that for any complex structure on Y the restriction of p to U must be an
analytic isomorphism. O

The following proposition shows that the functor of Theorem 3.2.7 is essentially
surjective.

Proposition 3.2.9 Assume given a connected Riemann surface X, a discrete
closed set S of points of X and a finite connected cover ¢' : Y' — X', where
X' := X\S. There exists a Riemann surface Y containingY' as an open subset and
a proper holomorphic map ¢ : Y — X such that ¢|yr = ¢' and Y' =Y \ ¢71(9).

Proof: Fix a point € S. By performing an affine linear transformation in C
if necessary we find a connected open neighbourhood U, of z avoiding the other
points in S and a complex chart mapping U, homeomorphically onto the open
unit disc D C C. The restriction of ¢’ to ¢/ *(U, \ {z}) is a finite cover, hence
¢ "N (U, \ {z}) decomposes as a finite disjoint union of connected components Vi
each of which is a cover of U, \ {z}. Via the isomorphism of U, \ {z} with the
punctured disc D=0D \ {0} each V! becomes isomorphic to a finite connected
cover of D, hence by Example 2.4.10 it must be isomorphic to a cover D — D
given by z + z* for some k > 1. Now choose ‘abstract’ points y’, for all i and z,
and define Y as the disjoint union of Y/ with the y’. Define an extension ¢ of ¢’ to
Y by mapping each y;. to z. For each i and = extend the holomorphlc isomorphism

. V2 5 D to a bijection gt : V2 U {yL} = D by sending . to 0, and define
the topology on Y in such a way that this bijection becomes a homeomorphism
extending p’. Use the pi as complex charts in the neighbourhoods of the points
y.. Together with the canonical complex structure on Y’ defined in the previous
lemma they form a complex atlas on Y. The map ¢ is holomorphic, as it is
holomorphic away from the y. by the lemma above, and in the neighbourhood of
these looks like the map z — z*. Finally, the map ¢ is proper, because ¢’ is proper
by Example 3.2.5 (2), the fibres of ¢ are finite, and the compact subsets of X'
differ from those of X by finitely many points. O

Proof of Theorem 3.2.7: In view of the proposition above it remains to prove
that the functor of the theorem is fully faithful. This means the following: given
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two Riemann surfaces Y and Z equipped with proper holomorphic maps ¢y and
¢z onto X with no branch points above S and a morphism of covers p’ : Y/ — Z’
over X' with Y' =Y \ ¢ (S) and Z’ = Z\ ¢, (S), there is a unique holomorphic
map p: Y — Z over X extending p’. We know from Lemma 2.2.11 that p’ : Y/ —
Z' is a cover, so it is holomorphic with respect to a unique complex structure
on Y’ by Lemma 3.2.8. This complex structure must be compatible with that
of Y, because ¢y|yr = ¢z o p’ is holomorphic with respect to both. It follows
that for each point y € qﬁ;l(S) the map p’ must send a sufficiently small open
neighbourhood of y holomorphically isomorphic to D to a similar neighbourhood
of a point z € gb}l(S). Setting p(y) = z we obtain the required holomorphic
extension, by a similar argument as in the previous proof. O

By the theorem the automorphism group of ¥ — X as an object of Holx g is
the same as that of the cover Y’ — X’. Therefore it makes sense to call Y a finite
Galois branched cover of X if Y’ is Galois over X’. We conclude with some simple
topological properties of Galois branched covers that will be needed later.

Proposition 3.2.10 Let ¢ : Y — X be a proper holomorphic map of connected
Riemann surfaces that is topologically a Galois branched cover. Then the following
hold.

1. The group Aut(Y|X) acts transitively on all fibres of ¢.

2. Ify €Y is a branch point with ramification index e, then so are all points in
the fibre ¢~ (4(y)). Moreover, the stabilizers of these points in Aut(Y|X)
are conjugate cyclic subgroups of order e.

Proof: As Aut(Y]X) acts transitively on all fibres not containing branch points,
the first statement follows from the continuity of automorphisms. Most of the sec-
ond statement then results from the automorphism property. Finally, the assertion
about stabilizers follows from the fact that an automorphism fixing y must stabi-
lize a sufficiently small open neighbourhood of y over which ¢ is isomorphic to the
cover z +— z¢ of the open disc. O

3.3 Relation with Field Theory

We begin with a basic definition.

Definition 3.3.1 Let X be a Riemann surface. A meromorphic function f on
X is a holomorphic function on X \ S, where S C X is a discrete closed subset,
such that moreover for all complex charts ¢ : U — C the complex function
foo~l: ¢(U) — C is meromorphic.

Note that meromorphic functions on a Riemann surface X form a ring with
respect to the usual addition and multiplication of functions; we denote this ring

by M(X).
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Lemma 3.3.2 If X is connected, the ring M(X) is a field.

Proof: For anonzero f € M(X) the function 1/f will be seen to give an element
of M(X) once we show that the zeros of f form a discrete closed subset. Indeed,
if it is not discrete, then it has a limit point . Composing f with any complex
chart containing x we get a holomorphic function on some complex domain whose
set of zeros has a limit point. By the Identity Principle of complex analysis ([55],
Theorem 10.18) this implies that the function is identically 0, so f is 0 in some
neighbourhood of x. Now consider the set of those points y of X for which f
vanishes identically in a neighbourhood of y. This set is open by definition, but it
is also closed for it contains all of its boundary points by the previous argument.
Since X is connected, this implies f = 0, a contradiction. O

The field M(X) contains a subfield isomorphic to C given by the constant
functions. Surprisingly, in the case when X is compact, it is not obvious at all
that there are other functions in M(X) as well. We shall use a somewhat stronger
form of this fact:

Theorem 3.3.3 (Riemann’s Existence Theorem) Let X be a compact Rie-
mann surface, x1,...,x, € X a finite set of points, and a1,...,a, a sequence of
complex numbers. There exists a meromorphic function f € M(X) such that f is
holomorphic at all the x; and f(xz;) = a; for 1 <i <n.

The proof uses nontrivial analytic techniques and cannot be given here. See
e.g. [19], Corollary 14.13.

Remark 3.3.4 The theorem easily follows from the following seemingly weaker
statement: given a compact Riemann surface X and two points x1,x9 € X, there
exists a meromorphic function f on X holomorphic at the x; with f(x1) # f(z2).
Indeed, the function f; := f — f(z2) satisfies fi(x1) # 0 but fi(z2) = 0, and there
is a similar function for xo. If n points x4, ..., z, are given, we obtain by induction
functions f; with f;(z;) # 0 but fij(z;) = 0 for ¢ # j. The theorem then follows by
taking a suitable linear combination.

Consider now a holomorphic map ¢ : ¥ — X of Riemann surfaces which
is not constant on any connected component. It induces a ring homomorphism
¢*: M(X) = M(Y) via ¢*(f) := f o ¢. In the case when X and Y are compact
and X is connected, the map ¢ is proper and surjective with finite fibres. Our first
goal is to show that in this case M(Y') becomes a finite étale algebra over M(X)
via ¢*. Note that by compactness Y must be a finite disjoint union of connected
compact Riemann surfaces Y;. Since in this case M(Y') = [[ M(Y;), we only have
to show that for compact and connected X and Y the field extension M(Y')|M(X)
is finite. We prove somewhat more:
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Proposition 3.3.5 Let ¢ : Y — X be a nonconstant holomorphic map of compact
connected Riemann surfaces which has degree d as a branched cover. Then the
induced field extension M(Y)|M(X) is finite of degree d.

The key lemma is the following.

Lemma 3.3.6 Let ¢ : Y — X be a proper holomorphic map of connected Rie-
mann surfaces which has degree d as a branched cover. Then each meromorphic
function f € M(Y) satisfies a (not necessarily irreducible) polynomial equation of
degree d over M(X).

Proof: Let S be the set of branch points of ¢. Each point x ¢ ¢(S) has some
open neighbourhood U such that ¢~!(U) decomposes as a finite disjoint union of
open sets Vi, ..., Vy homeomorphic to U. Let s; be the (holomorphic) section of
¢ mapping U onto V; and put f; = f os;. The function f; is then a meromorphic
function on U. Put

F(T) = H(T — ) =T+ an 1T+ +aq.

The coefficients aj, being the elementary symmetric polynomials of the f;, are
meromorphic on U. Now if z1 ¢ ¢(S) is another point with distinguished open
neighbourhood Uy, then on U N U the coefficients of the polynomial F} corre-
sponding to the similar construction over U; must coincide with those of F' since
the roots of the two polynomials are the same meromorphic functions over U NU;.
Hence the a; extend to meromorphic functions on X \ ¢(5). To see that they ex-
tend to meromorphic functions on the whole of X, pick a point z € S and consider
a coordinate chart f, : Uy, — C in a neighbourhood U, of « with f;(z) = 0. Then
fz © ¢ defines a holomorphic function in some neighbourhood of each y € ¢~1(z),
with (fz 0 ¢)(y) = 0. As f extends meromorphically to all y, we find & > 0 such
that (f, o ¢)¥f is holomorphic at all y € ¢~!(z); in particular, this function is
bounded in a punctured neighbourhood of each y. But then the functions fi?daj
are bounded on U, \ {z}, so they extend to holomorphic functions on the whole
of U, by Riemann’s removable singularity theorem (see e.g. [55], Theorem 10.20).
This shows that the a; are meromorphic on X. O

Proof of Proposition 3.3.5: We first show that in the case when X and Y are
compact, we may find a function f € M(Y") satisfying an irreducible polynomial
equation of degree d over M(X). Take a point z € X which is not the image
of a branch point, and let y;,...,yq be its inverse images in Y. By Theorem
3.3.3 we find f € M(Y) that is holomorphic at all the y; and the values f(y;)
are all distinct. By the lemma f satisfies an irreducible polynomial equation
(o an)f™ + -+ + (¢*ap) = 0, with a; € M(X) and n < d. If the a; are all
holomorphic at x, then the polynomial a,(z)t" + - -+ ap(x) € CJt] has d distinct
complex roots (namely the f(y;)), whence we must have n = d. If by chance one



68 CHAPTER 3. RIEMANN SURFACES

of the a; happens to have a pole in x, observe that by continuity all points z’
in a sufficiently small open neighbourhood of z still have the property that they
are not images of branch points and moreover f is holomorphic and takes distinct
values at all of their preimages. We may choose z’ as above so that all the a; are
holomorphic at ' and apply the argument with z’ instead of z.

Next observe that with f as above we have M(Y) =2 M(X)(f). Indeed, if g is
another element of M(Y'), we have M(X)(f,g9) = M(X)(h) with some function
h € M(Y) according to the theorem of the primitive element. In particular we
have M(X)(f) € M(X)(h), but since h should also have degree at most d over
M(X) by the lemma, this inclusion must be an equality, i.e. g € M(X)(f). i

According to the proposition and the remarks preceding it, the rule Y — M(Y")
gives a contravariant functor from the category of compact Riemann surfaces map-
ping holomorphically onto a fixed connected compact Riemann surface X to the
category of finite étale algebras over M(X).

Theorem 3.3.7 The above functor is an anti-equivalence of categories. In this
anti-equivalence finite Galois branched covers of X correspond to finite Galois
extensions of M(X) of the same degree.

We first prove that the functor is essentially surjective.

Proposition 3.3.8 Let X be a connected compact Riemann surface, and let A
be a finite étale algebra over M(X). There exists a compact Riemann surface
Y mapping holomorphically onto X such that M(Y') is isomorphic to A as an
M(X)-algebra.

Proof: Since a non-connected compact Riemann surface Y is a finite disjoint
union of its connected components Y; and M(Y) = @ M(Y;), by decomposing A
into a direct sum of fields it is enough to treat the case of a finite field extension
LIM(X). Denote by a a primitive element in L, by F' the minimal polynomial
of a over M(X), and by d the degree of F. The derived polynomial F’ does not
vanish identically, so since F is irreducible the ideal (F’, F') of the polynomial ring
M(X)[T] (which is a principal ideal domain) must be the whole ring. Therefore
there are functions A, B € M(X) satisfying AF + BF’' = 1. Denote by F, the
complex polynomial obtained from F' by evaluating its coefficients at a point x € X
where all of them are holomorphic. From the above equation we infer that F,
and F, may have a common root only at those points z € X where one of the
functions A, B has a pole. Therefore if we denote by S C X the discrete closed
set consisting of poles of the coefficients of F' as well as those of B and B, we get
that on X’ = X \ S all coefficients of F' are holomorphic and F,(a) =0 for a € C
implies F(a) # 0. We conclude that for z € X’ the polynomial F, € C[T] has d
distinct roots aq,...,aq.
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Now for an open subset U C X’ denote by F(U) the set of holomorphic
functions f on U satisfying F'(f) = 0. Together with the natural restriction maps
they form a sheaf of sets F on X’. We contend that F is locally constant on X',
and each stalk has cardinality d. Indeed, by the holomorphic version of the implicit
function theorem (see e.g. [23], p. 19) given a point € X’ and a root a; of the
polynomial F, € C[T] for some z, the condition F(a;) = 0 implies that there is
a holomorphic function f; defined in a neighbourhood of x with F(f;) = 0 and
fi(x) = a;. For each of the d distinct roots of F, we thus find d different functions
fi that are all sections of F in some open neighbourhood of z. In a connected
open neighbourhood V' the sheaf F cannot have more sections, since the product
of the polynomials (7" — f;) already gives a factorisation of F' in the polynomial
ring M(V')[T]. Thus over V' F is isomorphic to the constant sheaf given by the
finite set of the {f1,..., fa}-

Once we know that F is locally constant, Theorem 2.6.4 yields a cover pr :
X'> — X'. We can then apply Proposition 3.2.9 to each of the connected compo-
nents X of X', and get compact Riemann surfaces X; mapping holomorphically
onto X. We still have to show that j = 1, i.e. Xx is connected. Indeed, define a
function f on X% by putting f(f;) = fi(p#(fi)). One sees by the method of proof
of Proposition 3.3.5 that f extends to a meromorphic function on each X; and by
applying Proposition 3.3.5 we see that f as an element of M(X;) has a minimal
polynomial G over M(X) of degree at most d;, where d; is the cardinality of the
fibres of the cover X — X'. But since manifestly F'(f) = 0, G must divide F' in
the polynomial ring M(X)[T], whence F' = G by irreducibility of F' and finally
d; = d. This proves that there is only one X, i.e. Xr is connected.

Finally, mapping f to « induces an inclusion of fields M(Y") C L which must
be an equality by comparing degrees. O

Remark 3.3.9 One may replace the use of the implicit function theorem by using
ideas from residue calculus in complex analysis as in [19], Corollary 8.8.

Proof of Theorem 3.3.7: Essential surjectivity was proven in the previous
proposition. Fully faithfulness follows from the following two facts.

The first is that given a pair (Y, ¢) as in the theorem and a generator f of the
extension M(Y")|M(X) with minimal polynomial F', then the cover of X given by
the restriction of ¢ to the complement of branch points and inverse images of poles
of coefficients of F' is canonically isomorphic to the cover X r defined in the previous
proof. This isomorphism is best defined on the associated sheaf of local sections:
just map a local section s; to the holomorphic function f o s;. The isomorphism
extends to an isomorphism of Y with the compactification of Xz defined in the
previous proof; in particular, morphisms Y — Z of compact Riemann surfaces
over X corresponds bijectively to morphisms of such compactifications.

The second fact is that given a tower of finite field extensions M|L|M(X), by
the previous proof there is are canonical maps of Riemann surfaces Y7, — X and
Yy — Y1 corresponding to the extensions L|M(X) and M|L, respectively. But
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their composite is a holomorphic map Y3 — X and the map Yy — Y is thus a
canonical holomorphic map over X inducing the extension M|L.

It remains to prove the second statement of the theorem. Given a branched
cover Y — X of degree d, we have Aut(Y|X) = Aut(M(Y)|M(X)) by the fully
faithfulness just proven, and we also know from Proposition 3.3.5 that the exten-
sion M(Y)|M(X) has degree d. The group Aut(Y|X) is of order at most d, with
equality if and only if the finite branched cover ¢ : ¥ — X is Galois over X.
Similarly, the group Aut(M(Y)|M(X)) is of order at most d, with equality if and
only if M(Y)|M(X) is a Galois extension. The claim follows from these facts. O

Combining the theorem with Theorem 1.5.4 we obtain:

Corollary 3.3.10 Let X be a connected compact Riemann surface. The cate-
gory of compact Riemann surfaces equipped with a holomorphic map onto X is

equivalent to that of finite continuous left Gal (M(X)|M(X))-sets.

The case X = P1(C) of the Theorem 3.3.7 is particularly interesting because
of the following consequence of the Riemann Existence Theorem.

Proposition 3.3.11 LetY be a connected compact Riemann surface. There exists
a nonconstant holomorphic map Y — PL(C). Consequently M(Y) is a finite
extension of C(T).

Proof: By the Riemann existence theorem M (Y') contains a nonconstant func-
tion f. Define a map ¢5: ¥ — P(C) by

61(y) = {f(y) y is not a pole of f

00 y is a pole of f.

For each y € Y choose a complex chart g : U — C around y so that f is holomor-
phic on U \ {y}. Recall that the two standard complex charts on P!(C) are given
by z and 1/z, respectively. If f is holomorphic at y, then zo¢ o g~ ! is holomorphic
on g(U). If not, then (1/2) o ¢ o g~! maps g(U \ {y}) to a bounded open subset
of C, so (1/z)o¢fog ! extends to a holomorphic function on g(U) by Riemann’s
Removable Singularity Theorem (see e.g. [55], Theorem 10.20). This proves that
¢y is holomorphic. The second statement follows from Proposition 3.3.5 and the
well-known fact that M(P1(C)) = C(T). o

Corollary 3.3.12 The contravariant functor Y — M(Y), ¢ — ¢* induces an
anti-equivalence between the category of connected compact Riemann surfaces with
nonconstant holomorphic maps and that of fields finitely generated over C of tran-
scendence degree 1.

Recall that a finitely generated field of transcendence degree 1 over C is just
a finite extension of the rational function field C(T"). We chose the above formu-
lation of the corollary in order to emphasize that the morphisms in the category
under considerations are C-algebra homomorphisms and not C(T")-algebra homo-
morphisms.
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Proof: Essential surjectivity follows from Theorem 3.3.7 applied with X =
P!(C), taking the proposition into account. To prove full faithfulness, i.e. the bi-
jectivity of the map Hom(Y, Z) — Hom(M(Z), M(Y)) we first choose a homomor-
phic map ¢; : Z — P1(C) inducing a C-algebra homomorphism C(T) — M(Z).
This enables us to consider the elements of Hom(Y, Z) as morphisms of spaces over
P1(C), and those of Hom(M(Z), M(Y)) as C(T)-algebra homomorphisms. We
can then apply the fully faithfulness part of Theorem 3.3.7. O

Remark 3.3.13 The corollary is often summarized in the concise statement that
‘compact Riemann surfaces are algebraic’. In fact, it can be shown that compact
Riemann surfaces are always holomorphically isomorphic to smooth projective
complex algebraic curves, and that holomorphic maps between them all come
from algebraic morphisms. Here, however, one has to allow smooth curves in
projective 3-space as well, not just the plane curves mentioned at the beginning
of this chapter. For a vast generalization in higher dimension, see Theorem 5.6.1
and the subsequent discussion.

3.4 The Absolute Galois Group of C(T)

Corollary 3.3.10 bears a close resemblance to Corollary 2.3.9, except that we now
allow branched covers as well. But as we have seen in Proposition 3.2.6, each
finite branched cover of the compact Riemann surface X restricts to a cover over a

—

cofinite open subset X’ C X. Therefore it is natural to expect that 7 (X', z) with
some base point z is isomorphic to a quotient of Gal (M (X)|M(X)) in a natural
way. The following theorem confirms this intuition.

Theorem 3.4.1 Let X be a connected compact Riemann surface, and let X' be
the complement of a finite set of points in X. Let Kx/ be the composite in a
fized algebraic closure M(X) of M(X) of all finite subextensions which arise from
holomorphic maps of connected compact Riemann surfaces Y — X that restrict
to a cover over X'. Then Kx: is a Galois extension of M(X), with Galois group

isomorphic to the profinite completion of w1 (X', z) (for some base point x € X').
The key point is the following property of the extension K x.

Lemma 3.4.2 Fwvery finite subextension of Kx/|M(X) comes from a connected
compact Riemann surface that restricts to a cover over X'.

Proof: First we show that given two subextensions L;|M(X) (i = 1,2) coming
from compact connected Riemann surfaces Y; — X that restrict to covers Y; over
X', their composite in M(X) comes from a compact Riemann surface Yio — X
with the same property. For this consider the fibre product of covers Y{ x x/ Yy
introduced at the end of Chapter 2. It is a cover of X', whence a compact Riemann
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surface Y12 — X restricting to Y] xx Y over X’ by Theorem 3.2.7. We claim
that its ring of meromorphic functions is isomorphic to the finite étale M (X)-
algebra Li ®pq(x) L2. Indeed, the latter algebra represents the functor on the
category of M(X)-algebras associating with an algebra R the set of M(X)-algebra
homomorphisms L; X Ly — R. On the other hand, the fibre product represents
the functor on the category of X’-spaces that maps a space Y the set of pairs
of morphisms (¢ : Y — Y{, ¢ : Y — YJ) compatible with the projections to
X'’. The anti-equivalence of categories obtained by a successive application of
Theorems 3.3.7 and 3.2.7 transforms these functors to each other, whence the
claim. Now connected components of Y7 X x Y5 correspond exactly to direct factors
of L1 ®a(x) L2, both corresponding to the factorisation of a minimal polynomial
of a generator of Li|M(X) into irreducible factors over Ly. But when we look at
the fixed embeddings of the L; into M(X), the component coming from one of
these factors becomes exactly the composite LiLs, and we are done.

The above argument shows that K x/ can be written as a union of finite subex-
tensions Ly C LiLy C LiLoLs C ... of M(X) coming from Riemann surfaces
that restrict to a cover over X’. To conclude the proof of the lemma we show that
if this property holds for a finite subextension Ky, D L D M(X), it holds for
all subextensions L O K D M(X) as well. This is an easy counting argument:
according to Proposition 3.3.5, if L = M(Y) and K = M(Z), each point of X'
has [L : M(X)] preimages in Y and at most [K : M(X)] preimages in L, whereas
each point of Z has at most [L : K] preimages in Y (taking Theorem 3.3.7 into
account). Therefore must have equality everywhere, and Z must restrict to a cover
over X'. i

Proof of Theorem 3.4.1: To see that Ky is Galois over M(X) it suffices to
remark that if L| M (X) comes from a Riemann surface that restricts to a cover over
X', then the same holds for all Galois conjugates of L by construction. We now

realize m1 (X’ z) as a quotient of Gal (K x/|M (X)) as follows. Each finite quotient

—

of m (X', x) corresponds to a finite Galois cover of X', which in turn corresponds
to a finite Galois branched cover of X by Proposition 3.2.9, and finally to a finite
Galois subextension of Kx/|M(X). By Theorem 3.3.7 and the lemma above we

get in this way a bijection between isomorphic finite quotients of Wlﬁ:c) and
Gal (K x/|M (X)), respectively, and moreover this bijection is seen to be compatible
with taking towers of covers on the one side and field extensions on the other. The
theorem follows by passing to the inverse limit. O

Remark 3.4.3 Since by Proposition 3.2.6 every holomorphic map ¥ — X of con-
nected compact Riemann surfaces restricts to a cover over a suitable X', Theorem
3.3.7 shows that each finite subextension of M(X) is contained in some extension
of the form Kx/ considered above. Thus the Galois group Gal (M (X)|M(X))
is isomorphic to the inverse limit of the natural inverse system of groups formed
by the Gal (Kx/|M (X)) with respect to the inclusions Kx O Kx» coming from
X' ¢ X”. Each of the groups Gal (Kx/|M(X)) is isomorphic to the profinite
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completion of the fundamental group of the Riemann surface X', and an explicit
presentation for these fundamental groups is known from topology (see Remark
3.6.4 below). Thus it is possible to determine the absolute Galois group of M(X).
The case X = P!(C) will be treated in detail below.

Now consider the case X = P!(C). As already mentioned in the previous
chapter (and will be stated in greater generality in Remark 3.6.4 below), given
a finite set {x1,...,2,} of points of P!(C), it is known from topology that the
fundamental group of the complement with respect to some base point x has a
presentation

m(PHC)\{z1,. ., an} ) = (v, W 11 = 1), (3.1)

where each generator 7; can be represented by a closed path around the point x;
passing through x. For n > 1 this group is isomorphic to the free group F,_;
on n — 1 generators (send ~; to a free generator f; of F,_1 for i < n and 7,
to (fi--- fn1)"!). In particular, each finite group arises as a finite quotient of
7 (PYC) \ {z1,...,2,},2) for sufficiently large n. Since the field M(P!(C)) is
isomorphic to C(T"), Theorem 3.4.1 implies the corollary:

Corollary 3.4.4 FEwvery finite group occurs as the Galois group of some finite Ga-
lois extension L|C(T).

We have proven more than what is stated in the Corollary, namely that every
finite group G that can be generated by n— 1 elements arises as the automorphism
group of a Galois branched cover p : Y — P!(C) ramified above at most n points
Z1,...,Tn. We note for later use the following complement.

Proposition 3.4.5 Under the surjection w1 (PY(C)\ {z1,...,z,},2) — G the
image of each topological generator ~y; genmerates the stabilizer of a point in the

fibre p~1(x;).

Proof: To ease notation, set U := P'(C)\ {z1,...,#,}. According to Theorem
2.3.4 the surjection m (U, xz) - G is induced by a morphism of covers p, : Uy —
p~1(U) from the universal cover U,, which in turn corresponds to a point y €
p~!(z). If 2’ is another base point, the choice of a path between 2 and z’ induces
an isomorphism (U, z) = (U, 2), whence a surjection m1(U,2’) - G and a
point ' € 771(2'). Choose an open neighbourhood U; of z; so that p~(U;) is a
finite disjoint union of open sets V;; with p[vij isomorphic to the branched cover
z — 2% of the unit disc. Assume 2’ € U; \ {z;}, denote by V the unique Vj;
containing y’, and by y; the unique point of p~!(z;) N V. We may represent the
image of v; in 71 (U, 2’) by a path through 2’ turning around z; inside U;. Since
p is an open mapping, the unique lift of this path to p~!(U) must remain in V,
so the image 2’ of 3’ under the monodromy action of ~; remains in V. Thus if
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we shrink U;, both 3/ and 2’ converge towards y;, so the image of ; in G indeed
stabilizes y;. The stabilizer of y; can then be identified with the automorphism
group of V above p(V'), so +; is indeed a generator. |

Corollary 3.4.4 describes the finite quotients of Gal (C(T")|C(T')), but does not
determine the profinite group itself. As the corollary indicates, it should be free
in an approprate sense. Here is a formal definition.

Definition 3.4.6 Let X be a set, and let F(X) be the free group with basis X.
The free profinite group F (X) with basis X is defined as the inverse limit formed by
the natural system of quotients F'(X)/U, where U C F(X) is a normal subgroup
of finite index containing all but finitely many elements of X.

Remarks 3.4.7

1. If X is finite, then ﬁ(X) is just the profinite completion of F(X). In this
case the cardinality r of X is called the rank of F(X).

2. The inclusion map i : X — F(X) is characterized by the following universal
property: given a profinite group G and a map A : X — G such that each
open normal subgroup of G contains all but finitely many elements of AX),
there is a unique morphism Ap : F(X) — G of profinite groups making the
diagram

X —— F(X)

A
AR

G

commute. This universal property may also be taken as a definition of F (X).
By writing G as an inverse limit of finite groups G/V and A as an inverse
limit of the composite maps X — G — G/V one sees that it is enough to
require the universal property for G finite.

Theorem 3.4.8 (Douady) There is an isomorphism of profinite groups

Gal (C(T)|C(T)) = F(C)

12

of the absolute Galois group of C(T') with the free profinite group on the set C of
complex numbers.
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Proof: Let S C C be a finite set of r points. Applying Theorem 3.4.1 with
Xg :=P(C)\ (SUo0) in place of X’ we obtain a quotient Gal (Kx4|C(T)) of
Gal (C(T')|C(T)) that is isomorphic to the free profinite group on r generators
by (3.1), one generator s for each s € S. For a finite subset S ¢ T C C
giving rise to X7 = P1(C) \ (T U co) we have a natural inclusion Kx, C Kx,
of Galois extensions of C(T'), whence a surjection A\gr := Gal (Kx,|C(T)) —
Gal (K x4|C(T)) by infinite Galois theory. This map comes from a natural map of
fundamental groups w1 (X7, %) — 71(Xg,Z) by taking profinite completion, so in
particular Agp(y¢) = 1 for t € T\ S. The groups Gal (K x4|C(T)) together with
the maps Agp form an inverse system indexed by the system of finite subsets of
C partially ordered by inclusion. The inverse limit is Gal (C(T")|C(T)), because
by Theorem 3.3.7 and Proposition 3.2.6 every finite subextension of C(T")|C(T) is
contained in Ky, for sufficiently large S, so the intersection of the open normal
subgroups Gal (C(T)|Kx,) must be trivial. The theorem now follows from the
purely group-theoretic proposition below. O

Proposition 3.4.9 Let X be a set, and S the system of finite subsets S C X
partially ordered by inclusion. Let (Gg,AsT) be an inverse system of profinite
groups indexed by S satisfying the following conditions:

1. The Agt are surjective for all S C T.

2. Each Gr has a system {g; : t € T} of elements so that the map F(T) — Gp
induced by the inclusion T — Gt is an isomorphism, and moreover for every
S C T we have Agr(g:) =1 fort ¢ S.

Then lim G is isomorphic to F(X).
For the proof we need three lemmas.

Lemma 3.4.10 The proposition is true in the case when Gg = ﬁ(S) forallS €S,
and gt : F(T) — F(S) is the map characterized by

t tef
)\ST(t):{l teT\S

forall SCT.

Proof: We check the property of Remark 3.4.7 (2). First observe that there is
a natural injection 7 : X — lim F(S) sending z € X to (zg)ses, where xg = =

for z € S and xg = 1 otherwise. It generates a dense subgroup in lim 13(5), SO

given a map A : X — G with G finite, an extension lim F (S) — G must be unique

if exists. But since G is finite, we must have A(z) = 1 for all but finitely many
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x € X, so X factors through the image of 2(X) in the quotient F (S), which is none
but S. The existence then follows from the freeness of F'(S). o

Before the next lemma we introduce some terminology. A subset S of a free
profinite group ﬁ(X ) is called a basis if each open normal subgroup of ﬁ(X ) con-
tains all but finitely many elements of S, and moreover the map ip : F(S) — F(X)
extending the natural inclusion i : S — F (X) as in Remark 3.4.7 (2) is an isomor-
phism.

Lemma 3.4.11 If ﬁ(X) is a free profinite group of finite rank r, then every sys-
tem S C F(X) of r elements that topologically generates F(X) is a basis of F(X).

Proof: By assumption the map ip : F(S) — F(X) is surjective, so it is enough
to show injectivity. For each n > 0 consider the sets Q,,(S) (resp. Q,(X)) of open
normal subgroups of index n in F(S) (resp. F(X)). As F(S) and F(X) are both
profinite free of rank r, these sets have the same finite cardinality (bounded by
(n)"). The map Qn(X) — Qn(S) sending U C F(X) to i (U) is injective, hence
bijective. It follows that ker(ir) lies inside all elements of Q,,(S), for all n > 0. As
F(S) is profinite, this means ker(ip) = {1}. O

Lemma 3.4.12 An inverse system (Xq, dap) of nonempty compact topological
spaces is monempty.

Proof: Consider the subsets X, C [[ X, consisting of the sequences (z,) satis-
fying ¢ (x,) = x for a fixed pair A < p. These are closed subsets of the product,
and their intersection is precisely lim X,. Furthermore, the directedness of the

index set implies that finite intersections of the X, are nonempty. Since [[ X, is
compact by Tikhonov’s theorem, it ensues that lim X, is nonempty. O

Proof of Proposition 3.4.9: Denote by r the cardinality of T'. For each T' € §
denote by Br C G7. the set of all r-tuples that satisfy condition 2 of the propo-
sition. If g = (g1,...,9r) € G is such that each open neighbourhood of g meets
Br, then g € Br by continuity. This means that By C G is a closed subset,
hence it is compact by Corollary 1.3.8 and Tikhonov’s theorem. By conditions 1
and 2 together with Lemma 3.4.11 the Agr induce maps Bg — Br for all pairs
S C T. We thus obtain an inverse system of nonempty compact spaces indexed by
§; its inverse limit is nonempty by the lemma above. By construction, an element
of liln Bg induces an isomorphism of the inverse system of Lemma 3.4.10 with

(Gs, AsT). The proposition now follows from that lemma. O
3.5 An Alternate Approach: Patching Galois Covers

We now present another approach to the proof of Corollary 3.4.4 based on a nowa-
days commonly used technique known as patching pioneered by David Harbater.
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The specific argument we shall present is an adaptation of a rigid analytic method
due to Florian Pop [51] in the complex setting; we are grateful to him for explaining
it to us.

We begin by some purely topological constructions that could have figured
in earlier chapters. The first is about patching together topological covers. It is
convenient to present the argument in the more general setting of sheaves.

Lemma 3.5.1 Let X be a topological space, {U; : i € I} an open covering of X,
and F; a sheaf of sets on U; fori € I. Assume further given for each pair i # j
isomorphisms
0ij - Filu.ru, = Fjluinu,
satisfying 01 00;5 = 05, over U;NU;NUy, for each triple (i, j, k) of different indices.
Then there ezists a sheaf F on X with F|y, = F; for eachi € I.
Moreover, the sheaf F is unique up to unique isomorphism.

One says that F is obtained by patching or gluing the F; together. Of course
the lemma also holds for sheaves with additional structure (sheaves of groups,
rings, etc.)

Proof: For an open subset U C X set
f(U) = {(Si)ie] 1S € fl(U N Uz> and Gij(si\UmUmUj) = Sj’UﬁUiﬂUj fOI" all 7 7& ]}

The F(U) together with the obvious restriction maps form a presheaf F, and the
sheaf axioms for the F; imply that F is in fact a sheaf. Its restrictions over the
U; yield the F; by construction. The verification of the isomorphism statement is
left to the readers. O

Corollary 3.5.2 Assume that X is locally connected, and let {U; : i € I} be a
covering as above. Assume given covers p; : Y; — U; for i € I, together with

isomorphisms
0i; - p; (Ui NU;) = p; (Ui N Uy)

for each pair i # j satisfying 01, 0 0;; = 0, over U; NU; NUy. Then there exists a
cover p: Y — X with p~Y(U;) isomorphic to Y; as a space over U; for each i € I.
It is unique up to unique isomorphism.

If moreover X and Y are connected and the Y; are Galois covers of X with
group G, then p: Y — X 1is also a Galois cover of X with group G.

Proof: 1If the F; are locally constant in the lemma above, then F must be locally
constant as well. Therefore the dictionary between covers and locally constant
sheaves (Theorem 2.6.4) yields the first part of the corollary. For the second part
notice first that in the above construction automorphisms of the covers p; : Y; — X
also patch together to automorphisms of X; in particular we obtain an injective
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map G — Aut(Y]X). Since each Aut(Y;|X) is transitive on the fibres of p;, so
is Aut(Y|X). By the connectedness assumption on Y we thus obtain that it is

Galois over X. Finally, we have Y/G = X, as one sees by restriction to the Y,
whence it follows that G = Aut(Y|X). O

We also need another topological construction, that of induced covers. This
concept is analogous to that of induced representations in algebra.

Construction 3.5.3 Let G be a group, and H C G a subgroup. Assume moreover
given a space p : Y — X over X such that H is isomorphic to a subgroup of
Aut(Y|X). We construct a space Ind%(Y) over X such that G is isomorphic to
a subgroup of Aut(Ind%(Y)|X). Moreover, in the case H = Aut(Y|X) we shall
actually have G' = Aut(Ind% (V)| X).

Indeed, consider the left coset space G/H as a discrete topological space, and
define Ind% (Y) to be the topological product (G/H) x Y. The projections on each
component equip it with the structure of a space over X. The G-action on Indg(Y)
is defined as follows. Fix a system of left representatives {g; : i € G/H} for G
mod H. For g € G and i € G/H we find j € G/H and h € H such that gg; = g;h.
The action of G on Ind%(Y) = (G/H) x Y is then defined by g(i,y) = (4, hy). As
h € Aut(Y|X) by assumption, this is indeed an automorphism of Ind%(Y) as a
space over X. Note that this G-action depends on the choice of the g;, but the
space Ind%(Y) itself does not.

It is immediate from the construction that if ¥ — X is a cover, then so is
Ind%(Y) — X, and if Y is Galois over X with group H, then Aut(Ind%(Y)|X) =
G. For this reason Ind%(Y) is called the induced G-cover from Y. Note, however,
that it is not connected when H # G, and therefore it is not a Galois cover.

Using the above patching and induction techniques, we now prove:

Proposition 3.5.4 Let G be a finite group, and g1, - .., gn a system of generators
of G. Fizx points x1,...,x, on the complex projective line PY(C). There exists a
finite Galois branched cover Y — PY(C) with group G such that each x; is the
image of a branch point whose stabilizer is generated by g;.

Notice that we do not claim that all branch points lie above the x;. In fact, the
construction will yield n other points y1, ..., y, above which the cover is branched.
Still, by the same arguments as in the previous section, the proposition implies
Corollary 3.4.4, i.e. that every finite group arises as a Galois group over C(T).

Proof: By an adequate choice of the complex coordinate z we may assume that
none of the x; lies at infinity, and identify them with complex numbers. For each
x; choose a small open disc D; of radius r; centered around x; in such a way that
the D; are all disjoint. Denote by G; the cyclic subgroup generated by g; in G,
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and by k; the order of g;. Fix for each ¢ a number y; € C with 0 < |x; —y;| < r;/2,
and consider the rational function

k.
o ) = M

It induces a holomorphic map ¢; : P!(C) — P!(C) mapping 0 to z; and oo to
y;. Since f; is the composite of the map z — 2z with a complex automorphism of
P!(C), the branch points of ¢; are 0 and oo, lying above x; and y;, respectively.
The map ¢; : ¢, Y(D;) — Dj is by construction a Galois branched cover with
group G;; it restricts to a Galois cover over D; := D, \{zi,y;}. Let Y; — D; be the
G-cover obtained by inducing this cover from G; to G as in Construction 3.5.3.

Denote now for each i by B; the closed disc of radius r;/2 around z;; it contains
y; in its interior. Since P1(C)\ B; is simply connected, the restriction of the Galois
cover ¢; : P1(C)\{0,00} — PY(C)\ {z;,y;} to P(C)\ B; is trivial. Therefore the
restriction of the G-cover Y; — DZ to the annulus D; \ B; is trivial as well, being
induced from a trivial cover. Now denote by U the open subset of P!(C) obtained
by removing all the B;, and consider the trivial G-cover G x U — U. By what we
have just said, the restrictions of Y; — DZ and G xU — U to DZ NU = D;\ B; are
both trivial G-covers, and are therefore isomorphic. We can now apply Corollary
3.5.2 to the covering of X := PY(C)\ {z1,...,%n,y1,...yn} formed by the D; and
U to patch the covers Y; — DZ and G x U — U together in a G-cover ¥ — X
(notice that the triple intersections are empty).

