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IHPOAOTI'OX

H mapovoa epyacio amoteieiton amd dvo pépn.

210 TPAOTO PEPOG YiveTal po AEEIKOAOYIKY , IOTOPIKY , EVVOLOAOYIKN, AOYIKY,
EMIGTNHOAOYIKY] KO TOOUYMYIKT] TPOGEYYION GTO GVIUTOPAOELYLUO OE OXECT] LUE TOV
Amelpootikd Aoyiopd. Emiong yivetan pia mpoc€yyion o€ 16Topikd mopadeiypota Tov
Amelpootikov Aoyiopol Kabdg kot g Adbn mov €kavav peyaiot pabnpatikoi Téve
otV daicOnon tov aneipov. AvadekvieTat £T61 1) SLGKOAMO KOTAVONGONG TNG EVVOLOG
ToL amelpov ko  €0VTNG, OAAG KOl ®G TNYNG ETICTNUOAOYIK®V Kol  OOUKTIKOV
eumodiov . @aivetor €161 1N OVAYKN EG0YOYNS TOL OVTITOPAOEIYLOTOS OGNV
dwaokaAio. Tov ATEPOCTIKOL AO0YIoHOV, ®G Topdyovia Gpong kot Oepameiog
mopavoncemv N kot PeAtioong AavOaocuévav vonTikaOv avamopoctdceny — TOV
dVOKOA®V EVVOIDV TTOV TPAYLATEVOVTIOL TO GTELPO KO TO OTELPOGTO.

Y10 Oevtepo  pépog  mapovotdlovpe  SWOOKTIKE  mopadsiypoTo Ko
avTIapOdElyaTO , KAVOVTOG ol KAALYT G€ OAO TO. KEQAAOLO TOL ATEPOCTIKOD
Aoyiopod e cuvaptnoEl UG TPayRatikng  petapAntg . ‘Epgoaon didetar ota
Bacwd kepdAaio , 0TS . TOV aKOAOLOIDOV OOV HEAETATAL EKTETAUEVO 1] OEUEADONG
évvolo TG oLYKAMONG HECH NG TAEOV OmANG évvolag cuvaptnong Oémov pmopel va
VIapyeL VYKo , OTt®g gival 1 akoAovBia Tpaypatikdv apBudv. I'evikd , n évvoln
0V opiov ¢ 1 mAéov Pactkr] €vvoln Tov ATEPOCTIKOD AOYIGHOV , HEAETATOL
TPOGEKTIKA KOl TAPOC.

Ewdwotepa:

EMobn pépipuva €161 dote OAES Ol EQAPLOYES TOV TOPOVGIALOVTAL VO EYOVV
TANPOTNTA TAPOLGINCNG KOl VO, KOTOYPAPOVTOL AETTOUEPDS OAo TO. PrpaTo Log
andoedng , ®ote vo umopel va ypnooromBel kot og Pondnua amnd Evav teretd@oito
Avkeiov péypt kot tov Trvyovyo Mabnuotikd. AkoOpa, oTn £KTO0TN TOV EVVOLDY TOV
KOADTTEL 1| TOpoVoa epyacio, kpiBnke okOmLO, EKTOC amd To BeeEADON ElG0y@YIKA
KeQPAAALL TOV, 0plov GLVAPTNONG, GLVEXEWNS GUVAPTNONG, TAPAYADYIONG , HEAETNG
OLVAPTNONG KOl OAOKANPMOONC, TA 0Toiet KOADTTOVTAL Atd TO OVOAVTIKO TPOYPOLLLLLOL
Tov Avkeiov, va gloayBodv Kot ta KepdAowa Twv AkoAovBimv Kot Tov Zepav .Avtd
dev ddokoviar TAéov o610 AVKEW0, 0AAL pmopohv va el6oBobv 610 LEALOV OTMG
dAlwote vanpyov Kot modotepa. Emiong, kpidnke avaykaio, va. vrdpyet kot n VAN
oL KOAOTTTETAL GLVNOM®G GTO TPDOTO £TOG TV GYOAMV TV OeTikdv Emotnuov kot

tov [lolvteyveiov. 'Etor kaAlvyape to olokApopa Riemann, v opoidpopon
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GULVEYELD, TNV OLOIOLOPPT) GUYKALGT] OKOAOVOIMV KO T YEVIKEVUEVO OLOKATPMLLOTAL.
Ola mAéov ta ke@aAaia, oev KoAOEONKay 6e Pacikd eninedo, aAld oe TPOY®PNUEVO
v Adyovg TANPOTNTOC.

2y gpyacia pog, vapyovv kdmola TpeTéTLVTA onpueio Tov sivor To &Ng:

210 TPMOTO PEPOG:

1.Exppalovpe v ewkaocia , 0L 0 Opog «oavturapddetypo» Ooev  givol
petdppoon Tov AyyAkod Opov «counterexample» oAAG Tpoépyetonr amd TO
OPYOLOEAANVIKO PRLO. OVTITOPAOEIKVOUL TO OmOi0 CULVOVTATOL OTA YPATTE TOL
I'pnyopiov Nvoong. H ewoocio pog €dpaletar oty onupoacio Tov prUotog o€
OLYKEKPIUEV YPNOT TOV OTTOV TopaTifeTOL AVTUTAPAOELY LD GE OPIoUO TOV «OANB0vg
dptov» Ko am’ O6mov gvbBiéwg e&dyeton M avtioToymn oNUOGIN YL TO OLGLOGTIKO
«ovtimoapdostypon (A. 1.4. avtodh)

2. TlapaBétovpe Vo apyaieg ypnoelg tov aviumapadeiypatog 'Eva otov
«Topyio» tov [TAdtwvog, (vrdpyel o Eevoylmoon PipAoypapio Kot GUYKEKPLUEVA
0710 O1dikTLO) Kl To GAAO oTovg «Bilovg PAocdpwv» tov Atloyévovg Aaeptiov.
(vmdpyel oe PPMoypapio, oAAE Ol pe TV onuacio Tov aviutapodeiyuatog)(Al.S
avTOol)

3. Alepguvobue TNV ovyvOTNTA EUEAVIONG TOL OIEMIGTNHOVIKOD OpOv
COVTUTOPAOELYLOY OTNV YADOGCO LG GE GYECT LE TOV avTIoTOLO ayyAkd Opo , UE
TPOGPLYY| OTIC OAUSIKTVAKEG pnyaveg avalntnone. (Al.1 & Al.2 avtdb)

4. Aepevovodpe TIG AEKTIKEG HOOMUOTIKES OTVTIMGELS TOV VLTOKPVTTOLV
avtuapadetypa.(A.3.3 avtdor)

5. TlopoaBécape ovykevipoTikd TIG 1010TNTEG KAMOIWV  «TOCTAPTOV)»
TOPAOEIYUATOV KOl OVTUTAPAOELYHLAT®V TOL ATEPOSTIKOD AOYIoHoD 7Tov £ivor M
akorovBio a,=(-1)" , n avtictoyn oeipd i(—l)” KaBdg Kot 1 GuvApPTNoN TOL

n=0
Dirichlet (kou maporriayéc g ) Exninén mpoxoiel mdg 1600 Alyo mopadeiypota
EYOVV TOGO EVOLUPEPOVCES 1OIOTNTEG OV £fval SOUKTIKA TAPA TOAD YPNOUUES GTNV
Kataden Aemtdv onueiov g Bempiag mov ypnlovv d10caPNGEWG.

6. Emeleteivope €va vmddetypa yuoo tor mopadeiypoto Kot avtimopadelypota
tov L. Apayofitn mov Pprkoaue ota Ipoktikd tov 19°” Zvvedpiov g EME oto
apBpo tov «Evvoleg kot 10éeg amd v lotopia tov Mabnuotikov apwyol otnv
ovyypovn SWokTIKy Ttovey oed. 169-171 . Ovolaotikd Kotaotioope Alyo mo

Aentopepés to LIOderypa (LOVTEAD) MOV TEPLYPAPEL TO TESIO KOTOVONONG LLOG
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EVVOl0G KoL TOV POAO TOV KAACEWDV TOPASEIYUATOV KOl TOV OVTITOPAOELYLOTOV GTNV
katavonon e H eméktaon omv omoia mpoéPnuev €ykertoan omnv Bedpnon
VITOKAGGEMV AVIUTPOCSHOTEVTIKAOV TAPUOELYLATOV KO OVTITOPASELYLATOV MG TPOS Hia
W0 To oV BETEL €K TOV TPOTEP®V KATOL0G KOl 1) Ooio, £fvol HEV VITOKELEVIKT,
aAlG OxL Ko ovBaipetn, aeod TifeTol Mg amAvINon 0 SOOKTIKA 1| EMIGTIUOAOYIKA
EUTOOL0 TOL GLVAVTOVV Ol LOONTEG.

Emiong, oto Aemtopepéotepo aTd VIOSEIYUO , AVOKOADTTOVUE U0 TPOKTIKT
EPAPLLOYT] TOV GTOV EAEYYO TNG OWOKTIKNG TANPOTNTOS £vOG PiPAiov cupP@Va LE K
TOV TPOTEPOV YVOOTA KOl KOWOTOWOVHEVA Kpltnpla. [vopoocte cogeig pe éva
OLYKEKPLUEVO TTAPAOELYLOL:

Ymv  wpoknpuén ovyypaeng evog Pipriov Ameipootikov Aoyiouov, o To
KePAAao «XVyKkAon akoAovBiog tiBetar 0 6pog «TAnpodTTO TOV TOPOVSLALOPEVMV
napadelypdtov chykiong oto o€ R og mpog v katevBuven cvykAiong» Aéyovtag
«kotevBovon  oOyKAMongy  ovppovovpe  va  opilovpe  TIC duvatég  KAAGELS
TOPASEIYUAT®V GVUYKAIONG 6TO o oL KaBopilovtal amd to mAN00G TV 0PV TOVE TOL

etvan 6e&1é Tov o, aPLoTEPE TOL O 1 1001 LE O KO POEVOVTOL GTOV TTOPOKAT® TIVOKOL:

Kiaon | ITA00¢ MBog | IMBog | Exmiipoon acBevécstepng cuvOkng ané v
6pov<a | bpov=a | 6pOV>0 | | g g |<e, VV >V, (&)

(ITy) nen/vo | men/vo | mem/vo | Aev Tig e€etdlel 0 ATelpooTikdc Aoyiopdg

(I1,) 0 nen/vo | mem/vo | O<a—a, <& , Vv=v, (&)

(ITy) neEN/vVo | o men/vo | 0=a—-a, <& , Vv2v,(e)

(T1y) mMEN/Vo | MEM/VO | o0 O<a,—a<e,Vvzy(s)

(ITs) 0 0 nen/vo | 0<a—a, <&, Vv2v,(g)

(Ie) 0 TEM/VO | o0 0<a,—akke, Vvzyye)

(ITy) meEn/vo | oo 00 0<a, —-a<e,Vvzy,(s)

(ITg) 0 0 00 la, —alke , Vvzvy,(¢)

H xd0e xihdon akorovbidv and v (Iy) g wor (Ilg) , €xer dmeypovg kot
VREPOPIOUNGILOVG HOMOTO OVTITPOCHTOVG,

Oupwg , ¢@Baver xor pdévo éva mapdderypo and v kAdon (Ilg) v va
dkalohoynoel TANPwS tov opwopd. ‘Eva tétoo mopddstypo O pmopovoape

CUUP®VNCOVUE VO TO AEpE TAPES €€ autiog AT TOL TNG WOOTNTOC.

IX




Eniong mpénetl va oyoAacOel to €€ng:

Av og éva dakTiKd PBifrio akorovbidv vrhpyovy mopadelypuaTo amd TIg
KAaoelg (I1p)-(I17) evd dev vrdpyel kavéva moapdoetypa omd v kAdon (I1s) tote N
TEMKN GLVONKT TOL OPIGHOV GVYKAIOTG, B pmopovoe va £xet o poper| dudlevéng
TV acBeveotépov cuvinkov (ITy) émg (IT;) m omoia eivor Kt avth po acBevéstepn
ocuvOnkn . Zuvenmg , av oev mapatifetor £0T® KOl Eva TOPAdELYPHO TG KAAGEMS
(ITg) , 0 YVOoT1dg OPIGUOG TNG CVYKAIONG 0€V dIKawoAoyeitar AApos . And v
TPOCMOTIKN TOL avTIANYT , KAOE avoyvdoTNng Tov OCYOAEital pe To podnuoTikd
katolofaivel v omavidTnta moapdbeong mapadeiypotog akolovbiag cov v

5+l, av v=3k
v

(a,),.y:a, =15 ,av v=3k+1 n omoio. oLYKAlvel o010 S5 Kol pOvVn NG

5—1,051/ v=3k+2
v

dwkaoroyel TApws Tov opopd. H mapdbeon ocovdnmote nAndovg mapadetytdtmv
amo OLeC TIG AAAEG KAAGELS OEV OIKOMOAOYOUV TANPMOG TNV OTALTNOT EKTANPOCNG TNG
woyvpoTEPNS oLVONKNG |, —a <& , Vv 2V, (&) , dpa kat Tov 610 Tov opiopo.

Enopévmg and to mapandve , Kabictator copéc 10 modaymytkd teplexOUevo
oV 1€0VTOG Kp1TNpiov, T0 0010 TPOGAAUPAVEL KOl AVTIKEILEVIKO TAEOV YOPOKTNPOL.

AvoAOY®G TiBevTal Ko KPTNPLo OVTITOPASELYUATOV U] GUYKAONG Yol TO
omoia. éva kpurnpro taSvopnong Bo uropovse va givor Ay, 0 aptBpog TV 0pLloK®V
apBuov g axorovbioc. ‘Etor dnmovpyovvrar ot kKAdcel : (1)Ot axoiovbieg mov
€YOVV VO TOVAAYLOTOV OPLKOVG TPAYHaTiKoVg aplfuotg (i) Or akoAovbieg mov
ovYKAilvouv 610 +00 (ii1)O1 akoAovBieg mov cuykAivouv oto -0 (iu) Ot akoAlovbieg
OV €YO0LV MG OploKd «aplBud» To+00 gite TO -00 KOl TOLAGYIGTOV €vol AKOUN
npoypatikd apdud. Kdamolog Ba pmopovoe vo Bewpnost av 1o Bewpel ddoakTikd
avayKoio Kot VTOKAGGELS OVOAOYO [LE TO OV Ol U cLykAMvovoeg akolovbieg &yxovv
ATEPOVG 1 TEMEPACUEVOLS OPLOKOVS OPOLLOVG.

To BéParo and ta mapamdve etvar , OTL yio TNV TANPN TOPOVGIOGT TNG EVVOLaG
™G GVYKAIONG o€ éva eYEPidlo, Ba TPEmEL va VTLAPYOVY AVTITPOGMOTOL OO OAEG TIG
KAAGELS TOPASEIYUATOV Kot avTImapadetypatwv.(A4.1. avtoor)

7. Z10 téh0G khBe keparaiov oto B’ pépog, vmapyovv Kot GOVIOUES 0ONyieg
Yo TV Kotaokevn Pocikdv mapoadstypdtov eni tov kepaiaiov , kdtt mov dgv

yvopilovpe vo vdpyel oTnV EAANVIKT TOVAG)IoTOV BiAtoypapia.



8. Kdmowa oydAia kot avTumapoadelyato et Tov SUVATOTHTOV TPOYPOUUATOV
tov H/Y kot 6tov kavomomtikd 1 un Pabud oyediaong ypaenudtov eival emiong
owd pog.(B.3.3.1, B4.1.6, B11.1.15 ) EvépiBuo emiong epotipato TOTOL VTOPENG 1
WGYLPIGHOD TTOV KATAPPIMTETAL PE OVTITOPAdELYLO. o€ KAOE KePAAao gival dikd pog
yoplc PePoiog ta TOPATIOEUEVO OVTITOPAOEYHOTO VO OLEKIIKOVYV OO UATIKN
TPOTOTLTIOL.

Télog, 0 1d10¢ 0 tithog ¢ epyaciog pag otekdkel Tpwtotumioo otnv EAANVIKNY
Biproypapio kabdOG kot N emhoyn aSOAOY®V  TOPAdEYUATOV oV dtevkpvilovv
Oéparta Bewplag ) enéyovv BEon amodeifems oe nioNg AETTA ONUELN TOV EVVOILDV TOV
ATEPOGTIKOD .

®élovpe va motevovpe OTL M Topovoa epyacia Oa givor yproun yoo GA0LG
TOVG AVOYVADGTEG POITNTEG 1 OGYOAOVLLEVOVG LLE TO LOOMULOTIKEL YEVIKAC.

LILIL
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1. H Ae€ikoypa@io Tov avTITOPOOEiyROTOG.

1.1. H avalitnon ota o16@opa AeSika

Evtomoon  mpokoiel M omovioTnToL  KOTAYPOPN)G  TOL  OpOL
«ovtimapdostypo» ot EAAnvikd oAAd kor ota Egvoyhwooa Aelukd. Avto
umopet vo 0modobei 6To yeyovog 0Tt 0 0pog amoterel veoroyioud , ival dniadn
KOTOGKEVOGUEVT OTO VEDTEPA XpOVIaL AEEN, v vILdpyel ota apyoaio EAAnviKa
Kol pdAoto  elval  HETOQPOUCUEVOS OpOog amd Tov  oaviiotoryo AyyAko
(counterexample) .Avtd TOLVAGYIOTOV AvVAPEPEL TO YVOOTO E£ykvpo AeEkd
Mnropmviotny  , oV Kot ovOKOAOWOoUE  pol ¢pnom TOL  PNLOTOG
«avturapadsikvopyy otov Ipnyopro Nvoong pe onuocio  avtictoyn tov
OVLGLOGTIKOD TTOL PEPETOL OG VEOAOYIGUOS.  Oumg, M oTaviOTNTA KOTOYPOPNG
TOV Opov «ovTuTapAdelypoy Kobiotator dvceEnyntn av avaioyisbodue Ot
amovtatotl non otv EAAnvikn Biioypagio tovAdyiotov amd v dekaetio Tov
60" , eivor SlemoTNUOVIKOG Opoc Kat Oyl auoTNPG paBNUOTIKOS, eV 1)
KaOnuepvp tov ypnon omd avOpdOTOVE HE TOVAAYIOTOV UECT) EKTAIOELOM
GLUTITTEL GYEGOV KL LE TO OLGTNPA OPIGUEVO VONLLOL TOL OPOV.

O mopaxdto mivakag moapovotdlel yvootd Aefkd ota  omoia

avaTpEEALE KO OTO OTTOL0L AVOPEPETOL 1] LT O OPOC «OVTUTOPAOELY Lo

Tavtotnra Aelikov Haptéxsl
ToV 0po
Meydin EAAnvikn Eykoklonaidsio 24 t. OXI
Eyxvxhonaidsio AOMH OXI
[Tamvpog —Larouse —Britannica 61 . OXI
Avtiotpopo Ae€ucd Néag EMnvikni I'.1. Kovppovin OXI
Ztavpo-Ae&iko (36.000 AéEeic) OXI
Néo EAMvikd Aeguco- Kplapd OXI

' Te o mpodyepn avalion oty Prprodnkn tov Madnuaticod TuApatog tov Mav. ABnvév
Bprkape o ovyypappa tov Xpnotov B. I'dhafa «Ewcaymyn oty cuvorobBempion mov
AVOQEPETOL OTO OVTUTAPAOELY LA KL GTOV LLoBNUATIKO 0pIopd tov, (oeh. 86) o omoio €xel
ekdobei to 1967.



Ae&cd Néag EAAnvuanc I'hooong- Zrapatdikov

OXI

Ae&cd Kowng NeoeAnvikng - TpravtapuAiion OXI
Enitopo Eyxukhomodid Ae&ikd EAevBepovddikm OXI
Ae&wo Ipoiag 2 1. OXI
Ae&ucd IMadeio —Exdooerg Zrapuiion OXI
Méya Ayyroedinvikd Ae&ikd —Exdooelg Odvocéag. 4t. OXI
Yrephe&ikd EAAnvucng IMNuowocog —Tlayovidtov 6 T. OXI
Enitopo AyyloeAinviko Ae&ikd ZtovpdmovAiov OXI
Eritopo EAAnvoayyAuov Ae&ikov A. Kvprakomodiov OXI
EMnvoayylikd Ao TNopyaxd ,emi ypopung (On-line) OXI
EMnvikd Ae&wcod Teyomoviov —Dutpdkn OXI
Encyclopedia of Statistical sciences (12 topot) OXI
Encyclopaedia of mathematics (6 topot) OXI
Ayyho-EAAvikév Aeg&ikov MoOnpatikdv OpwV —I1. | OXI
[Mamaylovvoakomoviov

Enitopo Ae€icd Mabnuatikov -ITattdkn OXI
Ayyroehnvikd & EAAnvoayylikd miextpovikd AeEikdé MAGENTA NAI
Metagpaotikd Aoyiopikd SYSTRAN NAI
Ae&cd Neoehnvikng I'hdooag Mropmividt NAI
AyyhoeMnvikd Ae&id Mobnuotikedv opov —ekdocelg TPOXAATA NAI

1.2 . H avalitnon otov loykoopwo Ioto

Evdwapépov mapovctdlel Kot n TO0TIKY KOTAVOUN TG XPNoNG g AEENG

oe Topeic g Long pog.

Mo mepmynon otig yvootés unyavég avalntnong Google, Alta Vista,

Yahoo ot onoieg vrootnpilovv ta EAANViKd, entl 65 510p0opeTIKOV 16TOGEMOWV

oV TEPEXOVV TNV AEEN «avTmapddelypo» £dmaay , 0Tt ta 2/3 avapépovtal G

MoOnpoatikd kot o 1/3 mepimov oe GAAOVS TOLELS .

Ta aroteAéopato EOiVOVTaL GTOV TAPUKATM TIVOKL:




ToyvoTnTa Anpovpynbnke 1o epdTHO OV

KOl KAt T7WOoOV O  Opog

EpQaviong

COVTITOPAOELYLO»  OITOVTATOL

MoOnpotikd 45
TTAnpogoptch 5 ouyvotepa oty EAAnvikn
Otcovopia > YA®GGO am’ OtL 6TV AyYAIKY|
- n  Ooxl. Mo  eVvOeIKTIKN

I'pappoticn 2

TPOCEYYIOTIKY £pguva Ba Mtav
Owohroyia 1

vo dovpe av ot AOyoL TOV
Aoyum 1

CLYVOTNT®OV  EUEAVIONG  TNG
Xnpueia 1

AEENG «AVTUTOPAOELYHLOY TPOG
Kowwmvioloyia 1 ) )

™MV AEEN  «TOPASELYUO»  OTIG
Teyvohoyia 1 , , L

dvo YAmoaoeg givat ioot.
Opnoxeia ! Me mpooc@uyn o©TIC VANPEGIES
Totrueh ! TOV unyoavov ovoaltnone, Kot
ZuEnmoeis ! gWwd omv Google (ot
Kwnuatoypépog 1 20/10/2003) PBpikape 6t o
Anpoctoypagio 1 AOYOC TOV 1GTOGEMS®V  TOv
ZUVOIKOMGHOG 1 nePéyouy  TovAdyoTOoV o
AGPOIZMA 65 eopd v AEEN example og OAeg

TIG TTOGELS EVIKOD Kol TANOLVTIKOL aptBpov givar 221.000.000 evd Yo Tov 6po
counterexample 195.000 . ‘Exope éto1 tov Aoyo  1:1133 . Zmv EAAnvikn ot
avtioTolyeg amdAvteg cuyvotnNTeg oty o1a punyoavn gtvor 230.000 ko 115 mov
otvouv A0yo 1:2000 . Aedopévov OUmG TOL HIKPOL amoAVToL peyéBovg Tou
«avtimapadetypoatocy (115) dev pmopodpe va d1aKvoLVEDGOVLE KATO0 GOPES
ovunépaopa’ . Evioydovton iowg ot vrmoyiec 6t oty EAAGS0 0 6poc
«OVTUTOPAOELY O OEV YPNOLUOTOEITOL OGO Kol 6TV AyyAdQ@VN KOWOTNTA.
Av pdiiota oke@Bolpe Ko Tov  TOPEUPEP OpO «non-examplen pe 1 yopic
GUVOETIKO OV OTUOIVEL «OVTUTOPASELYLO GE OPIGUO» (ONA. «TaPASELYILO TTOV

O0gV eKTANPOl OPIGUO» TO «UN- TAPAdEYHo» OnM¢ Kotd AEEN amodideTar)

2 Na yivel GaQEG OTL OgV HETPALLE TIC CLYVOTNTESG ELOAVIOTS TOV OPOV GTNV YPOTTY| YADGGO
YEVIKDG , POV Ol UNYavES ELPavifovy oeAdEG TOL TEPLEYOVY TOVAIYLETOV Lio AEEN KAEWDT avd
ceAida. Xe kGOe mepinTmon OU®S, EYOLE L0 TPOGEYYIOT) TG TPOLYUATIKOTITOG.



eVIoYVETOL 1 LITOYIOL OVTH OV KoL 0 OPOG €YEL TOAD HIKPT GLYVOTNTO EUPAVIONG

(8.500 o€ OAeg TIg TTOGELS EVIKOV KOl TANBVVTIKOV |, UE 1) YOPIG GUVIETIKO)

1.3. H gppnveio Tov AeEik@v

[Moapabétovpe T1g epunveieg TV ehayiotov AeEIKMOV OV TEPLEYOLYV TOV OPO

«avtimoapdostypoy kot «Counterexampley

e  ElMnvoayyAikd &Ayyroedinvikd HAiektpovikd Ae&ikd Magenta :
Counterexample: ITopaderyua karappinrov Gewpio.
Avtumapadetypo: Aev dioetar epunveio
e Hiektpovikd petappactikd mpdypoppo SYSTRAN:
Counterexample: Iopdaderyuo elaipeon arov kKovova
Avtimapdostypa:  Aev didetar epunveio
e Dictionary of Mathematics (G.Eisenreich-R.Sube) : IlapoatiBevior ot
opot e Ayyhikd , Foddikd , leppovikd , avtiotoiymg Kt og eENG:
Counterexample, contre-exemple , Gegenbeispiel .
Metagppaotikn pnyovn Alta-Vista :
Iomavikd -contragjemplo , [todukd- contro-esempio , Pocoikd koHTpripumep
e  NeoeMnvikd Aelixd Mmoumviotn:Ilopdadeiyuo wov ovoTpénel v 160
vrobeang, amoyns «kth. n omoio (vmobeon) Pooileton oe  allo
Topadelyuota. «2to aplpo TG TOPOVGIALEL  QVTITOPAOELYUOTA OTHV
vwobeon mwov egiye olatvmwoer 0 ovvaoelpos t™e.» ETYMOAOIIA:
Meroppaouévo oaveio g Ayylikng counter-example
Na gmonudavoupe , 6tt ovolactikd to pova EAAnvikd Aegucd mov mepiéyovv tov
opo avtimopdostypo elvar g Magenta kot tov K. Mropmvidt) , Kowo

YOPAKTNPLOTIKO T®V omoiwV gival n oOyypovn Aeikoypapia.

1.4 Mo kowvodpyro vto0son yio 10 ppe «avTImapadsikvopy

Ta apyoio EAAvicd AeEikd Teptéyouv To MU0 KOVTITOPAOEIKVO LY

amo to onoio Oa propovce va mapoydel T0 OVGLUGTIKO KOVTITOPEOELY Lo



Opwg, to povadikd EAANviKd Ae&ikd Tov avapépetal Kot 6moTd aTov Opo givat
OV K. Mtopumvid ) 10 0moio Opm¢ amopaivetor 6Tt TPOKEITOL Y10, VEOLOYIGUO-
HETAQPOOT TOV counter-example 6mov 1 Katd AEEN amdOOoN TOV Elval «EVAVTIO-
TOLPASELY LD

Ta tpia mo Eykvpa AeEIKA TOV £YOUE AVAPEPOLV:

e Henry G. Liddell-Robert Scott: Hopafdreo , ovykpiveo

avtmopatiOnu, (tva tvi) (:=Me kdmolov/a o€ KiTL)
e Méya Asglwkov ehinvikn)s T'hooong A. Anpunrtpaxov , 9t
avTImopafaAL® TPoBaiwm TPog cHYKPLOY OVTITOPUOETM.
o Agfkév Apyoaioag EAAnvucc Ztapatdkov : [apoaBdilo cuykpive
«Tov loavvny avtimapaeiot T dwwackaim» I'p. Nooong 2,919C
Mua ektevéoTepn Kot EKTETAREVT avalrTnon otov «Onoavpo e EAANvikng
INwoongy 6mov 10 Aoywopikd avaltnong epeuvd 10 GUVOAO TNG apyoiog
Ipoppateiog, Ppixope 6t t0 Bépo «ovtimapad®» eueavifetor pévo otTov
I'pnydpro Novoorng .
Exel eppaviCovror tpia poévo amotedécpata oty avaltnon, 6€ £vo TV
omoiwv yivetar ypnom &vog kabopov ovTumapadelyoTod.
ITEPI RATAXRETHX ANOPQIIOTUOU176 ortiyor 46-
53).
Ofov &1 g 70v &AnSf Seiferev
&pTOVv, QAUEY TOV TO10DTOV KUplwg EMAEYEW TH
broxeéve 70 Gvopx. Ei 8¢ mig 70v dxo AtSov Teyvn-
évra 76 xark pdoww dvnmapadeiferev, O oyfpa
pev 70 ab70, %o 70 péyeSog isov, xai 1) Tob Kpd-
PaTOS OPOLOTNG, MoTE Sk TAV TAEISTOY TOV AOTOV
elvon 7® wpwToTOT® Soxely, dmheiner 88 adTd TO
%0l Tpoeny SvvacSm elvanp mapk Tobro 0d xvpleg,
&AL’ g% naTaxprceng THg xwvopiag Tob &prov TE-

TOXN%EVAL TOV ASov Aéywpev.

(Amodoan dkn pag): Eivor to idio ue 10 oav va nlele kamoiog vo.

vrooeilel 0 aAndvo kapféir kor va Aéue 0TI TpémEL Vo, TO EMAEYOVUE KUPIWS



amo 10 av ovoualetor £tol. Av Ouwe avtumopafiriel KAmToi10G Evo. TEYVHTO, ¢
TPOS TV QUOIKH TOL DTOCTOCY, OO TETPA, UE 100 uEyehog , 1010 TyNuo. Kot Opoilo
XPOUC , DTTE TOUPWVO. UE TO, TEPLOGOTEPO. XOPOKTHPIOTIKG, TOD YVWPIGUOTO VO,
Oewpeiton O0t1 eivou 1010 pE TO TPOTOTOTO KOL VO VTOAEITETOL UOVO TO
XOPOKTHPIOTIKO TOV Va. Ival Ppaoiuo, mop 0o ovTd OYl KOTO KOVOVO, OAAG
KOTOYPNOTIKG, TNV TETPO, TNV AEUE KOpPEAL

To vonua ovvoruika.: O Ipnyopiog Nbooong Aéel, ot otav Adue «aptogy

Aéle AOTOV OV DITOKELTOL GTO OVOUO. KOTO. OAO, TO, XYOPOKTHPIOTIKG, TOV, aALIS Bo.
ETOIPVE KATOL0G VO, KapPeAl amo TETpa e 1010 oyHua 1010  YpOUe Kol 160
uéyebog to omoio Pefoiwg dev tpayetar kou Oo to Eleye « apror. Koi vou pev

Aéue apto, tov Aifo, alld kotoypnotikd.

Elvar pavepo , 6TL 1 xp1iom Tov pUOTOS AVIUTAPOOEIKVULL GTO OVOTEP®
€00Q10 , yivetarl pe TNV Evvolol «OVTITAPAOELYHo o€ oplopd». (AANONGg aptoc)
Agv amoxhieietan PBePfaiong o 6pog avtimapdderypo vo ivor OVImg LETAPPOOT —
VEOAOYIGUOG €k TG AYyYAKNG, aAAd vopilope 6Tt awtd To €Opnpa o mpémet va
npofAnuaticel 6T0 €V Kol KOTGA TOCOV O OVOVUUOS YAMCGOTAAGTNG
neplopioOnke oty petappacn tov AyyiAkol 6pov, dnuovpynce AEEn ywpic va
yvopiler v Vvmoapén avrtiotoiyov pnupatog 1 (dnwg Poacipmg vrortevoueda)
amEdMoE Evav Opo EXOVTAG LT GYIV TOV KOl TO apyoio prue Kot TNV onuocio

TOV.

1.5 Apyoieg xpNoELS TOV AVTITOPAIEIYRLOTOG

To avtmapddetypo givar pia €vvola Tov xpnoyorondnke otnv Aoyikn
KOl K0T EMEKTOCY MG CLOTOTIKO TNG POPETPOS EMYEPNUATOV GE GVINTNGELS
Ko aviuropafioelg eriocopikod 1 dAlov mepleyopévov. Kataypdwyape 600
YPNOELS TOV TOV TPOKVTTOVV OO QPYOLES YPATTEG TTNYES.

H mpotm agopd tov dS1dAoyo tov I[MAdtwvog «Iopyiag» o6mov o
KoAlkhelg cuvdloheyOpevog pe tov ZoKpPATN, OQ®VEL Y100 TOV OPICUO TOV
«Beitiovy ko Tov «Kpeicoovog —1oyvpovy. O KalAikAelc povel Tt o1 Evvoleg
avtég ovumintovy . TotE 0 ZwKPATNG TOL EMONUAIVEL OTL GOUPOVO LE OVTA TOV

oyvpiletar o Koducheig Bewpel Tov 600A0VE  KAAVTEPOLS OO OVTOV , APOV



av palevtovv moAlol Ba eivar woyvpotepot , dpa ....koAvtepol! Elvar og éva
onueio Tov JSwAdyov, oto omoio €xel kKopvewOel 1 Jwewvio TEPL NG
olkpioemc PBeitiovog kot apeivovog . kKo 0 ZokpATNg ypNoLonolel v
Aeyopevn «Zokpatikn gpoveion kdvovtag pdaioto tov Kariikiet va ydoet tnv
yoypoion tov. Ilpdkertar OMA. 7y «OvVIUTOPAOEYHO. O OPIGUO»  Alav
EVOLLPEPOV TTOV POVETOL GTO TTOPOKATO omdomocpa : (Xtépovog, oed 429 -

nap. b 01.7 ém¢ e o1.4)

3

KRAA. Obrosi avnp od nadserar gloapdy. eixé pot, &
2ZaoxpaTeg, 00x aisxOV) TNAodTog O dvépaTa Inpedov, xal
EQV TIG PILATL KPAPTT), EPHALOY TODTO TOLOVHEVOS; ERE YOP
oler #AAo 71 Aéyew 70 xpeiTTovg elvan ) 70 Bedriovg; od

4 4 174 5 7 3 \ 4 \ \
TAAAL 601 AEY® OTL TAOTOV Nt €ivar 70 BEATIOV %Xl TO

~ 2N v 4 2\ \ ~ 4

xPeITTOV; 1) olel pe AEYEW, £av cUPPETOS SUAAEYT) SovAwv

\ ~ bJ 4 \ > 4 \ b4 ~
%ol TavTodamdv avdpormwy undevog aEiov ANy icwg 7d

’ ) 7 \ % ~ 3\ -~ 3
sOpaTL isxuploasdat, xal 0bTOL AV, ALTX TADTX Elvat
VORI

2Q. Eiev, & soporare KadMxdergp obre Aédyerg;

KRAA. TT&vv pév odv.

Q. A dyo pév, & Soapdvie, xal adTOg THAX TOTELW
7010070V T 68 AEYEW TO XPEITTOV, XAl AVEPWT® YAYONEVOS
cxpdg e1d&vat 071 Ayerg. o yap dnmov 6V ye TovG dvo
BeAriovg 1yf) 708 £vdg, ovOE Tovg sovg Hovrovg BeAriovg

~ e/ 3 /4 7’ 3 N / kg \ 4 bl b4 ~ bl \
sob, 071 ioyvpoTepol elow §) 60. GAAX TaAw €€ apyiig eixe
4 s/ \ /7 bl \ > \ bl /

71 mo7e Aéyerg Tovg Bedriovg, éxeldn od ToLS I5XLPOTEPOULS;
N3 4 4 4 ’ (%4 \ 4
%Al @ JAVPAGLE TPAOTEPOV Pe TPodidasxe, WA 1UT) XTOGOITNSM

napx 6ob.

RAA. Eipovedn, & Zdxpazeg.

2Q. Ma 70v ZijSov, & RodMxderg, & ob xpdpevog moAd

\ 5 4 / € b 3 /4 b / / / \
vuvdr) ElpOVELOL TPOg HeEP AAX T elme, Tivag Agyelg TOUG

BeAriovg eivon;



[Tepiocdtepo kaBapd eivar o dEVTEPO AVTIMAPASELYHO GE OPIGUO TOL
pog omyeitar o Aoyévng o Aaéptiog otovg «Biovg @1hocdpmvy . AmodideTot
otov Atoyévn tov Kvvikd, o omoiog BéAnce va yelolomomoetl tov AavOacuévo
opwopd tov IMAdrtwva mepi avBpodmov , 6mov cvpuewva pe tov A.Aaéptio , o
[TAdtov elxe 1oyvprobel 6TL 0 AvBpwmog givar Ov dntepov dimovv. Tote , o A.
Kuvikog Egmovmovloce €vav kKOKOPO KOL TOV EICNYOYE GINV GYOAN TOV
[MAdtwvog Aéyovtag , «Idov o avBpwmog Tov [TAdtwvog!» Kot and tdte ékove
owpbwon tov opopod o IMAdtwv ecdyoviag otov opiopd v emi TAEOV
npovimdOeon va givor Kat. ... TAATVOVVE!

[Tépav tov YAaeupod g wotopiag, PAEmOUE TNV YPNOUOTNTA TOV
AVTITOPAOEIYIOTOG OTNV  KOTASEEN TV AaVOAGUEVOV OPIGUOV , Kol GTNV
BeAtioon Tov vTobécemv oV emoTNHOVIKY £€pgvva. Mmopolue ent mAéov va
ToOUE OTL KOl TO CLYKEKPIUEVO Topdoetypa tov Atoyévoug tov Kuvikol eivon
Kol €£0YXMG TodOY®MYIKO , AOY® TOL OTL £lvol EVIVTIMGLOKO ,EVAD 1 EUTPOKTN
KATOOKELY] TOV (UM AEKTIKN) MNTOV TOPACTOTIKN KOl PO KOTOALTIKY Yol TNV
o0pBmon tov opiopov ek pEpovg tov IAdrtwvoc!

[MapabBétovpe 10 mMpwTOHTLTO OMOGTACHO TO Omoio  €lvol TANPOC

KOTAVONTO:

IIrdrevog Oprwsapévov, “AvSpoxrdg éom {Hov Simouvv &mrepov, xod
b ~ 4 b4 V4 bl 4 bl \ b \ \ ’
e080%1n0BYTOG, TIAXG GAEXTPLOVK EISTIVEYAEY ®OTOV €ig TNV GXOANY %l
onow, “ob7dég ¢smv 6 IIAdrwvog EvSpwnog.” ESev 7d Spw
/7 \ 4
PoceTEIN TO TAXTLAOVVYOV.

(Aloyévng NaépTiog, «Biol ®iIAocdpwv» BiAio 6 TTap.40 oT. 5-9)

2. Emotnuoloyio Kot avTumapdostypo.

H 08¢om 1ov avrumapoadeiypatog otnyv emotnpoioyio katéyxel Kopla B€om

Kot e1dwkd moiler BepeAiddn poOLo oTNV SLOYEVCLOKPATICL.



H dwyevookpatioo elvar o oxoAn pe KOPLOVG EKTPOGHOTOVG TOVG
Poppert ko Lakatos , n omoia avantoyOnke xupiog o¢ avtiBeon oty ateAn (un
poONUOTIK ) EMAY®YN TOL YPTCULOTOOVLY OAEC Ol EMICTAUES TANV TOV
LoONUATIKOV Yo Voo epunvedcovV , meptypdyovy kot TpoPfAéyouv dtaeopa
QOVOUEVO. ZOUQ®MVO HE TOVG OLWELGLOKPATES, OCES TOPATNPNCELS KOl VO
&yovpe otnv otdbeon pag, stvar advvatov va Bydlovpe £ykupovg KaBoAKovg
vopovg kol Bewpiec , mpdyuo mov kdvovv ot Emaywyiotés. Amd v GAAn
mAevpd , eivar duvatdv POVO UE EVIKEG TOPUTNPNOOKES OTOQAVGELS , VO
O EHGOVLE YEVIKOVG VOLOVG EKTEAMVTOG AOYIKES TPAEELC.

[Mapadetypotog xaprv:

‘Exyovtag dedopévn v amopavon «Eva kopdxkt mov dev ftav padpo
wapotnpnOnke oty Béom x v opa t» , Exetar Aoykd OTL 1 amdeaven «OAa T

Kopdia ivar povpoy gival yevong . Ank. to emyeipnuo :

Ipoxeiuevy: 'Eva kopdxt 10 omoio dev tav pavpo, tapatnpnonke oty B€on
KOTA TNV XPOVIKT) GTIyun t

2ounépacua: Aev gival 6ha to Kopdxio podpa

GUVIOTA £VOV AOYIKMG £YKVPO TAPUYM®YIKO GUALOYIGUO.

To mapatnpnév un padpo Kopdkt GLVIGTE AVTITAPAIELYNO GTOV
1oYLPGHO NG TpodTaong « Oda ta. kopdxkio. eivar padpay
AANO TopAdELy QL

Av pe xamotlo tpdémo mapatnpovcape O6tt dvo copata polov 1Kgr ko
10Kgr avtiotolywg exteAobv  ehedBepn mton o€ ypdvVoLE ov Oev givar
avdAioyol Tov palov kol evtog TV oplov GEOAUATOV TOV LETPNCE®V, TOTE
éyovpe PBpet éva  avTUaPAdEYIO GTOV VOUO TNG TTMOONG TOV COUATOV Kot
Apototédn. O ApiototéAng éleye OTL T COUATO EKTEAOVV €VTOG TOVL OEPQ
elevbepn mrtdon o€ xpOvovg avardyovg TV Papdv TOvg , EVO Vo GO
BovAbler oe SPOPETIKA VYPE GE YPOVOUG OVTIGTPOOMG OVOAIYOVS TMV

, , 3
EOIKOV PopdY TOVG.

33 pepa eaivetan eEopeticd mepiepyn n 1n d1yevot evOg TETOLOL YOVIPOKOUUEVOD VOUOL Y10
™V €Ae0Bepn mTMOMN, dedopEVOL GTL GTNV aPYOLOTNTA KOl YPOVOUETPa VINPYaY Kat {uyol
KOVOTTONTIKNG aKPLBElOG DOTE TOLAGYIOTOV VO, LETPOVVY TO U OEKATAGGLOV TOV XPOVOL
ntoong. [pénel vo deybodpe 0Tt €00 Pprike epapuoyn 1 anéybeto mov Evolwbav ot apyaiot Tpog



Iotopkd etvar Kot éva GALO avTITOPAOELY Lo TTOV £XEL XPNCULOTOGEL O
Leibnitz pali pe ypnon g €1¢ GTOTOV amay®YNG EVAVTIIO GTOVS SLOTVTMOEVTES
vopovg g kivnong and tov Descartes . Xvykekpiuéva gine:

Nopog 1: Av 600 copota A, B pe ifoeg pdleg xou avrtifeteg toydmreg ,
ovykpovcBolv Kevipwkd , TOTE OVTOAAAGGOLV TOYVTNTEG , KIVOOUEVA
avTippomal.

Nopog 2 : Av dvo copoata A, B pe owpopetikég paleg Kol avTippome
TayVTNTEG GLYKPOLVGHOVV KEVTIPIKA, TOTE TO CAONO PEYaADTEPNS LAlag cvveyilet
Vv kivnon tov pe v 10 TaydTa, €VO TO GOUN LE TNV UIKPOTEPN Hala
AapPAaver TV ToyOTNTA TOL HEYOAVTEPOV.

O Leibniz emniyeipnuatordynoe og eEng: Mmopovpe va vrofécovpe 0TI N
dwpopd v palomv yivetar ocodnmote kpn . TOTE Yo Ho omePOEAAYIOTY
dpopd otnv pala , Ba woydel kat o vopog 1 kot o vopog 2 . Aniaon , n ortia
NG OTELPOELAYIGTNG OLPOPAS Nalac, TPOKAAEL TNV peyaAvTEPY SULVATI
01Qopd 6to amoTérESHA. AMAG , OC YVOOTOV, N QUGT OEV KAVEL GApaTO

Muepa Bo Aéyape OTL av oyxber o vopog 1 kon petakivnBel éva
niektpdvio amd 10 copo A oto copa B, Ba mpokinbel n péyiom dvvarty
Sopopd 610 amotéheopa.’

To kvpiotepo yrvmua tov Popper evavtiov tov Oepediokon yopaxtipa
™G yvoong dlvetor oto tpopfinpna g emayowyns. Exel emxevipdvel o Popper
v KOpla ovtifeon Tov 01OV BETIKIONO, EMOTPEPOVTOG OTA TOALL GYETIKE
emyepnuota tov David Hume evavtiov tov enaymyuod copmepoacpot . Mo
TopaoEypa, €ned] OOl Ol KOKVOL TTov mopatnpndnkayv ¢ Kamowo ypovikn
otiyun elval Agvkoi, 0ev onuoivel OTL LIAPYOVV Ol AOYIKEC PAcelg Yoo vo
amokAelsOel 0Tl oe pa emdpevn moapatnpnon pmopel va PBpedel évag povpog

KOKVOG (KATL TOV €XEL GTNV TPAYUATIKOTNTO GUUPEL pe TV avakdAvyn povpov

TAGO LOPPT] TPUKTIKNG EVOOYOANONG OTTMG EIVOL O LETPNGELS , OLPOD TGTEVAY OTL 1] TPOGEYYIoN
™G Yvaong yivetal Lovo e TOV Vou.

Tov vopo g TTdong Tov AploToTédn diéyevce epuiéatoto o ['olhaiog , o omoiog pi&e dvo
TOPTEG 1610V GYNTOG 2 PopEG amd ykpend. H pio tav odepévia kot 1 dAAN EOAvn
(ehappotepn) . Tnv pa @opd ERoke v EVALVN KATO Kot TV GLOEPEVIO TTAV® KOL TNV GAAT
evalAds. Kat tig 600 popég o1 mdpteg £pBacav poli kdtwm. Av ioyve o vOLog Tov ApLoTOTELD ,
0o énpene va mapatnpnOel v TpdTH Popa TOLTOYPOVN APEN , APov 1 odepévia Ba mbBovae
™V EOAVN, aAAd T debtepn Ba énpene va mapoatnpnBel andkiion , kabdc N cdepévia Ba
aneoTATO 0o TV EVAVT, Tpdypa mov dev mopeTnpnOn!

* To emyeipnua tov Leibnitz gaivetat va mpoépyeton kat” vbeiay omd Tov ametpootikd
AOYIOUO KOL TNV AOYIKT] TOV GTEPOCTAOV TOGOTNTOV LE TIG 0Toleg KateTpiPeto.
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KOKVOV otV Avotpoiio). Zopeovo pe tov Hume 1 emoywykn Aoykn odnyel
G€ L0 ATEAELOTN OVOOPOUN LE TNV EVvola OTL, ENELON OV EEPOLLLE OV L0 AKOUN
napatnpnon 0o emainbevoel 1 Ba dwyevoel v vrodbeon pag, yu avTo
YPEALETAL VAL TNV KAVOLLLE, PPIOKOUEVOL OGS THAL GTNV 10100 KATAGTOGT, OTOTE
EAVAKAVOLE TNV TapaTPNOoT KokK. Me dAla AOYla, EVD TO YEVIKO OVOQEPETOL
cE MO omEPio TEPUITMOCEMY, Ol EUTEPIKES TOPATNPNOEL TOL  EWOIKOD
nepropiCovtal vo ehéyEovv povo éva memepacpévo TAN0og amd avtég, omdte
moté O0ev glloote Giyovpor av M enduevn mepintmon dev Oa mapafricel Tov
YEVIKO KOVOVOL.