As the statement about the g; results from the construction, it remains to
show that the G-cover Y — X is a Galois cover, i.e. that Y is connected. Write
Y; = (G/G:) x ¢71(D;) using the definition of induced covers. If & denotes the class
of the unit element e € G in G/G;, we see from the construction that the action of
gi € G; maps the component {e} x qﬁ;l(bi) of Y; onto itself. Since the component
{e} x ¢;1(D;) meets the component {e} x U of G x U in Y, we conclude applying
g; that it also meets {g;} x U. It follows that {e} x U and {g;} x U lie in the
same connected component of Y. Iterating the argument we find that {e} x U and
{gi} x U lie in the same component of Y for an arbitrary product g = gj' -+ - g3~ of
the g;. But the g; generate G by assumption, hence all components of G x U lie in
the same component of Y. This shows that Y has only one connected component.

O

Remark 3.5.5 The advantage of the above method is that it works in a more
general setting, that of complete valued fields. For instance, the same argument
can be used to prove the following interesting theorem originally due to D. Harbater
[26]: Every finite group arises as the Galois group of a finite Galois extension of
L|Q,(T), with Q algebraically closed in L. Here Q,, is the field of p-adic numbers,
i.e. the fraction field of the ring Z, encountered in Example 1.3.3 (4).
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3.6 Topology of Riemann Surfaces

In order to give a reasonably complete treatment of the theory of covers of Riemann
surfaces we have to mention several topological results that are proven by methods
different from those encountered above. Since this material is well documented in
several introductory textbooks in topology, we shall mostly review the results
without proofs, the book of Fulton [22] being our main reference. All Riemann
surfaces in this section will be assumed to be connected.

We begin with the topological classification of compact Riemann surfaces. This
is a very classical result stemming from the early days of topology and is proven
by a method commonly called as “cutting and pasting” (see [22], Theorem 17.4).

Theorem 3.6.1 FEvery compact Riemann surface is homeomorphic to a torus with
g holes.

Recall that the simplest way to conceive a torus with g holes is to take a two-
dimensional sphere and attach g ‘handles’ on it. This includes the case g = 0,
where we just mean the 2-sphere. The number g of is called the genus of the
Riemann surface.

Remarks 3.6.2

1. A more rigorous way of defining a torus with g holes (for g > 0) is by taking
a connected sum of g usual tori. This is done as follows: one first takes two
copies of the usual torus, then cuts out a piece homeomorphic to a closed
disc from each of them, and then glues the two pieces together by identifying
the boundaries of the two discs just cut out. In this way one obtains a torus
with two holes; the general case is done by iterating the procedure.

Another construction generalizes the fact that we may obtain the usual
torus by identifying opposite sides of a square (with the same orientation).
In the general case one takes a regular 4¢g-gon and labels its sides clock-
wise by al,bl,afl,bfl, ..y, bg,agl,bgl. Here the notation means that
we consider the a;, b; with clockwise orientation and the ai_l, bi_1 with coun-
terclockwise orientation. Now identify each a; with a; U and b; with b, 1
taking care of the chosen orientations (see the very suggestive drawings on
pp. 240-241 of [22]). In this way one gets a sphere with ¢ handles, and
the sides a;, b;, ai_l, b;” L of our initial polygon get mapped to closed paths all
going through a common point x.

2. What the theorem really uses about the topology of compact Riemann sur-
faces is that they are orientable topological manifolds of dimension 2. The
topological manifold structure is obtained by considering the complex charts
as homeomorphisms of some neighbourhood of each point with an open sub-
set of R2. Orientability can be expressed in this case by remarking that if



3.6 TOPOLOGY OF RIEMANN SURFACES 81

fi : Uy — C (i = 1,2) are some complex charts on our Riemann surface,
then the map f; Lo fy regarded as a real differentiable map from R? to R2
has a positive Jacobian determinant at each point; this is a consequence of
the Cauchy-Riemann equations.

The second representation of tori with g holes in Remark 3.6.2 (1) makes it
possible to compute the fundamental group of a compact Riemann surface of genus
g. Here it is convenient to take as a base point the point = where all the closed
paths coming from the a;, b;, a; L bi_1 meet. The homotopy classes of these paths
then generate the fundamental group. More precisely, one proves:

Theorem 3.6.3 The fundamental group of a compact Riemann surface X of
genus g has a presentation of the form

7['1(X,{L') = <a1, bl, e ,CLg, bg ‘ [al, bl] e [ag, bg] = 1>,
where the brackets [a;, b;] denote the commutators az-_lbi_laibi.

For the proof see e.g. [22], Proposition 17.6. It uses the definition of the
fundamental group in terms of closed paths and the van Kampen theorem.

Remark 3.6.4 By the same method that proves the theorem one can also de-
termine the fundamental group of the complement of n + 1 points zg,...,x, in a
compact Riemann surface X of genus g. Here one has to add one generator -; for
each x; represented by a closed path going through z and turning around x;. We
get a presentation of m1 (X \ {z1,...,z,},2) by

(a1,b1,...,a9,b9,70, -y |[a1,b1] ... [ag,bglY0 ... 7m = 1).

The special case g = 0 has already turned up in previous sections.

Remark 3.6.5 Realizing the groups described in the theorem as automorphism
groups of the universal cover gives rise to a fascinating classical theory known as
the theory of uniformization; see Chapter IX of [63] for a nice introduction.

The main result here, originating in work by Riemann and proven completely
by Poincaré and Koebe, is that any simply connected Riemann surface is isomor-
phic as a complex manifold to the projective line P!(C), the complex plane C or
the open unit disc D (see e.g. [19], Theorem 27.6). Now one can produce compact
Riemann surfaces as quotients of the above as follows. In the case of P!(C) there
is no quotient other than itself, for any automorphism of P!(C) is known to have
a fixed point. For C, one can prove that the only even action on it with compact
quotient is the one by Z? as in the second example of Chapter 2, Example 2.1.8,
so the quotient is a torus C/A; this is in accordance with the case g = 1 of the
theorem. All other compact Riemann surfaces are thus quotients of the open unit
disc D by some even group action. Poincaré studied such actions and showed
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that they come exactly from transformations mapping a; to a;l and b; to b;l in
a 4g-gon with sides labelled as above; the only difference is that in this case the
sides of the polygon are not usual segments but circular arcs inscribed into the
unit disc, for he worked in the model of the hyperbolic plane named after him.

We finally discuss triangulations of compact Riemann surfaces. Recall the
definition:

Definition 3.6.6 Let X be a compact topological manifold of dimension 2. A
triangulation consists of a finite system 7 = {T4,...,T,} of closed subsets of X
whose union is the whole of X, and homeomorphisms ¢; : A = Tj, where A is the
unit triangle in R%. The T} are called the faces of the triangulation, and the images
of the edges (resp. vertices) of A edges (resp. vertices) of the triangulation. These
are subject to the following conditions: each vertex (resp. edge) of 7 contained in
a face T; should be the image of a vertex (resp. edge) of A by ¢;, and moreover any
two faces must be either disjoint, or intersect in a single vertex, or else intersect
in a single edge.

Examples 3.6.7 We describe triangulations of compact Riemann surfaces of genus
0 and 1.

1. The 2-dimensional sphere (which is the underlying topological space of P&)
has several natural triangulations; one of them is cut out by the equator and
two meridians.

2. A triangulation of the complex torus C/A may be easily obtained from its
description as a square with opposite edges identified. Divide first the square
into nine subsquares by dividing each edge in three, and then divide each
subsquare in two triangles by the diagonal from the upper left to the lower
right corner. After identification of the edges of the original square these
induce a triangulation of the torus.

We now prove:
Proposition 3.6.8 Fvery compact Riemann surface has a triangulation.

The proposition is an immediate consequence of Example 3.6.7 (1), of Propo-
sition 3.3.11 and the following lemma.

Lemma 3.6.9 Let ¢: Y — X be a branched cover of compact Riemann surfaces
(e.g. a holomorphic map). Than every triangulation of X can be lifted canonically
to a triangulation of Y.



3.6 TOPOLOGY OF RIEMANN SURFACES 83

Before giving the proof, note the obvious fact that given a triangulation 7°
of a compact topological surface X and a point x € X which is not a vertex of
7T, the triangulation can be refined in a canonical way to a triangulation whose
set of vertices is that of 7 with z added: take the face ¢;(A) containing z (if =
happens to lie on an edge, take both faces meeting at that edge), consider the
natural subdivision of A given by joining ¢;1(:):) to the vertices and replace ¢; by
its restrictions to the smaller triangles arising from the subdivision.

Proof: By refining the triangulation as above if necessary, we may assume that
in the given triangulation of X the set Sy of vertices contains all images of branch
points. Hence the restriction of ¢ to X \ ¢~1(Sp) is a cover. As the subset A’ C A
obtained by omitting the vertices is simply connected, the restriction of the cover
¢ : Y — X above each ¢;(A’) is trivial. Therefore the restriction of each ¢; to
A’ can be canonically lifted to each sheet of the cover. Using Lemma 3.2.1 in
the neighbourhood of each point of ¢~1(Sy) one sees that adding these points as
vertices defines a triangulation of Y. O

Given a triangulation 7 of a compact Riemann surface X, denote by Sy, S1, .52
the set of vertices, edges and faces of 7, respectively, and write s; for the cardinality
of Sl

Definition 3.6.10 The integer xx := sqg—s1+s2 is called the Fuler characteristic
of X.

To justify the definition, one has to verify that xx is an invariant of X itself,
and does not depend on the triangulation. Indeed, one checks immediately that
xx does not change if we refine a triangulation by the process described above.
From this the invariance of xx follows by choosing common refinements of two
triangulations.

Proposition 3.6.11 Let ¢ : Y — X be a holomorphic map of compact Riemann
surfaces inducing a field extension of degree d. Then the Fuler characteristics x x
and xy of X andY are related by the formula

XY:d'XX_Z(ey_l)

Y

where the sum is over the branch points of ¢ and e, is the ramification index at
the branch pointy € Y.

Proof: 1In the process of lifting a triangulation to a branched cover as in the
lemma the number of edges of the lifted triangulation is ds; and the number of its
faces is dso, where d is the degree of the cover. Those points of Sy which are not
in the image of the branch locus have d preimages as well but with each branch
point the number of preimages diminishes by e, — 1. O
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Now it is a known topological fact that the Euler characteristic of a torus with
g holes is 2 —2g (see [22], p. 244; the cases g = 0,1 may be read off from the above
example). Hence the proposition implies:

Corollary 3.6.12 (Riemann-Hurwitz Formula) The formula of the proposi-
tion can be rewritten as

29y —2=d(29x —2)+ Y (e, — 1)

where gx and gy are the genera of X and Y, respectively.

The formula is extremely useful in practice, as it puts constraints on branched
covers of compact Riemann surfaces. As an example, note that if X = P1(C),
d = 2 and there are four branch points (necessarily with ramification index 2),
then gy = 1 and Y is a torus. Another famous application is:

Corollary 3.6.13 If X is a compact Riemann surface of genus g > 0, there are
no nonconstant holomorphic maps P1(C) — X.

Proof: Otherwise the right hand side of the Riemann-Hurwitz formula would
be non-negative and the left hand side —2. O

Remark 3.6.14 Combining the last corollary with Theorem 3.3.7 one obtains the
following purely algebraic fact: Every subfield C C K C C(T) with [C(T) : K] < 00
is isomorphic to C(T'). This is in fact true for an arbitrary field k in place of C and
is known as Liiroth’s Theorem (see [72], §73). Using the techniques of subsequent
chapters it is possible to extend the above proof to the general case.

EXERCISES

1. Let ¢ : Y — X be a nonconstant holomorphic map of Riemann surfaces,
with X connected. Show that for all z € X we have

2. w=mn
yeP~ ()
where n is the cardinality of the fibres not containing branch points, and e,
is the ramification index at y € Y.
2. Consider a nonconstant holomorphic map ¢ : P(C) — P(C).
(a) Show that there exists a unique rational function f € C(T") such that
¢ = ¢y as in the proof of Proposition 3.3.11.

(b) Relate the branch points of ¢ to zeros and poles of f, and determine
the ramification indices.
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(c) Show that ¢ is a holomorphic automorphism of P1(C) if and only if
f = (aT +b)(cT + d)~! with some a,b,¢,d € C satisfying ad — be # 0.
[Hint: Observe that if ¢ ¢ is an automorphism, f can only have a single
zero and pole, and these must be of order 1.]

(d) Deduce that a holomorphic automorphism of P!(C) has at most two
fixed points.

3. Let Y — X be a holomorphic map of compact Riemann surfaces, restricting
to a cover Y/ — X'’ outside the branch point.

(a) Show that the étale M(X)-algebra M(Y') is isomorphic to a finite
direct sum of copies of M(X) if and only if the cover Y/ — X' is
trivial.

(b) Using Chapter 2, Exercise 2 give a new proof of the fact that in the
anti-equivalence of Theorem 3.3.7 Galois branched covers correspond
to Galois extensions.
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Chapter 4

Fundamental Groups of Algebraic Curves

In the previous chapter the Riemann Existence Theorem created a link between
the category of compact connected Riemann surfaces and that of finite extensions
of C(T'). This hints at a possibility of developing a theory of the fundamental
group in a purely algebraic way. We shall now present such a theory for curves
over an arbitrary perfect base field, using a modest amount of algebraic geometry.
Over the complex numbers the results will be equivalent to those of the previous
chapter, but a new and extremely important feature over an arbitrary base field
k will be the existence of a canonical quotient of the algebraic fundamental group
isomorphic to the absolute Galois group of k. In fact, over a subfield of C we shall
obtain an extension of the absolute Galois group of the base field by the profinite
completion of the topological fundamental group of the corresponding Riemann
surface over C. This interplay between algebra and topology is a source for many
powerful results in recent research. Among these we shall discuss applications to
the inverse Galois problem, Belyi’s theorem on covers of the projective line minus
three points and some advanced results on ‘anabelian geometry’ of curves.

Reading this chapter requires no previous acquaintance with algebraic geome-
try. We shall, however, use some standard results from commutative algebra that
we summarize in the first section.

4.1 Background in Commutative Algebra

We collect here some standard facts from algebra needed for subsequent develop-
ments. The reader is invited to use it as a reference and consult it only in case of
need. As always, the term ‘ring’ means a commutative ring with unit.

Recall that given an extension of rings A C B, an element b € B is said to be
integral over A if it is a root of a monic polynomial 2" +a, 12" 1+ --+ag € Alz].
The integral closure of A in B consists of the elements of B integral over A; if this
is the whole of B, then one says that the extension A C B is integral or that B is
integral over A. Finally, A is integrally closed in B if it equals its integral closure
in B. In the special case when A is an integral domain and B is the fraction field of
A one says that A is integrally closed. The basic properties of integral extensions

87
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may be summarized as follows.

Facts 4.1.1 Let A C B be an extension of rings.

1. An element b € B s integral over A if and only if the subring A[b] of B is
finitely generated as an A-module.

2. The integral closure of A in B is a subring of B, and moreover it is integrally
closed in B.

3. Given a tower extensions A C B C C' with A C B and B C C integral, the
extension A C C is also integral.

4. If B is integral over A and P C A is a prime ideal, there exists a prime ideal
Q C B with QN A= P. Here P is a maximal ideal in A if and only if Q is
a mazimal ideal in B.

All these facts are proven in [33], Chapter VII, §1, or [2], Chapter 5, 5.1-5.10.

Example 4.1.2 An unique factorisation domain A is integrally closed. Indeed, if
an element a/b of the fraction field (with a, b coprime) satisfies a monic polynomial
equation over A of degree n, then after multiplication by b™ we see that a” should
be divisible by b, which is only possible when b is a unit.

Assume now that A C B is an integral extension of integrally closed domains,
such that moreover the induced extension K C L of fraction fields is Galois with
group GG. Then B is stable by the action of G on L, being the integral closure of A
in L. Given a maximal ideal P C A denote by Sp the set of maximal ideals Q C B
with @ N A = P. Then for each ) € Sp and each 0 € G we have o(Q) € Sp.

Let Dg be the stabilizer of @) in G, and denote by x(Q) (resp. x(P)) the
residue field B/Q (resp. A/P). For an element f € A denote by f its image in
#%(Q). In view of what precedes, for each o € G the formula &(f) := o(f) defines
an automorphism of k(@) fixing x(P) elementwise. Moreover, the map o +— & is
a homomorphism Dg — Aut(k(Q)|x(P)). Its kernel Ig is a normal subgroup of
Dg called the inertia subgroup at Q.

Facts 4.1.3 In the situation above the following statements hold.
1. The group G acts transitively on the set Sp; in particular, Sp is finite.
2. The subgroups Dg and Ig for @Q € Sp are all conjugate in G.

3. It the extension k(Q)|k(P) is separable, then it is a Galois extension and the
homomorphism Dg /I — Gal (k(Q)|k(P)) defined above is an isomorphism.

Statement (1) is [33], Chapter VII, Proposition 2.1, and (2) results from (1).
Statement (3) is proven in [33], Chapter VII, Proposition 2.5.
We now state an important result concerning the finiteness of integral closure.
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Facts 4.1.4 Let A be an integral domain with fraction field K, and let L|K be a
finite extension. Assume that either

a) A is integrally closed and L|K is a separable extension, or
b) A is a finitely generated algebra over a field.

Then the integral closure of A in L is a finitely generated A-module.

For the proof of part a), see e.g. [2], Corollary 5.17; for b), see [15], Corollary
13.13.

An integral domain A is called a Dedekind ring if A is Noetherian (i.e. all of
its ideals are finitely generated), integrally closed, and all nonzero prime ideals
in A are maximal. Basic examples of Dedekind rings are polynomial rings in one
variable over a field, the ring Z of integers and, more generally, the ring of integers
in an algebraic number field K, i.e. the integral closure of Z in K.

Facts 4.1.5 Let A be a Dedekind ring.

1. Ewery nonzero ideal I C A decomposes uniquely as a product I = P{* ... P¢r
of powers of prime ideals P;.

2. For each prime ideal P C A the localization Ap is a principal ideal domain.

Recall that the localization Ap means the fraction ring of A with respect to
the multiplicatively closed subset A\ P, i.e. the subring of the fraction field of
A constisting of fractions with denominator in A \ P. For a proof, see e.g. [2],
Theorem 9.3 and Corollary 9.4.

Note that in view of Facts 4.1.1 (2), (4) and 4.1.4 a) the integral closure of a
Dedekind ring in a finite separable extension of its fraction field is again a Dedekind
ring. We then have the following consequence of the above facts.

Proposition 4.1.6 Let A be a Dedekind ring with fraction field K, and let B be
the integral closure of A in a finite separable extension L|K. For a nonzero prime
ideal P C A consider the decomposition PB = Q{' --- Q5™ in B. Then

r

> eilr(@i) : k(P)] = [L: K].

i=1

Proof: By the Chinese Remainder Theorem and the first fact above we have an
isomorphism

B/PB=B/Q{' ®---® B/Q;". (4.1)

Since each ); generates a principal ideal (g;) in the localization B, by the second
fact, the map b — ¢'b induces isomorphisms x(Q;) = B/Q; = Q’ /Qfrl for
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all 0 < 7 < e; — 1. It follows that the left hand side of the formula of the
proposition equals the dimension of the x(P)-vector space B/PB. Choose elements
ti...,t, € B whose images B/PB form a basis of this vector space. By a form
of Nakayama’s lemma ([33], Chapter X, Lemma 4.3) the ¢; generate the finitely
generated Ap-module B ® 4 Ap, hence they generate the K-vector space L. Were
there a nontrivial K-linear relation between them, then after multiplication by
a suitable generator of the principal ideal PAp we would obtain an Ap-linear
relation with a coefficient not lying in PAp. Reducing modulo PAp we would
thus obtain a nontrivial relation with coefficients in x(P), which is impossible. O

Corollary 4.1.7 Let A C B be an integral extension of Dedekind rings such that
the induced extension K C L of fraction fields is a finite Galois extension with
group G, and let P be a mazimal ideal of A. Assume that the extensions k(Q;)|k(P)
are separable for all Q; € Sp. Then the integers e; in the above formula are the
same for all i, and they equal the order of the inertia subgroups at the Q;.

Proof: It is enough to verify the second statement for the inertia subgroup at
@1, the rest then follows from Proposition 4.1.3 (2). Let K; be the subfield of L
fixed by Dg,, A1 the integral closure of A in K7 and Py := Q1 N Ay. Since @ is
the only maximal ideal above P; by construction, the formula of the proposition
reads |Dg,| = e1-[k(Q1) : K(P1)]. On the other hand, Proposition 4.1.3 (3) implies
|Dg,| = |1g,| - [,(Q1) : k(P1)] (note that the extension x(Q1)|x(P1) is separable,
being a subextension of kK(Q1)|k(P)). The statement follows by comparing the two
equalities. O

Before leaving this topic, we collect some facts about local Dedekind rings.
Fact 4.1.8 The following are equivalent for an integral domain A.

1. A is a local Dedekind ring.

2. A is a local principal ideal domain that is not a field.

3. A is a Noetherian local domain with nonzero principal maximal ideal.

For a proof, see e.g. [40], Theorem 11.2. Such rings are called discrete valuation
rings in the literature.

Proposition 4.1.9 Let A be a discrete valuation ring, and t a generator of its
mazimal ideal.

1. Every nonzero a € A can be written as a = ut™ with some unit u € A and
n > 0. Here n does not depend on the choice of t.

2. If x is an element of the fraction field of A, then either x or x—' is contained
in A.

3. If B D A is a discrete valuation ring with the same fraction field, then
A=B.
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Proof: The intersection of the ideals (¢™) is 0 (this follows, for instance, from
the fact that A is a principal ideal domain). Thus for a # 0 there is a unique n > 0
with a@ € (") \ ('), whence (1). By (1), if = is an element of the fraction field,
we may write x = ut" with a unit u and ¢ € Z, whence (2). For statement (3),
assume b € B is not a unit. Then b € A, for otherwise we would have b~! € A C B
by (2), which is impossible. It moreover follows that b € (¢) (otherwise it would
be a unit), so t cannot be a unit in B. It follows that non-units in A are non-units
in B, from which we conclude by (2) that the units of B lie in A. o

Finally, let A be a finitely generated algebra over a field k. Recall that A is
Noetherian by the Hilbert basis theorem. If A is an integral domain, we define
its transcendence degree over k to be that of its fraction field K. Recall that
this is the largest integer d for which there exist elements ai,...,aq in K that
are algebraically independent over k, i.e. they satisfy no nontrivial polynomial
relations with coefficients in k. As K is finitely generated over k, such a d exists.

Fact 4.1.10 (Noether’s Normalisation Lemma) Let A be an integral domain
finitely generated over a field k, of transcendence degree d. There exist alge-
braically independent elements x1,...,xq € A such that A is finitely generated
as a klx,...,xq]-module.

See [33], Chapter VIII, Theorem 2.1 for a proof. Notice that in the situation
above k[x1,...,x4] is isomorphic to a polynomial ring.

Corollary 4.1.11 If A is as above and d = 1, then every nonzero prime ideal in
A is mazximal.

Hence if moreover A is integrally closed, it is a Dedekind ring.

Proof: Let P C A be a nonzero prime ideal, and use the normalisation lemma
to write A as an integral extension of the polynomial ring k[z]. The prime ideal
P N Ek[x] of k[z] is nonzero, because if ¢ is a nonzero element of P, it satisfies a
monic polynomial equation t" + Ap_1t" '+ 4+ a9 =0 with a; € k[x]. Here we
may assume qq is nonzero, but it is an element of PNk[z]| by the equation. Now all
nonzero prime ideals in k[z] are generated by irreducible polynomials and hence
they are maximal. Thus P is maximal by Fact 4.1.1 (4). ]

Corollary 4.1.12 Let A be an integral domain finitely generated over a field k,
and let M C A be a mazimal ideal. Then A/M is a finite algebraic extension of k.

Proof: Apply Noether’s Normalisation Lemma to A/M. If A/M had positive
transcendence degree d, it would be integral over the polynomial ring k[x1, ..., z4]
This contradicts Fact 4.1.1 (4) (with P = @ = 0), because A/M is a field but the
polynomial ring isn’t. O
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Corollary 4.1.13 Let k be algebraically closed. FEvery maximal ideal M in the

polynomial ring k[z1,...,x,] is of the form (x1—a1,...,z, — ay,) with appropriate
a; € k.

Proof: Ask isalgebraically closed, we have an isomorphism k[z1, ..., z,|/M = k
by the previous corollary. Let a; be the image of z; in k via this isomorphism.
Then M contains the maximal ideal (z; — aq,...,2z, — ay), hence they must be
equal. O

Corollary 4.1.14 Let k be a field, and ¢ : A — B a k-homomorphism of finitely
generated k-algebras. If M is a mazimal ideal in B, then ¢ (M) is a mazimal
ideal in A.

Proof: By replacing A with ¢(A) we may assume A is a subring of B and
¢~ (M) = M N A. In the tower of ring extensions k C A/(M N A) C B/M the
field B/M is a finite extension of k by Corollary 4.1.12, so A/(M NA) is an integral
domain algebraic over k. By Fact 4.1.1 (4) it must be a field, i.e. M N A is maximal
in A. O

Corollaries 4.1.12 and 4.1.13 are weak forms of Hilbert’s Nullstellensatz. Here
is a statement that may be considered as a strong form. Recall that the radical
VT of an ideal I in a ring A consists of the elements f € A satisfying f™ € I with
an appropriate m > 0.

Fact 4.1.15 Let A be an integral domain finitely generated over a field k, and
let I C A be an ideal. The radical /I is the intersection of all mazimal ideals
containing I.

This follows from [33], Chapter IX, Theorem 1.5 in view of the previous corol-
lary. See also [15], Corollary 13.12 combined with Corollary 2.12.

4.2 Curves over an Algebraically Closed Field

We now introduce the main objects of study in this chapter in the simplest context,
that of affine curves over an algebraically closed field. When the base field is C,
we shall establish a connection with the theory of Riemann surfaces.

We begin by defining affine varieties over an algebraically closed field k. To
this end, let us identify points of affine n-space A™ over k with

A"(k):={(a1,...,ayn) : a; € k}.
Given an ideal I C k[z1,...,x,], we define

V() :={P=(a,...,ay) € A™k): f(P)=0 forallf eI}
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Definition 4.2.1 The subset X := V(I) C A"(k) is called the affine closed set
defined by 1.

Remark 4.2.2 According to the Hilbert Basis Theorem there exist finitely many
polynomials f1,..., fim € klz1,...,2,] with I = (f1,..., fim). Therefore

V(I)=A{P = (a1,...,ap) € A"(k): fi(P)=0 i=1,...,m}.

Example 4.2.3 Let us look at the simplest examples. For n = 1 each ideal in
klx] is generated by a single polynomial f; since k algebraically closed, f factors
in linear factors x — a; with some a; € k. The affine closed set we obtain is a finite
set of points corresponding to the a;.

For n = 2,m = 1 we obtain the locus of zeroes of a single two-variable polyno-
mial f in A?: it is a plane curve. In general it may be shown that an affine closed
set in A? is always the union of a plane curve and a finite set of points.

The following lemma is an easy consequence of the definition; its proof is left
to the readers.

Lemma 4.2.4 Let I, I, I\ (A € A) be ideals in k[z1,...,x,]. Then
(l) Il C IQ = V(Il) 2 V(IQ),‘
b) V(Il) U V(IQ) = V(Il N _[2) = V([lfg),'

¢) VI{In: A€ A) =Ner V(LN

The last two properties imply that the affine closed sets may be used to define
the closed subsets in a topology on A™ (note that A™ = V(0), § = V(1)). This
topology is called the Zariski topology on A", and affine closed sets are equipped
with the induced topology. A basis for the Zariski topology is given by the open
subsets of the shape D(f) := {P € A" : f(P) # 0}, where f € k[z1,...,zp] is a
fixed polynomial. Indeed, each closed subset V(I) is the intersection of subsets of
the form V'(f).

If I = /1, then by Fact 4.1.15 it is the intersection of the maximal ideals
containing it. These are of the form (z; —aq,...,z, — a,) with some a; € k
according to Corollary 4.1.13, so that I consists precisely of those f € k[x1,..., ;]
that vanish at all P € V(I). Thus in this case the ideal I and the set X = V(1)
determine each other, and we call X an affine variety.

Definition 4.2.5 If X = V(I) is an affine variety, we define the coordinate ring
of X to be the quotient O(X) := k[x1,...,z,]/I. Its elements are called regular
functions on X; the images x; of the z; are called the coordinate functions on X.
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We may evaluate a regular function f € O(X) at a point P = (ay,...,a,) € X
by putting f(P) := f(ay,...,a,) with a preimage f of f in k[z1,...,zy]; the value
does not depend on the choice of f.

Note that by definition the finitely generated k-algebra O(X) is reduced, i.e.
it has no nilpotent elements. It may have zero-divisors, however; it is an integral
domain if and only if I is a prime ideal. In that case we say that X is an integral
affine variety over k.

Example 4.2.6 If we look back at the examples in 4.2.3, we see that for n = 1
the affine closed set we obtain is a variety if and only if the a; are distinct, and it
is integral if and only if it is a single point, i.e. f =z — a;.

The affine plane curve X = V(f) C A2 is an integral variety if and only if f is
irreducible.

We may use the notion of regular functions to define morphisms of affine vari-
eties, and hence obtain a category.

Definition 4.2.7 Given an affine variety Y = V(J), by a morphism or reqular
map Y — A™ we mean an m-tuple ¢ = (f1,..., fm) € O(Y)™. Given an affine
variety X C A™, by a morphism ¢ : ¥ — X we mean a morphism ¢ : ¥ — A™
such that ¢(P) := (f1(P),..., fm(P)) € A™ lies in X for all points P € Y.

Example 4.2.8 If X = V(f) is a plane curve, a morphism X — A! is defined by
a polynomial f; € k[x1,x2]. The polynomial fi; + fg defines the same morphism
X — Al for all g € k[xy,22). If Y = V(h) is another plane curve, a morphism
Y — X is defined by a pair of polynomials (hi,he) such that f o (hi, he) is a
multiple of h. Again, the h; are determined up to adding multiples of h.

If : Y — X is a morphism of affine varieties, there is an induced k-algebra
homomorphism ¢* : O(X) — O(Y) given by ¢*(f) = f o ¢. Note that ¢* takes
functions vanishing at a point P € X to functions vanishing at the points ¢ ~!(P),
so the preimage in O(X) of the ideal of O(Y") corresponding to a point Q € ¢~1(P)
is precisely the ideal defined by P.

Remark 4.2.9 A morphism ¢ : Y — X is continuous with respect to the Zariski
topology. Indeed, it is enough to see that the preimage of each basic open set
D(f) C X is open in Y, which holds because ¢~ (D(f)) = D(¢*(f)).

Proposition 4.2.10 The maps X — O(X), ¢ — ¢* induce an anti-equivalence
between the category of affine varieties over k and that of finitely generated reduced
k-algebras.
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Proof: For fully faithfulness, let Z1,...,T,, be the coordinate functions on X.
Then ¢* — (¢*(Z1),...,d*(Z,)) defines an inverse for the map ¢ — ¢*. For essen-
tial surjectivity, simply write a finitely generated reduced k-algebra as a quotient
A=k[zy,...,zy]/I. Then X = V(I) is a good choice. o

To proceed further, we define regular functions and morphisms on open subsets
of an integral affine variety X. First, the function field K(X) of X is the fraction
field of the integral domain O(X). By definition, an element of k(X) may be
represented by a quotient of polynomials f/g with g ¢ I, with two quotients f1/g;
and fo/ge identified if f1go — fog1 ¢ I.

Next let P be a point of X. We define the local ring Ox p at P as the subring
of K(X) consisting of functions that have a representative with g(P) # 0. It is the
same as the localization of O(X) by the maximal ideal corresponding to P. One
thinks of it as the ring of functions ‘regular at P’. For an open subset U C X we
define the ring of reqular functions on U by

Ox(U) := ﬂ Ox.p,
PeU

the intersection being taken inside K(X). The following lemma shows that for
U = X this definition agrees with the previous one.

Lemma 4.2.11 For an integral affine variety X one has O(X) = [\ Ox,p.
pPeX

Proof: To show the nontrivial inclusion, pick f € ()p Ox,p, and choose for each
P a representation f = fp/gp with gp ¢ P. By our assumption on the gp none
of the maximal ideals of O(X) contains the ideal I := (gp : P € X) C O(X),
so Fact 4.1.15 implies I = O(X). In particular, there exist Pi,..., P, € X with
1=gphp, +...gp.hp, with some hp, € O(X). Thus

T

f=2_forhp =) (fr/or)ophr, = frhp, € O(X),

=1 =1 =1
as required. O

Now given integral affine varieties X and Y and open subsets U C X,V C Y,
we define a morphism ¢ : V — U similarly as above: we consider X together with
its embedding in A™, and we define ¢ as an m-tuple ¢ = (f1,..., fm) € Oy (V)™
such that ¢(P) := (f1(P),..., fm(P)) lies in U for all points P € Y. We say that
¢ is an isomorphism if it has a two-sided inverse.

We now restrict the category under consideration. First a definition:

Definition 4.2.12 The dimension of an integral affine k-variety X is the tran-
scendence degree of its function field K (X) over k.
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Remark 4.2.13 We can give a geometric meaning to this algebraic notion as fol-
lows. First note that since O(A}) = k[z1, ..., zy], affine n-space has dimension n,
as expected. Next, let X be an integral affine variety of dimension n. The Noether
Normalization Lemma (Fact 4.1.10) together with Proposition 4.2.10 shows that
there is a surjective morphism ¢ : X — A" so that moreover O(X) is a finitely
generated k[xi,...,z,]-module. The latter property implies that ¢ has finite fi-
bres. Indeed, if P = (a1,...,a,) is a point in A™ and Mp = (21 —a1,...,Tn —ayp)
the corresponding maximal ideal in k[z1,...,z,], then O(X)/MpO(X) is a fi-
nite dimensional k-algebra, and as such has finitely many maximal ideals. Their
preimages in O(X) correspond to the finitely many points in ¢~1(P). Thus n-
dimensional affine varieties are ‘finite over A™’.

Integral affine varieties of dimension 1 are called integral affine curves. The
following lemma shows that their Zariski topology is particularly simple.

Lemma 4.2.14 Let X be an integral affine curve. Then all proper Zariski closed
subsets of X are finite.

Proof: It is a general fact in algebra that in a Noetherian ring every proper ideal
I satisfying I = /I is an intersection of finitely many prime ideals. Therefore the
lemma follows from Corollary 4.1.11. O

We now impose a further restriction, this time of local nature.

Definition 4.2.15 A point P of an integral affine variety X is normal if the local
ring Ox p is integrally closed. We say that X is normal if all of its points are
normal.

Remark 4.2.16 In fact, X is normal if and only if O(X) is integrally closed.
Indeed, if O(X) is integrally closed, then so is each localization Ox p; the converse
follows from Lemma 4.2.11.

Normality is again an algebraic condition, but in dimension 1 the geometric
meaning is easy to describe. In this case normality means by definition that the
Ox,p are discrete valuation rings. We first look at the key example of plane curves.

Example 4.2.17 Let X = V(f) C A% be an integral affine plane curve. Write
and y for the coordinate functions on A? and assume that P is a point such that
one of the partial derivatives 0, f(P), 0, f(P) is nonzero; such a point is called a
smooth point. Then Ox p is a discrete valuation ring, i.e. P is a normal point.

To see this, we may assume after a coordinate transformation that P = (0,0)
and 0y f(P) # 0. The maximal ideal Mp of Ox p is generated by = and y. Re-
grouping terms in the equation f we may write f = ¢(x)x + ¢(z,y)y, where
¢ € kl[z] and ¢ € k[z,y]. The constant term of ¢ is d,(P), which is nonzero by
assumption. Thus in Ox p we may write y = gz, where g is the image of —¢¢~!
in Ox p, and hence Mp = (z). We conclude by Fact 4.1.8.
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We now show that in characteristic 0 every normal affine curve is locally iso-
morphic to one as in the above example.

Proposition 4.2.18 Assume k is of characteristic 0, and let X be an integral
affine curve. Ewvery normal point P of X has a Zariski open neighbourhood iso-
morphic to an open neighbourhood of a smooth point on an affine plane curve.

Proof: The local ring Ox p is a discrete valuation ring for all P € X (see Section
4.1), so its maximal ideal is principal, generated by an element ¢. Since we are
in characteristic 0, by the theorem of the primitive element we find u € K(X)
such that K (X) = k(t,u). Replacing u by ut™ for m sufficiently large if necessary,
we may assume u € Ox p. Taking the minimal polynomial of u over k(t) and
multiplying by a common denominator of the coefficients we find an irreducible
polynomial f € k[x,y| such that f(¢,u) = 0 and moreover the fraction field of the
ring k[x,y]/(f) is isomorphic to K(X). It follows that the map (¢,u) — (z,y)
defines an isomorphism of K (X) onto the function field of the plane curve V(f) C
A2, If we choose U C X so that t,u € Ox(U), then the above map defines a
morphism p : U — V(f). Conversely, the map x — t,y — u defines a morphism
V(f) — X that is an inverse to p on p(U); in particular, p(U) is open in V(f).
We conclude that X and V(f) contain the isomorphic open subsets U and p(U),
with U containing P.

We finally show that (9, f)(p(P)) # 0. The image of P by p is a point of the
form (0,«); by composing p with the map (z,y) — (z,y — @) we may assume
p(P) = (0,0). Since t generates the maximal ideal of Ox p, by definition of Ox p
we find @,b € O(X) with b(P) # 0 and u = (a/b)t. The images of @ and b the
isomorphism K (X) = K(V(f)) lie in O(V(f)) by construction, and we may lift
them to polynomials a,b € k[z,y]. We have the equality by = azx + cf in k[z,y],
whose partial derivative with respect to y is (9yb)y +b = (9ya)z1 + (Oyc) f + Oy f .
Evaluating at (0,0) we obtain b(0,0) = ¢(0,0)(9,f)(0,0). Here the left hand side
is nonzero since b(P) # 0, whence the lemma. o

Remarks 4.2.19

1. The only place in the above proof where we used the characteristic 0 assump-
tion is where we applied the theorem of the primitive element. But if ¢ is a
generator of the maximal ideal of a normal point as in the above proof, the
extension K (X)|k(t) is always separable (see e.g. [66], Proposition II1.1.4),
and hence the theorem applies. Thus the proposition extends to arbitrary
characteristic.

2. Readers should be warned that in dimension greater than 1 the normality
condition is weaker than smoothness (which is in general a condition on the
rank of the Jacobian matrix of the equations of the variety).
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In the case k£ = C the above considerations enable us to equip a normal affine
curve X with the structure of a Riemann surface.

Construction 4.2.20 Let X be an integral normal affine curve over C, P a point
of X. Choose a generator t of the maximal ideal of Ox p. By the discussion above
we find an open neighbourhood U of P and a function u € Ox(U) such that
the map (t,u) — (x,y) yields an isomorphism p of U onto a Zariski open subset
V(f) C A% satisfying (9, f)(p(P)) # 0. As in Example 3.1.3 (4) we find an open
neighbourhood V' of p(P) (which we may choose so small that it is contained in
p(U)) so that x defines a complex chart on V(f) when the latter is equipped with
the restriction of the complex topology of C2. Now define a ‘complex’ topology
on p~1(V) by pulling back the complex topology of V and declare x o p to be a
complex chart in the neighbourhood p~1(V) of P.

We contend that performing this construction for all P € X yields a well-
defined topology and a complex atlas on X. Indeed, if P’ € p~1(V) is a point
for which the complex chart is constructed via a morphism p’ : (¢,u') — (z,y),
the map (z,y) — (t',u’) defines an algebraic isomorphism of a Zariski open neigh-
bourhood of p(P) with a similar neighbourhood of p’(P). But this algebraic iso-
morphism induces a holomorphic isomorphism between suitable small complex
neighbourhoods of p(P) and p'(P) (an algebraic function regular at a point is
always holomorphic in a neighbourhood). It follows that the topologies and the
complex charts around P and P’ are compatible.

Remarks 4.2.21

1. In fact, one sees that the complex chart x o p in the neighbourhood of P
viewed as a C-valued function is nothing but ¢. For this reason generators
of the maximal ideal of Ox p are called local parameters at P.

2. Given a morphism ¢ : Y — X of normal affine curves over C, an examina-
tion of the above construction shows that ¢ is holomorphic with respect to
the complex structures on Y and X.

4.3 Affine Curves over a General Base Field

We now extend the theory of the previous section to an arbitrary base field. The
main difficulty is that there is no reasonable way to identify a variety with a point
set. For instance, though the polynomial f = 22 4+ 2 + 1 defines a curve V(f)¢c in
A%, it has no points with coordinates in R. Still, it would make no sense to define
the real curve defined by f to be the empty set. Furthermore, the ‘coordinate
ring’ Rz, y]/(2? + y* + 1) still makes sense. If we tensor it with C, we obtain the
ring O(V(f)c) whose maximal ideals are in bijection with the points of V(f)c as
defined in the previous section. These points come in conjugate pairs: each pair
corresponds to a maximal ideal in R[z,y]/(2? + y% + 1).



4.3 AFFINE CURVES OVER A GENERAL BASE FIELD 99

If we examine the situation of the last section further, we see from Proposi-
tion 4.2.10 that the coordinate ring O(X) completely determines an affine variety
X over the algebraically closed field. In particular, we may recover the Zariski
topology: the open sets correspond to sets of maximal ideals not containing some
ideal I C O(X). When X is integral, the function field, the local rings and the
ring of regular functions on an open subset U C X are all constructed out of
O(X). Moreover, we see that for each pair V' C U of open subsets there are natu-
ral restriction homomorphisms Ox (U) — Ox(V), and thus the rule U — Ox(U)
defines a presheaf of rings on X. It is immediate to check that the sheaf axioms
are satisfied, so we obtain a sheaf of rings Ox on X, the sheaf of reqular functions.
To proceed further it is convenient to formalize the situation.

Definition 4.3.1 A ringed space is a pair (X, F) consisting of a topological space
X and a sheaf of rings F on X.

We now give the general definition of integral affine curves. This will be a
special case of the definition of affine schemes to be discussed in the next chapter,
but there are some simplifying features.

Construction 4.3.2 We define an integral affine curve over an arbitrary field
k as follows. Start with an integral domain A O k finitely generated and of
transcendence degree 1 over k. By Corollary 4.1.11 each nonzero prime ideal in A
is maximal. We associate a topological space X with A whose underlying set is
the set of prime ideals of A, and we equip it with the topology in which the closed
subsets are those that do not contain a given ideal I C A. Note that all open
subsets contain the point (0); it is called the generic point of X. The other points
come from maximal ideals and hence are closed as one-point subsets; we call them
closed points. By the same argument as in Corollary 4.2.14 the open subsets in X
are exactly the subsets whose complement is a finite (possibly empty) set of closed
points.

Given a point P in X, we define the local ring Ox p as the localization Ap;
note that for P = (0) we obtain Oy ) = K(X), the fraction field of A. Finally,
we put

Ox(U) = ) Ox.p,
pPeU
for an open subset U C X. As above, it defines a sheaf of rings on X. We define
an integral affine curve over k to be a ringed space (X, Ox) constructed in the
above way. We usually drop the sheaf Ox from the notation. When we would like

to emphasize the relationship with A, we shall use the scheme-theoretic notation
X = Spec (4).

Next we introduce morphisms for the curves just defined. They are to be
morphisms of ringed spaces, whose general definition is as follows.
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Definition 4.3.3 A morphism (Y,G) — (X, F) of ringed spaces is a pair (¢, ¢?),
where ¢ : Y — X is a continuous map, and ¢f : F — ¢,.G a morphism of sheaves
on X. Here ¢.G denotes the sheaf on X defined by ¢.G(U) = G(¢~1(U)) for all
U C X; it is called the pushforward of G by ¢.

In more down-to-earth terms, a morphism Y — X of integral affine curves is
a continuous map ¢ : Y — X of underlying spaces and a rule that to each regular
function f € Ox(U) defined over an open subset U C X associates a function in
¢! (f) in Oy (¢~ 1(U)). One should think of ¢!, (f) as the composite f o ¢.

Remark 4.3.4 In the case when k is algebraically closed, this definition is in
accordance with that of the previous section. Indeed, the morphisms defined there
are continuous maps (Remark 4.2.9) and induce maps ¢ of sheaves via the rule
f = fo¢. Conversely, to see that a morphism ¢ : X — A} in the new sense
induces a morphism as in the previous section it is enough to consider the n-tuple

(@ (1), .-, ¢ (2n))-

We now establish an analogue of Proposition 4.2.10 for affine curves. To begin
with, every finitely generated integral domain A of transcendence degree one over
a field determines an integral affine curve X = Spec (A); conversely, an integral
affine curve X gives rise to an A as above by setting A = Ox(X). By construction,
these two maps are inverse to each other. We shall also use the notation O(X)
instead of Ox (X). This is in accordance with the notation of the previous chapter,
and we may also call O(X) the coordinate ring if X.

For affine curves X = Spec(A) and Y = Spec(B) a morphism ¢: X — Y
induces a ring homomorphism ¢y : A — B given by Ox(X) — (¢.0y)(X) =
Oy (Y). To associate a morphism of curves to a ring homomorphism is a bit more
complicated.

Lemma 4.3.5 Given a homomorphism p: A — B with A and B as above, there
is a unique morphism Spec (p) : Y — X such that Spec (p)ﬁ( :O0x(X) — Oy (Y)
equals p.

Proof: For each prime ideal P C B the subring p~'(P) C A is a prime ideal
(indeed, the map A/(p~1(P)) — B/P is injective, hence A/(p~1(P)) is an integral
domain). This defines a map of sets Spec (p) : ¥ — X that is easily seen to be
a continuous map of topological spaces. But in our situation we can say more.
There are two cases.

Case 1: p is injective. In this case A is a subring of B via p, and moreover by
Corollary 4.1.14 if P is a maximal in B, then p~!(P) = PN A is a maximal ideal
in A. Of course, we have p~1((0)) = (0).

Case 2: p is not injective. By the dimension one assumption ker(p) is a maximal
ideal M C A, and so p~}(P) = M for all prime ideals P C B. This corresponds
to a ‘constant morphism’ Y — {M}.
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We define morphisms of sheaves Spec (p)f : Ox — Spec (p).Oy in each case.
In Case 1 we have an inclusion of function fields K(X) C K(Y) and also of
localizations A(pnqy C Bp for each maximal ideal P C B. By taking intersections
this defines maps Ox(U) — Oy (Spec (p)~1(U)) for each open set U C X; for
U= X weget p: A — B by the same argument as in Lemma 4.2.11. In Case 2
we define Ox (U) — Oy (Spec (p)~1(U)) to be the composite

Ox(U) = Ay — Ay /MAy = A/M — B

if M € U, and to be 0 otherwise. The reader will check that this indeed yields a
morphism of sheaves. O

The lemma and the arguments preceding it now imply:

Proposition 4.3.6 The rules A — Spec(A), p — Spec(p) and X — O(X),
¢ — ¢x yield mutually inverse contravariant functors between the category of
integral domains finitely generated and of transcendence degree 1 over a field, and
that of integral affine curves.

Note that the conclusion here is stronger than in Proposition 4.2.10, because
here we say that the two categories are actually anti-isomorphic: there is an arrow-
reversing bijection between objects and morphisms. In Proposition 4.2.10 this was
only true up to isomorphism, because an affine variety as defined there may have
several embeddings in affine spaces.

We can now discuss an important construction related to extensions of the
base field.

Construction 4.3.7 Let X = Spec(A) be a geometrically integral affine curve
over a field k. Assume that L|k is a field extension is such that the tensor product
A ®g L is an integral domain. Then the integral affine curve X = Spec (A ®j L)
is defined. We call the resulting curve over L the base change of X to L. There
is a natural morphism X; — X corresponding by the previous proposition to the
map A — A ®y L sending a to a ® 1.

Assume that A ®y, k is an integral domain for an algebraic closure k|k; in this
case X is called geometrically integral. Then A ®;, L is an integral domain for all
algebraic extensions L|k, so that the above assumption on L is satisfied. Thus for a
fixed algebraic extension L|k the rule X — X defines a functor from the category
of geometrically integral affine k-curves to that of integral affine L-curves.

Example 4.3.8 We can now discuss the R-curve with equation 2 +y?+1 =0
rigorously. It is defined as X := Spec (R[z,y]/(z% + 3? + 1)). The closed points
of X correspond to the maximal ideals in R[z,y] containing (x? + y* + 1); for
each such ideal M we must have R[z,y]/M = C, as C is the only nontrivial finite
extension of R and X has no points over R. Under the base change morphism
Xc — X there are two closed points lying above each closed point of X, because
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C®r C = CqC. If we make Gal (C|R) act on the tensor product via its action
on the second term, then on the right hand side the resulting action interchanges
the components.

To give a concrete example, the ideal M = (z2,y? + 1) C RJz,y] contains
(x2 + y? + 1), hence defines a point of X. The maximal ideals of C[z,y] lying
above M are (x,y+1) and (x,y — ), corresponding to the points (0, —i) and (0, 7).
They are indeed conjugate under the Galois action.

We say that an integral affine curve is normal if its local rings are integrally
closed. Asin the previous section, this is equivalent to requiring that the coordinate
ring O(X) is integrally closed.

We now prove an analogue of Theorem 3.3.7 for integral affine curves. For
this we have to restrict the morphisms under the consideration. We say that a
morphism ¢ : Y — X of integral affine curves is finite if O(Y) becomes a finitely
generated O(X)-module via the map ¢x : O(X) — O(Y). A finite morphism has
finite fibres, by the same argument as in Remark 4.2.13. This property is shared
by proper holomorphic maps of Riemann surfaces.

Remark 4.3.9 A finite morphism of integral affine curves is always surjective.
Indeed, Case 2 of the proof of Lemma 4.3.5 cannot occur for a finite morphism,
and in Case 1 we may apply Fact 4.1.1 (4). An example of a non-finite mor-
phism is given by the inclusion Al \ {0} — Al corresponding to the natural ring
homomorphism k[x] — k[z,27!] (over any field k).

Now assume given a finite morphism Y — X integral affine curves. We have
just remarked that in this case the corresponding homomorphism O(Y) — O(X)
of coordinate rings is injective, whence an inclusion of function fields ¢* : K(X) C
K(Y'). As the morphism is finite, this must be a finite extension.

Theorem 4.3.10 Let X be an integral normal affine curve. The rule Y — K(Y),
¢ — ¢* induces an anti-equivalence between the category of normal integral affine

curves equipped with a finite morphism ¢ : Y — X and that of finite field exten-
sions of the function field K(X).

Proof: For essential surjectivity take a finite extension L|K (X)), and apply Fact
4.1.4 b) with A = O(X). It implies that the integral closure B of O(X) in L is a
finitely generated k-algebra, which is also integrally closed by Fact 4.1.1 (2). As L
is finite over K (X)), it is still of transcendence degree 1. Applying Proposition 4.3.6
to the ring extension O(X) C B we obtain an integral affine curve Y = Spec (B)
and a morphism ¢ : Y — X inducing the ring inclusion O(X) C B above. Again
by Fact 4.1.4 b) the morphism ¢ is finite. Fully faithfulness is proven by a similar
argument as in Theorem 3.3.7. O

The affine curve Y constructed in the first part of the proof is called the
normalization of X in L.
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Examples 4.3.11

1. The proposition is already interesting over algebraically closed k. For in-
stance if we take X = Al and L = k(x)[y]/(y* — f), where f € k[z] is of
degree at least 3 having no multiple roots, then the normalization of A,lC in
L is the normal affine plane curve V(y* — f) C AZ.

2. Over a non-closed field, however, we get other kinds of examples as well. If
we assume that X is geometrically integral, then for every finite extension
L|k we may look at the normalization of X in L ®; K(X). It will be none
other than the base change X, because tensorizing with L does not affect
integral closedness.

Remark 4.3.12 The concept of normalization is also interesting for a non-normal
integral affine curve X. Taking the integral closure B of O(X) in K(X) yields
via Proposition 4.3.6 a normal integral affine curve X with function field K (X)
that comes equipped with a finite surjective morphism X — X. This implies a
characterization of normality: an integral affine curve X is normal if and only if
every finite morphism ¢ : ¥ — X inducing an isomorphism ¢* : K(X) = K(Y) is
an isomorphism. As in the proof of Proposition 4.2.18 one sees that the condition
¢* : K(X) = K(Y) can be rephrased by saying that ¢ is an isomorphism over
an open subset. So the criterion becomes: X is normal if and only if every finite
surjective morphism Y — X inducing an isomorphism over an open subset is in
fact an isomorphism.

4.4 Proper Normal Curves

When one compares the theory developed so far with the theory of finite covers of
Riemann surfaces, it is manifest that our presentation is incomplete at one point:
the preceding discussion does not include the case of compact Riemann surfaces,
only those with some points deleted. For instance, we have an algebraic definition
of the affine line, but not that of the projective line. We now fill in this gap by
considering proper normal curves.

We shall give the scheme-theoretic definition, which is in fact quite close to
what Zariski and his followers called an ‘abstract Riemann surface’. Its starting
point is the study of the local rings Ox p of an integral normal affine curve X
over a field k. They are all discrete valuation rings (see Section 4.1) having the
same fraction field, namely the function field K (X) of X, and they all contain the
ground field .

Lemma 4.4.1 The local rings of an integral normal affine curve X are exactly
the discrete valuation rings R with fraction field k(X) that contain O(X).
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Proof: If R is such a ring, and M its maximal ideal, then the prime ideal P :=
M N O(X) is nonzero, for otherwise the restriction of the projection R — R/M
to O(X) would be injective, and the field R/M would contain K (X), which is
absurd. Thus P is maximal, and R contains the local ring Ox p. But then by
Proposition 4.1.9 (3) we have R = Ox p. o

We now consider the simplest example.

Example 4.4.2 The rational function field k(z) is the function field of the affine
line A} over k; we have O(A}) = k[z]. But k(z) is also the fraction field of k[z 1],
which we may view as the coordinate ring of another copy of A,1€ with coordinate
function x=1!. By Proposition 4.1.9 (3) every discrete valuation ring R D k with
fraction field k(z) contains either z or 7!, and hence by the preceding discussion
R is alocal ring of one of the two copies of A}. In fact, there is only one localization
of k[z~!] that does not contain z: the localization at the ideal (x~!). Thus there is
only one discrete valuation ring R as above that is not a local ring on the first copy
of Al; it corresponds to the ‘point at infinity’. The whole discussion is parallel
to the construction of the complex structure on the Riemann surface P!(C) in
Example 3.1.3 (2): there we took a copy of C around 0, another copy around
oo, and outside these two points we identified the two charts via the isomorphism
2z +— 2z~ Thus we may regard the discrete valuation rings R O k with fraction
field k(x) as the local rings of the projective line over k.

We can generalize the example as follows. Given a normal integral affine curve
X, we may use the Noether Normalization Lemma (Fact 4.1.10) to find a regular
function f € O(X) such that O(X) is a finitely generated module over k[f]. Let
X~ be the normal affine curve corresponding to the integral closure of k[f~!] in
K(X). By Lemma 4.4.1 every discrete valuation ring R D k with fraction field
K(X) is a local ring of either X or X~. Moreover, there are only finitely many
R that are not local rings of X, namely the localizations of O(X ™) at the finitely
many maximal ideals lying above (f~1) C k[f~!]. Informally speaking, we may
thus view the set of such R as the local rings on a ‘curve’ obtained by ‘gluing X
and X~ together’.

We now give a formal definition that is independent of the choice of the function
f above.

Construction 4.4.3 Let k be a field, and K|k a finitely generated field extension
of transcendence degree 1. Let XX be the set of discrete valuation rings with
fraction field K containing k. Endow XX with the topology in which the proper
closed subsets are the finite subsets. Define a sheaf of rings on XX by the formula
OK(U) = Ngey R for an open subset U C X . We call the ringed space (XX, OF)
as constructed above an integral proper normal curve over k with function field K.

A morphism YL — XX of proper normal curves is again defined as a morphism
of ringed spaces. The preceding discussion shows that every integral proper normal
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curve has an open covering (as a ringed space) by two integral affine normal curves.
The learned reader will recognize that this is the extra ingredient needed to define
a scheme.

Given an integral proper normal curve X %, we say that an open subset U¥X ¢ XK
is affineif O% (UK) is a finitely generated k-algebra. The ringed space (Ur, Oy,
is by construction the same as the integral affine curve corresponding to O% (UX)
via Proposition 4.3.6. Conversely, we have seen above that the set of local rings of
an integral normal affine curve with function field K is a nonempty open subset
of XX From these facts we deduce:

Proposition 4.4.4 The category of integral affine normal curves is equivalent to
that of affine open subsets of integral proper normal curves.

In particular, every integral affine normal curve X can be embedded as an affine
open subset in an integral proper normal curve XX, and every morphism Y — X
of integral affine normal curves extends uniquely to a morphism Y — XK of
proper normal curves.

It is a nonobvious fact that every open subset of X% other than X is affine,
but we shall not need this.

Remark 4.4.5 It can be shown that a proper normal curve comes from a pro-
jective curve in the same way as its affine open subsets come from affine curves.
We explain the necessary notions very briefly over an algebraically closed field
k. One identifies points of projective n-space P} over k with (n + 1)-tuples
(ag,...,a,) € K"\ {(0,...,0)}, modulo the equivalence relation identifying two
(n + 1)-tuples (ao, ...,a,) and (bg,...,by) if there exists A € k* with a; = A\b; for
all i. A projective variety X over k is then a subset of some P™(k) given by the
locus of common zeros of a finite system of homogeneous polynomials. If these
polynomials generate a prime ideal I(X) in k[zo,. .., x,] we say that the variety is
integral. The subring of the fraction field of k[zo,...,z,]/I(X) that can be repre-
sented by quotients of homogeneous polynomials of the same degree is the fraction
field K(X) of X. The local ring Ox p of a point P € X is the subring of K(X)
consisting of elements that can be represented by a function with nonvanishing
denominator at P; the sheaf Ox is defined as in the affine case. The integral
projective variety X is a curve if K (X) is of transcendence degree 1; it is a normal
curve if moreover all the Ox p are discrete valuation rings.

There are two basic facts about normal integral projective curves. Firstly, if X
is such a curve, then every discrete valuation ring R O k with fraction field K (X) is
a local ring of some point P € X, and consequently the pair (X, Ox) is isomorphic
to the proper normal curve (XX X)) oK (X)) as a ringed space. Secondly, every
integral proper normal curve (X%, OX) arises from a normal projective curve in
this way; it is then necessarily unique up to isomorphism. These statements are
proven e.g. in [28], Chapter I, §6.
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Given a surjective morphism Y% — XX of integral proper normal curves, the
field L is a finite extension of K, since both are finitely generated of transcendence
degree 1 over K. Fixing K, we obtain in this way a contravariant functor.

Proposition 4.4.6 The above functor induces an anti-equivalence between the
category of integral proper normal curves equipped with a morphism onto X and
that of finite field extensions of K.

Proof: Given a finite extension L|K, we may use the discussion after Example
4.4.2 to cover XX (resp. XI) by affine open subsets XX and XX (resp. X%
and X%). arising as normalizations of two overlapping copies of A,lC in K (resp.
L). The morphisms of affine curves X JLF - X f and X& — XX arising from this
construction glue together to a morphism ¢ : X% — XX To see that it does
not depend on the choice of the open coverings, it suffices to remark that a point
S € X* viewed as a discrete valuation ring gets mapped to S N K by the above
construction, which determines ¢ uniquely. O

From now on we drop the annoying superscript K from the notation when
discussing proper normal curves.

A morphism ¢ : Y — X of proper normal curves is finite if for all affine
open subsets U C X the preimage ¢~ '(U) C Y is affine, and moreover ¢,.O(U)
is a finitely generated O(U)-module. The restriction of ¢ to each ¢~!(U) may be
identified with the finite morphism of affine curves corresponding to the k-algebra
homomorphism O(U) — ¢.O(U). It thus follows from Remark 4.3.9 that a finite
morphism is always surjective. Conversely, we have:

Lemma 4.4.7 A surjective morphism ¢ : Y — X of proper normal curves is
always finite.

Proof: Let U C X be an affine open subset. The points of ¢~!(U) are the
discrete valuation rings R with fraction field L containing O(U). Since each R is
integrally closed, it contains the integral closure B of O(U) which is none but the
coordinate ring of the normalization V of U in L by the proof of Theorem 4.3.10.
Lemma 4.4.1 then allows us to identify V with ¢=1(U), so the latter is indeed an
affine open subset finite over U. O

According to the two previous lemmas, given an integral proper normal curve
X with function field K and an element f € K transcendental over k, the inclusion
k(f) C K corresponds to a finite surjective morphism ¢ : X — P}, where P}
is considered as a proper normal curve with function field k(f). This is to be
compared with Proposition 3.3.11: in fact, when k is algebraically closed and X
is realized as a projective curve one may check that ¢¢(P) = f(P) for all points
P € X where f € Ox p and ¢¢(P) = oo otherwise (see Exercise 6). As in Corollary
3.3.12, one then obtains:
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Corollary 4.4.8 Mapping an integral proper normal curve over k to its function
field induces an anti-equivalence between the category of integral proper normal
curves with finite surjective morphisms and that of finitely generated field exten-
sions of k having transcendence degree 1.

4.5 Finite Branched Covers of Normal Curves

We can now finally discuss our central topic, the analogue of topological covers for
normal algebraic curves. We first treat the case of integral affine curves. Let us
begin with some terminology: a finite morphism of integral affine curves is called
separable if the field extension K (Y')|K(X) induced by ¢ is separable.

Definition 4.5.1 Let ¢ : Y — X be a finite separable morphism of integral affine
curves, corresponding to an inclusion of rings A C B wvia Proposition 4.53.6. We
say that ¢ is étale over a closed point P € X if B/PB is a finite étale algebra over
the field k(P) = A/P. It is étale over an open subset U C X if it is étale over all
PecU.

Using some commutative algebra, we can give an equivalent definition under
the additional assumption that X and Y are normal. Recall that in this case
the rings A and B above are Dedekind rings, so we have a decomposition PB =
P{t ... P by Fact 4.1.5 (1). The maximal ideals P; C B correspond to the direct
summands of the x(P)-algebra B/PB, and geometrically to the points of the fibre
¢~ 1(P). Etaleness above P means that e; = 1 for all i, and that the field extensions
k(P;)|k(P) are separable, where k(P;) := B/P;. In other words:

Lemma 4.5.2 The morphism ¢ is étale above P if and only if a generator of the
mazimal ideal of Ox p generates the maximal ideal of Oy p, for each i, and the
field extensions k(P;)|k(P) are separable.

Proof: This follows from the above discussion, together with the facts that ¢
induces inclusions of discrete valuation rings Ox p C Oy,p, for each i, and Oy p,
is the localization of B by P;. O

Remark 4.5.3 The x(P)-algebra B/PB should be interpreted as the ring of reg-
ular functions on the fibre of ¢ over the point P. The fact that some e; above is
greater than 1 means that there are nilpotent functions on the fibre.

In sheaf-theoretic language, one can check that B/PB = (¢.O0y)p®oy , k(P),
where (¢.Oy)p is the stalk of the direct image sheaf ¢.Oy at P. In this interpre-
tation, the separability of ¢ means that (¢.Oy) ) is a separable field extension of
Ox o) = K(X), i.e. an étale K(X)-algebra.

The above abstract notions are enlightened by the following key example.
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Example 4.5.4 Consider the map p, : A — Ag given by z — z™ for some
n > 0. The coordinate ring of A! over C is C[z], and the morphism corresponding
to pn by Proposition 4.3.6 is given by the inclusion C[z"] — Clz]. A closed point
a € A1(C) corresponds to the maximal ideal M, = (z — a). To check whether it
is étale over a point a # 0, we take a primitive n-th root of unity w and an n-th
root {/a of a, and compute

@ Clal/(o—w'Ya) 2 O a0
Cle)/ (&) a0,

Clz]/(«" — a)Clz] =

In the first case we indeed obtain a finite étale algebra of dimension n over C.
On the other hand, for a = 0 we obtain a C-algebra containing nilpotents, which
therefore cannot be étale. The nilpotent functions on the fibre over 0 reflect the
property that the fibre is degenerate.

Remark 4.5.5 The above example is the algebraic analogue of the local branch-
ing behaviour of the morphism z — 2" of Riemann surfaces. In fact, the same
argument shows more generally that if k is an algebraically closed field and p; :
A}l — A} is the morphism coming from the k-homomorphism k[z] — k[z] map-
ping = to f € k[z], then p; is étale above a point P if and only if every preimage
Q of P satisfies f/(Q) # 0.

We can generalize this comparison with the theory over C as follows. Assume
given a finite morphism ¢ : Y — X of integral normal affine curves over C
coming from a ring homomorphism A — B, and equip X and Y with the complex
structures defined in Construction 4.2.20. Let P € X be a closed point, and
consider the decomposition PB = P;* --- Pt discussed above.

Proposition 4.5.6 With notations as above, the integer e; is the same as the
ramification index at P; of ¢ considered as a holomorphic map. In particular, ¢ as
an algebraic map is étale above P if and only if as a holomorphic map it restricts
to a cover over a complex neighbourhood of P.

Proof: It suffices to prove the first statement. If ¢ is a local parameter at P,
then in Ox p, we have t = gitfi with some local parameter ¢; and element g; with
gi(P;) # 0. So in the complex charts on Y and X defined by ¢ and ¢;, respectively,
the map ¢ looks like t; — g;t;*. As in the proof of Proposition 3.2.1 we may
replace t; by a complex chart such that the local form of ¢ becomes z; — z{', so
e; is indeed the ramification index at P;. O

Remark 4.5.7 Comparing the above proposition with Theorem 3.2.7 we see that
a finite morphism of normal affine curves must be proper as a holomorphic map.
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Example 4.5.8 A key example occurring over a non-closed field is the following.
Assume that X is a geometrically integral affine curve over a field &k (see Construc-
tion 4.3.7). Given a finite separable extension L|k, the base change morphism
X1, — X is finite and étale over the whole of X. Indeed, it is finite as L|k is finite,
and moreover it is étale over each P € X, because O(X1)/PO(X1) = k(P) ®; L,
which is indeed a product of finite separable field extensions of x(P).

The next proposition is an algebraic reformulation of the property that a proper
holomorphic map of Riemann surfaces restricts to a cover outside a discrete closed
set of points.

Proposition 4.5.9 Let ¢ : Y — X be a finite separable morphism of integral
affine curves. Then there is a nonempty open subset U C X such that ¢ is étale
over U.

The proof uses a lemma that will also serve later.

Lemma 4.5.10 Let ¢ : Y — X and ¢ : Z — Y be finite separable morphisms
of integral affine curves, and let P be a point of X. If ¢ is étale over P and 1 is
étale over all points of Y lying above P, then v o ¢ is étale over P. If moreover
X, Y and Z are normal, then the converse also holds.

Proof: Write A = O(X), B=0(Y) and C = O(Z). Then ¢ (resp. 1) corre-
sponds to the inclusion of rings A C B (resp. B C C) via Proposition 4.3.6. We
have

C/PC = C @4 k(P)=Cop(Boak(P)). (4.2)

By assumption (and the Chinese Remainder Theorem) here B ® 4 x(P) is isomor-
phic to the direct sum of the residue fields k(Q), where @) runs over the points
of Y lying above P, and these fields are separable over x(P). Thus C/PC =
P C ®p k(Q), and again by assumption each of the components is a direct sum
of finite separable extensions of x(Q). The first statement follows.

For the converse, note that by the normality assumption Proposition 4.1.6
applies and shows that ¢ is étale over P if and only if the x(Q) are separable
extensions of k(P) for all @ lying above P, and moreover the sum of the degrees
[k(Q) : k(P)] equals [k(Y) : k(X)]. It then follows from formula (4.2) and a simple
degree count that if one of these properties fails for ¢, it also fails for ¢ o ¢. Since
1 0 ¢ was assumed to be étale over P, so must be ¢. Once we know this, a similar
reasoning shows that ¢ must be étale above each () as well. O

In the proof of the proposition we shall only use the first statement of the
lemma, which holds without the assumption of normality.

Proof of Proposition 4.5.9: We keep the notation A = O(X), B= O(Y) from
the previous proof. As ¢ is finite, viewing A as a subring of B we find finitely many
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elements fi,..., f, € B integral over A such that B = A[fy,..., f,]. Consider the
chain

AC A[fl] C A[fl,fz] c--- C A[fl,...,frfl] CB

and the chain of morphisms of curves corresponding to it by Proposition 4.3.6. By
induction on r using Lemmas 4.2.14 and 4.5.10 we reduce to the case r = 1, i.e.
B = A[T]/(F) with a monic polynomial F' € A[T] satisfying F'(f;) = 0. Here F is
also the minimal polynomial of f; over k(X), so its derivative F’ must be prime
to F' in the ring k(X)[T], since fi is contained in the separable extension k(YY) of
k(X). We then find polynomials G1,Gy € k(X)[T] satisfying G1F + GoF' = 1.
Multiplying with a common denominator in g € A of the coefficients of G and Go
we obtain polynomials Hy = gG1, Hy = gGo € A[T] with H1F + HoF' = g. We
claim that U = D(g) C X is a good choice. Indeed, assume P is a maximal ideal
in A with g ¢ P. The image F of F in x(P)[T] cannot have multiple roots in an
algebraic closure of k(P), because reducing H1F + HoF' = g mod P we obtain
H\F + HyF' # 0, so F(a) = 0 implies F'(a) # 0. By the Chinese Remainder
Theorem the k(P)-algebra B/PB = k(P)[T]/(F) is isomorphic to a finite direct
sum of field extensions x(P)[T]/(F;), where F' = F} - - Fy is the decomposition of
F in irreducible components. By the above none of the F; has multiple roots, so
B/PB is indeed an étale k(P)-algebra. O

We may call a morphism Y — X as in the proposition a finite branched cover.
It is a Galois branched cover if the field extension k(Y')|k(X) induced by ¢* is
Galois. According to Fact 4.1.3 (1), if moreover the curves are normal, then the
Galois group acts transitively on the fibres of ¢. Combining Lemma 4.5.2 with
Corollary 4.1.7 we then obtain the following group-theoretic criterion for étaleness.

Proposition 4.5.11 Let ¢ : Y — X be a finite Galois branched cover of normal
integral affine curves defined over a perfect field k. Then ¢ is étale over a point P
of X if and only if the inertia subgroups Iq, are trivial for all points Q; of Y lying
above P.

One obtains an infinite version of the above proposition as follows. Fix a
separable closure K of k(X), and choose an infinite tower K; C Ko C ... of finite
Galois extensions of k(X) whose union is K,. Let A; be the integral closure of
A = 0O(X) in Kj, and P; a maximal ideal of A; with P; N O(X) = P such that
Pj 1 NAj = Pj for all j. The corresponding inertia subgroups I; form an inverse
system whose inverse limit is a closed subgroup Ip in Gal (K|k(X). One may
check that I'p does not depend on the choice of the tower of the Kj;.

Corollary 4.5.12 Let ¢ : Y — X be as in the previous corollary, and assume
kE(Y) C Ks. Then'Y is étale over P if and only if the image of the subgroup Ip
defined above is trivial in Gal (k(Y)|k(X)).
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Proof: Choose j so large that k(Y) C Kj, and set Q := P;NO(Y). By con-
struction the inertia subgroup at @ is the image of Ip in Gal (k(Y)|k(X)). The
corollary now follows from the previous one together with Fact 4.1.3 (2). O

We now extend the above notions to integral proper normal curves. Note first
that the notion of a separable morphism carries over immediately to the proper
case, as it only depends on the function fields. Then define a finite separable
morphism ¢ : Y — X of proper normal curves to be étale above a point P of X if
there is an affine open subset U C X containing P such that the finite morphism
of affine curves ¢~1(U) — U induced by ¢ is étale above P. Lemma 4.5.2 implies
that this definition does not depend on the choice of U. If ¢ is étale above all P,
we say that ¢ is a finite étale morphism.

Using this definition of étaleness we can extend the above theory from the affine
to the proper case by choosing affine open coverings of proper normal curves. In
particular, Proposition 4.5.9 implies that a finite separable morphism of integral
proper normal curves is étale above an open subset. Lemma 4.5.2 and Corollary
4.5.12 immediately generalize to proper normal curves, since they are of local
nature.

Finally, assume k£ = C. We may then equip an integral proper normal curve
X with a complex structure by taking affine open coverings and using Construc-
tion 4.2.20. The resulting Riemann surface X(C) is compact, because X has a
finite morphism ¢; onto P};, the Riemann surface P!(C) is compact, and the
holomorphic map coming from ¢y is proper by Remark 4.5.7. Combining Propo-
sition 4.4.6 with Theorem 3.3.7 and Corollary 3.3.12, and applying Proposition
4.5.6 then yields:

Proposition 4.5.13 Let X be an integral proper normal curve over C with func-
tion field K. Both of the first two categories below are anti-equivalent to the third
one:

1. Integral proper normal curves equipped with a finite morphism onto X.

2. Compact connected Riemann surfaces equipped with a proper holomorphic
map onto X (C).

3. Finite extensions of K.

Moreover, a finite morphismY — X is étale above a point P € X if and only if the
induced holomorphic map Y (C) — X (C) restricts to a cover in a neighbourhood
of P.

4.6 The Algebraic Fundamental Group

We now use the results of the previous section to define the algebraic fundamental
group of an open subset in an integral proper normal curve. By Proposition 4.4.4
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this will also yield a definition of the fundamental group of an integral affine normal
curve. The procedure is inspired by Theorem 3.4.1 on Riemann surfaces. We first
prove an analogue of Lemma 3.4.2.

Proposition 4.6.1 Let k be a perfect field, X an integral proper normal k-curve
with function field K, and U C X a nonempty open subset. Denote by K a fixed
separable closure of the function field K. The composite Ky of all finite subexten-
sions L|K of K so that the corresponding finite morphism of proper normal curves
is étale above all P € U is a Galois extension of K, and each finite subextension
of Ky|K comes from a curve étale over U.

Proof: To prove that Ky is Galois over K we have to check that it is stable
by conjugations by elements of Gal (K|K), which is an easy consequence of its
definition. As in the proof of Lemma 3.4.2, for the statement concerning finite
subextensions it is enough to check the following two properties:

a) If a finite subextension L|K comes from a curve étale over U, then so does
every subfield L D L' D K.

b) If M|K is another finite subextension coming from a curve étale over U,
then so does the composite LM in K.

Property a) follows from Lemma 4.5.10. It is then enough to check property
b) when L and M are Galois over K, in which case the criterion of the previous
Corollary 4.5.12 applies, and the claim follows from the equality Gal (Ks|LM) =
Gal (K|L) N Gal (K| M). O

Remark 4.6.2 It is possible to prove the proposition in a way completely anal-
ogous to the proof of Lemma 3.4.2. There are some technical difficulties, though:
for instance, one needs a definition of the fibre product of two finite branched
covers of the X. This we shall define in the next chapter, but an elementary pre-
sentation of the argument would be cumbersome. We have resorted to the above
Galois-theoretic argument instead.

Definition 4.6.3 In the situation of the proposition we define the algebraic fun-
damental group 71 (U) of U to be the Galois group Gal (Ky|K).

Thus 71 (U) is a profinite group. It depends on the choice of the separable
closure K that plays the role of a base point, just as in the Galois theory of fields.
We shall discuss the role of the base point in more detail in the next chapter.

We now come to the main result of this section. Before stating it, we define
a (not necessarily integral) proper normal curve to be a finite disjoint union of
integral proper normal curves. The notion of morphism extends to these in an
obvious way. Also, we define their ring of rational functions as the direct sum of
the function fields of their components. A finite morphism ¢ : Y — X of a proper
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normal curve onto an integral proper normal curve equips the ring of rational
functions on Y with the structure of a finite dimensional K-algebra; we say that
the morphism is separable if this algebra is étale.

Theorem 4.6.4 Let X be an integral proper normal curve over a perfect field k,
and let U C X be a nonempty open subset. The category of proper normal curves
Y equipped with a finite separable morphism ¢ : Y — X étale over U is equivalent
to the category of finite continuous left w1 (U)-sets.

Proof: Apply Theorem 4.4.6, Proposition 4.6.1 and Theorem 1.5.4. m

Let now U be an integral normal affine curve over a perfect field k. By Propo-
sition 4.4.4 we may realize U as an affine open subset of a proper normal curve
X, and hence by Lemma 4.6.1 the fundamental group 71(U) is defined; it does
not depend on the embedding of U in X. The theorem together with the last
statement of Proposition 4.4.4 and Proposition 4.4.7 then implies:

Corollary 4.6.5 The category of normal affine curves V' equipped with o finite
étale morphism V. — U s equivalent to the category of finite continuous left w1 (U)-
sets.

Here, of course, a normal affine curve is defined to be a finite disjoint union
of integral normal affine curves; morphisms extend as in the proper case. We
could have proven the corollary directly without embedding U in the proper curve
X, thereby circumventing the theory of proper curves. This embedding will be,
however, crucial in proving Theorem 4.6.7 below.