Mo va Pyet and 10 ad1€E0d00 awTod ™G eMaywyKNg Aoywkne, o Popper
SlopopemVveL €vay GAAO TPOTO GULUTEPOCHOL , GTOV OTOIOV avTiKatoTd TV
apyn g enaAnfevong pe v apyn g dyevonc. H emotporoykn pébodog
tov Popper, Paciletor og etkacics ko avackevés. Eivor eniong yvoot 6mwg
Tpoginape ©¢ dtawevorokpatio | PEO0OOC dokiuljs kKo Aabovg. ZOuemvo, pe
aLTNY, 1 ETGTAUN 0eV EEKVA Omd TIG TAPATNPNGELS, Y10 VO TPOYMPNGEL LETA GE
EMOYWYIKEG GUVAYMYES, OGS 1oyvpiloviat ot enaymYloTés. Aviifétwg, apyikd
tifevton kdmoleg ewacieg, ONAOY, VIOBETIKA GLUTEPAGHOTA, TO. OTOio. GTN)
GUVEXELNL Ol EMGTNHOVEG VTTOPBAAAOVY GE EUTMEIPIKES SOKILOGIEG TPOCTAODOVTOGC
VO TO OVOOKELAGOVV KPATMVIONG OTEVOVTL TOLG MWL KPITIKY OTAoN Kol
nepopatilOpevol  pe  eVOAMOKTIKEG vmoBéoelc. Xmv  0éom  Aowmdv TG
EMOYWYIKNG AOYIKNG (TN cvvaywyn amd 10 €0kd 610 Yevikod), o Popper Palet
TNV TOPAYOYIKN AOYIK (TN ovvaywyn omnd TO YEVIKO GTO €101KO) HECH TNG
dyevong (avaokevnc) pog veddeong (ewasciag).

Mo emomuovikn Bewpio, mov emPidvel petd amd éva onuaviikd TAN0og
KPITIKOV  EAEYYOV KOl TEWPOUATIKOV OOKIHACIOV, umopel va yiver poévo
TPOCWPIVE amodekT], TOTE 6€ OProTiKY Paon, uéxpg 6tov ovuPei va
anopplpbel o Kdmowo evoeyOuevn HeAAlOVTIKY dokipacio. Me dAda Adyua,
Kapd Bewpio dev eivan yuoo Tov Popper emoinfedoiun, amiodg umopel va €xet
VYNAO Pabpd epmelpikng evioyvong (corroboration), kétt mov onpaivel 6Tt 6Aheg
o1 EMOTNROVIKEG Bempieg eivan KaTd Kavéva owoyevopes. Emmiéov, moArEC
QOPEG, VITAPYOLVV EMCTNUOVIKEG Oempieg, OV poAovOTL AN €xovV OlyEVGOEL,
ocvveyiCouv va yivoviow oamodektés. Xav éva T€Tolo mapadsypo o Popper
ocuvnBile va épvel T Nevtovela unyovikn. H Bsopio tov Nevtova Bprokdtav

€ L0 EVIVTOGLOKY GUUE®VIO, LE TNV TOPATNPNOT Kol TO Teipapo and tov
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Kapo Tov TpdTo-gpeavicinke (to 1687) wg to 1900. Ztnv mepiodo dpwg 1900-
20 Bpébnke va unv etvar akpiPng amd v Aoy NG GYETIKICTIKNG UNYOVIKNG,

YOPIG OUMS Vo £xel amd TOTE eYKATAAEIPOET

3. A0YIKN KO OVTUTOPAOELY O

3.1. O MoOnpatikog opiopiog Tov avTImapooELY LaTOg

‘Evocg Pacikdg  vOpog tg Aoyikng, €ivor o VOUOG TG OMOKAIGEMG
REGOV 1| TPITOL TOL APIGTOTEAY. ZOUQMVO, [LE VTV, Yol KAOE AOYIKN TpOTOON
P, 7 Ba givar aAndngn P , 1 Ba eivar aAnOng n avriBemec g, n —P.

AnA. n P elvan aAnBng edv ko povov ebv 1 — P givar yevdng kan emiong , n—P
elval aAnOng edv ko povov edv n P elvar yevdng.

O mopomdve vOUOG 10YVEL 0TO TANIGLO TG APIOTOTEAELNG AOYIKNG M

Om®¢ aAMOG Aépe ot mAaiowo g ottiung Aoywkng Anli. kdbe mpdtaorm P
umopet va AdPet 0Vo povo Tés (A (aAndng) N Y (wevdng)
Ta mapomdve A.Y. LOG ETITPETOVY VO YOPUKTNPIGOVUE TOPAAOYO TO EPMOTNUAL :
«Mmopei 0 Ocog wg IlavTodvbvauog va KataeKevdoEL pia TETPA, TOD VA, PNV
HUTOpEl va TRV GNK@GeL;)»  AlOTL 1600VVAU®G Elvol MG av Vo EpOTANE €AV O
Oedg pmopel Tovtoypovag va etvor «Ilavroddvapooy kot «oxt ITavrodhvopoo»
ONA. o Tpotaon P va elvar aAndng kot toavtoxpovog va givar aAndng kot 1
— P, mpaypa mov anoxieiel n Apiototéreto Aoyik).

Yrapyovv PBefaimg kot mwAetdTines Aoyikég 6mov o mpotoaon P oev
elvar aAnO1g 1 wevodmg aAla Exet éva Babpod ainbeiog petady 0 ko 1 .
Yrdpyovv eniong Mabnpatikéc oyorés Onme avt Tov OAAavooy Brouwer , 1)
oo tov Evopatiopot 1 Ivrovsroviepov 6mov n péBodog amddeiéng me 1g
dTomoV amaymyng gV 1IGYVEL , ATOTOVVTOL KOl TPOGOETEG TPOVTTOOETELS YL TNV
CLVETAY®YY| , Kot emiong KABe oamddeiEn Ba mpémel va givol KoTaoKELAGIUN,

GULOMVO, LE L0l GTEVT] £VVOL0L KATOGKEVOGILOTNTOC.
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2115 TAELOTINEG AOYIKES KOl OTO KUTUOKELVUOSTIKG —IvTovoiovioTika

MoOnpoatika dev &ger 0éon 1M Aoywkn Tov avTImaPadEiypatog 0mmg Oa

napovolacOdel €00, aAhd pOVO oTNV KO- YVOOTH NOS ,

Aprototérara

IIpoTaciokdg TOTOC

Eivar aAn0ng

Eivan wevong

(Vx)[P(x)]

Av v 6ha Ty, m P(y)
elvar aAnOng

Av yo éva TovAdyloTov

% 1 P() eivar yevdric

(F)[P(x)]

Av yo éva TovAdyloTOoV

%N P eivon ainbig

Av v 6ha Ty, m P(y)

elvar yevodng.

(VX)[=P(x)]

Av v 6ha ta M P(y)

glvo yevong

Av vy éva TovAdyleTOV

x> M P(p) eivar adnbng

() [=P()]

Av ywo éva TovAdyoTOV

1 N P(y) etvon yevonc.

Av v 6ha Ty, n P(y)
glvot aAnomg.

Aoy

Ene1df 1o avtimopdderypa oyetiCetar Guesa pe toug nocodeikteg Vo d  (:

«Ala K0Be» Ko «LTdpPYEY) TapaBETOLE Evay TIVOKO [LE TNV ONUOCI0 TOVG OTIC

TPOTACELS :

Ao TOV avOTEP® TIVOKO , TOPATNPOVLE , OTL :

—((VX)[P(x)]) < (3x)[=P(x)]

—((@)[P(x)]) = (Vx)[=P(x)]

SOUPOVO LE TIG TPONYOVUEVES TAVTOAOYIES, EINACTE £TOUOL VO ODGOVE

TOV TOPAKAT®O OPIGUO TOV OVTITOPAOELYLLATOC:

OPIEMOX: Edv 0éhovpe va amodei&ovpe 6t n mpodtaon « Vx : P(x) » givan

yevdng, mpénel ki apkel va anodeiovpe 61t N mpoTacn «Ix:—P(x)» eivar
oAnbne. Aniadn , mpéner va Bpovpe €va otoryeio x, oV OYETIKOV GLVOAOL
avapopdg £161 mote M P( XO) va gtvor yevuonge.

To Xo Oa Aéyetar TOTE avTumapdostypa oty npdtacn « Vx : P(x)»
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ZOUQOVA [LE TOV O TAVEO OPIGUO 1 EVVOLL OVTUTOPASELY O EVVOETTOL
WG «EVAVTIO TOPAOELYRO» ONANON «TUPAOEIYNO EVAVTIO GE LOYLPIGUO» .
Otav O6pmc éva mapddetypo  0ev mAnpol €vav opioud , €KTOG amd
«ovTimapdostypoy 1o yopaktnpilovpe kot g «un — wapdderypo» AAAG, Onwg
N wpdtacn —toyvplopdsg kabopilelt mapadeiypoata 600 KAGCE®V , OLTH TOV
TOPOOELYULATMV TOV TOV IKOVOTOLOVV KOl QT TMV TOPAOELYLAT®V TOV OEV TNV
KAVOTolovV , opoimg Kot évag oplopog , opilel 6vo avtiBeteg KAAoeES , o
TOV TOPUSEIYUATOV TOV TOV IKOVOTOOUV Kol TNV KAGCT TOV ToPASEYUAT®V
mov dgv TovV Kavomowovy. ‘Etot, avoloyikd, , AELUE KOl TO UN-TOPASELYUN GE
opopd (Tapadetypa pn eKTANPOV TOV OPIGUO) KOl ALTO OVTITAPAOELY L

Ed®d vrapyetr ko éva Aemtd onpeio : O EEMOVTOVAMAGHEVOC KOKOPOS TOV
Awoyévn tov Kvvikov , ftov mapaderypa otov opiopd tov [TAdtwvog Kot pn-
napadeypo (ovriwapdostypo) o€ drAlov (KOS 0000y 1)S-VTOVOOVUEVO)

opLoNo .

3.2. Ta €ion TOL AVTUTOPUOEIYNATOS
H yeviki| to&vopmon tov avTimopadslyLdtov o€ GYECT LE TNV LOPOT|

Toug ephapPdvel Tpelg Pacikéc-yevikég katnyopies, aAAE Kot TOAAEG E101KES

1.E101kd —opOuntiké avrimopadostypno: Eivor oavtd mov dgv olvel

Kapio mAnpogopict Yl TOV TPOTO KOTAGKELNG TOL , OAAL OVTE Kol TG
UTOPOVLLE VO KOTOCKEVAGOVE AAAO TALPOLOLO OVTITOPAOELY L.
AY.  €WOWKO  ovTImopAdELy O ovveyoOC  ovvoptinoemg  givar 1M

1, avy pnrog

f RoR pue f(x)=
-1, avy appnrog

}nou glvol TovtoH aGVVEXTG.

2. Hm-yeviké avnimapaderypo : Eivor avtd mov pog diver mAnpogpopia

Yl TOV TPOTO KATOGKELNC TOV , LWITOPOVUE OO QLTO VO KATUOKEVAGOVLE TOAAA
€IKA (cvvnBmg dmelpo ) oAAGL dev KOAVTTEL OAN TNV VIAPYOLGA KAGOT|

avTImOPAdElYHAT®Y. Adyov YApwv , MUIYEVIKO OVIUTAPAOEYUD GLVEYOVGS

GLVAPTNONG glva n f:R—>Rpue
a,x TO

f(X)={ pees }uewﬂ, vy R
B, x appnrog
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Etvar muyevikéd avrimapddetypo , apov yu T 014popes TéS tov o, B
Aopupavovpe amepio  OVTITOPAOELYHLATOV T ONoio. OUMOC QPUOWKE , gV
KAAVTTOUV OAQ TO avTITapadeilyLaTa, agov A.y. n oovaptnon g:R — Rpue
h(x) , x pnrtog

g(x) = {t(x) x appm’og} ue (h,t, ovveyeis oro R) xar h(x) #t(x)Vy eR
glval £va NUIYEVIKOTEPO AVTITOPASELY A , LOG KOl KOADTTEL TV TPONYOOULEVN
KAGoM Kot gtvon evpOTeEPN VTG, OAAG Kol TAAL , eV KOAVTTETOL 1] KAAGT OA®V
TOV  OVTITOPOOELYLATOV. Oco «t ov yevikevoOvLPE TO TPOTNYOVUEVO
OVTITOPAOELY IO EIGAYOVTOS TEMEPACUEVOLG 6TO TAN00G 1| ameipovg KAGOOVS o€
woapBuec dwapepioelg tov R , N petafdiroviag 10 medio opiopov, oev Ha
UTOPECOVE VAL KOADWOLHE LLE U0 AVOAVTIKT EKQPOOT TNV KAGOT T®V TOVTOD
AGLVEXDY CLVOPTNCEMY. AVTH TNV KAAOT TV KOAVTTEL (OTOV LITAPYEL) TO :

3. 'evik6 avrtimapdostypao : Eivol 1o avTumapddetyo. mov amokaAVTTeL

ywti g Tpotaon stvar AdBog ko Tpoteivel TpOTO mapAy®yNS OAOKANPNG TG
KAGong avtimapaderypdtov. ['a va cuveyicovpe oto 1010 B€ua g cuvéyelag,
MG YEVIKO OVTUTOPGOEIYHO GUVEYOVS GLUVAPTNOE®S o€ Odotnua A , Ba

J(x) ,x#x,

a# f(x,),x=x,

puropovcape va mipovpe v g A > R ue g(x) = { } pe f(x)

ocvuveyn ovvaptnon o6to A , mov pog Sivel Tov YEVIKO TPOTO KOTOGKELNG
aoLVEYOVG GLVAPTNONG G Eva LOVO onueio g .

Avtd o@aivetor koAvTEpa  OTOV TOPOAEIMTOVUE GE HOL TPOTOOT) LU0
avoykaio cvvOfqkn v v 16YL ™G Tpdtacnc. Tote, dca mapadeiypata dev
KOVOTTOL0UV TNV GLUVONKT, SEV IKAVOTOLOLY KOl TNV TPOTACT). XTO HedpPNno TOV
Bolzano n cuvOnkn vo unv €xel 6tabepd TPOGNUO 1| GLVAPTNOY GTO AT
[a,B] etvan avaykaio. Emopévag kédbe cuvaptnon mov éxel otabepd TpoOcHO GE
éva dlaotnua oev €xet Kot pila o€ avtd 10 ddcTnua Kot dpa dev minpot to 6.
Bolzano 'Etot éva yevikd avtumapdadetypa oto 0. Bolzano givat kdbe cuvaptnon
f: [a,b] > R 7y v omoia woydel f(x)>0 Vxela,f] M f(x)<0 Vxela, f].
Befaiong vmapyovv kot QAL yeEVIKG TOPOOEIYHOTO CUVOPTACEDV TTOL OEV
dwtnpovv otabepd mpodonpo oto [a,B] kot dev mAnpovv 1o 0. Bolzano , 61011
dgv gtvan cuveyeic N elvar pev ovveyels, aAld dev Exovv €TepOONIEG TILES OTO

dxpa a, B, Ommg Kot GALa TOL T £EETALOVLE GTO O1KEIO KEPHAALO.
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[Tépav OpmS aVTNG NG YEVIKNG KOTYOPLOTOINGNG, VILAPYOLV KOl ELOVKES
KOTIYOPLOTTOUGELS OVAAOYO [LE GAAD XOPOKTNPIGTIKA TOV OVTITOPAOELYLOTOC.
[TapaBétovpe pepikd mopadeiypota:

Hapdderypa 1. 'Eoto n npodtacn: « Vx e R:| x|#0» . To otorygeio yo=0 etvar

éva avrimapaderypa oty podtaot , apov 0€ R «kar [0j=0 . IIpopavag , yio
TNV GLYKEKPIUEVT] TPOTOGT , EIVOL KOL TO LOVAOIKO OVTIITOPEOELY IO,

Hopaderypa 2 Eoto n wpodtaon : «Vx e N:|x* > x» . [ va dei&ovpe 0t givar

YeLdNG , TpEmet Kt apkel va amodeiEovpe 0TI N avtiBe ™G, M
«3x, e N:x; <x,» Ed0 éxoue 600 pévo dvvatd avrimapadsiypata , oni.
x, €4{0,1}

Mopadsrypa3.(Euler) 'Ecto n npdtaon :

«VveN:oapOuoc v’ +v +4lsivainporoc » O vo=40 givar éva
OVTUTOPASEY LG TG , 0ol 40*+40+41=40(40+1)+41=41(40+1)=41%.
To 41 eivon kot T0 ELAYLETO APLOUNTIKO OVTITAPAIELYNA , OOV Y10
v=0,1,2,3.4,...,39 | tpétaon givar aAnone.

Hapdderyne 4 ‘Eotw n npodtoon : « Vv € N1 2">v » givar aAndnig povo ov

v>i? (ke N) . Zvvendg o1 tinég v=0,1,2,3 .4, .. ‘,Kz , CLVIOTOVV K*+1 10 i 0og
aplOpunTIKd avrirapadsiypota. AnA. Exo un epaypévo TAnbog

OVTITOPOOELYLATOV.

Hopdderype 5. (Fermat) Eotw n npotaon: « Vv € N : 1 akolovOio,

X, = 2% +1 sivon axohovdia TpOTOV apOudv» H npdtacn eivar ainofg
v v=0,1,2,3,4 , 6mov ot avtictoryot Opot xo=3 , 1= , =17, y3=257,
¥4=65.537 givar TpdTOL , aAAG OTG £d€1&e 0 Euler tov 18° audva

Katappintovtog Tov 1oyvpiopd tov Fermat , yio v=>5 , 0 apBuog

5
x5= 2? =4.294.967.297 oavoideTon o€ yvopevo g 641-6700417 kar dpa elvat
ouvBetoc.

HMopddsiyna 6. (Ewkacio Leibnitz ) 'Ecto 1 tpdtacn «O apOudg v —v

6mov K meprTTog , Sranpeiton pe Tov K, Yo k60s VEN pe v>3 »
H mpotaon sivar aAndng yuo v=3, 5,7 6mwg o id1og o Leibnitz anédeiée , aArd o
{810¢ ypriyopa Ppiike éva avtmapaderypo oty eicosio Tov , apod o aptdudg 2°-

2 =510, dev draipeitar pe 10 9 .(LTOPIKO AVTITAPAIELY Q)
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Hapdadsrypa 7. 'Ectm n npdtacn: «O aprOpdg A=991v*+1 , dgv sivan Téhero

TETPAYOVO»
H avotépm tpotacn dev givor aAndng, aArdd to uKpoTeEPO aplBunTiKd
OVTUTOPASEY L TOV propei va evpebei amodeucvietar’ Ott ivar o amioTevTta
peydhog apdpog, teEeng 102 (:="0oa pdpio Teptéyovy mepinov 6 Tovor
cidepo) ovykekpuéva o v=12055735790331359447442538767.

[Tpocpuyape yio emraAnBevon (Lepikn)) oto mpdypappo Mathematica 4 ,
OOV TPAYUATL AAPOLE TNV EVIVTIMOGLOKT €TAAnBgvoN , ONA.:

( 379516400906811930638014896080)2=991 *( 120557357903311359447442538767)2+1
(Oa umopoVGapLE VO TO YUPAKTNPIGOVUE MG UVTITAPAIELY A , TPUKTIKG
peydang ovokoiiog)

Mopddsryna 8. (17°° mwdvag ) «Ov apOpoi 31, 331, 3331, 33331,.... Eivan
npAOTOVL Aviimopaderypo ehdyioto : 333.333.331=17X19.607.843
Mapadsiypa 9. (Ewosia Euler) «H g&icoon 1 +y*+z'=0* dev éxe1 axépaeg
Aooegigy O Noam Elkis to 1988 é6woe 10 aviumapddstypa :
2.682.440%+15.365.639*+18.760.760*=20.615.673" (6morog ap@ipdriet og
Kével v emaAnBgvon pe to ... xépt!)

Hopdderypa 10. «Agv vrapyel mePLTTog TéAE10G 0PLONOS» Xe vTh) TV
pdTao™ 0gv £xel avakaAv@Oel avtimapdderypa, aAld ovte yvopilovpe av
VITAPYEL TETOLO AVTUTAPAOELYLLOL..

3.3. AEKTIKEG OLUTVTOGELS VTOKPUTTOVGES UVTUTUPAOELY LA

To avtumapddetypo otnv podnuatikn Biproypaeio dev eppaviCetor mhva
pe 1o 6vopd tov. MdAoto ovtd amotelel Tov kKovova , KaODS OTmG eldape mg
AéEN kaB” eavtn| dev elvan dradedopévn 060 Ba €mpene , eV MG £Vvola LKA
EVUTTAPYEL 0PYOOBEV KOl KAAVTTETOL TIGW OO TEPLPPACTIKES OVOUAGIEG OTMC
«eWo mopddetypon,  «avtifeto mapdderypoy, «un mopadsrypo» , M (to
oLVNBECTEPO) AMAMG CTOPASELYHO» , OPOV  TPAYUATL TO «OVTUTOPBEOELY LI
glvan pev €vo mapdoetypa Ommg Kot O A To, GAAL , OAAG AaufPdvel To TpOGELLL
g TPOBeoNg «avTi» OTAV VIAPYEL TPATAGT TPOS TNV OTOie EVAVTIOVETAL. ANA.

T0 ovTuwopaderypo oev  givar €vo  €i00¢ TOPUOEIYHATOS , OAAG

> Mrdummg Tovpédong «Zoyypovn Adaktich Tov Mabnpotikdv» oek 310 . O cuyypapsag
napanéunel otov Sominsky I.S. (1975) “The Method of mathematical induction” Moscow : Mir
Publishers.
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YopokTnpileror £161 00 TNV YP1ON TOV GE KAMOW GUYKEKPLUEVY)
OTTOOEIKTIKI] OL00IKOGI0 OLAYEVOGS EVOG LOYVPLGROV —TTPOTAGEMS, COLPOVOL
Ko pe tov tebévta opiopo.

[Tpénel va avagépovpte, OTL Ta avTimopadsiypota (HLe £vo LoKpOGKOTIKO- €K
TPOTNG OYewg —yPNYopo KPuthplo ) mopatiBeviar cuvnbmg oTa «GYOA» 1
OTIG «TOPOTNPNCEID TOV OOUKTIKAOV EYXEPOIOV N GLYYPAUUATOV £metto omd
ta Qeopnuota Kot tovg optopovs. Oco meplocodTEPO OOOKTIKO elvar &va
oLYYPAUUL TOGO TEPLGGOTEPO EXEL PMTICEL TO OOAKTIKA KOl EMIGTNUOAOYIKA
EUTOI0, TOV €K TMOV TPAYUATOV TALPOLGLALOVTOL KOl OTOLTOVV JEVKPIVIOT, LE
oyola kot tapatnpnoelc. Ta cuvin AdOn tov orovdactdv ivatl 0 KaAHTEPOC
oonyos. Ta pobnuatikdg mhava evoeyduevo Aabn, cvvnbwg eivor dmelpa Kot
vrepaplBunolo oto mTAN00G. AV 0l GMOVLOUGTES  TPOTHOLV VO, KOAVOLV
TEMEPASUEVA , LIKPOV TANO0VG Kot emavorappavopeva AdOn ,ootd vrodnrol
KOTL EEAPETIKA ONUAVTIKO TTOL KPOVEL TOV KOOMVO TOV O100GKOVTOS G TPOG
v moldtNTo ToV pedpatog mov yivetoaw oty TAEN Tov. AVTO givon éva
tepdoTio CNTNHO TUdAY®YIKNG VPTG ToL Ba To BiEov e TOPAKATO.

Xg 0,T1 apopd Opm¢ To OaxkTikd PiPiio, ypewdlovior T KOTAAANAO
mopadetypato kot avrimapadeiypoato wov Oa dievkpviovv OAOKANPO TO €VPOC
€VOG OpIoHOD M OAEG TIG TEPUTAOGCELS €QPAPUOYNS €vOg Bempnuotog kot Ha
TPOAAUPEVOVY TIC GLVNOELS TOPAVONGELS TIG 0TTOieS YVOPILOVUE EK TPOCMTIKNG
N oLALOYIKNG Telpag , katayeypappévns 1 un. Epeaon Bo mpémel va divetan
OTO «EQPOUATONEVE, AVTITOPAOELYRATO» ONA. GE OVTA OV OEV EKTANPOVV Eval
fBeopnua M évav oplopd «mdpa  pio cLVONKNY, EVO EKTANPOVV EVOEXOUEVOC
OLEC TIC VTTOAOUTEG.

AAMAG G 0VUE MG KoL TOL VTOKPVTTOVTOL 1] TAOS EIGAYOVTAL AGKNGELS TOV
QTOLTOVY OVTUTAPAOEYIO , OTIMG KOl TIG OVTIOTOXEG AEKTIKEG EKPPAGELS TOL

cuvnlmg T lAyoLV:

i.  «Aivetan ) mpétaon P(x) ko xeA . Xe mepintoon mwov N P(x) sivan

aAn01c va amoderyBsei, GArog va 600el kaTdAinio avTuTopadEry Loy

To mopamdve vroderypo eival éva KAACIKO VIOOEypo Aoknong M

TPOPALOTOG LE AVOIKTH SOTHTOON KOl KAEWGTY amdvtnorn. Mmopetl va 600el
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Kot pe avolktotepn dwtvmmon omwg : «Na g€gtacOei n woydg g TpdTacng

P(x) , xeA» Xvvnbéotota to A eivar ameipochvoro. TéToieg Sl0TLTMOGELS

amovclalovy eVIEAMG amd Ta €V YpNoel dakTikd eyyxepidwr g MLE. evod
cuvaviovior oto  [lovemomuiokd podnuotikd tg Muedomng Kot Tng
aAAOOATNG.

H é\ewn ooknoesov té€tot0g popeng dev €xel va KOVEL WPE TO
avTimapddelypo Kad  eontd, oAAd pe TV amovcio. TPOPANUATOV aVOIKTNG
dltvmmwong €ite  avolktg amdvinong , ta omoio vrapyovv otnv MLE twv
nePLocOTEP®V oyoAreiwv g aArodamig oty E.E. H evapuovion mg Xopog
pog oe avtd 1o Bépo pe to woyvovta £xel apyicel T TeElevTain ¥pOvia HECH
dwAdyov, mov oprobetel, GAlote Mpopaveig dpovg ( dmwg TL eivon doknon,
moia 1 dpopd ™G amd 1o TPOPANUA, T OMUAIVEL TPAYUATIKO TPOPANUOL TU
avolKTd TPOPANUA TL KAEIGTO KTA.) Kot ALOTE pE TNV VOUOBETIKN avayKodtnTo
EI00YMYNG TPOUYUATIKAOV TPOPANUATOV 0TV O10AcKOAMA Hog EVvolog 1| GTOVG
€100YMYIKOUS  Oly®VIGHOVG  (TOV  €uPUTATO  EMCHUMOS KOl OVETICUOG
OmOKOAODVTAL KO «EEETAGEI» yopic vo eivan’.) Te kabe mepintwon yivovtot
ocv{ntoelg Kou otevkpvifovion KAmole oporoyiec MoTe v evvoovue OAOL TO
0o Otav avaeepopebo enl TV WiV Kol va unv vEdpyel cOyyvon eni TV
opwopmv. Ymdpyovv PePaing apkerd vo yivouv. Xg oyxéon OU®C LE TO
OVTITOPAOEYHO. Kol TNV OWOKTIK TOL ¥prion Ba pmopovoe vo VIapyet
avaQopd TOL GTA SOUKTIKA EYYEPIOI 1 OTIS 0ONYIES TPOG TOVS OOACKOVTES TO
MobOnuoatikd . Méyxpt otiyung omovctdlovv TETOES avaPOpPES , OAAL OC
einicovpe OtL oto péAAov Ba evappovicBodUE TOVAGYIGTOV HE TO KOWVAG

oyvovta oty vorowtn E.E. 1 tov yopdv oo OOZA

ii. «Ymapya x € A mov wavomoiei v P(x)»

Ed® 1o 7 , givar avtumwapdadetypa oty vrovoovpevn avtifetn npdtaon , v

«Vx €A -P(x)». Kapd @opd tifetan kot pe epoTUATIKY SOTOTOOT(OVOIKTY|

6 Qg «eletdosioy yapoxTnpilovial o1 SoKIcieg TG 0moieg méveg ot AapPdvovieg v Pdon
¢ Pabporoyiog Aappdvouy emTuy YAPAKINPIOHO , EVD MG «OLOLYMVIGHODY Ol SOKLULOGIEG OTIG
omolieg emtvyyavetl mpokoBopiopévog aptBuodg avetapttog fabporoykng facemg ite vrapyet
Kol Baon mg avaykaio Tpointdhecn, Kol TAVTOXPOVMOG AVMOTATOS- EK TMOV TPOTEPOV- 0PLOUOS
emuydvTOV, LIKpOTEPOS TOL 0Pl TV dtoyovilopévav. Me avtolg Toug 0ptoHovG Ot
IMavelhadikég «e€etdoeigy eivatl «dayoviopoi» Agv amokoiobvtat pe to opHd dvoud tovg , oyt
AOY® Gyvolog TV KOWV®OV OpIGUAY , OAAG UAAAOV Y10 TOAMTIKOVS AOYOUG.
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OTOTTOO™) Kol £Yel OOAKTIKO evOlaPEpoV OTav 1 Kovomoinon g P(x) dev
gtvan ornoOntikd tpopavie. a mapadsrypa , Aépe 0tL « Ymdpyer evvaptnon ,
n omoia givar coveyijs 6to R , evad dev mapaywyiletor movbevd 6to R » Edd
N dmoapén elvar evavtia omv avBpomvyy cuvion (0AAG kol poBnuotikn )
dwaicOnomn mov Aéet O6TL dev givan dvvaTdv vo vITaPYEL Lol TETow cuvdptnon. O
Weierstrass £€dmoe éva TETO10 1GTOPIKO OVTUTAPAOELYLLO KOTATANOCOVTOG TNV
poadnpotiky) kowvotnta (BA. A.7.6. & B.17.3.1.) Av movpe Opmg «Ymapyet
ouvveyfic ouvaptnon, N f(x)=x> /R » avtd amotehei éva Aoy ovTuTopadetypLa
oTNV TPOTOCYT «AEV VIAPYOLV GLVEYEIC OCLVOPTACEY)  glval OU®G o
TETPIUUEVT] HOONUOTIKA Kot ol avOn T S00KTIKAE TEPITTMOT, 0poD TAVTES OL
dvOpomol gyyevadg @EPOLV TNV £vvoln TNG GLVEXELNS YL OLTO KOl TO TPATOL
TopodElYLATO 10TOPIKE KOt SOOKTIKG MTav Kot glval  HOVO cuveyeic N Katd
TUAUOTO GUVEYEIC GUVOPTACEIS. X& aVLTO TO MAOIGL0, OVOKOAN NTOV Kol 1)
avTIANYN ouvapTNoNG TOvToD 0aoLVEYXOLS , OMMC &lvar M GuvapTNoN TOL
Dirichlet , n omoia eivor €évo pobnpatikd oALd cvYYPOVOS Kol €va. TOAD
YPNOO OWOOKTIKA avTimapddetypto otV (VITovoovevT) TPOTOCT «AgV LITAPYEL

VIOV 0LGLVEYNS GLVAPTNON 610 R

iii. Na amoderyBei 60TL 1 ovvOKkn P(X) givor avaykaio yio v woyd 10V

OVUTEPAORATOS TOV OemprpaTog O(x)

Xe éva TE€TO10 LIOOELYHO SOTOTWONG VTOKPVTTETOL AVTUTOPBAOELY L,
a@ov  KoAoOuebo  va  avakoAdvyovpe €va Xp OV IKOWVOTOlEl TNV
«=P(x,)) xoar —O(x,)»

o mopdoctypa : «AgiEte, 6TL Yoo v 1oyd ™G Mabnuoatikig Emaymyng o
éleyyoc g P(v) Yo v=1, gtvan amapaitntoy.

Mmnopovpe va Bsmpnoovpe v P(v): «v=v+1». Tote , av woydetl yio v=k , o
k=k+1l = xt+l=x+1+1 = k+l=K+2 mov eivor n P(x+1) . AnA. P(x)= P(x+1)
Ko Tote KOs apBudg ivan icog pe tov emdUeVO Tov Kol dpa OAOL 01 PVGIKOL
gtvar ....ioou! Ze ovtd T0 dromo KataAnSope 010t Oev eAEYEape TNV TPOTOON

v v=1 mov diver to dromo 1=2.
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Ytov Amepootikd Aoywopd  €govv  SOOKTIKO  evOlQEépoV  TETOLN
TpoAHaTe , OOV KATOH YOPOKINPICTIKA, AVAPEPOVUE GE OAOL TO KEPAAOLN

TOV ATELPOCTIKOV AoYIGHOV 610 B 1épog.

iv. Na amodeiy0si 6Tv m mpétaon « Vxed P(x) »eivar yweodic.

Ed® , evBéwg xorodpebo vor avokaAVWYOLUE OVTUTOPASELYUD , OpOD
éxoue €va TPOPANUO KAEIGTNG SOTHTOONG , KOl AVOIKTNG OTdvInong , bid TV
évvola , 0Tl T0  avTumopdoelypa mov KaAovueda va tapadiécovpe, cuvnibwg oev
etvar povadkod . o mapdderypa dtav £xo v dwtdmwon: No amodeiyOel ot i
zpotoon «Kabe ovveyns avvaptnon eivor mopoywyioiuny eivair Yevong XL ®C
ovvnbeg kot TeTplupévo TALov €101k6 avtumapdadstypa v f(x)=x| /R , aArd

umopel va avtimapatedel kot to nuryevikd f(x)=[x-a| /R

34. H 0éon 710V OvVTUTOPOOEIYNOTOS OTNV pHOEONpOTIKN

OTTOOELKTIKY] O10.01KUGLO

2o pafnuotika Paocikég péBoodor amddeiEng eivor n gvbeia amddeEn Kot 1
OVTIOETOOVTIGTPOPT] , LIE KATOLEC TAPUALAYEG TTAVEM OTIC dVO AVTEG HeBOOOVC.
‘Etol éxovpe v :

Evlsia amodeén: Apyiloope and o mpotaon P, kot péom piag aivoioog
GLALOYIGUAOV TNG LOPPNG «EAV....TOTE. ..» KaTOANYoLUE otV TpdTaon Q . Tote
Mueont P = Q

Amooeién ue ypion tns avriberoavrioTpopns : Expetailevdpoocte to OTL 1

npotacn P = Q tooduvapel pe —Q = —P Ani. (Aektikd) avti va deifovpe

o0t P ovvemdyeton Q , amodeikvbovpe 1codvvaumg ott m dpvnon g Q
ocvvermdyeton v dpvnon g P . To érvpov g ovopociog g (avtifemn
AVTIGTPOPT]) TEPLYPAPEL TANPMG KL TNV OV TNG 0POoV OTOL0G SIKOLOAOYNGEL
po @opd v ovopasio e, dev Eeyva TOTE Kot TNV oNUAGia TnG.

Anayoyn €g aromov : Oélovtog va deiovpe 6TL P = Q , vmoBétovpe 6T N P
dgv ovvendyetor v Q Kot KOTOAYOUUE HE AOYIKES O100IKOGIEG OE KATL TOV

dgv otékel (dromo=: 10 un £yov TOMO) X GTomo KotaAnEope SOTL dexOnKape
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™V un oAnbelo ™G cLVETAY®YNG, omoTe e Pdon v apyn TS Tov HEGOL 1)
TPiTov  OmOKAMoeE®mG,  mpémel va  OgyxfoduE  VROYPEOTIKA TNV 10oY0 TNG
cuvenayoyns P =Q .
Anéoelin pe podnpoatikn (| téhewn) emaywyn : H yvoot €101k omodektiKn
péEB0OOC Yoo TPOTAGELS TOV APOPOVV PLGIKOVS aPOLLOVG,.
AWdyeven pe avrumapddstypa : o vo StoyedoOLHIE TOV IGYVPIGUO HLOG
npdtaong, apkel va fpodpe Eva TapAdELY L TTOL VO IKOVOTTOLEL TIG GLVOT|KES TNG
TPOTAONG, AAAG OYL TO CUUTEPUGLA TNG

Ao ta TpoNyOVUEVE UTOPOVUE VO TAPOLUE LI 10£0L YLl TV OTLLOVTIKN

0¢om Tov AVTITAPASEYILATOG GTNV ATOJEIKTIKY SLOOIKAGIO YEVIKMG .

4. H Howdayoyik] Tov AvVTImopadeiypotoc.

4.1. H «xhdon Tov TapadelyLdTOV Kol TOV OVTITUPAOELY LATOV

Kotd v owaokorio elooymyns pog £vvolag € , SITUTMOVOVLE TOV
opwopd ¢ . Karodpe og K, 10 (10€010) medio xatavonomng g Evvolag & .
Avtd 10 medio, opiler mopadeiyuata [[I] mov mAnpovV TOV OploUO € Ko un
napodeiypato N avrmoapadeiypota [A] mov dev mAnpodV TOV OPIGUO € .
Mmnopovpe vo ypdwyoovpe, 61t 10 medio mAvew oto omoio vAomoleitor M
KaTavonon g évvolug tvan :

K= 4] . Opogavac [T1]() [4] #O , @hwg Oa iyape Aoyikh
avtipaon aeob Ba viMpye kdmolo mapddelypa mov Bo TANpovGE Kot dev Ba
TANPOVGE TOV OPIGUO.

‘Eyxope onhadn dapépion tov mediov katavonong mg évvolog Ke oe 600
(&Eéveg) KAAGELS 1000VVOUING, TOV TOPAOELYLATOV KOl TOV OVTUTOPAOELYLATOV.
2mv [A] avikovv 6lo T TopadelypaTa TOv SV TANPOHV TOV OPIGUO KOl GTO

[I1] 6Aa T TOPAOETYLOTO TTOV OEV TOV TTANPOVV.
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210 1010 cuumEPACUATO PTOPOVLE VL KATAANEOVLE KL oV BE®PGOVUE aVTi TOV
opGHov TG €vvolag € , €va omoloonmote Bewpnua 0 , dmov ko ekel £yope
nedto xatavomong Ke ko avtiotoreg wxAdoelg Ilapaderypdrov [I1] ko
Avtimopadstypdatov [A].

To evdlopépov madaymywkd onueio elvar O6tt ocvvnbog Yoo va
EUMEODMGOLLE U0 KOvOUpylo  €Vvold, YPNOLOTO0VUE Tapodeiypota
TOPAPAETOVTOG TNV YPNOCIUOTNTO TOV  OVIITOPAOELYUATOV. Ovolaotikd
TapoPAETETOL (ol KAAOT TTOL OVIKEL GTO TEGIO KATOVONGONG TNG £VVOLag KOt 1)
omoia givar €€ {oov oNUAVTIKY e TNV KAGOT TV Tapadelypudtov. Xdvovue Kot
oVGilaV TO NUIOL NG TPOG eumedwoty évvolag. [ mapaderypa: Me to va
dtvovpe mopadelyuaTo HOVO GUYKAIVOUGHV 0KOAOVOIDV , 0EV KOTOVOOVUE TNV
évvown ¢ ovykMong. [pénel mapdrAinia va divovpe kot avtimapadetypoto (1)
un mopadeiypota) cuykAvovo®v. AAAG Kot To Topadetypota , dev givor OAa
oodvvaung owaktikng ofiag . H xAidon [II] ocvwnbog amoteieiton omd
vrokAdoelg [I1;], [TLz], [I15], ...,[I],] G@vTitPpOCOAELTIKAOV TAPUIELYRATOV
omwg kot 1 kKAaon [A] amoteleiton and vmokAdocel [A1], [Az]l, [As],..., [Ax]

OVTITPOCMOTEVTIKAV OVTITUPUIELYUATOV.

IMa to Tapadetypoata woydovv:

[, JO I J T .. O, =[]

ULIN[I,1=9 Vi#j pe i, jeil,2,3,4,..v}

[Mo ta avtumapadetypoto 1oyvovy avdioyeg oxéoelg av Bécovpe O6mov
I1, To A.

‘Eva mopdostypo oviker 1 Oyl O O GUYKEKPUEVT KAAoM
OVTUTPOCMOTEVTIKOV TOPASEIYUATOC, OV TANPOL 1] Ol P W10TNTO. TNV OMoin
umopoVe va. KaBopicovpe €K TOV TPOTEPMV EUEIS KoL 1 omoia va €xel €va
Kdmolo daKTIKO vonua. H 1816t ta mov Ba Bécovpe Ba €xel povo ddakTKd
vonua kot dpa o TpEmel va £xeL VOMLLOL 0VOPOTOKEVTPIKO, LOONTOKEVTPIKO, TTOV
vo €xel ox€om UE YUYOAOYIKA 1 EMOTNUOAOYIKE 1] OO0KTIKG eUmOdto. kot Oa
Aopfaver vt Oyv Tov TopicpHaTa TNG WYLYXOAOYING TG HABNONG , TNG YVOGLOKNG
EMOTAUNG , €lT€ TG Yuyxoroyiag TV pobnuotikedv. Me autd mov ypdoovue ,

iowg vo kopilovpe yAavkav g ABnvag, oaAdd Ba mpémel va tovicovue OTL TaL
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LoONUaTIKE avTiKeipeva OTmS Ta mopadeiypota, UTopel vo. vIdpyovV cOUe®VOL
pe v HAatovikn avtiinyn aveEdptro and pds 6ToV YOPO TOV WEDY , OALY
Ba pémel va TpoceYYIGTOOV amd avOpPOTOVE GLYKEKPILEVOV NAKIDV, EUTEIPIOV
,VOOTPOTiLG ,MOAMTIGUIKOD EMITEIOV, e dedopéva péca Ko o€ doBévta xpovo,
TPAYLO TTOL oG ETPAAAEL VO EILACTE GOPELS ,TEPLEKTIKOL KOl VOL ETLTVYYOVOVLLE
BéATioTo amotéhecpa ,6€ EAAYIGTO YPOVO.

No ododue pe €éva mapaderypo , TAG ovtd TO AETTOUEPECTEPO
vwooerypo  (povtédo) epoapuoletor oe éva OWOKTIKO TPOPANUO  TOV
ATelpooTikoy AOYIGHOD KOl GUYKEKPIUEVO, GTNV E00YWYN TNG CVYKAMONG
axolovBiog oe mpaypatikd apBud o .

H widmrta ta&ivopnong mov 0o Bécovpe eivar n «mtd¢ K1 omd woH
mpoceyyilovv ot 0pot (oG cuykiivovsag akoiovBiag to dpo a» To kpurmpro
avtd dev tibetan avbaipeta, addd AL va vroypappicst Eva cuvnbeg AdBog —
Toapovonon mov £xovv ot padnTég amd TV eE@UaONUATIKY £vvoln «TANGLAL®
Kémovy Ztnv Kadnuepwn pog {on tAncialovpe kdtt amd pia Katevbovvon . Av
elpaote Tavo og pia evbeia OTMG v TpoKeWEVE, TAnctdlovpe 1 and aplotepd
N omd 6e&ud povo. To va ektedd @OBivovoa TOAAVTOON eKOTEP®OEY TOV O dEV
glva £vog cuvnONg TPOTOC TPOGEYYIoNG EVOG OVTIKEHEVOL GTOV PLGIKO KOGLO.
Eniong to vo akivntomolovpol mhve oe éva onueio dev Bempeitanr Ot givan
«TPOTOC TPOCEYYIONG» OAAGL OTL €Y @PBAcEL KATOL. AKOUO TEPIGGHTEPO VOl
eB4ve oto {nroduevo onpeio , va omcsoywpd , va 10 TANGLAL® TEPIOTOTEPO
va 90Gve , va omicBoymp®d K.0.K.  XTo podnuotikd pEcm g apaipeons xovv
VONUOL KOl TETOLEG «TPOGEYYIGEIS) POV OVTO VONUATOO0TEL 0 OpIGUOG NG
oVYKAoNG. Mnv Eeyxvape Ott Kot n AEEN «mpocéyylon» eivar eE@UabNUOTIKY .
Ay 10 mapaderypa g otabepng akorovdiog {ay} pe o,=3 mOL GLYKAIvVEL GTO
3, dev mpémel va. 10 PAETOVUE G £VOL TETPUUEVO TOPAOELYLOL GOYKAIONG, OAAG
piAAov ®g éva coPapd aviuropddelype OtV KOTEGTNUEVY] OovTiAnym Ot
«ovykMvovoo akolovbioa oto o elval pia  akoiovBio. g omoiag ot Opot
mAncalovv xwpig moté va pBdavouv to dpron. To va Kavel Kavels «oNUEIOTOVY
v o610 Oplo ywpic vo Padilel €éotm Ko eldyiota dev Bempeiton OTL givan
TPOTOG MANGCIAoUATOC pE o eEopoadnuatikny évvown. Mnv Egyvape, 0Tl 0
TPAOTOG coPapds  aplBunTikdg optopodc ¢ cvyKAong mov d00nke amd Tov
Cauchy ékeye: «Otav ot dwdoykés TWMEG mov maipvel ol petaPint

TANc1alovy cuVEYMG o€ oL oTafEPT] TN , £TCL MOTE GTO TEAOG VO SLOPEPOVY
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and ovtv Katd pio mocoOTo 600 BEAovpe piKpr, TOTE 1M oTABEPN OLTY
ToGOTNTA OVOUALETOL OP1O TOV GAL®Y TOGOTNTMV.» XTNV  S10TOTWGCT OVTH dEV
EUTEPIEXOVTOL COPDOG Ol TeEMK(O otabepés akolovBieg mov ocvykiivovv. H
Exppoon «O6co BEhovpe LIKpN» Oev EUTEPLEYXEL TO «dEV daPEPOVY KABOAOLY
EVAD OTOV GUYYPOVO «E, O» OPIGUO, EUTEPLEXETOL LEV, Ol OUWMS COPDOS Y10 TOV

TPOTOEIcOKTO pobnt) og avty v évvotla. 't avtd ko Ba mpémer va yivetal

dtevkpivion , pe éva mapaderypo teAkd otabepnc akoiovdiag.

'Etot éxovpe ta €€nc:
Tuykhivovoesg AkorovOisg mpoypoTikdy apOpdy otov € R
Kiaon | IIM0oc | ITAq0oc | ITIMBog | Exmjpwon acBevéstepng cuvOnkng amo tnv
opov <o | 6pov=a | pov>a lacal<e, VVv=>v(g)
[Th] nen/vo | mem/vo | mem/vo | Aev tig e&etalel o Amelpootikodg Aoyiopdg
[I1,] 0 nEn/Vo | IEM/VO | O<a—a, <& , Vv=2v, (&)
[II;] | mem/vo | o men/vo | O=a—a, <& , Vv2y,e)
[T14] TMEN/VO | MEM/VO | oo O<a,—a<e,Vvzye)
[I15] 0 0 nen/vo | 0<a—-a, <&, Vv2v, (&)
[IT6] 0 TEM/VO | o0 O0<a,—ake,Vvzyye)
[I17] TMEM/VO | o o0 0<a -a<s,Vvzye)
[Tg] ) 0 o0 la, —al<e , Vvzv,(s)
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O avayvdotg, pumopet va det 0Tt ot kKAdoelg [I1p] — [IIg ] kaAdmTovv
Ohec TIC duvatég mEPTMOGCEIS TapAdEypdTOV cOyKAMong oto a€ R kot ot €&
0pIGHOV , givar EEveG ava dvo.

Ytov  avtitoda  €govpe TG KAGOEWS — OVIUTPOCMOTEVTIKMV

AVTITOPAOELYLAT®V TTOV givat:

MH Xvykiivovoeg AkorovOieg Tpaypatik@v aprtOpov.