Remark 4.6.6 In the situation of the above corollary let A be the integral closure
of A:=O(U) in Ky. For each finite subextension K (V') of Ky7|K(X) coming from
a finite étale cover V — U we have O(V) = AN K(V), and each maximal ideal
M C A lies above the closed point M NO(V) of V. Although the k-algebra Ais
not finitely generated, it is the union of the finitely generated k-algebras O(V),
and the set U of its maximal ideals may be identified with the inverse limit of the
natural inverse system formed by the closed points of each V. We may even equip
U with the inverse limit topology, and view it as an affine ‘pro-algebraic curve’ by
defining a sheaf of rings Oy on it in the usual way: localizing A by a maximal

ideal @ C A we get the local ring Op o of the pro-point @, and for an open subset

V c U we let OF(V) be the intersection of the Op g for Q € V. We obtain
a ‘pro-étale cover’ of U which is the algebraic analogue of the universal cover in
topology. Note that it carries a natural action by 1 (U).

If we embed U in a proper normal curve X, then we may perform a similar
construction for X by taking an affine open cover and considering the normaliza-
tions of its elements in finite subextensions of Ky|K. We then obtain a ringed
space (X,0 <) that is a ‘profinite branched cover’ of X ‘pro-étale over U’. It also
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carries an action of 71 (U), but it also has ‘pro-points at infinity’ lying above points
in X \ U. The action of m1(U) on these pro-points at infinity captures a lot of
information about U.

In the case k = C our discussion was completely parallel with the theory for
Riemann surfaces discussed in the previous chapter. This yields the following
important structure theorem for the algebraic fundamental group.

Theorem 4.6.7 Let X be an integral proper normal curve over C, and let U C X
be an open subset. Then the algebraic fundamental group w1 (U) is isomorphic
to the profinite completion of the topological fundamental group of the Riemann
surface associated with U. Hence as a profinite group it has a presentation

<a17b17" '7ag7bgu/—yl7' - In | [al?bl] e [agvbg]'}/l o Tn = 1>7

where n is the number of points of X lying outside U, and g is the genus of the
compact Riemann surface associated with X .

Proof: In view of Proposition 4.5.13, the extension Ky|K of Proposition 4.6.1
is isomorphic to the extension Ky/|M(X) of Theorem 3.4.1, when X’ is taken
to be the Riemann surface associated with U. The Galois group of the former
extension is 71 (U) by definition, and that of the latter is the profinite completion
of the topological fundamental group of X’. The last statement then follows from
Remark 3.6.4. |

Remark 4.6.8 Let v; be one of the above generators, and let G be a finite quotient
of m1(U) corresponding to a finite Galois branched cover Y — X. By Proposition
3.4.5 ~; generates the cyclic stabilizer of a point @; of Y lying above a point
P, € X\ U. If we make G' vary among the finite quotients of 71(U), we obtain
a coherent system of points ();, which define a point ¢); of the profinite branched
cover X of Remark 4.6.6 that lies above P;. By construction, its stabilizer I under
the action of 7y (U) is the procyclic subgroup generated by ~;. In particular, it is
isomorphic to Z.

A surprising fact is that the above presentation for 71(U) holds over an ar-
bitrary algebraically closed field of characteristic 0. To derive it we first have to
discuss base change for proper normal curves.

Construction 4.6.9 Let X be an integral proper normal curve over a field k.
Denote by K its function field, and let L|k be a field extension. Recall that K is a
finite extension of the rational function field k(¢), so K ®y L is a finite dimensional
L(t)-algebra. Assume it is in fact a finite direct product of fields L;. Each L; is
then finitely generated and of transcendence degree 1 over L, hence corresponds
to an integral proper normal curve X; over L. We define the base change X to
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be the disjoint union of the X;. There is a natural morphism X; — X of proper
normal curves.

The assumption on K ®j L is satisfied when L|k is a separable algebraic ex-
tension, or when k is algebraically closed. In the latter case K ®j L is in fact a
field for all L D k.

If U C X is an open subset, we define Uy, to be inverse image of U in Xy. In
the case when U is affine, this is in accordance with Construction 4.3.7. Indeed,
there we worked under the assumption that O(U)®y L is an integral domain, which
holds if and only if K ®j L is a field. Then by construction Uy, = Spec (O(U)®y L).

We can now state the following nontrivial theorem whose proof we leave to the
next chapter (see Remark 5.6.7).

Theorem 4.6.10 Let k C L be an extension of algebraically closed fields of char-
acteristic 0, X an integral proper normal curve over k, and U C X an open subset.
The base change functor Y — Y induces an equivalence between the finite covers
of X étale over U and those of X, étale over Up,.

Consequently there is an isomorphism w1 (Ur) = 71 (U).

Corollary 4.6.11 Let k be an algebraically closed field of characteristic 0, X an
integral proper normal curve over k, and U C X an open subset. Then 71 (U) has
a presentation as in Theorem 4.6.7.

Examples 4.6.12 Let k be an algebraically closed field of characteristic 0.
1. By Theorems 4.6.7 and 4.6.10 we have 71 (P}) = m1(A}) = {1}

2. The same theorems show that 71 (P}, \ {0,00}) & Z. Thus for each n > 0
there is a unique isomorphism class of finite Galois covers of P,lC with group
Z/nZ that are étale outside 0 and co. Such a cover is given by the normal-
ization of A,l€ in the cyclic Galois extension of k(t) defined by the equation
" =t.

3. The group m; (P,lc\{O7 1, 00}) is the free profinite group on 2 generators. Thus
every finite group that may be generated by two elements is the Galois group
of a finite Galois cover of P,l€ étale outside 0, 1 and oo. It is known from
the classification of finite simple groups that all of them can be generated
by two elements — hence all of them arise as quotients of 71 (P}, \ {0, 1, 0c}).

4.7 The Outer Galois Action

Our examples in the last section concerned curves over algebraically closed fields.
We now turn to non-closed base fields where a crucial new feature appears: the
absolute Galois group of the base field arises as a canonical quotient of the algebraic
fundamental group.
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To explain this, let X be an integral proper normal curve over a perfect field
k. Fix an algebraic closure of k, and denote as usual by K the function field of X.
We assume that X is geometrically integral, which means that K ®, k is a field.
This is then the function field of the base change Xj of X to k, and also that of
Uj, for an affine open subset U C X. The affine curve Uy, is then integral, i.e. this
definition is coherent with the earlier notion of geometric integrality encountered
in Construction 4.3.7.

Let K, be a separable closure of K containing k. The field K ®;, k discussed
above can be identified with the composite Kk of K and k in K. It may also
be described as the composite in K¢ of the function fields of all base changes
X, with L|k finite. The morphisms X — X are finite étale for all L|k by the
same argument as in Example 4.5.8. It follows that Kk is contained in the subfield
Ky C K, of Proposition 4.6.1 for all open subsets U C X. By construction there is
a canonical isomorphism Gal (K (X)|k(X)) = Gal (L|k) for each L, where K(X7,)
is the function field of X, whence an isomorphism Gal (Kk|K) = Gal (k|k). In
conclusion, Gal (k|k) arises as a quotient of 71 (U) for all open U C X.

Proposition 4.7.1 Let X be a geometrically integral proper normal curve over a
perfect field k, and U C X an open subset (possibly equal to X ). There is an exact
sequence of profinite groups

1 — m(Ug) — m(U) — Gal (k|k) — 1.

Proof: By the above discussion it remains to identify the kernel of the map
71 (U) — Gal (Kk|K) with m1(Ug). A finite quotient G of the latter group corre-
sponds to a finite Galois extension Ky of Kk that is the function field of a finite
Galois branched cover Yy — X7, étale over Ug. Let f € (Kk)[T] be a minimal poly-
nomial for this field extension. We may find a finite extension L|k contained in k so
that the coefficients of f lie in KL and the finite extension Lo|K L defined by f is
Galois with group G. By construction we have Lok = K, and moreover L is the
function field of a finite branched cover Y — X, so that Y; = Y. It then follows
from the definition of étaleness that Y must be étale over Uy,. As X is finite étale
above X, the composite map ¥ — X — X realizes Y as a finite branched cover
of X étale above U. Therefore Ly C Ky, where Ky is as in Proposition 4.6.1.
Moreover, we have Lo N Kk = KL, which allows us to identify G = Gal (Lo|KL)
with a finite quotient of ker(m1(U) — Gal (Kk|K)). On the other hand, as Lo was
shown to be a subfield of K, so is the composite Lok = Ky, and therefore by
making G vary among the finite quotients of 71 (Ug) we see that Ky, C Ky. It
follows that there is a surjection from Gal (Ky|kk) = ker(m(U) — Gal (Kk|K))
onto Gal (Ky|Kk) = m1(U;). We have just seen that each finite quotient of the
latter is isomorphic to a finite quotient of the former via the above surjection,
which shows that the map is an isomorphism. O
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Now recall that quite generally given an exact sequence
1-N—-G—-T->1

of profinite groups, the action of G on the normal subgroup NV yields a continuous
homomorphism G — Aut(N). Its restriction to N takes values in the normal
subgroup Inn(N)) C Aut(N) of inner automorphisms, i.e. those that come from
conjugation by an element of N. Denote the quotient Aut(N)/Inn(N) by Out(N);
it is the group of outer automorphisms of N. By passing to the quotient we thus
obtain a continuous homomorphism I"' — Aut(N).

Applying the above to the exact sequence of the proposition we obtain a con-
tinuous homomorphism

pu : Gal (k|k) — Out(mi(Ug)).

The group 71 (Uy,) is called the geometric fundamental group of U, and py the outer
Galois action on the geometric fundamental group.

We now investigate the action of 71(U) on the space X introduced in Remark
4.6.6 above. Let @) be a pro-point of X lying above a point P of X, and DQ

its stabilizer in 71(U). The residue field x(Q) = 0% 6 / QVOX & 1s an algebraic
closure of k(P) = Ox,p/POx, p. As before the statement of Fact 4.1.3, we have a

homomorphism D5 — Gal (£(P)|x(P)), and one sees using Fact 4.1.3 (3) that it
is surjective. Its kernel I@ is called the inertia group at é

By the previous proposition (and its proof) we may view X asa profinite Galois
branched cover of Xj with Galois group 7 (Uy), a normal subgroup in m (U).

Lemma 4.7.2 Let P be a closed point of X with k(P) = k. The stabilizer of a
point Q of X lying above P in w1 (U}) equals its inertia group I5 in T (U).

Proof: The subgroups in question consist of those elements of the stabilizer D@
that are in the kernel of the natural projection D5 — Gal (k|k). ]

A closed point P as in the statement of the lemma is called a k-rational point
of X. It has the following more transparent interpretation. Take an affine open
U C X and view the coordinate ring O(U) as a quotient of the polynomial ring
k[x1,...,zy] for suitable n. We may then identify P with a maximal ideal of O(U),
and we have x(P) = k if and only if the preimage of P in k[x1,...,x,] is of the
form (x1 — aq,...,2, — ap) with some a; € k. This means that if we choose an
embedding of U in affine space A}, then after base change to k we obtain a single
point of A7 lying above our closed point P, and moreover it has coordinates in k.

Corollary 4.7.3 If U contains a k-rational point, then the ezact sequence of
Proposition 4.7.1 splits, and 71 (U) is a semidirect product of m1(Uy) with Gal (k|k).
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Proof: Let @ be a pro-point of U above a k-rational point P € U, and Q its
image in Uy. By definition of 71 (Uj) it must have trivial stabilizer in 71 (U;). The
lemma then implies that I is trivial, so Dy C 71 (U) is isomorphic to Gal (k|k),
whence the required splitting. O

Example 4.7.4 Let us consider the case U = P} \ {0,00}. We have seen that
m(Ug) = Z is commutative, hence we have a true action of Gal (k|k) on w1 (Uy),
not just an outer action. For each n > 0 the quotient 71 (Uj)/n = Z/nZ can be
identified with the Galois group of the extension K,|k(t) defined by the equation
2" — t. Moreover, the action of Gal (k|k) on 71 (Ug)/n is the one coming from the
extension of profinite groups

1 — Gal (K, |E(t)) — Gal (Kp|k(t)) — Gal (E|k) — 1.

A generator of Gal (K, |k(t)) is given by sending 1 to the automorphism mapping
a fixed n-th root ¥/t of t to w, V/t, where w, € k is a primitive n-th root of
unity. The action of o € Gal (k|k) on Gal (K,|k(t)) sends this automorphism to
Vit — o(wn) Vt.

The actions of Gal (k|k) on the quotients m1(Uy)/n are compatible for differ-
ent n. This translates to the following. By the above, defining an isomorphism
71 (Ug) = Gal (J K,|k(t)) corresponds to fixing a choice of a primitive n-th root
of unity w,, for each n, with the property that for all pairs (n, m) with n|m we have
wh/™ = w,. The action of ¢ € Gal (k|k) then corresponds to sending a system
(wr) of roots of unity as above to the system o(w,,).

Via the fixed isomorphisms Z = Gal (UKnlk(t)) = 71 (Ug) we thus obtain a
continuous homomorphism Gal (k|k) — Aut(Z) = Z*, inducing maps Gal (k|k) —
(Z/nZ)* for each n. It is called the cyclotomic character of Gal (k|k).

We conclude this section by a famous theorem of Belyi stating that for £k = Q
and U = P1\ {0, 1, 00} the outer representation py is faithful. He derived this fact
from the following result that is very interesting in its own right.

Theorem 4.7.5 (Belyi) Let X be an integral proper normal curve defined over an
algebraically closed field k of characteristic 0. Then there is a morphism X — P/,lC
étale over Pi \ {0,1, 00} if and only if X can be defined over Q.

Here the condition that X may be defined over Q means that there exists a
curve Xg defined over Q such that X comes from Xy by base change from Q to k.

Proof: The ‘only if’ part follows from Theorem 4.6.10 (to be proven in the next
chapter). Belyi proved the ‘if’ part as follows. In any case there is a morphism
p: X — P! defined over Q and étale above the complement of a finite set S of
closed points. The idea is to compose p with suitable morphisms P' — P! that
reduce the size of S.
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In a first step, we reduce to the case where S consists of Q-rational points.
For this, let P be a point for which the degree n = [k(P) : Q] is maximal among
the points in S. Choose a minimal polynomial f for a generator of the extension
#(P)|Q and consider the map ¢y : P! — P! attached to f. Since f has coefficients
in Q, this map is defined over Q, and as it is given by a polynomial, it restricts
to a map A!' — A! that we denote in the same way. By Remark 4.5.5 ¢y is
étale outside the ¢¢(Sf), where Sy is the set of points Q € Ala with f(Q) = 0.
Therefore the composite ¢ op is étale outside the set S" = ¢£(S) U {oo} Ups(Sy).
Now oo has degree 1 over Q; the points of S, and hence of ¢¢(Sf) have degree
at most n — 1; finally, those in ¢;(S) has degree at most n. But since ¢;(P) = 0,
there are strictly less points of degree exactly n in S’ than in S. Replacing p by
¢fopand S by S’ we may continue this procedure until we arrive at n = 1.

So assume all points in S are defined over Q. If S consists of at most three
points, we are done by composing with an automorphism of P!; otherwise we
may assume S contains 0,1,00 and at least one more Q-rational point a. The
idea again is to compose p by a map ¢y : P! — P! associated with a well-
chosen rational function f. This time we seek f in the form 4 (2 —1)” with some
nonzero integers A, B. Outside 0, 1 and oo it restricts to a morphism of affine curves
AQ\{0,1} — Ag corresponding to the homomorphism Q[z] — Q[z][(z(z—1))~]
sending x to f. As above, ¢ rop will be étale outside ¢ ¢(.5) together with the images
of those points in A\ {0,1} where the derivative f’ vanishes. These are given by
the equation Az4~(z — 1)8 + BzA(x —1)%~1 = 0, or else A(x — 1) + Bz = 0.
We therefore have only one such point, namely x = A/(A+ B). So if we choose A
and B so that o = A/(A+ B), then ¢ op will be étale everywhere outside ¢(.5).
But ¢¢(S) contains strictly less points than .S, because ¢¢({0,1,00}) C {0, 00}.
We may then continue the procedure until ¢;(S) has at most 3 elements. O

We can now give the promised application concerning the outer Galois action

on the fundamental group of Pla\ {0,1, 00}.

Theorem 4.7.6 The outer Galois representation

PP1(0,1,00) * Gal(QIQ) — Out(mi (P \ {0,1,00})

has trivial kernel.

The significance of this theorem lies in the fact that it embeds the group
Gal (Q|Q), which is of arithmetic nature, in the outer automorphism group of a
group coming from topology. It is the starting point of Grothendieck’s theory of
dessins d’enfants.

Proof: We use the shorthands U for P}Q \ {0,1,00} and U for Ug. Assume
that py has a nontrivial kernel, fixing a (possibly infinite) extension L|Q. Then
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the representation py, : Gal (L) — Out (71 (U))) is trivial. Recall that py, comes
from the short exact sequence

1 —m((U) — m(UL) — Gal(Q|L) — 1

via the conjugation action of m1(Ur) on m1(U). The triviality of py, means that

every automorphism of 71 (U) induced by conjugating with an element x € m(Up)
equals the conjugation automorphism by an element y € 71(U). This implies
that y~'x is in the centralizer C of 71(U,Z) in 7 (Uy), so that the latter group
is generated by C and m1(U). But by Example 4.6.12 (3) the group m1(U) is
isomorphic to the profinite completion of the free group on two generators, which
is known to have a trivial center. Hence C' and m1(U) have trivial intersection,
which implies that m1(Uy) is actually their direct product. Whence a quotient
map 71(Uz) — m1(U) which gives the identity by composing with the natural
inclusion in the reverse direction. Considering finite continuous 71 (U)-sets and
applying Theorem 4.6.4 we conclude that every finite étale cover of U comes by
base change from a cover of Uy. By Belyi’s theorem this then means that every
integral proper normal curve defined over Q can in fact be defined over L. But

there are counter-examples to this latter assertion; see the facts below. O

Facts 4.7.7 Let L be a subfield of Q. A geometrically integral proper normal
curve E defined over L is an elliptic curve if it has an L-rational point P and is of
genus 1 (meaning that the compact Riemann surface coming from F¢ has genus 1
in the sense of Section 3.6). Then it is known that there is an embedding £ — P?
whose image is defined by an equation of the form y?z = 23 + Az2? 4+ B23 with
A, B € L, the point (0, 1,0) being the image of P. The j-invariant

4A3

j(E) = 1728m €

L

is preserved by all Q-isomorphisms Egq = X', where X' is a projective plane curve
over Q given by an equation of the above shape. Furthermore, for every j € Q
there exists an elliptic curve E’ over Q as above with j(E’) = j. For these facts
see e.g. [66], Proposition II1.3.1 and §3.1.

Fix now an elliptic curve E’ over Q such that j(E’) ¢ L. We contend that
there is no proper normal curve X over L with XQ =~ F’. Indeed, were there such
a curve, it would be of genus 1, and then it is known ([66], Ex. 10.3) that there
is an elliptic curve E over L canonically attached to X, its Jacobian, that has the
property XQ = Ea. We would then have an isomorphism E6 ~ F’, which would
contradict the assumption about the j-invariant of E’.

Remark 4.7.8 Theorem 4.7.5 also has important applications in Diophantine
geometry. For instance, Elkies [16] used it to deduce Mordell’s Conjecture (now
Faltings’ Theorem) from the abc conjecture. See [5], Chapter 12 for further dis-
cussion.
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4.8 Application to the Inverse Galois Problem

We now discuss a spectacular application of the methods developed so far. It
concerns the regular inverse Galois problem over Q that may be stated as follows.

Problem 4.8.1 Let G be a finite group. Construct a finite reqular Galois exten-
sion K|Q(T) with Gal (K|Q(T)) = G.

The regularity condition means that there is no subextension in K|Q(T') of the
form L(T'), where L is a nontrivial extension of Q.

A positive solution to the regular inverse Galois problem implies a positive
solution to the inverse Galois problem over Q because of the following well-known
result.

Theorem 4.8.2 Consider a finite reqular Galois extension K|Q(T) with Galois
group G. Let x™+ay_12™ 1+ -+ag be a minimal polynomial for this extension,
with a; € Q(T'). There exist infinitely many t € Q such that none of the a; has
denominator vanishing at t, and ™ + am—1(t)x™ 1 + -+ + ap(t) € Q] defines a
Galois extension of Q with group G.

This is a somewhat sharpened form of Hilbert’s Irreducibility Theorem. (The
original form only states that there are infinitely many ¢ for which the polynomial
™ + a1 ()™ 4+ -+ + ag(t) remains irreducible.) For proofs, see e.g. Serre’s
books [60] or [62].

Problem 4.8.1 is largely open at the present day and is the subject of intense
research. Towards the end of the 1970’s Belyi, Fried, Matzat and later Thompson
independently developed a method based on the theory of the algebraic fundamen-
tal group that yields a positive solution for many of the finite simple groups. We
now explain the basic idea of the construction, relying largely on the exposition of
Serre in [62].

The starting point is that, as we have seen in Corollary 3.4.4, every finite group
G occurs as a Galois group over C(T'). More precisely, we have shown that if G
can be generated by n — 1 elements, than G is isomorphic to a finite quotient of
7P (n) := P (PY(C) \ {P, ..., P,}). Recall that this group has a presentation

Wtop(n) = <'Yl,a’Yn|’Yan = ]->

Thus giving a surjective homomorphism ¢ : 7'°P(n) — G is equivalent to specifying
an n-tuple (g1,...,9n) € G™ with g1 ...¢g, = 1 such that the g; generate G. We
shall call n-tuples satisfying these two properties generating.

Since the above holds with an arbitrary choice of the points P;, we may assume
that the P; are Q-rational (i.e. come from closed points of P}Q with k(F;) = Q).
Then by Theorem 4.6.7 and Theorem 4.6.10 the profinite completion m(n) of
7*°P(n) is isomorphic to the algebraic fundamental group 7r1(P16\ {P1,...,P.}),
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and the surjection ¢ induces a continuous surjection m(n) — G. Moreover, with
the notation II(n) := 7r1(P}‘2 \{P1,...,P,}) we have the basic exact sequence

1 — 7w(n) — (n) — Gal (Q|Q) — 1.

Our task is then to extend the surjection ¢ : 7(n) — G to a continuous homomor-
phism ¢ : II(n) — G. It will be automatically surjective (since ¢ is), and hence
give rise to a finite Galois extension K|Q(T), because by construction II(n) is a

quotient of Gal (Q(T)|Q(T)). The extension K|Q(T') will be regular, because by

definition the restriction of ¢ to 7(n) is already surjective.

To construct QE we first formulate an abstract group-theoretic lemma. Assume
given a profinite group I', a closed normal subgroup N C I'; and a finite group G.
The set Hom(N, G) of continuous homomorphisms N — G is equipped with a left
action of G given by (g, ) — 4¢, where 4¢(n) = gp(n)g~! for all n € N. There
is also a right action of I' on Hom(N, G) given by (¢,0) — ¢, where ¢,(n) =
¢(ono~!) for all n € N, and the two actions are compatible, i.e. 4(ds) = (4¢)o-

Lemma 4.8.3 In the above situation, let S C Hom(N,G) be a subset stable by
the actions of G and T, such that moreover G acts freely and transitively on S.
Then every ¢ € S extends to a continuous homomorphism ¢ : I' — G.

Proof: Let ¢ be an element of S. For each o € T there exists g, € G such
that ¢(ono~t) = gyp(n)g, ! for all n € N, because S is stable by ' and G acts
transitively on S. Moreover, such a g, is unique, because the action of G on S
is free. We contend that the formula ¢(o) := g, for o € ' defines the required
extension. Indeed, the compatibility of the actions of G and T' implies that ¢
is a homomorphism, and moreover for o € N we have g, = ¢(0), since ¢ is a
homomorphism. For continuity it is enough to show by finiteness of G that ¢ has

closed kernel. But ker(¢) consists of those o € I' that leave ¢ invariant, so it is
closed by continuity of ¢. O

We would like to apply the lemma in the situation where N = 7w(n) and
I' = II(n), so we have to specify a subset S C Hom(w(n),G) with the required
properties. Recall that a surjection ¢ : w(n) — G is determined by the elements
&(7i), which are to form a generating n-tuple. If S contains ¢ and is stable by the
action of II(n), then it should contain all the homomorphisms ¢, for o € II(n).
In particular this should hold for o € m(n), in which case ¢, = 4(5)¢. Conversely,
for each g € G the map 4¢ defines a continuous surjection 7(n) - G. Thus it is
natural to fix n conjugacy classes C1,...C, in G, and look for S in the form

S ={¢ € Hom(nw(n),G) : ¢(v:) € C; and (¢(71), ..., d(7n)) is a generating n-tuple}.

By definition S is stable by the actions of G and 7(n). We now impose condi-
tions on the C; that force the other conditions of the lemma.
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Definition 4.8.4 Let G be a finite group. An n-tuple C,..., C, of of conjugacy
classes in G is called rigid if there exists a generating n-tuple (g1,...,9,) in G
with g; € C;, and moreover GG acts transitively on the set of all such generating
n-tuples.

By the above discussion, G acts transitively on S if and only if the C; form a
rigid system. Moreover, if G has trivial center, then its action on S is also free.
Indeed, in general if ¢ € S, g € G and each g; = ¢(~;) is invariant for conjugation
by g, then g must lie in the center of G since the g; generate G.

We finally present a criterion ensuring that S is stable by the action of II(n).

Definition 4.8.5 A conjugacy class C in a finite group G is called rational if
g € C implies g™ € C for all m € Z prime to the order of G.

Lemma 4.8.6 Assume that C1,...,C, are rational conjugacy classes in a finite
group G, and ¢ : w(n) — G is a continuous homomorphism with ¢(v;) € C; for
all i. Then the same holds for ¢, for all o € 1I(n).

Proof: By Remark 4.6.8 and Proposition 4.7.2 each ~; generates the inertia
subgroup I a, C m(n) of a point @Z of the profinite branched cover P§ of Remark
4.6.6 above the point P;. By definition of inertia subgroups, for each o € II(n) the
conjugate oy;0 " lies in the inertia subgroup Io(éi) of another point a(@i) above
P;. Since P; is rational over Q, there is a unique point Q; of X lying above P;.
Hence both I 0, and IU(@Z_) are stabilizers of points above @, in 7(n), and as such
they are conjugate in 7(n) as well. Thus gb(I@i) and (Z)(Io(@i)) are conjugate cyclic
subgroups in G, with respective generators ¢(7;) and ¢(oy;0~!). Therefore there
is m € Z prime to the order of G and g € G with ¢(oy;0~ 1) = go(vi)g L. As C;
is a rational conjugacy class, this shows that ¢(oy;0~!) € C;, as required. |

Note that if the ¢ of the lemma is surjective, then so is ¢,. This concludes the
verification that S is stable by the action of II(n).
To sum up the discussion, we have proven:

Theorem 4.8.7 Let G be a finite group with trivial center, and assume there
exists a rigid system C1, ..., Cy of rational conjugacy classes in G. Then G arises
as a finite quotient of Wl(P}Q \{P1,...,P,}) with some Q-rational points P;. In
particular, it is the Galois group of a reqular Galois extension of Q(T).

The theorem reduces the regular inverse Galois problem for a center-free finite
group G to the purely group-theoretic question of finding a rigid system of rational
conjugacy classes in GG. Of course, such a system may not exist, and even when it
does, it may be hard to check in practice that the rigidity and rationality conditions
are satisfied. Still, it is possible in many cases. For instance, Thompson has verified
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that the Monster has a rigid system of three rational conjugacy classes of orders 2,
3 and 29, respectively. In other cases, the theorem above does not apply directly,
but a variant of it does. For the state of the art in 1998, see the book of Malle
and Matzat [39].

[Discussion of PSLy(p) to be added.]

4.9 A Survey of Advanced Results

In this section we give an overview of some of the major results currently known
about the structure of fundamental groups of integral normal curves. In the first
part we assume that the base field k is algebraically closed.

If X is an integral proper normal curve over k, a fundamental invariant of X is
its genus g. Over k = C this is the same as the genus of the associated Riemann
surface introduced in Section 3.6. For definitions that work in general, see [63] or
[28]. If U C X is an open subcurve different from X, then U is isomorphic to an
affine curve (see e.g. [28], Exercise IV.1.3). The fundamental invariants of U are
g and the number n of closed points in X \ U.

The first main theorem says that these invariants completely determine the
quotient of 71 (U) that is ‘prime to the characteristic of £’. In order to state it
precisely, we need to introduce some terminology. Given a prime p and a group G,
the inverse limit of the natural inverse system of the finite quotients of G that have
order prime to p (resp. a power of p) is called the profinite p’-completion (resp.
profinite p-completion) of G. If G is moreover profinite, these are the maximal
prime-to-p quotient GP) and mazimal pro-p quotient G?) of G, respectively. We
extend the notion of profinite p’-completion to p = 0 by defining it as the usual
completion.

Theorem 4.9.1 (Grothendieck) Let k be an algebraically closed field of char-
acteristic p > 0, and let X be an integral proper normal curve of genus g over k.
Let U C X be an open subcurve (possibly equal to X ), and n > 0 the number of
closed points in X \U. Then m(U)¥") is isomorphic to the profinite p'-completion
of the group

Iy = (a1,b1,...,ag,bg,71, -, 9 | [a1,b1] ... [ag,bgly1 ... =1).

For k = C we have seen this in Theorem 4.6.7. The case of a general k of
characteristic 0 can be deduced from it by the version of Theorem 4.6.10 for proper
curves. The main contribution of Grothendieck was in positive characteristic, and
was one of the principal theorems of his seminar [24]. There he deduced the result
from the case of characteristic 0 via a specialization theorem for the fundamental
group that we shall describe in the next chapter.

Remark 4.9.2 It is an interesting question whether one can prove Theorem 4.9.1
without using analysis and the complex topology. It would be enough to show



4.9 A SURVEY OF ADVANCED RESULTS 125

that the finite quotients are exactly the finite groups that can be generated by
2g + n elements satisfying a relation as above. Indeed, it can be proven in a
purely algebraic way that for fixed N > 0 the group m (X )(p,) has only finitely
many quotients of order N (Lang—Serre [34], Abhyankar [1]). But a profinite group
having this property is determined up to isomorphism by its finite quotients (see
Lemma 5.6.6 in the next chapter).

Results in this direction are quite scarce. Borne and Emsalem have observed
in a recent preprint [6] that the methods of Serre [61] can be used to determine
the finite solvable quotients of 7 (P! \ {0,1,00})®"), and hence to describe the
maximal pro-solvable quotient of 71 (P! \ {0,1,00})®) in a purely algebraic way;
see also [36] for further results in this direction. Also, Wingberg used methods of
Galois cohomology and class field theory to show that for a normal curve U defined
over F,, the maximal pro-¢ quotient of 71 (U) has a presentation as in Theorem
4.9.1 for all primes ¢ # p (see [49], Theorem 10.1.2).

A special case of Theorem 4.9.1 says that in characteristic 0 the fundamental
group of a normal proper curve is completely determined by the genus of the
associated compact Riemann surface. Thus there are many curves having the
same fundamental group. However, over the algebraic closure of a finite field
the situation is completely different, as a striking recent result of Tamagawa [69]
(building upon earlier work by Raynaud, Pop and Saidi) shows.

Theorem 4.9.3 (Tamagawa) Let p be a prime number, and G a profinite group.
There are only finitely many proper normal curves of genus g > 2 over F ), whose
fundamental group is isomorphic to G.

Of course, the theorem is only interesting for those G that actually arise as the
fundamental group of some curve as above.

Now that we know the maximal prime-to-p quotient of the fundamental group,
we may ask for the structure of its maximal pro-p quotient in characteristic p > 0.
The answer is radically different in the proper and the affine cases.

Before stating the result for proper curves, we need to recall some facts from
algebraic geometry. With a proper normal curve over a field k one may associate
its Jacobian variety, which is an abelian variety, i.e. a projective group variety
over k (these are known to be commutative). The p-rank of an abelian variety A
over an algebraically closed field k of characteristic p > 0 is the dimension of the
F,-vector space given by the kernel of the multiplication-by-p map on A(k). It is
a nonnegative integer bounded by dim A.

Theorem 4.9.4 (Shafarevich) Let X be an integral proper normal curve over
an algebraically closed field of characteristic p > 0. The group 7T1(X)(p) is a free
pro-p group whose rank equals the p-rank of the Jacobian variety of X.
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Here one may define a free pro-p group of rank r as the maximal pro-p quotient
of the free profinite group of rank r. In his proof Shafarevich used the theory of
so-called Hasse-Witt matrices. Nowadays the theorem can be quickly proven using
methods of étale cohomology; see [9], Theorem 1.9, or the chapters by Gille and
Bouw in [7].

Observe that Theorems 4.9.1 and 4.9.4 do not elucidate completely the struc-
ture of the fundamental group of a proper normal curve over an algebraically
closed field of positive characteristic; this is still unknown at the present day. The
theorems give, however, a good description of its maximal abelian quotient: this
group is the direct sum of its maximal prime-to-p and pro-p quotients, and hence
the previous two theorems together suffice to describe it.

The maximal pro-p-quotient of the fundamental group of a normal affine curve
is not known, but we know that in contrast to the proper case it is enormous;
every finite p-group is a quotient of it. In fact, we have the following important
theorem, previously known as Abhyankar’s Conjecture.

First we fix some notation: for a finite group G denote by p(G) the (normal)
subgroup generated by its p-Sylow subgroups. Hence G/p(G) is the maximal
prime-to-p quotient of G.

Theorem 4.9.5 (Raynaud, Harbater) Let k be an algebraically closed field of
characteristic p > 0, and let U be an affine curve over k arising from an integral
proper normal curve X D U of genus g by deleting n points.

Every finite group G for which G/p(G) can be generated by 2g+mn—1 elements
arises as a quotient of w1 (U).

Raynaud proved the crucial case X = A,lc in his paper [54]. He constructed
Galois covers of the affine line with prescribed group G satisfying the condition
of the theorem by combining three different methods. The first came from an
earlier paper [61] by Serre that handled the case of solvable G, and contained
an inductive statement for extensions of groups satisfying the conclusion of the
theorem by solvable groups. The second method used a patching technique like
the one we encountered in Chapter 3, but in the setting of rigid analytic geometry.
Finally, the third method exploited the theory of semi-stable curves. Soon after
Raynaud’s work Harbater reduced the general case to the case of the affine line in
[27]; another proof for this reduction was given by Pop [52]. See also the chapters
by Chambert-Loir and Saidi in [7].

In the remainder of this section k will denote a perfect field, k a fixed algebraic
closure, and X an integral proper normal curve over k. For an open subcurve
U C X we introduced after Proposition 4.7.1 an outer Galois representation

pu : Gal (k|k) — Out(m (Ug)).

In a 1983 letter to Faltings (reprinted in [58]) Grothendieck proposed a conjectural
theory named ‘anabelian geometry’ according to which the above representation
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should determine U when 7 (Uy) is ‘far from being abelian’. A satisfactory for-
mulation of the conjectures in higher dimension is not known at present, but in
the case of curves precise statements are known, and mostly proven. They concern
hyperbolic curves U, i.e. integral normal curves such that 2g — 2 + n > 0, where
g is the genus of the compactification Xy, and n is the number of closed points
in X3, \ Uj. If k is of characteristic 0, then by Theorem 4.9.1 the group 71 (Uy) is
indeed nonabelian; in fact, it is a free profinite group.
The most important result is the following.

Theorem 4.9.6 (Tamagawa, Mochizuki) Let k be a field that may be embedded
in a finitely generated extension of the field Q, of p-adic numbers for some prime
p. Then every hyperbolic curve U over k is determined up to k-isomorphism by
the outer Galois representation pg .

The theorem was proven by Tamagawa [68] in the important special case when
k is a number field and U is affine. He first proved a result over finite fields
(see Theorem 4.9.8 below), and then used a specialization argument to obtain the
statement in the number field case. Mochizuki first extended Tamagawa’s theorem
to proper curves over number fields in [42] using techniques from logarithmic ge-
ometry, and then in [43] proved the general theorem stated above in a completely
different way, exploiting p-adic Hodge theory. For a survey of this second method,
see the Bourbaki lecture [18] by Faltings.

In fact, Mochizuki proved much more. In order to formulate the general result
of his paper [43] we need to set up some notation. First, for U and p as in the
theorem above consider the maximal pro-p-quotient 7T1(Uj€)(p) of the geometric
fundamental group 7 (Ug). The kernel N of the projection 71 (Uz) — m (Uz)® is
preserved by all automorphisms of 71 (U), hence it is normal in 71 (U). We denote
the quotient 71 (U)/N by 7r§p) (U); it is an extension of Gal (k|k) by the pro-p-group
1 (Uz)®).

Given profinite groups G1, Gy equipped with continuous surjections G; — G
onto a third profinite group G, we denote by Homg, (G, G2) the set of continuous
homomorphisms G; — G5 that are compatible with the projections onto G up to
an inner automorphism of G. Composition with inner automorphisms of G5 equips
this set with a left action by Go; we denote the quotient by HomCO;Ut(Gl, Gs). We
shall see in the next chapter that every morphism ¢ : U — U’ of curves over a
perfect field k induces a homomorphism on fundamental groups, whence a map
82{“@ I (ng )(U ) 7r§p )(U )) (we have to quotient by inner automorphisms of
71(U) because we are ignoring base points of the fundamental groups). If moreover
¢ is dominating, i.e. has Zariski dense image, then the induced homomorphism
of fundamental groups is known to have open image. Accordingly, given curves
U,U’" over a perfect field k, denote by Homgom(U7 U’) the set of k-morphisms

U — U’ with dense image, and by Homgzlt ’(gfke)n(w%p )(U),Trgp )(U")) the subset of

in Hom
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Homgglt (Fk) (71'9D ) (U), ng ) (U")) coming from homomorphisms with open image. We

may now state:

Theorem 4.9.7 (Mochizuki) Let k be a field that may be embedded in a finitely
generated extension of Qp, and let U, U’ be hyperbolic curves over k. Then the
natural map

Hom{{*" (U, U") — Homgy 26 (x” (U), mi” (U"))

s a bijection.

As mentioned above, there are also results for curves over finite fields. Here
they are:

Theorem 4.9.8 (Tamagawa, Mochizuki) Let F be a finite field, and let U, U’
be hyperbolic curves over F. Then the natural map

Isom(U, U’) — Isom(m1(U), 7 (U"))
18 a bijection.

Here on the left hand side we have the set of isomorphisms between U and
U’ as schemes, regardless of the F-structure, and on the right hand side the set of
continuous isomorphisms between 71 (U) and 71(U’). Note that here we are not
considering Gal (k|k)-isomorphisms between 71 (Ug) and m1(Ug) as before; in fact,
over a finite field F the outer Galois action on 71 (Ug) is ‘encoded’ in 71(U).

The theorem was proven in the affine case by Tamagawa in [68] using class field
theory, and in the proper case by Mochizuki [44] as a consequence of his theory of
cuspidalizations. Using Tamagawa’s affine result and a specialization technique,
Stix [65] proved an analogue of Theorem 4.9.6 for non-constant hyperbolic curves
over a finitely generated field of positive characteristic.

We conclude this survey by stating the main open question in the area, the
famous Section Conjecture of Grothendieck. Let k£ be a perfect field, and X an
integral proper normal curve over k. Recall from Proposition 4.7.1 that there is an
exact sequence

1 — m(Xz) — m(X) 5 Gal (k|k) — 1

of profinite groups. By Corollary 4.7.3 if P € X is a k-rational point (i.e. a closed
point with x(P) = k), then the stabilizer in 71 (X) of a point P of the profinite
cover X introduced in Remark 4.6.6 maps isomorphically onto Gal (k|k) by the
projection p, and hence yields a section of the projection p. The different points
P above P are conjugate by the action of 7 (X) (in fact, already by the action of
m1(X7), as P was assumed to be k-rational). Hence P gives rise to a conjugacy
class of sections. In our previous notation we may write that we have constructed
a map
X (k) — Homgzlt(,—dk)((}al (k|k), m1(X)).
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Conjecture 4.9.9 (Section Conjecture) If k is finitely generated above Q and
X has genus > 2, then the above map is a bijection.

In other words, each conjugacy class of sections should come from a unique
k-rational point of X. Injectivity was already proven by Grothendieck, but as of
today, surjectivity is not known for a single curve X.

Remark 4.9.10 In his letter to Faltings Grothendieck also formulated a variant of
the Section Conjecture for an affine hyperbolic curve U. As the profinite branched
cover X of Remark 4.6.6 carries an action of 71 (U), each section Gal (k|k) — 1 (U)
of the natural projection m1(U) — Gal (k|k) induces an action of Gal (k|k) on X.
Grothendieck then conjectured that this action should have a unique fixed point.
As the Gal (k|k)-actions on X and Xj are compatible by construction, the fixed
point lies above a k-rational point P of X. If P € U, then the section should come
from the stabilizer of a point of X above P. If P € (X \U), then the cardinality of
the sections inducing a fixed point above P should be the continuum. This latter
assertion was recently verified by Esnault and Hai [17].

EXERCISES

1. Let k be an algebraically closed field of characteristic not 2, f € k[z;] a non-
constant polynomial, Y = V(23 — f) C AZ and ¢ : Y — Al the morphism
given by (z1,22) — x1. Show that ¢ is a finite morphism that is étale over
the point of A} corresponding to a € k if and only if f(a) # 0.

2. Let k be an algebraically closed field of characteristic 0, and ¢ : ¥ — A,lC
a finite surjective morphism over k such that O(Y) = O(A})[f] with some
f € O(Y). Verify directly that ¢ cannot be étale above the whole of Aj.

3. Let k be an algebraically closed field, and n an integer prime to the charac-
teristic of k. Prove in a purely algebraic way that up to isomorphism there
is a unique cyclic Galois cover of A,1f with group Z/nZ étale outside 0, as in
Example 4.6.12 (2). [Hint: Use Kummer theory (Remark 1.2.10.)]

4. Let k be an algebraically closed field of characteristic p > 0, and p : A,lC — A,lC
the k-morphism given by p(x) = 2P — x. Show that p is an étale Galois
cover whose Galois group is Z/pZ; it is called the Artin—-Schreier cover of
A}. Conclude that 71(A}) # 1 in characteristic p > 0.

5. Give an example showing that the converse statement in Lemma 4.5.10 fails
if one does not assume that Y is normal. [Hint: Take Y = V(23 — 23 + 22) C A2,
X = A}, ¢ the morphism (z1,x2) — 1 and Z the normalisation of Y (and
hence of X) in k(Y).]
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6. Let k be an algebraically closed field, X an integral proper normal curve

over k, and f € k(X) a rational function.

(a) Verify that the morphism ¢ : X — P} defined in Section 4.4 satisfies
¢f(P) = f(P) for all closed points P € X where f € Oxp, and
¢¢(P) = oo otherwise.

(b) Show that ¢y is étale exactly above those points whose preimages sat-

isfy (f/£)(P) #0.

Verify that for n > 3 the three conjugacy classes in the symmetric group
Sy, consisting of 2—cycles, (n — 1)—cycles and n—cycles, respectively, form a
rigid system of rational conjugacy classes. [Remark: It then follows from
Theorem 4.8.7 that S,, occurs as a Galois group over Q(T"), but this can be
proven more easily.]



Chapter 5

Fundamental Groups of Schemes

Though the theory of the previous chapter is sufficient for many applications,
a genuine understanding of the algebraic fundamental group only comes from
Grothendieck’s definition of the fundamental group for schemes. His theory en-
compasses the classification of finite covers of complex algebraic varieties of any
dimension, Galois theory for extensions of arbitrary fields and even notions coming
from arithmetic such as specialization modulo a prime. Moreover, it is completely
parallel to the topological situation and clarifies the role of base points and univer-
sal covers — these have been somewhat swept under the carpet in the last chapter.
In his original account in [24] Grothendieck adopted an axiomatic viewpoint and
presented his constructions within the context of ‘Galois categories’. Here we
choose a more direct approach, emphasizing the parallelism with topology. The
background from algebraic geometry that is necessary for the constructions will be
summarized in the first section. However, the proofs of some of the deeper proper-
ties discussed towards the end of the chapter require more refined techniques, and
therefore their proofs will only be sketched or given under additional assumptions.

5.1 The Vocabulary of Schemes

In this section we collect the basic notions from the language of schemes that
we shall need for the development of Grothendieck’s theory of the fundamental
group. Our intention is to summarize for the reader what will be needed; this
concise overview can certainly not replace the study of standard references such
as [28], [45], let alone Grothendieck’s magnum opus EGA.

We first define affine schemes. Let A be a ring (commutative with unit, as
usual). The affine scheme associated with A will be a certain ringed space (recall
from Section 4.4 that this means a topological space together with a sheaf of rings
on it). Here is the definition of the underlying topological space.

Definition 5.1.1 The prime spectrum Spec(A) of A is the topological space
whose points are prime ideals of A and a basis of open sets is given by the sets

D(f) :={P: P is a prime ideal withf ¢ P}

131
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for all f € A.

For this definition to be correct, one must verify that the system of the sets

D(f) is closed under finite intersections. This holds because it follows from the
definition that D(f) N D(g) = D(fg) for all f,g € A.

We next define a sheaf of rings on X = Spec (A4) as follows. Recall that for a
nonzero element f € A the notation Ay stands for the ring of fractions of A with
denominators in the multiplicatively closed subset {1, f, f2,...} C A. See ([2],
Chapter 3) for the definition of rings of fractions in the case when A may contain
zero-divisors.

Lemma 5.1.2 There is a unique sheaf of rings Ox on X = Spec (A) satisfying
Ox(D(f)) = Ay for all nonzero f € A.

Proof: See [45], Section I1.1 (or [28], Proposition I1.2.2 for a direct construction).
O

Definition 5.1.3 The ringed space (X, Ox) defined above is the affine scheme
associated with A. The sheaf Ox is called its structure sheaf.

The structure sheaf Ox has the special property that its stalk at a point P is
a local ring, namely the localization Ap. This follows from the fact that Ap is the
direct limit of the fraction rings Ay for all f ¢ P. A ringed space satisfying the
above property is called a locally ringed space.

Recall that a morphism (X,F) — (Y,G) of ringed spaces is a pair (¢, ¢%),
where ¢ : X — Y is a continuous map and a morphism ¢f : G — ¢, F of sheaves.
Given a point P € X, there is an induced map ¢p : Ggpy — Fp on stalks given
by passing to the direct limit of the maps G(U) — ¢.F(U) over all open subsets
U containing ¢(P). If (X, F) and (Y, G) are locally ringed spaces, we say that ¢ is
a local homomorphism if the preimage of the maximal ideal of Fp is the maximal
ideal of Gy (p). (In the case of proper normal curves considered in Section 4.4 this
condition is automatically fulfilled by the morphisms considered there.)

The category of locally ringed spaces is defined to be the category whose objects
are locally ringed spaces and whose morphisms are local homomorphisms.

Definition 5.1.4 A scheme is a locally ringed space (X,Ox) having an open
covering {U; : i € I} such that for all ¢ the locally ringed spaces (U;, Ox|y,) are
isomorphic (as locally ringed spaces) to affine schemes.

We define the category of schemes (resp. affine schemes) as the full subcategory
of that of locally ringed spaces whose objects are schemes (resp. affine schemes).
This means that a morphism of schemes is a morphism of locally ringed spaces.

Given a ring homomorphism ¢ : A — B, there is a canonically defined mor-
phism Spec (¢) : Spec(B) — Spec (A) of schemes ([28], I11.2.3 (b) or [45], II.2).
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The continuous map Spec (¢) sends a prime ideal P € Spec(B) to ¢~ 1(P), and
the morphism Spec ((]5)ﬁ of sheaves is the unique one that is given over a basic open
set D(f) C Spec(A) by the natural ring homomorphism Ay — Bys. Thus the
rule A — (Spec (A), Ogpec (4)) is a contravariant functor from the category of rings
to that of schemes.

Proposition 5.1.5 The above contravariant functor induces an isomorphism of
the category of affine schemes with the opposite category of commutative rings with
unit. The inverse functor is given by (X,Ox) — Ox(X).

Proof: See [28], Proposition I1.2.3 or [45], II.2, Corollary 1. ]

Examples 5.1.6 Here are some examples of schemes.

1. If k is a field, then the underlying space of Spec (k) consists of a single point,
and the stalk of the structure sheaf at this point is k.

2. More generally, if A =2 @ L; is a finite étale k-algebra with some finite
separable extensions L;|k, then Spec(A) is the disjoint union of the one-
point schemes Spec (L;).

3. If A is a discrete valuation ring with fraction field K, then X = Spec (A) has
one closed point corresponding to the maximal ideal M, and one non-closed
point corresponding to the ideal (0). There are two open subsets, namely
(0) and X. The rings of sections of Ox over these open subsets are K and
A, respectively.

4. The affine scheme Spec (Z) has one closed point corresponding to each prime
number p, and a non-closed point corresponding to (0). The nonempty open
subsets all contain (0) and their complement in Spec (Z) is finite (possibly
empty). The ring of sections of the structure sheaf over an open subset U is
the ring of rational numbers with denominator divisible only by the primes
lying outside U. This example has a direct generalization to affine schemes
of the form Spec (A) with A a Dedekind ring.

5. If k is a field and A is a finitely generated k-algebra, then the closed points of
X = Spec (A) correspond bijectively to the closed points of an affine variety
with coordinate ring A as defined in Section 4.2. Moreover, the stalk of Ox
at a closed point P is exactly the local ring Ox p as defined in the previous
chapter, and the topology induced on the subset Xg C X of closed points
is exactly the Zariski topology as defined there. However, X has non-closed
points as well, corresponding to non-maximal prime ideals.

6. A proper normal curve X as defined in Section 4.4 gives rise to a non-affine
scheme. The only difference with the definition given there is that one has
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to add an extra point to the underlying topological space that is contained
in every open subset. It corresponds to the ideals (0) in the local rings of X,
and is called the generic point. The structure sheaf is defined in the same
way. Its stalk at the generic point is isomorphic to K.

The underlying space gives rise to topological properties of a scheme. Thus for
instance we say that a scheme is connected or that it is quasi-compact (meaning
that from each open covering we may extract a finite subcovering) if the underlying
space is. Similarly, properties of local rings define algebraic restrictions. A scheme
X is thus said to be regular if the stalks Ox p of its structure sheaf are regular
local rings ([2], §11); it is normal if the Ox p are integrally closed.

We now generalize a few other notions from the previous chapter to schemes.

Definition 5.1.7 A scheme X is called integral if for all open subsets U C X the
ring Ox(U) is an integral domain.

Lemma 5.1.8 A scheme X is integral if and only if its underlying space is irre-
ducible and the rings Ox (U) contain no nilpotent elements.

Recall that a topological space is irreducible if it cannot be expressed as a
union of two proper closed subsets.

Proof: See [28], Proposition II.3.1. O

Definition 5.1.9 The dimension of a scheme X is the supremum of the integers n
for which there exists a strictly increasing chain Zy C Z; C --- C Z, of irreducible
closed subsets properly contained in X.

Next we mention some important examples of morphisms of not necessarily
affine schemes.

Examples 5.1.10

1. If X is a scheme and U C X is an open subset, then the ringed space given by
U and Oy := (Ox)|v) is also a scheme, the open subscheme associated with
U. The morphism of schemes defined by the topological inclusion j : U — X
and the morphism of sheaves Ox — j,.Op) is called an open immersion.

2. A morphism Z — X of affine schemes is a closed immersion if it corresponds
via Proposition 5.1.5 to a quotient map A — A/I for some ideal I C A.
A general morphism is a closed immersion if it is injectrive with closed
image and its restrictions to elements of an affine open covering yield closed
immersions in the above sense.
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We now come to an important construction for schemes that will in particular
enable us to define the fibres of a morphism. Recall that before Construction 2.4.11
we introduced the fibre product Y x x Z of two topological spaces Y and Z equipped
with maps to a third space X as the subspace of those points (y, z) € Y x Z where
y and z map to the same point of X. We also remarked that the fibre product is
characterized by a universal property. It is this definition via the universal property
that carries over to the category of schemes. Before we state it precisely, we define,
as in topology, a scheme over X to be a morphism Y — X of schemes. A morphism
of schemes over X is a morphism Y — Z compatible with the projections to X.

Proposition 5.1.11 Given a scheme X and two morphismsp:Y — X, q: Z — X
of schemes, the contravariant functor

S+ {(¢,v) € Hom(S,Y) x Hom(S,Z) : pop = qo 1)}

on the category of schemes over X is representable by a scheme Y X x Z over X.

Proof: See [28], Theorem I1.3.3. In the case when X = Spec (A), Y = Spec (B)
and Z = Spec (C) are all affine, then Y x x Z is Spec (B ®4 C). The general case
is handled by a patching procedure. O

The scheme Y xx Z is called the fibre product of Y and Z over X. 1t is
equipped with two canonical morphisms to Y and Z making the diagram

Y xx Z —2 Z

- | K

Y N

commute (they correspond to the identity morphism of Y x x 7).

We now define the fibre of a morphism Y — X at a point P of X. For this we
first need to define the inclusion morphism ip : Spec k(P) — X of the point P in
X. If U = Spec A is an affine open subset of X containing P, then P is identified
with a prime ideal of A and we dispose of a morphism A — Ap that we may
compose with the natural projection Ap — Ap/PAp = k(P). By Proposition
5.1.5 it corresponds to a morphism Speck(P) — U, whence ip by composition
with the inclusion map U — X. It is readily verified that ip does not depend on
the choice of U.

Definition 5.1.12 Given a morphism ¢ : ¥ — X and a point P of X, the fibre
of ¢ at P is the scheme Yp := Y X x Spec k(P), the fibre product being taken with
respect to the maps ¢ and ip.

Remark 5.1.13 The underlying topological space of a fibre product of schemes
is not the topological fibre product of the underlying spaces in general. For in-
stance, if k is a field, ks a separable closure and L|k a separable extension, then
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Spec (L) Xgpec (k) Spec (ks) = Spec (L ® k) is a finite disjoint union of copies of
Spec (ks), whereas the topological fibre product is just a point.

However, given a morphism ¢ : Y — X of schemes and a point P of X,
the underlying topological space of the fibre Yp is homeomorphic to the subspace
¢~ (P) of the underlying space of Y ([28], Ex. 11.3.10).

The notion of fibre product also allows us to define the diagonal map A: Y —
Y X x Y coming from a morphism of schemes Y — X it is induced by the identity
map of Y in both coordinates. In the affine case X = Spec (A4), Y = Spec (B) it
is a closed immersion coming from the surjection B ® 4 B — B induced by the
multiplication map (b1, be) +— b1be. However, this is not always so in the general
case ([28], Example 4.0.1), so we record it as a definition:

Definition 5.1.14 A morphism Y — X of schemes is separated if the diagonal
map A: Y — Y xXx Y is a closed immersion.

The separatedness property of schemes is an analogue of the Hausdorff property
in topology: one checks that the topological diagonal map ¥ — Y x Y has closed
image if and only if Y is a Hausdorff space. The general case thus intuitively
corresponds to the Hausdorff property for all fibres. The next important definition
should be thought of as the scheme-theoretic analogue of a morphism with compact
fibres. First a general notion: a morphism ¢ : Y — X is of locally finite type if X
has an affine open covering by subsets U; = Spec (4;) so that ¢~1(U;) has an open
covering Vj; = Spec (B;;) with finitely generated Aj;-algebras B;;. It is of finite
type if there is such an open covering with finitely many V;; for each 1.

Definition 5.1.15 A separated morphism Y — X of schemes is proper if it is of
finite type and for all morphisms Z — X the base change map ¥ xx Z — Z is a
closed map (i.e. maps closed subsets onto closed subsets).

Examples 5.1.16
1. A closed immersion is proper ([28], Corollary 11.4.8 (a)).

2. A finite morphism Y — X is proper ([45], §I1.7). Here a finite morphism
is defined as in the previous chapter: there is an affine open covering of X
by subsets U; = Spec (4;) so that ¢—1(U;) = Spec (B;) is affine, and B; is
finitely generated as an A;-module.

3. An important example of a proper morphism is the projective line P}( over
a scheme X. For X = Spec (A) affine, it can be defined by gluing the ringed
spaces Spec (A[z]) and Spec (A[x~!]) together along the isomorphic open
subschemes Spec Az, z~!]. For general X one takes an open covering of X
by open affine subschemes U; and glues the P,lji together in a straightforward
way.
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More generally, one defines P’ for affine X by gluing together n + 1 copies
of Spec (A[z1,...,x,]) along the open subsets defined by z; # 0 in the usual
way. One then defines a morphism Y — X to be projective if it factors as
a closed immersion Y — P for some n, followed by the natural projection
P’ — X. All these morphisms are proper (28], Theorem I11.4.9).

Next a general notion for schemes that generalizes the concept of modules over
a ring.

Definition 5.1.17 Let X be a scheme. A sheaf of Ox-modules or an Ox-module
for short is a sheaf of abelian groups F on X such that for each open U C X the
group F(U) is equipped with an Ox (U)-module structure Ox (U) x F(U) — F(U)

making the diagram
Ox(U) x F(U) —— F(U)

l |
Ox(V)xF(V) —— F(V)

commute for each inclusion of open sets V' C U. In the special case when F(U) is
an ideal in Ox (U) for all U we speak of a sheaf of ideals on X.

Examples 5.1.18 Here are two natural situations where O x-modules arise.

1. Let ¢ : X — Y be a morphism of schemes. We know that on the level of
structure sheaves ¢ is given by a morphism ¢f : Oy — ¢,Ox, whence an
Oy-module structure on ¢,Ox.

2. In the previous situation the kernel Z of the morphism ¢f : Oy — ¢.Ox
(defined by Z(U) = ker(Oy (U) — ¢.Ox(U))) is a sheaf of ideals on Y.

The next proposition gives a means for constructing O x-modules over affine
schemes out of modules over the ring of global sections.

Lemma 5.1.19 Let X = Spec(A) be an affine scheme, and M an A-module.

There is a unique Ox-module M satisfying M(D(f)) =M ®4 Ay for each basic
open set D(f) C X.

Proof: The proof is similar to that of Lemma 5.1.2; see [45], Section III.1 or
[28], Proposition II.5.1 for a direct approach. O

Definition 5.1.20 Let X be a scheme. A quasi-coherent sheaf on X is an Ox-
module F for which there is an open affine cover {U; : i € I'} of X such that the
restriction of F to each U; = Spec 4; is isomorphic to an Oy,-module of the form
]\/Zi with some A;-module M;. If moreover each M; is finitely generated over A;,
then F is a coherent sheaf. The sheaf F is locally free we may choose the above
data in such a way that the M; are free A-modules.
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Remark 5.1.21 It can be shown that for an affine scheme X = Spec(A) the
functor M — M establishes an equivalence between the category of A-modules and
that of quasi-coherent sheaves. see [28], Corollary I1.5.5 or [45], II1.1, Corollary to
Proposition 1.

We now return to the first example in 5.1.18 and investigate the question of
determining whether a morphism ¢ : X — Y yields a quasi-coherent sheaf ¢,Ox
in Y. This is not true in general but imposing restrictions on ¢ yields sufficient
conditions.

Here is such a condition: a morphism ¢ : X — Y of schemes is affine if Y
has a covering by affine open subsets U; = Spec A; such that for each i the open
subscheme ¢~1(U;) of X is affine as well. By definition, finite morphisms (Example
5.1.10 (2)) are affine. The following lemma is then almost tautological for F = Ox,
and the general case can be reduced to it; we leave it as an exercise to the readers.

Lemma 5.1.22 If ¢ : X — Y is an affine morphism and F is a quasi-coherent
sheaf on X, then ¢.F is a quasi-coherent sheaf on Y. If moreover F is coherent
and ¢ is finite, then ¢.F is coherent.

Nakayama’s lemma ([33], Chapter X, Lemma 4.3) is a key tool in the study of
coherent sheaves. For instance, it can be used to show that if the stalk of a coherent
sheaf is 0 at a point P, then the sheaf restricts to 0 in an open neighbourhood of
the P. Similarly, if the stalk at P is a free Ox p-module, then the sheaf is locally
free in a neighbourhood of P. See the discussion at the end of §II1.2 of [45].

We now introduce an important class of quasi-coherent sheaves, the sheaves of
relative differentials. First a construction for rings.

Definition 5.1.23 Given a morphism A — B of rings, we define the B-module
Q}ﬂ 4 of relative differential forms as follows: if F(B) denotes the free B-module

generated by symbols db for all b € B, we define Q}B‘ 4 as the quotient of F(B)
by the submodule generated by elements of the form da, d(by + bs) — dby — dby or

d(blbz) — b1dby — badby for some a € A or bl, by € B.

It follows from the construction that for a multiplicative subset S of B, one has
S}lBS\A & Q}B\A ®p Bg. Thus the quasi-coherent sheaf Q}B‘A on Spec (B) satisfies
Q}BM(D(f)) = Q}BHA for all basic open sets D(f) C Spec (B).

This defines the sheaf of relative differential forms for morphisms of affine
schemes. To extend it to general morphisms we need an algebraic lemma. Let
A — B be a ring homomorphism, and let I be the kernel of the multiplication
map m : B®4 B — B sending b; ® by to b1ba. Then since multiplication by
elements of I is trivial on I/I?, there is a natural (B ® 4 B)/I-module on I/I?.
This is in fact a B-module structure since (B ® 4 B)/I = B by surjectivity of m.

1 ~

Lemma 5.1.24 There is a canonical isomorphism of B-modules QB|A =~ J/12.
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Proof: See [45], II1.1, Theorem 4. o

The lemma motivates the following construction. Let ¢ : X — Y be a sepa-
rated morphism of schemes, and let A : X — X Xy X be the associated diagonal
morphism. Let Z C Oxx, x be the kernel of the morphism of structure sheaves
Af Oxxyx — A.Ox. It defines the closed subscheme A(X) C X xy X. As
in the affine case, we see that Z/Z? is a Ox xy x/Z-module. But the latter sheaf
is zero outside A(X), and may be identified with O (xy (more precisely, with the
extension of this sheaf by 0).

Definition 5.1.25 The sheaf of relative differentials {2 x|y is the Ox-module de-
fined by pulling back the O (x)-module (Z /T?) via the isomorphism X = A(X).

Example 5.1.26 Assume that B arises as the quotient of the polynomial ring
Alzy,...,xy) by an ideal (f1,..., fm). Then Q}BlA is the quotient of the free B-
module generated by the dx; modulo the submodule generated by the elements
> 0ifjdz; (1 < j < m), where 0; denotes the partial derivative with respect to
x;. This follows immediately from the above construction.

We finally discuss two important applications of differentials. The first is the
definition of smoothness for a scheme of finite type over a field k£ (i.e. for a
morphism X — Spec (k) of finite type).

Definition 5.1.27 Let k be a field, and X a k-scheme of finite type whose compo-
nents are of the same dimension d. We say that X is smooth if the sheaf Q x|gpec (k)
is locally free of rank d.

Using Example 5.1.26 one shows that for £ algebraically closed the condition
on {x|spec (k) 1S equivalent to saying that for an affine open subset of the form
U = Spec (k[z1, ..., xa]/(f1,- .., fm)) the Jacobian determinant of the f; has rank
n—d at all closed points of U; see also [28], Theorem I1.8.15. Thus we have defined
an algebraic analogue of the concept of a complex submanifold of C™.

The other application is the differential characterization of finite étale algebras.

Proposition 5.1.28 A finite dimensional algebra A over a field is étale if and
only if Qi“k = 0.

Proof: The ‘only if’ part is an easy application of Example 5.1.26 and the prim-
itive element theorem. The ‘if’ part is a bit more difficult; see e.g. [15], Corollary
16.16. O
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5.2 Finite Etale Covers of Schemes
We now come to a general definition of finite étale morphisms of schemes.

Definition 5.2.1 A finite morphism ¢ : X — S of schemes is locally free if the
direct image sheaf ¢,Ox is locally free (of finite rank). If moreover each fibre Xp
of ¢ is the spectrum of a finite étale k(P)-algebra, the we speak of a finite étale
morphism. A finite étale cover is a surjective finite étale morphism.

Remarks 5.2.2

1. A finitely generated module M over a local ring A is free if and only if it
is flat, i.e. tensoring with M takes short exact sequences of A-modules to
short exact sequences (see e.g. [33], Chapter XVI, Theorem 3.8). Thus a
finite morphism of schemes is locally free if and only if ¢.Ox is a sheaf of
flat Og-modules. In the latter case one calls ¢ a flat morphism.

In general, a not necessarily finite morphism is defined to be étale if it is
flat, locally of finite type and each fibre at a point P has an open covering
by spectra of finite étale (P)-algebras. In this book we shall not consider
non-finite étale morphisms.

2. The image of a finite and locally free morphism ¢ is both open and closed.
Indeed, it is closed because ¢ is finite, hence proper, and it is open because
by local freeness ¢.Ox has nonzero stalks over an open subset of S.

There is an important reformulation of the definition of a finite étale morphism
that brings it closer to the notion of a finite cover in topology. To state it, define
first a geometric point of a scheme S as a morphism s : Spec(2) — S, where Q
is an algebraically closed field. The topological image of § is a point s of S such
that € is an algebraically closed extension of k(s). Given a morphism ¢: X — S
and a geometric point 5 : Spec () — S of S, the geometric fibre X5 of ¢ over s is
defined to be the fibre product X xg Spec (€2) induced by 5 : Spec (2) — S. Now
Proposition 1.5.5 implies that the fibres of ¢ are spectra of finite étale algebras if
and only if its geometric fibres are of the form Spec (2 x --- x Q), i.e. they are
finite disjoint unions of points defined over ). (The latter is to be understood
in the scheme-theoretic sense, because e.g. in Example 4.5.4 the fibre over 0 is
topologically a point, but not a C-point as a scheme.) We shall see that if one
works with the geometric fibres of a finite étale morphism, one obtains a nice
theory analogous to that of topological covers.

Remarks 5.2.3 Here are some properties of finite étale morphisms that are more
or less immediate from the definition.

1. If ¢ : X - Sand ¢ : Y — X are finite étale morphisms, then so is
¢pop: Y — S. Local freeness is immediate to check, and the property of
fibres follows as in Lemma 4.5.10.
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2. If ¢ : X — S is a finite étale morphism and Z — S is any morphism, then
X Xg Z — Z is a finite étale morphism. This is again immediate from the
definition (once we know that X xg Z — Z is finite).

We next check that the definition of finite étale covers given above generalizes
the one for normal curves used in the previous chapter. To see this, note first that
the separability assumption made in Definition 4.5.1 corresponds to étaleness of
the fibre over the generic point. Thus it suffices to prove the following lemma.

Lemma 5.2.4 Let ¢ : X — S a finite surjective morphism of integral normal
schemes of dimension one. Then ¢ is locally free.

Proof: We may assume that X = Spec(B) and S = Spec (A) are affine, and
¢ comes from a ring homomorphism A : A — B. For a point P € S the stalk
of ¢.Ox is the spectrum of the localization Bj(p), which is a finitely generated
Ap-module. Choose elements tq,...,t, € Bp whose images modulo PBp form a
basis of the k(P)-vector space Bp/PBp. By Nakayama’s lemma ([33], Chapter
X, Lemma 4.3) they generate Bp over Ap. It then suffices to see that the t¢; are
linearly independent over the fraction field K of Ap. If not, there is a nontrivial
relation > a;t; = 0 with a; € K. As S is normal of dimension one, the local ring
Ap is a discrete valuation ring (Proposition 4.1.9), so PAp is a principal ideal.
By multiplying with a suitable power of a generator of PAp we may assume that
all a; lie in Ap and not all of them are in PAp. But then reducing modulo P we
obtain a nontrivial relation among the t; in Bp/PBp, a contradiction. O

Remark 5.2.5 There are other important examples of finite étale covers X — S
with S normal of dimension one. For instance, when X = Spec(B) and S =
Spec (A) are affine and the morphism comes from an inclusion A C B, then A and
B are Dedekind rings and the points in the fibre over P € S correspond to the
factors P; in the decomposition PB = P;* ... Pt (see Facts 4.1.5). In particular,
Xp is étale if and only if all e; are equal to 1.

This is particularly interesting when K C L are finite extensions of Q, and A
(resp. B) is the integral closure of Z in K (resp. B). The morphism Spec (B) —
Spec (A) is finite (Fact 4.1.4) and surjective (Fact 4.1.1 (4)). The case when it is
a finite étale cover corresponds in classical parlance to an unramified extension of
number fields K C L. According to a famous theorem of Minkowski (see e.g. [48],
Chapter III, Theorem 2.18) Spec (Z) has no nontrivial finite étale covers.

We now give a simple example of a finite étale cover X — S where S is not
necessarily one-dimensional.

Example 5.2.6 Let S = Spec(A) and X = Spec(B) be affine, where B =
Alz]/(f) with a monic polynomial f € Ax] of degree d. As B is freely gen-

erated as an A-module by the images of 1,z,z2,...2% ! in B, the morphism



142 CHAPTER 5. FUNDAMENTAL GROUPS OF SCHEMES

¢ : Spec(B) — Spec(A) is finite and locally free. If moreover (f, f') = (1) in
Alx], then ¢ is finite étale. Indeed, if P € S, then the fibre Xp is the spectrum
of B®a k(P) = k(P)[z]/(f), where f is the image of f in x(P)[z]. It has only
simple roots by our assumption on f’, so this is a finite étale x(P)-algebra.

In the previous example we have Q& /s = 0. This is a general fact, as the
following proposition shows.

Proposition 5.2.7 Let ¢ : X — S be a finite and locally free morphism. The
following are equivalent.

1. The morphism ¢ is étale.
2. The sheaf of relative differentials Qﬁ(/s is 0.

3. The diagonal morphism A : X — X xgX coming from ¢ is an isomorphism
of X onto an open and closed subscheme of X xg X.

See [41], Proposition 1.3.5 for a generalization without the assumption that ¢
is finite and locally free.

Proof: To show that (1) < (2) we may assume that X and S are affine, and
then by the localisation and base change properties of differentials and Nakayama’s
lemma we are reduced to showing that for all P € S the fibre X p is the spectrum of
a finite étale x(P)-algebra if and only if Q&P Jspec (s(p)) = 0- This is the differential
characterization of finite étale algebras (Proposition 5.1.28). (In fact, it is enough
for us to prove (1) = (2), which only uses the easy implication of Proposition
5.1.28.)

Next we show (2) = (3). As ¢ is finite, hence separated, the diagonal morphism
A is a closed immersion. It corresponds to a coherent sheaf of ideals Z on X x g X.
The restriction of the quotient Z/Z? to A(X) is isomorphic to €} /g0 80 it is 0
by the proposition. It follows by Nakayama’s lemma that the stalk of Z is trivial
at all points of X. As 7 is coherent, it follows that Z = 0 on an open subset of
X xg X, so A(X) is both open and closed in X xg X.

Finally, for (3) = (1) let 5 : Spec(2) — S be a geometric point. Taking the
fibre product of A : X — X xg X with Spec () via §, we obtain a morphism Aj
from the geometric fibre X3z = Spec () xg X to

(X5) x5 X = (Spec () x5 X) Xgpec(Q) Spec () x5 X = Xz Xgpee(Q) Xs-

As property (3) behaves well with respect to base change, Az is an isomorphism of
X5 onto an open and closed subscheme of X5 Xgpec () X5. The geometric fibre X
is the spectrum of a finite dimensional (2-algebra, and as such it has finitely many
points defined over € (recall that € is algebraically closed). If ¢ : Spec(Q) — X5 is
such a point, then by taking yet another base change, this time by ¢, we obtain a
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morphism Spec (Q2) — X3, which is again an isomorphism onto an open and closed
subscheme of X5. As Spec () is connected, this must be a connected component.
We conclude that X is a finite disjoint union of points, as required. O

Remark 5.2.8 The equivalence (1) < (2) of the proposition gives a criterion
for checking étaleness in practice. Assume ¢ : X — S is finite and locally
free (e.g. S is normal of dimension one), and moreover each point of S has an
affine open neighbourhood U = Spec(A) such that ¢~*(U) = Spec(B), with
B = Alzy,...,z5)/(f1,..., fn) for some monic polynomials f;. If over all these
open subsets the Jacobian determinant det(9;f;);; maps to a unit in B, then
Qﬁ(/s =0, and so ¢ is a finite étale morphism. This is the Jacobian criterion for
étaleness.

Using the previous proposition we now prove that finite étale covers are ‘locally
trivial’ in an appropriate sense.

Proposition 5.2.9 Let S be a connected scheme, and ¢ : X — S an affine
surjective morphism. Then ¢ is a finite étale cover if and only if there is a finite,
locally free and surjective morphism v : Y — S such that X xgY is isomorphic
to a finite disjoint union of copies of Y, and the map X xgY — Y is the identity
on each component.

Proof: To prove the ‘if’ part, we first show that ¢ must be finite and locally
free. As 1 is locally free, each point of S is contained in an affine open subset
U = Spec (A) over which v restricts to a morphism Spec (C) — Spec (A) with an
A-algebra C' that is finitely generated and free as an A-module. If ¢ restricts to
Spec (B) — Spec (A) over U, then the base change over Spec (B) is of the form
Spec (B ®4 C) — Spec (B). Here B ®4 C' is isomorphic to a finite direct sum of
copies of B, and it is a finitely generated free C-module by assumption, so it is
also a finitely generated and free A-module. This is only possible if B is finitely
generated and free over A.

Next let 5: Spec (2) — Y be a geometric point of Y; by composition with v it
yields a geometric point of S. The geometric fibres X (5o4) and Y are isomorphic,
and the latter is a finite direct sum of copies of Spec (2) by assumption. As 1) is
surjective, this shows that all fibres of ¢ are étale.

Now to the ‘only if’ part. As S is connected, we see as in topology that all
fibres of ¢ have the same cardinality n. Following Lenstra, we use induction on n,
the case n = 1 being trivial. For n > 1 we consider the base change X x¢ X — X.
By part (3) of the previous proposition the diagonal map A induces a section of
this map, and in fact X xg X is the disjoint union of A(X) with some open and
closed subscheme X’. As the inclusion map X’ — X xg X and the projection
X xg X — X are both finite and étale (the latter by Remark 5.2.3 (2)), we see
from Remark 5.2.3 (1) that so is their composite X’ — X. By construction, it
has fibres of cardinality n — 1, so the inductive hypothesis yields a finite, locally
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free and surjective morphism 1)’ : Y — X such that X’ xx Y is isomorphic to
the disjoint union of (n — 1) copies of Y. But then (X xg X) xx YV = X xgV is
the disjoint union of n copies of Y. It remains to notice that the composite map
1 = 1’ o ¢ is also finite, locally free and surjective, being the composite of two
such maps. O

Remark 5.2.10 In topology covers are characterized by the property that they
become trivial after restricting to sufficiently small open subsets. Notice that the
restriction of a cover Y — X above an open subset U C X is none but the fibre
product Y xx U — U in the category of topological spaces. This explains the
analogy of the above proposition with the topological situation.

In fact the proposition says that finite étale covers are locally trivial for the
Grothendieck topology where covering families are given by surjective finite locally
free morphisms. For a discussion of Grothendieck topologies, see e.g. [41] or [73].

5.3 Galois Theory for Finite Etale Covers

In this section we develop an analogue of the basic Galois theory of topological
covers. We begin with a characterization of sections of finite étale covers.

Proposition 5.3.1 Let ¢ : X — S be a finite étale cover, and let s : S — X
be a section of ¢ (i.e. a morphism satisfying ¢ o s = idg). Then s induces an
isomorphism of S with an open and closed subscheme of X. In particular, if S is
connected, then s maps S isomorphically onto a whole connected component of X.

For the proof we need the following useful lemma.

Lemma 5.3.2 Let ¢p: X — S and v : Y — X be morphisms of schemes.
1. If p o) is finite and ¢ is separated, then v is finite.

2. If moreover ¢ o) and ¢ are finite étale, then so is 1.

Proof: For the first statement, note again that the diagonal morphism X —
X Xg X coming from ¢ is a closed immersion as ¢ is separated. In particular,
it is a finite morphism. Taking fibre products over X with Y via 1) we obtain a
morphism I'y, : ¥ — Y xg X (the ‘graph’ of ¢) that is again finite. The second
projection po : Y xg X — X is also finite, being the base change of o1 : ¥ — §
by ¢ : X — S. Thus pp oI'y, = 9 is finite.

If ¢ is moreover étale, then by Proposition 5.2.7 the diagonal morphism X —
X Xxg X is an isomorphism of X onto an open and closed subscheme (a union of
connected components) of X x g X. As such, it is certainly a finite étale morphism,
hence so is I'y, : ¥ — Y xg X by Remark 5.2.3 (2). As above, pp: ¥ xg X — X
is finite étale as well, and hence so is py o I'y, = 1 by Remark 5.2.3 (1). O
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Proof of Proposition 5.3.1: By the lemma s is a finite étale morphism, hence
its image is both open and closed in X by Remark 5.2.2 (2). As it is injective, the
proposition follows. O

The above property of sections enables us to prove the following analogue of
the key Proposition 2.2.2.

Corollary 5.3.3 If Z — S is a connected S-scheme and ¢1,¢2: Z — X are two
S-morphisms into a finite étale S-scheme X with ¢10Z = ¢o0Z for some geometric
point zZ : Spec () — Z, then ¢1 = ¢2.