Kkiaon I 006 opraxa@v aprOpudv
ALl [All] Ienepacpévo > 2 Kot OAOL TPOYUOTIKOL
1
[A%] Amepo Kot OAOL TpaypaTIKol
[Az] Movaduog 1o +oo
[As] Movadikog, To -0
™ TovAdyiotov dvo , pe éva
¢ TO + 00 glTE TO -0
zmv TOLPOTTAVE® Katnyoplomoinon TOPOdELY LA TOV Kot

OVTITOPAOEIYUAT®V , UTOPOVV VO, TPOGTEOOVLV Kol Ol TAYIEG KOTNYOPIES TOL
€0y , mMuyevikod 1 yevikod mapadeiypatog ovykMong (Q¢  yevikd
TOPAdELYILa. GLYKATVOLGOG €0M Bempeiton Taca axorovBio wov akorlovbel tov
YVOGTO 0PIGUO NG GVYKAMONG.)

[Ipémetl va onpetmbet 611 o1 KAAGELG TOV BE®pPOVUE VUL AVTIKEUEVIKEG,
otov Pabpd mTov VTOINADVOLV GYECELS EYKAEICHOD GE EVVOLES ML TOV OmOiwV
vrotifeTon OTL éxel GLUEMVHCEL OAOKANPY T MOONUOTIKY KowoTnTa, , OAAG
e€opTOVTOL KOt ard T0. KPLTHPLOL TOV OOLTOVUE (VITOKEWEVIKA ) VO EKTATPOVV.
®a umopovcape A.y. vo PAAovpe oTNV KATATOEN KOl TNV EVVOl0 «@OPOyUEVT
akohovBioy Oupwc, oe kdbe mepimtwon €vag  oLYYPOEENS OLOAKTIKOD
gyxelprdiov Amelpootikod Aoyiopov, opeiiet:

e  Na yvopilet Tic SuvaTég KAACELS YOPAKTPIOTIKMOV TOPASELYUATOV KoL
OVTITOPASEIY ATV TNG EVVOL0G TOV BEAEL VAL E1GAYEL , AVAPOPIKA LLE TOL

YVOOTH YVOOTIKE , SIOOKTIKG KO EMGTNLOAOYIKA EUTOO. .

7 Lty BiPAoypogio TOV HOOMUATIKGOY LITOPODLLE VO GUVOVTHGOVLE SIGPOPOVS |1) 160SVVapOUG
OPIOLOVG Yo KATOLES £VVOLESG , o’ dToL TTNyalovV Kot ApKETEG TAPAVONGELS Kot AGOT.
Extetapéva oy mopodoa epyacio £XOVHE GYOAAGEL TOVG TOAVGNUOVTOVG OPLGHOVG TNG
évvotag «onpeio Kapmio»
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e No mopabécel KaTdAAnAo SWOUKTIKE AVIUTPOCOTEVTIKG TapadelyoTo
Kot aviutapodeiypato ond Oheg TS KAAGES , OOTE va KOADWEL
VONUOTOOOTIKA TANPOGS , TNV TPOTOEICAKTT £VVOLCL.

Q¢ TPOKTIKY EPUPUOYT], TO OAVOTEP® TEPLYPAPEV TPOTLTO, O PTOpoVGE Vo
€xel oy afloAdynon tev vd KPIioy S1O0KTIKMV EYYEPOIMV TOV LOONUATIKOV
TOVAGYIOTOV OO ATOYNG TANPATNTAS TOPOVCLAGEMS TV evvolmv. [Ipog tovTo
amoLTEITOL 1 €K TOV TPOTEP®V oLVTAEN €VOG KATOAOYOV TMOV EVVOLUDV TOL
TEPLEYOVTOL GE EVOL EYYEPIOI0 KO TOV KAACEDV TOPAELYUATOV TOV TPEMEL VO
meptEyel kbe €vvolo pe v ovoykoio SWokTikn teKunpimon. Emiong twov
KAAoEOV TOV avTimopadeypndtov g . To Tt €idovg Papvtnta Ba emdeitetl oe
KkdOe moapdderypo kdbe KAAoMG £vog GLYYPOEENS Kol TG Bo To Tpooeyyicel
glva ev moAAoig d1kd Tov BEpa Kot evéyov apketd PBadud vrokepevikdtroc. H
Omapén OpmG OA®V TOV KAAGE®V TOPOUOEIYLATOV KOl OVTITOUPUSEIYUATOV LG
évvolog etvat avTikelevikn kot dvvatol va givor factkdc Kavovag aEloAdynong
evog 0100KTIKOV gyxelpdiov. 'Evag d1ddokwv Katdémy , givor e0KOAO va, KOADYEL
TAP®S TNV Evvola apkel vo yvopilel To povtédo pog 1 vo akoAovbet Eva BiAio
7oL TO £l AAPEL VT “OYV TOL.

o mv mepintoon Ay. ™g évvowng g oOykAong axolovBiog pmopodue va

KOTOGKEVAGOVLLE TO TOPOKAT® :

IMapadeiypato cvykAvovs®v akolovdidv A.y. o100 € R:

1

e o= -——>0 Olot ot 6pot ¢ (tehkd) eivar apiotepd TOL UNdEVOC
14

(Avtimpoconog g kAdong [I12])])
° Caz{l,avvﬁldm

O1 6pot g (terkd) givar pnodév. (AvrpoOcmTog
0,av v>10""

g kAdong [I15]

° =l_>0 Olot o1 Opot g (teAkd) eivor 0l TOL UNOEVOC

\%

(Avtimpocwonog g KAdong [114] )
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L ,avv=2K , .
e a,=1 Vv (Avtmpdownog g khdong [I1s] )

0 ,avv=2x+1

o a =G 50 Ot 6pot g (tehkd) elvor ekotépwbev TOL PNOEVOG
14
(Avtimpocwnog g KAdong [I1s] )

1

—,avv=2K , .
e o, =1V (Avuumpoéocwnog e kKAdong [117] )
0 ,avv=2x+1
l ,avv=3k
1%
e o,=1 0 ,avv=3k+1; (Avumpoécwnog e kAdong [I1g] )
—l ,avv=3k+2
1%

Avnimopadeiypata pn cuyKAvovs®v akolovlidy etov a € R

) an=1+(_1)” &xet 000 oprakovg oapBuovg, to 0 kor tO 2

(Avtupdconog T kKhaong [A;] vrokhdon [A'1])
e «a, =V —>+0 (Avumpdomnog g kAdong [Az])

o o, =—Vv——0 (Avtmmpdownog ¢ kK dong [Asz])

v

n, av n GpTio , , , ,
e a, = P g, éxel 500 oplakovg apBpovg , o 0 kot to +00
0, av n mep1TTOG

(Avtumpdownog g khdong [As])

]
p———av n=p",p=npOrog , , .
e q,= p- €xel ¢ AmEPOVS OPLOKOVG

n

0, av n# p",p=npoTog
apBpovg kébe mpmto kot 10 0 . (O IpdTOoL givar dmepotl oto TAN00G
omd oyeTikn TpoTacn Tov Eukeidn , evd p* = ¢* v p, q ,mpdrovg , kon
K, A QUGIKOVG , AOY® TOL HOVOSIIKOD avamthHyHOTog £vOg aplBpov og

ywopevo TpdTev.) (Aviupdéconog e khaong [A;] vrokidon [A%])
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Ev kataxigidr, propovpe va cvvoyicovpe ta e€Ng:

Ortav o dwdokmv oyl po €vvola , Tpénet vo yvopiletl tTig cvvnoelg
TOPOVONGELS Kol T0, cLVION A4 TV padntov. Eva onuovtd pépog and ovtd
o AaOn mpoépyovior  omd AAVOUGUEVEC VONUOTIKES OVOTOPAUCTAGELS TOV
TPOKAAOVVTOL €V TO YeEVVAGHOL Kot €V T YiyvesHor TG 01KodOUNoNG HOG VEOS
évvowg , amd AavBoopéva Lovtéda, To Omoia e TNV GEPE TOVG TPOKAAOVVTOL
Kot omd edMmn  ((=0)1 OA®V TOV VTOKAGCE®MV  )Topadelypoto Kot
avTuropadelypata.

Oeopntikd pmopet évag pabntg va yvopilel anepo mopadeiypoto,
OAAGQ ETEWN AVTA UTOPEL VO UMV €Vl AVTITPOCOTEVTIKA OA®V TOV KAAGEDV
vo unv katavoel v €vvola tng ovykMong. [ati dpaye o opiopdc g
ovYKAivovsag akoAovBiag meptlappdvel v araitnon n OPopa o,-a vor gfvart
péoa og amolvtn Tun; Avtd kabioctator Povepd HOVO av EYOVUE TOLAAYIGTOV
éva mapdadetypa and v kidon [IIg] Move évag avripéommog Tng KAAGNG
[IIg] propel vo. O1KALOAOYNOEL TIANPOS TOV OPLOURO TG GVYKAOGNG, EVO TO
o0voA0 0LV TOV TPONYOUUEVAOV KAGCE®MV OKO10A0YOVV pove o
aocOevéotepn ovvOnkn ovykhong. .(BA. mporoyo avtdOr) Katomyv avtov
EIGAYETAL 1 YEOUETPIKN EPUNVEIR TOV OPIGHOV KO LOVO TOTE 1) VONTIKY| EIKOVQL
nov Ba oynuoticst o pobnmc propet va elvon TAnpng kot dpa akpifric Ot
madootepol podnuotikol Bo evBvpodvtor 6Tt Ta TOAD TOMA €yyepid TOv
IMopvaciov (Enueptvod Avkeiov) oev giyav ovte €vav avtmpdo®TO amd TNV
KAaon [Ilg] , iowg ko amd v KAdon [I13] .Me ta onuepivé ddaktikd Bipiia
dgv umopet va yivel GOYKpLom, Hog Kot 1 €vvola dgv O1000KETOL GUOTNUOTIKG,
K&TL TOL OUWG pmopel va yivel oto €yyOg péEAAOV . Mmopel dpwg va gicayfovv
OpaCTNPLOTNTEG TOL NON UTOPEL VO VITAPYOLV HE AAAN poper. Adyov xbptv avti
™G ovvibovg mpocéyylong tov  guPadod TOoL  KOKAOL pE  TOAVYWVQ
EYYEYPOUUEVOL Kot mepryeypoppéva  (looovykiivovoseg akoiovbieg) Oa
UTOpovGE Vo yiveton pio amhf Bedpnon- ovagopd , oty akolovbio mov
onuovpyeitor  pe to. TOADY®VO EYYEYPOUUEVE KOL TEPLYEYPAUUEVE EVOALAE
GTOV KOKAO.

1o ohokAnpopa Riemann (1 kot oto anrovotepo Cauchy) mhir £xope

dV0 aKkoAoVBiEC TPOGEYYICEMY TOV AVATEPOV KOl TOL KOTOTEPOL ABPOIGHOTOC .
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Anrodn ot yeopetpikég Bempnoelg kot eronteieg mov amokopilel otV meipa
Tov  €vog omovdaoTtns (éo0t® KU av mponyohvtal NG £vvolog «OUYKAOM
akolovBiogy ) eivar 1oyvpéc vmEp ™G pHovOmAEvpNG SVYKMONG amd 0vo
akoAovBieg Kot Y1 aVTO TPEMEL VO, VITAPYOLV KOL TO OLOUKTIKA OVTITOPAOELYLOTOL
v va, unv BempnBei 6t1 dev mpoceyyiletal Kamolo 6pto kot apginievpa and pio
axolovBia.

4.2. H Kx0T0.0KE01] TOPOIELYLATOV KOL AVTUTUPUOELYLATOV.

H xataokevn evog mopadeiypotog mov va mAnpoi kdmoleg cuvonkeg ,
glvanl o Tpaén g omoiog N dvokoiio KvpaiveTon amd eEopeTIkd EVKOAN, £MC
e€apetikd dvokoAn . [Ma mopddetypa , e Ho TOAVOVUUIKY £KQPOoT) , O KAOE
évag pmopel Vo KOTAGKELAGEL TOPAOELYLLO. GLVEXOVG OGULVOPTNOEMS, EVM
TAPASELY LN GLVEXOVG GUVOPTNOEWMS KOl TOVBEVE TOPay®YIGIUNG KOTAGKEDOCE
Katd mpotov povo 1 pabnuotiky wwoevio tov Weierstrass . Emiong sivon
yeyovdg , OtL dev vmApyel TAVTO KATOOG OAYOPIOUOG KOTOOKELNG €VOC
TapodElyLATOS , POV TO EPATNUA Yo TV VIapEn Tov GuVNHBWG gival avolKTo
Kot dgv yvopilovpe ek TV Tpotépwv TV Ymapén tov. H katackevr| yivetal pe
TEPOAUATIOUO TPAYUO TOL GCLVEMAYETOL UEYAAN Kotavdimon ypovov. O
TEPOUATIOUOS OUMG avamTHOGEL pia dtaicOnomn Tov Tt glval VTO TOV AKLPDOVEL
TNV €QUPLOYN EVOS 0PSOV 1) TTOL StoyeHOEL Lt TPHTOON.

Mo mopdderypo 1 KOTOOKELT LG CLVEYOVS KOl PN TOPOY®YIGUUNG
GLVOPTACENG GE KGO0 onueio , Tpodmoditel Ty vrapén yoviac® oe avtd. Ma
Vo KOTOOKELOGOEL oL TOVTOU GUVEXNG KOl U1 TTopoy®yiciun cvvaptnon , Oa
pénel va €yl dmepa 610 TANO0S Yyoviddn onueia. Avtd dpmg dev @Bavet,
AoV UTopel Vo €YOVUE IOl CLUVAPTNGOT UE TO TOPUKAT® OLByPOLLLO TOV OEV

KavOTolEl TNV amaitnon pHoc.

% H évvota «yavian pmopel va evvoeitan pe v gvpeia apyaloeAAnviky pobnuatikny onpocio
01OV €KTOG amd TIG YVOOTEG EVOVYPANLES YOVIES £YOVLE KOL TIG KAUTVAOYPOULLES T
UEWTOYPOUUES YOVIES.
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"Exops ameipo yovidon onpeia, ohld Kataviépovtal 06001mwote kKovta oto (0,0) povo.

®o pmopovoape vo EYOVHE Kol TAAL ATEPA YOVIDOON oNUeEin KaTavepnuéva
ancipwg kovtd oto (0,1) , OT®MG POIVETAL KOl GTO TOPATAV®D GYNLLOL.

H 10éa tov Weierstrass €ykelto 610 vo mhpel €vo amAd ypaenuo pe €vo
YoViddeg onueio omnv péon Tov doTNUATOS opiopov. Eneita  yopioe 10
dwomua og v Quyd ioo tunpata kot wpocéfece v 610 TAN00G VER YOVIDOT
onueia . Avtd emTvyyAveETOL LE TO VO TPOCHEG® o vEX GLVAPTNGT OTNV
apyIKN 7OV vo. €Yl V «dOVTAKIO» . TN ovvExeld, kdbe €va amd To v oo
KOUUOTAKL , TO YOPLoE TOAM G€ V o0 kot mpocebece i Tpitn cuvaptnon Le
v véa «Sovtakion Doiveton €0A0YO OTL TIPEMEL VAL TPOGHECH AMELPEG TETOLES
ocuvaptnoels . AAAG Opm¢ To amotédeopa TV dnelpav mpochicewv Ba mpémet

va €l VO GuvapTNonG , OMAadn va GuYKAIVEL | oElpd Kot dpo avtd pmopel
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va emtevyfel povo av mpocHET® GUVOPTNGELS JOPKDG HKPOTEPOL VYOVG
(neylotov) KOl HOMOTO KOTAAANANG HeimoNg ®OTE TO AOPOIGHO OA®V TOV
peyiotowv va eivon memepaocuévog aplBuods. Avtd axpipdg vAomoince o
Weierstrass kot métoyxe po Bovpooty cvvdptnon mov Oo dodue mopakdTo

Aemtopepdg kot o amodeifovpe Tig 1010TNTEG TNC.

093

0938

[uk:i:]

0825
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033
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0165

o1

0.055
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"Exo c@pegoon dreipov YovoKkov enueiov oto onpueio (0,1)

Ta mponyovpeva 1yvoVY Kupimg otV podnpatikny épguva. Xta TAaicto
NG OOOKTIKNG TOV LB UATIKOV OU®G To Tpdypata gival amAoVoTEPA, OPOV O
dwdokov kaieitar vo Tapafécel YvooTd Tapadeiypota Kol aviuropadelypoto
epapuoloviag vmhpyovteg amAovc  oAyopiBuovg Koataokevng Tovg. [
TAPAdEYLO  UTOPOVUE VO KOTOOKEVOACOVUE — TOPOOEIYHOTO  GLVEXDV
cuvaptnoewv abpoiloviag cuveyelc GLUVOPTNOELS, 1| TOALUTAACIALOVTAS TEC 1|
oynpotiCovtag v ovvleon tovg. Mmopoldie Vo KOTACKEVAGOVE PPOYLEVN
axolovBio expeTaArevdpevol 0Tt kdbe cuykAivovsa eival ppayuévn k.o.x. Edd
n Beopia vrootpilel ™V KOTACKELY] TOV TOPAOELYUAT®OV, TNV OmOoid O

dwaokwv yvopilet mpwv TOV O0ACKOUEVO KOU UTOPEl vao TO  OvVOCVPEL
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KATOAAMA®G.  Xt0  Téhog eKkdotov  KePoAoiov mopabEéTovUE  KATOLOLG
GTOLYEUDOELG KOVOVEG KATAUOKELNG PACIKAOV TOAPAOELYUAT®V Yol TNV TEPIMTOGN
T0L ATEPOGTIKOD AOYIGHOD.

H xotaokeu €0KOV ovTImopadEyldTOV 6 OPIGHO £YKELTOL GTO VO
Thpovpe Eva TOPAOELY L0l KOl VO, TO OAAOLUDGOVUE LE TETOLO TPOTO DGTE VO Yivel
ovTimopadetypa. ALy, , av mapovpe v ocvvapmon f(x)= x> /R dev sivan
povotovn oAAd 1 Bt avaivTtikn Ekepacn optopévn oto [0, +00) divel yvnoimg
avéovoa cuvaptnon , 1 B ékepacrn oto (—o0,0] divel yvnoing ebivovoa ,
petofoAn) tov exkBétn oe mepirtd divel yvnoiog avéovoa oto R, 1 apvntikn
TPOCTLLOVOY OVTIGTPEPEL TAL OGTNUATO HovoTtoviog, 1 mpocheorn Oetikng
otabepdg kabiotd v e&icwon f(x)=0 advvarrn, eved N TPOGOHEST APVNTIKNG
otabepdg diver dvo dapopetikég pilec v v dw e€lowon , N aAAdayr Tov
nediov opiopov oe N v Kabiotd arxolovdio mwov eivar cuveyng oe kébe onpueio
™G, aAAd movbevd mapaywyioyun «.4.

Ed® Oo mpémer va  oavoa@épovpe, OTL LTAPYOLV KATOWOL EVIEAMG
YOPOKTNPIOTIKE Topadeiypoto To omoio, €mMEWN EKEELYOLV TV GLVNO®V
mlociov g emomteiog Kot SwaicOnong, ARG mapdAAnAa €yovv TOAAEG
OWUKTIKEG EPOPUOYES OTOV ATMEPOSTIKO Aoyioud. To gvydploto yeyovog givat
o1t elvan eddytota oto TAN00C , TPy Tov Kaf1oTd avoyKaio TNV KToT TOVG
amd omovdaotég kot ddokovies. [lapadétovpe katd Bactv dvo povo, ta omoia

OLMG £YOVV EEAPETIKO EVOLOPEPOV.

2T1¢ akoAlov0isc-osipéc ¢

n o=(-1)" , eivar 10 «d10KTIKO TAGTAPTOV» TOV avoiyel TOAMG  cuVAOn
EPMTNUATO, TOL ONUIOVPYOLVTAL KATO TNV OO0CKOAlL TOV KePaAaiov TV
aKOAOVOLDV-CEPDOV:

e Agv givar cuykAivovoa.

o Eivor ppayuévn, aAld dev givarl cuykAivovoa

o 'Eyet oplaxod apiBuod to 1, adrd dev cvykAivel o ovTOV

e Xe KGBe mepoyn tov 1, €xm dnepo mANBog Opwv TG, aALd To 1 dev

glva Op1o .
e Agv ouykhivel, aAld M | ay | cuykAivel oto 1 .

e Agv ouyKAivel, 0AAA M (o) ovyKhivel oto 1 .
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e Acgv ovykhivel, 0AMG M SR DN
a

e Av fsopriiom v a, Kot ™V By=0y+1 , TOTE KO 01 V0 deV GLYKAivoLv,
oAGM o, +8,=0—>0
e Ouay xar By dev ovykAivovy, opwg «, 8, =-1— -1

aV

e  Otay, kot Py 0ev GLYKAIVOLV, OLL®G =—1->-1

P

e 0u,~=0 —0evdn ay dev GLYKAIvEL

e H a, dgv givan cvykiivovsa, aAld £xel 000 GuyKAivovseg vTakoAovBieg
TIG Opy= 1% 51 kot apye= (-1)* >-1.

e H o, dev givar ovykiivovca, aAld €xel amelpeg vrokolovdieg mov
ovyKhivowy 610 1, TIc ae=(-1)"" pe ke Nkabhg kar Gmepec mov
ouykhivouy 610 —1 , Tic A =(-1)""" keN.

e Eivor mapdostypa pn povotovng axoiovdiog.

e H Xepéc i(—l)” kot (=)™ 8ev cvykhivouv, dpoc o dOpotoud
n=0 n=0

TOVg io[(—l)" +(=D)"= io(—l)"(l -1 = foo =00

0

1 .
= Y — amoKAiveL.
n=1N

(_ 1)n+1 . l

. il(—l)"“ % ovykAivel. Opocn S .

n=1

H i(—l)” dev ovykhivel, d1otin (=1)" - 0 (givar amokAivovoa).
n=0

Opwmg av e1odym mapevOEcelg (KATL Tov YEVIKMG Oev EMITPEMETOL OTLS GELPEQ)

UETATPENETAL GE CLYKAIVOLGO, OTWS PAivETIL TAPUKAT®:

i D" =1-1+1-1+1-1+1-1+---

n=0
®=01-H+d-H+1A-D+1A-1)+---
=0+0+0+0+0+---
= 0. Anlad" @aivetar va ovykAiiver oto 0.

‘Etot e€nyeiton to «mapddoo» , apov n wooétnta (*) eivor AavBaouévn.
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2TIC GUVOPTNGELS , GUVEYELD , TOPAYDYICT KOL OAOKANPOON:

H ovvdpmon tov Dirichlet f(x):{

I av x “PPWOQ} glvanl emiong éva

-1 av x pntog

TOCTAPTOV —OOUKTIKO TOPASELYLOL , OLPOV:

Eivon acvveymg

Elvar acvveyng oe ke onpeio tov mediov opiopov g,

Onolocdnmote mepropopds g f oe dbotnua tov R eivan emiong
acLVEYNG.

Q¢ acvveyng dev mapaywyiletar g Kavéva onueio tov R .

H f eivon acvveymg movtov, oArdd n [f] etvar cuveyng mavtoo.

Av  g(x)=-f(x) t0TE KO M g £lvon acvveNC TAVTOD, ARG M

fg(y)=-1 eivar mavtov ocvveyng, ommwg ko N (f-g)(x)=0 eivor mavtov

owvexng , ommg kar n S (x)=-1 glvan cvveyng , Ommg ko N (fog)(x)=1,

glvon emiong cvveyne.

Elvar meprodikn| pe mepiodo oodnmote Beticd pntod apBud. (Zopeova pe
dAL0 oplopd NG TEPLOOIKNG GLUVAPTNONG, OeV elval TEPLOOIKN S1OTL dev
€xel ehdyiotn Oetikn| mepiodo.)

H f? eivon cuveyic, evo 1 f eivar acuveyic.

H pix)= Loy x appnrog| Ag, ekmAnpol TG mpoimobécel Tov
0 av x pntodg

Ocwpnuotog Bolzano «otov péyioto svvatd PBabuo», eved exminpoi to
CLUTEPACO. «GTOV LEYISTO duvatd PBabud», mpdypo mov v Kabiotd
W0OVIKO TOPASELYHA Y10 TV UN oYL TOV OVTIGTPOPOL TOV BE®PNHOTOC.
(Ixavég, aAdd Oyt avaykaieg cuvOnkeg , BA. B1.6.5)

H f(x) eltvon mapaderypo epoypévng cuvapTnong.

H f(x) Agv givan povdtovn cuvaptnon.

H f(x) , 6yt novo odev eivor povétovn oto R, oAAd dev vmdpyet
vrodidotnua Tov R 6to omoio va givat povotovn.

H f(x) opiletar 010 R ko €xet dpueréc medio Tinmv.

H f(x) opileton oto R kot og xébe vrodidomuo tov R ocodnmorte

piKpo, mepiéyoviat dmelpeg 0Ecelg akpotdtv ™G f.
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H f(x) /[o,p] elvor opoypévn wor oev elvar  katd Riemann

ohokAnpoowm, opog M |l kabbdc xam n £ eivor Riemann

OAOKANPDOGLEC.

e H h(x) / [a,p] , etvan @paypévn kor dev elvar katd Riemann-Stieltjes
oAoKANpOGIUY, ival Opmg kotd Lebesque

e H féyer v e€elnmuévn avoivtikn Ekepocn

f(x)=-1+ 2[1i12 ovv" (n!zx)]

e Av  g(x)=—f(x) tote xou m f wxor m g Oev eivon Riemann

OAOKANPOGILES, OALA TO Yvopevo tovg fg(x)=1 , eivar Riemann

OAOKANPAOGIUT GLVAPTNOT).

Ola to Topamdve koD Kot GAAN GYETIKA , TO JLOTPAYUATELOLOOTE 6TO B’

HEPOC NG epyaciog oTig owkeleg BEGEIC TV KEPOAOiwV.

43 H Kovotpovktifikn MOWWOYOYIKY] OvVTIANYN Kol TO

OVTITOPAOELY L,

Xoppova pe v veatepn Bempia tov Owodopiopot (Kovotpovktificuon) ,
VAP ovVV dVO Pactkég apyég:

1) H yvdon xotackevdleton €vepyntikd omd TO VTOKEIHUEVO Kol OEV
cvAloppdvetor madnTikd and To TEPPAAAOV.

2) H yvoon elvor por dodikacic mpooappoyng He Ttov KOGHO TV
EUTEPLOV Kol Ol (ol 1 dKacior avakdAvYNS Tpobmapyovtog KOOV
mov gtvar aveapTnNTOog O TOV YVAOOTN.

2Opeova pe T 600 mapomdve BepeMddelg apyés, oev gival ot emepPacelg

TOV EVIMK®V TOV €TOPOVV GTNV KATACKELT TNG YVAGCNS TOL TTadov, 0AAN Ot
gumepieg Tov Tod100 amd AVTEC TIG ENEUPACELS, ETOL OTWG OVTO TIG EPUNVEVEL ,
Bacwlopevo otic NOM vrapyovces yvaoelg tov. O egvniikoc, dev pmopel vo
TPOKOAESEL EUTELPIES 6TO TTOdT O10 HEGOV TV SIKMV TOV EUTELPLDV.

H xatavonon Aowmodv pog pobnuoatikng évvolag ydver tov omdALTO
YOPOAKTIPO TNG KOl OTTOKTO oL O10VEL EEQTOLUKEVIEVT LOPPT] , M omoia YiveTon

QVTIKEILEVO OLOTPAYUATELONG LEGO OTNV TAEN. ‘Exovpe dniadn viobétmon
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EVEPYNTIKAOV HeBddmV pabnong , péca amd v KatdAAnAn oyedioon HECW® TV
omoimv Ba 0dcel 0 dAoKAAOS oTov polfnTn TNV dvvartdtnTa Vo YTicEL TNV
péinon. Avtd oto podnuaTikd yivetal pe «dodkacie Ao TpoPANUOTOC.
(Problem Solving) 1 Avtikr| TpofAnpatog

Mo tétolo OladtKacio.  OMUOIVEL TEPOUOTIOHO, €KOcio , OOKLUN
LOTPAYHATELST oTNV aifoVvco, EVEPYOTOINGT EVPETIKAV KOl OVGLUCTIKG Lo
KaBodnyoduevn eravavokdAvyn g Yvoong , 1 onoia 0o tepdoel péca amd to
TOVAQ(IOTOV YVOGTA EMGTNUOAOYIKE PO , OO AVOUEVOUEVO COAALOTO KO
Kot ovciov Bo aKoAOLONGEL TO TPOHTLTTO TNG EMGTNHOVIKNG OVOKAALYNG .

‘Eva tétolo mpétumo , eivon tov Lakatos oto omoio 1o avtimapddstypo
&xel deondlovoa Béom . To cuykekpipuévo mpotumo tov Lakatos meptypdopet v
TOPOYWYN EMGTNUOVIKNG HOONUOTIKNG YVAONS OTMG TPAYLOTL TUPAYETOL KO
oY1 OT®G cLVNBMC TapovsLaleTal.

[Tpwv Aouwdv mapoyBei to Telkd pabnuoticd Bedpnua | TpdTOCcT, TEPVA
and evoldpeca otadl  AavOooUEVOV  EIKACIOV TTOV  KOTOPPITTOVIOL e
avrmopadelypata, yivetor avabedpnon ¢ ewaociog, avalnrodvrar véa
avtmopadelypota , PEATIOVOVTOL Ol am0dEiels Kot TEAOG KOTOAYOVLUE GTNV
TEMKT) TPOTOOT.

INa va toviotel n Béom, mapovoidlope kot v avtiBeon ( tov avtimoda)
GTO, TTOPOUTAVE :

210 SdaKTIKG £yxepidta N dadkasior TG AVAKIAVYNG OEV OVOQEPETAL.
Aoy m enelepyacio Tov Bewpruatog €xel yivel pe OMOLOOMMOTE TPOTO KOl
OTOLOONTOTE UEGO, OMOKPUMTETOL KOL OVOOLOPYAVAOVETAL TPOcOpUOleETOL |
GUUUOPPAOVETOL  AEKTIKO Kol GUUPBOAMKA HE TOLG KOVOVEC TNG TOPAYOYIKNG
pebodov. Or ddokarot kapd eopd BEAovToag va mapovccBovv mg HEYIOTEG
dudvoteg  pmopel vo. akoAovBovv v cvvBeorn kpOPovtag TV avaivon evog
mpoPAuatog . Avtd TPOKOAEL TIC YVOOTEG TOPEVEPYEIEG OV Ol TNG
padnuotikopofioc, ToOvAQyoTOV TNG MEI®ONG TOL EVOPEPOVTIOS YlOL TO
péonpa.

AAMG ag dodpe to mpdtumo (povtéro) tov Lakatos oe amAomompévn

HOPON:
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AMNAOINOIHMENO TMMPOTYIMNO TOY LAKATOS TA THN MAGOHMATIKH

ANAKAAYWH
EIKAZIA
£ >
ATIAH EEETAZH

£ >

ANAXKEYH

Q¢ amotélecpa amd Eva,
E101KO avTUTOPAdELY L0

ANAAIATYIIQXH

Qg anotélespa amod Eva,

YEVIKO OVTITOPAOELY L0,

2Oopeove pe 10 mopamdve mpdTLTOo, M paONpaTiKy ovakdAloyn Exer 4
QaoeLs:
0  Awtdnoon g TPOTOUPYIKNG EKACTOG.
O ATOOEIKTIKY] OVAALGT), KOTA TNV OTOoio AmOGLVTIOETOL 1) OPYIKY EKAGTIOL
0€ VTO-EIKOCTIEG KO ANLUOTA.
o Epedavion yevik®v avTimopaderyldTtmy yio TV opyikn EKacioL.
o Emaveéétaon g oamddeing, 6mov ovvnbmg eueoavifeton €vo €voyo

Mupo og pio 0veudong vrodeomn 1 omoia dev HOTLIOONKE GTNV APYIKY|
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ewacio . £tol, TPOTOMOLEITAL N APYIKN EKAGIO Y10 VO GLUUTEPIAAPEL TO
Mpupa o vedeon KA.

To gpdTUO glval av To TOPATAVEO UTOPOVV Vo peTapepBovy otnv aibovca
dwaokorioc. Bepaing n amdvinon givor «Oxt avtodoia, aArd KaTd SOUKTIKNV
avoAoyiov , HECH KOTOOTAGE®MV ALTIKNG TPOPANUATOG KOl GTO, TAOIGLOL TNG
KOGTPOULKTIPIKNG TTOd0Y®YIKNG TPOGEYYIOG.»

Enopévog o Owdokwv Bo mpémer ko va €xer efowkelwbel pe to
avtimapadelypota BempdVTOS Ta G IGOTILA EPYUAEin [LE TO TapAdElypaTa , KOt

va evBappuVEL TOLG OO TEG TOL VO TOL AVOKOADTTOVV.

5. Iotopwkd AGON-Ilapadolo & Avtimapadeiypato Tov

ATEPOOGTIKOV AOYIGHOV.

5.1. H Iotopukn €£éMén Tov podnpotikov kor o Bloyevetikog

vopog.

O Amelpootikog AOYIGHOS aoyOAEiTOl LE TOV AOYIGUO TOV OmMEIPOC
PIKPOV (6T®g VTOOMADVEL KoL TO ETLHOV TNG OVOUOGING TOL ) OAAG Kot TOV
Aoylopd tov ameipog peydlov. Apyxoidbev Ouwg, eixe kataderyBel otL 1M
dwaicOnon 6cov aPopd To AmEPO Ko TIG WOIOTNTES TOL, 00NYElL GE GEAALOTO KO
TOPOVONCES  KoBdg o  AavOpomog ¢  mEMEPOCUEVN)  OVIOTNTO KO
avtiAapupavopevog éva pIKpO KOl TEMEPUAGUEVO KOUPATL TOL ZOUTOVTOC,
OVOKOAEVETOL GE GMEIPEG KOl AMEPOCTES Evvoleg. Avtn glvar pia €OAoyn Kot
TPOPAVNG EENYNOT TOL vl KOVTA GTNV IGTOPIKT TPOUYHOTIKOTNTO. .

Evdwpépov mapovoidler n modoywykn oEl0moincn ToV 16TOPIKOV
AaBdv mov dmpate o0 AvOpmTOG oTNV £EEMKTIKT] TOPELR TOL GTOVONIOL AVTOV
KAAdov g MoONUOTIKNAG EMGTAUNG , APOV @aiveTal vo 16Y0EL 0 PLoyeveTIKOg
vopog ( M Teverwkn apynq N leverikn avokeparoioon) , cOLPovL LE TOV
omoiov «H ovrtoyéveon emavorapfdver coviopwg tv @uioyéveon» H xot’
avoAoyiov HETO®OPE TOV VOLOL OVTOV GTNV OOOKTIKY TOV HOOMUOTIKOV HOG

Aéer , 0Tt 0 paOnmc katd TV Swdwkacic KoTAKTNong (1 d6UNoNS) NG

39



ponpoatikng yvoong, Bo  emavoAdPfer Tt AGON TV poOnUOTIKGOV  TOL
avekaivyav Vv avtiotoyn OBewpia. BePaing £xovv dwatvmmbel aviippnoelg
Yo TV amdAVTI 160 TOV TOUSOY®MYIKOD GKEAOLC TOV VOROL avToD’, oAAd 1
Bacwkn tov woyvg elvar BepeMdOING oty oxediaon SBUKTIKGOV KOTUGTACEMV
KOTA TNV EIGOYMOYT VEOV EVVOLADV.

YUVETMG 1 YVOOT €K LEPOVG TOV OOACKOVTA TNG 10TOPIKNG EEMENG TV
EVVOLDV TOV ATEPOCTIKOD AOYIGHOV €V TPOKEIUEV® , ATOTEAEL EK TOV MV OLK
dvev mpovmdBeom yia v ddackario TOv 6€ LaONTEG KOl GTOVOACTES .

En” avtod evdiogépov €xel m oTOLOAOYNON  YVOUDV KOTOW®V YVOOTMOV
EMOTNUOVOV Yoo TNV a&lo TG 1otopiog TOV HOONUATIKOV GE GYEON HE TNV
OOUKTIKY] TOVG EPAPLOYTN:

Horst Struve :

-Ta mpofAuota T@v padnT®V TOAAEG POPEG elval EMOTNUOAOYIKA (0.0. TO
EMOTNUOAOYIKE TpoPANuata elval To YVOOTd 6TV OWOKTIKY] UE TOV OpO

«Emotnporoytkd epmoddia ®») kat 0peihovol 6TV gUon auTdV ToV EVVOLDY.

’ T mopéderypa , o Brousseau (1983) vmoompilet, 6Tt mapd Ty KatdAAnAn exhoyn Tov
SIOUKTIKDV KOTOGTAGEMV, GE PEPIKEG TEPITTMGELS, TO KTOALO» LOVTELO, Byaivel evioyvUéEVo
péoa amd pio dladikacio Tov giye 6KOmO Vo AVTIKATAOTNGEL Kamoto dAlo . Kot awto yivetan,
axop kot 6tav o pobntig neibetat 6Tl To «vEo» HovTéLo glval KaADTEPO amd T0 «ToAd» . Eda,
t0 Tedio £pevvag avikel TAéov otov xdpo g Puyoroyiag kat oyt tng Emotnpoloyiog.
' O Alain Duroux opilet évo emompoloyucd epmddo pe 4 YopaKTHPIGTUKG:
o)Eivar pua yvon pe éva apketd medio epapproyng (Loybel Tpoeovag yio To Ameypo oTo.
poOnpoTiKd)
B) Avti 1 yvon tpootafmdvtog vo epaprocBel kot 6€ GAAES KOTAGTAGELS , TPOKOAEL AGON TOL
gvromifovtal kol avaAbovtal Lovo oe oyéon pe 1o umodio . (O,Tt 1oydeL Yo T0 TENEPUSUEVO,
dgv 1oYVEL KOT  EMEKTAGLY KOL Y10 TO GTEPO)
v)To epumdd10 avTioTéKETOL GTNV TPOCSTAOELN EEEIOIKEVILEVIG EPAPLOYNG TOV. (A.X.
ONUOVTIKOTOTO TOGOGTO LOONTMV Kol GTOLdUCTMV 0ALY KOl KATO10 PN ApEANTED TOGOOTO
EKTOOEVTIKOV LaONUOTIKOV Gty gpdTNnon: «Abpotopa oneipmv 6to TANn0og Betikdv
TPOYULATIKOV ApO@V divel omoTéecpa AEPO 1) TEMEPACUEVO;» ATAVTE «ATEPON» TTaP OTL EYEL
<N
Bewpnrucd S1daybel (M ko d106E¢et) 6T Z_k =1)
k=1
d) H amdppiyn g yvdong mov cuvavtd ETGTHOA0YIKO eumddio, dnpovpyel tn véa yvaon.
(Edd 1 «yvdony» 6Tt anepot Betikol £yovv mhvta dnelpo aOpoiso KAOVICETOL ATOPUCIOTIKA.
[pénet bpmg va TpoxkAnbel Evrovn Kot KOTIAANAN YVOOTIKY cUYKPOUoT He KATAAANAO
TpoOPAnpa mov Ba Bcel To avapoptkd vomua g TpoOTAoNGS. )
E& dAlov n Sierprinska divel tov opiopd tov emiotnpoloykov gumodiov og e&ng:
Av 10 gumdd10 dev givar SO pog epmodio, | mhavov Kot 800 GArov avlpodnwv, aAld eival To
mhateld Sradedopévo , N £xel O10d00el kAol Popd G€ KATO0 TOATIGUO, AVTO AEYETOL
emoTNUOA0YKO eunddio. H 1d1a ) ¢don tov emotpoloyikdv epnodiov etvar tétota , mov dev
UTOPOovV va atoPevyfovv Katl 0 pOAOG TOVG GTIV GKEYT LOG EIVOL OTLOVTIKOG .
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-Ilpénel va peketoovpe v lotopia Tov padnuatikdv, yati ta tpofAquoto
oL epeavicOnkayv , eival moapopol Pe aVTd TOL AVTIUETORILOVY Ol poBNTEC
LLOG.

E.Berbin :

- H Iotopia tov padnuatikdv givar pio popen «Bepomeio tov doyHaTIGHOD
TNV O100CKOAMO TV HOONUATIKOV.

- -H 1wotopia pag Ponbdé va cvAldPovpe v onuocio Kot To VOO TGV
LOONUOTIKOV EVVOLDV Kot Bempldv.

Paolo Boero :

- No odnyodue tovg paNntéc oe po O100KTIKY «TPOPANUATIKNY KOTACTOON,
VIOYPEDVOVTAG TOVG VO TEPAGOVY OO TO LIOTOPIKA GTASIO KOTOUGKELG LOG
£vvolag

Francesco Speranza :

-No moapamnpodpe to €MGTNUOAOYIKA EUTOOIL TOL  EMPEME va

Eemepdoel M avOpomdTTO Yoo vo. TEPAGEL amd TV Ho. Bempio oy GAAN .

[Tapdpota TpoPAnpata avtipetomilovy Kt ot padntég pag.

5.2. Mgyaio AaOn , peyaiov podnpotikov!

H Iotopia tov podnuotikev yéuer omd AdOn kot pdioto amd AdOm
Yyaviov e okéyns. Avtd dev Ba mpémet va Eevilel Tov avayvdoTr, aeov gival
Aoywo ot mpdtol mov Oa EABovv ce emaY| e TO. PLEYOAQ TPOPANMOTO KoL TO
oLVAKOAOVOA ETGTNUOAOYIKT EUTOOLO TTOV UTOPOVV VO VITOKPVTTOVTOL EIvol Ot
gpeuvnTég (oG emotung . To mapddofo eivar va oyvoovvtol ovtd To
TpoPApaTe Kot va Topovuctdlovial €Vvoleg, TOv £XOVV U0 TEPACTIN IGTOPIKT
owopoun  pofnpatikod  KTIGIHOTOC KO KOTOOTOAGYUOTOS — ,  HE
VIEPOUTAOVGTEVIEVO TPOTO. Me TpOTO , TOL VoL AlyVOEL 1] VoL TPOGSTEPVA TO 100G
TOV OOOKTIKOV KOl ETGTNHOAOYIKAOV EUTOOIOV TOV VOLOTEAEIOKA TPOKVITTOVY
KaTd TNV S100CKOAIL TOVE.

Emomuovikég pnéelg pe Kateotnuéves avtMyelg yivovior GuveX®S oTnv
wotopio Tov OBetikdv emotnuov. O AopPivog givor évag emoTAUOVOS TOL

TpoeKOAecE TEPAOTIOL PNEN LE TIG KATECTNUEVES , TOYUOUEVEG OVTIANYELS TNG
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emoyng tov. To 1810 kot 0 DpoHd pe TV YouyavdAvon, o AVeTaw e TV YEVIKY
Ko €101KT) Oewpia TG GYETIKOTNTOG .

H avaxdioyn g vrepayoyypommrag omv duoik axdpo kot oe
Beppokpacicg —60° C KoTEGTNOE POVGELNKA TO. PEYPL TPO TVOG SIBUCKOUEVL

BpAia Hiextpiopod mov éreyov OTL «yio OAOVG TOVS Ay®YOVG TOV NAEKTPLKOD
1
peduatog oyver R, = R,(1+ 2—7349), omov R,m avtictacn tov  oywyov o€

Oeppokpacio 8° C kat Ry 1 avtiotaon tov aymyod otovg 0° C. To vrodderypa
OV VITOINADVETOL OO TOV TOTO OVTO, O1VEL UINOEVIGUO TNG OUIKTG AVTIGTOONG
evoc aywyod povo oto amdivto undév dni. toug —273° C . H avaxdioyn
VAMKOD Tov Ogv LAKOLE  G6TO TOANd LWOSEYHo (HOVIEAO)  MTOV €val
OVTUTOPASELY LA 6TO «AL0L KGDE ay®YO. ..» TOV VTOdElypaTOC. |

Oo éleye Kamolog , OtL Tt AGON otig DLOKEG EMOTNAUEG KOL Ol
oLVETOKOAOLOES avabempNoelg TV HOVTEA®V Tov meptypdpovv v dvon,
elvar ovyvotata AOY® NG OTEAOVG EMOYWYNS OV YXPNGULOTOOVV , ONA0OY|
e€dyouv ovumepdopato amd To 01KO Yo TO YEVIKO , TPAYUO TTOL givol TAVTOL
EMOPOAEG OTO  MEWPOUOTIKO OVTUTAPAOELYHO» 1 Tapoatinpnon , mov Ha
TPOKLYEL Kot Bal avaTpéyel 1] TPOTOTOMGEL TNV LITAPYovco Bewpia. Ex tpmdtng
Oyemg vrotifetar OTL TETOWL PAVOLEVA OEV UTOPOVLE VO £XOVUE GTOV YMDPO
TOV HaONUATIKOV , A0y TG alopatikig BepeAdoeds Toug kot g EAANviknig
TaPAOOcNG NG QVGTNPNG OMPOUYUATEVCNC TOVS OV KLPI®G eMEParay TO
«Zroryeion Tov EvukAeion, a@ol £01000K0VTO GXEOOV aTOOIO LEYPL TOV NUEPDV
Lo,
Agv givar puoikd £€tot, agov 1 lotopia v Madnpatikdv énwg mposimope yépet

AaBov. Ag dodue pepka:

"'To 1908 0 Onnes to mapetipnoe otovg —271° C , undeviopd g . avtictacng. To 1960
€ywe o ocofapn pocmdbela epunveiag Tov eawvopévov, kabdg Bpébnkay vAkd mov undéviCav
™mv oUIKA Toug avtiotaon otovg —130° C, Téhel g dekaetiog Tov 80 kat apyés TG dekaeTiog
Tov 90 , éytve TOAD coPopn épevva Ge TETOW VAIKA , a@oD L 0o TG TOAD GTOVieg
EQAPLOYEG TOVG ElVOL OTNV KATACKELT KUKA®UATOV Yo «ypryopove» H/Y 1 ko ya tpaiva mov
intavton Myo ekatootd amd To £50p0C Yo INOEVIGHO TV TPPdV Kot eniteven vyNAdTOTOV
TOYLTHTOV..
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5.2.1. H whavn tov vBayopa

Yto pafnuatikd n wpd TEpdotion PN ovaldyov omovdodTNTog £ivar 1M
avakdioyn tov appiteov ord toug IMubayopeiovg otov 5° odvo w.X. . H
TOAOA EMOTNHOVIKY Kotdotaon €heye 01t «Olot ot apiBuol ypdpovion vmwod
popon KAdopatog pe akepaiovg Opovey kot 1 véa 0Tt «Mepkol apiBpot
yphoovtor vrd popen) KAASHOTOS» Apécmg vmotiBetor 0TI OAoL Ot
npoyevéotepot kal o [TuBaydpag ,«éxavav AaBoc» Tnv yepvupmon tov YAoUaTog
éxave o Evoo&oc yopw ot1o 370 m.X. mov lval Kot 0 cuyypoapEng TOL TEUTTOL
BAiov Tov «Xtoyeiov» pe Tov avabBempnpévo, eEoapetikd 1010H0pPO Al Kot
WO0QLY] OPIGHO TNG AVAAOYIOG , 0 OTO10¢ cLUTEPILEAGUPOVE Kot dppnTo PEYEDT
N peyén éxovta dmeprn avbvpaipeon.