Proof: By passing to the fibre product Z xg X — Z and using the base change
property of étale morphisms (Remark 5.2.3 (2)) we may assume S = Z. Then we
have to prove that if two sections of a finite étale cover X — S of a connected
scheme S coincide at a geometric point, then they are equal. This follows from
the proposition, for each such section being an isomorphism of S onto a connected
component of X, it is determined by the image of a geometric point. O

Given a morphism of schemes ¢ : X — S, define Aut(X|S) to be the group
of scheme automorphisms of X preserving ¢. By convention, automorphisms act
from the left. For a geometric point § : Spec (2) — S there is a natural left action
of Aut(X|S) on the geometric fibre Xz = X xg Spec (2) coming by base change
from its action on X. We have the following property analogous to Proposition
2.2.4:

Corollary 5.3.4 If ¢ : X — S is a connected finite étale cover, the nontrivial
elements of Aut(X|S) act without fixed points on every geometric fibre. Hence
Aut(X|S) is finite.

Proof: Applying the previous corollary with ¢1 = ¢, ¢2 = ¢ o X for some au-
tomorphism A € Aut(X|S) yields the first statement. It then follows that the
permutation representation of Aut(X|S) on the underlying sets of geometric fibres
is faithful. But these sets are finite, whence the second statement. O

To continue the parallelism with the topological situation, we consider quo-
tients by group actions. By the corollary just proven we need to restrict to quo-
tients by finite groups.

Construction 5.3.5 Let ¢ : X — S be an affine surjective morphism of schemes,
and G C Aut(X|S) a finite subgroup. Define a ringed space G\ X and a morphism
m: X — G\X of ringed spaces as follows. The underlying topological space of
G\ X is to be the quotient of X by the action of G, and the underlying continuous
map of 7 the natural projection. Then define the structure sheaf of G\ X as the
subsheaf (7,0x) of G-invariant elements in 7,Ox.
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Proposition 5.3.6 The ringed space G\X constructed above is a scheme, the
morphism w is affine and surjective, and ¢ factors as ¢ = ¥ o w with an affine
morphism 1 : G\X — S.

Proof: We may assume, using the affineness assumption on ¢, that X = Spec (B)
and S = Spec (A) are affine, and ¢ comes from a ring homomorphism A : A — B.
Then it suffices to show that the ringed space G\ X is isomorphic to the spectrum
of BY, the ring of G-invariants of B. This will imply the claim including the
assertions on , because B is integral over B® (as every b € B is a root of the
monic polynomial [[(z — (b)) € B%[z], where o runs over the elements of G),
and therefore Fact 4.1.1 (4) implies the surjectivity of .

To identify the underlying space of G\X with Xg := Spec (B%) it is enough
to identify them as sets, as a closed subset V(I) C X induces the closed subset
V(I%) € Bg. As we have just seen the surjectivity of 7 : X — X, we have to
show that the fibres of the map X — X¢ are the G-orbits of Spec (B). Assume
that two G-orbits {o(P): 0 € G} and {0(Q) : o € G} of points of B lie above the
same point P% € Spec (BY). As the fibre X, (pey is zero-dimensional, the o(P)
and ¢(Q) induce maximal ideals o(P) and o(Q) of the ring B = B ® ge k(P%)
with (o (P) = Ne(Q) = 0. But using the Chinese Remainder Theorem we find
b€ B with b € o(P) and b ¢ o(Q) for all ¢ € G, which is a contradiction.

Finally, to show that (7,0x)" = O X, notice first that the first sheaf is quasi-
coherent, being the kernel of the morphism of quasi-coherent sheaves

W*OXH@W*O)(, s (c.o,0(8) —8,...).

ceG

Thus it is enough to check the isomorphism on the rings of global sections, which
are BY in both cases. O

The scheme G\ X over S is the quotient of X by G. It can be shown that it is
characterized by a universal property: every morphism X — Y of affine surjective
S-schemes that is constant on the orbits of G factors uniquely through G\ X. In
particular, it is unique up to unique isomorphism.

Proposition 5.3.7 Let ¢ : X — S be a connected finite étale cover, and G C
Aut(X|S) a finite group of S-automorphisms of X. Then X — G\X is a finite
étale cover of G\X, and G\X 1is a finite étale cover of S.

In [24] Grothendieck proved this under the additional assumption that the
schemes are locally noetherian. We give a proof due to Lenstra [35] that works in
general.

Proof: Thanks to Lemma 5.3.2 (2) it suffices to prove that G\X — S is a finite
étale cover. Apply Proposition 5.2.9 to obtain a base change X X gY — Y such that
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X XgY is a finite disjoint union of copies of Y, i.e. X xgY = F xY for a finite set
F'. There is a natural action of G on X xgY coming by base change from its action
of X, which yields an isomorphism G\(X xgY) = (G\F) x Y. Now observe that
G\(X xsY) = (G\X)xgY. Indeed, there is a natural map X xgY — (G\X) xgY
that is constant on G-orbits, whence a map G\(X xgY) — (G\X) xg Y. To see
that it induces an isomorphism we may argue over a small affine neighbourhood
U = Spec (A) of each point of S, with preimages Spec (B) and Spec (C) in X and
Y, respectively. There the isomorphism to be proven translates to B¢ @4 C =
(B ®4 C)%, which holds for U sufficiently small, as C is then a free A-module
with trivial G-action. We thus obtain that (G\X) xgY = (G\F) x Y, which is
again a finite disjoint union of copies of Y. We may then conclude by applying
Proposition 5.2.9 in the other direction. a

As in topology, we define a connected finite étale cover X — S to be Galois
if its S-automorphism group acts transitively on geometric fibres. The following
analogue of Theorem 2.2.10 is now proven in the same way as in topology, using
Corollaries 5.3.1 and 5.3.3 as well as Proposition 5.3.7 instead of the corresponding
topological facts.

Proposition 5.3.8 Let ¢ : X — S be a finite étale Galois cover. If Z — S is a
connected finite étale cover fitting into a commutative diagram

!
X —Z
X

then f: X — Z is a finite étale Galois cover, and actually Z = H\X with some
subgroup H of G = Aut(X|S). In this way we get a bijection between subgroups of
G and intermediate covers Z as above. The cover q : Z — S is Galois if and only
if H is a normal subgroup of G, in which case Aut(Z|S) = G/H.

q

S

Finally we prove a key proposition that generalizes not so much a well-known
topological fact, but rather a basic statement in field theory. Namely, in Lemma
1.3.1 we proved that every finite separable field extension can be embedded in a
finite Galois extension and there is a smallest such extension, the Galois closure.

Proposition 5.3.9 Let ¢ : X — S be a connected finite étale cover. Then there
is a morphism w: P — X such that ¢om: P — S is a finite étale Galois cover,
and moreover every S-morphism from a Galois cover to X factors through p.

Proof: Fix a geometric point 5: Spec (2) — S, and let F = {Z1,...,Z,} be the
finite set of Spec (£2)-points of the geometric fibre X5. An ordering of the Z; induces
a canonical geometric point Z of the n-fold fibre product X" = X xg---xgX, giving
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Z; in the i-th component. Let P be the connected component of X™ containing
the image of Z, and let 7 : P — X be the map induced by the first projection of
X™to X. Using Remarks 5.2.3 we see that P is a finite étale cover of S via ¢ om.

Next we show that each point in the geometric fibre Ps can be represented by
an n-tuple (jo(l), R Eg(n)) for some permutation o of the Z;. Indeed, each point
of X7 corresponds to an element of F'*, so we only have to show that the points
concentrated on P have distinct coordinates. But by Proposition 5.2.7 (3) the
diagonal image A(X) of X in X xg X is open and closed, and therefore so is its
inverse image by a projection m;; mapping X" to the (4, j)-components. As P is
connected, wigl(A(X)) N P # () would imply W;l(A(X)) D P, which is impossible
because Z hits X" away from any of the Fi_jl(A).

Now to show that P is Galois over S, remark that each permutation o of
the Z; induces an S-automorphism ¢, of X™ by permuting the components. If
¢s 0T € Ps, then ¢o(P) N P # () and so ¢, € Aut(P|S) by connectedness of P.
Thus Aut(P|S) acts transitively on one geometric fibre, from which we conclude
as in Remark 2.2.8 that P is Galois.

Finally, if ¢ : @ — X is an S-morphism with @ Galois, choose a preimage
g of 1. By composing with appropriate elements of Aut(Q|S) we get n maps
qd=4q1,---,qn : @ — X such that ¢; oy = ;. Whence an S-morphism ¢ — X"
that factors through P, for it maps y to  and @ is connected. This concludes the
proof. O

5.4 The Algebraic Fundamental Group in the General
Case

We now come to the construction of the algebraic fundamental group of a scheme.
The discussion will be parallel to the classification of covers in topology, but there
are two important differences: there is no a priori definition of the monodromy
action, and the fibre functor is not representable. Grothendieck overcame these
difficulties by using categorical constructions.

We begin with some notation and terminology. For a scheme .S denote by
Fetg the category whose objects are finite étale covers of S, and the morphisms
are morphisms of schemes over S. Fix a geometric point 5: Spec (2) — S. For an
object X — S of Fetg we consider the geometric fibre X x g Spec (Q2) over 5, and
denote by Fibz(X) its underlying set. Given a morphism X — Y in Fetg, there
is an induced morphism of schemes X xg Spec(2) — Y xg Spec(€2), whence a
set-theoretic map Fibs(X) — Fibs(Y'). We have thus defined a set-valued functor
Fibz on Fetg that we call the fibre functor at the geometric point s.

We now define the monodromy action on the fibres in an abstract way. Quite
generally, given a functor F' between two categories C; and Ca, an automorphism
of F'is a morphism of functors ' — F' that has a two-sided inverse. Composition
of morphisms then equips the set Aut(F') of automorphisms of F' with a group
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structure, and we call the resulting group the automorphism group of F'. Notice
that for every object C of C; and automorphism ¢ € Aut(C) there is by definition
a morphism F(C) — F(C) induced by ¢. In this way we obtain a natural left
action of Aut(F') on F(C).

Definition 5.4.1 Given a scheme S and a geometric point 5 : Spec (2) — S, we
define the algebraic fundamental group m1(S, ) as the automorphism group of the
fibre functor Fibs; on Fetg.

By the preceding discussion, there is a natural left action of 71 (S, 5) on Fibs(X)
for each finite étale S-scheme X, and therefore Fibz takes its values in the category
of left m1(S, 5)-sets. The main theorem is now the following.

Theorem 5.4.2 (Grothendieck) Let S be a connected scheme, and s : Spec (§2) —
S a geometric point.

1. The group (S, 3) is profinite, and its action on Fibz(X) is continuous for
every X in Fetg.

2. The functor Fibz induces an equivalence of Fetg with the category of finite
continuous left w1 (S, §)-sets. Here connected covers correspond to sets with
transitive 71(S, §)-action, and Galois covers to finite quotients of m1(S, ).

In [24] this was proven under the additional assumption that S is locally noethe-
rian, because Proposition 5.3.7 was only proven in that case.

Example 5.4.3 The theorem contains as a special case the case S = Spec (k) for
a field k. Here a finite étale S-scheme X is the spectrum of a finite étale k-algebra.
For a geometric point § the fibre functor maps a connected cover X = Spec (L)
to the underlying set of Spec (L ®j ), which is a finite set indexed by the k-
algebra homomorphisms L — . The image of each such homomorphism lies in
the separable closure ks of k in ) via the embedding given by §. So finally we
obtain that Fibz(X) = Homy(L, ks) for all X = Spec (L), and therefore (.S, 5) =
Gal (ks|k). Thus the theorem reduces to Theorem 1.5.2.

Note that although in the above example the fibre functor is identified with
the functor X — Hom(Spec (ks), X), this does not mean that the fibre functor is
representable, for ks is not a finite étale k-algebra. However, its spectrum is the
inverse limit of the finite Galois subextensions which already are. This motivates
the following definition.

Definition 5.4.4 Let C be a category, and F' a set-valued functor on C. We
say that F' is pro-representable if there exists an inverse system P = (Py, ¢a3)
of objects of C indexed by a directed partially ordered set A, and a functorial
isomorphism

lim Hom(Py, X) = F(X) (5.1)

for each object X in C.
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Notice that in the above definition the inverse limit of the P, may not exist
in C, but the direct limit of the Hom(P,, X) does in the category of sets. Recall
that by definition the direct limit of a direct system (Sq, ¢a) of sets is the disjoint
union of the sets S, modulo the equivalence relation where s, € S, is equivalent

to sg € Sg if Pary(5a) = Pay(sg) for some v > a, .

Remark 5.4.5 If F is pro-representable by an inverse system P = (P,, ¢o3), then
for each « the class of the identity map of P, yields a class in Hom(P,, P, ), and
hence a class in the direct limit on the left hand side of (5.1). It thus gives rise to
an element p, € F'(FP,), and for o < 8 the morphism F(¢,3) maps pg to po. The
Do thus define an element of the inverse limit (p,) € lim F° (P,). The isomorphism

(5.1) is then induced by (py) in the sense that a morphism ¢ : P, — X is mapped
to the image of p, by F(¢).

In the last example the fibre functor is pro-representable by the inverse system
of spectra of finite (Galois) extensions contained in ks. We now prove that this
holds in general.

Proposition 5.4.6 Under the assumptions of the theorem, the fibre functor Fibsz
is pro-representable.

Proof: Take the index set A to be the set of all finite étale Galois covers P, — S,
and define P, < Pg if there is a morphism Pg — F,. This partially ordered set
is directed, because if P,, Pg € A, we may apply Proposition 5.3.9 to a connected
component Z of the fibre product P, x g P3 to obtain P, € A together with maps
P,—7Z— P, P,— Z— Pg.

The objects of the inverse system will be the P, themselves, so we need next
to define the morphisms ¢,3. If P, < Pg in the above ordering, then by definition
there exists a morphism ¢ : Pg — P, over S. This ¢ is in general not unique, so
we ‘rigidify’ the situation as follows. For each P, € A we fix an arbitrary element
Pa € Fibs(P,). Since P3 — S is a Galois cover, we find by Corollary 5.3.3 a unique
S-automorphism A of Pg so that ¢ o A maps pg to p,. Defining ¢og := ¢ o A we
obtain an inverse system (Py, ¢qg) such that moreover for each a < 3 we have
Fibs(¢ag)(pg) = Pa-

As in Remark 5.4.5 above, for every X in Fetg and every P, € A there is
a natural map Hom(P,, X) — Fibs(X) sending ¢ € Hom(P,, X) to Fibs(¢)(pa)-
These maps are compatible with the transition maps in the inverse system defined
above, whence a functorial map liin Hom(P,, X) — Fibs(X). To conclude the

proof we have to construct a functorial inverse to this map. To do so, we may
assume X is connected (otherwise take disjoint unions), and consider the Galois
closure 7 : P — X given by Proposition 5.3.9. Here P is one of the P, € A
by definition, and since it is Galois, for each Z € Fibs(X) we find a unique S-
automorphism A\ as above so that Fibz(m o A) maps the distinguished element
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Pa € Fibs(P,) to . Now sending z to the class of 7o A in lim Hom(P,, X) yields

the required inverse. O

An inspection of the above proof shows that the maps ¢, in the system pro-
representing the fibre functor Fibz depend on the choice of the system of geometric
points (pq); however, once such a system (p,,) is fixed, the pro-representing system
becomes unique. This fact will be crucial for the proof of the next corollary.

Corollary 5.4.7 FEvery automorphism of the functor Fibz comes from a unique
automorphism of the inverse system (Py, ¢ag) constructed in the proof above.

Here by definition an automorphism of (Py, ¢as) is a collection of automor-
phisms A\, € Aut(P,|S) compatible with the transition maps ¢,g3.

Proof: An automorphism of Fibg maps the system (p,) of distinguished ele-
ments to another system (p/,). As the P, are Galois, for each « there is a unique
automorphism A\, € Aut(P,|S) sending p, to pl,. Since the p, form a compatible
system, so do the )., whence the corollary. O

Before stating the next corollary, recall from Chapter 2 that the opposite group
of a group G is the group G°P with the same underlying set but multiplication
defined by (z,y) — yx.

Corollary 5.4.8 The automorphism groups Aut(P,)° form an inverse system
whose inverse limit is isomorphic to w1 (S, s).

Proof: The inverse system comes from Proposition 5.3.8: if P, < Pg in the
partial order of the proof above, then since the covers are Galois, there is a nat-
ural surjective group homomorphism Aut(Pg|S) — Aut(P,|S). The elements of
the inverse limit are exactly the automorphisms of the inverse system (Pu, ¢ag),
which in turn correspond bijectively to automorphisms of the fibre functor by the
previous corollary. The isomorphism with the opposite group then comes from the
contravariance of the Hom-functor. O

Proof of Theorem 5.4.2: Apply Proposition 5.4.6 to find an inverse system
(Pa, ¢ap) of Galois covers pro-representing the functor Fibs. By Corollary 5.3.4
the groups Aut(P,|S) are finite for all a, hence m1(S,5) is a profinite group by
the previous corollary. An automorphism of the inverse system (P, ¢og) induces
an automorphism of Fibz(X) = Iiin(Pa,X), whence a left action of 71(S,5) on
Fibg(X) for each X in Fetg. This action is continuous, because if Z € Fibz(X)
comes from a class in Hom(P,, X), then the action of 7(S,5) factors through
Aut(P,|S)°P.

The proof of the second statement of the theorem is parallel to that in the
special case of fields done in Theorem 1.5.2. We indicate the proof of essential
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surjectivity, leaving the details for fully faithfulness to the readers. Given a finite
continuous left 7 (.S, §)-set E, we may assume that the (S, 5)-action is transitive
by decomposing F in orbits. The stabilizer U of a point x € E is an open subgroup
of 1(S,5), and therefore contains an open normal subgroup V,, arising as the
kernel of a projection m1(S,5) — Aut(FP,|S), since the V, form a basis of open
neighbourhoods of 1 in 71(9,5). Let U be the image of U in Aut(P,|S)°, and let
X be the quotient of P, by the action of U” constructed in Lemma 5.3.7. Then
E = Fibg(X). O

Finally we make the link with the theory of the previous chapter. In fact,
it generalizes to an arbitrary integral normal scheme S. Given a finite separable
extension L of the function field of S, the normalization Sy, of S in L is an integral
normal scheme with function field L equipped with a finite morphism onto S. It
is unique up to isomorphism. One constructs it in the affine case S = Spec (A)
by taking Sy = Spec (B), where B is the integral closure of A in L (compare
with the proof of Theorem 4.3.10). In the general case one covers S with affine
open subsets, and glues their normalizations together along the preimages of the
intersections.

Proposition 5.4.9 Let S be an integral normal scheme. Denote by K a fized
separable closure of the function field K of S, and by Kg the composite of all finite
subextensions LIK of K such that the normalization of S in L is étale over S.
Then Kg|K is a Galois extension, and Gal (Kg|K) is canonically isomorphic to
the fundamental group m1(S,3) for the geometric point 5 : Spec (K) — S, where
K is the algebraic closure of K containing K.

[Lemma showing that a finite étale cover of a normal scheme is again normal
to be added.]

Proof: One proves exactly as in Theorem 4.6.4 that Kg|K is a Galois exten-
sion, and that the category of finite étale S-schemes is equivalent to that of finite
continuous left Gal (Kg|K)-sets, except that for the composition and base change
properties of finite étale covers one applies Remarks 5.2.3 as in the proof of Lemma
3.4.2. By construction, the equivalence is induced by the fibre functor at the geo-
metric point s. O

5.5 Basic Properties of the Fundamental Group

Now that we have constructed the fundamental group, we discuss some of its basic
properties.

First we show that, just as in topology, fundamental groups of the same S
corresponding to different base points 5, 5 are (non-canonically) isomorphic. First
we establish isomorphisms between different fibre functors.
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Proposition 5.5.1 Let S be a connected scheme. Given two geomelric points
5 : Spec(Q) — S and § : Spec () — S, there exists an isomorphism of fibre
functors Fibz = Fibg .

Proof: By Proposition 5.4.6 both fibre functors are pro-representable. More-
over, the proof shows that the representing inverse systems have the same index
set A and objects P,, only the transition morphisms may be different. Denote them
by ¢ap and 1,g, respectively. Proving the proposition amounts to constructing
an isomorphism of the inverse system (P,, ¢qg) onto the system (Py,¥qg), i.e. a
system of automorphisms A\, € Aut(P,|S) transforming the maps ¢, to the 3.
Assume given a pair a < # in A and an automorphism Az € Aut(Pg|S). Consider
the distinguished elements p, € Fibs(P,) and ps € Fibg(Pg). By construction we
have Fibs(¢as)(ps) = Pa- On the other hand, set p), := Fibs(¢as)(As(pg)). As
P, is Galois, there is a unique automorphism A\, € Aut(P,|S) mapping p, to p.,.
Corollary 5.3.3 applied with zZ = p,, ¢1 = Yag 0 Ag and g2 = A\, 0 ¢ then implies
that the diagram of S-morphisms

Py -2,

3 P

¢aﬂl lwaﬁ
A

P, —/— P,

commutes. Define pos : Aut(PglS) — Aut(P,|S) to be the map sending each
Ag € Aut(P3|S) to the A, defined as above. It is a map of sets but in general not
a group homomorphism. We thus obtain an inverse system (Aut(P,|S), pag) of
finite sets. The inverse limit of such a system is nonempty (see Corollary 3.4.12).
An element of it defines the required isomorphism of (Py, ¢pas) onto (Pu,¥as). O

Corollary 5.5.2 Let S be a connected scheme. Given two geometric points § :
Spec () — S and § : Spec () — S, there exists a continuous isomorphism of
profinite groups m1(S,3) = m1(S,5).

Proof: The automorphism groups of isomorphic functors are isomorphic. Con-
tinuity of the isomorphism with respect to the profinite structure follows from the
construction in the proof above. O

Next we investigate functoriality with respect to base point preserving mor-
phisms. Let S and S’ be connected schemes, equipped with geometric points
5: Spec(Q) — S and § : Spec () — ', respectively. Assume given a morphism
¢: S"— S with ¢ o5 = 5. Then ¢ induces a functor Fetg — Fetg by mapping
an object X to the base change X xg S’. Moreover, by definition of the fibre
product we have a bijection of sets Fibz(X) = Fiby (X xg S’). It follows that
every set-theoretic automorphism Fibg (X xg S") — Fibg (X xg5") comes from a
unique automorphism Fibz(X) — Fibz(X), and this bijection is functorial in X.
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In other words, every automorphism of the functor Fibg induces an automorphism
of Fibz, so we have a map

by (S, 5) — m(S, 5)

which is readily seen to be a continuous homomorphism of profinite groups. The
base change functor X — X xg S’ corresponds via Theorem 5.4.2 to the functor
sending the (.5, §)-set Fibs(X) to the 71(5’, §)-set obtained by composing with
Px-

Remark 5.5.3 Note that if X is connected, the base change X xg S’ may not
be. Its connected components correspond to the m1(S’, ')-orbits on Fibs(X).

We now translate properties of the homomorphism ¢, in terms of the effect of
base change on étale covers.

Proposition 5.5.4

1. The map ¢, is injective if and only if for every connected finite étale cover
X' — 8’ there exists a finite étale cover X — S and a morphism X; — X'
over S’, where X; is a connected component of X xg 5.

In particular, if every connected finite étale cover X' — S’ is of the form
X xgS" — S’ for a finite étale cover X — S, then ¢ is injective.

2. The map ¢ is surjective if and only if for every connected finite étale cover
X — S the base change X xg S’ is connected as well.

The proof of the first statement will use a general lemma on profinite groups.

Lemma 5.5.5 Let G be a profinite group, and H C G a closed subgroup.
1. The intersection of the open subgroups of G containing H is exactly H.

2. Given an open subgroup U’ of H, there is an open subgroup U of G with
UNH=U"

Proof: For the first statement, given g € G\ H we shall find an open subgroup
of G containing H but not g. To do so, by closedness of H we first pick an open
normal subgroup N C G with gN N H = () (such an N exists, because the gN of
this type form a basis of open neighbourhoods of g). Denoting by p: G — G/N
the natural projection, the open subgroup p~!(p(H)) C G will do.

For statement (2) use the closedness of U’ in G and part (1) to write both
H and U’ as the intersection of the open subgroups of G containing them. Since
[H : U'] is finite, we find finitely many open subgroups Uy, ...,U, in G containing
U’ but not H such that U' =UyN---NU,NH. Thus U :=U;N---NU, will do. O
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Proof of Proposition 5.5.4: Assume first that g € 71(5’,5") with ¢.(g) = 1. If
X; — S’ is a connected component of some base change X x 5" — S’, then by the
isomorphism Fibz(X) 2 Fibg (X xgS’) and the assumption ¢.(g) = 1 the action
of g on Fiby (X xg5’), and therefore on Fiby (X;), must be trivial. If X; — X’
is a morphism over S’ with X’ connected, then it is a finite étale cover (Lemma
5.3.2 (2)). In particular, it is surjective, so g acts trivially on Fiby (X’) as well. If
such a map exists for all connected X’ in Fetg, we conclude that g = 1.

Now assume that ¢, is injective, and hence by compactness of 71(S’,5’) iden-
tifies ¢« (m1(S’,8)) with a closed subgroup of 71(S,5). A connected étale cover
X' — S5’ corresponds by Theorem 5.4.2 to the transitive m1(S’, 5)-set Fibgy (X).
Let U’ be the stabilizer of a geometric point Z’ € Fibg(X). It is an open sub-
group of m1(S’,§'), and there is an isomorphism of continuous left 71 (5’, §)-spaces
U\m1(S",5') = Fibg(X) sending 1 to #’. By the lemma above there is an open
subgroup U C m1(S5,5) with U N ¢ (m1(5,8)) = U’. The group m1(5',5) acts
continuously on the left coset space U\m1(S,3) via ¢.; let V' C m1(5’,8) be the
stabilizer of 1. By construction, we have V- C UN¢,(S’,§") = U’, whence a map of
continuous m1(S’, §)-sets V\m1(5’,§) — U'\m1(5',5). Using Remark 5.5.3 we see
that it corresponds via Theorem 5.4.2 to a morphism of finite étale covers X; — X'
as in the statement of the proposition.

In the second statement the ‘only if’ part follows from the fact that connected
covers correspond via the fibre functor to sets with transitive 7 (S, 5)-action. For
the ‘if’ part, notice that if for connected X the base change X xg S’ remains
connected, then the isomorphism Fibz(X) 2 Fiby (X xg S’) shows that X Galois
implies X x g 5" Galois, and moreover Aut(X|]S) = Aut(X xg5|S"). Now apply
Corollary 5.4.8. O

Next we prove a generalization of Proposition 4.7.1. Recall for a field k a ﬁ_eld,
a k-scheme X — Spec (k) is geometrically connected if X := X Xgpec (k) Spec (k) is
connected for an algebraic closure k D k.

Proposition 5.5.6 Let X be a quasi-compact and geometrically connected scheme
over a perfect field k, and let T be a geometric point of X. Then the sequence of
profinite groups

1—m(X,7) = m(X,2) — Gal (k) — 1

induced by the maps X — X and X — Spec (k) is ezact.
For the proof we need a standard lemma.

Lemma 5.5.7 Given a finite étale cover Y — X, there is a finite extension Lk
contained in k and a finite étale cover Y, of X1 1= X Xgpec(x) Spec (L) so that
Y = Y], Xgpec (L) Spec (k). L

Similarly, elements of Aut(Y|X) come from Aut(Yr|Xr) for L sufficiently
large.
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Proof: We prove the first statement, the proof of the second one being similar.
Since X is quasi-compact by assumption, it has a finite covering by open affine
subschemes. Let U; = Spec (4;) (1 <1 < n) be a finite affine open covering of X
so that the preimage in Y of each U; := Spec (4; ® k) is an affine open subscheme
of the form Spec (B;), where B; is a finitely generated A; ®j k-module. Each B;
then arises as a quotient of some polynomial ring (A; ® k)[x1, ..., T,;,] by an ideal
generated by finitely many polynomials fi,..., f.. The finitely many coefficients
involved in the f; generate a finitely generated k-subalgebra A} C A; ®y k, itself
a quotient of a polynomial ring over k by an ideal generated by finitely many
polynomials g1, ...,gs. If L|k is the finite extension generated by the coefficients
of the g;, then the coefficients of the f; are contained in A; ®; L, and hence
B; = ((A; @, L)|[x1,. -, 2m]/(f1,--., fr)) @1 k. Moreover, such an isomorphism
holds for all ¢ for L sufficiently large. Similarly, one sees that the isomorphisms
showing the compatibility of the Y, over the overlaps U; N Uj can be defined by
equations involving only finitely many coefficients. Thus an extension L that is so
large that it contains all the coefficients involved satisfies the requirements of the
lemma. |

Proof of Proposition 5.5.6: Injectivity of the map m1(X,z) — m (X, ) fol-
lows from the criterion of Proposition 5.5.4 (1) in view of the lemma. Similarly,
the surjectivity of m(X,Z) — Gal (k) follows from Proposition 5.5.4 (2) and our
assumption that X is geometrically connected.

It thus remains to prove exactness in the middle. For this we first show that
for each finite Galois extension L|k there is an exact sequence of topological groups

1 —m (X, zn) — m(X,2) = Aut(Xz| X)? — 1. (5.2)

Here Zj, is the geometric point of X, coming by base change to X, from Z viewed
as a geometric point of X. By definition, 71 (X, Z1) is the automorphism group
of the fibre functor Fibz, on Fetx,. As every finite étale cover of X is also a
finite étale cover of X, we see that the image of the map 71 (X, zr) — m (X, %)
consists of those automorphisms of Fibz that, when evaluated on X, stabilize ..
But this is exactly the kernel of m1 (X, z) — Aut(Xp|X)°P.

This being said, consider the natural inverse system formed by the sequences
(5.2) that is indexed by the finite Galois extensions L|k. By passing to the limit
we obtain an exact sequence

limm (Xg,z) —» m(X,z) — Aut(Xp|X)%.

(We also obtain injectivity at the left, but that we already know more or less.) As
by construction Aut(Xy|X)% = Aut(Spec (L)|Spec (k))°? = Gal (L|k), it remains
to identify the inverse limit on the left with 71(X,Z). For this, observe that the
categories Fetx, form a natural direct system indexed by the Galois extensions
L|k with respect to the natural base change maps (Y — X1) — (Yyr — Xu)
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for L € M. We may form the direct limit of this system (observe that the ob-
jects of each Fetx, form a set). Using the lemma we see that its objects corre-
spond bijectively to finite étale covers of X. Also, note that for all L C M the
maps Fibz(Y) — Fibz(Yas) are identity maps. This shows that the automorphism
groups of the fibre functors Fibz on the categories Fet x, form a natural inverse
system indexed by the L|k, whose inverse limit is the automorphism group of Fibz
on Fet. O

Remark 5.5.8 The proposition also holds over non-perfect fields. This follows
from the fact that the groups under consideration are not affected by purely in-
separable extensions of the base field ([24], IX.4.10), and hence one may replace a
non-perfect base field by its perfect closure.

5.6 Deeper Properties of the Fundamental Group

We now discuss more advanced properties of fundamental groups of schemes, some-
times under restrictive assumptions. As some of these rely on quite difficult theo-
rems in algebraic geometry, the proofs will sometimes be only outlined.

Our first topic is the comparison with the topological theory in the case of
schemes over the complex numbers. Assume that X is a scheme of finite type
over C. One may then define the complex analytic space X?" associated with X
(see [28], Appendix B, §1). If X is smooth, then X" is a complex manifold as
defined in Remark 3.1.2. A morphism ¢ : X — Y of schemes of finite type over
C induces a holomorphic map ¢?" : X?" — Y2 of analytic spaces. We then have
the following vast generalization of Theorem 4.6.7 (see [24], Exposé XII, Corollaire
5.2).

Theorem 5.6.1 Let S be a connected scheme of finite type over C. Then the
functor (X — S) — (X?" — S*) induces an equivalence of the category of finite
étale covers of S with that of finite topological covers of S?". Consequently, for
every C-point § : Spec (C) — S this functor induces an isomorphism

o —

TP (San 5) 5 7y (S, 5)

where on the left hand side we have the profinite completion of the topological
fundamental group of S with base point im (s).

The hard part of the theorem is the essential surjectivity of the functor. Like
in the theory of Riemann surfaces, one first proves that every finite topological
cover p: Y — S® can be equipped with a canonical structure of analytic space
for which p becomes a proper holomorphic map. Next there is a reduction to
the case where S is normal. One then has to use a deep theorem, first proven
by Grauert and Remmert, according to which for normal S every proper analytic
map Y — 52" with finite fibres is isomorphic to X" — 52" for a finite surjective



158 CHAPTER 5. FUNDAMENTAL GROUPS OF SCHEMES

morphism X — S. In the case when S is a projective variety over C this is part
of Serre’s famous GAGA theorems. The proof given in [24], Exposé XII does
not use the theorem of Grauert and Remmert, but needs Hironaka’s resolution of
singularities.

An important consequence of the above theorem is the following finiteness
result. As the proof will show, it only uses Theorem 5.6.1 in the case of curves, so
only the classical Riemann Existence Theorem is needed for its proof.

Proposition 5.6.2 Let S be a smooth connected projective scheme over C. Then
for every geometric base point § the fundamental group w1(S,3) is topologically
finitely generated.

Recall that a profinite group is topologically finitely generated if it contains a
dense finitely generated subgroup. The proof uses a Bertini type lemma.

Lemma 5.6.3 Let k be an algebraically closed field, S C P} a smooth connected
closed subscheme of dimension at least 2, and X — S a finite étale cover. Then
there exists a hyperplane H C P} not containing S so that SN H is again smooth
and connected, and moreover the fibre product X xg (H N S) is connected as well.

Proof: By Theorem I1.8.18 in [28] one may find H with S N H smooth. Then
Remark I11.7.9.1 of op. cit. shows the connectedness of S N H for this H.
The same argument carries over mutatis mutandis to to the closed immersion
X xg (HNS)— X and shows the connectedness of X xg (H N S). i

Proof of Proposition 5.6.2: Since by Remark 5.2.3 (2) the fibre product
X Xg (HNS) in the lemma is a finite étale cover of H NS, we obtain from Propo-
sition 5.5.4 (2) a surjection 71 (HNS,s) — m1(S, §) for a geometric point s of HNS.
Since H NS is smooth and projective of strictly smaller dimension than S, we may
apply induction on dimension to obtain a surjection 71(C,5) — m(95,5), where
C C § is a smooth projective curve obtained by cutting S with a linear subspace
in P" and 5 is a geometric point of C. Over k = C we know from Theorem 4.6.7
that 71 (C, 5) is finitely generated, hence so is m1(S, ). o

Remark 5.6.4 Proposition 5.6.2 does not say that the topological fundamental
group of S®" is finitely generated; it can in fact be enormous. D. Toledo [70]
constructed a smooth projective variety X over C such that the intersection of all
subgroups of finite index in WEOP(X , @) is a free group of infinite rank. In other
words, the completion map WEOP(X , &) — m (X, Z) has a free kernel of infinite rank.
It is an open question of Serre whether there exist examples with 71 (X, z) = {1}

but 7}° (X, Z) nontrivial.

The proposition holds in considerably greater generality. A first generalization
is contained in the following statement; for the most general statements, see the
comments after Corollaries 5.6.12 and 5.6.13.
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Proposition 5.6.5 Let k C K be an extension of algebraically closed fields of
characteristic 0, and let S be a smooth connected projective scheme over k.

1. The natural map m (Sk,8x) — w1 (S,8) is an isomorphism for every geo-
metric point 5 of S.

2. The group w1 (S, ) is topologically finitely generated.

The following argument, due to Pop, uses a well-known lemma on profinite
groups.

Lemma 5.6.6 Let G be a profinite group that has only finitely many open normal
subgroups of index N for every integer N > 0. Assume that G is another profinite
group such that for every open normal subgroup U C Gy there is an open normal
subgroup V' C Go with G1/U = G4/V, and vice versa. Then:

1. There exists an isomorphism of profinite groups G1 = G.

2. Every continuous surjection G1 — Gg is an isomorphism, and so are the
continuous surjections Go — G1.

Proof: For part (1) denote by Uy (resp. Vi) be the intersection of open normal
subgroup of index at most N in G (resp, G2). By assumption, [G : Uy] is finite.
If V. C Gy is an open normal subgroup that is an intersection of open normal
subgroups of index at most IV, there is an open normal subgroup U D Uy in
G1 with G1/U = G2/V. Thus G5/V is a quotient of G1/Uy; in particular, it is
finite. Now let W C G2 be an open normal subgroup of maximal index that arises
as a quotient of G1/Uy. By the previous discussion, W NV is again a quotient
of Uy for every open normal V' C G2 of index at most N. It follows from the
maximality assumption that the inclusion W NV C W must be an equality, and
hence Viy = W. In particular, [Gy : V] is finite. As the finite groups G1/Un
and G2/Vy have the same quotients, the natural map G1/Uy — G2/Vy is an
isomorphism.

Now consider for each N > 0 the finite set Xy of isomorphisms G1/Un =
G2/Vy. The Xy form a natural inverse system indexed by the positive integers,
because composing a given isomorphism G1/Un 41 = Gy / V41 with the projection
G2/VNy1 — Go/Vy induces an isomorphism G1 /Uy — G2/Vy. Thus we obtain an
inverse system of nonempty finite sets, and the inverse limit is nonempty by Lemma
3.4.12. An element of l'gn Xy is a compatible system of isomorphisms G /Uy —

G2/Vn, so it induces a continuous isomorphism lim G1 /Uy — lim Go/Vy. But

these inverse limits are G; and Gaq, respectively, because the Uy (resp. Vi) are
cofinal in the system of open normal subgroups of G; (resp. G2).

For part (2) let ¢ : G; — G2 be a continuous surjection. For each N > 0 it
induces a surjection ¢ : G1/Un — G2/Vxn. But we have just seen that these are
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finite groups of the same order, so ¢ must be an isomorphism. Passing to the
inverse limit we obtain that ¢ is an isomorphism. The argument for a surjection
G9 — (1 1s similar. O

Proof of Proposition 5.6.5: If X — § is a connected finite étale cover, then
since k is algebraically closed in K, the tensor product k(X) ®j K is a field, where
k(X) is the function field of X. This shows that Xy is again connected, whence
the surjectivity of the map 71 (Sk, k) — m1(S, §) by Proposition 5.5.4 (2).

Assume first £ may be embedded in C. Then by Proposition 5.6.2 the group
m1(Sc, Sc) is topologically finitely generated, hence so is 71 (S, §) by the surjectivity
just proven. Thus by the lemma it remains to show that m1(S,s) and 71 (Sk, Sk)
have the same finite quotients. The previous argument already implies that a finite
Galois cover X — S gives rise to a finite Galois cover X — Sk with the same
Galois group. Thus every finite quotient of 71(S,s) is also a finite quotient of
T (S K,S K)

For the converse, assume given a finite connected Galois cover ¢ : ¥ — Sk
with group G. As in the proof of Lemma 5.5.7 we find a subfield k¥’ C K finitely
generated over k and a connected finite étale Galois cover ¢’ : Y/ — Sy with
Y'x;» K 2 Y. In fact, the argument shows that there is an integral affine k-scheme
T with function field ¥’ and a finite morphism ¢7 : Y — S x ;. T of schemes of finite
type over T such that the induced morphism ) X7 Spec (k') — Sy is isomorphic
to ¢'. Now since the sheaves ¢7,Oy (resp. Qy|(sxT)) are coherent and ¢, Oy~ is
locally free (resp. €y, Sy = 0) by Proposition 5.2.7, we see that by replacing T'
with an affine open subscheme and restricting ¢ we obtain a finite étale cover
that is by construction connected and Galois with group G. Now a Bertini type
lemma ([63], I1.6.1, Theorem 1) allows us to find a k-point P of T such that Vp is
connected. The construction then shows that taking the fibre of ¢ over P yields
a finite étale Galois cover Yp — S with group G.