Nuepa yvopilovpe kATl TOpa  TOAD 16YVPOTEPO Yo TO TANOOC TV
pPNTOV Kot TV oppNTev: Av BAAOvUE GE Lo OVIACTIKY KANPOTId0 Olo Ta
ototyeloa tov  Q padi pe GAOVS TOVS APPNTOVG TOV UTOPOVV VO TPOKVYOLV (G
piec TOAVOVLLIK®OV EEICMOCEMV LLE OKEPOIOVG CLUVTEAECTES , TOTE Bl £ OAOVG
toug aAyefpucovg aplBuovg A, Emi mAéov Bétovpe omv kAnpotida To
otoyelo ameipov oto mAnBoc , (aAAd apOuncipwv) aviypdemv tov A. Av

Bewpiom o chvoko B=(0 , 1070000000000

10000000000

) mov €xel to eAd1oTO «mAdTOC) 107
kot 0écm oty KAnpotida pdévo to otoyein tov B\A, 161 1
mhavotTo pe o dokun vo emAEEm otoreio mov va avikel oto A 1 og
Kémowo avtiypa@o tov gival ....unodév! Avtd 10 EKTANKTIKO KOl OMIGTELTO €K
TPAOTNG OYEWG YEYOVOS, OQEIAETOL GTO OTL TO GUVOAD TV AAYERPIKOV givar
aplBunoyo , evd to B givar vrepapOunopo , ko mwopdAAnio 1oyvel OTL
«amelpn apBunoyn évoon aplduncipoyv cuvorwy , divel aplOuncILo GUVOLO»

, ’ , 12 ’ ’
®a propovoe 10 B va avtikatactabel pe to chvoro tov Cantor © 10 omoio givar

"To chvoro Tov Contor opileton w¢ &ng: Oempovpe o 6Hvoro [0,1] . To TpLyoTopodpE Kat

eEapovLE TO HeEGOiO TUNLLO TOV l,% . Amopével 1o o’l Y, 231 KGO éva amd ta 5o
33 3 3

TUAHOTA TOV, TO TPLYOTOUOVLLE Kot EapOvE TO ecaio K.0.K. n” dnepov. To chvoro mov

TPOKVTTEL O QLT TNV €N’ Amepov dtadikacio Aéyetor «Xvvoro Tov Cantor» kot £xel TApa

TOAD evilopépovoeg 1010tTec. (BAEme kat X.Neyperoving X. INwtomovrog E. Novvakodiiog
«Amelpootikdg Aoyiopogy Topog 1. ogh. 260)
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Kl 0VTO LIEPAPOUNOIHO, OAAG TPOTOV TVA «Y®PIc UNKOS» (owotnpd  €xet

HETPO UNoEV G TPog To ovvnBeg pétpo oto R )

5.2.2.0v «advvator aprOpoi» tov Euler k.o.

To 1770 o Euler ypdaoeet 611 ot pileg tv apvntikdv oplBumv sivot
«advvartol aplBuol» eved axopo ko petd 86 ¢ , to 1856 o De Morgan
ypdoet 6Tt «To ovpPoro Z elvan avepunvevton Ot Gaviactikol aptBupoi dev
gyouv axoun vyivet amodektol , Oo Aéyape olOte kav ot apvnTikol
Xopakmpioted mopaderypa amotekei 1 avtopoypogia tov Stendhal” | oty
omoia ypdpet 0Tt 6tav NTav 14 etdv (A to 1797 ) dev umopovce vo katahdPet
TOV KOVOVO TOV TPOCHUOV UETOEL OVO apvnTiK®V aplBudv. Toti oniaon
«mnv ent ANV divel amotélecua cuvy Mowdlet aniotevto, oAAd akdpo Kot TO
1920 dev elye 600¢l kavomomTikny amdvtnon e ovtod T0 TPOPANUQ, Top” OTL N
EUGAVION  TOV apVNTIKOV aplBudv givor katd moAd maiowotépa. H vmapén
apVNTIKOV aplBudv oty Adon evog mpoPAnpatog pe e&icmon paiioto NTov
1060 EVOYAMNTIKY, ©OC TPOG TO OVOPOPIKO TG vomua , dote o Descartes
mpoéteve va oAAGlovtol ot ovvtereoTEg NG e&lcmong Otov TPOKVLTTOLV
«aBoc» (:=apvnTiKég) AVGELS.

[a va yiver mApwg Katavontd tov Tt éleye o Descartes divovpe éva
GLYKEKPLUEVO TTPOPANUA
«O T'ihvvng givon 45 etdv kot 1 kK6pn tov Evyevia 12 etdv . Xe ndéca ypdvia Oa
€xel teTpamAdoio nAkio amd TV KOpN TOL;»

Avon: éotm 6t avtd Oa emtevyBel petd y £n. Tote Oa 1oyt
45+y=4(12+y) < 45-48=4y-x < 3y=-3 < y=-1 . Apa ovto dev Ba emrevydel
610 PLEALOV, Kal £yl O TpaypotonomBel Tpv Eva ypdvo.

O Descartes yio 10 1010 TpdPAnpa Ba Eeye OTL Kakdg TpocHicape To §
vroféTovTtag a priori TNV TPAYLATOTOINGCT TOL YeYovoTog ©T0 UEAAOV . Oa
EMPENE VO EMOVOOLUTUIMGOVUE TO TPOPANUA KO VO TOVUE «TPV TOGA XpOViaL
elye tetpamidacio nAkio» ,va Bdiovpe —y kot va Bpodue y=1 amopedyovtog

TNV OPVNTIKN TIUN.

13 Stendhal (Henri-Marie Beyle) 1783-1842 Awdonpog ['éAhog evmatpidng cuyypagiag .
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Tnv 1w Bedpnon eiye kot o Fermat , omoiog kKot avtdg Bewpovoe wg «AdBog»
TG apvnrtikég pileg wag eéicmone. Xnuepa iocwg va Bewpodue dedopévn v
«QLOIKT epunveion TG apvnTIKNG piloag 610 Tpayuatikd TPoOPANUe Tov BEcaype
, 0AAQ apov evoyieito o Descartes kot o Fermat , mpémer vo €yovue
TOVAGYIOTOV KATA VOL G JIOACKOVTEG, KATO TOGO UTOPEL Vo EVOYAEiTAL KOl O
pikpog Nikog g B” I'vpvaciov.

2ta 1803 o Carnot ypaoet:

«Eoto m avaloyia i=_T1 . Av dgvtepog Opog g avaroyiog (-1) Nrav

UIKPOTEPOG TOL UNdeVAC, Tote B NTav Ko pkpdtepog Tov 1 (dNA. Tov TPdTOL
Opov g avaroyiog, Tov 1) . Tote Opumc Ko 0 tétaptog 6pog TG avaroyiog To
1, Ba oV pikpodTEPOG amd Tov tpito (-1) , Tpdypo Tov amoTeAEl OvVTIPAOT).»
Kot ovveyiler o Carnot : «Adym TV apvnTikOv maipvovpe kot Katt GAAO
nopdhoyo: To (-3) eivar pcpdtepo tov (+2) . Ev tovtorg (-3)*>(+2)* . Anhadn
avapeco ce 000 TOGOTNTEC OVIGEG, TO TETPAYMVO TNG WKPOTEPNS , €ivan
UEYOADTEPO OO TO TETPAYOVO TNG HEYUAVTEPNS , KATL TOL KATOTATGGEL TOV VOL
HLocy

Ao tov 19° audva SieTumdvevto TEToleC amoOyelS, €ivol Quolkd pdAlov o
Wallis yopw ota 1655 mov mop” Ot €lonyaye TIC OMEPOCEPES TO

ameEPOYVOUEVO KOl PBpNKe EKTANKTIKA omoteAéopate oTov  ATEPOCTIKO
r r r 7 14 1
AoYIopHO @ TPOSPOUOS TOV, VAL YPAPEL ~  OTL 0 = ka1 —1>oo

Ymv podnuotikn Biproypagio too mEPIGGOTEPA 16TOPIKE AAOT OTIS amopyEC
tov Amelpootikod Aoyiopov , gaivetor vo ta £yl oampdéel o Euler |, mpdypo
oV 16MG KOl VO GLVIGTA amOdEEN OTL NTAV 0 TAEOV TAPOUYWYIKOS padnuaTikdg
petd v Avayévvnon kot iowg Olwv Ttov emoydv. To mAnBog TV
OTOTEAEGUATOV OV PEPOVY TO Gvoud Tov eivon o évoelEn. Eivar guowd
MooV vo. §xet Srompatetl ko Ta mepiocdTepa AGON, pag kot tov 18° aidva o
£€0pace emoTNUOVIKA Oev glye Bepembel n évvola g cVYKAIoNG TOV GEPOV
Kot yu ovtod Eleye Ay, OTL

1-3+5-74+9-11+...=0 . Znuepa oavtd 0Bo pmopovoe vo Oewpndel
acvyydpnto AdOog yio €va pobnti 1 TPOTOETH POLTNTY, HOG KOl 1) TPAOTN

" Dirk J. Struik «Zvvomtuci Iotopio tov Madnpatikdv» ekdooeic Zayapdmovrog 1982 , cel.
171.
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TPOTOGT  TOV OOACKETOL GTO KEPAANO T®V ZEWP®V , gival 6Tl «Akaykaio
0

ocuvOnkn vy vo ouykAlvel M oEPa Zav etvar o, »>0» Eda é&youe
v=l

a, =(=1)"(2v +1) n omola dev eivar kKav cvykAivovsa kot Gpo ovTe 1 GEPA

glval OuVaTOV Vo GUYKAIVEL.  XTNV TPOYUOTIKOTNTO HUAAIGTO, OV VIAPYEL OE
omoloonmote PiPiio ovte pion doxkmon pun ocbykAong oepdg pe yevikd Opo
aVTOL TOL TUTOL (Un cvykAivovsa akoAovBio ) POV cLYKAIvOVoEG GEPES
glval HOVO KATOEG A’ aVTEG TOV £(O0VV YEVIKOVG OPOVG UNOEVIKES aKOAOVOiEC.
‘Etor dowmdv pe v onuepwr Bedpnon 10 AdBOG @oivetolr  eVIEAMG
modapunodes. Tote, pdvo t€to1o dev NTaV, APod NTaV AABOC £VOG TPOYLLATIKOV
yiyovta tov Madnpotikov!

O Euler yepiomke omelpooepéc pe aryePpikd tpodmo , KATL TOL CNUEPA
Yvopilovpe ToOG YEVIKOG amayopevetal. ['a mapddetypa: Emopve Tov TOTO TOL

onuepa yvopiCoope OtL ekppalet 10  dBpowcpo TV ameipov OpwV

, , 2 3 n , ,
YEOUETPIKNG TPOOOOL n+n" +n +...... =1 (1) xou Tov Topd OO THTO
—n
1 1 1 1 n . . .
I+—+—+—5+..=—=——— (2), T00¢ npocéete Kotd péAn Ko £Byale
n n n 1_1 l-n
n
. . 1 1 1 2,3
TO GUUTEPACUO, OTL ...+ —+—+—+1+n+n" +n +.... =0.(3)
nwonon

To AdBog avtd onuepa Bewpnrtikd to yvwpilel évag pabnmmge g B” Avkeiov ,

apov 1M oyxéon (1) 1oyver pévov otav nl<l (*)evd n oyéon (2) woyver pdévov
otav \l <l | n > 1(**) O (*)& (**) dev ocvvainBevovv , cuvenmg N (3)
n

dgv woyvet Yo kavévo ne R . Na onpewumbel opme, 1t ot oMot avtol dev elyov

TPOKVYEL UE ATMEPOOTIKEG dladikaoies ,0AAd o (1) NTav 10 avamTLYHO TOV
OLOVOLOL (1-n)"  eni 10 n. Yrmotifeton 611 10 Stdhvopo tov Newton

avontvocetal kot pe ekBétn —1, en” dmepov . Opoimg kot o Tomog (2) eivan To
. 1 . . . .
avamtoypo tov (1-—)" . Me avtég t1g yevikevoelg tov , o Euler giye dexBet wan
n

®G CMOTO OTOTEAECUOTO, TOL 1) CNUEPVY] OVAYPOET TOVG TPOKOAEL TO

Ayotepo...opikn!  Zuykekpuéva  , exkwvoviag oamd  tov  TOTO
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:(I=n)"'=l+n+n*+n’+n* +..... , Oétovtag n =2 £éPyale ™V oamictevtn
wotnta —1=1+2+4+16+....
2mv Bepedioon tov omelpootikov Aoywopod o Euler kot cvykekpiyuéva oto
€pyo 10V «Alopopikds Aoyiopog» mov ompocicvce to 1755 , éypape OTL o
amEPOSTN TOGATNTO Elval aANOVE UNoéV . Xvykekpluévar:

atndx=a , dxt(dx)" =dx ,adx +cdx = adx . EmoicptBag

EYpage:

«Ymapyovv , eTOUEVOGS , AmElpeg TAEEIS TV aneipog ikpdv tocotntev. [Top
OAO OV OVTEG OL TOCOTNTEG elvan OAEG 1oeC e UNOEY, LITAPYEL GOPNG d1dKpion
™G (o and v dAAN. Apkel va mpocéovpe v apotPaic oxéon tovg , M
oTol0 EPUNVEVETOL LE EVOL YEMUETPIKO AOYO.»
Befaing v évvola tov amelpootod dev TV giye dELKPVIGEL TANPWOS OVTE O
idtog o Leibniz mov pali pe tov Newton Oswpodviar ot 600 Paocukoi
ocuvBepeMmTég Tov Amelpootikod Aoyiopov. H évvola tov angipostod icwg va
otevkpwvicOnke petd amd O6v0 oumdveg otnv dekoetio Tov 60°amd Tov A.
Robinson pe v Beperioon g «un ocvpPatikng Avédivono» I'pdpovpe «icwg
va dtevkpvicOnke» O10TL T0 aVTITIHO Yo TV «dtevkpiviony  givar n pn oy0g
tov alopatog v Apyyumoovg —Evdoéov. Katd v yvoun tov ypdeovtog
péAtota, pe po avoroytkoétnta , Bo propovoape vo S0VUE QVTO TO PAIVOUEVO
avapeca otV un ovpPatdTnTo TV VOPOV TG KAAGOIKNG PUGIKNG Kol NG
KBavropunyoavikng, oOnwg kot ommv  un ovpPoatdémmra tov  VOp®V NG
HUIKPOOIKOVOIOG KO TNG LOKPOOIKOVOLIOG , ONANOT OVALESO GE LKPOKAILLOKOL
Kot pokpokAipaka. To wponyoduevo elval pio evolapEépovcsa 10€0, TOV OUMC
yperaletal mepattépm  mpocéyylon Emotmuoroyikn , KuBepvntikn kot icwg
docopikn.
T'eyovog dumg frav 6t tov 18° audva emikpatodoe peydAn obyyvon ue to
amEPOSTA 0POV 1 €vvolo Tov opiov mov Yyvopilovue onuepa Oev &ixe
Oepewbel. Amd v pia peptd nrTov ot podnuotikot ot omoiot noav PERarot yio
NV 0pHOTNTO TV AMEPOGTAOV , 0POV EAVVAV TPOYUATIKA TPOPALOTA TOV dEV
umopovce va Aoel n I'eopetpio Kor amd v GAAN pepid Noav ektedeipévol

oty kprtikny tov Emiokémov Berkeley o omoilog emtéBnke oty Bempia twv

'S Howard Eves «Meydec ottypéc tov Madnpatikédv petd to 1650» exdooeic TPOXAAIA 1.2
oeh. 179
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podv'® Tov Newton 710 1734 pe 1o keipevo «The Analysty (O Avoibortac)
yAevalovtag to. ATEPOoTA TOL GAAOTE To BE®povvE Ol poBnpaTikol ¢ Unoév
Kol GAlote ¢ un undév. Ta moapopoiale pPE «QOVTACUOTO TOGOTNTOV TOV
anépyoviaw [lioteve pdaiota , 41t T cOOTA amoteléoato oto omoia £pOave o
Amelpootikdg Aoyiopdc Nrov amotédecpo aAinioovaipovpevov Aobov. Ot
Poég tov Nevtova ntav anopadekteg yio tov Berkeley . AmegvBuvouevoc péom
tov PBiiov tov otov «dmioto Mabnuotweo» Halley éheye: «AAAG OmOl0C
pmopet va yovéyel pa dgvtepn N pa tpitn Pon ((=napdywyo) o devtepn M
poe tpitn dapopd, doev ypetdleton vouilm vo tov midvel dvomeyio yo TO
omotodnmote Znueio Tov Ociov»

Kot aAdo0 cuvéyile: «Or emotnuoveg emtiBevror oty Opnoxeio og mapdroyng.
Ag Beltidoovv Aowmdv tOV TPOMO HE TOV Omoiov ot 1010t okémrovior. Mo
mocoTNTO gival undév eite dyl. Agv VILAPYEL TIMOTE EVOLANETO.»

Tovg padnuatikovg g emoyng tov o Berkeley toug yapaktpile wg avOpmmovg
oL «ovvnBilovv va vmoroyilovv , avti vo oKETTOVTOL)

Ao éva onuavTikd 16toptkd mapdoofo kot AdBog mov mpoekdAece peYAAES
ocv{ntmoelg givar n oepd tov Guido Grandi (1671-1742) Avtog Ntav €vog
kaOnyntg epopévog and v Iila , yvootdc yuoo v peAétn tov yu v
POO0EN KAUTUAN (o€ ToMKES cuvteTaypéves r(t)=nw(ot) , ® € R ) kabog kot

AoV KaumvAdv mov potdlovv pe avn. O Grandi 1oyvpileto, 6TL N SN

160TNTA
%:1—1+1—1+1—1+ ........ =1-D+0-D+1A-D+....... =0+0+0+0+.......

elvar 10 oOpPoro ¢ dnuovpyiag ek Tov Undevos. o va tekunpudcel To
(amiotevto pe to onuepwvd Kprrnpla) e&ayopevd Tov, TOL £dMOE AVAPOPIKO
vonuo pe €va TPOPANUO, COUG®VE HE TO OmMOi0, £VOC TOTEPOS OPIVEL
KAnpovoud éva Stapdvt 6 dV0 Yovg TOL , VIO TOV OPO VA HEVEL TO TETPAOL
EVOALAE OTNV KOTOYN EKAGTOV adEAPOL ava £1oc. 'Etotl otov kdbe yi0 B avnike
to Nuov. Ilpwv kataAnéetl oe avtd 10 cvunépacua , Eixe mapoatnpnoet, ot av

avadtotayfohv KaTdAANAL 01 OpOL TNG

1 SHppova pe mv Bsopia Tov podv Tov Newton , yio. va Bpet v «pofy (:=mapdy®yo) g
GLVAPTNONG y=x3+1, omov x é0ete x+0 Kot oynudtile v dapopd [()(-%0)3 +1]—[x3+1] .
Awipovoe v drapopd pe to «0» ‘Exave amhomroinon tov khdopatog Bewpavtag 1o «0» mg
ovtotnTa U undeviky kot oty cuvéyxewa OEypage O6covg Opovg epteiyav 1o 0 . 'Epbave €10t
070 6OGTO OmOTEAEG O 3.
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S=1-1+1-14+1-1+1—.......... dtvouv ®¢ amotédespa unoév (6mwg eidaue) 1 1
, 010TL av Bécovpe aAMdg Tic TapevBéoets, Oa Exovpe
S=1-(1-D)+A-D+A-D+.......... < 85=1-0-0-0-0—......... < S=1

¢tor 0 Grandi KatéAnée OTO TOLAGYIOTOV HETOPLOIKO CLUTEPACUO OTL 1|
aAnOfg tun tov S elvou  péon T tov 0 ko 1, oni to /2,10 omoio evéduce
KO L€ TNV 10TOPI0 TOV TATEPQ LUE TO SLOUAVTL.

210 AmOTEAECUO. 72 , WITOPOVLE VO OAGOVHE Kol PE pot GAAN TPOGEYYIoN:

S=1-(-1+1-1+1-1+1-1+...) <

S=1-S&
2S5 =1
5=+

2

To 10w amniotevto amotéleocua 2 vmootpiée kot o moAvg Leibniz
vrootnpilovtag 6tt apov kavel kot 0 kKo 1, n «aAnBeian PpiokeTon oty péon
Tun!

Muepa yvopilovpe OTL LT 1 OTEPOCEPE eV EYEL VOO TPOYLOTIKOV
ap1OpoD KOl GLVETADS OTOI0GONTOTE LAOMUATIKOG TNG YEPIOUOG OV TV Bempel
a priori g apBuod, dev £xel vonua.

O Cauchy to 1821 dwtimwoe v wpodtacn O0tL «Av 1 (f,) eivar akorovbia
ouvveyadv ocvvoptnoewv kot f, —f, 10te koun f elvar cvveyne» H mpodTaon avt
onuepa  yvopiCoope o0tt  givor  AavBacpévn (PA.B17.1.2) Ta mpdta
avturopadeiypata ta £dwoav o Fourier kar Abel . Tnv opiotikny andvinon

17 HETA amO 26 ypdVioL KAVOVTOG TO apylKO YTIGIO TNG EVVOlog

é€0woe o Seide
NG OLLOLOLLOPPNG GLVEYELNG.

Me 10 ¥pdvo cvoowpedbnkay mwhpo TOAAE Tapddota Kol £yve capéc OTL Ta
podnuotikd tepvovcay pa 0gvtepn peydAn kpion. Tnv tpd kpion v €hvce
o E0do&og pe v eloaywyn tov véov opiopod yuoo v avoaroyio. To titdvio
£pyo yio Vv avotnpn Beperioon tov ATelpootikod Aoyiopob Oa o avaidfouvv
ot Lagrange , Gauss , Cauchy , Riemann «ot v npoonéfeio avty B v

GLGTNUATOTOMGEL TEMKAOG 0 Weierstrass e v AeyOpevn «opOuntikonoinon

™G AVAALGNG» 0P’ VOGS KOL TNV EICAYWYN TOV «E, O , OPIGUAOVY» 0P  ETEPOVL.

7 Mia e£0ipeTiky TPOCEYYION A6 EMGTNIOAOYIKY GITOWT GTNV 1OTOPIKT 0T Stoptdyn, £xel
kdavet o Lakatos 611 «Amodei&elg kot avaokevégy ekdooelg TPOXAAIA ogh.189-209
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6. Ov XNuovTikéC 16TOPIKES OTIYUES TOV ATEPOGTIKOV
AOYLOHOV KU1 TO OVTUTUPAOELY L.

6.1. H avoxkdivwn tne appntoTNTIC TOL JE

‘Hom avagépape , 6t n avakd@ioyn Ott o Adyog NG OLOUETPOL
TETPAYDOVOL TPOG TNV TAELPA TOL , ONA. TO V2 €xel amepn (meplodikn)
avBveaipeon [1,22222222....... M (pe ovyypovo cvuPoricud) ekepdleton pe

éva, amépavto ocvveLopevo KAAopo g popong 1+ ! I n ogv
2+ 1
2+

2+ L
2+....

p ; p . a
tifeton vd ™V popen KAdopatog — pe a, P

aKEPULOVS OPOVE, OMETEAEGE  OVTUTOPAOELYLLOL

OV KATEPPWYE TOV UEXPL TOTE 1GYLPICUO TOL

[MTvBayopa kar g XxoAng Tov 0Tl «OAOL Ot

KOVOVIKO

apipoi Kot o1 HETagD TOVG GYECELS £XOVV AOYO | Awdekdedpo xav To  emimedo
aKePOiOL TPOG AKEPOLON. OVATTUYPRE TOV GE KAVOVIKG

TEVTAYOVA.

Katé tov von Fritz'® 1 avakéloyn tev appitev

peyebov, mpénel va amodobel otov [TvBayopeto

'Inmaco tov Metandvtio, o omoiog Ba mpénet va / \
o

EKOVE TNV OVOKOALYN GE TEVTAY®OVO , HLOG KoL
N Kato [tolia yépel KpuoTAAA®Y TVPLTIOL TOL
elvar Kavovikd dmoekdedpa Kot oynuatiovrot
0tO KAVOVIKO TEVTAYMVOL

®élovtag o Inmacog va Ppet to KOO PETPO TAELPAC
Kol dwymviov  Tov  Kavovikoh  meviaym®vov  pe  apolfoio  veoipeon
(:=avBvopaipeon), ektelel v oyetiky Evkieideio aiyopiOuikn Swadwkaocio.
Avt ovvictator 610 va Bpodpe TOGES aKEPAIEG POPEG | TAELPE YWPA GTNV
owyovio (g0 pio opd ) Kot TL MEPIGOEVEL. LTV GLVEYXEWD OVLTO TTOL

TEPLGOEVEL TOGEC OKEPOIES POPEG YWPA OTNV TAELPA (TAAL piot opd) Kot Tt

'8 BAéme ko Atovusiov A. Avamoltdvov «Eisayoyn ot ®iocopia tov Madnpatikdvy
exdoceic NEOEAH 1985 , oeh. 24-27.
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nepooedel’” . AvTO OUmG TOV TEPIGGEDEL THV SEVTEPT POPA. , eivan 1 TAEVPA
TOV HKPATEPOL KOVOVIKOD Ttevtay®@vov . Etot, avt) 1 adyopifukn dtaudikacio
ocvveyiletan en” dmelpov (OIS EOAVETOL OTO TOPOTAELPMG GYNUO) Kot givor
adVVOTOV Vo TAPOVUE Eva KOO HETPO , POV OV CTAUOTAEL TOTE. AV VINPYE
OUMG KOWO HETPO, 0COONTOTE UIKPO, LT 1 avOLEOPETIKY] dadtkacio Oa
dlpkovoe memepacUéVa Pripata, ETOUEVOSG OV VILAPYEL KOO PETPO peTAED
TAEVPAG Kol Olaywviov Kavovikod mevtayovov! To dAro €idog apBuod mov
onuovpyeitor €00 ek@paletal pe v en’ Amepov mEPLOdKN avOvpaipeot

[[LIT11111........ ] il 10 ouvexég dmepo KAdopo

1+ 70 0T010 EKPPALEL TOV AOYO TNG YPLOTG TOUNG
I+

1+

1+
1+

1+\/§

OV @ , OOV @ = 5 =1,618.......

6.2 To uépoc sivor waAvToTe WIKPOTEPO TOV 0A0V:- TOo TAPAOOED

Tov ['aMmlaiov.

Elvar mévta 60mtmg vopilel o moAhg KOGHOG TO HEPOS HKPATEPO TOL OAOVL; Méypt
TNV OVOKGAALYT TOV 0pVNTIKOV oplBpmv ovtd NTav pio Ko €vvoll GTovV

Evihetdn™ kot pio dedopévn apyfi oe 6Aovg Toug avlpdmovs:  AAAG dpog |
1
aVTUTOPAOElYUaTOS YOpy M ovicmon §x>x HE TNV OTPOGOOKNTN

LETAPPOOT «TO MOV €ivol HEYOADTEPO TOL OAOLY ,aAnOevel yia kdbe x<0 .
AvTO Kot onuepa omoTEAEL €val  EMGTNUOAOYIKO €UmOOI0 Yo TO TTOOLE TOV
IMvpvaciov, a@ov 1 avtifetn akpPog TPOTACT ATOTEAEL «KOWVH EVVOLD .

T ylveton OpmG pe T1g dmelpeg ovioTNTES;

% Te autd o cvpmepdopata propel va eOdoEL 0 avayvhoTng, apkel va mapotnproet Tt
dnuovpyovvon cuvexdg 16ookel Tpiymva pe yovia kopveng 36° kat Paong 72°=2x36° kabhdg
Kot 1606KeA Tpiyava pe yovia kopueng 108° =3*36" kat Baong 36°.

* H méuntn kowy évvota ota «Ztotysion tov Evkheitn «Kad 70 8dov 70b pépovg peifov
[¢67v].»
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"Hon otig apyéc tov 1700 aidva, o TF'alhaiog enelepydotnie ta mapadoa Tov
ameipov’!, ko mapatfipnoe Ot givar duvotdv va optotel pia «1-1» ko end
avTIoTOlYl0 OVAIESOH GTOLG PUOIKOVS OPBHOVG Kol To. TETPAy®mvE Ttovg. To
BPAio tov pe titho «2vlnthocic xor HoONUATIKES OTOOEICEIS YIow ODO VEES
EMIOTNUES TOD OVOPEPOVTAL OTH UNYOVIKH KOl OTIS TOWIKES Kivijoeisy (1638)
nepapPdvel éva d1dhoyo otov omoio o Salviati, ekppdlovtag TiC 106G TOV
TI'oAthaiov, Aéet To akOAovO:

«O,1 eimoue apopd éva minbog ovokolidv mov avoxkdTTOLV O10TI, OTOW
XPHOLUOTOLOVUE TIG TEPIOPIOUEVES VONTIKES UAS IKOVOTHTES VIG VO. GULHTHOOVUE
OYETIKG UE TO GTEIPO, OTOOLOOVUE O QVTO 1OIOTHTEG TOL YVWPILovUE OO
Tpayuato TETEPOOUEVA Koi @poyuéve. Tovto Ouwmg eivar eopaiuévo, 10t
10I0TNTES OMWS TO WUEPOAVTEPO 1 TO IKPOTEPO uEYeBOS Koo 1 100THTO. OEV
EQapUOLoVTaL GTO GTELPO* OEV UTOPOVUE VO TOVUE OTI EVO ATEIPO EIVOL UIKPOTEPO
OTO £va GAA0, 1] OTL EVO, GTTEIPO EIVAL 100 UE EVO GALO.»

Mo vo amodei&el v 10éa. tov, o Salviati emonuaiver 6T, o’ &vdg, «ta
TETPAYW VA EIVOL TOGO. O0ES Kol 01 piles, apod kabe tetpdywvo Exel ™ pilo Tov
Kol kGafe pilo 10 TETPAYWVO THG KOVEVA TETPAYWVO OEV UTOPEL Vo EYEL
TEPLOGOTEPES OO U0, PICES, Kol Koulo, pilo TEPIGEOTEPO. OTTO EVO. TETPAYDVA ...
Erniong, o1 pilec eivar tooes o001 kou o1 apiBuoi, 01011 oev vrapyel oplBuos Tov
oev umopel va ypoptel w¢ pila KOTOI00 TETPOYWOVOV: ETEION TGl EYODV TO
TPAYUOTO, TPETEL VO, TOPOOEYTOVUE OTL TO. TETPAYWVO. €IVal TOGO. 0G0l KOl O1
ap16uol.....»

aAAG, 0’ ETEPOL

«t0 WANOOS TV aplOudY —TETPOYOVOV Kol Un— Vol UEYOADTEPO OTO TO
wAnBog v teTpoyOVOVY, »

Kol €miong, «0o0 mpoywpodue mpos ueyalovs oapiuois, to minbog twv te-
PAYDOVOV UELDOVETOL GOVEYDS KOl TOYDTATA. »

Xoueova pe tov Salviati, poévo évog tpdmog vdpyel Yoo vo AmoOUYOLUE TNV

TOPOATAVE® OVTIPACT):

2 To kokbtepo oo EMnvicd Bipiio yia to pabnpotikd dmepo , etvor to «Avalntaovrog To
dmepo» Tov Naum Yakovlevich Vilenkin. Eivat éva pikpd Bipiio, eEoupetikd ekhaikevpévo
KO TOVTOYPOVO EEALPETIKA EMOTNLOVIKO KOl TANPES , TPAYLLO TOL VIO GLVNOEIS TPOVTOOETELS
0o amotehovoe avtipaon. H pawvopevikny «avtipaon» aipetot pe T poeotpio Kot TANpOTNTO
7oV TAPOVOLALEL TO BN 0 GLYYPOEENG KOL E TNV APTLOL LETAPPAUCTIKT EPYAGin OV ExEL YiveL.
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«dev PAémw GAAn ADon omo TO VO TOPAOEYTOVUE OTL DVIAPYOVY ATELPOL aplBuot,
OTEIPA TETPAYWVO, KO GTEIPES PILES. Aev Umopodue va. TOOUE OTL TO. TETPAYWDVO,
eivar Aiyotepa. amd tovg opifuodg 1 ot o1 opifuoi givar TEPIGGOTEPOL OTTO TO.
TETPAYWVA: O TELKI OVOADGN, 01 1010THTES THS LOOTHTOS KOI TOD UIKPOTEPOD 1]
TOV UEYOADTEPOV UEYEOOVS EIVAL EPAPUOTIUES UOVO OTIG TETEPATUEVES TOTOTHTEG,
KOl O)1 OTAY QOYOAODUOOTE UE TO GTELPO. »

Ovolaotikd, Ta Tapandve oeiyvooy 6Tt o I'alhaiog giye entyvoon g £vvolog
g apeovoonpaving («1-1» kot eni ) avtiotoryiag, elxe aviiAnedei 6Tt o
TETOLOL OVTIOTOLYI0L UTTOPEL VO OPIOTEL AVAUESO GTOVG PLGIKOVG aplBovS Kot Tal
TETPAYOVA TOVG, KOU OTlL, GUVETMG UTOPOVCE KAVEIG va el OTL T €V AdY®
ocvuvoAa &xovv To 1010 mANBog otoryeiwv. Elye avtiinebei, emiong, 011 givon
duvatd 1o pépog va gival i6o e to OAOV oV TEPITTMON EVOS AMEPOGUVOLOL.
Kotéin&e oumg oto Aavlaopévo cvumépacua 6Tt OAa To Amelpo givar idio.
Av1d 16y0€l GOV 0POPE TOL VTTOGVVOAL TOV GLVOAOL  TMV PUCIKAOV OPlOU®V,
T OTolaL £Y0VV ATEPO GTOLYXELR TOL Elvail SuvaTOV va, aplBundovv.

O TNoMAaiog dev pmopovce vo @avtaoctel 0Tt T0 GOVOAO TV oNUel®V €VOg
SloTNHOTOC dev etvan duvatdv va amaplBunbet Omwg ot apyaiot atopukoi
L0000t VTEBecE Kot avtdg OTL £val dStdotna amotereiton amd dnelpo TANH0¢
adipeT®V pHep@V T omtoio propovv va apBunbovv. To avruirapaderypa 60
00 £00g1 a6 Tov Cantor Kol T0 TEPIPNHO Sray®OVIO EMYEIPNUd TOV, TOL Ot

d0VLE TOPAKAT®.

6.3. O Cantor ovokoAOTTEL TNV AN OowdoToocn Tov ameipov. To

N weomrin0wko6 pe 1o Z xot 1o Q!

‘Eto1, ot dptiot puowol map” o1t @aivovror va givar ot peol oe oyéon pe

OAOVG TOVG PLOIKOVS , VITapYeL amewkovion f and 10 Noto chvoro TV
aptiov pe  f(n)=2n mov sivon «1-1» ko eni. Opoiwg Kot T0 TAPAGELY O TOV
[oAdaiov avTiotoyilel TOVG TETPAYOVOLS PVGIKOVG E OAOVS TOVS PLGIKOVG,
map” OTL o1 TeETpdywvol  gpeaviCovtor pe OA0 Kol UIKPOTEPN SLYVOTNTO
aLEaVOUEVOL TOL N . AVTO UTOPEL VO TO SOMICTMOEL KATOL0G ov Bewpnoet v
tawtoémta (n+1)° —n> =2n+1 1 onoia kot” ovciav Aést OTL 1| OTOGTACY VO

OLOOOYIK®V TETPAYOVOV lval (6YedOV) avAAoyn TOL N , 1 GAAIDG, 1 ATOGTOCN
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HeTAED 300 SadO KOV TETPAYDOVOV dev elvar @payuévn kat dpa propetl va yivet
anepoplota. peyddn. O T'odAaiog avtl ywo ta tetpdyova Bo propovoe va
Bewpnoet Tov KOHPoVE 1 Kol omoldNTOTE dVVAUN TTOV 1| KOTovoun tovg 6to N
QOiVETOL VO, Elval aKOUOL «TTLO apo»y amd T TETPAYOVO KOl Vo, KOTOANEEL GTO
w0 ovumépacpa. Gaivetar Aowmdv, OTL kKGBe YVNO10 AALL AmEPO VTOGHVOLO
tov N va eivon woominbikd  pe to 00 10 N. Ti yiveton Ouwg pe to
vrepovvora tov N; Ta 10 Z éxm 6TL K1 avTd £xel TOV 1010 TANOWKO ap1Oud pe
t0 N, 0po0 umopd va opicm cuvaptnon

{22, av z=0 }
f:Z—>Nuef(z)=

-1-2z,avz<0

N omoio OT®G propovpe evkola vo deiovpe elvar «1-1» kon emi.
Mo to Q fHimle o o Cantor, 61t dev Oo givar womAndwd pe 1o N .22 Mnv
Eeyxvaue 6tLto Q eivar mokvo oto R Bo (QLGIKA TLKVO KOl GTOV £0VTO TOV.
[Mop” ko awtd EKTANKTOG OveEKAALYE OTL KL avTd gival Tov 1iov TANOKo

apBpov , apov kotdpbwoe va Bécel oe «1-1» kot enl avtioToiyion Ta oToLyEio

tov Q pe ta otoyeia Tov N, 6mwG PaiveTal 6TO TOPUKAT® GYNUOL:

1
1,1 r .1 3
1 2 3 4
v /! e /‘2
2 2 2 2 S
1 2 3 4
I/ v /! ./3
3002 235
1 2 3
d /! d /!
4 4 4 4 =
= = = = s
1 2 3 4 ........

[Na va eEnynbet avt) 1 «PovotpoPnddvy daydvia, amaplOunTiKn

duataén, TPEMEL VO TAPOTNPNCOVLE TO EENG:

2 YnrevBopiCoope 6tt ToVv TANOWKS 0pBud TV Quokdv Tov  anekdAece o Cantor «dhe@
UNdEVY YPNCILOTOUDVTAS TO TPMTO Ypdppa tov ERpaikod aieapritov dree pe delktn undév :
N, Tov 810 TAnBikd apBud &xovv kar 66a chvora pmopodv va tefodv oe «1-1» ko emi
avtistoiyion pe 1o N .

2 «To Q givar ToKvO 610 Ryonpaiver , 0Tt avapeso oe 500 TPAyHATIKOVS (0G0dHTOTE
KOVTIVOUG) ThvTo VIThPYEL PNTOC.
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2V TIpdOTN GEPA YpAeovpe OAa To. KAAoUaTo Tov £xovv aplunti to 1, otnv
dgvTePT OAa TOL KAGoUoTo te aplunty to 2 , oty tpitn OAa To KAAGHOTO pE
apiOunm 10 3 , k.0.x. 'Eto1, éva kAdoua pmopel vo emavalappaveton dmeipeg

QOpEC, (.. %= % = % = )aALG avtd Ogv emnpedlel v arapiBunon aeod

I r r s ’ . r ;24
capOVOVTAL OAOL 01 pNTOol £6TM KL AV KATOL0l GOPMVOVTOAL ATELPES POPES” .

6.4. To 1 civar 160mAn01k6 pe 10 6Hvoro A TV alyeBpik@v!

YrevOouilovpe, 6Tt aiyefpucol givar 6lot ot apBuol mov pmopodv va
TpoKOYouv m¢ pilec TOAVOVOU®V L aKepaiovg cuvtereotés. [Ipopavag drot
ot pntoi eivar aAdyefpikol , aAAG Kol kGBe aplOUog TOv pITopel vor TPOKVYEL MG
e€ayduevo pnToOV HEGO OO U0 TOPAGTOGCT] TOL TEPLEYEL TEMEPUCUEVEG (popég25
Ta oOpPoAa NG TPOGHES G TS APOIPESTG TOV TOALUTAACIAGILOV TNG dloipeESNS
mg vywong oe OOvaun kor ¢ egoywyng pilag olacdnmote TAEEwS
Ovoaotikd , ot alyefpucol meptéyovv OAOVS TOLG PNTOVS Ko OAeg TIg Pileg
pnTtov owconmote tdEemc. H amoddeiEn ypnotipomotel v £vvola Tov HIYOLG EVOG
TOAV®VOLLOV:

Av P(X)Z(xvvarav_lXV'lJr. LAapytay pe aie Nxath>1eNwkow oy # 0,kon
P(x)=0 , t6te oG vyoc h opilovpe tov apOud h=v+oyt|oy|+|oz|+...+|oy| . MTopd
va Bewpd mavta ot 0p>0 yopic PAAPN ™ yevikoToag , (S10TL av 0p<0 ,
aAlalo to mpoéonuo oty e&icmon Kot €y o oodbvoun.) IIpogavag
he Nxot h>1. Ermiong edkora ¢aiverar, Ot  vrépyovv memepAGHEVO GTO
mnboc molvovoua pe dedopévo vyog h. T'vopilovpe emiong, o6t éva
moAvdvopo Babpov v éxel 1o moAL v dapopetikég piles. Me Baon avtd

pumopovpe va PBaiovpe oe pio 6elpd OAoVg Tovg aAyeRpKodg aplBovs mov

# Ly mpaypaTcd™ T, GAOL 01 PNTOL GAPdOVOVTAL GTELPES POpEC, oo o Toxdv X e (k1) =1
A

epeaviletal TpAOT POPA  GTNV K —0CTH YPOULY KOl GTNV A-06T1 GTHAT, OAAL KOl GTHV VK-00TH
ypopy kot vA-06t1 oA, yio kéde v e N dnh. kabe pntog capdveton dmsipeg (aptduncuuec)
(popég.

» H nenepaopévn gpapuoyn Tov tpdéewv etvor avaykaic, dt0Tt ent aviutapadeiypartt,

KoL 0 € amodetkvoeTat OTL dgv eival aAyePpikog eivat dnA. ivar

+ + + + T
I+ + + + + +..=e

vrepPartikdg. H minpng kot Aemtopepng anddei&n awtod vdpyel 610 d1adikTVO 08 EPYAGIO TOV

VTOPOVOUEVOL Kat propel va avalnmOei pe tig Aé&eig —kAeldid «omepPatikdtnTa , €, T »
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TPOKOTTTOLY amd ToAv®vVUe Vyoug h=1 | agod elvar memepoaocuévor oto
na0og, mopaAeinovtag 6GoVg TLXOV emavoraUBavovTot. . XTnV 0e0TEPT GEPA
, OUOlOC  WITOPOVUE VO KOTAYPAWYOLHE OAOLG TOLG  OAYERpKoVC Tov
npokOmTovy omd moivovope Vyovg h=2 x.0.x. 'Etor pumopovpe vo tovg
amopiduncovpe 6Aovg , avtiotoyilovtdg Toug Kot ovciov pe OAo To oTOolKElD

tov 1!

6.5. To (0.1) £ys\ teprocotepa oTorysio 0to to 1 !

Metd and avtd o Cantor dpyioe va motedel 6Tt kot o ovvoro (0,1) €xet
TANOwcd apiud N, oAAd mpog peydAn tov EkmAnén ogv frav €tot! ...
Ynébeoe o Cantor Ot vapyetl amapiBunon yro 6Aovg tovg apduovg tov (0,1) .
Toéte ouwg Oo pmopovoape vo TOLG YPAWOLUE GE O GEWPA OMMG GTO
TOPOKATO CYNUO LE TO 0eK0OKO TOVG avamTuypa. H dexadikn avamtuln eivon
LOVOOIKY], OV OTOLTCOVUE  OTOV Tuyaivel 0 apBudg va elvarl oe popen e

TEPLOOIKN HOPPY| 1e TePi0d0 T0 9, Kot TO TEMKO OekadIKO TUUA TOL  gival

...... 09999999999999......., tOte va TtiBeTol OTNV 1G0dVVAUN  HOPPY] TOL
(a+1)0000000000.......... omov a yneio ddpopo tov 9 .
Iy. 0,699999999....... =0,7 1 0,8999999999....... =0,9 1

0,45679999999...... =0,4568

l.

B el 11 1
a, = 0,a%va,a, a

- 0 e, 2 2 2
a, = » Ay A7y Ay a.,

_ 3 3 "3 3
a, = 0,aasa%...a,

_ n n n .'..n
a, = 0,a'a,a; . .......... aﬁ,..}..

...............................
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Ocdpnoe énerta o Cantor tov apud a =0,a/a;d;.....a ... 0 omoiog
TPOKVTTEL OV TAPOLUE TO, OlOy®VIO GTOLKElD TV aplBuUdV oL Eyoue PEYPL
OTLYUNG VtoBEoet 0Tt £xovv avtioTorynOel pe o N.

2t ovvéyeln Kotookevdlovpe tov aplOud B =0,88,5;.....0, ...

26)

cLUPOVOL pe OV e&ng (ehevBepo Kavova

Bora Brtas Bt ., B, A ... Tote 16 0p1opacte 4Tt 0 OPlONOS

S mov karackevdoaps, dev avikel oty amapiBunon  tov (0,1) mov &yope
Bewpnoet, 0101t drapépet amd khbe Eva TOLAGYIGTOV KOTA TO dAYDVIO YNeio €K
Kataokevng. POGcae emopévag o Atomo vTobETovtag 6Tl OAa Ta GTOLXEIN TOV
(0,1) amapBuovvron . Emopévog ta otoyeio tov (0,1) dev elvar dvvatdv va
€000V 6g apeovoonpuavtn avtietotyio pe 1o N .
‘Extote n amddein  avty AOY® NG KOTOOKELNG NG , EUEVE OTNV

Iotopia tov Madnuotikov og «Atyovio ertyeipnua tov Cantory
2ty ovvéyela o Cantor cuveyioe v epyacio Tov kot eavnke ot to (0,1) elvon
1oomAn0o pe omotodnmote ddotnpa (o,p) pe a, B >0 ocodnmote peyaAdTEPOL
TAATOVG OTTWG POIVETOL OTTO TO TOPAKAT® GYTLLOL:
Amnd ta dpowa tpiyova AB1A; kot ABA €xovpe ot

AB x—0 A

4B To—aV

Amo ta opown tpiyova AB ' ko ABIT €yovpe

AB,_1-0
AB ﬂ - B r
Amo (1) ko (2) éxovpe 6Tt a f(x) B

J)=(f-a)y+a

N omoia av opiotel pe medio opopov to (0,1) , €xel medio TV 10 (0,B) Ko
etvar «1-1» kon emi.

Avordywg epyalopacte kat 0tav 1o (o,B) eival pkpotépov mAdtovg gite ta a, B

TOiPVOLV PVITIKEG TILES.

2 Xapakmpilovpe 0 «EAeDOEPOY TOV KOTACKELAGTIKO Kavova 10T 0 B dev TpoKHTEL
OVOYKOOTIKG LOVOGTLOVTO. B0 LTOPOVGOLE VO, TOV KGTEVEWOLLEY Y10 VO TPOKVITEL O B

, . 2av a, #2
povoonuavta 0étoviog A.y. B, = " neN
lav o =2
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6.6. To cv0Vypoupo Tunnae givol wonAndikd og onueio pe muevdeia 1N pe

gvleia!

Av Y100 ToL S10GTALOTE. PAIVETAL TPOTOV TIVOL «PLGLOAOYIKN» 1) 160TANOKOTN T,
dev ovpPaivel 1o 1010 avapeca og vOHYpappo TN Kol Nuevdeio OTMe Kot
avéapeca og gv. TpuMqpa kot evbeio . O Adyog elval 10 TETEPACUEVO TOL UNKOVG
Y T0 LOVYPOUIO TUNHO Kl TO ATEPO TOL UNKOVS Yo Mevdeia kot gvbeia.
Kot €dd opmg, & 1cominbucomta Omwg ¢oivetor omd To TOPOKAT®

YEOUETPIKA VITOJETyLOTaL:

A

To OABI eivan rsrpdycov027. To OA eivon 10 ddotnpa [0,1] . IT; etvon o TOYOV
¥ mov avnketl oto [0,1] . To I1; , amewoviletar pe v KaOetn oto onueio P g
owyoviov OB kot émerta pécm g mpoéktaong g I'P , 1o I} amewovileton
oto IT ¢ nuevdeioc. Amo ta opota opboymvia tpiywva OIIT ko ITIIP , £yope

on__or _ f _1
OIM-OA PII,  f(x)—-x «x

M

™V 160TNTo AdY®V

Amo v (1) tehkd maipvoope 011 f (x)zlL g omotog av Bswproovpe

nedio opiopov to [0,1) éxer medio Tipmv to [0, +00 ) kot eivar «1-1» kon emi.
H dwoorldynon e apepovosnovtng aviiotoiyiong umopel va yivel gite
HE YEOUETPIKN opoloyia , €lte pe ovyypovn TV cvvaptnoewv. Oumg To

oNUOVTIKO glval

" To oynua avtd vrapyet oto a&droyo Pipiio Tov Morris Kline «Ta Mabnpatikd otov Avticd
IMoAtiopud» T.B™ ekddoeig «Kddikac» cel. 259
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OTL 1 EMOMTEIDL TOVL YEMUETPIKOV TPOTVTTOL LRIOPRAAEL TNV OVOKAALYM TNG
f:10,1) >[0,400) mov eivor «1-1» ko em.

210 TOPOKAT® YEMUETPIKO TPOTLTO £Y® TNV OVIIGTOIYION TOV oNUEi®V TOL
(0,1) oto R . To " amewoviCetor 6to 0 , T0 % mov avikel oto (/2 , 1)
anewkoviletar otov Betikd (') , Onwg ko to ¥ mov avikel oto (0, Y2 )

ancwkoviCetatl otov apvntikd f(y) .

1/2

P2 Q> R

f(x) 0 f(x')

Amd v opotdtra oto dVvo epgovopevo Levyn opboymviov Tprydvev

TOVL GYNUOTOG Ko pe epappoyn tov [Tvbaydpeiov Oswprpotog , £xm:

1 1
’ X—— ——X
VLG R S PO 1€ N S s
— 4K (1) —(x—l)z —+K (1_x)z_(1j
2 2 2 2 2 2
Ao (1) Kol (2) endyetal n KOTOGKELN ™m¢

GHRIG-)]
£ SR e f(x)=
A

va ehéyEovpe 0T f etvon «1-1» ko et tov R.

pe k= 0. Evkola pmopovpe

‘Eva yvoo1dtEpO KOl KOWNG YPNCEWS OMOTELEGHOL TTOL EXOUE ONUEPO  €fvar 1
ouvaptnon spomtopévn  f : (—%,4-%) —> R ue f(x)=¢epx n omoia eivan «1-

1» xon ent Tov R. H cuvdptnon oy , vdpyet 6to 1010 TPOTLTO TOL GYNLLATOG,

59



apkel vo 1o gavtoctovpe pe k=0 oe otpoen 90° kot avti Tov (0,1), to (-m/2

,/2) .

6.7. Eva teTpdymvo £yst ico aplOud cnusiov pe éva svvypanpo tunuo!

To 1877 o Cantor , amédeie o6tt 1o Tetpdymvo [0,1]x[0,1] eivon

1codvvapo pe to [0,1].
[Mop” 6Tt o Cantor elye amodeifel avTd T0 OMOTEAEG O , NTOV OTPOETOIUAGTOG
vo 10 amodeyfel. Avtd pmopel onuepa vo pog mpokoAel EKmAnEn, oAdd Oa
TpEMEL VoL Yvopilovpe To KM TG EmOYNG TOL NTav Tapa TOAD £xOpiKd Yo TOV
Cantor . AxOpo Kot oNiHepa VILAPYOVY KPLTIKES Kot avTppNoELS Yo TV Bempia
TV omelpocuvorwv tov Cantor kot Oyt pOvo vy To mOPAd0EQ OV
onuovpynoce. Exeivn v emoyn o Poincare 1o yopokmpioe «appootion omd
Vv omoia o pépa to podnuatikd 0o Bepamevfoiv.

O peyardtepoc €xOpog Opwg tov Cantor vafp&e o dACKOAOG TOL ©
Leopold Kronecker , o omoiog Mtov ekmpdommog tov TOTE [gppovikov
EMOTNUOVIKOD KoTeoTNUEVOL Kol  £pBoce oto onueio va yopoktnpiler tov
Cantor pe QPACES OMMG: «EMOTNUOVIKOG TOUPAATAVOC) «OTOCGTATNG) KOl
«drpbopéag e veolaiagy AvTti N TPOTOPAVIG TOAELKT TTOL d€YONKE iomG Vo
Bapvve oto va anofiwcet o Cantor og £va yoyorpeio to 1918 . Ilponyovpévmg
€o0T® Kol Yo Alyo guthymoe va dgt v dwaiwon g Bewpiag Tov, agov Le
avtv 1o 1901 eumiovtice o Lebesgue tnv veodtatn 10te Bewpia pétpov . H 6An
olopaym elxe outic v amodoyn tov ameipov amd pépovg tov Cantor ¢
0AOKANPOUEVNG KO TEAELWUEVTG OVIOTNTAS , TPAYLLO TOV Bempeito Yoo AAAOVG
poOnpatikovg 0nmg eidape evieAdg anopddekto. H aAndela eivar 6t n Bewpia
TOV VIEPTEMEPAGUEVOV aplOumdv odnynoe oe mopddosa onwg tov Russell Tov
Burali Forti®® ta onoia Eexadapioav Alyec dexaetieg petd , xopic dpme avtd va
onuaiver 61t ta Tavta Eywvav amodektd and 6lovg. H cvvéysio g dopdyme

twv Cantor —Kronecker éywve otov 20° audva o GAAo eminedo Opme , peta&d

* H 0smpio tov visprenepacuévoy optbudy kat to topado&a tov Russel , Burali Forti k.d.
EKQEVYEL TOV TAAGIOV TG Topovong epyacias. Emedn opwg mtapovsialovv evolapépov
GLGTIVOLLE GTOV aVayVAOTN éva Tpoottd BifAlo , 0nmg sivar n «Ewcaywyn oty @ihocoopia
tov Mofnpaticav» tov Atovuciov A. AvamoAttdvov exdoceic NEOEAH 1986 koBmg kot tov
Bipriov Tov Rudy Rucker «To dnepo k1 0 Novgy -Iav. Exdooeig Kpritng 1999 , pe v
avaykaio exionpovorn 6ti to devtepo PiPAio givar capdg mo dHGKOAO and TO TPMTO.

60



tov Hilbert mov vMp&e 0 KHPLOG EKTPOGMOTOS TOV POPUOAICHOD Kot Brower
1BPUTH KO EKTPOGATOV TOV EVOPUTIGHOD 1} VTOVGLOVIGHOD™

Ag dovpe Opmg v evevn cOAANYN tov Cantor 7y TNV OUELLOVOCTLOVTY
avtiotoryio. avAapeco oto onpeio 0. TUNUATOG KOt TETPAYMVOL. 1) OOl TOV
elye amacyolnoet yuo tpion ypdvio Kot cvykekpipévo avapecsa oto 1871 ko
1874 . Ta ypdvia mepvovoay kot 10 moONTd amoTtéAecpo OV epxOTAYV. ZAPVIKA
OU®G cLVEPN TO AmPocdOKNTO Ko KatopOdOnke va opiobel Lo cuvaptnon mwov
axopa Kt o 1010¢ Bewpovoe adbvatn! AmevBuvouevog otov Dedekind Eypawe:
«To BAéme , aAld dev TO TOTEV®!»

Ag oKlaypoa@rcovpe TNV amdoeén:

Av éva onueio A aviker oto tetpaymvo [0,1]x[0,1] , tote Ba €xet
GUVTETOYLLEVEG ™mg LOPONG A(X,y) pe
x=0,aa,a;a,0;....q,...xk01y =0,80,6,6.05s....0,..0mov o xou B 10
ynoio TOV X, y 0T0 0eKAOIKO TOVG OVATTUYLLA.

‘Exope NN avoaeéper, Ot 10 OekadKO ovAmTTUYHO €VOC aplBpov dev elvan
povadikd. To  va  efacporicovpe TV pOVOOIKOTNTO, OTOLTOVUE, Ol
GUVTETAYUEVEG OTAV TTEPEXOVV OEKAOIKOVG TEPUATILOUEVOVG, Vo TiBevTaL pe TNV
HOopON 0eKadIKOV TTEPLodkoy pe mepiodo 10 9 . m.y. o 0,12340000000....... va
tifeton otV 16060vaun popen tov 0,1233999999......

2m ovvéxeln yopilovpe 1o SeKOOIKO OVATTUYHO TOV ¥ GE OUAOES Yneimv
oope®VE HEe ToV €ENC Kavova: Av 1o o givar O1popo TOL UNOEVOS  TO
Bempovpe ®g povopeAn ouddo. Av Opmg elvar undév ocvveyilovpe péypt va
Bpolpe To TPdTO PN UNdEVIKO GTOLXELD Kot KAvouuEe €KEL TOV OloymPIopo. Avtn)
1N dwdikacio cuveyiletal en” AMEPOV OTMOG KOL YL TO Y .

X ovvéyela, oxynuatilovpe o véo akolovdio yneiov [Le T0 vo TOPOVUE TNV
TPAOTY OLAdO TOL ¥ OImTAQ TNV TPAOTN OUAdA TOL Y , TNV O€VTEPTN OUAOO TOV X
dtmha oty dgbtepn opdda Tov y , TV TpiTn opdda Tov X , dimAa oV Tpitn
opado Tov y. K.0.K. €n’ amelpov. Zynuotiletor étol évog véog apludg z mov
avinker oto [0,1]xon €to1 opilovpe TNV OMEKOVIOT] TOV  TLYOVTOG

(xy)€[0,11x[0,1] oto ze[0,1].

¥ I hemtopépeteg oto CRmnuo ovtéd PAéne «Eiooymyh otny ®thocoeia tov Madnpaticdvy
oV Atovuciov A. AvamoAtdvov- exdooeig NEOEAH Xeh . 241-299

61



IMa va yiver TAnpog katovontd divovps €va Topdostylo St ®PIGHOY Yo TO X
KOy Kol GYNUOTIGHLOD TOV Z :

Avx=0,10024506000089501111...xon  y=0,90000101200984031234...x0pilw
To YyMoeia Tov g eENG:

x=[0,1]1[002][4][5][06][00008][9][S][O1][1][1][1]......

y =[0,9]1[00001][01][2][009][8][4][03][1][2][3]]4]....... omote o £y 1O
z=[01][09][002][00001][4][01][S][2][06][009][00008] [8][O1[41[SI[O3][OT][1][1]
2111]13]111][4].........

Elvar @avepd , 011 dapopetikd onueion oto TteTpdydvo,(y,y) kot (', y)
OVTIOTOLYOVV GE GULVTETUYUEVEG OTOV SOPEPOVV GE TOLAYIGTOV £vo. Ynoio
TOVAQYIOTOV oG Avtd 00nyel GE SPOPETIKEG EIKOVES Y10 TIC OVTIOTOUYECG
ewoveg z ka1 z'. Apa m opiobeica oyéon, eivar Oviog aneikdvion. AviieTpopwg,
OLOPOPETIKEG EIKOVEG Y10 TOL Z KO Z', GUVETAYOVTOL OPOPA GE £V TOLAGYLGTOV
OUAOOTONUEVO TUNHOL , TPAYHO TOV GLUVETAYETOL OL0LPOPA GE Lio. TOLALYIGTOV
GUVTETAYUEVN, TTPAYHO TTOL 00NYel oe drapopeTikd onueia. Etolr n opiobeica
amekovion, etvar kot «1-1» evo mpopavag sivon kot entt tov [0,1].

Amd Vv mopamdve omnddelln, oaivetar 0Tt TOAD gOKOA umopel va yivel
yvevikevon kot yoo kOfo M vmepkvfo . Tevikd amodewkvoetar , OTL KdAOe
YEMUETPIKO GYNILO OTOLOGONTOTE OLACTACNG, TOV TEPIEXEL EVO TOLAGYIOTOV €VO.

TUNUO, £XEL TOOO OMEiR, OGO Kot TO €00, TUN AL,

6.8. Yrtapyer 6Ovoro pe tov néyieto tAn0uko apdpo;

Méypt otrypng €xope amodei&er 6t to (0,1) €xet peyarvtepo mAnOikd apOuod
kot ad o N kot oand 10 Q, evod €xet ico TANOwd apBud pe to onueio pog
nuevdeiog, pog evbeiog, evog TETPOY®VOL GAAE KOl OTOOVONTOTE LILEPKVPOV
LE 01001 TOTE O1AGTOCT).

Tov Cantor tov amacyOANce Katd TOGOV LILAPYEL HEYIOTOG TANOIKOS aptOdC
ouvorov. 16img To TedevTaio amotéleopa pe Tov LITEPKLPO, Hog VIToPBdAiel TV
10é0 0Tl 0 TANBAPIOOC TOV GUVEYXOVG Eivol O HEYIOTOG, TPAYIO TOV OUMOC OEV

cupPaivet!
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To onuavtikd amotérecua oto omoio £pBace o Cantor Aéel 6Tl KABe cHVOLO
el muepoTEPo TANOWO apdpd omd 10 duvapochivord® tov. Avtd Y ta
MEMEPACUEVA. CUVOAN  €lval TPOQOVEC KOl TETPIUUEVO , OAADL YOO TO
amePocVVoOrL xpeldletar omdden mov v entvonoce o Cantor:

«INo kaBe ovvolro A, woyvel [AI< AA)» (1)

Mo va amodeyBel m (1) mpémer kou opkel vo amodeiEovpe OtL LEApPYEL

OUQULOVOCTIUOVTY  OEKOVIo Tov A péca oto AA) , oAb dev vrdpyet
aUEILOVOoIHaVT otelkovion tov AA) oto A (1 —10 avtd- dev LILAPYEL
aneikovion tov A oto HA) mov va eivan eni) . To mpdTO €lvar amdd va
amodeyfel , apkel va Bewpnoovpe Vv anewovion ¢ :d(x) = {x} , n omnoin
aneikovilel To oToryeio X Tov A 610 HOVOoUVOAO {Xx} Tov A A).

To devtepo Ba amoderydel pe TV €1¢ AToTOV IOy ®OYT).

‘Eotw ot vmbpyer f:4—>P(4) mov eivar emi . Oswpovpe t0 OLVOAO
X={xxednrxe f(X)} enedn n f eivon eni, émeton 6tL vHdpyel a € 4 , dote
X=f(a) . Avae X, and tov opiopd tov X, énetor 6t ¢ ¢ f(a)=X.
Avordyog, av a ¢ X = f(a) , and Tov opiopd tov X , éxovpe O6tt a € X.

‘Etor éovpe aeX <o agX mov elvar dtomo. Emopéveg dev vmdpyet

f 14— P(A) mov eivon emi.

6.9. To 69voro B = {cuvapmon f pef :(0,1) > {0,1} } éxer neprocoTepa

otovyeia amd To cvvoro A= (0,1)

Ye «xabe ae€(0,1), xarackevalovpe Kol aviiotoryilovpe MV

. 1. x=a
oovapmon  f,(x) = 0. y+a €B,

H avtetotyio ovt]  elvor  KOADG  Opwopévr,  apov

a=p=f,(x)=fz(x)xoeniong eivon apgipovoctuavin Tov A péco 6o B,

30 Yrevoopifovpe, 6Tt 10 SuvapocHVOLo £vog GuVOAOL A givat T0 6HVORO HA@V TV
VTOGVVOL®V TOV Ko gupuPolriletor pe AA)
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oWt f,(x)=fz(x)=>a=p. Avto onuaivel , 6Tt 0 B dev &gl Ayotepa
otoyeio omd o A .

IMa va dei&ovpe 011 10 B )61 meprocotepa otoryeio amd 10 A, Tpémet Ki
apkel vo ogi&ovpe 6Tl dev VILAPYEL OUPLLOVOSTILOVTY avTicTolyio. Tov B péca
ot0 A . Oa epyacHolpe He TNV €15 ATOTOV Aoy MYN:

‘Ecto 611 vdpyel apguovoorjpavtn aviotolyic tov B péoa oto A.
Tote 10 oTOLYKEl0 —GVVAPTNON TOL avNKeEL 6T0 B Ko avtictotyiletatl oto e 4,
10 cupPorilovpe pe £ (x).

Ocwpodpe vy cuvapmon ¢(x) =1-f(x) (%)

H tiun g o(y) oe kdmowo onueio a € A opiletoan g €€Ng: Bpiokovpe
mv ovvaptmon f,(x) mov avtistoyileton oto o , Bpickovpe 10 f, () mov
glvar o Ty 7 0 N 1 ko agopodpe amd 10 1 . Ipoeavdg €K KOTOGKELNG
¢(x) € B. Emopévog vrdpyer kémowo B € A ka fy(x)€B yw mv onoia
LGYVEL:

o) =1s(x) (**)

Ao (F)&(**) €xo 6T

I-f(=1s(0) » VyxeA (**%)

H (***) yia =P diver

1=f,(B)=fs(2)=
2f5(B)=1=
fB=3

mov gtvat dTomo 310t T0 mEdio TIUDYV OA®V TV cuvaptoewv givar to {0,1}
Emopévog dev vmdipyel T€T0100 OUOILOVOCTLOVTY ovTIoTolyia , apa to B €yet
peyaAvtepo TAN0KO apBuod amd to A=(0,1).

Av mpocéovpe ™V amdoeiln, PAémovpe 6Tl otV Katookevn ™G ()

eppaviCetor n daymvio dedkacio tov Cantor .

6.10. _To napdooto Tov Cantor

H amoderybeica mpdtaom (1), pog e€acporilel emaywykd o ateheimt taén

ancipov, aeod m.y. to dvvapoocvvoro tov (0,1) To A(0,1)) éxer peyardrepo
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TNOwo apOpd amod 1o (0,1) ,10 duvapocvvoro Tov dvvaposvvorov Tov (0,1)
akopo peyaAvtepn téEn ameipov x.0.K. ‘Etol opwg ¢@Bdvovpe ko o €va
dtaonuo Tapado&o mov cvvetdpase Tov Mobnuatikd kOGHO:

‘Eotm 10 A 10 60voAo OA®V TV cuvOrwv . [Ipogavdg éxet Tov péyioto mAnbucd
appd. Opwg and v mpodtacrn tov Cantor , T0 SLVOHOCHVOLO TOL A , )&l
peyoAvtepo TANOKd apBud. ‘Etor to A €xet ko dev €xel tov péyioto mAnduco
aplOud mpdypa avtipatikod. T etaiet apaye;

O Russell mpoétewve v amaydpevon TV ou)roowoc(popd)v3 ' tov TOmOV,

Xex kot —xex TPAyHO TOL ov ywotav oamodektd Bo Mpe ta ddpopa

cuvoroBewpnTikd Tapdoosa , oAl Ba Tepopile Ta i01a T podnpatikd. TeAkd
n  alopatiky Oespelioon tov Zuvorwv and tovg Zermelo —Fraenkel vjpe ap’

€QVTNG Ta TaPAdoE Log Kol TAEOV Ogv elyav vonua 6t véa Bepelmon).

7. O «ta.00L0YIKEG CUVAPTIGEISH

O oplopdg ko n e€EMEN ™G €Vvolog TG CUVAPTNONG , TEPACE OO OPKETEC
eacelg péxpt va toyiwbet otov onpepvo .

O Euler nioteve 6T 1 cvvlptnon exepdletal pe o OTOONTOTE KAUTOAT TOV
yphpetar pe  ereddepo  xéprl.  Zfuepo  yveopilovpe  Gmepo  aptBpd
OVTITOPAOEIYLATOV GUVOPTNCEDV GTOV 0pisid tov Euler mov 6yt uévo dev
umopovv va oyedlachovv e erevBepo xEpt, aALE aLTO OeV UTOPEL VO TO KAVEL
o0t 0 TEAEWOTEPOG LTOAOYLOTNG Tov Olabétovpe 1 kot Bo dwbétovpe oe
omolodnmote omatoto péAlov. Ilpv ouwc eBdcovpe Opmg otov onuePVO
opWoUd NG oLVAPTNONG, ML cLvaptnon He  KAAdovg Bewpeito g VO
SLVOPTAGELS EEYMPES N £0TM «oVLPPAUEVED . Akdua ot podnuatikoi Tov 18°
aldve. ToTELOY OTL [0 GLVAPTNGCT TPEMEL VO, €YEL LOVAOIKT OVOALTIKN
EKQpooT. Avto ek TPOTNG OYeWS I6MG dev Paivetal va dnuovpyet TpofAnuata,
oAAG OVOLOOTIKA oVTH MTav M ottio TG Spayng amd v emilvon Tov

wpoPAuatog g moilouévng yopone amd tov D. Bernoulli kot and tov D

3! o Aemtopépeieg eni Tov Oépatog PAéme oty «Erooymyn oty ®hocopio Tov
Mofnpatikavy» tov Atovuciov A. Avaroltdvov cel. 211-215.

32 $ta Aatwvikd éypage: «Curva quancunque libero manusy» 6mmg avagépet o Dirk J. Struik
oV «Xvvortikn lotopia tov Madnpotikdvy
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Alembert. Kot ot 8o eiyav xotoAnéer oe Avorn, pOVO Tov ot AVCELS TOLG
€01devto amd dropopeTikovs Tumovg . H ofdtatn dwupdyn m omoio dpyloe €&
a1Tiog oVToL Tov YeYovoTog Kol otnv omoia evemAdkn o Euler , dev édwoe
kapio dtevkpivion oto Bépa. Oplotikn andvinon €dwaoe o Fourier Tov emduevo
aove.  , otav €0ege, OTL 10 GOpoloUa OGS GEPAS TPLYWVOUETPIKMV
GUVOPTNCEMV, UTOPEL VO EKQPUCTEL LE OLPOPETIKOVS TOTOVS GE OLOLPOPETIKA
Swotnuata. Tote €dmoe kol Evav OpiGd Yio TV GLVAPTNON TOL VIOYPaule
OTL T0 0VGLOGTIKO (TN NTaV 0 KABOPIGHOG TV TIUAV TNG Kol Ol 0 TOTOG TNG.
To eumdd10 dpmg mov elxe va Eemepdoel 1 LoONUOATIKY KOvOTNTO, fTAV OTL OL
GUVOPTNCELS NOOV HOVIEAD TOL TEPEYPOPOV QUVOIKE @ovopeva. TETOEG
GLVOPTNOELS NoaV Ol GLVEXEIS N Ol Katd TuNpota. cvveyeic. H cuvaptnon tov
-1,x<0
Dirichlet 1 1 ocvvdpmmon mpdonuo oL Y sgn(x) =<0 , x=0;0ev Ba
1, x<0

umopovoav va peretnodv amd kavéva podnuoatikd tov 18% awdva. Tnv
ocuvaptnon npoéonuo Ba v aveyvapilov o¢ £va eEI00VIKEVUEVO HOVTEAO EVOC
QOIVOUEVOL OV OWEAVEL AmOTORO GE U0 TEPLOYN TOL HUNOEVOS , EVO TNV
ocvvéptnon tov Dirichlet ©¢ evieAd¢ dypnoto HOVIEAO Yo VO TEPLYPAYEL
OTMOL00NTOTE PLGIKO PAVOLEVO, AP0V Ta AGON TV HETPGE®V, 0GOONTOTE
pikpd kot va givor dev pumopodv vo eEacpaAiicovy To pnTov 1 AppPNTOV £VOC
peyébovg.

O Henry Poincaré¢ oto téhog Tov 19” ardva omoyontevpévog éheye: «YmApée
EMOYY] TOL M EPELVOL Y10, VEEG GLVAPTNGELS EIYE MG KIVNTPO KATOOV TPOUKTIKO
oKomd. ENUEPO EMVOOVVTOL GLUVOPTHOELS , LOVO Kot LOVO Yo Vo, KOTadEOovV
YEYAdL0 OTO EMLYEPNLLOATA TOV TPOYEVESTEPWV pog TIEpav TovTov, dev e€dryeTan
Kavéva A0 cuumépacpo omd TG v AdyY® cuvaptnoelc.» Befaimwg o Poincare
dev Ba umopovoe va pavtactel 6Tt 11 oOYYpovn KPavtikn euotkn 1 Bewpia Tov
YOOVG HEAETA OCLVOPTNOELS Kol KOUTOAES pe TOAD mopdéeves 1010TNTES.
MdéMota onuepo  YvopilOLUE GULVOPTACELS KOl KOUTOAES HE EEAMPETIKG
«mopdevegy  1010tTeC TOL  ekPEVYoLV amd To cuvhnOn TeopeTpucd Kot

dtoucOnTikd TpotLTa . Ag SOVUE PEPIKA
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7.1.2vvaptnen mov opilerar oo [0,1] kai Eyel anelpo akpoTaTa , KOVTd

o€ kale onueio evog vmepaprOunoipov vmwoovvéiov tov [0,1]
H xataokevn g ocuvapInong, EYKELToL Kol 6TV TALTOYPOVT] KOTOGKELT] TOL
ovvorov Cantor mov eivon vrepapOunoipo , eved Ba yiver pe évav enontikd

TpOTO:

0 19 20 153 23 759 80 1

Ddavraldpaote 0TL TEPTEL Kataxopvea Bpoyn tave oto [0,1] . To ywpilovpe og
Tpio 160 KOUUATIO KO GTO HEGOIO TUNO GTVOVLUE L0, GKNVY| oL oynuotilet
16omAevpo Tpiywvo. 'Etol «Bpéyxovtay tao dvo dxpo tunipoate , ektdg amd To
pecaio . Ta onueia 1/3 kou 2/3 Bewpodpe 0tL «Bpéyovram. Tnv idia dredikacio
emovoloppdvoope Kor oto ovo axpa tunuato : To yopilovpe ot tpia ioa
Koppdtio kKo okemdlovpe to pecaio. ‘Etol , 010 0evtepo Prina éxm téccepa
TUNUOTO KOl 000 VEEG OKNVEG , O QOIVETAL GTO OVOTEP® GYNLO. XTO TPITO
Brino £xm oKTd TUNUOTO KOl TEGOEPIS VEEG OKNVES K.0.K. £TO V-00TO Prua £xm
2¥ tufpora kot 27 véeg okmvéc. Avth 1 Swodikacio Bewpodpe 6Tt cuveyileta
en’ dmewpov Kot pog otver v {nrovpévn cvvdptnon. Ag dovue optopéva Aov
EVOLOLPEPOVTA YOPAKTNPLOTIKA TNG:

To UNKoOg TV «GTEYVOV» TNG ONUEI®V, K KATAOKELNG lva :

1 1 1 2 , 1 3 X 1 4 ) 1 n+l ’ ’
Y= —+2 | = | 427 = | +27| = | +..+2"| — +... TO omolo e&ivou
3 3 3 3 3

1
GdBpoiopa TV aneipwv OpOV YEMUETPIKNG TPOAOOV , LE TPADTO OPO TO alzg Kol

2
AOYO ®O=—
v 3

Apa =3 -1, AnAadn 10 pPMKog TV «eoteyasuEVavy onpeiov tvarl ico pe

T0 pNKOG Tov apywov dactiuatog [0,1] . Avtd emomtikd pog odnyel oto
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ocoumépacpa 6Tl oteydoape OAa ta onueio. AAAG PePaing eirape otL Ta dxpo

TOV TOUMOV T 0 l g l % Z §1 £ TOV TPOMO KOTOOKELN
lvt X, :979:3:379995 H p T]g

elvar dmepa kot apdunoipa ®g vroovvoro v Q. Exktég amd avtd ta

«PBpeyduevoy  aplBunoya onueioc  dev @aivovtor va vrapyovv  Giio. H
emomteio pog Aéet Ot
® 1O UNKoG tov mediov opiopov [0,1] etvan 1 .
e 'Hon oteydoapue onueio pe pnxog 1 .
e Xta akpa TOV OloTnUAteV £yope amepo aplBunoo  mwAnbog
«PBpexoduevovy pntdv Tov dgv £YOVV UNKOG .
Apa dev Tpémel va vtdpyovv dALa «Bpeyopevar onueio
To eéoupetind mepicpyo eival 0TI DIAPYOVY KL AIAA (PPEYOUEVANGHUEIR TOV
eivar paiieta vmepaprBuiowa oto ninbog. Emions, map’ 6ti umopody -og
vrepoprBunorua- va tebody oe «I-Inkor emi avrieroyyio pe to (0,1) , &v
TOVTOIG O¢v Eyovy uijkog!
Yrdpyet o evorapépovca amdOEEn Yo TO TPONYOVLEVO, 1| OToio amAomotel
apketd mpdypota, apkel vo Bewprioovpe Tovg apBpnove tov [0,1] ypappuévoug
6710 TPOKO cvotnuo apuncews. Tnv moapabétovpe, apod vrevlvuicovpe
GTOV aVOyVOGTN OTL
e Y10 TPLOdKO cvoTua apibunong, ypnowwomolovue povo ta ynoeio 0,1
Kot 2 yio voL ypayou e 0A0vg Toug aptfpong .
e Otav tpyotopodpe to [0,1] , oto Tp®TO Tpito OL OPBpoi Erovv TNV
popon| 0,000203040s. . ...04. . . . ... , 0mov Ta o eivor ynoeia 0, 1,1 2.
e 210 0e0TEPO TPiTO, O1 aptBpol Exovv v poper| 0,100203040s. ....04. . .
e Y10 Tpito Tpito , o1 ap1Bpoi Exovv v popen 0,200L03040s. . ... 0. . .
210 mpoTo Pnpa , oteydlovpe tovg apBuovg mov apyifovv pe 0,1...... Kot
Tapopévouy «Bpeyduevory ot aplbpoi
0,0...
0,2...
10 devTEpO Prna , oteydlovpe KATO10VE (0EV LG EVOLOPEPOVY TTPOS TO TOPOV)
Kot wapapéEvouy PBpexdpevot ot aplBpol g Lopeng:
0,00...
0,02...
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0,20...
0,22...
10 1pito Ppa , mopapévouy PBpexoduevol ot aptBuol TG LOPPNC:
0,000....
0,002...
0,020...
0,022...
0,200...
0,202...
0,220...
0,222...

10 té€T0pTO Ppa , TOpApEVOLY PBpeyOrEVOL O aptBpol
0,0000...
0,0002...
0,0020...
0,0022...
0,0200...
0,0202...
0,0220...
0,0222...
0,2000...
0,2002...
0,2020...
0,2022...
0,2200...
0,2202...
0,2220...
0,2222...
¥10 v-0016 Brua , a &y 2" apdpovg ka 16dpidueg akolovdisg yneimv
. Av 116 doTdEov e OGS KOl TPONYOLUEVMG KOTA GEWPES KOl GTNAES 1Oilag TAENG

ynoiov , Bo &ym:
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H mpdtn othin petd mv vrodaotor Ba £xet 27" pmdevicd kar 2V
Ouhd kotd cepd, evarlacoopeva 1 popd .

H Sedtepn othAn petd v vrodootol Ba xel Oa £xet 2V undevikd
Kot 272 ShG , EVOANAGOOpEVD, 2 QOPEC.

H tpitn othin petd v vrodiootol, Oa éxet 2" undevucd war 2"
oAb , evallacoopeva 3 popég

H v-oot othAn Oa éxer 27'=1  undeviko xoi 2''=1  Sumhd mov Oo
evaAAdooETOL
V- POpPEG.

H dwodikacio avt| 6ev otapatd £d®, aALd cuveyiletan e’ dmepov. ...
En “anepov Aowmdv, mapapévouy “ Bpexduevor” ot apiBuoi mov to TPLodtkd
ToVG HéPOG amotereitar amd To ynoio 0 Kot 2 .
®a deitovpe 611 T0 TANBOC aWTOV TV apBu®V €xel Tov TANOBAPIOHO TOL
GLVEYOVG!
‘Eoto 611 6A01 ot apiBpol mov £xovv Tpladikd avdmrtoypa pe ynoeio 0 1 2 givon

aplBunoot. Tote Ba ypdpovtot o€ o oelpd OTOS TAPUKAT®:

@
a= 0, .)'cf.,. Xy Xy X, X3 X
a,= 0, x .k;,..xf R A
a= 0, x x ’3~.uxi XX
a,= 0, x' x5 x} .)Eff., x:ox!
a,= 0, x x x x X x
a= 0, x* x5 x x{ xP x&,
a,= 0, x x; x] x; x x| \".
ag — 0 8 8 8 8 8 8 e

=
=

N
w><
43<
m><
c\><
b

&

ZymuoatiCovpe tov apOuo B=PiP2PsP4PsPeP7Ps. - . Bi----. ...

Me 1ov €€1¢ kavova dnmpovpyiog:
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2, avy=0] , , , ,
B, = : Téte o apiBudg B dev avhkel oe avty TV oepd
0,avy =2
aropiBunong, tpayua dtomo . Emopévmg dev eivar apiBunoipot ol tpladikoi tov
[0,1] pe ynoio to 0 kot 10 2, GOUE®VA LLE TO TOAPATAVED SLAYDVIO ETLYEIPTLLAL.
To «Bpeyopevo» tuqua tov [0,1] Aéyetar Xdvoro tov Cantor kot €xet

eEQLPETIKG, EVBLAPEPOVGES OVOAVTIKES KOIL TOTOMOYIKES 1SIOTITES .

H kotaokevn} Tov suvéorlov tov Cantor , péypt to tétapto Pripo.

‘Eto1 6mmg to £rovpe KOTAGKEVAGEL, TPOKVTTEL, OTL 0COONTOTE KOVIA GE
Kk@0e onueio Tov cuvolov Cantor vmdpyovv dmepa TOmKAE pEYoTa . AVTO
kabiotator eovepod, av avaioylsBovpe TV TPLadIKY Lopen Tov £xovv ot BEoelg
TOV TOMKOV PEYIGTOV TNG CLVAPTNONG.

Ex xotackeung o1 0€oelg avtég givor Tng Lopens:

Y=Y 1Y2Y3Y4YsYeY7.. Yyl , OMOL vV 0GOOMTOTE UEYAAOG QULGIKOG KO Ta Y  €ivol
ynoia 0 M 2 o€ Tp1ad1Kd cvotua apibunonc.

‘Etol, av €yovue éva otoyeio ¢ tov Xuvvolov Cantor ,ovtd 6o
arotedeiton amd ynoia 0 2 . AV KOTOOKEVACOVLUE L0 GOOIPIKN TEPLOYTN LE
KEVIPO TO C KO OGOONTOTE UIKPN OKTIVOL P, TOTE VILAPYEL LEYIOTOC V PUOTKOG ME
p>3"(ne Paon to déka 1 10™ue Baon to tpic)

Kotaokevdlo évav véo aplBpd k1 og €&ig: Awmmpd 1o TpLodkd
avémtoypa e akolovbiog twv yneiov tov ¢ péyxpt 10 (v+1)-00td ynoio kot
GTNV GLVEYELD TO EMOUEVO YyNnoio av givar 0 To kavo 1 1 av ivar 2 1o kGvo 1 .
'Etot maipveo évav apBuod 6e&lotepa 1 apltotepdTEPE OVTIGTOLXMG TOL € , TOV
avnket otnv S(c, p) .

‘Enerto Aappdvoope v akoAovbio tov yneiov tov ¢ péypt Kol to
(v+2)-0016 kol oty ovvéyela BEtovpe 1, maipvovtag évav véo aplud K, mov

aviket otnv S(c, p). Opileton pe avtd TOoV TPOMO [iar delpn axoiovdio Oécewmv

3 T mapaderya , To chvoro Tov Cantor givor KAAGHOEWES (1] LOPPOKAOGLATIKO OVTIKEILEVO
N epaxtai 1 Opdppa) Exet onAadN TV 1010TNTA TS CVTOOROOTNTAS £XEL SLACTACN- KOTA
Haousdorff- log2/log3 = 0,63092 <1 «.q.
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TOTMIK®OV UEYIOTOV OV GVIKOLV GE OGOONTOTE WIKPN TEPLOYN] TOV C ONA. GE
duoTNpa TG HOPPNS (c-p, ctp).

Ao TV KotaoKevn TG akoAovdiag yivetar eavepod, 0Tt VITAPYOLY dVO
vrakoAovBiec Bécewv peyiotwv, n pio de€d Tov ¢ Ko M GAAN apLoTEPA TOL C
dpo Exm amepo axpdTATO KOl 6€ dlooTHATA TG HOPeNS (¢, ctp) Ko (c-p, ©)

Y kéBep e R .

7.2 H ovvaptnon tov Cantor («n kiipag tov Swfoiov») givar pa
oLVAPTNON TOVL EivaL:
e Yvuvegymc oto [0,1]
e Avfovoa
e Mn otaBepa
o Tlopayoyiciun mwavrov pe mapdywyo ion pe 0, ektog amo Eva

voovvoro tov [0,1] pe pkog 0.

Opiletan pa khpaxot cvvaptnon f:[0,1] - [0,1] oc e&ngc:
Awoupotpe to [0,1] o tpia ioa Tufpato kot opilovpe TNV GuvapTNoN VO
naipvel v Tun Y2 og kdBe onpeio tov pecaiov tunparos. Katomv, dtapodpe

TO 0PLoTEPO KOt TO HeE10 TUNpA AL 6€ Tpla Koppdtio ékacto Kot opilovpe v
. , , . 1 2 37
GLVAPTNOTN va TalpveL TNV TN Y4 610 dtdoTnua 39 Kot ¥ 610 290

‘Exyouv amopeivel téooepa tunuota ota omoiol 11 cuvaptnon Oev €xel
axopa oploet:

{O,é} ,{%,%} ,{%,%} ,[g,l} Ka0e éva amd avtd ta dtopodpe og tpia
{oo TunuaTOL Ko OoTo pecoion  TUNpoto opilovpe TNV TIUN TNG CLVAPTNONG
1 ,g ,é ,Z OVTIGTOLYWG.
8 8 8 8

Av ovveyloovpe em’amelpov avt) TNV O00IKOGI0, TPOKVTTEL Lo

oLVAPTNON OPICHEVN GE Ol Ta «oTeYVa» onpueia tov [0,1] onA oto [0,11\C ,

onov C to oOvoro tov Cantor.
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Av f(y) = rlll_rg f(yx,) = 11_{1010 f(x ) xeC , 161€ 6mOG &rovpe Seilel, T0 X &xel po
ATEPOYN PO TPLOOIKT OvATTTVEN ™G MOopeNS 0,01 020304050. . ... Oy . . . ... Omov
ai€ {0,2} VieN.

Mmnopovpe vo opicovpe dvo axolovbieg pe otoyeia tov [0,1\C ,
ywnoiog povotoveg , pio {x,} ywnoiog avéovoo kot pio {x,} yvnoiog
ebtvovca mov va cvykiivovv oto x. O Tpdmog opopol my yw vV {1y, } ,
umopet va yiver g €ENG:

ApBUd 1O TPLOOIKO OVATTLYO TOV ) KOt TO TPMTO 2 1oL Ol GLVOVTNC®
T0 KOvo 1 . Zrapatd v opibunon kot tov aptfuod mov £xel TpokHyeL Tov opilm
O¢ X1 - ApOu® ta ynoeio Tov ¥ Kot 610 dgLTEPO 2 OV B GVVAVTHO® TO KAV 1
, OTOHOT® Kot opilm 10 2 péPL ekel. Xoveyilm €101,  apBu® TAAL Kot 6To V-
0010 2 mov Ba cvvavinow, Ba to kdveo 1 ko Ba opicw Tov ¥, . ‘Etot

onuovpyeitan poe akorovBio oto [0,1\C mov ek Kataokevng eival yvnoimg

avEOVGO KOl GLYKALIVEL OTO ).

O Tp6TOg OPIGHOY Y10 TV {7, }, UTopEl va. yivel g eEng:

AplBud 1o TPLOdKd avamTuypo tov ) , kot 0 mp®to 0 mov Oa
GUVAVTAC® TO Kéve 1 kot opilom Tov 7, . Apdud Kot méAt kat o dedtepo 0 Tov
0o cuvavtio To Kave 1 kot opilo £Tot Tov 7, . Tuveyilo kot opdud Kot o v-

06106 0 mov Ba cuvavtnom to kdve 1 kot opilw €tot tov 7y, . Ex katackeung n

{%,} eivar yyoiog @divovsa cvykiivel 6Tov ¥ Kat GAOL 01 GPOL TG AVAKOLY
oto [0,1\C.

H ) g ovvdptnong tov Cantor oto onpeio y €[0,11\C opiletar wg:
f(y) = rlll_I)Ialo f(y,) = 11_{2 f(x ). To 6TL LVREAPXOLY CWTE TO OPLO. KAl £ivar KOWE. ,
pmopet va amoderydel , ondte petd n ovvéyewa g f oe 6Ao 1o ddotnua [0,1]
EMETOL PUGIOAOYIKA.

EvoAloxtikd umopet va optoDel

:Av x eC, f(y) =sup{f(u):uel[0,1]\C pe u<y}
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H "okélo Tov S10f6rov" 670 TPiTO Pripa -0é TO ATEPA- TNG KATAGKELVNG TNG.

‘Evog dArog €Eumvog alyopiBuikdg Tpomog optopod g tipng  f(y) oty 0éon y,
glva o €€Nc:
1. Tpdye 10 % pe TNV TPLAOIKN TOL OVATTLED.
2. Av 10y mepiéyet o ynoio 1, dhiace to mpdto 1 mov Ba GuvavTNCELS e
2, Ko OAa To. akoAovBa ymoeia pe 0.
3. &Ahae oo ta ymoia 2, pe 1
4. Tnv véa ypaen tov apBpov , Bedpncoé v o610 OLOOIKO GUGTNLO
apiBunong kot avt etvon n Tyun f(x).
Aniadn: Av y= 0,75217192501143118427069044352995pson 10) TOTE pE TOV
YVOOTO aAYOpIOUO TV GUVEXDV OlUPECE®V HE TO 3 am’ OTOv Taipvoue ta
dadoyucd vorowa kat aviictpoen @opd, , £xm ot ¥=0, 2020221 g4 3) M

2 2 2 2 1

==+ =4+ —+—+
X 3 3 3 3 3
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201 Lo N | I

==

Wl
Wbk
L=
Lajea
Wl
wo oo

— |

Aprotepd N ouvaptinon tov Cantor péxpt to 4° Pripo ko dgbrd peTd omd kamoro Aiya
Ppotoe TepATAvVE, 0TOV OV PAIVETAL 1] SLOKPLTH] KAMPAK®GN AOY® TAYXOVS TNG YPUPPG
oediaons, 0AlG Opmg Ko £Tol B0 TPEmEL va. TNV QAVTOGTOVNE NETd amd TO GmEPO.

pripota opiopod NG, apov sivar cvvepc!

I 1 1 1

1
Torte &y f(x) =0,1010111g40n2) ONA. f(X) =—+ 4+ —+—+—
X ( ) (Bdon 2) n ( ) 2 23 25 26 27

O mapomdve alyoplOog 0VGLACTIKA TPOEPYETOL OO TOV £ENG OPIGHO:

C c 1 c C 2
Av y e(a, g a=—+.. 42 +— kol B4+ 24+— Kot
X ( B) H 3 3m71 3m B 3 3m—1 3m
, 1(c c., . 2 .
c, €{0,1,2}, tote f(x) EE E+...+F+2—m LEe TNV TPOEKTOACT TOV

opoLov Kot OToy m — +0 oV 01 oplobeiceg oelPég cuYKAIvOLV.

Noa emonuaviel 6Tt 0mwg NoN €yovpe amodeifel otV TPonyovueEVn
EQUPUOYY], TO UNKOG TWV CKOAOTOTIOV £YEl KOG 1, akpiBdg 660 Kol To PKOG
tov mediov opwopov [0,1] . Xta onpeio tov cvvorov Cantor , 1 oplldpevn
ouvapmnon katopbavel va yivetor avEovca  SATNPAOVING TNV GLVEXEWL TNG,
TPAYLLOL TTOV EIVOL KOTATANKTIKO 0poD EKPEVYEL GAPMSG TNG cLVNBOLG ETOTTEING

Ko dtaicOnong.
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7.3. Mo KAEw6TY] EMIMESN KOUAVAN 7OV TEPIKAEIEL TETEPUGUEVO
enPadov ko £xer drerpn wepiperpo!

[Tpoxertan yio TNV yvoot| Kapumdin 1 «Nuwpdoo» tov Koch , n omoia ektd¢ amd
TIG OVOTEP® O1OTNTEG , OEV EMOEXETAL EQATTOUEVT] GE KavEVO GTLELD TNG , KATL
mov dev Ba amodeifovpe , aALL TO delEOVUE YO PO GLVAPTNOT OV £XEL QLT
™V 1010TNTA TOPAKATW:
H xatackevn g yiveton frpa mpog o pe tov eEng tpdmo:
Ocwpolle évo 1GOTAELPO TPIY®MVO TAELPAS pfKovg Y. 1. («undevikd» Pripna
vy v mepipetpo Ip) Atupovpe kdbe mievpd tov Tpry®dvoLv o€ tpia ioa pépn,
apoapovue to tpio pecaio pépn ko oe kdbe B&om tovg mpocHBitovpe Eva
1GOOKEAEG «AGUOO» OV HE TNV OQOIPOVUEVN TAELPA oYNUATI(EL 100TAEVPO
tpiywvo. 'Etol, éyo 10 mpdTo  Prjna mov avrtictoyel oe mepipetpo I Avtod
ocvveyiletan em’ dmepov kot oynuatiletar M KOUTOAN. ZTO TOPUKAT® YL

PAEmovpe To TpdTO OEVTEPO TPiTO KO TETAPTO Pt

«Mndeviké», Tp®OTO, dEVTEPO , KOL TPiTO , fripO 06 TO ATELPA TS KOTUCKEVNG

210 «UNoeVIKO» Prpa Evapéng €xet mepipetpo
Ho=(3)- (1)

210 TPpOTO PHa KOTAOKELG EX® OTNV KAOE TAELPA Vo OnpiovpyovvTon 4 VEES

TAELPEG e PWNKOG TO % TOV TPOTYOVUEVOL UNKOVG , OTA.

1 4\
=4-3)-(1-=)=3| =

1=(4-3)( 3) (J

210 0ebTEPO Prna , opoiwg oe KABe TAeLPA dnovpyovVToL 4 VEEG TAELPES e

LMKOG TO %rov TPOTNYOVEVOL UNKOVG , ONA.
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=4(4-3)- %(1%) :3(%}

TAELPES
HNKOG TAELPOG

Y10 1pito PrAno , opoiwg £€x® TETPATAAGIOCUO TOV TAELPOV  UE

. , , 4
VTOTPITANCIACUO TOL UNKOVS ONA TOV GUVTEAEGTY 3 Ko

4Y’ 4 4\ 4
H3=3(§j Tehkd emoywykd £y 3 >111, = 3(5] —+0,  apov 3 >1.
Enopéveg éxo dnepn mepiperpo.

IMa 1o epPaddv E, &xm ta e€nc:
To apyko tpiyovo éxet euPadov Eo.
210 mpodto Prpa o eupadov E; to omolo mpoxvmrter and to Ep av 1o

avénoovpe Katd 3 et mAéov Opoln TPiymva IOV £KAGTO €Yl AOYO OUOLOTNTOGC

1 2
pe 1 Eo 3 kot dpo  Adyo  gppadov (%j Apa

¥10 devtepo Pruna , £xo euPfaddv E, . Avtd mpoxvmrel, and to E; , 0tav og

Kk@Be mAeLpA TOL TPOSTEOOVV TETPOTAAGLIO 1GOTAELPO TPIY®VAKIO TA OTOioL

€xouv AOYO OpHOLOTNTOG %%us oxéon to apywo E¢ ot Aoyo epfaddv
(1.1)2
33)
1Y 1Y 1(4Y
Apa E,=E +4-3-| == | E,=E,+3-4| = | E,=E, +=| = 2
pa E, 1 (3 3j 0 1 (9j 0 1 3(9j 2)

Enayoyikd , pe v 10100 KOTaoKELACTIKN AOYIKT , £(® oto nt+1 B
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scaleby /3

T +
1 n+l 2
En+1:En+3'4n|:(§j } 'E():
3 isu::ale by 143
En +l i 'EO
319 A
F Y
H oyéon (3) , pog odiver 1o gppadov :
n , ,
oo ntl PAuo  cvvaptioel ToL Sty —
euPfadod oto mpormyovuevo Prua n
KoL Tov apykov epfadov Ey. :
A
E/o =E, F Y
0
E =F, +§(gj E, scale by 1/ 3
1(4)
Ez =5 +_(_j E, .
319 S(2) =+ (48 coples) =
1(4Y
E/3 - A +§(§j Eo
1(4Y
E/4 = K3 +§ 5) E,
S(3)
........... /..................
../ ...........................
1(4Y
E. =K +=|=| E
n+l E‘/n 3(9j 0

Me npocBeon katd péAn, moipvem:

1 & (4)
En+l=E0+E0-§Z[§j =

k=0
E _ = 1+li(ijk -E, =
n+l 3k:0 9 0

o k
limE,,, :{1%2(3) }-EO =E, = 1+§-L4 E,=E, ngo

n—ow =0 1—

9
AnA. To en” dnepov oynua s vigddag tov Koch €yet 60% napandve eppaddv

and To apyKo Tpiywvo.