In the general case since S is of finite type over k, we find as in the proof
of Lemma 5.5.7 a finitely generated extension of Q contained in k with algebraic
closure k' C k and a k’-scheme S’ with S’ x;» k = S. By construction, ¥’ may
be embedded in C, so the previous proof applies to the extension &/ C K. The
statements then also hold for the intermediate extension k C K. O

Remark 5.6.7 The statements of the proposition also hold for a normal affine
curve S over an algebraically closed field of characteristic 0. Indeed, by Theorem
4.6.7 the fundamental group of S is topologically finitely generated over £ = C in
this case as well, and the previous proof goes through without change.

Corollary 5.6.8 Let k be an algebraically closed field of characteristic 0, and
S1, Sy smooth connected projective schemes over k. The natural map

m1(S1 x S2, (51,52)) — w1(S1, 51) X m1(S2, 52)

is an isomorphism for each geometric point (51,52) of S1 x Sa.
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Proof: Using Proposition 5.6.5 (and the last part of its proof) we reduce to the
case k = C. Then the corollary follows from Theorem 5.6.1 and the fact that the
map of topological fundamental groups

top / gan an (= = top/ can = top/ can =
T (Sl X S2 3(81752)) — T (Sl 551) X T (SZ 752)
is an isomorphism (which is an easy consequence of the definition of 7). o

Remark 5.6.9 In ([24], X.1.7) Grothendieck proved by a different method that
the corollary holds under more general assumptions: it is enough to assume
that the S; are connected and one of them is proper over k (which may be
of arbitrary characteristic). In the normal case this was previously proven by
Lang and Serre [34].

With this generalization at hand we may generalize Proposition 5.6.5 (1) to the
case when S is only proper and connected as follows. The proof of the surjectivity
of m(Sk,5K) — m1(S, S) is the same. For injectivity start from a connected finite
étale cover Y — Sk and construct ¢ : Y — S X T as in the proof of Proposition
5.6.5. The isomorphism 71(S x T, (5,t)) — m1(S,5) x 71 (T,t) enables us to find
connected finite étale covers Z — S, T" — T with Z x T' = Y. The function field
of T” still embeds in &/, so by base change with 7/ — T' we may assume 1" = T
Then the fibre Zp at a k-point P of T is a finite étale cover of S with Zx 2Y.

We now explain how to extend the previous results to positive characteristic.
The extension is based on Grothendieck’s specialization theory for the fundamental
group. In this theory the base scheme is the spectrum of a complete local ring
A. Recall that a local ring a with maximal ideal M is said to be complete if the
natural map A — liin A/M?" is an isomorphism. Examples of complete local rings

are the ring Z, of p-adic integers for a prime p (Example 1.3.3 (4)), and the formal
power series rings k[[t1,...,t,]] over a field k.

Let us introduce some notation. If A is a complete local ring, we denote by
K its fraction field, and by k its residue field. The affine scheme Spec (A) will be
denoted by S, and 7 : Spec(K) — S (resp. s : Spec(k) — S) will denote the
generic (resp. closed) points of S. Fix geometric points 7 (resp. §) lying above 7
(resp. s). Given a morphism of schemes X — S, we denote by X,, X, X5, X5 its
base change by the corresponding maps.

Theorem 5.6.10 (Grothendieck) Let S be as above, and let ¢ : X — S be a
proper morphism. Fiz geometric points T and § of X5 and X, respectively.

1. The natural map m (Xs,y) — m(X,y) induced by the map Xy — X is an
isomorphism.

2. Assume moreover that k is algebraically closed, ¢ is flat, and the geometric
fibres Xy, X5 are reduced. Then the natural map m (Xy,T) — m(X,Z) is
surjective.
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3. If moreover ¢ is smooth, then the map m (X5, z) — (X, Z) induces an
isomorphism on mazimal prime-to-p quotients, where p is the characteristic
exponent of k.

All this is proven in [24], Exposé X, using techniques beyond the scope of this
book. The proofs of (1) and (2) rely on a deep algebraization theorem for formal
schemes we refer to Section 8.5.C of [29] for an excellent exposition.

[Discussions of Zariski-Nagata purity, Abhyankar’s lemma and proof of (3) to
be added.]

If s = 5, we may consider the composite map
sp: (X5, %) = m(X,7) S m(X,9) = m(Xs, )

where the middle isomorphism is a non-canonical one coming from Corollary 5.5.2,
the first map is the one in part (2) of the theorem, and the last one is the inverse of
the isomorphism of part (1). It is called a specialization map for the fundamental
group associated with ¢. Part (3) of the theorem says that if ¢ is proper and
smooth with geometrically connected fibres, then sp induces an isomorphism on
the maximal prime-to-p quotients.

Grothendieck developed the theory above in order to deduce a proof of theorem
4.9.1 in positive characteristic. Let us restate it in the proper case.

Theorem 5.6.11 Let k be an algebraically closed field of characteristic p > 0,
and let X be an integral proper normal curve of genus g over k. Then for ev-
ery geometric point T of X the group w1 (X, ) is topologically finitely generated,
and its mazximal prime to p-quotient 7T1(X,§3)(p/) 1s isomorphic to the profinite
p'-completion of the group

Iy :=(a1,b1,...,a4,by | [a1,01]...[ag,by] =1).

As already remarked in the previous chapter, for kK = C this follows from the
topological theory and the Riemann existence theorem, and then for general k of
characteristic 0 it follows from Proposition 5.6.5. Now if k has positive character-
istic, the proof proceeds in three steps.

1. First one uses the fact that there exists a discrete valuation ring with fraction
field K of characteristic 0 and residue field  isomorphic to & ([40], Theorem 29.1).
We may assume that A is complete by taking its completion.

2. Then one uses the existence of a smooth proper scheme X — Spec(A) with
X5 = X and &), a smooth proper curve over K. This can be proven in several ways.
The original approach of Grothendieck was to extend X first to a formal Spec (A)-
scheme and use an algebraization theorem; see [29], Theorem 8.5.19. Another
proof is to use the existence of the moduli stack of smooth proper curves of genus
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g over Spec (Z), and apply Hensel’s lemma to the k-point corresponding to the
isomorphism class of X.

3. Finally, one applies Theorem 5.6.10 (2) and (3).

From Theorem 5.6.11 we can derive two corollaries that extend Proposition
5.6.5 to arbitrary characteristic.

Corollary 5.6.12 Let S be a smooth connected projective scheme over an alge-
braically closed field. Then for every geometric base point § the fundamental group
71(S, §) is topologically finitely generated.

Proof: Like Proposition 5.6.2 this is proven by reduction to the case of curves
treated in the theorem above. O

Combining the arguments involved in the above proof with techniques of flat
descent theory, Grothendieck proved in (][24], X.2.10) that the corollary holds for
an arbitrary proper connected scheme over an algebraically closed field. Without
the properness assumption, the corollary is false in positive characteristic even for
smooth curves: see Theorem 4.9.5.

Corollary 5.6.13 Let k C K be an extension of algebraically closed fields, and
let S be a smooth connected projective scheme over k. Then the natural map
m1(SK,SK) — m1(S,5) is an isomorphism for every geometric point 5 of S.

Proof: 1In view of the previous corollary, this may be proven by the same argu-
ment as Proposition 5.6.5. O

As we already noted in Remark 5.6.9, if one has Grothendieck’s more general
product theorem, one may prove the corollary under the weaker assumption that
S is proper and connected. Here the properness assumption is essential in positive
characteristic; see Exercise 8.

[Material on the tame fundamental group to be added.]

5.7 The Abelianized Fundamental Group

To be written.

EXERCISES

1. Let A be a ring. Prove that Spec(A) is a connected affine scheme if and
only if A contains no idempotent other than 0 and 1.
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. Let G be a profinite group, and let F' be the forgetful functor from the

category of finite continuous G-sets to the category of sets mapping a G-set
to its underlying set. Prove that Aut(F) = G. [Hint: Begin with the case
of finite G']

. Show that for a connected scheme S the category of inverse systems (P, ¢a3)

indexed by A, with A and the P, as in the proof of Proposition 5.4.6, is
equivalent to the category of fibre functors Fibz at geometric points of S.

Let ¢ : S — S be a morphism of connected schemes, and let 5 and 5" be
geometric points of S and S’, respectively, satisfying 5 = ¢ o 5. Show that
the induced homomorphism ¢, : m1(S’,§) — m1(S,5) is surjective if and
only if the functor Fet|s — Fetgss mapping X to X xg 5’ is fully faithful.

. Let ¢: 8" — S, 5 and § be as in the previous exercise. Show that the map

¢x : m(S',8) — (S, 5) is trivial if and only if for every finite étale cover
X — S the base change X xg S’ — S’ is isomorphic to a finite direct sum
of copies of S’ as in Proposition 5.2.9.

CLet 87 % 5 % Sbeaa sequence of morphisms of connected schemes,

and let 5,5,5” be geometric points of S, S’ and S”, respectively, satisfying
5=¢o5 and § =) o5"”. Show that the sequence

m(S",5") % mi(8',5) & m(S,5)

is exact if and only if for every finite étale cover X — S the base change
X xg 8" — S" is isomorphic to a finite direct sum of copies of S”, and
moreover given a connected Galois cover X' — S’ such that X’ xg S” is
isomorphic to a finite direct sum of copies of S” there exist a connected
Galois cover and an S’-morphism from a connected component of X x g S’
onto X’.

Let A be a complete local ring with maximal ideal M and residue field k
(recall that completeness means A — lim A/M?*). We say that an A-algebra

B is finite étale if the induced morphism of schemes Spec (B) — Spec (A) is.

(a) Show that Spec (B) is connected if and only if Spec (B ®4 k) is.
[Hint: Observe that the natural maps Spec (B/M*B) — Spec (B/M B)
are identity maps on the underlying topological spaces, and apply Ex-
ercise 1.]

(b) Show that for every finite separable field extension L|k there is a finite
étale A-algebra B with B®4 k = L.

(c) Conclude that the natural morphism m(Spec (k),5) — m1(Spec (A), §)
is an isomorphism for a geometric point § lying above the closed point of
Spec (A). In particular, 71 (Spec (A),s) = {1} if k is separably closed,
and 7 (Spec (A4), 5) =2 Z if k is finite.



5.7 THE ABELIANIZED FUNDAMENTAL GROUP 165

10.

11.

(d) Conclude that the natural functor Fetgpe.(a) — Fetgyec (k) induces an
equivalence of categories.

[Remark: The statements of this exercise hold more generally for so-called
Henselian local rings. See [41], §1.4.]

. Let & C K be an extension of algebraically closed fields of characteristic

p > 0, and fix an element s € K \ k. Verify that the map
Spec (K[t,y]/(z" — x — st)) — Spec (K[t])

defines a finite étale cover of A} that does not arise by base change from a
finite étale cover of A,{/,.

Check that if k is an algebraically closed field, then (P}, z) = {1} for all
n > 0 and all geometric points Z.

This exercise and the next require more knowledge of algebraic geometry.
Let X be a regular scheme locally of finite type over a field k, and let U C X
be an open subscheme whose complement has codimension at least 2 in X.
In this situation the Zariski-Nagata purity theorem ([25], X.3.10) states that
the natural morphism Fetxy — Fety mapping a finite étale cover Y — X
to Y xx U — U induces an equivalence of categories.

(a) Assume that X is proper over k, and let p: X --» S be a k-rational
map to a normal scheme S of finite type. Use the purity theorem to
show that p induces a well-defined map m1(X,z) — m(S,p o z) for
every geometric point Z of X for which p o Z is defined.

[Hint: Use also the fact that under the above assumptions p is defined
outside a closed subset of codimension at least 2.]

(b) Show that a birational map between proper regular k-schemes induces

an isomorphism on their fundamental groups.

Let S be a proper normal scheme of finite type over an algebraically closed
field for which there exists a k-rational map P} --» S with dense image.
Prove that the fundamental group of S is finite.

[An X having the property of the exercise is called unirational.]
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Chapter 6

Tannakian Fundamental Groups

The theory of the last chapter established an equivalence between the category
of finite étale covers of a connected scheme and the category of finite continuous
permutation representations of its algebraic fundamental group. We shall now
study a linearization of this concept, also due to Grothendieck and developed in
detail by Saavedra [56] and Deligne [12]. The origin is a classical theorem from
the theory of topological groups due to Tannaka and Krein: they showed that one
may recover a compact topological group from the category of its continuous linear
representations. In Grothendieck’s algebraic context the group is a linear algebraic
group, or more generally an affine group scheme, and one studies the category of
finite dimensional representations. The key features that enable one to reconsti-
tute the group is the tensor structure on this category and the forgetful functor
that sends a representation to its underlying vector space. Having abstracted the
conditions imposed on the category of representations one gets a theorem stating
that a category with certain additional structure is equivalent to the category of
finite dimensional representations of an affine group scheme. This can be applied
in several interesting situations. We shall discuss in some detail the theory of dif-
ferential Galois groups, and also Nori’s fundamental group scheme that creates a
link between the algebraic fundamental group and Tannakian theory.

We only treat so-called neutral Tannakian categories, but the reader familiar
with Grothendieck’s descent theory will have no particular difficulty afterwards in
studying the general theory of [12]. Recently non-commutative generalizations of
the theory have been developed in connection with quantum groups; as samples
of a vast literature we refer to the books of Chari-Pressley [8] and Majid [38].

6.1 Affine Group Schemes and Hopf Algebras

We begin by introducing the concept of affine group schemes. These are gener-
alizations of linear algebraic groups, as the examples below will show. Following
a basic idea introduced by Grothendieck in algebraic geometry, they are most
conveniently defined via their functor of points.

167
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Definition 6.1.1 Let k be a field. An affine group scheme G over k is a functor
from the category of k-algebras to the category of groups that, viewed as a set-
valued functor, is representable by some k-algebra A. We call A the coordinate
ring of G.

Remark 6.1.2 As the term ‘scheme’ occurs in the definition above, the reader
rightly expects a connection with the theory of schemes. We explain this now.
Quite generally, a group scheme over k is a group object in the category of k-
schemes, i.e. a scheme G together with morphisms m : G x G — G (‘multiplica-
tion’), e : Spec (k) — G (‘unit’) and i : G — G (‘inverse’) subject to the usual
group axioms (see the diagrams below). These morphisms induce a group struc-
ture on the set G(S) := Homy(S, G) of morphisms into G for each k-scheme S.
Therefore the contravariant functor S — Homy(S, G) on the category of k-schemes
represented by G is in fact group-valued. Restricting it to the full subcategory
of affine k-schemes we obtain a covariant functor R +— Homyg(Spec (R),G). If
G = Spec (A) is itself affine, this is none but the functor above, by Proposition
5.1.5.

The coordinate ring A of an affine group scheme G carries additional structure
coming from the group operations. Indeed, the functor G x G given by R +—
G(R) x G(R) is representable by the tensor product A®j A in view of the functorial
isomorphisms Hom(4, R) x Hom(A, R) = Hom(A ®; A, R) induced by (¢,))
@@ (the inverse is given by A — (a — A(a®1),a — A\(1®a)). Thus by the Yoneda
Lemma (Lemma 1.4.12) the morphism of functors m : G x G — G defining the
multiplication of G comes from a unique k-algebra morphism A : A ®;, A — A.
The unit and the inverse operation translate similarly to k-algebra maps. We
summarize all this by:

multiplication mult : G x G — G « comultiplication A: A - A®, A

unit {¢} - G < counite: A —k
inverse i : G — G <> antipode t: A — A

The group axioms imply compatibility conditions for A, £ and ¢ by the uniqueness
statement of the Yoneda lemma. Below we indicate diagram translations of the
associativity, unit and inverse axioms for groups on the left hand side, and the
corresponding compatibility conditions on A on the right hand side. They are
called the coassociativity, counit and coinverse (or antipode) azioms, respectively.

GxGxG ™ oy a A Ag A <222

A®A

mult xid mult A®id A

mult

GxG —— G AR A

A
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a 2 axa A2 4sa
. id . id
exid mult e®id A
GxGq M g ARA <2 4
idx1i mo(id®e
G % GxG A o
xid ¢ mult mo(t®id) 7 A
GxG M g AR A 2 4

In the two last diagrams c is the constant map G — {e} on the left hand side, v
the composite A — k — A and m : A®; A — A the algebra multiplication on the
right hand side. To see that they indeed correspond, observe that m corresponds
to the diagonal map G — G x G by the Yoneda Lemma.

A not necessarily commutative k-algebra equipped with the above additional
structure and satisfying the three axioms is called a Hopf algebra. Hopf algebras
coming from affine group schemes are always commutative, but interesting non-
commutative Hopf algebras arise, for instance, in the theory of quantum groups.

Remark 6.1.3 In calculations it is often useful to write down the Hopf algebra ax-
ioms explicitly for concrete elements. For instance, if we write A(a) = > a; ® b; for
the comultiplication map, then the counit axiom says a = Y e(a;)b; = Y a;e(bi),
and the antipode axiom says e(a) = > i(a;)b; = > a;u(b;). Patient readers will
write out the coassociativity axiom.

Examples 6.1.4 Here are some basic examples of affine group schemes and their
Hopf algebras.

1. The functor R — G, (R) mapping a k-algebra R to its underlying additive
group RT is an affine group scheme with coordinate ring k[z], in view of the
functorial isomorphism R* = Homy(k[z], R). The comultiplication map on
klx] is given by A(z) = 1 ® x + x ® 1, the counit is the zero map, and the
antipode is induced by x — —z.

2. Similarly, the functor R — G(R) sending a k-algebra R to the subgroup
R* of invertible elements is an affine group scheme with coordinate ring
k[z,271], because an invertible element in R corresponds to a k-algebra
homomorphism k[z,z~!] — R. On the coordinate ring the comultiplication
map is induced by A(x) = x ® x, the counit sends x to 1, and the antipode

is induced by z +— 1.
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3. More generally, sending a k-algebra R to the group GL,(R) of invertible
matrices with entries in R is an affine group scheme. To find the coordinate
ring A, notice that an n X n matrix M over R is invertible if and only if there
exists r € R with det(M)r = 1. This allows us to recover A as the quotient
of the polynomial ring in n? + 1 variables k[x11,Z12, ..., Tnn, 2] by the ideal
generated by det(z;j)x — 1. The isomorphism GL,(R) = Homy(A, R) is
induced by sending a matrix M = [m;;] to the homomorphism given by
Tij — Mij, T +— det(mij)*l. The comultiplication is induced by z;; —
> 1 %it @ x5, the counit sends x;; to §;; (Kronecker delta), and the antipode
comes from the formula for the inverse matrix.

In a similar way, we may associate affine group schemes with the other
classical groups SL,,, O,, etc.

Let us now forget about the k-algebra structure on Hopf algebras for a while.
We then obtain the following more general notion.

Definition 6.1.5 A coalgebra over k is a k-vector space equipped with a comulti-
plication A : A — A®jA and a counit map ¢ : A — k subject to the coassociativity
and counit axioms.

In this definition the maps A and ¢ are only assumed to be maps of k-vector
spaces. Coalgebras over k form a category: morphisms are defined as k-linear
maps compatible with the k-coalgebra structure.

We now define right comodules over a coalgebra by dualizing the notion of left
modules over a k-algebra B. Observe that to give a unitary left B-module is to
give a k-vector space V together with a k-linear multiplication [ : B®rV — V so
that the following diagrams commute:

BeyBa,V —2 Ba,V ke V —29 L Be, v
mEid l = l
Be,V ! v v

where € : k — B is the natural map sending 1 to the unit element of B. The first
diagram here corresponds to the axiom (bib2)v = by(bav) for b; € B and v € V,
and the second to 1-v = v. The dual notion for k-coalgebras is the following.

Definition 6.1.6 Let A be a coalgebra over a field k. A right A-comodule is a
k-vector space M together with a k-linear map p : M — M ®j; A so that the
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diagrams
M L M Rk A M P M Rk A
P id®A N id®e (6.1)
®id
M®kAL>M®kA®kA M ®y k
commute.

Remark 6.1.7 We can write out the comodule axioms explicitly on elements as
follows. Assume p is given by p(m) = > m; ® a;, and p(m;) = Y m;; ® ¢;. Use
furthermore the notation A(a;) = > a; ® b;. Here m,m;, m;j € M and the other
elements lie in A. Then the commutativity of the first diagram is described by the
equality

Zmi ® ay @ by = Zmij ®c; & a;. (6.2)

i, ,J

The second diagram reads

Another useful form of the first compatibility is obtained by fixing a k-basis
e1,..., ey of M, and defining ¢;; € A via p(e;) = >, ej®c;;. Then Y, ple) ®cy =
2256 ® (32 ¢ @ cq) must equal > e; ® A(c;;) by commutativity of the first
diagram, which by the linear independence of the e; holds if and only if

A(Cij) = chj & ci1- (6.4)
l

A subcoalgebra of a coalgebra A is a k-subspace B C A with A(B) C B ®y B.
The restrictions of A and ¢ then turn B into a coalgebra over k. One defines a
subcomodule of an A-comodule M in a similar way: it is a k-subspace N C M
with p(N) C p(N) @i A. A subcoalgebra B C A is also naturally a subcomodule

of A considered as a right comodule over itself.
Subcomodules and subcoalgebras enjoy the following basic finiteness property.

Proposition 6.1.8 Let A be a coalgebra, M a right A-comodule.

1. Fach finite set my,...,m, of elements of M is contained in a subcomodule
N C M finite dimensional over k. Consequently, M is a directed union of
its finite dimensional subcomodules.

2. Each finite set ay,...,a, of elements of A is contained in a subcoalgebra
B C A finite dimensional over k. Consequently, A is a directed union of its
finite dimensional subcoalgebras.
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Proof: For (1), note first that by the k-linearity of p: M — M ®j A the k-linear
span of finitely many subcomodules of M is again a subcomodule. Therefore it
is enough to prove the case n = 1 of the first statement. Fix a (possibly infinite)
k-basis B of A. For m € M we may write p(m) = > m; ® a; with m; € M and
a; € B (finite sum). Therefore (p ® ida)(p(m)) = >, p(m;) ® a;. On the other
hand, by the first comodule axiom we must have (p®ida)(p(m)) = >, m; ® A(a;).
Writing A(a;) = 3_; 1 Aiji(a; ® ay), we obtain (after changing running indices)

Z p(mk) R ap = Z m; & Z /\ijk(aj (=) ak),
k i 3k
which by the linear independence of the a; is equivalent to

plme) =D mi® Y Aijra
i J

for all k. This implies that the k-span of m and the m; is a finite dimensional
subcomodule of M.

To prove (2) we again reduce to the case n = 1. By part (1) for fixed a € A we
find a finite dimensional k-subspace N C A containing a with A(N) C N ®; A.
Fix a k-basis e1,...,e, of N, and write A(e;) = Zj ej ® ¢;; with some ¢;; € A.
By formula (6.4) above we have A(c;;) = Y, ¢ij ® ¢4, therefore the k-span of the
finitely many elements e; and ¢;; is a subcoalgebra containing a. O

In the case when A is moreover a commutative Hopf algebra, an A-comodule
M gives rise to a representation of the corresponding affine group scheme G in the
following way. Given a k-algebra R, an element of G(R) corresponds to a k-algebra
homomorphism A\ : A — R. The composite p: M — M ®) A 48 M ®k R induces
an R-linear map M ®; R — M ®; R that depends on R in a functorial way. By
the comodule axioms, we thus obtain a functorial collection of left group actions
G(R) x (M @, R) — M ®j, R such that for each g € G(R) the map m — gm is
R-linear. We call such a collection a left representation of the affine group scheme
G. If moreover M is finite dimensional over k and we fix a k-basis my ..., m, of M,
giving a representation of G becomes equivalent to giving a morphism G — GL,
of group-valued functors.

Proposition 6.1.9 The above construction gives a bijection between right comod-
ules over the commutative Hopf algebra A and left representations of the corre-
sponding affine group scheme G.

Proof: Given a left representation of G on a finite dimensional k-vector space V,
the element in G(A) corresponding to the identity morphism of A gives rise to an
A-linear map V®r A — V®i A. By composition with the natural map V — V® A
sending v € V to v ® 1 we obtain a k-linear map V — V ® A. The reader will
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check that this is an A-comodule structure on V', and the two constructions are
inverse to each other (Exercise 1). O

We conclude this section by discussing dualities between algebras and coalge-
bras. Given a k-coalgebra A, the k-linear dual A* := Homy(A, k) of the underly-
ing vector space of A carries additional structure. Namely, the comultiplication
A: A— ARy A induces a k-bilinear map m : A* @, A* — A* sending a pair
(¢, 1) of k-linear maps A — k to the k-linear map (¢ ® ¢) o A : A — k. We
may view m as a multiplication map on A; the coassociativity axiom for A implies
that it is associative. Furthermore, the k-linear dual k¥ — A* of the counit map
e: A — kis determined by the image of 1 € k in A*; by the counit axiom on A it is
a unit element for the multiplication on A*. We thus obtain a k-algebra with unit
that is not necessarily commutative. The rule A — A* is a contravariant functor:
dualizing a morphism A; — As of k-coalgebras gives a k-algebra homomorphism
A5 — A7

Conversely, if we start with a k-algebra B with unit, the multiplication map
m : B ®; B — k induces a map B* — (B ®j B)* on k-linear duals. But there
is a caveat here: it does not necessarily induce a comultiplication map on B*,
because the natural map B* ®; B* — (B ®y B)* sending ¢ ® 1) € B* ® B* of
to the k-linear map given by a ® b — ¢(a)1(b) is not necessarily an isomorphism
(Exercise 2). However, for B finite dimensional over k it is, being an injective map
between vector spaces of the same dimension. So in this case we can equip the
k-linear dual B* with a k-coalgebra structure by reversing the procedure above,
and obtain:

Proposition 6.1.10 The contravariant functor A — A* induces an anti-iso-
morphism between the category of k-coalgebras finite dimensional over k and that
of not necessarily commutative finite dimensional k-algebras with unit.

Under the duality of the proposition each right A-comodule structure on a
finite dimensional vector space V gives rise to a natural left A*-module structure
on V*, and we have:

Corollary 6.1.11 Given a finite dimensional k-coalgebra A, the contravariant
functor V. — V* induces an anti-isomorphism between the category of finitely
generated right A-comodules and that of finitely generated left A*-modules.

Combining the above corollary with Proposition 6.1.8 is often useful in calcu-
lations. Here is such an application that will be needed later.

Proposition 6.1.12 Let A be a coalgebra, M a right A-comodule. The sequence

0 M —2 s Mo, A L2947 o Ao A (6.5)

15 exact.
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Proof: The first comodule axiom implies that the sequence is a complex, and
the second axiom implies the injectivity of p. It remains to see that each element
a = > m; ® a; in the kernel of p ® id4 — idy; ® A is in the image of p. Using
Proposition 6.1.8 we find a finite dimensional subcomodule M’ C M and a finite
dimensional subcoalgebra A" C A with a € M’ ®; A’. Thus we reduce to the
case when A and M are finite dimensional over k. Taking k-linear duals we then
obtain a finite dimensional k-algebra B = A*, a left B-module N = M*, and the
sequence becomes

Here p* is the map giving the left B-module structure on IV, whereas the unnamed
map is the difference of the maps b@ b’ @n +— bl ®n) and b b’ @n — (bb') @n.
Exactness of this sequence is a tautology, and the dual exact sequence is (6.5) by
Corollary 6.1.11. O

6.2 Categories of Comodules

A basic fact about a finite dimensional algebra B over a field k is that it is de-
termined up to isomorphism by the category Modf g of finitely generated left B-
modules; in fact, it can be recovered as the endomorphism algebra of the forgetful
functor from Modfp to the category of finite dimensional k-vector spaces (see Ex-
ercise 3). A similar statement holds for arbitrary k-algebras if we allow B-modules
that are infinite dimensional over k. By dualizing the finite dimensional statement
we obtain a result about comodules over finite dimensional k-coalgebras, but as
we have seen, in infinite dimension the dualizing procedure breaks down.

Still, it is possible to recover an arbitrary k-coalgebra A from the category
Comodf 4 of finite dimensional k-vector spaces carrying a right A-coalgebra struc-
ture. To do so, denote by w the forgetful functor from Comodf 4 to the category
Vecf; of finite dimensional k-vector spaces. For an arbitrary k-vector space V
denote by w ® V' the functor M — w(M) ®; V from Comodf, to the category
Vecy, of k-vector spaces. Write Hom(w,w ® V') for the set of functor morphisms
w — w®V, where w is considered as a Vecg-valued functor under the natural
embedding.

Proposition 6.2.1 The underlying k-vector space of A represents the functor
V — Hom(w,w ® V') on the category Vecy.

In other words, there are functorial isomorphisms
Hom(A,V) = Hom(w,w ® V) (6.6)

for each k-vector space V.
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Proof of Proposition 6.2.1: There is a canonical morphism of functors II :
w — w® A that for each object M of Comodf 4 gives the comodule structure map
w(M) — w(M)®)A. A morphism ¢ : A — V induces maps (1d®¢) : w(M)®RA —
w(M)®V for each M, whence a morphism of functors (ild® ¢): w@ A - w® V.
Sending ¢ to (id ® ¢) o II therefore defines a map ¥y : Hom(A, V) — Hom(w,w ®
V) that is functorial in V', whence a morphism of functors ¥ : Hom(__,V) —
Hom(w,w®__). We now construct a morphism = in the reverse direction. Consider
A as a right comodule over itself, and for each a € A fix a finite dimensional
subcomodule N C A containing A; such an N exists by Proposition 6.1.8 (1).
Then for ® € Hom(w,w ® V) we define Z(®) € Hom(A, V) to be the morphism
a— (e|y ®idy)(Pn(a)). This definition does not depend on the choice of N, as
we can always embed finite dimensional subcomodules N, N’ into a larger finite
dimensional subcomodule N”, and use the fact that ® is a morphism of functors.

To check that = o ¥ is the identity, take ¢ € Hom(A, V), a € A and a finite
dimensional subcomodule N C A containing a. As N is a subcomodule, A(a) =
> n; ® b; with some n;, € N and b; € A, and Yn(¢)(a) = > n; ® ¢(b;). Then
(E0U)(¢)(a) = > e(n;)o(b;) = ¢(a) by the counit axiom.

We finally show that W o= is the identity. Fix a finite dimensional A-comodule
N and a morphism of functors ® € Hom(w,w ® V). Using Proposition 6.1.8 (2)
we find a finite dimensional subcoalgebra B C A with p,(N) C N ®; B, where
pN : N — N ®; A is the comodule structure map. In particular, N is a right
comodule over B. We then have to see that py equals the composite map

NS N@B P N, Bay VIR Nerkey VS NayV,
where we have omitted the w’s to ease notation. To see this, notice first that the
map idy ® A : N® B — N ®; B ®; B defines a right B-comodule structure
on the k-vector space N ®; B. The fact that N is a B-comodule means precisely
that py : N — N ®; B is a morphism of B-comodules. As @ is a morphism of
functors, we then have a commutative diagram

N ", Ng,B M, Nek —- N

@Nl ¢N®kBl CPNl

. ) . -
Ny V 2% N@ B,V 229 N ke, V —— Ny V
where the composites of the maps in the horizontal lines are identity maps by the
second comodule axiom. It then suffices to see that the second vertical map equals
idy ® ®p. This holds because choosing a k-basis of N identifies N ®; B as a
B-comodule with a finite direct sum of copies of B, and ® commutes with direct
sums. O

One has the corollary:

Corollary 6.2.2 The k-coalgebra A is determined up to unique isomorphism by
the category Comodf 4 and the functor w.
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Proof: By the proposition, the underlying vector space of A is determinded
up to unique isomorphism. To recover the comultiplication A : A — A ®; A,
we apply (6.6) with V. = A ®; A to see that it suffices to exhibit a canonical
morphism of functors w — w® (A®y A). We have seen in the above proof that id 4
corresponds to the morphism II : w — w® A that for each object of Comodf 4 gives
the comodule structure map M — M ®j A. Iterating II we obtain a morphism
(MI®id)oll: w — (W®A)® A= w® (AR, A), which is the one we were looking
for. The counit map A — k corresponds under (6.6) to the natural isomorphism
wSwek. |

Assume now that A is moreover a Hopf algebra. We shall investigate how
the additional structure on A is reflected by the category Comod 4. We treat the
multiplication, unit and antipode maps one by one. Let us first concentrate on
the multiplication map m : A ®; A — A. Observe that the coalgebra structure
maps A and ¢ are algebra homomorphisms with respect to m if and only if m is a
k-coalgebra morphism. So let a k-coalgebra morphism m : A ®; A — A be given.
For a pair (M, N) of A-comodules, it enables us to define an A-comodule structure
on the tensor product M ®; N of vector spaces by

M@y N2 Mo, Ao, N@y AS Moy N o Aoy ASET M o, N o A

(6.7)

Denote the tensor product comodule obtained in this way by M ®,, N.

To be more precise, we have actually defined an A-comodule structure on
w(M) ® w(N), where w is the above forgetful functor. In the same way we
see that each k-linear map A ®, A — V to a k-vector space V induces a k-
linear map w(M) @k w(N) — w(M) ®; w(N) ®; V. Denote by w ® w the functor
(M,N) — w(M) ®; w(N) on Comodf 4 x Comodf4. We then have the following
analogue of Proposition 6.2.1.

Proposition 6.2.3 The underlying k-vector space of A® A represents the functor
V — Hom(w®w, w@w®V') on the category Vecy. In particular, we have a bijection

Hom(A ®; A, A) = Hom(w @ w,w @ w ® A).

Proof: We have just seen that each k-linear map A®y A — V induces a k-linear
map w(M) @ w(N) = w(M) @ w(N) ®; V functorial in V for each pair (M, N)
of objects of Comodf,. This gives a morphism of functors Hom(A @ A, ) —
Hom(w®w, w®@w®__). The proof that it is an isomorphism is completely analogous
to the proof of the previous proposition. O

By the proposition the multiplication map m : A ®, A — A can be recovered
as the map corresponding to the morphism of functors given on an object (M, N)
of Comodf 4 x Comodf, by the composite

w(M) @ w(N) S w(M @y, N) = w(M @y, N) @ A = w(M) @ w(N) @y A,
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where the map in the middle is the one defining the comodule structure of M ®,,, N.
As we have seen in the proof of Proposition 6.2.1, it is induced by the morphism
of functors w — w ® A corresponding to the identity map of A.

Corollary 6.2.4

1. The multiplication map m is commutative if and only if for all M, N in
Comodf 4 the isomorphism w(M) @ w(N) = w(N) ®@k w(M) of k-vector
spaces comes from an isomorphism of A-comodules M ®,, N = N ®,, M
Va4 W.

2. The map m is associative if and only if for all M, N, P in Comodf 4 the
isomorphism (w(M) @ w(N)) @1 w(P) = w(M) @ (W(N) @k w(P)) of k-
vector spaces comes from an isomorphism (M &, N )®y, P 5 M &y, (N®py, P)
of A-comodules via w.

Proof: For commutativity, note that m is commutative if and only if m = moao,
where 0 : A®p A — A®; A is the map a ® b — b ® a. By the above discussion
this holds if and only if the k-linear maps w(M @, N) — w(M &, N) ®; A and
WM @mos N) — w(M ®moo N) @i A are the same. The construction of the
comodule structure on M ®,,, N in (6.7) shows that this is exactly the case when
the isomorphism M ®; N = N ®; M of k-vector spaces is compatible with the
comodule structure of both sides. The proof for associativity is similar. O

We now turn to the unit element e for the multiplication in Hopf algebras. It
is determined by the morphism k — A sending 1 to e that we also denote by e. As
in the definition of a Hopf algebra we imposed that the counit map is a k-algebra
homorphism, we now have to require dually that e : £k — A be compatible with
the coalgebra structures on k an A, where k is equipped with the comultiplication
sending 1 to 1 ® 1. This holds if and only if A(e) = e ® e, which is also precisely
the condition for e to equip k£ with a right comodule structure. Now we have:

Proposition 6.2.5 An element e € A is a unit for the multiplication defined by
m compatible with the coalgebra structure on A if and only if the map e: k — A
defines an A-comodule structure on k, and moreover the k-linear isomorphisms
EQrw(M) =2 w(M)Qrk = w(M) come from A-comodule isomorphisms k @, M =
M R k= M for each A-comodule M.

Proof: The right unit property implies that for each finite dimensional k-comodule
M the composite map

M3Me k™2 MeAe, AS" Mg, A (6.8)

should equal the comodule structure map ppr : M — M ® A. This means precisely
that the isomorphism M ®j k = M is compatible with the A-comodule structures
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on M ®,, k and M. Also, the morphism of functors w — w ® A induced by the
composite map (6.8) corresponds by Proposition 6.2.1 to the map A — A given by
a — m(a ® e), which is therefore the identity of A if and only if (6.8) equals pys
for all M. Similar arguments apply to the left unit property, and the proposition
follows. O

It remains to discuss the antipode ¢ : A — A. It turns out that ¢ induces
an A-coalgebra structure on the dual k-vector space M* of each A-comodule M.
Before going into more detail about this, let us recall some easy facts about duals
of vector spaces.

Given k-vector spaces V and W, there is a natural map

TV,W * V@ W — HOHI(V, W)

given by ¢ @ w — ¢ ® ¢y, where ¢, € Hom(k, W) is the map A — \,. For V
finite dimensional 7y is an isomorphism, as it commutes with direct sums, and
is trivially an isomorphism for dim V' = 1. In particular, for V' = W finite dimen-
sional we have an isomorphism 7y : V*® V = End(V). Sending 1 to v, %/(idv)
defines a canonical k-linear map 6 : kK — V*®; V called the coevaluation map. The
name comes from the fact that dually there is an evaluation map e : V ®p V* — k
(for V of arbitrary dimension) given by v ® ¢ — ¢(v). They are related by the
commutative diagrams

o (=23

174 kpV V* — V* @k
~ e®id = id®e (6.9)
id®d o®id
Vork -2 VeV eV kopV* 2 Vr @y Ve V*

where the marked isomorphisms are the usual ones sending v to 1 ® v or v ® 1.
Commutativity of the diagrams may be easily checked by choosing bases v1,...,v,
(resp. ¢1,...,¢p) in V (resp. V*) so that ¢;(vj) = d;; (Kronecker delta), and
noticing that d sends 1 to > v; ® ¢;.