7.4.Av @()) givar 1 oVVAPTNON «OTOGTAOT] TOV ) OO TOV TANGCLEGTEPO

=1
aképawon, Téte 1 ovvdptnon f:R >R pe f(x)= ZW(IO" X)

n=1

givon TavTov cuveyne Kot tovdeva napoy®yicwun!

Lpoxaraptikd-oxiaypdonon e amodeiéns: H ouvdptmon ¢(y) opiletar péow

NG GLVAPTNONG KOTOAVTN TIUN» «KOEKUOIKO UEPOG aptBuov» dnA. {x} M omoia
pe v ogpd g opileton HEG® NG CLVAPTNONG KOKEPALO UEPOS aptBOVY amd

mv womta {x}=x-[x], (BA. B3.6.B.a ) . Etot &yo:

()= 5

1 + {;{ - %H Yy TV omoia mpoPavmg toyvel 0 < P(y) < %, (1) kau m

omoio £YEL TNV TOPAKAT® YPOPIKN TAPAGTAO :
042
0.36
024

o1z

h

L 01z 024 03 048 0E 072 084 096 1.08 1.2 132 144 156 168 18 1.92 2.04 216 228 24
. 1 . . .
H ovvaptnon §¢(2 7) EXEL TNV TOPOKAT® Yp. TOPAGTACT:

0.24

o1z

¥

7 01z 024 03 048 0E 072 084 09 108 1.2 132 144 185 188 18 182 204 276 228 24

H ocuvapmon %¢(4 ¥) EYEL TNV TOPOKAT® YP. TOPACTAON:

o1z

H ocvvapmon %¢(8 X)) EXELTNV TAPOKATO Yp. TOPACTOCT:
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1
Yyedloopuéveg Ohec oe éva cvotnpa afdvev pall pe v E¢(l6 X) €ouv TV

TOPOKATO EKOVOL:

042
0.36
0.24

niz

[ 01z 024 03 048 0E 072 084 09 103 12 132 144 156 168 18 192 204 216 228 24

Me 1tov Ttpémo anTd dMuovpyeitanl pio. okolovdic. GuvEY®V CLUVOPTNCEMY Ol
omoieg &yovv Katl por a&toAoyn widtNTo oL dev YpeldleTon oty andoeln ,
aAAG TNV avagépovpe: Xe KaOe vroddomua [a,B] Tov R, OAeg £xovv 10 1d10
UIKOG , KATL mov pmopel vo omoderyBel €0KOAO YEWUETPIKA , UECH TOV
TOPOAANAOYPAUU®OV TOV O1LovpYovVTaL.

Av mpocbéow v TpaTH KOI TNV OVTEPY , TOIPV® IO GOVAPTHON TOD EYEL THV

TOPAKATD UOPPH:

048

0.36

024

o1z

[ 01z 024 036 048 06 072 0.84 0.96 1.08 1.2 132 1.44 1.56 1.68 18 1592 204 216 228 24
Av mpocbéow Tic TpeIg TPATES EYW:

06
04a
0.36
024

01z

¥

¥

L 01z 024 03 048 0E 072 084 09 103 12 132 144 156 168 18 192 204 216 228 24

Me rpoobean twv tecoapmv TPOTOV EY®:

0.6
042
0.36
0.24

01z

¥
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Me poobeon TV TEVTE TPAOTOV
&xw:
0E
048
0.36
024
012
I
[ 01z 024 03 048 0E 072 084 096 1.08 1.2 132 144 156 168 18 1.92 2.04 216 228 24 o
Me poobeon TV ETTO. TPAOTOV Exw

06

042

0.36

0.24

01z

¥

Av pocé&ovpe kaAOTEpa PAETOVIE OTL TOPAYETAL EVOL GYNUOL LE TNV 1010TNTA
™G ovto-opodTTag (to pépog Opolo pe 1o OAov) eivor dmAaon éva
LOPQOKAAGHOTIKO avTiKeitevo, | KAaopogwés . Eniong npémel va mpocséEovpe
OTL OTNV TTPMTN CLVAPTNOT EX® YOVINJEG onueio ot Béoeg 2 +x, Kk €Z
Omov dgv vmhpyel eQAmTOUEVY] OTO  Odypappa g ovvaptnons. Otav
npootefohv Kol o1 GAAEG cLVapPTNOoELS £x® TPoOcHeon emi TALOV KAAGEWV
yoviod®v onueiov , to omola pe tov Tpdémo  mov Exm opicel v @(y)
tookatTavépovtal 6to R kdtt mov eivon amopaitnto yuoo va yivouv TG0 TOAD
TUKVA UETA amd  amelpa Pripata, £161 dote o€ Kabe onueio xo tov R, vo pnv
VIapyEL TEAKA e@amtopevn oto ddypoappa g f.

Yto. mponyovpeve oynuoto emAéape v axolovbio TV cLVOPTHCE®V

%-¢(2V - ) Kot Oy v l(l)v -@(10" - ) v AMdyovug kabapd oyedUGTIKOVG HLOGC

Kot Yo v=2 kot Lovo Yo v TpdTn Pactkn mePiodo TG apyikng , £X:
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0512

(0.48

0.448

0416

0.324

0352

032

0.288

0.256

0.224

0152

016

0128

0.036

0.054

0032

kS
-

0f 0048 0036 0144 0192 024 0208 0336 0384 0437 045 0528 0576 0624 0672 072 0768 0816 0864 0917 096
[a v=3, 4, 5, .... IlpootiBevion Opk®G TOALOTAGGIOL OOVTAKIO OO TO
TPONYOVLEVO PrpaL, To 0oiot ORMG OV SLPOPOTOLOVV TO GYNLLO TOVL LoV divel
0 VTOAOYIOTNG, 0oV £&y® vmépPacn 1TNG OlOKPITIKNAG KOVOTNTOS TOV
kaBopiletar amd 10 TAATOC TNG YPAUUNG GYEdiOONG.

Altncntikd opwg Katarapaivoope, 0Tt av avtd cuveylobei o dmepa Pruata n
KapmoAn pov Bo éxel dmelpo OOVTAKIO 100KATOVEUNUEVO OC ATEPO o€ KAOE
vrodidotTnua tov R , ocodnmote pikpo , dpa to ypaenud g oev Oa emdéyetan
movOeva eQamTOpEV.

Opiouéva. yio v teYvIKH THS OLOOEIENC:

=1
o Ilpota Ba odeifovpe 611 M ovvhptmon f (x)=zﬁ¢(10”x) etvan

n=1

ouveyngs , pe v Ponbeia Tov kprrnpiov tov Weierstrass . Tnv éyovpue
KOTOOKEVAGEL , DOTE VAL EPAPUOLETOL TO KPLTHPLO OUECHG,.

e o emAéEovpe éva onueio a oto R ko Ba dsi&ovpe O6TL 68 avtd degv

VILAPYEL TAPAYWYOC.
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o Tlapampovpe, 6Tt n f , mopovcidlel TePLOSKOTNTO LE TPOTEVOVCO
nepiodo T=1, cvvendg Ba eetdoovpe v f poévo oto (0,1] . Apa OBa

emiéEovve a € (0,1]

fla+h)=f(@)
h

m

o T va dei&ovpe OTL dev vILdpyeL N TaPAywYos TG lim

670 0. , Ba ypnoyomomcovpe Gyt Tov GLVNON OPIGUO TNG TAPUYDYOL
,OALG TOV aKoAoLOlaKO Tov Aéet OTL Yo KGO pnoevikn akoiovdia hy,

flath,)=f(a)

m

KUl vo €ival 6)o

Oa mpénetl va vrapyovy To Oplo lim

m—>o0

ica.. (2)

e Ba Kotaokevdoovpe pre  podeviKY axorovdia hy, Y Tnv omoia To
opro g (1) doev vapyer. EmiéEape polota v mopdotacn tov f,
pe v mopdotacrn g ovvaung tov 10 ®ote mn axkoiovbio mov Ba
KOTOOKELOOTEL VO EKUETOAAELOEL TNV OEKNOIKT TOPACTOGT TOL O KO VO
KOTOANEOVUE OTO OmOTEAEGHO TOv BEAoLUE, ONA. TNG UN VTOPENG TOV
optov ™m¢ (2). Me avtd tov TpoéHmO oaviueTonileTon To Béua  pe
oTolElDON (KaTd TO duvaTdV ) TPOTO pE XPNOT HOVO TOL KPLTPIiov TOL
Weierstrass kot pdAiota yio tnv amodeEn g cvvexeog g f.

e To M-kpunpw 7T0v_ Weierstrass: ¢oto {f,} o axorovBio

cuvaptnoewv opiopévev 6to A. ‘Eotm eniong o akoiovbio aplBumv

{M,} térolo dote va oyveL:

| f(x,)EM, ,VxeA ,xou akdpo n cepd ZM , OvykAivel, tOte KO M

n=1

0
oEpd Z f,(x) ovykhiver , kot poAoTo amoAVT®G Kol emiong cuykAivel

n=1

opoopopea 6to A , otnv cvvaptnon f(x)= z f,(x).

n=1

Aemrouspwc n axodeiln éyel wc eéng:

1) H ovvéysia ne fix)
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1
o #(10"x), m omoio eivar axolovBio cuveymv

Opilovpe o1t f (x)=

ocvvaptioewv. Tote and (*) &y npopavag ot | £, (x)[< # Y k4Be y oto A.

Eniong m oepd  ovykhiver o¢ dOpotoua tov oneipov dpov @bivovsog
1
, . . 1 . Sl 10 1
YEOUETPIKNG TPOOJOL HE AOY0 — KOl HAAIGTO Z =———=—. Apa ue
10 = 10" l—i 9
10

Bdon o kputplo tov Weierstrass ko Zﬁ"m 0"x) ovykAivel opotopopPaL

n=1

Kol dpa, AOY® TNG OHOWOHOPPNG GUYKAIONG, M TPOKVTTOVCOH GLVAPTNON

f(x)= z#(ﬁ(m” X) eivol cuveyng.
n=l1

2) To un wopoywyiowwov e | oc kabe y oro A

‘Eotow ae(0,1]. Tote 10 a &xel o dekadik mopdotacn ynoiov (onA.

akoAovbin) TG HopeN :
ﬁ ,ava, #4'n9
a=0,aa,a,a,aa,.... Opilo v axorovbia :h, = . (To
- av a, =4n9
10™

vt opifovpe £tot v akoiovbio Bo povel mopakdTm)

'Exm:f(aJrh’”)_f(a):i 1 _¢(10"(a+hm{)—¢(1o"a):
h n=1 10” ilO "

m

iilom" {007 @+h,) - $(10"a)] 3)

®a ocitovpe, 0Tt oty mpaypatikétnTa N (3) dev eivan €va anepo aBpolcua,

aALQ EVO TEMEPAGUEVO.

Awakpivovpe 300 TEPUTOGELS Yo TV oepd (3) :
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e Av m2>n, Téte o apiBuog 10" -4 etvar axépatog kot a@od 1 ¢ sivan
TEPLOOIKN  ovvaptnon pe  mepiodo  KAbBe axéporo, Bo  Eyw:

$(10" (a+h ) — (10" a) =
$(10"a +10"h ) —¢(10" ) =
#(10" ) — ¢(10" ) = 0

e Av n<m,umopovUE VO YPAYOVLE :

10"a = ake patog+0,a, ., ., ., . ,...Q, ...
10"(a+h,) =axe patog +0,a,, &, .,2, . ,....(cx, £1)....
1
<_
2
10""{¢(10"(a+h,))—¢(10"a)} =+1
O’ an+lan+2an+3an+4 > %

IMa va woydel n dedTepn 06T Ta €lvon avaykaio va £xet oprotel hy,=-

10™, 6tav om=9.

Av vroBéoovpe 0T 0,2, ,t,

n+4""m

a .. < > tote Ba 1oYvEL Giyovpa Ko
ot

| o .
0,a,,,0,,,0, 50,.,...(, £1)... < 5 ot otV €N mepintmwon 6mov m=n+1 ,

m

éyovpe ppovticet va opicovpe hy=-10", av o, =4.

‘Etot 6powg 0o woyvet kat 6t (10" (a+4,)) —¢(10"a) = 10"

H 0w wémta woyver xo Otov 0, ., .0

n+17"n+2""n+3" n+4"""

1
> 5 Apa ,0e KaOe
TEPIMTOON, Y100 n<m Oa EYovpe :

10" {p(10"(a+h ) -$(10"a)} =1 "Etor n mapdotoon fla+ hh) — f(a)

m

glval oty paypatikdt o dfpotcpa m-1 oto mAnBog apBuav , kabe évag amd
tovg omoiovg elvar 1 1 M —1 . AAAG Otov mpocBHétovpe évav apBud to 1
petafaiietorl and dptio og mePLTTO (Kot avtioTpoPa) Kot Otav TPocHETOVLLE TO
—1 petaPdrieTon opoimg amd aptio og meptrtd (KoL AvTicTPOPa.)

Apa 10 aBpocpo m-1 oto TANn0og apBuadv mov kabévog tovg eivar 1 1 -1,
glvar aptog av m meptrtdg 1 mePLTTOg av m givan Aptog. Etor o, 011 M

okorovdio
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fla+h,)-f(a)
h

m

glvor o akoAovBio axkepaiov (un tedkd otabepr)) g

omoiog ot Opot eivar aképatot dadoykd apTimv kot teprtt®v. Emopévog oev

pmopet va cuykAiver kai dpa n f oev eivar mopaywyiciun oto a. , 0.€.9.
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0. EIZXAT'QI'TKEX ENNOIEX
0.1.JAIOTHTEX ITPAI'MATIKQN APIOMOQN

Mpaypatikoi
AprOpoi

Alyeppukoti
ApOpoi

Pnroi Ap1Opoi

Klaopatikoi
ApOpoi

YnepPoatikoi
AprOpoi.

v

Appnror
ApOpoi

Aképaror
ApOpoi

ApvnTikoi Aképaror
ApOpot.

Mnoév I ®vowkoi aprOpoi. l
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1. Na €Enyn0ei, ywati dev £xer oproBei n meprrTiic TaEemg pia apvnTikov
apdpod, map’® 6Tt my. av opicovpe IY—1=-1, TéTE dev QaiveTar va
vrapyer TPoPANpa povosHpavrov, apod 1 eiicmon x° =—1 éEL og

povadk) mpaypatiki pita 1o —1 .

AITANTHZXH: ITapatnpovpe Tic mopakdto 1GOTNTES:

1 2
—1=Y-1=(=D3 =(=D¢ =¢(-1)> =1 =1, &romo.

1
Anhadn M mapadoyn Tov cvpBolopod V-1 =—1, odnyei oto 611 (=1)3 =-1

1 2
Kol ETEON 3 = P (k0B Oha emiTpentd) 0ONYOVLUOCTE GTO ATOTO.

Axpifa¢ yi” avtov 10V A0Y0, 01 Un AKEPALES OVVAUELS, OPILOVTOL YEVIKG, UOVO IO,

Oetikois mpayuatikois ap1Buovg.

2. Na ggetacOei n ai0eio 1] T0 YeHO0G TOV TUPUKAT® LGYVPIGUOV:
«Kafe mpaypatikdég  apOpodg, £xer povoonquaviny  OEKAOIKN

avVaTOPAGTOCT.

AITANTHZXH: Eival yevdng, onwg paivetor amd to akdAovbo aviumapdostypo:
Av a=1,99999...... 101¢

10a =19,99999
9a =18,00000...
a=2
Ani.  2,00000....=1,9999...
Noa onueiwbet, 0tL yevikadg, av amaitndei kébe apBudg pntdc va ypaeeton pe
mv mpodT] Ypaen (ko Oyt pe mepiodo 10 9) TOTE MPAYMOTL 1OYLEL TO

LOVOGTLOVTO TNG TPAGTOONG KAOE TPOYLLOTIKOD GE OEKAOKO OVATTTUY L.

3. Na 60000V mapadeiypato 6mov:

) appnTog + appnTog = pNTog

B) appnrog — appnroc = pnTog
Y) Gppnrog - appnrog = prTog
d) appnrog : appNTOg = PNTOG
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AITANTHXH:

) (V2)+(2-+2)=2
B) (V2+2)-(2)=2
Y (V2)-(2V2) =4

22 _
2

210 mopamive, Bewpeital yvootd Ot o V2 givar Gppntog Ko emiong Ot

%) 2.

1GYVOVV Ol TPOTAGELG:
(i) pnToc £ AppnTog = dppntog
(i)  pntoég: 1 - dppntog = dppntog

01 OTLO{EG ATOJEIKVYOVTAL LIE EMOYWYT GE (TOTO.

4. Ta mponyodpuevae Topadeiypato, vo 60000V pe deKadIKES aplOpunTikég

TAPUCTAGELS.

AITANTHXH:

a) Av a =1,10100100010000100001000001... t61€ 0 a €ivar AppNTOG OLPOV EXEL
OTEPOYTPLOL LT TEPLOJTKT] TOPACTACN.
Opoiwgo £=1,010110111011110111110... eitvon &ppnTog Y1 ToV 1610 AdYO.

Kot o+B=2111111..
10(0. + B)=2L,111111...

}:> (ue o@aipeon xotd pEAN)
9a+B)=19=a+p =% (pnrog)
B) Av a =2,101001000100001000001... (dppnrog)
£ =1101001000100001000001... (dppnroc)
Tote o—pf =1 (pntdg).
Y) Apov (\/5 —1)(\/5 +1)=1 kot t0 avdmroypo Tov J2 Bewpeitan yvoocr(')*,
tote 0,4142...-2,4142...=1.

" T'vaotd vd v évvota OTt pUropolie Vo TPOGAOPicOvUE OTOLOONTOTE OPYIKO TEMEPUCILEVO
TUAHO TOV drepov yneiov tov, pe tenepacpéva Prinato. To cbvolo Tav Bécenv Tov ymeinv
TOV dgV UmOpovE Vo To Yvapilovpe, YU owtd dAlwote ovopdaletol Kol dppnrog (= dev pmopel
va ekepacbel). AAAG eldape OTL VIGPYOVY Kal PPN TOL TOL “ex@palovton”.
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0) Exyw ot1: 1= V2 =2 £ apa, YvooToh OVIOS TOV avamTHYLOTOS TOL

f

, . 1 2 , .
R2, givan yvoo16 KO TO —=| = BN OV TPOKVTTEL LUE TOV AAYOPIOLO TNG

V2

dwaipeong pe to 2 kan apa 1,4142...-0,707...=1.

5. Eivan ain0ég 6T o wAéov ovvnOiopévol pnroi apiOpoi mov vrapyovv

givar o1 0eKOIKOL TEPPRATILOUEVOL TOV YPICLUOTOOVUE GTNV KaOnuePIv)

pog Son;

AITANTHZXZH: Oyt Olot ot dekadwkol teppatiidpevol eivar or pnroi g

, ue w,vel ka (a,2” -5") =1 ko pévov avrol.

, a
Hopfic ——

Qg ovvolo gival pev anelposvvoro (otnv Lon Lo Tavto TETEPACUEVO) OALG
oG KAGON TOV PNTOV OTOTEAEL U0 OTMEPOOTH KAAON GLTOV, TPAYUO TOL
dwoOntikd yiveror avtiAnmtd ond Tig duvatég TWES mov Umopel vo mhpeL o
TOPOVOLOGTIG.

Ev kataxAieidr £xovpe:

“ aeU i
P wvel, (a,2-5")=1

Agxaduwol teppotilopevot:

o <
Pnrol . —, a,pel
s

Mmnopobue vo movpe (doOnTikd movta) 01t «Xxeddv 0ot ot pnroi, givar
deKOKO01 TEPLOJIKOD».
Noa vroypappodet , 6t teppotilopevotl pntot , eivat Kot ot £xoveg mepiodo to 9

(my. 3,54999999. .. =3,55)

6. No amodery0ei 0TL vapyovv appntol a ko f £Tol Aote 0 aprOpog o’

givan pntoc.

V2
AITANTHZXH: Ocopo o = V2 kot b= 2 , Tov givar appnrot. Tote av V2

V2 V2
elvar pntodc amedelydn. Av opmg V2 ? elvar dppnrog, 101e Bewpd o = V2 ?
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2
kot B =~2 , omorte aﬁ=(\/§ﬁ)ﬁ=\5(ﬁ) =\/§2=2 T0G KOl 1 TPOTAG
B pNTéG KoL M TPOTOON

amedelyon.

7. Yrapyer appntog a ko pntog p £161 O6TE 0 - p = PNTOC.

ATIANTHXH: Av a dppntog kat p pntog tote a-p=p' (pntdc) Oa eiyo

o= p_, onAaodmn dppnto = pnto, dromo.

p
Ouwg ta mponyovueva 1oyvovy pe v tpobmodeon 011 p #0. Av p =0 1018
a-0=0 vy kabe appnro a.

Emopévog, omoltosdnmote dppntog ent tov pntod 0 isovtan pe tov pntd 0.

8. No kotookevocOei podnpotiky npétaon P(rn) m omoio va &givor

1000
0

aAn0nc 1w Tovg 1 TPOTOVS QUVGIKOVS aprtOpovs, arAhd yevdng Yo

aAleg TINEG TOV B,

AITANTHZXZH: Opilovpe og P(n):=«0 @uokdc apBuog n, dev droupeitan

1
2 000 51000>X

TOVTOYPOVAG [LE TO KO TO

Av évag @uotkdc n dwopeiton pe Tov o kol pe tov f, Ba dwopeitonr Kot pe to
YWOUEVS TOVG a o ff, vTo TV Tpovimdbeon ot (a, f) =1.

1000

Enedn ot 2" xon 5 etvar Tp®dTOL HETAED TOVG O HKPATEPOS aPlOUOG TOV

Ba Sopodv kat ot Vo Ba eivar o 2100 . 5100 = 10100

Apan [10"°Vre d={neT:n<10"}. ApOpilovrag and 1o 0, xw 10"
@VGIKOUC oV dev dronpovvrar pe toug 21 kar 5% evéd n TpdT™ T TOVL
kadotd v P(n) wevdi eivarywo n =10,

Eivat mpopavnig o yevikenon mov UTopovpe va KAVOUE GTO TOPAOELYLLOL
0¢tovrag avri yua 10'°%°, 107
Kot éva mo amdo mapdderypo:

H eiicwon 10'°%°=10'""+ { X } emalnOeveTonl yo Tovg mpdrovg 100
101000

, , , 1000
TPMOTOVG PLGIKOVS Kot dgv emainBevetan yoo tov 107
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2. TOITIOAOTI'IKEX IAIOTHTEX TOY R

1. Yrapyer (un xeve) @paypévo vmocvvoro tov B To omoio dev £xer

supremum o710 D.

ATIANTHZH: Ocwpd A={xeD’:x* <2} cD.
e To A givar ppaypévo, opod my. x> <2 = x> <4=>x<2, Vxe 4.

e To A givar un kevo agod le 4, diott 12 <2. Apa 10 4, av dexBovue Ot

wavorotlel kdmolo a&impa g mAnpdttog tov B, Ba éxel supremum cto
D,mA sup4d=aeb xau x<a, Vxe 4.

e Av sed=a’<2=a’-2<0=>3e>0:(¢<2)
0l -2+e=0=0>=2-¢ =a=+2-e<+2. Opog avdipeso otov
V2—¢ ko 42 VILAPYEL TAVTO PNTOG, p (AOY® TuKVOTTaG TOv B ). AnAadm|
a<p=a’<p’<2 drono.

e Avag A= a’>2.0nore:

(i) Ava®=2=a=+/2 Gromo 0agob a eb.

()Av a’?>2=3e>0:a’ =24+e=>a>2+e>+/2. Avapeca 6Toug
V2+¢, N2 vrapyer pnoc éote p' kar a> p' = a’ > p'? > 2 Gromo,
dotLto p' givan pikpoOTEPO v Qpayua amd o sup A kol p & A .

ANAodn  TEAIKA KOU YO TIC TPELS MEPUTTMOOELS KATOANEAUE GE (TOTO, OPOV

dgxOnkapue 6t sup 4 € B . Enopévog supA4 ¢ D .

2. Eivor yvowoto, 0Tv M memepoopévn tour (0VT. £VOGT) OGVOIKTOV
oLVOAMV, (OVT. KAEIGTAOV GLUVOAMV) €ival 0VOIKTO 6UVOLO (0VT. KAELGTO).
Na amoderyOsi, 6T1 6Tav £xovpe amepo tA00g GuvOL®Y, TO CLUTEPACHA,

0gV 1o VEL AV YKUOTIKA.

AITANTHZXH: ITpdyparti, £govpe to TOPaKAT® TOPASELY AT
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{0} (khewotd)

(0,+0) (0oV1E OVOIKTO OVTE KAEIGTO)

(0,1) (0V1E OVOIKTO, OVTE KAELGTO)

(-L1) (avokto)
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1.,AKOAOYOIEX IPAI'MATIKQN APIOMQN

Axolovlic
! N>R
' f(n) =a,, VneN

|
' | v

Doayuivy axolovlia My goayuévn axoiovlia |

AK>0 tétowo wate | VM=0 vadaoyet mei
ler,l<K, YneN i - tétowo wote la,,|>M
Lvyxlivovoa Mn evyxiivovoa Arroxiivovea
axoiovbia axoiovdia | axolovbia ato + (1f —=)
Vex0, Ing = nple)e N H axoiovOia _ VYM>0, Ing = ny(M)e N
TéTowog dote Yn>ny: la,-al<e. | e tovddyotov ddo _ térolog mote a,>M |

H axolovlia £xel évay

optaxovs appois oto R (n a,<-M) Vn>ny
uovo optaxc aptfuc aeR ||

1
i
i
H

Ta&véunon TV akoAovOIOV avaroya PE TO GPAYREVOV KoL TNV 6OYKAG).

1.1 OPIEMOX XYT'KAINOYXAX AKOAOYOIAX - XYT'KAIXH XTO a € R.
XYI'KAIXH XTO +oo KAI -0 - AITIOKAINOYXZEX AKOAOYOIEX.

[MapaBétovpe cvvnBelc INADCEIG-TAPAVONGEIS YO TOV OPIOUO TNG GLYKAIVOLGOG
akoAlovbiog. Oleg opeihovion oe AavOBacuévo vontikd mpotumo. Oleg aipovion pe

avtimopadeiypoto:

1. <Otav mo axorovBio cvykiivel o€ éva mTpoypotTiko apiOpud a, 16te 6AoL o1
Opor TG TANGLALO0VY 0G0O1TOTE KOVTA GTO U, YOPIS TOTE VA TO EEMEPVOVV

AITANTHXH:

~1)"

Oewpovpe Vv okolovbio a, :3+( , ™G omoiog ot Opor dptiag TAENG

minoldlovv 1o 3 amd 6e&1d Kat o1 Opot TEPITTNG TAENS TANGLAlovy To 3 amd aploTepd.

H gwodva tov 6pwv g akorovbiog TapioTdveTotl 6TO TOPAKATO Gy LL0L:
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\S]

2,66 2,8 3 3,16 3,25 35

(048] O3 Ols Og Oy (05)

Emiong, 6viogn a, = 3,001, V ¢ ) 0, v =v,(¢): |, —3|(g Vvzv,.

Ovtog, woydet otu

|av—3|<e<:>3+ﬂ—3|<8
v
©ﬂ<8©l<8
v v

<:>l<e<:>(v>0)
v
v>l (1)

&

Omorte, AMoym g (1) yuo k6B £>0, apkel va emAéyovpe vy = v, (e) = [l} +1.
€

1 1
Tote, Yo ke v v, = {—} +tl=2vy-—o. .o |av —3|(s.
€ €

2. «Xg po. 6VYKAIVOvsa akoAovBia, ol 6pol TG TANGLAL0VY TO OPLO, 0GOONTTOTE

KOVTd, yopig Toté va ¢Oavovuv 6 avtéx». Eivar 0p0o6c o maparave woyvpiopoc;

AITANTHZXH:
Av  Bswpnioovpe Vv

I, 99.9 av v<200] axoiovBio:
—
a = V- ymoia tov 9

"2 v  v)200

TOTE 01 OPOL TNG TPOPAVMOG TANGLALOVV TO 2 PEXPL VAL TOV OPO (g, KO £TELTAL, OAOL O1

vdAouTol (Ko dmelpot 6to TAN00G) Gpot TG 1oL vToL LE 2.

95




H axolovbio avtr, cvykiiver oto 2, apkel yio kdBe &£>0, va Bewpd

ny(e) =200, omote Vv=200 |a, -2 =[2-2|=0(e.

3. «Av mo. axkorovBio £xer povo axéparovg 6povg, TOTE OEV €ival ovvaTd va.
GLUYKAIVEW.

Noa g&eraobsei n 0010 TG TOpondve TpoTOONC.

AITANTHXH:

Etvon ywevdng, dtott vmhpyet o avtimapadstypa mg o, =5, Vnel.

IIpopoavacn a, =35 xou a, € I vnel.

[evikdtepa, Y10 Vo GuyKAIvel pio akolovBia pe akepaiovg 6pove, ot otov a €N,
Oo mpémel 0COONTOTE IKPY] TEPLOYN] TOL @, VO TEPLEXEL AMEPOLS OPOVLS TNG

axolovBiag, evd £ amd v meployn va eival TETEPAGIEVOL OPOL TNG akoAovBioG.

, 1 , 1 1 . .
Eto1, yio &= E> 0 Ba mpémer 610 | @t TE o+ 10 Vo TEPLEYOVTAL ATEPOL

aKEPALOL OPOL KOl EKTOG TOV OLOCTNLOTOG TEMEPAGLEVOL.
Ouwg og éva dtdotnua TAdtovg 0,2 pdvo Evag aKépalog UTopel va vITdpyeL Kot

Y10 VO GUYKMVEL M @,,, VTOC VTOXPEMTIKA TPEMEL va gtvot 0 &, To Oplo ¢ a, (doTt

[p

av NTov KAmowog GAAovg axépoatog L #0, toOte Yo e =——, OTO OLAOTNUO

a—|ﬂ_a| a+|ﬁ_a| ocv &ym koavéva O0po e okoAovdiog, dpa 6gv cvYKAIveL

aTomo).
Apa: «I'a va ovykiivel o axkoiovBia axepainv 0pmv, 0o tpénel avTi) va
givan TeMKA 6T00ep] (Kot TEMKA o1 e aKEPOLO)».

ITwo gvkoio umopovue vo. eOdcovue 6To 1010 cvurépacuo ®c eENc:

AoV N a, ovykAivel, Ba eivon Pacikn (akoAovbia Cauchy) oni. v
1 1
&= ) dn,eN:|a,—a, < 5 V' m,n > n, 'Etot, 1coévvapng 0o £xo:

1 1
_5< a,—a, <5 Vn,m>n, AMG Opwg a, —a, € Z Kol ETOUEVOS

a,—a, =0V m,n>n,oni a, =a, ¥V m,n>n,on\. o, TEMKA ctabepn.

4. «Eav og kG0g eproyn Tov o, 060ONTOTE PIKPN, VTAPYOLV dTTELPOL HPOL TN
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akorovOiog a,, TOTE O, = a».

Eivan 0p006g 0 mapamdvem oyopiopds; Av vai, va amwodery0si
Av 0y, va 000€i kKaTtaAinro avTirapdostypo.

AITANTHXH:

Oy, d1611, my. Y v akolovbio «, =(— 1)", oe kdBe meployn tov 1 vrapyovv

Gmepot Opot g akorovbiog a, .

[pdypat, wyde: Ve >0,la,, — 1| = ‘(— 1)2” - 1‘ =0<e¢.

Anhaodn, Olot ot Opot dptiog TaEemg TG akoiovBiog toovtor pe 1 ko €tot,
«0codMMmoTE KOVTA 6T0 1 VIAPYOVY BAOL O1 Hpot GpTiaG TAENG, TOL Eival AmEPOl GTO
TAN00G».

Opmg, n a, dev elvan cvykiivovsa 0nmg Oo anodeifovpe TopoKaTm:

. . . & . . 1 .
Edv vrnobécovpe 61t  JaeN:a, > a, 10te € >0, dpo Kot yioo € =—, vEdpyet
2

ny =ny(e)e Tin>n, :‘(—1)" —a‘<%.

C1ye-d<s M

Tote Ba Exo: 1
1y —d <2 @

Ioyveu:

-y

=|1yer—a—(-1y" 44

I 1

_ ‘[(_ 1y — a]— [(— D) —al< ‘(— 1ot — a‘ + ‘(— 1y - a‘ <gty=l
Tehikd, &y
(1ot — (=1 <1 3).
Opag,
(= ryot = =1y | =|(-1y- (1= = |-y -2 =12 =2 4)

O1 (3) ko (4) Op®G avTipdoKovy, OTEP GTOTO.

Enopévac,3aeN=a, > a.
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1
5. H axkohovOia o, =e+— oamoteiel mapaderypo akorovdiag tng omoiag 010t ot
v

opor eivan GppnTol Ko GVYKAIVEL 6€ dppnTo.

AITANTHXH:

1 = 1
[Ipdypatt, o apBuds e+ — eivan dppntog Vve I, 016t edv e+—=p (pn1oc), T0TE
v v

e=p—— Kot 1o devTepo PEAOG givar pnTOg G dPOPE PNTOV, EVO TO TPOTO vl
v

appntog, mpdyuo dTomo.

) 1 ) .1
, lim| e+— |=lime+ lim —=e+0=¢
Eniong, v+ v ) vore voroy

6. H mpotaon : «Kdbe axorovBio pntov cvykiivel og pnté» givar yevons. H
axkoiovlia o, , TNG 0moiog 0 V-06T0G OpOGS givan 0 aprOnidg Tov oympartileTan 0w
TO Vv TPAOTO YNQio TOU OEKAOIKOV OVOTTUYRATOS TOV 0plOpovg 7, amotelel

avVTITOPaoEryno. aKoAOVOIOG- PNTAOV TOV GVYKAIVEL GTOV APPNTO T

AITANTHXH:

[Ipdypatt, av Bempnom o¢ K, TNV akolovdio TV dekadKdOV yneiov tov aptBpov T

(x1=3, o=l,x3= 4, =1 ...) to18,, =3, a,=3,1, a; =3,14...., a, =K,K,,..K

v

‘Etot
vV umdevikd V—uUndeviKa
—
a, — 7| =[3,14159.., - 2| =|-0,000000k, ., ,..{ = 0,000...0 &, ,... < 0,0000...09999...
v—1 undevikd
/_/%

=0,0000...1000....= 10" = 112 ! < I _
107" (1+9)" " 1+9(v-1) 9v-8

Anhodn TEMK®DG,
av—iz|<9v_8. (1)
Av >0, &y T1G 1000VVOIES:
L oo @)
9v -8
Ov-8> 1 =
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9v>l+8<:>
&
1 8

V> —4—. 3
9¢ 9 )

1 8
Omnote, Ve >0, apkel vo emdéym v, =V, (8) = {9— +—} +1, and 6mov Adym tov (3),
€

(2) ko (1) éxm

Olv—ﬂ"< Vv>v0(5).

Ankadn, o, —> 7T .

7. KaBg mpaypatikdg api@pioc, (pntog site appnrog), pmopei va givar 6pro

aKorovBiag pnToOV.

AITANTHXH:

[ver |

Av o Tpoypatikog, Oempd v akoiovdio o, = , TG omolag 6AoL ot dpot givar

14
pnroi.
Ioyvpilopor 611 ¢, > .
[pdaypatt:
va—1<[va]<va=
vo=l_lva] va _

v v v

1
o——<a,<o=
v

1
o——=<aoa,<0=
v

V—>+00 v V—>+00 V—>+00

. 1 . .
lim [a——js lim o, < lim a =

a<lima,<a= lima, =a
V—>+0

v
Iyomo: Tw a=7, &o «, =¥—>7Z' nov eival avtmopadetypo okorlovbiog
pNTOV oL GLYKAIvel 610 7. Ed® 10 mapddstypa gival amhovotato oe oxéon pe TV
TPOTYOVLEVT] KOTAGKELT TOL Tapadeiypatog. H gvkoAia dpwg avt) opeidetar otnv
WMt TG aVAPTNONG «OKEPOO HEPOCH, M omoio  vmokpvmTel o €€’ icov

TOAOTAOKT «KOTOOKELT», GTNV 1010 TNG TNV €MvON oM Kolb’ avT.
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8. Hnpotaon: « Eav o, —> o 107¢ |an| - |a| » givar ain0nc.

1. No e€erdoete €av 1oy n avriotpoen npotacn. Edv woyvel vo tnv anodeilere,
av Oyl v YPOWETE KOTAAANAO OVTITOPAOELY LA

2. Yno moieg mpocoOeteg ovvOfkes, n ap)kn mpoétaon Oa pmopovse va givan

1600VVOpia;

AITANTHXH:

=1->1, evod

1y

1) Agv oydet avtiotpogn npdtacn, dwotLav a, = (— 1)" , T0TE |a,
n a, oev cvykAivel. (BAéme 1.1.4)
2)Enedy (a, > a < —a, - —a) (@ #0) kor enedy 10 6plo0 6TAV VEAPYEL Eivon
povadiko, n apykn tpdtoct O oydel og 1odvvapio av a, - axat —a, = .
AME apod —a, > —a Aoyo povadwottag tov opiov , Bo mpéner —a =«a,
160TNTO TOL 1oYVEL LOVO €dv @ = 0.

- 0).

Anhaon, teMkd Exovpe (an >0 |an

9. Eav pia axorovBia £xer povo Betikovg 6povg kat gival yvnoing avéovea, TTE

TEIVEL 6TO 005

Oy amoportitmg.

[No Topddetypa, yo v akorovbio a, =3 — E 1GYVEL:
n+
1
1 o : : 3- >0 :
e 3 Y >0 Vnel, 016t eqv emidoovpe 10 GOGTNUA n+1 , Ppiokope
" nel
g Moeig kibe nel.
1 1 1 1 ,
e o, >a, <3 >3- = < Sn+2>n+162>10An01g
n+2 n+1 n+2 n+l

KO 160OVVAUMG 1oYVEL KOt 1) opytkT]. AnAadn, n a, ivor yynoing avéovoa.

* limag, = 1im(3—L):lim3— lim L=3—0=3-

V—>+00 V—>+o0 n+1 vt v p 4]
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10. Ta pa akoiovOio pn apvTIKOV 0pov o, woydel 6Ty « e kGO M>O0,
(ocoonmote peydro) anepol oto wAN00g 6por TG gival peyarvtepol amd 10 My,

Tote 1 axorovOio avTi) TEIVEL GTO +00;

AIMTANTHZH:Oy araportitog.

IMa mapdderypo n axorovdio:

n, oV n 0pTIog
an = 4
0, av n mepirtdg

Ot 6pot aptiog taéemg eivan dmepot, evod VM >0 3In, e bzn, > M , eved vrapyovv
dmelpot ApTiol HeYOADTEPOL TOV 7.

H axoiovbia o, 5 40, 1011 av a, -+, t61e VM >0, dpa xar yioo M=10,
3 n, =n,(10):a, >10 Vn>n,.

Av n, aptog, 10t n, +1 meprrtog ko ¢, ,, =0>10 dromo.

ny+1

Av n, mepurttog, 101 o, =0>10 dromo.
0

Enopévaoc, a, - +o.

11. Eav pio axorovBia dev givar dve @paypévi eve givar KATO @poypévn

oVYKAIvEL (KOT’ EKO0Y|V) 6TO +00;

AITANTHZXH:
To mponyoduevo avtimapaderypo ekmAnpoli tig mpovimobéoels. Eivatl axoiovBia kdtm

QPOYUEVT, OV EYEL AVD PPAYLO KOl OEV GLYKAIVEL GTO +o0.

12 . «kEav pio akoiovOia dgv givar 00T v 00TE KATO QPayNEV, TOTE GUYKAIVEL

1 670 +00 1] 670 -0 ». [ VEL 0 LBYVPLGNOS AVTOC;

AITANTHXH:

n, oV 1 OPTIOC

Oyt anapartntog. o avtimopddstypoan o, = { } dev givan ovte

-n, oV n mEPLTTOG

v, o0UTE KAT® PPAYUEVT), EVA eV GLYKAIVEL OVTE GTO 100, 0VTE GTO -00.

[pdaypatt:

Av a, >+o, 10t VM>0, édpa «xor 7y M=10 0Oa vanpye
n=ny(10):c, >10 VYn>n,.

Tote, o av n,meprrtog b wyver a, =—n, > 10 dromo,
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* av n,aptog, n, +1 neprrrogkar @, ,, = —(n0 + 1)> 10 dromo.
Apo a, - +0.
Av a, >—o, 1t6te VM>0 dpa «xor vy M=10 0Oa vrapyel
n=n,(10):, <10 VYn>n,
Tote, o av n,aprog a, =n, <—-10darono,
* av n,mepittdg, n, +1 aptiog kot a, 4y = (no +1)< —-10 dromo.

Anhadn|, TEMKOG N &, dev givar 00Te 6TO +00, OVTE GTO -00

1.2 DPAI'MENEX AKOAOYOIEX - ITPAZEIX METAEY
AKOAOYOIQN KAI XYT'KAIXH

1. Eivar yvooto 611 woyver 1 tpotaon: «Kabe ovykhivovoa akorovBio givan

epaypévpy. LIoyver 1o avticTpoPo aVTHS TG TPOTAONCS

AITANTHZXH: IIpénet vo amopaviovpe oto edv woyvel i Oyt 6t «Kdbe opayuévn

elval cvuykAivovooy
4 r J4 7 7 n 7 s r r
Agv 16y0et avtd, S10TL VaPYEL okoAoLBia, M a, = (— 1) , M omoia givot Pporypévn d10TL

-2<a, <2 Vnel kon onoia dev eivar cuykhivovsa, 6mag Seifope oty B.1.1.4

2. Eivm yvooto omv av o, > a,p, > [ t0t¢ 0,+f, >0+ p, ia, > la,

a a . , T
RN (/)’ ;tO) a,f, > af. loeybovv ta avtictpopa TV emi pépovg

B, B

nPOTAGEMV;

TAVB, = B kat f#0,w0wedIn,eN:B #0 Vn>n, .Hpc’typau,ytas=@,anb
oV 0ptopd g ovykhwong g B, , éxe on  In, € N ,3,1—,8\<8=% vV n>ny ()
s s amglot g —ale gl BB
Toweopas | B, H B, =B+ PRIBI=1B, = BIZ | Bl-5-==>0, YV n>n,.
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AITANTHXH: Oyt H anddeién pumopel va yiver pe 1o 1010 avtimapddetyplo yio OAEG.
Mpéypat, av a, =(=1)", B, =(=1)"", tote:
o a +8,=(1)+=1)"=(=1)-0+(=1)=(-1)"-0=0-0, b o «

n’

B, dev givar cuyKAivovoec.

o a,-B, =1-(-1)"=(-1)"" =—1> ~1,evd o1 @, B, dev GLYKAivOLV.

1 ,
° = =—=-1>-1l,evool

ﬂn (_ 1)n+l -1 n2

e 0-a,=0—>0,evodn a, dev cuykhivel.

B, d¢ev gtvar GuykAivovoec.

Av 240, woydel ko to aviiotpoo, dott av Ao, = Aa, t0te V>0, dpa Kot yo
£ = ]-e>0 3n= no(s*):Man —Aa| < € = |Ha, —a| <|He = |a, —a| < &, Snhadn.
A#0

a, >a

3. I'vopilovpe 60T 163DOVY 01 VO OLOTNTES CVYKALGNG TOV UKOAOVOIL®OV:

Ava, >aeNxm g, - peN,16te

D) a,+p, d>a+p

() o, -p, >a-p

Evkola, pe poOnpotikn emaymyn, pmopel vo amoderyfei 6TL Kor or dv0
O10TNTES, LGYVOVV Y10, 0GOONTOTE TENEPUTUEVO TAN00S 0KOLOVOLOY.

o No £etaoc0ei av pmopovv o1 W1OTNTES CVTEG VO ETEKTAOOVY Y100 ATTELPO

i 00g axorovO@v.

AITANTHXH:
(1) Ocwpa Vv otabepn akorovbio a, =1 -1

Eniong, woyvel 0t a, =1:n-l:l+l+_”+l (1.
n o n o n n

Tote, av ioyve m WwWOMTe ¢ mpdcbeong Tov opiov aneipov mABovg

axorlovOidv, arnd v (1) Ba elya:
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lim a, = lim (l+l++lj Q)=

n—>+00 n—>+o\ 1 n n

. R S 1 .1
lim a, = Im —+ lim a, —+...+ llm — =
n—>+o0 n—+0 J1 n—>+oo n n—+0o 1

lima,=0+0+0+..+0=

n—+wo

lim a, =0 dromo, apov lim a, =1.
n—>+w n—>+w

[Mapanpntéo, 6t N (2) paiveror va €xel Tenepacuévo TANH0G akoAovOIDV,

kaBmg epappocope to limes kot ota dvo péAN g (1). Ouwg, n— +o Ko Oa
1

Empene PeTd TOV TEAEVTOIO TPOGHETED — Vo YpAWoLUE +..., Yo va dgi&ovpe TO
n

amEPOAOpOIG LA,

e k0Be mepintmon, Opme, Exovue dromo.

. 1Y
(1)["a v axorovbia a, = (1 + —) , Yvopilovpe 011 GuyKAivel GTOV €.
n

(1+ljn :(l+l)(l+lj...(l+lj 1) =

n n n n

lim(1+ljn = lim(l+lj-lim(l+lj-...-lim(l+lJ =
n n n n

e=1-1-1-....- 1=

Opag,

e=1 dtomo, apoy 2<e<4 M e=2,718....
[Mapatmpntéo kot €d®, 6tL O0TOV TOipvovpe Opo Kot TV 6vo pedmv g (1)
eoaivetol va £xo TemepacUEVOVNS Opovs 6to B’ HéAOG, Omg n —> +oo.

Y Ka0e mepintmon, OU®G, QVTO OV EMTPEMETAL, POV £YOVLE ATOTO!

N . , A ;
4. «Av o, > aeNxm B, — 0, 10Te N axkorovOdio —= d&v GLYKAIvE.

n

1) Eivan ainO1g o mapamdve woyopiopnoc; Av var, vo anoderydei. Av oy, va
000¢l KaTdAAnAo avTITOPAOELY AL
2) Yn6 moieg emmpo60eTeg ovvOKeg ival ain0ng 0 apytkog toyvpLopdg;

Na yivel O1EpEOVION TOV TEPITTOCEMV.

AITANTHXH:
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1y

2)

‘Eoctom, 6tin

Agv givar aAnbng o oyvupiopds. Qg avtimapdostypo Bswpd TG okolovbieg
1
L, 0k ! 4y
a,=——>0eNxm f, =———0 yw g onoieg &y —:—1:—1—>—1
1 v —
%

H amottovpevn emmpdcobetn cuvOnkm, yo va givar aAndng o woyvpiopodg eivor

a#0 ko eniong n B, vo eivar undevikn pev, aAld pe 6povg TeMKE d1épopovg

n

TOL UNOEVOG, SLOTL HAMMG deV €Yl VON AL VO OLAOVLLE Y100 aKOAOVDia .

n

Yuvlmg, OpmG, aVTO TO TEAELTOIO CLUUEMOVOVUE Vo gvvoeital, S1OTL OTAV GTNV

, , . ,a, . ;N s .
apykn datvmmon Aépe «n akoAovBio —=» vobBétovpe (croTNPmg) ot opiletan,

n

Gpa tehkd ot 6por g B, dexopacte OTL efvar S1popol Tov PNdeVOG, amd T
dwrtvmwon. Edd 10 oyoAdlovpe yioo AOYove HOOMUOTIKAG aLoTNPOTNTOS Kol
Koo gival va o £Yovpe VI GYv Kot VoL TO EVVOOVLE GUVELONTAL.

Kdévovpe v anddeién pe v €15 GTOTOV amoymyn.

n

elval ovykMvovoa. Tote Oa eivon kot paypévn kot B vtapyet

n

Yn

p>0: <p Vnel. (1)

n
Eniong, a, = a. Avto onpaivel, 611 6e katdAAnAn TePoyn TOL a, N a, dTnpet
TEMKE TO TTPOCTLLO TOV 0. .

Ipdypatt, av a > 0 tote enedn a, — a, wydel 0Tt Ve >0, dpo Kot yio

o

8=?>0 Elnznl(e): |an—a|<@ Vnzn

Ll a, —|a”£|an—a|<% Vnzn,
M —M<|a|—|a|<MVnZn
2 2 :
Ll M<a <M‘v’n2n (2)
2 T2 :

"Exo axopm 6t f, — 0. Emopévag, Ve >0 In=n,(e):

B.|<e Vn=n,. (3)
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AR (3) &y |—] > é V1> ny (ny 0 S&tkng Tépav TV 00TV &x® TEMKG B,%0)
i [ano (2)]
a 17l 5 (ol 0vn=n)
i % (4)

Yvykpivovrog 116 (1) kot (4) mapammpd, 6t 1 (1) woydel yia otabepd ¢>0, evod n

a
(4) Yo petaPAntd e>0. Xvvendg, av eKAEE® G € = |2—|, N (4) diver
¢

>0. (5)

01 (1), (5) ocvvictovV dromo.
Ewdwotepa todpa, pmopov va amodeiyBovv ta mopakdtm:

Av a, >0 xou B, > 0 dev pmopodue va amo@avOode Yoo TNV GUYKAIOT NG

a , .
—, 01071 Y10 TopAdELy oL

n

—~
—
N—"
B
[S—
N
S

8) a, =—

e Ava, »>a>0xu B, -0, 101

n

o) Av n S, owtnpet tehkd Oetikd mpodonuo, — +00,

n
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B) Av n B, datnpel telkd apvntikd TpodoUO, Gn — —0.

Y) Av 1 B, evolldoocel to mpoonud e (n apvnon tov (1,2) pe v emevioén

arl

TOV TEMKE UNOEVIKOV Op®V), 1 dev GLYKALvEL.

n

J Ava, >a<0xu B, 0,101

o) Av n S, owatnpet tehkd Betikd mpodonuo, LTINS

n

B) Av n B, datnpel telkd apvntikd TpodoT O, Gn — 400,

n

ai’l

v) Av n B, evaAracoel mpdono, dev GLYKALvEL.

n

5. Av a, > +0 kKo 3, — +0 pmopodpue va amo@ovlovpe yio TV cVyYKMon TG

o

n

B,

.
9

AITANTHZXH: Oy, 61611 £xovpe Ta €ENG Tpion mapadetypora:

e a,=a-n—>+0 a>0

(44
p,=n—>wo ,kot——=a—>a YVa>0

n

e a,=n"—+wo

n

a, n
B, =n—>+w , KoL —+ = — — +0©

n
L4 an:n—)+oo

o 1
ﬁn:nz—)—koo ,Kal—=——10

n n

Enopévmg, 1o povo 10 omoio pmopovue va gwdoovpe pe Pdorn to mponyodueva
mopadelypata etval, Ot «€dv ovyKAivel, Oa £xel pun apvnTKd 6pro». Avtd Pefaimg

TPOKLTTEL Ko €5’ apyNG He TNV mopatipnon, Ot apov o, — +o ko S, — 400
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n

&xovv Kot o1 000 TeEMKG BeT0Dg OpOVC, EMOUEVMG KOl TO TNAIKO Ba &xel TehMKa

n

BeTcovg OpOLG.

6. Av a, > +0 kK f, > —0 pmopodpue va aro@aviodpue yia Tn cvykion 1 o

TG axkoiovliog o, + 3, 5

AITANTHZH: T'evikog n «, + S, umopel va cuykAivel 1§ kot v amoxAivel Ommg

QOIvVETAL OO TO TOPUKATO:

1) a,=n—>+w, B, =a-n—>-wo, xu a,+p,=a—>a VaeN

2) a,=n"+n—+o, f§

n

=-n— -0, Kol @, + 8, =n" —> +0

n

3) a,=n—>+w, B, =—n"+n—>-w©, kKu a, + B, =—n" —>+o0

n n

4) a,=n—>+o, B, =-n+(-1) > -0, xa a, + B, =(-1)" devovykhivel.

n

Anaodn| dev pmopovpe va amopavlodpe Yo v «, + B, Kot’ ovdéva tpodmo, apod To

TOPAOETYLATO KAADTTTOVV OAES TIC OLVATEG TEPIMTMOELS GVYKAIONG 1] OTOKAMOT|G.

7. Av a, >0 kv f, — —00 1 -0 TOTE pmopovpe vo amopavlovpe yio T

cvyKMon 1 O TG akorovlios «, - f,;

AITANTHZXZH: Oy, 6mwg paivetol amd to Topakdto Topadelypato

a *
D a,=—-=0 f=n>+o xa a, f=a>aVack

a *
2) a,=——0, B, =n">+0, xat a,-B, =a-n—>+w0 Vaeck

n

n
3) anzg—)o’ 17:_’12—)_009 Ko anﬁn:a(_n)_)_oo va€R+*
n
4) 0!,,=(—1)n£—>0, B,=n—+0, xa a,-f,=(-1)"a arokhivel V a e R’
n
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8. Eav o, =1kav B — +o, pmopodpe va amo@avlodpe yio T odykion g

b,

n 9

(04

AIMANTHZXH: I'evikdg Oyt, 0TS paiveTol amd To TopoKaT® TUPUdELyLoToL:
1
e Ava,=2"—>1«xm f, =n— 4o, rétsafﬂ =2-2
1
e Ava,=2"—1 km B, =n* -+, 1018 al" =2" - +0

—1)?

e Av a,=2" —1 kot f, =n—>+0, 10T a’ =2V oy Sev oLYKALvEL,

1
10Tt TodavtedeTon Kot AapPavel evaAras Tic Tiuég 2 ko 5

9. Av O<a,<p, Vnel km n f civee ovykiivovco, 7T0TE KL M «,

ovykAivey; Ty wpémer va woyder emnpocditmg, d6TE va cuyKAiveln o, ;

AITANTHZH: Oy aroportitog, 60T €dv o, =2+ (— 1)” Kk B, =3+ l, TOTE Y10
n

3 av n aptog

myv o, O 4 :{ }KOLI N omoio OV GLYKAIVEL.
n

1 av n meprrtdg

Eniong, mtpopavmg woydet:

0<an<3+l=ﬂn Vnel.
n

[N va vmépyer obvykhmon, 6Oo mpéner f, — 0, omdte m dobeica oyéon
O<a,<pB, > 0pe Paon 10 Bedpnuo TOV 1GOGVYKAIVOLGAV 0aKOAOVOIDV divel
a,—0.
Ye kabe AN mepimtwon, 6mov F -» 0, whvia pumopd va Ppiokw mopdoetypa un
ovykAivovsog akoAovBiog

O<a,<p,Vnel. (1)

Eav B, =a # 0, 16t amd v (1) éneton 611 o > 0.
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Eniong, av 4 = inf{ﬁn,n € I'} t01t€ 0<A<a (A#0,d0ttav A =0, dedouévou 0Tt
B,>0, 10 Ao.c. ku 101 B, — 0, Tpdyna mov aviPaivert otnv vrobeon Ot
B0).

"Etot, yia v koTaokevn Tov aviurapodelypatog apket vo Bocw m.y.

, AV n QpTIoq

, M a, Tpoeavhg dev cuykMvelt 0<a, < B,V nel.
, OV 1 TEPLTTOG

=
B> W

10. Aiveton n wpoTaon: «Av Yo 800 ovykiivoveeg akorovlicg a,, [, , 1oydeL
a, > B,V neN,10te 0a woyder ko lima, > lim S, ».

Av woyver va amoderyfel, av Oyt vo 000el KaTdAANAo avTuTapddsypo Kol vo
Ppedel n emmpdcOeTn ovvOKN Yo va VapyEL oVYKpLon peETAC) TOV 0PLOKAOV

TILOV.

AITANTHXH: Av o, :2 Ko f3, :l, KOl TPOQOvVaS «, :E > 1 =B, Vnel,
n n n o n

evo lima, =limf, =0.

Ievucd, éxovpe ta e&ng: Av B, > B 1018 =, > —f , evOd

a,- B, =a,+(-B,)>a+(=p)=a-p xaa,-f,>0 ¥V nel

I'vopilovpe, 0TL N dapopd o — F dev pmopel va eivar apvntikn, 610t TOTE, OE
KOTOAANAN meployn tov o — B, tehkd 6Aot ot Opot g «, — B, Oa ftav apvnrwot,
Gromo. Apa ax— f>0.

‘Etot, yevikd €xovpe v 6ot TPOTOOT).

«Ava, >aeNxu B, > FeNxua,>p, Vnel totea=f».

11. No e€etaocOei n woydc g mpotdsemws: «a, — ¢ », TOTE L—)% g
a

n
TEPITTOON 7OV oYVEL vo.  omodeyBel. Xe avrifetn mepimtoon va 0600si
KOTAAAMAO avTiTapdostypo.
Na te0ovv emiong Toyov emmpocOeToL TEPLOPIGROL, MGTE VO LOYVEL TAVTA TO

CVUTTEPOCLAL.
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AITANTHZXH: I'evik®g, 0ev 1GYVEL TO CLUTEPOATHA, O10TL

ﬂ — 0, evon 1 = (— 1)" -1 OmOKAIVEL KOl LAAIGTO OEV GUYKATVEL
n a

n

e Ava,=
00TE KOT' EKOOYMV.

1 1
e Ava, =——0, 160te N —=n—>+x.

n

n a,
1 , 1
e Ava,=———0,101e 1 —=-n—> -0,
n a,
, 1 1
e Ava,=n—>+4mw, t0te 1 —=——->0.
o, n
, 1 1
e Ava,=-n—>-o, 10te 1 —=——0.
a, -—n

n

e Ava,—>/le N(kou ¢ # 0), tot€ M 1 = %(meﬁ TpOTOOT)).
a

Emopévag, emoavadiatundvoviag v apyikn npotacn, &xo: «Av o, —> (€ N —{0},

1 1, , 1 1
t0tE — —> —, 6oL PLVoIKA — =—=0.

a, / 400 —00

1.3.YITAKOAOYOIEX KAI XYI'KAIXH

1. «Av pia akorov0ia £xel ovykhivovoeg vTakolovOieg, eivar ovykAivovoas

AITANTHZH: Oy, amapoutntoc. Qg aviuapdostypo Oempovue v akolovdio
a, = (— 1)" , N omoia 6mwg dei&ape otnv B.1.1.4, dev cuykiivel, Opmg ot vtakoAovdieg
me ao=(-1)"=1-1

Kot & ope1 = (-1) 2™=-1>-1

2. «Av pio akohovBia £xg k¥ To TAM\B0g (k€ 1) ovyKLivovosg vTakolovBiss,

givan cvykrivovoas»

AITANTHZXH: Oy, n axolovbia:
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1
-, av V=Kp
v

1+—, av v=kp+1

&xel k 10 TANB0g cuyKATvoLGEC LITAKOAOVOIEC KOl LAMOTO GE SLOUPOPETIKOVS OPLUKOVS

apOpovg.

EVO M &, N 0V GLYKALVEL, OGS TPOPAVMS, HLropel va amoderydei.

3. «Eav pio axorovOia &£xer arerpeg To TA00g ovykAhivovoeg vrakorlovOisgg, sivan

OVYKAIVOLG Q)

AIMTANTHZXH: Opil® Vv axoiovbia

1
p———,0v n=p",p=mnpdrog
a}’l =

0, av n# p", p=mnpmrog

e H axorovBio avtn €xel Tovg eENg apytkovs dpovg:

1 1 1 1 1
0,=0, a,=2- l,a3—3——1, a, =2 — a5=5——l, ag =0, a; =17 —
3 2
1 1 1
a8 :2 23 N OC9 3_3_2, alo O, a“ —11 11 ) a12 :0, a13 :13_ L 6114 0,

112



1
als = 0,6116 = 2_2_4,...

H oxoAovbio eivor un o@paypévn, oeod 1 okoAovBic TV TPOTOV
pn(-2,3,5,7,11,13....), mepiéyel aneipovg 6povg (tpdtacn Evireidn).

H oxolovbia givor kahdg optopévn, st av p* = ¢* (1), pe p, ¢ mpdrovg, ToTE

ané(l):p/qi( = )p/q(l).

q TPOTOG

Emniong, amd (1) q/p“( = q/pQ3).
nTOQ)

P TpéTOg
Amo6 (1), (3) p=g xoun (1) diver k=A.

210 1010 CLUTEPACUO KOTOANYOLUE av emkoiesOodue to Bedpnuo amd v
Oeopio apOuodv, mov Aéel OTL kABe QLOIKOC €xel HOVAOIKN TOPACTACT CE
YWOLEVO TPOTOV.

Ahadn, p*=q* = (p=q.x=1).

(p,q mporToy)
YrevOopilovpe axoun, 6Tt pe To «KOAMG OpIopéEVNY amodeifape, 0Tt 1 oprobeica
o Eivan 6vtmg axolovdio, dnhadh «yia éva ne T avtiotoryileton évag 6pog a, »
1 OAM®OG  TEPLGGOTEPO (POPLOAMOTIKA OAAGL KOl AEITOLPYIKA

(m=mel=a =a,).

e 'Eyw dnepeg vraxorovbieg tng popeng @, — p.

Ilpopavag n o, dev eivor cyKAIVOVGA, WS EYODOO ATELPOVS 0PLOKODS aplBuods Kol

OVYKEKPLUEVQ, KOOE TPWTO aplOuo.

4. «Eav pia akolovBio £yel anepes 10 TA00g cVYKAIVOVGES VITAKOLOVOIES KL

eni TAéov gival kKo Qpaypévry, eivar 6VYKAIVOLG;)

AITANTHXH: Avt ™ @opd opilovpe tnv akorovdio wg e&NG:

1 1

———, av n=p" p mpiTOg
aﬂ: p p

1 av n#p" p mpdTOg

Onwg dei&ape va TponyoupEVMG elval KOADSG OPIGUEVT).

o 'Eyel amepeg vokohovdieg T Hopeng o, —> L € [O,I]Vp TPAOTO
P

e Olot ot 6pot ¢ Bpickovtol 6To ddoTn o [0,1] Kot apa eivot porypévn.
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o Eni mAéov umopovpe va mapatnpricovpe o0t limsupa, =1 (dmepor dpot g
woovvton pe 1), liminfa, =0.

o Tlpopavag dev eivar cuykiivovoa , agol av NTav, Oa énpene KaOe vakoiovbia

NG Vo GLYKAIVEL 6TOV 1010 ap1Ouo.

5. Yrapyer évo Kor povadiko ovTuTopdostypo. Tov vo. IKOVOTOlEL akpifag Tig
io1eg npovmodicerg TV TPLOV PO YOVPUEVEOV napaTafiviov

OVTITOPAOELYNATOV;

AITANTHZH: N, xt avto eivon ) axorovbio o, = (— 1)" , N omoia , OTMWG Umopet va
TOPATNPNOEL KOOGS , €lvol TO OYEOOV  «ITOCTOPTOV»  OVTUTOPAOELYHO TV
aKoAovOLDV.

[pdypartt:

e Aev ovykiiver( B.1.1.4.).

e Eivau gpaypévn, 8omt |, |=/(-1)" <1 VneN

e ’'Eyxet x to mAn0og (K‘ € I') ovYKAivovoeg vTaKolovdieg:

a,, —)1,a4p —>l,a6p —>1,...... Ay, >lxkel

Ta mponyobueva mepiocdtepo molvmAoka mapatedévia aviumapadeiypoto iyov Ko
YOPOKTNPIOTIKA OV OV TEOMKAV OTIC EKQPMOVICELS KOl TO, OTOio. 0eV EKTANPOL 1
a, =(-1)".
[Ty.: * Ta ( B.1.3.4) £ovv K 010POPETIKOVG 1] KO ATELPOVS OLOPOPETIKOVG OPLOKOVS
apOpove, evod N o, £xel LOvo 600 daPopeTKoDS 0pLaKovS aptOpode.
* Ov x vrmaxoiovBiec tov ( B.1.3.3) eivor OAeg dropopetikég HeTOED TOVLG

(OnAad1|, ovoeig Opog TG piog etvar i0og pe Opo GAANG).

6. Aidetor n mopakdTO TPoTUON: «AV @, Ko [ ovykAiivovees akolovBisg,
t6te (lima, =1im B,) < (lim|o, — B,| = 0)».

1) No amodey0ei
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2) Nao g&eraobsl eav woyvel n katevBovvon (=) Kot Yo akorlovOieg Tov TEIVOLY

og amepa opra. Emiong av woyvel n katevBouvon (<) o kaBe axorovdia.

ATIANTHZH: 1) (=) Agod
[x]

lima, =lim 8, = lim(a, - ,) = lima, —lim 8, = 0
n—o n—o0 n—>0 n—» n—o

= lim|a, - f,|=0
n—»0

(<) lim|a,-f,|=0=lim(a, - B,) =0. Ynobétw 61t lima, =x . Tote
n—»oo n—»0 n—o
B. =B —a +a, xu limpB =lim(B —a,+a,)=lim(S, —a,)+lima, =0+x=x
Nn—>0 n—>0 n—>0 n—»0
Apa lima,=x= lbn

n—0

2) (=)Av | | | |
(<) Av — , TOTE | | — , EVO 00TEN &, OVTE

N o, ovykAivovv

7. Eivan yvooto 0T woyver  tpotaon: «Kade povotovn ko gpaypévn
aK0oAoVOia cuYKAIVEL).
Noa g&etaoc0sl av woyvel ko 1 TpéTaon:

«Kda0g povotovn kot gpaypévn akorovdia 6Torei®mv 100, GUYKAIVEL 6TO  ».
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AITANTHZXH: Aev 1oybet, 01011 1 akoAovBia mov opiletan pe avadpoutkd tHmo

elvalr  akolovBio Oetikddv pnrodv, Yvnoimg povotovn,

QPAYLEVT KOl GLYKAIVEL GTOV J b [pdypoar,

e FEivar oaxoAiovBio Betikdv Opwv, O10TL Kol ov vmobBéocovpe OTL

Emopévac, pe Baon g apyns g Madnpatikng Eraywyng
e Oupoing pNTog KoL ov - pNTog, TOTE KOl — —  pN1dg, ONAadN

pNTOGC.
Enopévac, mdr amd v Apyn g Mabnpatikng Eroywmyng

bl

e [ 10 pOvOTOVO £EETALM® TNV dLopopd — — .

[Mopatnpd, 6Tt T0 TPOSN IO THG SLOPOPAG e€aptdtor omd 10 TpodoN O
G SLPOPAG (01611 OM dei&ape OTL ).
‘Etou

Aniadn,

Aniadn,

Anhadn n &, eivon @Oivovoa.

Tavtoypovmg deiape, Ot givon Katow @poypévn amd 10 2, dpo GLYKAIVEL GE

KOO0V TTPayHotTikd aptBpd = o Kol paAioTo
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Emedon OO TNV OVOOPOUIKT) OYEOT, UE TIG EMTPEMTEG

TPA&els Tov oplov, Exm v e&locwon: =] amo Omov £Y® I:I

XXOAIO: To mapdderypa yevikeveral, Yo |:| Ko |:| Bétovpe

=] =]

Kol . Tote o om , EVO M

OoVYKALON oG TG axolovBiog eivor o €101kn mepimtwon mpocéyyiong pilag g

pedddov Newton , Tov ypnoiponoteitar Kupiog omd mpoypappato H/Y.

8. H mpotaon Cauchy otic axoiovBieg Afer 0Tz «Av TOTE Kol

=] [ .

ATOOEIKVVETAL OTL 1GYVEL KOL TO AVTIGTPOPO TG TPOTAGEMS V7O TV TPOSOETY

nPovTO0sN TG HOVOTOVING TNG D
Mmnopei vo amoderyfei n pn woydg avriotpo@ov g mpotacews Cauchy pe

KATAAANAO OvVTITOPpaOEy s

AITANTHZXZH: Apkei va Bpovpe por un ocvykiivovso oakolovdio I:I, KOl Yo TV

omoia va 1oyvEL =] [ ]

o mv 0] KOl TTPOPOUVADG

=] , OL®G ®G YVOGTOV, N dgv GUYKALvEL.

9. Eivan yvooté 0Tl 0An0eder n wpoétaon : «wo kaBe @poaypévn axoiovOia

OeTik@V aprOpav (l]) 16Vl 0TV =] .
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An6 avt) ™V TPOTAGY, OC TOPIGNA, GLVAYETOL GPESH OTL OV I_I aKorovOia

opov, pe =]

Loyvel To avticTpoPo avTov TOV TOPIGUATOC;

AITANTHXH: H E

elvarl avtimapaderypo akolovdiog yio v omoia £y ] EVA TO =]

dev VILapyEL.

[pdaypatt: =]

e Av =

e Av =
Apa =]

Opwg ya v =] Exo:

o Av[ ] t6te nvraxorovbia
=

o Av , TOTE 1 LITAKOAOLOTL
]

Aniadn, |:| 10
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10. No osybei , om aKoAov0ia givan

avTirapdostypo  @paypévng akoiovdiog, 1 omoia dev £yl Kapio cvyKAivovca

vroKoAovOia.

AITANTHXH:
[pdypaty, I:I etvar pun epayuévn, 016t av [ ] éva avo QpAyLO TNG, TOTE LITAPYEL

(QUOIKOG n: |:| KOl OV 71 APTIOG TOTE GTOTO, EVA AV 1 TEPLTTOG |:|

apTI0G Kol dromo. Opoimg M I:I dgv glval KAT® QPoyprévn.

Apa, n I:I dev gtvat dve o0Te KATM® Qpaypév, apa gival un epoypévn.

Emiong, dev €yet ovykhiivovca vmakoAovBia, d10TL €qv vanpye pio tétowa, TOTE

~

N.

Q¢ cvykAivovoa Ba sivar Kot epaypévn, dpa Kot amoAdTmg paypuévn dpa |:|:

l. (1)
AMAG Yo KEOE TPy LaTikd, Gpol Kot 1oL TOV @, VITAPYEL PUGIKOG 11 LEYOADTEPDOS TOV.
Anhaon | . Emiong vmdpyet ovTL 1 |:| elvar avéovoa

aKolovBio dekT®V Kol dpa un v epaypévn. Aniadn

2)

Omnote, av |:| Gptiog M meptrtoc , Ha £xm =|:| 1 =—|:| OnA.

, IOV &tvar dTomo Adyw g (1)

Enopévmg, n I:I&sv €xel ovykAivovoa vrrakoAovbia.

11. Na odeiyfei 6Tt 1 axoiovlia [ 1 civen

avrirapdostypo  @poypéving oxkorovlicc 1M omoio  €el  ovykAivovca

vroKoAovOia.

AITANTHXH:
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(M1 (o o gl o OOty o O o O o 0

12. R b R >
0 .0 O O [J [ Bolzano-
Wierstrass O, O |:| C

[]

AITANTHXH: Osopd v akoiovdio -

e Eivat axorovBio prtodv, 616TL TPOQOVAOS D, |:|i.

e Eivar axolovBio Betikdv, S10TL TPOPAVAOS I

¢ Eivor yynoimng adéovasa, 016t

xl

E . Apa I.

e H D elvar  @paypévn. Ilpdypat, ov Beswpniooope v akolovbia
]

etvat Kot ot akoAovbio OeTIKOV OpmV Kot av Bewpncw Tov

Abyo
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xl

Anhodn

Opwg, mpopovmg

|:|I'. AnAadn M |:| glvan yvnoiog edivovsa.

o

"Etot

1

‘Eto1, I:I glval epaypévn kol yvnoiog povotovn. Emopévog €xet povadikod

oprakéd apBpod oto [, Sniady ovykhiver oto N.

I'vopilovpe 011

Kol kKaBe vrakolovBia g ,0a cvykiivel kU avn

oto [ P. Ankadn Oreg ot vraxolovbieg g I:I givor axoAovbieg pntdv, Kot

Oheg ovykAivouv oto [ IP.

13. «Av ywu o axorovOia D [Lop4ita ] I. Téte 7 D

ovykAivew. Eivan aAn0nic n npoéTaon;

AITANTHXZH: Oy Q¢ avtumoapdadetypo €govpe v okolovdia (appoviky celpd)

xl

. IV avt woydet:

xl

Oupwg, n I:I dev glval ocvykivovoa:

[pdypart, woydet:

xl

Ankodn

—

i | o [N
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H televtaia oyéon Oupwmg eivar dpvnon me ocuvOnkng ovykiiong katd Cauchy yio

] . Eropévogn |:| dgv GUYKALVEL.

14. Aivetmma 1 @poToon: «Av 1w

B I

p  axoiovBia

1G(VEL

TOTE 1| 0KOLOVOi I:I givan ovykhivovoa». Av givar ain0ig va amwoderyBei, av oy

va 000¢gl avTimapadstypa

AITANTHZXZH: Osmpodpe Kot TaAL TV oppovikn akoilovdio =]

1 omoia dev GLYKAIVEL OT®G E1dALLE TPONYOVUEVAC.

Opag,

xl

Apa kot

15. R NI:I =] >
[ )
° 0 l 0
0 O 0 0 0
AITANTHXH:
o Av , TOTE Kol EVOD =l 0.£.0.

Mo ovykekpuéva TopadelyoTo PnoEVIK®VY EXm:

xl

e Av = ,|:|1:(')ra
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101E

o Av = Ko =]
[=]

o Av |r(’)rs
[=]

oLYKAIvoLGa, a@oy 1 vrakolovBio g

Kot

n omoia Ogv eival

xl

Kot M

xl

vrakoAovdio g

(avéroya pe to TPOGNLO TOV |:|).

Amd 10 TPOTO TOPAOEYHO KOl OO TO LEOAOMO TPiO. AVTITOPAOELYHLOTOL,

TapoTNP® OTL VILAPYOVY UNOEVIKEG YO TIC OMOIES LOYVEL TO GULUTEPOAGHO KOl

UNOEVIKES Y10l TIC OTOieg Oev 1oyvEL . g KaBe mepinTon mAvTmS, ot UndeviKeg Ha

TPEMEL VAL EYOVV TEMKE U1 UNOEVIKOVG OpOLS, MOTE va, £YEL VoMU 1] akolovdia

xl

16. Aiveton ) mpoéTOac

«AvV

I ko

1)No amoderyOsi

2)Na e€etao0ei T ovppaiverl av

, TOTE

D
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AITANTHZXZH: 1) Agov , 101€ I:I, Gpo Kol yuo =]

xl

(1)

=] =]

A , kot amd v (1) pe

1GOGVYKAVOUGMV 0KOAOLOIDV, £Xm Kol OTL

2) e Ay =] |:|r(')ts =

xl

, VILApYEL

Baon 10 Osodpnuo TV

e Av t0tE

Kot

. AnAadn N

Ogv GUYKALVEL.

Eniong  av =] |:|) 101¢ [, Ko
E (apov Ko ).
I'evika otav Ko |:|I', dgv umopolpe vo amo@avlovue yoo

oLYKAON T™NG
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17. ' 10 Gve Kol KaTe 6pra 6V0 akorovOLOV | Ko I_I givan yvooet 0TL 1I6y0€EL

YEVIKA | TOPUKATO GYE0T:

Na 000¢i mapaderypo axkorovOi1®dV Y10 TIS 0TOLES VO LGYVEL 1] TOPAKAT® GYEOT

(O))

ATTANTHZH: Av
=] =]

1018

9 > 9 > 9

Toten (1) yivetat: |
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1.4. KATAXKEYH ITAPAAEII'MATQN AKOAOYOIQN

A.MHAENIKEX AKOAOYOIEX:

1. Mo peyddn owkoyéveln ivor akoAovBieg g popeng ] , OOV |:|,
o .
TOALGVLHO TOV I i | | TLy.
2. Onwg kot to TponyoOUEVO, OAANL aVTi Y100 TOAVMVLLO VO XM TUPACTACELS UE

pikd oracdNmote ThEemg Omov TALOV 0 «Baburdc» ékaotng tapdotaong opiletal

®¢ KATAAANAOG AOYOC Tov peyiotoPaduiov dpov da g tdéemg g piloc, dmwg

€Y TUPUKATO

]
Y

, O10TL 0 «Pabudcy ™G TOPACTACENS TOL

xl

aplBunt eivor T0

. Hpéner va Aappdvetan

TPOVOL0, DCTE Ol TOAPOUCTAGELS VO EXOVV TEMKE VONUO, EPOGOV LG EVOLOPEPEL |

GUYKALOM.

3. Mg ekpeTdAAeVOT TG TPOTACTG «PPAYUEVT €Ml UNOEVIKT Hog divel undevikn

oKoAoLOio

my|E pon[ ]

4. Expetdiievon g mpotaong, ot «Edv Kol 1oVEL

X |, TOTE

ITy. =

. Apa

B. AKOAOYOIEL LYI'KAINOYZEX XE acN 4 |:|

1. Av ] ue |:| TOAVADOVLLLO, TOV V KOl | | toteEM I:I

OLYKAIVEL GTOV AOYO ]

, OOV D 0 OLVTEAESTNG TOV peYIoTOPadiov 6pov Tov

|:| Kol D 0 aVTioTOL(0G TOV |:|
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2. T'evikevon Tov TPONYOVUEVOL KOl GE AOYO TTAPACTAGEDV HE PLIKE OTMG Kol GTO
B.1.4.A.2

3. Expetdilevon tov emupentov mpdemv ocOykMong petald axolovbumv mw.y.

, ] . Apa =]

4. And axorovBia pe YVOOTO TEMEPAGIEVO OPl0, KATOCKEVAL® GALES e TO 1010 Op1o,
pe v Ponber TOL OPIOUNTIKOV, YEOUETPIKOD KOl OPUOVIKOD  HEGOV.

YuykeKpléva, umopovv vo amodeyBodv ta eENg:

o Av TOTE =]
e Av Kot | T0TE
e Av | T0TE =l

5. EWwég mepuntdoels, YEVIKOV TEPUITAOGEMY GUYKAMONG:
a) Av |:|, 10T€ |:|
B av[ Jrowe[ ]

Y) Av |:|, 101¢ I:I (drapopomoteitar n amddeEn Otav |:| Ko
otav |:|, EVO YO |:| TPOPAVEC)

8 |
g) Av , TOTE
ot) Av , TOTE M

) Av , Ko e , TOTE

n) Av Kol ] toTE M I:IGUYKMVSL ot etk pila
mgegiooong|___|
0) Av | |I', |:| Ko =] , T01€
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EIE ,  Omov S
[ ]

) Av , TOTE =]

1B)Av |:|, , KO , TOTE M D ovykAivel ot Betikn pila

mg stiowong| |

1Y) ExpetdAdevon mg mpotdoemsg: «Av I:I oVLYKAlvEL, TOTE KEBe vTaKoAoLOi

™m¢ OVLYKAlVEL 6TO 1010 OplLo»

e Av tote

I'. ®DPAI'MENEX AKOAOYQOIEX
1) ExpetdAlevon g npdtaong 61t «Kdbe cuykAivovoa axorovbio etvar ppoypuévn»

2) EWikég mepintdOELS YEVIKOV TOPOUOELYLATOV QPAYUEVDV:

a) Av , | , punodevikég axolovbieg, tote N axolovbia

xl

elvar  (PAéme xar B.1°.3.2) un

ouyKAivovca @payupévn kot emmAéov €xet A 10 mANO0g ocvykAMvovoeg

vrakoAovdiec cOUEMVO LE TOV KOTd KAGOO OPIoUO TOVG,.

B) H axolovbia , e | |ka| | ovvapmoeg

TOV 7 ivat PPAyYHEVT, APoL 1oYVEL

v) To mponyoduevo yevikevpévo mapddetypo, aArld oty Béon twv |:| VO UTTovV

aKoAlovBieg OV VO GLYKAIVOLV ] vaL elval payrEVEG.

3) KaBe opaypévn oovapmon pe medio optopod 1o [ 1 l:l He KOTOAANAN
neplopiopd oto I, diver ppaypévn axorovbio.
4) Kabe axorovbio Betikdv dpov ivar kdtw epaypévn amod to 0.

5) Kd&Be axorovbio apvntik®dv dpov eivat dve epaypévn arod to 0.

6) Av T xou I:I QpayUEV, TOTE I:I TPOPAVMOG QPAYUEVT.

7) Av :I QpoyLéEVN, TOTE Ko 1 elvatl paypévn.
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8) [ 0 0O , 0
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2. XEIPEX ITPAI'MATIKQN APIOMQN

2.1.XYI'KAIXH KAI AITIOKAIXH XEIPQN

JSRPRNIVUNL AU —— . ;
fima, =0 | lima, # f) 7 b&v VACOYEL ?
f--» oo g H- 'I'm §
PETITIN .-.m.m-.l. wtdnlie e " R e R T Tt -.-...:.m.w,] Sy e e ARAIRY e AR oy < e b
é I§ * ’ F . +
pX vyxlwovoa o My ovyxhivoveoa oegd | Aroxhivovoa oepi
gro R oa E_ 070 +o0 1f —v0

3 Y1 3 ' |
erg() | nlx‘z‘%:Jf-m Jr.x.zaz*"";j

w0 " n:.le <<l

Tagivopunon ToV GEPAV OS TPOS TNV GUYKALIOT.

0
1. Aivetan n wpétaon: “Avn > a, ovykhivel, Tote o, — 0
n=0

1) No amodey0si
2) No dery0¢i pe katdrinro avrimapdoctypa 6T O£V I6YVEL TO AVTIGTPOPO.

3) Noa €€nynlsi n pnowpdTnTo TG TPOTAONS OGS KPLTIPiov GUYKAIONC.

AITANTHXZH: 1) Av n Y a, ovykAivel, toéte n S, ovykiiver kar 3 10

n=l1

lim S, . Onwg

n—>+w

a,=S,-S,,=lima, =limS, —limS, , = lima, =0—0=0.

2) Av Bsopnom 1 oepd ZL , TOTE Vo pev %—)0 , GAAG avTr| dev
n=14n n

GLYKALVEL, O10TL:

1 1 1 1
S, =1+— t=>——=+——=+——=+ ' t+t—==

NN A~ =R Y Y
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1
Enopévag, S, > Jn > 40 Apa xar S, = +0. Anhadn n Y —= omoxAivet.
n=14n

3) H ovvOrkn “a, = 0 yio tv cbykAon g cepds > a, ivar avaykaia,
n=0
aAdd oy wavil. Edv nrov avaykaio kot wov) (foyve dniadn kot Tto
avtiotpoo) Ba eiyope £vo Bavpdcto kol ac@arés Kprtnplo cvykions. Opwmg
Kot ToOpo, pe v avoaykoic ovvOnkn «a, -0 efacpaiilovpe OTL “ov
a, >ac R— {0} toten D a, oamokiivew. Etot PAémovpe 0Tt Aettovpyel wg
n=0

1oYVPOTATO KPUTAPLO OTOKAONG OEOOUEVOL OTL 1 KAGON TOV UNOEVIKOV
akoAovOOVY gtvar pia eEAdyloTn KAAGT akoAoLOLDV.

Eniong €0d xabictator @avepn n onuocioo TOV UNSEVIKOV oKOAOVOIOV Kot 1|
éupaon mov Olvetal ot HEAETN TOVG, MG Kol €xovv pOAO BepeAtdOOvg
onuociog oty UEAETN OLYKAMONG TV Oelpdv. G TEMKN TApaTHPNON,
cuvoyilovtag, pmopoldpe va movpe 0Tt ot cLYKAIVOLGES GElPES elvar amicTevTa

«Ayegy apov avtég eival «KAmTolEg, Yo TIG omoieg woyvel a, — 0 ».

0
2. Aivetan 1) TpoTaoN: «AV T D 0, GULYKAIvEL TOTE 1] akorovOBia S, sivan
n=0

Ppaypévny»
1) Na amodery0sei

2) No gEetaoTel av 1oYOEL TO AVTIOTPOPO.

AITANTHZH: 1) Av n > a, ovykAivel, 10te 1 S, ovykAivel. Emedn opwmg
n=0

Kk@0e cvykAivovca etvar gpayuévn, tote koun S, etvor gpoaypévn, 0.€.9.

2) To avtioTtpopo dev 1GYVEL YEVIKA.
Qg ovrmapddetypa ypnowomowovpe v . (-1)". Avmy et S, =1,
n=0

0 av n=2k+1
Sy =8, +0a; =1+(-1)=0,. Anhodn tehd &xo: S, =

1 ov n=2k

oV dev GuYKAivel, alAd eivon ppayuévn, ot 0< S, <1 Vnell.
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o0 o0
3. Av i ogip@ > a, ovykhivel Ko Yo TNV ogpd Y B, woyoer S, <a,,
n=0 n=0

_ o0
V ne T, t6te 00 cvykhivarn Y 4, ;
n=0

AITANTHXH: Oy anaportiTog: o TOPAOETY L

1
pB,=——=<0=a, V neN
n

n

0 0 o w 1
H Ya,=>0=0,0vykkivet xoumn X B, = z(_ _J — —o0 amoKkAVEL

n=0 n=0 n=0 n=0 n

o0
TI'evika yio va ovyrliver n oeipa Y. f, Oa mpémer emimpoolétwg vo 1oyvel
n=0

0< B, <a,, 0nwes araitel 10 KPITHPLO CUYKPIOEWS OEIPDV.

4. Av n oapd Da, ovykhivet km Y TV Y. B, woydel
n=0 n=0

- o0
|B,1<|a,| ¥V nel,téte 0a cvykrivern . f, ;
n=0

AITANTHZXH: Oy araportitog.
0 1 o
ay Ya,=X(1)""-=, n onola cvykhivel Bdcel Tov Kkpumpiov Leibniz
n=0 n

© 1
> p, = — nomnoia ¢ yvowotdv dev cuyKAivel Kot
n=0 n

1
| <
n

- l‘ V neN.
n

Fevikd ywo vo ovykAiver m 2 B, 10YV€L 1| TOPATAPNON GTO TPOTYOVUEVO
n=0

AVTITOPAOELY LA

o0 o0
5. Ioybel | mpoéTac: «AvV 01 og1péc D> a, Ko Y. f, 6uykAivovv, TOTE Ko
n=0 n=0

n i(an + f,) ovyKAivel Ko pdota i(an +p,)= ian + iﬁn ».

n=0 n=0 n=0 n=0
Me kotdriinio oavturopddostypo vo omooelyfei 0TI dev  oyvEl N

avtioTpoPn npoéTao).
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AITANTHXH: H poown avtictpogn mpdtacn eivor 01t «Av 1 oglpd

o0 o0 o0
> (a, + B,) ovykhivel, TOte KO OL GEWPES D @, KOl Y S, GLYKAivovv.
n=0 n=0 n=0

Avtumapddetypa amotehovy ot oepég S (-D)", S(-=1)"" ot omoiec dev
n=0 n=0

ovyKAivouy, OuO¢ 1 ogpd io[(—l)” +(-D)"= io(—l)” 1-1= %‘00 =0-0

onAadn dev cvykAivet.

6. Eivan yvooti] | 1606 TG TPOTOONG: AV 1| §| a, | ovykAiiver TOTE Ko M

n=0

o0
Y a, GUYKAIVEW.
n=0

No amwoderyfei 4T1 dev 163 VEL TO AVTIGTPOPO.

AITANTHXH: Eoto Z(—l)”“-l. Eivar g popeng > (-1)"-a,, 6mov

n=l1 n n=1

2opeova va To kprrnpto tov Leibniz ywo evalhdocovoeg oepéc, M @, = - etvon

® 1
undeviksi kou pOivovoa axohov®ia OGetikdv Opwv, kot dpo n Y(—1)" - —

n=1

0

= Zl etvar yvooto (B.1.3.13) 611 amokAivel.

n=1Nn

1
_1 n+l L
=D

ovykiivel. Opocn X,

n=1

Yy6M0: AmodeucvoeTor 0T i(—l)”+1 1 = log% =0,6932.
n

n=1

7. Mg éva katdriinro mapdosrypo va deryBei, 6TL To KprTipro pilag Tov

Cauchy givan woyvpotepo amé to kprTpro tnriikowv Tov D’Alebert.

AITANTHZXH: B\éne 10 B.1.3.9

Exel égovpe: a, = 200" ondte av Beopico v oepd 20 &y

n=1

n © n
200 = 5 2D Gyyidhdvet.

n=l1

o) En’z/an :%<1 apa i
n=l1

— . 1
B) lim Gnel _ 2, lim Gnel _ 3 Kot ApaL OV UTOPOVE VO, ATTOPOVOOVLLE.

aﬂ aﬂ
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Emeidn Aowmdv yevikd oyvet

.a . ST T a
lim =L < lim o!/" <lim a)/" < lim =21, (1)

Oy %y

givon Suvatév va vdpyet 1o lima,” yopic va vadpyet to lim 2zt , EVO M
a

n

an+1

vmapén tov lim , Moyo ¢ (1) ovvemdyetor mavta v VYmopén Tov

n

hmal/"

8. AMho mapdderypa mov dciyverl 61 10 kprepro piCag Tov Cauchy givan

16YVPOTEPO 0o TO KPLTI|Pro TAiK®V Tov D’Alebert, givar n cerpa

o [N | O S S
~ 5+( 1)" 28 3 20 3t 2 3t

I'v avtyv €yo:

- 1
lim %/a, = 5 <1 ka1 dpa 1 oelpd GLYKAIVEL

1 (ijna aptiog
Eniong —= Gt _ ]2 \2 . onote
n 1 (2 .
—|=| a, mep1td
Vi p—
Enh=+ooliLna”+1 =0 «o
a a

n n

11ma <1<11m0C

%y Oy

KOl TO KPLTHPLO OEV OMOPOIVETOL Y10 TNV GEPAL.

9. No amodsryfei 0TL 01 TOPOKAT® TEVTE TMPOTAGES E£ivor OLES
yevoeic:

d) Av lim;—":l eN ko q i f, ovykAivel, T6TE KO M) ian
n=1

n n=l1

OUYKAIVEL

o0 o0
(i) Av 0<a,<p, koo n > a, ovykAiver, T0TE KOL M D/,

n=1 n=l1

OUYKAIVEL
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o0 0
(iii) Av 0<a, < f, kun > a, cvykhivey, 10tE ) f, = +0.
n=l1

n=l1

0 o0
(iv) Avn Y a’ ovykhivel, T6te 00 cvykhivet kain Yo, .

n=1 n=l1

0 o0
(v) Ava,—pf, >0 ko Y S, GUYKAIVEL TOTE KOL T Y 0, GUYKAIVEL
n=1

n=1

AITANTHZXZH: H anddeién Oa yivel pe KatdAinia aviuwapadetyporo:

1
@) o =+, B =(-)—L. To lmP-— " _ _,0eN. H
n Jn 1

n (_1) ﬁ

i(—l)n L ovykiivel (kpitipro Leibniz) oA n il OgV GUYKAIVEL.
n=1 \/; ey’
(i) an:L’ ﬂn:l- Tote OSLZOC,IS,Bn:l Kol M ianzii
n’ n n’ n n=1 noin’

0 0 1
oLyKAivey, v M Y B, = D — dev GuYKALvVEL
n=1 n=11

1 1 | , © 1 ,
(i) 0<a, =—<—=f,.H X — ovykhivel, koun Y —- ovykhivel.
n’ n n=1n n=1n

: | X . L& .
(iv) Av a, =—, toé1e M Za,f cuyKAiveL evd M D @, deV GUYKALVEL.
n

n=l1 n=1

v) a, =%, B, =L2,r(')rs l—iznzlao,n i/)’n ovyKkMver ko m il
n n n=l

n n? i

Ogv GUYKALVEL.

10. Na eEnynOei n dwopopd petald Tov evvordv «aryefpikod abpoopa» ko
«(Gmepo) afpowopo  oepdey Ko pe  ypnon  KatdAAnAov

OVTITOPAOELYUATOV, OTTOV YPELALETOL GVTO

AITANTHZXZH: 'Eyo 115 €1 OeleMMIEIS KOl OVGLUGTIKES O1OPOPES:

1) To «aAyefpucod GBpolcpon €ivar opiopévo Yoo TEMEPACUEVOLS TO TANOOC
TPOCHETEOVS, EVD TO «ATMEPO ABPOIGHO GEPACH Yo ATEPOVS TO TANOOG
TPOGHETEOVC.

2) '‘Eva.  memepacpuévov  Opov  aAyefpikd  dBpoicua, vmoroyileton  og
TENEPACUEVO YPpOVO, evd €vol dBpotoua ameipov Opwv, vroloyiletal og
dmepo ypdvo (dNAadn dev vroroyiletar cE OMOLOVONTOTE TEMEPAGLEVO)

aKOUO KL oV TIG 0OpOIGELS TIC EKTEAEL 1) YPNYOPOTEPT UNYOAVI] TTOL VTLAPYEL
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topa M 0o vwapéer oto pérhhov. Mo pnyoavny yopaktnpiletar amd v
TaxOTNTO Lo TPAENS OV YPOVIKO SLAGTNLO, £0T® ¢ (OTOOONTTOTE UIKPO).
Toéte vy dmewpeg abpoicelg ypedlopor ypoévo oo-f =00 dMAodn eivar
aVEPIKTO.

3) 'Eva «nemepacpévo aryefpucod aBpoicpo» opilel mévta vav mpoypatikd
aplBpd, eved éva «amewpo dBpowcpo oepdcy dArote opilel mPoyHOTIKO
apOuo, AALOTE OPMG OYL.

4) To «memepaocuévo dBpoicua» vmoAoyiletor mavto aAyePpikd, &vd TO
«amepo aBpolspa celpdo» vmoroyileton (dv vhpyel Kot €6V etvor ePKTOG
0 VLTOAOYIGHOG) Me U aAyePpikd tpoémo, ®g Opro G axorovbiog TmV
HEPIKAOV aBpotopdtmv. Andadn:

a) To lim S, vrdpyet kou 10 VwOAOYILOVLE.
n—>+0

B) To lim S, dev vmdpyst.

n—>+w0

y) To lim §, vrdpyet pev, aAld eivar e€opetikd dSVGKOAOG 1 AOVVOTOG O
n—>+o0

aKp1pfg TPocdopIGUS TOV.

5) Ze éva «ohyefpikd abpoiopon, pmopd va e16aym 1N va e&aym mapevhEoelg,
He EMTPENTO TPOTO, KUTA TO dOKOVUV. Xg £val o ATEPN GEPA, OVTO YEVIKA
aroyopevetal! Iotopikd n mponyovpevn mapavonon, vanpée myn Aabodv
TapadoEmv Kot OevéEemv v emoyn TG BepeMdoems Tov ATEPOCTIKOD
Aoywopov. (PAéme ko A.5.2.2). Zoviopo €ywve aviANmTd OTL «OVTO OV
WOYVEL YL TEMEPAGUEVEG TOCOTNTEG Kol peyedn, dev  emekteiveTon
QLTOVOT| TG KOl Y10 TOL ATTEPQ. LLEYEOM».

270 TOPUKAT® oVTITOPAdELy o BE@pd TNV GEPh

2 3 4 5 6 7 8
1n+1n+ +___+———+—__+..- 1
nZ]( T s e .

n+l n+2

H avotépo cepd £xer yevikd o6po a, = (-1) |
n+

. Tote 10 lima, dev

VILAPYEL, Apa 1) GEPE eivol YVOOTO OTL 08V GLYKAVEL
210 devtEPO pEAOG TG (1) e1lodym mapevBéoelg kaTd Tov emTpenTd OAYEPPIKA
TpOTO.