Now assume A is a Hopf algebra and M an object of Comodf 4. Define a map
p* M* — M* ®; A~ Hom(M, A) by sending ¢ € M* to the composite map

M—Moy A2 ko AS A,
where the first map is given by the comodule structure on M.

Lemma 6.2.6 The map p* defines an A-comodule structure on M* so that the
evaluation (resp. coevaluation) maps € : M @i M* — k (resp. 6 : k — M* ®y M)
are A-comodule homomorphisms.

Here the tensor products are equipped with the A-comodule structure coming
from the multiplication of A, and k with the one coming from the unit element
1eA.
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Proof: This is just calculation with the axioms. We first check that p* defines an
A-comodule structure on M*. The first diagram in (6.1) for M* can be rewritten
as

M+~ Hom(M,A)

7] l
Hom(M,A) —— Hom(M, A ®y A)

where the right vertical map is induced by A and the bottom map is defined
similarly as p*, with A in place of k. With the notations of Remark 6.1.7 the
composite of the upper and right maps in the diagram maps ¢ € M™* to the map
m = 3 d(mi)i(aq) @ o(by), and the composite of the left and bottom maps to
m = 32 d(mgj)i(ej) @ i(a;). Equality of the two follows from equation (6.2) of
Remark 6.1.7, and the counit axiom ¢(m) = >, ¢(m)e(S(a;)) from (6.3).
Checking the compatibility of the evaluation map € : M ®; M* — k with the
comodule structures amounts to checking the commutativity of the diagram

€

M @, M* k
pRP* e
M @, A®, Hom(M,A) —— A®, A i A

where the unnamed map is induced by the evaluation map M ®j; Hom(M, A) — A
after permuting the first two factors. In the above notations, the composite of the
left and bottom maps sends m ® ¢ € M ®j M* to >, ; p(m;)i(cj)a; which, by
the same argument as above, equals )., ¢(m;)t(a;)b;. By the coalgebra axioms
(Remark 6.1.3) we have 7

D o(ma) > aa)by =) d(ma)e(ar) = ¢(m),
i I i

as required. The proof for compatibility with the coevaluation map is similar. O

The next proposition provides a converse to this lemma.

Proposition 6.2.7 Let A be a coalgebra equipped with a multiplication mapm : A Qp A — A
and a unit map k — A that are compatible with the coalgebra structure. As-

sume moreover that for each object M of Comodf 4 the dual k-vector space M*

has an A-comodule structure so that the evaluation (resp. coevaluation) maps

€M@ M*—k (resp. 0 : k — M*®y M) are A-comodule homomorphisms.

Then A has an antipode map v : A — A making it into a Hopf algebra.

The following proof is due to Ulbrich [71].
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Proof: We begin by constructing a morphism of functors w — w® A. Given M
in Comodf 4, we construct w(M) — w(M) ® A as the composite

w(M) 90 (M) @ w(M)* @ w(M) =
—w(M w(M*) @ w(M) 1d®pary ®id

~

(

(
—w( ( =
—w(M (
—w(

Here the equality w(M*) = w(M)* that we used twice is of course a tautology,
but we wrote it out explicitly, because for later use it is important to note that w
transforms duals in Comodf 4 (which exist by assumption) to duals in Vecfy.

By Proposition 6.2.1 the resulting morphism of functors w — w ® A yields a
map of comodules ¢ : A — A. It remains to show that it satisfies the antipode
axiom, i.e. that the composite map

AS A0, A% A, A 4
is the identity. Again by Proposition 6.2.1 this is equivalent to saying that for all

M in Comodf 4 the composite map

pr 1 w(M) 2 w(M) @ A ERG(M) @ ARy A

—w(M) @5 A A'ET (M) @) A

1d®1d®L

equals pps. This we shall check in two steps. First we show that p; equals the
composite map

id®ppr+ ®id
—

1d® ®id
* ®k w M PM

id®m

1d®5®1d

) (M)
) (M) ®
V@ w(M)@r AR A —
) (M)

—w(M) @ w(M)" @ w(M) @) A w(M)®, A

(where we have not written out the equality w(M*) = w(M)* and permutation of
components any more), and then we check that pa = pay.
To check p; = ps, note first that the diagram

ML (M) A 29 (M) @y A

w(M)

w(M) @p A 922, L(M) @y A2y A 9299 (M) @ A @y A
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commutes: the first square by the comodule axiom, and the second by construction.
Therefore p; equals the composite map

Pl w(M) Y (M) @ AN (M) 0 A PYE (M) @) Ay AT w(M) @ A

Here the composite of the first two maps equals

W(M) (M) B3 w(M)” B w(M) A5
id®e®id

—wM)@rwM")@rwM)@r A — w(M)® A,

by the very definition of ¢. Thus to show p} = p2 it remains to note the commu-
tativity of the diagram

w(M) @pw(M)* @pw(M) @ A 2294 (M) @ A

ﬂnf@idl lid@pM@)id

w(M) @ w(M)* @ w(M) @p A@p A 2299, (M) @), Ay, A

id®ml lid@m

w(M) @pw(M)* @pwM)@p A 2 (M) @y A.

which follows from the compatibility of the evaluation map e with the comodule
structure.

Finally, to show that po = pas, note that by definition of the comodule structure
on M* ®,,, M and the compatibility of w with tensor products the map ps2 equals
the composite

i d® *

W(M) 20 (M) @ w(M* @y M) EGmM
—w(M) @ w(M* @ M) @), A 2E (M) @ A
Using the compatibility of € with the comodule structure we may rewrite this map
as the composite

w(M) 920 (M @,y M* @1y M) S5 w(M) 24 w(M) @), A,
but the composite of the first two maps is the identity by the first diagram in (6.9)
(we have dropped tensorizations with k throughout the above to ease notation). O

In order to elucidate the relation between Hopf algebra structures and comod-
ule categories completely, it is convenient to axiomatize the properties of comodule
categories that were used above. They lead us to abstract category-theoretical no-
tions that we now define formally.
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A tensor category is a category C together with a functor C x C — C and an
isomorphism @ of functors from C x C x C to C given on a triple (X,Y, Z) of objects
by

Pyyz: (XQY)®ZS5Xe(Y®Z)

so that the diagram

(XY ®Z)W e (XeY)®Z) W
[ [
Xo(Yoz) oW (X0Y)o (ZoW)

1dRe [}

XY (ZaoW))

commutes for each four-tuple (X,Y, Z, W) of objects in C. It is customary to call
the isomorphism ® the associativity constraint. Not surprisingly, the commutativ-
ity of the above diagram is usually referred to as the pentagon axiom.

A unit object in a tensor category C is an object 1 together with an isomorphism
v:1—1®1 so that moreover the functors X — 1® X and X — X ® 1 are fully
faithful. In the sequel we shall be often sloppy and forget about the isomorphism
v. In the tensor category of k-vector spaces, a unit object is given by k itself,
together with one of the canonical isomorphisms k ®j, k = k.

Remark 6.2.8 For each object X in C there exist canonical functorial isomor-
phisms a}(: 1®X 5 X and ﬁ}( . X ®1 5 X; in particular, the functors
X+ —1® X and X — X ® 1 induce category equivalences of C with itself. To
construct a}(, start with the isomorphism » ®idx : 1®1® X = 1® X, and then
define ax as the morphism 1 ® X — X that induces v ® idx via tensoring by 1
on the left. Such an oé( exists and is unique as the functor X — 1 ® X is fully
faithful, and it must be an isomorphism because so is ¥ ® idx. The construction
of 5)1( is similar.

Given two unit objects 1 and 1/, the composite a}, o (ﬁ%/)*l 151017351
defines a canonical isomorphism between 1 and 1’. It is the unique isomorphism
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¢ making the diagram

1wl —— 11’
dl 1%
1 L} 1/

commute. Consequently, a unit object is unique up to unique isomorphism.

In what follows we shall assume that all tensor categories under consideration
have a unit object. Such tensor categories are often called monoidal categories in
the literature; this terminology goes back to MacLane.

A commutativity constraint on a tensor category is an isomorphism ¥ of func-
tors from C x C to C given on a pair (X,Y) of objects by

\I/X7y:X®Y:>Y®X.

A tensor category C is commutative if there is a commutativity constraint on C so
that the diagram

®(Y®2)
y \
®(Z®Y)

(XeY)®Z
P v

(X®2Z)® ®(X®Y)

:;E\\\ //////
(Z®X)®

commutes for each triple (X,Y, Z) of objects in C. This compatibility is called the
hezxagon axiom.

A tensor functor between two tensor categories C and C’ is a functor F': C — C’
together with an isomorphism A of functors from C x C to C’ given on a pair (X,Y)
of objects of C by

AX,Y : F(X@Y) :>F(X)®F(Y)
such that moreover for a triple (X, Y, Z) of objects of C the diagram
Axev,z

Ax y®id
—

F(X®Y)®Z2) FX®Y)® F(Z) (FIX)®F(Y))® F(Z)

F(<I>X,Y,z)l l‘l’F(X»F(Y),F(m

id®Ay,z
—

F(X®(Y®2Z) 2% p(X)e FY © 2) F(X) & (F(Y) @ F(Z))
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commutes. Moreover, if 1 and 1’ denote unit objects of C and C’, respectively, we
require that F(1) = 1/, the isomorphism 1’ — 1’ ® 1’ being given by Ay 1 o F(v).

We define a commutative tensor category with unit to be rigid if each object
X has a dual X*. The precise definition is as follows: there exist morphisms
€: X®X*—>1landd:1— X*® X so that the diagrams

o o)

X 19X X* X*®1
o~ e®id =~ id®e (6.10)
id®d o®id
X0l 2, xeXx*®X 10X 2% x o XX

commute. Here the isomorphisms are the inverses of the canonical isomorphisms
o' and 3' constructed in Remark 6.2.8. The reader will recognize the formalism
of dual vector spaces discussed above. Note, however, that while the preceding
axioms are satisfied by the usual tensor product of vector spaces, here we have
to restrict to finite dimensional spaces in order to get examples. The following
general lemma implies that up to isomorphism the k-linear dual V* of a finite
dimensional vector space V is the only dual object of V' in the tensor category of
finite dimensional vector spaces.

Lemma 6.2.9 A dual X* of an object X that satisfies the above properties is
uniquely determined up to isomorphism. If we fix one of the maps € or d, then this
isomorphism is unique.

Proof: We fix X* and ¢, and show that X* represents the contravariant functor
Z — Hom(X ® Z,1), from which the uniqueness statements will follow. Repre-
sentability means that for each map ¢ : X ® Z7 — 1 we can find v : Z7 — X*
making the diagram

id®v
X7 = xoXx*

commute. Define v as the composite

¢

1

o®idz

70510z 2897, g x g g M99

X*®1>S X*

(with some 0 as in the definition of a dual). Commutativity of the diagram then
holds because the first diagram in (6.10) commutes. i

We can now summarize the discussion of this section in the following theorem.
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Theorem 6.2.10 Let A be a coalgebra over a field k, and w the forgetful functor
from the category Comodf 4 of right A-comodules finite dimensional over k to the
category Vecfy of finite dimensional k-vector spaces.

Assume that there is a tensor category structure on Comodf 4 for which w
becomes a tensor functor when Vecfy carries its usual tensor structure.

1. There is a canonical k-algebra structure with unit on Comodf, for which
the comultiplication map becomes a k-algebra homomorphism.

2. If moreover the tensor category structure on Comodf 4 is rigid, then A has
the structure of a Hopf algebra.

3. If moreover the tensor category structure on Comodf 4 is commutative, then
A is a commutative Hopf algebra, and Comodf 4 becomes equivalent with the
category of finite dimensional representations of the associated affine group
scheme.

The last statement of course uses Proposition 6.1.9.

6.3 Second Interlude on Category Theory

To proceed further, we need to recall some basic notions about abelian categories.
These are obtained by axiomatizing some properties of the category of abelian
groups.

To begin with, if C is a category and Aj, As two objects of C, a product
of A; and Ay (if it exists) is by definition an object together with morphisms
pi : A1 x Ay — A;, such that each pair ¢; : C' — A; (i = 1,2) of morphisms from
an object C factors uniquely as ¢; = p; o ¢ with a morphism ¢ : C — Ay X As. In
other words, A; x Ay represents the functor C'+— Hom(C, A1) x Hom(C, Az). As
such, it is determined up to unique isomorphism if it exists. Dually, a coproduct
A1 [] Az is an object representing the functor C' — Hom(A1, C') xHom(As, C'). One
defines similarly arbitrary finite products and coproducts, and even (co)products
over an infinite index set; we shall not need the latter.

If moreover A; and Ao are equipped with morphisms v¢; : A; — A into a
fixed object A, a fibre product A1 X a4 Ao, if it exists, is an object representing the
set-valued functor

C +— {1, ¢2) € Hom(C, A1) x Hom(C, Aa) : 11 0 ¢p1 = 12 0 ¢a}.

There is also a dual notion of an amalgamated sum that the reader will formulate.

This being said, an additive category is a category A in which each pair of
objects has a product, and moreover the sets Hom(A, B) carry the structure of
an abelian group so that the composition map (¢,1) — ¢ o 1 is Z-bilinear. If
moreover the Hom(A, B) are k-vector spaces over a fixed field k and composition
of maps is k-bilinear, we speak of a k-linear additive category.
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Note that in an additive category each set Hom(A, B) has a zero element, i.e.
there is a canonical morphism 0 : A — B between A and B whose composite
with other morphisms is again 0. This allows us to define the kernel ker(¢) of a
morphism ¢ : A — B (if it exists) as the fibre product of the morphisms ¢ and
0: A — B over B. Dually, the cokernel coker (¢) of ¢ is the amalgamated sum
of ¢ and 0 over A, or equivalently, the kernel of ¢ in the opposite category of A.
Assume that ker(¢) exists. We then define the coimage coim(¢) of ¢ as the cokernel
of the natural map ker(¢) — A (if it exists). Similarly, assuming the existence of
coker (¢), we define im (¢) as the kernel of the natural map B — coker (¢) (if it
exists). Note that if ¢ has an image and a coimage, it induces a natural map

coim(¢) — im (o).

Definition 6.3.1 An abelian category is an additive category in which every mor-
phism ¢ has a kernel and a cokernel (hence also an image and a coimage), and
moreover the natural map coim(¢) — im (¢) is an isomorphism. An abelian cate-
gory is k-linear for some field k if it is k-linear as an additive category.

Plainly, the category of abelian groups, modules over a fixed ring or abelian
sheaves over a topological space is abelian, and the category of vector spaces over
a field k is a k-linear abelian category.

In an abelian category it is customary to speak of direct products and direct
sums instead of products and coproducts. Also, one says that ¢ : A — B is a
monomorphism (resp. epimorphism) if the morphism ker(¢) — A (resp. B —
coker (¢)) is the zero morphism. We say abusively that A’ is a subobject (resp. A”
is a quotient) of A if there is a monomorphism A" — A (resp. an epimorphism
A — A”). We shall often use the notations A" C A and A/A’ for subobjects
and quotients. An object A is simple if for each subobject ¢ : A’ — A the
monomorphism ¢ is either 0 or an isomorphism. A composition series of an object
A, if it exists, is a descending series A = FO 5 F! 5 F2 5 ... of subobjects such
that the quotients F*/F'™! are simple.

We say that A has finite length if it has a finite composition series. One proves
as in the case of abelian groups that in this case every chain of subobjects in A
can be refined to a composition series. Thus A is both Noetherian and Artinian,
i.e. all ascending and descending series of subobjects in A stabilize. Moreover,
all composition series of A are finite of the same length, and the finite set of the
isomorphism classes of the F*/F+! is the same up to permutation.

The usual notion of an exact sequence carries over without change to abelian
categories. A functor between abelian categories is said to be exact if it takes
short exact sequences to short exact sequences; there are also the usual weaker
properties of left and right exactness that the appropriate Hom-functors enjoy.
An object P of an abelian category A is projective if the functor Hom(P, __) is
exact. As the Hom-functor is always left exact, this is equivalent to requiring that
given an epimorphism A — B, each map P — B can be lifted to a map P — A.
The reader will define the dual notion of injective objects.
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An object G of A is a generator if the functor Hom(G, _) is faithful. This
amounts to saying that for each nonzero morphism ¢ : A — B in A there is
a morphism G — A such that the composite G — A — B is again nonzero.
In the case when G is projective, this is moreover equivalent to the condition
Hom(G, A) # 0 for all A # 0 (for the nontrivial implication, use the projectivity
of G to lift a nonzero morphism G — im (¢) to a morphism G — A).

In the next section we shall need the following variant of a theorem of Mitchell
and Freyd (for the original result, see [20], Exercise 4F).

Proposition 6.3.2 Let A be an abelian category such that each object of A has
finite length. Assume that A has a projective generator P. Then the functor
Hom(P, ) induces an equivalence of A with the category Modfgnq(py of finitely
generated right End(P)-modules.

We first prove a lemma.

Lemma 6.3.3 Under the assumptions of the proposition for each A in A there is
an epimorphism P®" — A from a finite direct power of P.

Proof: Start with a nonzero morphism ¢ : P — A. If it is an epimorphism,
we are done. Otherwise there is a nonzero morphism P — A/im (¢) that lifts to a
morphism ¢y : P — A. The image of (¢1,¢2) : P@® P — A is then strictly larger
than im (¢). As A has finite length, by continuing the procedure we obtain after
finitely many steps an epimorphism (¢1,...,¢,) : P¥" — A. O

Proof: The left action of End(P) on P induces a right End(P)-module structure
on Hom(P, A) for each A via composition of maps. To see that we obtain a finitely
generated module, consider an epimorphism P®" — A as in the lemma. Applying
the functor Hom(P, __) and noting the isomorphism End(P)®" = Hom(P, P®") we
obtain a surjection End(P)®" — Hom(P, A).

Next we show that Hom(P, _) is fully faithful. As P is a generator by assump-
tion, this boils down to showing that every morphism ¢ : Hom(P, A) — Hom(P, B)
comes from a morphism A — B. Consider epimorphisms P®" — A, P® — B
given by the lemma. Applying the functor Hom(P, __) we obtain a diagram

End(P)%¥" —— Hom(P,A) —— 0

&

End(P)®¥ —— Hom(P,B) —— 0

with exact rows. As End(P)®" is a free, hence projective End(P)-module, there
is a map ¥ : End(P)®" — End(P)®* of free End(P)-modules making the diagram
commute. Here v is defined by multiplication with an r x s matrix of elements
in End(P). But such a matrix defines a morphism ¢ : P®" — P®$ that gives
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rise to v after applying the functor Hom(P, __). By construction, the composite

map End(P)®" A End(P)®* — Hom(P, B) annihilates the kernel of the map
End(P)®" — Hom(P, A). Therefore by exactness of the functor Hom(P, __) the

composite P®" Y, p® _, B annihilates the kernel of P®" — A, ie. induces a
map A — B. This is the map we were looking for.

Finally, for essential surjectivity write a finitely generated End(P)-module M
as the cokernel of a map « : End(P)" — End(P)* of free modules (this is possible
as End(P) is right Noetherian by the finiteness assumption). By what we have
just proven a comes from a map P" — P*®. Let C denote its cokernel; we then
have Hom(P, C') = M by the exactness of Hom(P, __), i.e. the projectivity of P. O

We shall also need a description of certain subcategories of a category as in
the above proposition. Observe that given a homomorphism ¢ : End(P) — R
to some ring R, there is an induced functor Modfg — Modfg,qp) sending a
right R-module to its underlying abelian group equipped with the End(P)-module
structure coming from ¢. This functor is fully faithful, so that Modf g identifies
with a full subcategory of Modfg,q(p). If moreover ¢ is surjective, i.e. R is of the
form End(P)/I for some two-sided ideal I, the subcategory we obtain is closed
under subobjects, quotients and finite direct sums. The next proposition gives a
converse.

Proposition 6.3.4 Keep the assumptions of the previous proposition, and assume
moreover that B is a full subcategory of A closed under subobjects, quotients and
finite direct sums. There exist an ideal I C End(P) and an equivalence of cate-
gories between B and the category Modfg,q(py/; under which the inclusion functor
B — A becomes identified with the functor Modfgnq(py;r — Modfg,q(p) described
above.

The assumption on B is to be understood in the sense that every object of A
isomorphic to a subquotient of a finite direct sum of objects in B lies in B. For
the proof we need a lemma.

Lemma 6.3.5 For each object A of A there is a mazimal quotient qp(A) of A
lying in B. More precisely, there is an object qg(A) in B and an epimorphism
pa A — qp(A) such that every epimorphism A — B with an object B of B
factors as a composite Ao py for some X : qp(A) — B.

By its very definition, the rule A — ¢p(A) induces a functor A — B. Those
conversant with category theory will recognize that it is a left adjoint to the in-
clusion functor B — A.

Proof: Let Kp(A) be the intersection of the kernels of all epimorphisms A — B
with B in B, and set gp(A) := A/Kg(A). By construction gp(A) satisfies the
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required universal property, but we still have to show that it lies in B. As A has
finite length, there exist finitely many objects By, ... B, in B together with epimor-
phisms p; : A — B; so that Kp(A) = (\ker(¢;). Here A/ (\ker(¢;) is isomorphic
to a subobject of @(A/ ker(¢;)) = @ B, so it lies in B by the assumption on B.
|

Proof of Proposition 6.3.4: Given a projective generator P of A, the ob-
ject gp(P) is a projective generator in B, as exactness and faithfulness of the
functor Homp(gp(P),--) immediately follow from the corresponding properties
of Homy (P, __). By Proposition 6.3.2 the functor Hompg(gp(P), ) establishes an
equivalence of categories between B and Modfg,q(gs(p))- As ¢g is a functor, there is
anatural map ¢ : End(P) — End(gg(P)). This map is surjective, because given an

endomorphism ¢ € End(¢g(P)), we may lift the composite P — ¢qg(P) 4, qB(P)
to an endomorphism of P by the projectivity of P. The ideal I := ker(q) and
the equivalence between B and Modfg,q(gs(p)) & Modfguqp),r then satisfy the
requirements of the proposition. O

6.4 Neutral Tannakian Categories
We can now state the main results of this chapter. First the long-awaited definition:

Definition 6.4.1 A neutral Tannakian category over a field k is a rigid k-linear
abelian tensor category C whose unit 1 satisfies End(1) = k, and is moreover
equipped with an exact faithful tensor functor w : C — Vecf} into the category of
finite dimensional k-vector spaces.

Remark 6.4.2 The term ‘k-linear abelian tensor category’ involves a compatibil-
ity condition relating the tensor and abelian category structures on C. It means
that the tensor operation

Hom(X,Y) x Hom(Z, W) — Hom(X @ Z,Y @ W), (¢,¢) — ¢ R

should be k-bilinear with respect to the k-vector space structures on the Hom-sets
involved. This also explains the presence of the condition End(1) = k. Namely,
the isomorphism 1 ® X = X induces a map End(1) — End(X) that endows the
group Hom(X,Y') with the structure of an End(1)-module via composition, and
similarly for endomorphisms of Y. We require that the isomorphism End(1) = &
transforms these to the k-linear structure on Hom(X,Y"). These requirements are
of course satisfied in tensor categories of k-vector spaces.

Theorem 6.4.3 FEvery neutral Tannakian category over k is equivalent to the
category of finite dimensional representations of an affine k-group scheme.

This fundamental representation theorem immediately follows from Theorem
6.2.10 and the following statement that does not involve the tensor structure.
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Theorem 6.4.4 Let C be an k-linear abelian category equipped with an exact faith-
ful k-linear functor w : C — Vecfy. There exists a k-coalgebra Ac so that each
w(X) carries a natural right Ac-comodule structure for X in C. Moreover, w in-
duces an equivalence of categories between C and the category Comodf 4. of finite
dimensional right Ac-comodules.

We shall give a proof of Theorem 6.4.4 due to Deligne and Gabber which is
extracted from Deligne’s fundamental paper [12]; see also [30], §7 and [57] for other
approaches. For the readers’ convenience we begin with a brief overview of the
main steps of the argument. First some general notation: for an object X in an
abelian category .4 we denote by (X) the full subcategory of A spanned by the
objects of A isomorphic to a subquotient of a finite direct sum of copies of X.

Step 1. Let C be as above, and let X be an object of C. There exist a finite
dimensional k-algebra R and an equivalence of categories between (X) and the
category Modfr of finitely generated right R-modules.

Step 2. Moreover, there exists a finitely generated left R-module M so that un-
der the equivalence of Step 1 the functor w becomes identified with the functor
N — N ®r M from Modfp to Vecfy,.

Step 3. There is a canonical k-coalgebra structure on A := M™* ® g M and a right
A-comodule structure on N ® p M for each right R-module N so that the functor
N — N ®gr M induces an equivalence of the previous categories with the category
Comodf 4 of finite dimensional right A-comodules.

Step 4. The theorem follows by writing C as a directed union of subcategories of
the form (X) and passing to the direct limit.

We now give details on the first step. The crucial statement is:

Proposition 6.4.5 (Gabber) Let A be a k-linear abelian category in which each
object has a finite composition series and the k-vector spaces Hom(A, B) are finite
dimensional for all A, B in A. Then for each object X the full subcategory (X)
has a projective generator P.

The following lemma summarizes the basic strategy of the proof of the propo-
sition.

Lemma 6.4.6 Denote by S the finite set of isomorphism classes of simple objects
occurring in a composition series of X. Assume given for each representative S
of a class [S] € § an epimorphism ¢g : Ps — S in (X) with Ps projective. Then
P =@ ges Ps is a projective generator in (X).
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Proof: Finite direct sums of projective objects are again projective, so we only
have to exhibit a nonzero morphism P — X' for each nonzero object X’ of (X).
By definition the composition factors of X’ lie in S, so in particular there is an
epimorphism X’ — S with [S] € S. We may define an epimorphism P — S
by taking it to be ¢g on Pg and extending by 0 on the other components. By
projectivity of P it lifts to a nonzero morphism P — X', as required. O

To construct the objects Pg — S we need the notion of essential extension of
an object Y in an abelian category. By definition, this is an object E together with
an epimorphism « : E — Y such that there is no subobject E’ C E distinct from
E so that the composite B/ — F — Y is still an epimorphism. When Y is simple,
this is the same as saying that £’ C E distinct from F is contained in the kernel
of a, because for Y simple each nonzero morphism £’ — Y is an epimorphism.

Lemma 6.4.7 Let S be a simple object in an abelian category, and o : E — S
an essential extension. For each simple object T the natural map

o : Hom(S,T) — Hom(E,T)
induced by « is an isomorphism. In particular, Hom(E,T) =0 for T 2 S.
Proof: Given a nonzero map ¢ : E — T, we have ker(¢) C ker(«) by the above.
The induced map A/ker(¢) — A/ker(a) must be an isomorphism because both
objects are simple, whence ker(¢) = ker(a) and ¢ = ¢’ o a for some ¢’ : S — T.

The map ¢ — ¢’ is then an inverse to a*. The second statement follows because
Hom(S,T) = 0 for nonisomorphic simple objects. O

Let us now return to the k-linear category (X) of Proposition 6.4.5. Let S be
a simple object in (X), and E — S an essential extension. The following lemma
gives a criterion for E to be projective.

Lemma 6.4.8 Let E — S be an essential extension as above. For all'Y in (X)
we have an inequality

dimy Homy(E,Y) < lg(Y') dimg End(S), (6.11)

where £g(Y) denotes the number of composition factors of Y isomorphic to S.
Moreover, the following statements are equivalent.

1. The essential extension E of S is projective.
2. There is equality in (6.11) for allY in (X).

3. There is equality in (6.11) for Y = X.
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Proof: The right hand side of (6.11) is additive for short exact sequences of the
form

0-Y =Y ->Y"—>0. (6.12)
Concerning the left hand side, we have the inequality
dimy, Homk(E, Y) < dimg Homy (E, Y/) + dimy Homy, (E, Y”) (6.13)

by left exactness of the Hom-functor; it is an equality for all short exact sequences
(6.12) if and only if the Hom-functor is exact, i.e. F is projective. By the previous
lemma (6.11) holds with equality for all simple objects Y in (X). For arbitrary
Y we may consider a composition series and conclude that (6.11) holds for Y;
moreover it holds with equality for all Y if and only if E' is projective. This shows
the first statement of the lemma as well as the equivalence of (1) and (2). The
implication (2) = (3) is obvious, and its converse holds because given a short exact
sequence (6.12), we infer from (6.13) and (6.11) that there is equality in (6.11) for
Y if and only if there is equality for Y/ and Y”, and moreover equality holds in
(6.13). O

Proof of Proposition 6.4.5: In view of Lemma 6.4.6 we have to construct a
projective essential extension Pg — S for each simple object S in (X). We do
so by considering a composition series X = F° > F! > ... > F" = {0}, and
constructing by induction on ¢ an essential extension P; — S satisfying

dimy, Homy (P;, X/F*) = £5(X/F*) dimy End(S). (6.14)

By the previous lemma Pg = P, will be a good choice. We start by setting
P .= 5. Assuming that P;,_1 has been constructed, consider a k-basis ¢1,..., ¢,
of Homg(P;, X/F"). For each 1 < j < n, take the fibre product Q; defined by the

square .
Q —— X/F*

l |

P X/F,
where the right vertical map is the natural projection; note here that the vertical
maps are epimorphisms. Let @) be the fibre product of the Q) over P; for 1 < j < n,
and let P;41 C @ be a minimal subobject with the property that the composite
P11 — @ — P; is an epimorphism. It is then an essential extension of P;, hence
of S.

To show that P;; satisfies (6.14) for i+1, we begin by constructing a retraction
for the natural map Hom (P, 1, X/F**') — Hom(P,1, X/F*). To do so, observe
first that since P;;1 — P; is an epimorphism, the induced map Hom(P;, X/F*) —
Hom(P;y1, X/F?) is injective. But the dimension of the first k-vector space here
is £5(X/F*)dimy, End(S) by the inductive hypothesis, and that of the second is
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at most £g(X/F?)dimg End(S) by (6.11) applied with E = P;;; and Y = X/F".
This is only possible if

Hom(P;, X/F;) = Hom(P;y1, X/ F;). (6.15)

Now each ¢; gives rise to a map Q; — X/F*! by base change. As the ¥
generate Homy(P;, X/F*), we obtain a natural homomorphism Hom(P;, X/F*) —
Hom(P;11, X/F1) whose composite with the inverse isomorphism of (6.15) yields
the required retraction.

All in all, we obtain that the last map in the exact sequence

0 — Hom(P;, 1, F'/F'™) — Hom(P;y1, X/F™™) — Hom(P,; 1, X/F*) — 0

is indeed surjective. By the inductive hypothesis and (6.15) the dimension of
the last term is £g(X/F')dimy End(S), and by Lemma 6.4.7 that of the first is
(s(F'/F*1) dimg End(S). The required formula for i + 1 follows. ]

Combining the proposition with Proposition 6.3.2 immediately yields:

Corollary 6.4.9 In the above situation the functor A — Hom(P, A) induces an
equivalence of the subcategory (X) with the category Modf g,,q(py of finitely gener-
ated right End(P)-modules.

This completes Step 1 of the proof of Theorem 6.4.4 outlined above, with
R = End(P). We now turn to Step 2, and show that M = w(P) is a good choice
for the R-module M required there. For one thing, there is indeed a natural
left End(P)-module structure on w(P), the multiplication End(P) x w(P) — w(P)
being defined for a pair (¢, a) by w(¢)(a). The statement of Step 2 is then:

Proposition 6.4.10 Via the category equivalence of the previous corollary the
functor w becomes isomorphic to the functor mapping a right End(P)-module N
to the underlying k-vector space of N ®gnq(p) w(P).

Proof: For each object A in (X) the rule ¢ ®  — w(¢)(x) defines a natural
map Hom(P, A) ®guq(p) w(P) — w(A) that is moreover functorial in A. Tt is
tautologically an isomorphism for A = P and, being compatible with finite direct
sums, for A = P%" for all » > 0. Given an arbitrary object A, we choose an
epimorphism A : P®" — A with the benediction of Lemma, 6.3.3, and consider the
commutative diagram

Hom(P, K) ® w(P) —— Hom(P, P®") ® w(P) —— Hom(P,A) @ w(P) —— 0

| 5 |

w(K) — w(PoT) — w(A) — 0
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where K := ker(\) and tensor products are taken over End(P). The lower row
is exact by exactness of w (it is even exact on the left), and the upper row by
projectivity of P and right exactness of the tensor product. We have just seen
that the middle vertical map is surjective, which implies the surjectivity of the
map on the right. As this holds for all A, we get surjectivity of the left vertical
map as well. But then the injectivity of the middle vertical map implies the
injectivity of the one on the right. O

Our assumption on w then yields:

Corollary 6.4.11 The functor N +— N ®guq(p) w(P) is evact and faithful on
MOdend(P)-

We now turn to Step 3 of the proof of Theorem 6.4.4, and use the notation
R := End(P) and M := w(P) from now on. Note first that the tensor product
A:= M* ®gr M makes sense as a k-vector space, because the dual k-vector space
M* carries a right R-module structure induced from that of M. Our next task is
to define a k-coalgebra structure on A.

Quite generally, given a right R-module N, we have a natural map

N@rM —- NQrM Q. M*Qr M (6.16)

given by n®@m +— n®46(M)®@m, where § : k — M ®j M* is the coevaluation map.
For N = M* this defines a comultiplication A : A — A®; A whose coassociativity
the reader will verify. Together with the counit A — k given by the evaluation
map M* ®r M — k sending ¢ ® m to ¢(m) we obtain a k-coalgebra structure on
A. Moreover, for each right R-module N the map (6.16) equips N ® g M with a
right A-comodule structure. In this way we obtain a functor N — N ® g M from
the category of right R-modules to that of right A-comodules.

Proposition 6.4.12 The above functor induces an equivalence of categories, where
finitely generated R-modules correspond to A-comodules finite dimensional as a k-
vector space.

Proof: Start with a k-vector space V equipped with an A-comodule structure
p:V = V& A Recalling that A = M* ®r M, we have two natural maps
of right R-modules V ®p M* — V ®p M* Qp M ®; M*: one is p ® idys=, the
other is id(ygar+) ® d(M), where §(M) is the element defined before (6.16). Write
A for the difference of these two maps, and set N := ker(\). Tensoring A\ with
idps over R we obtain a map V ®; A — V ®, A Qi A that is none but the map
p®idyg —idy ® A. Proposition 6.1.12 together with the exactness of the functor
N — N ®pr M (Corollary 6.4.11) then yields an isomorphism N ® g M = V', which
shows that the said functor is essentially surjective. By the same corollary it is
also faithful, so for the equivalence of categories it remains to be shown that each
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A-coalgebra map ¢ : N ®g M — N’ ®g M comes from a map of R-modules
N — N’. This is shown by applying the above construction simultaneously for
the source and the target of ¢. Finally, the second statement of the proposition
follows from the finite dimensionality of R over k. O

This completes Step 3 in the proof of Theorem 6.4.4, so it remains to give some
details on the limit procedure of Step 4, which will complete the proof.

Proof of Theorem 6.4.4: Write the category C as a union of the full subcat-
egories (X) for each object X. The system of these subcategories is partially
ordered by inclusion; the partial order is directed, because given two objects X
and Y, both (X) and (Y) are full subcategories of (X @ Y). By Proposition 6.4.5
each (X) is equivalent to a module category Modfg, and by Proposition 6.3.4 a
full subcategory (Y) C (X) corresponds to the category Modfp,; for some ideal
I C R. From Proposition 6.4.12 we obtain a further equivalence of Modfgr and
Comodf 4, where A = M* @z M. In particular, by Proposition 6.4.10 we obtain
an A-comodule structure on w(X). In what follows we write Ax in place of A in
order to emphasize the dependence of A on X. The coalgebra Ay corresponding
to the full subcategory (Y) = Modfp,; is

(M ®@pr R/1)" @p)r (M ®@r R/I) = (M ®r R/I)" @r M,

whose natural map in Ax = M* ®g M is injective, because tensoring with M
is an exact functor by Corollary 6.4.11. The direct limit of the coalgebras Ax
with respect to these maps is a coalgebra A¢ in which each Ax is in fact a sub-
coalgebra. We thus obtain an Ac-comodule structure on w(X) by extending the
Ax-comodule structure to A¢. To show that w induces an equivalence between
C and Comodfa,, we check fully faithfulness and essential surjectivity as usual.
The bijection between Home (X, Y') and Homy, (w(X),w(Y)) already follows from
Steps 2 and 3, as the morphisms in Hom¢(X,Y) all lie in (X @ Y). Finally, as
Ac is a directed union of the subcoalgebras Ax, each object of Comodfs, comes
from some Ax-comodule by base extension, and hence is of the form w(Z) for a
Z € (X), again by Steps 2 and 3. O

[Discussion of non-neutral Tannakian categories to be added.]

6.5 Differential Galois Groups

To be written.

6.6 Nori’s Fundamental Group Scheme
To be written.

EXERCISES
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. Let V be a k-vector space, and G an affine k-group scheme with coordinate

ring A. Show that giving a left representation of G on V is equivalent to
giving a right A-comodule structure on V.

. Let V and W be infinite dimensional vector spaces. Show that the natural

embedding V* @, W* — (V ® W)* sending a tensor product ¢ ® ¢ of
functions to the function given by v ® w +— ¢(v)1(w) is not surjective.

[Hint: Choose infinite sequences of linearly independent vectors vy, va,. ..
and wi,ws,... in V and W, respectively. Define a k-linear function on
V ®, W by sending v; ® vj to 6;; (Kronecker delta), extending linearly to
the span S of the v; ® w;, and extending by 0 outside S. Show that this
function is not in the image of V* @5 W* ]

. Let B be a finite dimensional k-algebra, and let w be the natural forgetful

functor from the category of finitely generated unitary left B-modules to the
category Vecy of finite dimensional k-vector spaces that sends a module to
its underlying k-vector space.

(a) Show that the set End(w) of functor morphisms w — w carries a natural
k-algebra structure.

(b) Verify that the map B +— End(w) induced by mapping b € B to the
functorial collection ®° of multiplication-by-b maps V — V on the un-
derlying space of each finitely generated B-module V' is an isomorphism
of k-algebras.

(c) State and prove a dual statement for a finite dimensional k-coalgebra
A and the category of finite dimensional k-vector spaces equipped with
a right A-comodule structure.

. Denote by Comodf 4 the category of finite dimensional right comodules over

a k-coalgebra A. Show that the map A’ — Comodf 4 yields a bijection
between the sub-coalgebras A’ C A and the subcategories of Comodf 4 closed
under taking subobjects, quotients and finite direct sums.

. A morphism of tensor functors between two tensor categories is defined to

be a morphism of functors F' — G compatible with the isomorphisms A x y
for F and G occuring in the definition of tensor functors, and for which the
composite isomorphism 1/ = F(1) & G(1) & 1’ is the identity of 1’. An
isomorphism of tensor functors is a morphism as above that has a two-sided
inverse that is again a morphism of tensor functors.

Show that a morphism of tensor functors between rigid tensor categories is
always an isomorphism.
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