Tote Oa Exo:
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3 4 5 6 7 8 2n+1 2n+2
—_—— J’_ —_—— + _— +...+ —_ +---:
2 3 4 5 6 7 2n 2n+1
1 1 1 1 1
F— et to=y ————— =
2-3 4.5 6-7 2n(2n+1) n=1 2n(2n +1)

Ms

H teAdevtaia oelpd cvykiivel, GOLQOVO LE TO OPLOKO KPITIPLO GVYKPIGEMG.

© 1
[Tpaypott, av Beopnom ™ Gepa Y. — oot OLYKAIVEL ®G YVOoTov. [V avtiv

n=1 N
. 1
o B, =—.
n
1 .

Av a, =———— totE

2n(2n+1)

1

) 2
lim % =40’ +2n _jyy " g L1
=y} 1 At 420 e, 14

) Tt

n 2n

Apa apov GUYKAIVEL N Zi 0o cvykiivet koun Y, _ .
nmin’ n=1 2n(2n+1)

Anioon: Bdlape moapevOéoels o pio oglpd mov OV GUVEKAIVE KOl TNV
RETATPEYANE OE GUYKAIVOVOO!

HoapaBétovpe Kot GAAO YOPOKTNPIOTIKO «TOPEd0E0N»

Av ot+p=1 , Tote TO0 daOBpowopa S=(o+p)-(at+p)+(atp)-(atp)+.....civar
omoradnmote mpoypotikn Tipn ()

AITANTHZXH:

S=(a+P)-(a+P)+(o+P)-(o+P)+..... = S=oa+(B-a)-(B-a)+(B-a)-...... =

(Av B-a=7v) S= at(y-y)+(y-y)*+(y-y)+....= S=0+0+0+0+0+... = S=a

AMG av Bécm almg TIc Tapevhiaels (pe emtpentd alyePpikd tpomo ) Ba Exm

S=a+y-(y-7)-(y-Y)-y-Y)-... = S=0+y-0-0-0-0-0-... = S=a+(B-a) = S=p
Agdopévov tmpa 0Tt M ddomact tov 1 6e dBpocpa dVvo apBumv pmopet va
YIVEL HE O OTOLOVONTOTE TTPOYUOTIKO Ko B =1-0 , T0TE £YOVUE TO «TAPAOOEO»
counepaco!

Yrdpysetl Kot T0 OTAOVGTEPO CVIITOPAOELYLLOL:

H i(—l)” dev ovykhivel, divtin (-1)" - 0 (givar amoxhivovoa).
n=0

Ouwg av elodym tapevhEcelC yivetal cuyKAIvovoa, OTmS QOIVETOL TOPAKATO:

i D" =1-1+1-1+1-1+1-14---=(A-D+(A-D+(A-D+A -1 +---

n=0
=0+0+0+0+0+---=0 . Aniaon cvykhiivel oto 0.
Av opmg dttnpnom to Tpoto 1 Kot e16dym tapevhicelc apuéocmg petd , Ba Exom:
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S )" =11+l 1+ 1= 14+ 1=T4 - =1-(1-1)-(1-1)=(1-1)=(1-1)-....

n=0
=1-0-0-0-0-..... AnA. ovykiiveroto 1 .

To AaOoc ko wAM, £ykeElTor otV El60YOYN TOPEVOEcEOY 68 GmELPO
afpowspo.

Kou ata tpia mponyoduevo, avtimopadelyuoza, Tipoye 1o, 1y ooykiivovoo oeipa,
Osooe mopevOLoels Kol ) (1] GOYKAIVODGO, UETETPATTH OE GVYKAIVOVTOL.

T1 yivetou duwc ug tic ovykAivovoec;

Edm 1oyder n mpoTOon:
«Av o¢ pra ovykiivovoa cepd ian pdiiovue o¢ mapevBéoels ocovaonfmore
n=0
0povg TG, YWPIs va alldéovus TRV TdéH TOVS, TOTE N TPOKVATOVGA GEIPd Oo
OVYKAIVEL Kou udlieTa 6To 1010 dipoicuar.
H andoeién g npdtaong elval amin:
Av §, elvar n axorovBio tov pepwav abpoopdtov g apyikng Kot o, m
akohovBio pepIKOV  abfpolopdTov NG TPOKLATOLGOS HE  E0AYWOYN
napevléseny, t0te M 0, Oa glvar vmakorovBia g S, .
[Ipdypatt, av
S, =0,+0,+0;+--+a, +-- 101€ O¢tOoVTOC TOPEVOETELS EY®
S=(a,+o, +40,)+ (0, +0,.,+Fa,; )+()+--.
Anhadn o, =S,,,0, =S, 45
H o, oc¢vraxorlovbio cvyrkiivovsag vrakorovdiag, Oo cuykiivel ki’ avty, dpo
N TpoTOoT) amedElyO.
H mponyobuevn mpodtacn mepiéyel  @pdon «... xopig va aArldEovpe TV T4éN
... (tov 6pav c)». Emopévag nailer poro kou n ddtaén TV 0p@V TNV
oVYKMO1). AVTO QUIVETOL OTO TO O KATO AVTLTUPAIELY AL

. oz , Lo
" .— n omoilo Baoel Tov kpumpiov tov Leibniz

Jn

‘Ecto n cepa Y (1)
n=1
OLYKALVEL 0oV 11 — &ivarl pBivovca pndevikn akorovdia Betikdv dpwv. Tote

=l-—=t——=——=+—F—=——F—=+—=——+.

N
L 1 1 1 1 1 1 1
NN N BN Y N NN

2(_1)n+1 X
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AV €QappOc® TV AVTILETOOETIKY 1010TNTO. 6TO Amelpo Gbpoicpa Bo aAAGE®

mv T4éN TV Op®V ™G, omdte Ba Exm:
1 1 1 1 1 1

1 1
YA RTETE AR T B

Av ovuykAivel pe v aAdayn TaENG TV 0pav NG, Ba cuyKAivel Kot pe TNV

(D

EL0AYWYN TOV TAPUKATO TOPEVOEGEDV:

B I e

AMG OpoG:

Lttt 1111 A2
Van-3 Jan-1 2n Nan an Nan n N Nano
=z J2-1 J2-12 1

H cepd > = > T amOKALVEL, apa Kol n
n

n=1 \/ﬂ - \/E n=1

© 1 1 1
Z( + — j Bo amoxAiver, mov eivor n apywn (1) pe v
Van-3 AJan-1 2n

avadlatasn. Apa N avaolaTal)] YEVIKMG 0V EMTPEMETAL, APOV OTOS EIOUNE,

n=l1

n ovaowataln Opov, pmopel vo petaTpéyel po. GUYKAIvOvoo o un
GVYKAIVOVGO.

Ievikdg woyvel To Oedpnpa:

0
«Av 1 ogpd Zan OUYKAMVEL ATOAVTOC, KOl £6TM T M0, AvaolaTasn Tov
n=0

0
PUVOIKAOV aprOpav, 10T N oLPd Zar(n) OVYKALIVEL OTTOAVTMOG KOl pdMoTa,
n=0

Zar(n) = Zan » ZINV EMOUEVN EQOPLOYN TopabETovEe £va TETO10 TaPASEY L
n=0 n=0

11. H cepé i(—l)”‘1 % givan Tapaderypa cepdc mov

n=l1
1) Xvykhiver
2) XvykAiivel amorVTms (Gpo Ko aTAAOg)
3) Omowwdnmote avadrldtTaln TOV Opov TG dev eanpedler ™ cvykion

g, 00TE TO GOpoopd TG

AITANTHXZH: H oegpd ekninpoi 11g mpodmobécelc g mponyoOueEvNGS

npotTaons, Etol éxm:
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© 1
H D! -—— ¢&ivon aBpotopa aneipav opov I'IL pe mpdto dpo o 1 kot
n=1

Aoyo —%.Apa i(—l)”_l- L_ !

_2
n=l1 2n—1 1— _l 3
2

2) Y|=n*t- 2,111 =2 —— Ko éyel dBpowspa aneipwv 6pov I'IL pe npdro
n=1 n=l1
. o1 © 1 1
6po 1o 1 kot Aoyo —. Apa Y. - =——=2.
2 n=l1 2n71 1— l
2

3) Avadotdocm Tovg Opovs GOUE®VA e TOV VORO: «Metd and kdbe Betiko,

YPEPOLLLE TOVS 5VO ETOUEVOVG APV TIKOVSY.
O vouog avtdg paivetar Kot Pe TNV OAYERPIKN O10TUTMOGCT] TOL TOPUKATW:
| 1 1 1 1 1 1 1 1 1 1 1
R N O R S U L R P TR TR Pee

z (L b —Lj =(emedn «kabe pic  ovykhivel)

22n 24n+1 24n+3

» 1 ® 1 ® 1 4 8 2 2
- - =—————==" J/nmiadn 10 GOpocua HEVEL
) 22n né) 24n+1 n§0 24n+3 3 15 15 3 n n p l'l l'l

apetdfinro.

Tevikwg, av o ocipa ovyriivel «ue meplopiouoy (1§ «vmoé ovvlnkn» 1 eivai
nuiovyKAivovea) n avadlatoln twv opwv ¢ uetafoliel to abpoioud e 1 Kol
™mVv don ™S (UTOPET ONAAON Vo THY KOTOGTHOEL ATOKAIVOVGA). XopoKTHpIoTIKO
eivar 1o Oedpnua Riemann tov omoiov 1 diatomwon Eyel wg eCHG:

«Mw vé ovvOKn ovyKAivovea GEpd, PTOPOVUE VO TNV KAVOLPE VO

OVYKAIVEL 0€ omoladnmotTe Tiuy M| OKOUN va_amokiivel pe o KotdiAinin

avaoLaTacn TOV 0pMV TS,

12. Aiveton n TpéTacn:
o0 0

«Av N ogpd Y| a, | ovykAivel, TOTE Ko ) GEPA 2055 GUYKAIVE).
n=l1 n=1

1) No amooey0si

2) No deryfei pe KoTdAANAo avTITOPAOELYPHO OTL YEVIKMG OEV LGYVEL TO

avTioTpoQo.
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AITANTHZH: 1) Agpov > |a,| ovykiiver =|a, | > 0. Tote use=1>0
n=1
In=n,1):0< e, <K1| =a <a,| Va>n,.

0
A6 10 KPP0 CLYKMOEWMC GEPOV, EMETAL KoL OTL N Zai GUYKALVEL

n=l1

1
2) T to avtiotpogo, Bewpd v a, =(-1)"—. H avtictoyn oepd
n

[5¢) [Se) 1 © © 1
Yal= 2. —5 M onoio ¢ yvootdv cuykhivel. Opme n oepd X |a, |= 2 — dev
n=1 n=1N n=1 n=1N
GUYKALVEL.

Apa, YEVIKMG OV 1GYVEL TO OVTIGTPOPO TNG TPOTAGEWC.

13. Yrnapyer ocipa mov givor amo@avolpun g mPog TV GUYKAIGN pPE TO
KPUTiplo A0yov Ko pn amo@davoipn pe To KPrtipro aniikov tov d’
Alembert .

AITANTHXH: I'la v cepd in -'e éyo:
n=1 n:
n"-e™" — o © ] 1
ﬂn: >0 Vnel.AVZan:Z—Kalan:_>0.
n! n=1 n=11 n
Eniong:
n+l
,B 1 1 n 1 n (lﬂ—lj ! 1
= ' _1[11—1- j (n 1)=e_1-[1+—j = " (1+—j
ﬂn +1 n e n
(1)
L 1
%pi1 _ n+1 n 1 1 1)
a, 1 n+l n+l ( 1) n
- — | 1+—
n n n
)

I'vopilovpe 6ti 10y 0et

1 n 1 n+l
(1+—) <e<(l+—j Vnel.
n n

3)
H (1) 2oyow (3) diver
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lnl
(1"'»/ -1 -1
e ) e 5
b (1+2/

Agovn > a, dev cvuykAivel, TOte Koun Y f, eV cuyKAiveL ZOHQ®VA OUMG UE

n=1 n=l1

10 KPUTplo TATK©OV TOV D’Alembert €xm
n+l

Gr

B n 1 e : : :
= J1+—| —>—-1=1 kot dev &® AmMoPUVSILOTNTO HEGH TOV
B, e n e

Kprtnpiov.

Apa T0 KpLrTipro Adyov gp@aviletal woyvpotepo am’ 10 avriotoryo Tov D’

Alembert.

14. To OGzopnpo tTev Cauchy-Mertens Afer 0TL «Av 000 ogIpég

OUYKAIVOUV KOl TOVAGYLGTOV pid GUYKAMVEL amoAVTOG, TOTE N oL1pd

o0

Z 7, TS ouvwéhing tovg (] 10 katrd Cauchy ywopevo Tovg, pe

n=0

(a,*B, =y, =a,p,+a, B +-+a,B) 0a GUYKAivEL Ko
néioto z v, = Zan - z B, ».
n=0 n=0 n=0

1) Mnopei vo mapain@Osi and 1o Osopnpa n vwddeon g ovykiong
Y10, pio €K TOV 000 aPYLKOV GEIPOV;
2) Av 1 ogpd g ovvEMENg 600 aKoAoVOIOV GuYKAiveL, B cuyKAivoLY

01 000 aVTIGTOLYES GEIPES TOV UPYLKAV OKOAOLOLOV;

AITANTHXZH: 1) Aev pmopel vo mopoAngbei 1 vmobeon g oamdiving

GUYKAIONG TG oG GEPAC, OTTMS O S0VLE GTO TAPUKAT® AVTUTOPBEOELY LA

Ocwpovue 116 ogpés Y.a,, 2. f,, omov a, =p, = (- L Kot ot dvo

n=l1 n=l1 \/;

cvykAivouv pe Pdaon 1o kpumpro tov Leibniz, apov 1 — elvar @Bivovoa

7

UNodevIKn akoAovbia BETIKMOV Op®V.
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Emiong Sev ouykhivouv amdivta, agov Y |(—1)"" Al ZL =3 Ll
n=l \/; n=1{n n=l1 3

om0l MG YVOGTOV ATOKAIVEL.
To xatd Cauchy ywvopevé tovug givar €€ opiopod

1}
==

1
Jn

:(_1)"+1.|:L.L+L. 1 + 1 4.
n N1 Vn V2 Jn-1 3Jn-2
1 1 n

! n
g 'Z[JMWM“*&&}M;:;

=1.

Apa y, 0. Aniaon n cepd iyn dev GUYKALVEL.
n=1

2) Aivoope avtumapdadetypo, O6mov 000 GePEG 0ev cLYKAMvouv, OAAGL €youvv

GLYKAVOLGO GUVEMEN.

ian =1+2+2+2+4+2+--- (Ilpopavmg dev cuyKkAiver)

n=1

iﬁn =1-2+2-2+2—--- (Eniong dev cvykiiver)

n=1

Ahas I av n=1 5 1 av n=1 .
04 a v EYM:
4l Ul n 2 av I’l>1 n (_1)n+1.2 av l’l>1 Y M yn X
n=op=11=1

V2= fy+oyfy=1-(-2)+2-1=0

Yo =By o By o3yttt a,p

=1 242 AT 242 2 2 AT 2 2

) I av n=1
Anhooh 7, 0 av n>1|"

Apa Xy, =1+0+0+---=1evooor Ya,, X f, devovykiivovv.

n=l1 n=l1 n=1

0
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2.2 KATAXKEYH ITAPAAEII'MATQN XTIX XEIPEX

A. AITIOKAINOYZXEX XEIPEX:

Expetalhevopoote YvOoTES TPOTAGELS, £TOL &

1) AmoxAivovsa sivon k6Bs celpd TG popeng Sa, ue a, = acN—{0} 7

n=0

a, >to N N a, vo onokAiver yevikag. H khdon tov amoxivovsmv

cepav givarl Ommg yvopilovpe eEapetikd gvupeia.

2) AmoxAivovoeg Y a, Yo TG omoieg woyvel ¢, — 0

a)

B)

Y)

0)

oT)

n=0

© 1
> — (oppovikn ogpd kot anelpileton OeTiKd)

n=1Nn

0

(oepa Abel kon amepileton Oetid)

—inlnn

0 o0
Avn Y a, anepileton etk totEM Y (—0at,) amepileTon apvnTikd
n=l1 n=l1

Otoepéc Y a, Ko Y a,,, €(OVLV TNV {310 CLUTEPIPOPE MG TPOG TNV
n=1 n=1

oUYKAIoN. ANAadr] av cuykAivel n pia, Ba cuykAivel ko 1 dAAN, ov
amokAiver M pia, opolwg kot M GAAN, av amepileton Oetikd n pio
opoimg kot 1 dAAN, av arnepiletarl apvnTikd N pia, opoimg Kot 1 GAAN.
Xe mepintoon ovyKAloNg, To afpoicpota Tpoeovmg dev eival ioa,
a@oL Agimovv k dpot amd v pia.

1

> —, p <1. Anepileton Oetikd.

v=lV

0
. a , . ,
INa 11¢ anepeg Y a,, >—— pe a, >0 wydet, 6Tt av anokiivel 1
n=l1 n=11+ OL”

uia, amokAivetl kot 1 GAAN.

B. XYI'KAINOYXEX XEIPEX

H Sa-! :L, av |Al<1 (dBpowopo ameipov Opmv @Bivovsoc YE®L.
n=1

1-2

[Tpodoov)
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2) iL ocuykiivet yuo p>1 (Zvvapmon J tov Riemann J(p) (Ym.
n=1n

S, <S8, xS, <8, | <—)

2/

3) i(n +Dx", 0<x <1 (Yn. Kpufpio pilag Cauchy)
n=1

4) > )fm’ x e N (Yx. Kpurfipro piCog Cauchy)
n=1n
5) X———F x <1 (Kpufipro anrikwv D* Alembert)
n=1X +\/;
o0 D LA
6) Av ocuvykMver 1 Ya,, a,>0, t0te ovykhivet ku Y -— (Ym
n=1 n=l N

“;ﬂz aff . a,peR)

7) Av ovykAivouv ot celpég ian , iﬁn ,(a,>0, B, >0 Vnel) tote Ou

n=1 n=1

GLYKAIVEL KO M iqlanﬂn (Ym. a+/?22@, a>0, f>0)
n=1

e}

8) X

nm2nln’ n

, p>1 (Yrn. Kpimpio copnvukvocewg Cauchy)

9) Y, xe(Ol) (Yr a, =nw”, f, =", lim " =1)
n=0 X

10) SIn(l+x™), x € (0,]) (Y. limw -

n=0

1)

11 1
0 bttt —

1) Ya 23 ", «a <l (Y=n. Kpurrpro Raabe)
n=1 e

0 0 1 n
12) > a, ovykAivel, Ba cvykiivetkoun Y a, (1 — —j (Yn. Kpuipro Abel)
n

n=1 n=l1
- 0 ~
13)Av a,>0 Vnel xa n cepd > a, ovykiiver cto /€N, 1018 KO M
n=1

© oy +20, +--+na

n=1 n(n+1)

n

oVLYKAivel emiong oo /.
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n

14) Av ouykiivern ian , TOot€ B GLYKAvEL Ko i (a,, )ﬁ .
n=1

n=l1

n=0

15)H iZ” x", xe(—%,%j ovyKAivel

16)H i(—l)” .x_, x € (=L1) ovykhivel
n

n=l1

0 n

17)H Y > X €[-2,2] ovykhivel
n=12" +n
2 n?+l ~

18)H Y x", x e N, cvykhivet
n=0 (n+1)!

o pl
199H 3 L’;x", x € (—e,e), ouykAivel
n=l N

20)Na kataokevacOel duvapocselpd Tov vo GLYKAIVEL 68 YV®OOTO S1doTnua

(@,f) (a.feN").

AITANTHXH: @¢\lo 1 oepd va cuykAivel yia x € (a, f) dniadn

a+ﬁ<x_0c+ﬂ<ﬂ_a+ﬁ<:>_/>’—a<x_a+,3 ﬁ—a.

o<x<f<a-— <
2 2 2 2 2 2
, , , . & a+pY ,
Etol, avalnt® odvvapocepd ™ HOpONS > a,| X - ue oxrtivo
n=0
. a+p . . . , .
OLYKAloE®S p = — [Ipéner Aowmdv amd kpunplo ovykhMoewg Cauchy

2 2 Y
lim#/| a, | =———. Apkei va emAiééovue a, = .
la, | oy p govpe a,, (a+,8]

I'. AOPOIZOMENEX XEIPEX

Elvar ovtég yia tig omoieg pmopel va vroloyicbet to pepikd abpocpa S, xot
dev VTAPYOLV TOALEG TETO1EG KAAGELS. O1 vITdpYOVOES Elval EOTKNG LOPPTG ,
OT®OG 01 TOPOKAT®:

1) ApiOunech ogipé S [a+ (=], oo e

n=1

_ 20c+(v—1)a).v

Sl’l
2

2) T'eopetpikn oelpd ia AR ES|

n=1
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3) i[go(n) —p(n+1)], 6mov p(n) akorovBio. Tote

n=l1

S, = o) —p(n+1) 1 S, =p(0)—p(n+1) av X[p(n)—p(n+ D).

n=0
H xatackevn pag tétolag oelpdg eivor ToAd e0KOAT, 0AAL 1 avayvadpior Ott
0 YeVIKOG 0pog a, tifetar otnv popen ¢(n)—¢(n +1) etvor 1o dvokoro ond

TOoV AOTY.

4) i[A-go(n)+B-f(n+1)+F-go(n+2)] pe A+B+1'=0.Tote

n=1
S, =A4p()—T'p(2)— Ap(n+1)+ Ip(n+2).
Kot €0 m Kotackevun tov mopadeiypotog eivor amAr, oAAd SOGKOAN 1|

avayvopLo.

5) Slo(n)+ £(m] 7 Z[(ﬂ(ﬂ)+f (n)+g(n)] omov ¢(n),g(n), f(n) ot yevukoi

n=0

opot aBpo1lopevmV GEPOV.

6) 3 F(n)-x", 6mov f(n) TOAMGVOLO TV N,
n=0

Ye mopodeiypota  TéTOolg Hopene Bewpodue yvword to  abpoicpoto

_n(n+1)(2n+1) f {n(n;l)} ok

n n(n +1) )
k= k
Iél 2 Z 6

Mo va vroloyilovpe 0Bpoicpato AVOTEPOV OVVAUE®DYV, VITAPYEL EMAYWOYIKOC

TpoOmog pe v Ponbeta tov dtwvopov Tov Newton. [Ma mapdderypo yio Tov
vroloytopd Tov Y k° epydlopon g eEAG:
k=1

(x+D?* =x* +4x° + 6x? +4x+1
(x+D* —x* =4x° +6x% +4x+1

(1

O¢tovtag oy (1) dwdoywd x =1,2,3,....,n &xw

147



24 1* =41 +6-1 +4-1+1

342 =4.2°16.22+4.2+1
4% -3 =4.3 +6-37 +4.3+1
59 -4 =4.4° +6-4* +4-4+1

n+D* =) =4-n* +6-n* +4-n+1
(n+1)*-1=4. zk3+6 Sk2+4.-Sk+ 31

k=1 k=1 k=1

2)

H (2) emideton wg mpog ik3 YVOOTOV OVI®V TV 0OPOIGUATOV UIKPOTEPOS
k=1

té&emg.
7)o+ m+Dw]- fx"" . Aqhadny o yevikdc 6pog a, €tvol To ywOUEVO TOV
n=1
YEVIKOD OpoL aplOUNTIKNG TPOOSOL LE TOV YEVIKO OPO LIOG YEMUETPIKNG
TPoodoL (HekTn Tpdodog). H dBpoion yivetar wg e&ng. Av
S =a,+a,ta,++a,
(1)
[ToAlamAacialovpe kot o dVo uéAN ¢ (1) pe tov Adyo TG YEOUETPIKNG

TPOOOOL X Kol EMELTA ALPALPOVUE KOTA PEAN amd Vv (1).
Hapadevypa: Y nx"", | x]<1. Exw:
n=l1

S, =1+2x+3x% +-+nx""

xS, =x+2x7 +3x° +---+nx"

@)
(2)
M —-(2) 1-x)S, =1+x+x> +X° +-+x"" —nx" =

n

(1-x)S, ==—

—-nx" =

1-x" nx"

- (1-x)? C1-x

S

n

8) Av Z ol ') , ¢(n) moAv®OVLHO Tov 7 Kot k 0 Babpdg Tov Tolvwvopov ¢(n),
n=1 M

t61e 10 (1) umopei va mopactadel og
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p(n)=Ay+ An+ A2n(n-1)+ Asn(n-D(n—-2)+--+ A4,n(n=1)---(n—k+1)

Kol M oepd etvar aBpolopevn, 0TS £x® GTO TUPAKATM

Mopaderypa: iﬂ
n=1 n.

@étovtoc n’> —3n+2=An(n-1)+Bn+1, andé ta ek TowTOTNTOG (oW
molvavoua o (A=1,B=-2 xu I'=2).
Tote

n 7l nl noon (n=2) (n-1! al

_n =342 _n(n-D-2n+2 _n(n=1) 20 2 _ 1 2 2

Tote yio n>2 éxco:
LS| o]

S = o, =) a, +a a 224
kZI k Z ko= Z Kt kzz(k =Y kz=:2k!

n=21 1 11 1 1 2l
=>—2|——+ 22— |+2|-=—-=+ 2> —
k=ok! ( 0! kzi)n!j ( o 1 kzok!j

=e-2(-1+e)+2(2+e)=e+2-2¢e—4+2e=e—-2.

9) S[f(n)—- f(n+k)], nkel, n<k.Tot:
n=1

S, =fM+fQ)+-+fk)=fn+D) = f(n+2) == f(n+k).
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3. XYNAPTHXEIX

3.1. IZEX YXYNAPTHXEIX

1. Eav 000 ocuvapTioels £(0VV TOVTOGIES AVIAVTIKEG EKQPPAGELS (1 TOTOVG) Eival

i6gG;

AITANTHXH: Oy artoapottntog. o.y.:
f(x)=2x/{-1,0,1} xou g(x)=2x/[-1,1]

[Mpopavag f # g apov D(f) = D(g)
2. EGv 000 ovvapTioElS £(0VV OL0QPOPETIKES AVOAVTIKES EKQPAOES (1 TVTOVG)

givar TAvTO S10POPETIKESS

AITANTHXH: Oy artapottytog. o.y.
F(x)=2x/{-1,0,1} «xar g(x)=2x/{-10,1}

[oyvel f =g, evd ot avaluTikéG EKPPACELS EIVOL SLOPOPETIKES.

3. Eav f(x)-g(x)=0 Vxe 4, 6mov A 10 K06 Tedio opiopod Tov f,g, 10TE pa

TOVAAYLOTOV 06 TS [, g €ivan N 6Ta0EP] PUNOEVIKT GUVAPTNON;

AITANTHZXZH: Oy aroportftog. o.y.

0 av x dappnroc 1 av x d&ppnrog
Av f (X)={ g(x) =

1 av x pntog 0 av x pnioc
018 f(x)-g(x) =0 Vx e N yopic kappio va sivor otodepr.
Emutiéov, to avtimapdostypa tov [, g &ival 1€1010 ®CTE v TANPOL Kot TV

emmpdcOeTn TPOHTOOEGN OTL «OEV VTLAPYEL VTOOLAGTN LA GTO TEDIO OPLGUOV TNG f
eite NG g moV 0 TEPLOPIONOG TNG f 1] TNS £ UVTIOTOIMS, VO €lvol 1| UNoEvIKN

ouvapTnoN».

4. Na amoderyfei n 1oy0g 1] N pun 160G v YEVEL, TOV IGOTHTOV:
o) fo(g+h)=fog+foh
B) (g+h)of=gof+hoef
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omov f,g,h:ovvaprioeig N — N.

AITANTHXH:
o) Agv woydet yevikag: Ay f(x)=x*, h(x)=1, g(x)=1. Tote
[f o (g+M](x) = f(gx)+h(x) = [+ 1) = f(2)=2" =4
[(g+h)e f1(x) = (g +M(f(x) = (g +M)(x*) = g(x*) + h(x*) =17 +1 = 2.

B) Ioyvet mavta: pdypaty, Vx € N, éxovpe:

[(g +h)o f1(x) = (g+M)(f(x) = g(f(x)+A(f(x))
=h(f()+e(f(x) = (h+)f(x) =[(h+g)° fI(x)

5. Na amoogy0¢i, 0T €ival duvaTovV GUVEPTINGELS HE KAAOOVGS, VO £X0VV GTAN]

OVOAVTIKY] EKQPOGT).

AITANTHZXH: ®a dwoovpe tpio mapadeiypota dswafadicpéve and 1o TALov

ovvnbeg, £m¢ oto TAEoV acvvnbec.

. ~ ~ X, x>0
(1) Eoto f:N—>N pe f(x):{ }

—-x, x<0
Avtn etvan | yvoot pog cuvdptmon f (x) = |x| VxeR

_ . 1, x mepurtd
(i1) ‘Eotow g: 1 > N pe g(x):{ P g}

0, x dptiog

H g(x) elvai 1 n akoAovbio mov cuuPoAriletal cuviBwg pe

I, n meprrtog L, L, | "
.= Kot 1 omoia €L avaAvTiKn Ekppaon a, = — (1 - (— 1) .
0, n &ptog 2
- o o, xpNnto
(ii1) H ovvaptnon tov Dirichlet 2:N — N pe h(x) = { F,m ¢ } (oc # /)’)
B, x appnrog

Exet v axolovdn eEelnuévn avadlvTiKn EKEPAOT):

n—»+o

hx) = B+ (o ﬂ)-[ lim cvv”(n!ﬂx)} |

Na meprypayoovpe OL®G T0 yiati:
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(iv)

Otav x pntdc, ypheetor ¢ KAAGHO P , pe aképatovg opovg kar q#0. Tote 10
q

ywopevo nlx givol mhvto APTIog aKEPOLOG Yol KATOWO TN TOV 72 Kot Tave (gtvoat
TEMKE GPTIOG OTTMOC AEUE) .

Apa M mopdotoon nlm-x glvor TeEMKE GPTI0O TOAAOTAGGIO TOL 7.  XVVETMG

ovv" (n!z - x) eivor TeMKd 1, cuvendg kat To [ limovv” (n!ﬂx)} =1.

Apo, f(x)=p+(a—p)1=a,VxeD.
Av x dppntog, 101E N Tapdotacn nlx - Yo KATAAANA peydAo n, mAncldlel Eva
Gptio 1 mePLTTd MOALUTAAGIO TOL 7, YWPIg va yiveton moté ico pe avtd. Tote,
dumg n Tapdotocn cuv” (n!n . x) minoralet to 1 kot 1o —1, oAAd ToTE dev yiveton

fon W ovtd, evd yevikd woxdel mn avicotovtomrto —l<ovv'(nlzx)<1 Av

deybovpe, Y. ot

owv” (nlx-7)=1= (nlxz = 2km, k € U) = (nlx = 2k, k € U) =
2k . f
[x = e KE Uj = x pntog, dromo!

Apa, —1<ovvnlr-x <17 |01)vn!7rx| <, VvVel.

Tote, Opwg 10 lim cvv”(n!nx):O, aQoy G YVOGTOV  OtOV

n—>+o0

] <1= lim »" =0.

n—>+00

Apa, f(x)=,8+(a—ﬂ)-0=ﬂ, VxeR\Q.
Yrhpyovv KAaSIKEG GUVAPTNGELS, Ol OTTOTEG OEV Elval YVOGTO aKOUT 0V £YOVV

avaAvTikn ékepacn. Mo tétota givor n

-1, av xeN «xou x Tp®dTOg
f(x)=<+1, av xeN ko x ohvbetog

0, aov xg¢N
Av Bpebel tétota avarvtikn kppacn, avtd Bo onpaiverl ot Exetl Bpebdel TOMOG MOV
va dtvel Toug mpdTOLS 0aplBUoVE, TPhyua AP0 TOAD OVGKOAO KOl OTMG
vroyialovion ot apBuobewpnrikol podnuatikoi, LAALOV adVVaATO, POV dEV EXEL
Bpebel TOmOC, 0VTE Yo E10IKEC TEPUTTOCELS TPMOT®V, TOP  OAES TIC YIYOVTIOAES
npoonabeleg mov €yovv katafAnfel YU avtd omd péyoTovg HaBNUATIKOVG.

dvod ta Tponyovueva propovv vo Katamésovy av Ppebdel évag TOmog Yo Tovg
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TPMTOVS, APOV OVOAOYEG «vmoyieo» eiyav ek@pacOel kot ywo v TteAevTaio
ewkacio tov Fermat mov émerta amd mpoomdBeieg advav amedelydn omnd tov

Wallis to 1996.

3.2. [IEAIO OPIXMOY XYNAPTHXHX

1. Na Bpefovv mapadeiypato cuovapToE®V PE TEGIO 0PLGHOV
a) To kevo cvvoro

B) Movocuvoiro

v) Awevvoro

0) Armgipo aprOpoipo cvvoro

€) Amelpo vrepaplOp oo 6vvoro

AITANTHZXH:

a) f:f(x) =\/m . o mv f péner qux—22>0 mov eivor advvarn avicmon.
Apa D(f)=9 .
Tpérer ouwg vo. oyolioalet, ot n évvora “ovvaptnon” Exel €€ oprouod vonuo, uovo
yio un kevo ovvolo opiouod. Kotoypnotixd kair opioxd €@ osyOnkaoue v évvoia

«OeV opileTol CLVAPTNONY (G 1600DVOUN THG EVVOLOG «GUVAPTNON UE TEOIO OPLOUOD

70 KEVOY.
B) g(x)=vx-3++3-x. Ilpénmer (x—320 «xam 3-x>20)<=(x=3). Apa
D(g)=1{3}.

) h(x) =Vx2 —3x+2 +—x? +3x 2. TIpéner

(x? =3x+220 kot —x> +3x-220)= (x=3)[(x<1 | x>2) ko (1<x<2)]

< ((x=1Mx=2).Apa D(h)={1,2}.
d) ¢(x) = mux—1.Ilpénet

npx—120<:>npx21<:>npx=1<:>£x=2k7t+%,keUj.

Apa D(p) = {an + %}, k e U pe anepo, adld aptdpnoipo mAn0og ototysimv.

[Ipdypartt, propodpe vo BempPNGOLUE TNV ATEIKOVIO)
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2An+%, av n=24
o:1T—>D(p) pe o(n)= 2(-z)n+%, w n=2+1

, ov n=0

i

2
n onoia givar Tpogavag “1—1" ko “ent” ko dpa | D(p) |= X, .

g) f(x)=v-x?+5x—6.TIpémer —x> +5x—6>0<2<x<3.Apa D(f)=[2,3],

70 0moi0 €lvar VITEPUPIOUN GO Kat EYEL TV 1Y TOV GLVEYOVG, 2%

2. Na Bpefei avarvtikn ék@paon cvvdptnong pe («puéyioto») medio opiopov,

0TTOL0ONTTOTE TETEPUGUEVO UPLOUNTIKO GVVOLO.

ATIANTHZH: Av 4={a,,a,,...,0,} pe a, € N i =1(1)k . Téte Oeopd> TV f:

S(x) Z\/(X—al)(x—ocz)...(x—ock) +\/—(x—0cl)(x—0c2)...(x—ak).

Ex xataokevng, ot vwodppileg mocOTNTES £ival ETEPOCTLLEC.

Exel 6mov m pio yiveton Betikn, m GAAN yiveton apvnTikny Kot TOOUTOALY. AQOV
OmOUTOOME KOU Yl TIG OVO va glvol pn apvntikés, ovvoinbedovv exel mov
unoeviCovtail, OomA. otig Kowéc pilec tov vmoppilwv TOGOTAT®YV, TOL E£ivor Ot

Oy 0y 5.y O -

Emopévag D(f) ={a,,0,,....,0 }.

3.3.TPADIKH ITAPAXTAXH XYNAPTHXEQN KAI H'Y

1. Otov pia ocvvaptnon &yel medio opiopod cvvVoAw TNG MOPPNG (—0,+0),
(a,4%0), (-0,a) U (f,+0) K.0.K. AOY® TOV OTEIPOV PNKOVS TOV OLOGTNUATOV

0PLGHOV, HOVO Vo TUNNO TOV CUVOPTICEMV PUTOPOVUE Vo onelkovicovpe. o
T1] GLUTEPLPOPE 6TO +© 1] —o0 N a 1 f £YOVUE TIG OPLOKEG TIHES OE VT KoL
TIS OOVUTTOTES. YAAPYOUV OMMS GUVOPTNOELS Ol OTOIEG OEV UTOPOVV va
07000000V YPOo@IKA 0VTE KOV 6€ £V0 MIKPO VTOGVVOLO TOV TEGIOV OPLOHOV
TOVG, 0VTE TAOPW, OVTE OTO OMMOTUTO UEALOV, OO OLOVONTOTE KOl 0GOONTOTE

egehypévo H/'Y. Na 60000V mapadeiypata:
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AITANTHXH:

f:f(x)z{x av X pnr(')g}

-X oV X OQppnTog
h(x) av x  pntog

levikétepa [ f(x) = ,
g(x) av x dappntog

} omov h, g &youvv TO TOAD

aplBpnopa Ko onpeio.(oev eEetdlm yio vepaplOunope onpueio)

IV avtég TG CLVOPTNOELS, OMOLOVONTOTE TMEPLOPIGUO TOLG VO GYEOLAGOVUE T.YX.
f/la, f] pe ocodnmote pikpd 1o | f—a| og avtd Ba Eyovpe amelpeg (aplOUGILES)
TIWEG YIOL TOVG VTAPYOVIEC PNTOVG Kol AMEPES (LVIEPUPOUNIGIUES) TIUES YLl TOVG
vrapyovteg appnrovs. Emopévmg ovdeic H/Y eite topa eite oto andtato périov

dVvaTaL VO GYEOIAGEL IKAVOTOMTIKA.

3.4. ®DPAI'MENEX XYNAPTHXEIX

1. Na 60000V TpeIg dmepeg 01KOYEVELEG GUVOPTI|CEMY TOL VO, givan:
a) Avo gpaypéveg amd tov A e N

B) Kétm @paypéveg amd tov K € N

v) ©®paypéveg pe A< f(x)<k.

AITANTHXH:

o) H owoyévewn tov 1 : f(x) =a(x—B)* + 1, a <0 givar Gvo epaypévn omd o A,
Kot paota Exel péytoto ot Béon x = 10 f(f)= 4.

B) H owoyéven tov g: g(x) =a(x—B)*F +k, a>0 sivor kGte epaypévn and 1o k
Kol pdAota Exel Eldyioto otn Béon x =0 10 f(f)=k.

v) M yvoot owoyévela ppoyuéveov covaptioemy givar ot f 1 (f(x) =a-nux+ f,

aeN.

aeN,,

Ened —1<qux <1 Vx e N, Qo iogoet —a+f<anqux+ B <a+f (a>0).

k-4
o fravp=a) [fT T
Onodte av 0] (k>2).
oa+p =k k+ 2
p=""t
2
k-2 k+4
AMh. f(xX)=—nux +——.

2 2
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2. No 000¢i mapddsrypa KAT® QPAyREVIS GUVAPTNONS OE OLAOTNNO KOL TNG

0TT0l0G, OTOLOONTOTE TEPLOPIGUOS OE VTOOLAGTIHA VO U1}V €Ival AV Qpaypévn

ouvapton.

AITANTHXH: Ozopd v f:[0,1] > R:
0 av x éppntog
f(x)=<3n av x=

n
1 av x=0

[Ipopavmg eivar katw epaypsvn and to 0.

m —
,mmnel xou (m,n)=1;.

H fdev givon dveo @poaypévn oe omotodnmote dbotnua [a, f]1<[0,1]. Oa 1o deifovpe

ue OOy YN (o1 dromo.
Y4
104 ¢ o ° ?
| |
O- e'f @ o] e o
!
81 ¢ . o {
7.. }ii @ 2 0 f}
\ !
61 X f
5~ "*i? @ i}'f
\\ /
4- % ¥
N\ (!
3 LN
2~ b4
1—'L__..—-—""'--‘ ‘h‘-""‘"-—_._-i')
A S S S —— S E— e— i E—
O g
1 X

Mo copfotikn ypo@ikn tapaotact avtig TG "'ntepiepyns' cuvaptioemc.
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‘Eoto 6t 1 f/[a, f] eivar dvo epaypévn omd 0 pe N. Tote Inel:n>¢p ko

eniong mpmTog p : p > n. Tehkd kot to p givor dvo epdypa s f/[a, f1  (1).

1 1
Eniong 3 npdrtog p' > p pe p' > ———=| f—a |> — . Tote av dwopepicn 1o [0,1]
p

| f—al

, . . | S . . .o
ot {oa dwotnuata TAdtovg — , T0te 10 [a, B] Oo mepiEyel pntd ™G popeNg — , ue
'z 'z

a<p ko (a,p)=1 ko f[i!j = p' > ¢ dromo.
p
M GAAN cvvdptnon mov TAnpoi 11§ 1d1eg TpobToBEsELg eivon 1

fif(X)={

n, oV T0 OEKOOIKO OVATTUYHO TOV X TEPLEYEL 1 KPS S - dpta}

—1, av 10 deKOAIKO OVATTLYLO TOV X TEPLEYEL ATEPA S - Apta.
Kot yU' autiv 1oydet, 6Tt 0 Teplopiopdc e f oe omotodnmote ddompa @, f) < N
0600NTTOTE «oTEVO» (ONAdT | S —a | 0codnmoTe pKpd) 1 £ Oev elvar Ave epoyuévn.
Mpaypatt, av vroBécovpe 6TL M £ /(a, B) eivor gpoyuévn dvo amd 10 ¢ € N, 1018
vapyet n' € T:n' > ¢ xoun f/(a, f) Oa eivar ppaypévn dve emiong amd to n' .
[Tavta vrapyelt pntoc p € (a, f) . Av avtdc mePLEYEL OTO AVATTLYUO TOPATAVE® OO
n' mevtapia, totE £ ATOTO.
AV 10 avamTLYRO TOV p TEPLEXEL AyOTEPQ. 0O 1’ TEVTAPLA, TOTE EY® TO TAPAKATO:
e a<p<p
o [lpofaivey 6TV TAPOKAT® TEPTYPUPOUEVT] KATOCKEVT:
ApyiCo kot apBud ta ynoio Tov o Kot Tov p, £0G OTOV GLVAVTIGM TO TPADTO [N
KOwo toug yneio oto avdmtvypa p, £0t® 10 ¢ (t0 t dev pmopel va givar 0).
Mewovom 10 £ katd 1 kot £xm to yneio 1.
o Yvuveyilom v apiBunon tov yneiov tov a £ng dtov Bpm T0 TPOTO YNEeio Tov a
ov dev eivan 9, éotw x.” AvEdvo To K Kot pio povada kot £xo o ynoeio x + 1.
e Qcopd ToV 0pOpd p' MOV ATOTEAEITOL OO TO TPAOTO KOWO PEPOG TOV o KOl p,
akoAovbei to ymoeio -1, akolovbel to pépog pe ta (Toyov) 9-dpra, to (k+1) Kot

tého¢ Tpocbétm (n' +1) mevidpio. Anhadn o p' €xel v Hopen:

) IMAPATHPHZIH: T'o va WoYOooLY TA AVOTEP®, TO OEKAOIKO OvATTLYHO TOV aplOudv dgv
EMTPEMETAL VO €vol oV popen pHe to dmepa 9-dpro. Av KAmowog €xel dmeipo €vvidplo, TOV
petarpémovpe otny ion popen tov. I1. x. 3,4569999...=3,45700000.
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p'=a,0,05..0,(t—1)9999..9(x +1)555...5.

'+l
Ioyoet 6t a < p' < p< B, diotu:
(1) To ymeio (£ —1) tov kaB10TA HIKPOTEPO TOL p, OTL KL OV AKOAOLOEL.
(i1) To pépog 999..9(x +1) tov kabiotd peyaldtepo ToL o
(ii)H mpocHnkn tov n'+1 meviapidv dev ennpedlet v didtaén tov peta&d tov
o Ko p.

Tote opwg o éxw f'(p)=n"+1, dromo!

3.5. APTIEX-TIEPITTEX KAI IIEPIOAIKEX XYNAPTHXEIX

1. «Ymapyovv amelpeg GUVOPTIGELS TOL VO €ival TOVTOXPOVOS dpTies K

neprrtecy.Na e€etaoc0ei n oA 0gra 1| pn TOL TEPATAVO LGYLPLGROV

AITANTHZH: Av 4 10 medio optopov pog GPpTiaG Kot TEPITTNG GLVAPTNONG, TOTE,
Vxed,xu —xe A xa f(x)=f(—x)=—f(x), Vxe 4.
And Tp®TO Kot Tpito PHEAOG EX®

f=-f(x) =2 f(x)=0= f(x)=0.
Emions av f(x)=0 tote f(x)= f(—x).
Apa 1 unodevikn cuvaptnon ivai n {ntovuevn.
Aéyovtag OHmG «UNdEVIKT GUVAPTNON» KATA GOUPACT) EVVOOVLE TO EVPVTEPO GUVOAO
670 omoio oty opiletar niadh to N. Opmg Bewpdvtag omotodfmote chvoro 4 N
7oV givol CUUUETPIKO ®C TPOS To 0 AapPdavovpe pia ATELPY] OIKOYEVELD UNOEVIKMDV
CUVAPTNCEWMV TNG LOPPTG

f:A—=>10; pe f(x)=0,

ot omoieg etvar mePopio ol TG UNOEVIKNG OE CLUUETPIKA MG PG TO 0 VTOGVVOAO TOL

N, ot omoieg BewpovVTUL PUOIKA MG SAUPOPETIKEG LETAED TOVG GLVAPTGELS.

2. No. 000l mapaoerypo cuvaptnong f £161 OGTE Vo, EIvaLl TOVTOYPOVOS TEPLOOKN

K01 11 TEPLOOIKI] GLVAPTION.

AITANTHZH: ®voikd kol dev vrdpyel T€T010 «mapdoetypo» agov av vanipyxe Oa
napePiale v apyn g avtipaons g Apiototédetag AoyiKng.
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KdaBe 11, 1} etvon 1 dev givar. Agv pmopetl va etvor kKo o 000 pali 1 kTt dAho (Apyn

NG TOV TPITOL 1] LEGOVL ATOKAIGEWG).

Me paOnuotikny oporoyio akpiéctepa £xm:

[Na ké0e mpdtaon P(A4) éva povo amod ta dvo axkodiovba Ba cupPaivet:

e 'H 6a elvar aindngn P(A)

e 'H Ba elvar aAnbgn— P(A).

Edv pmopet va dnuovpynfet kanowo sulnmmon yw tétown Bépata Bo cvpPaiverl Eva

TOVAGYIOTOV OO TO TOPUKAT®:

e Asgv avapepopacte oty KAaotkn Altiun Aptototédeto Aoy

e O 0pog «meplodikn ovvdptnon» Oev €xel 10 d10 mePLEXOUEVO OTIG OVO
TEPUTTAOGELC.

Ynrdpyet o e€ng opiopdc oty PifAtoypagio yio Tig TEPLOGIKEG CLVUPTNCELS:

OPIZEMOX A: «Mw ocuvéptnon Bo Afyetor mEPLOSIKY, OV KOl HOVO OV LITAPYEL

eldyrotn BeTikn mepiodog Te.»

2opeova pe autov Tov optopd 1 otabepn cuvdptnon f Onwg Kot 11 GLVAPTNGT TOL

I av x dappntog

Dirichlet g(x):{ } dev glvor mePLOOKES aPoy YU avTég Ogv

0 av x pnrtog
VILApYEL ELAYIOTN BeTIKN TTEP10SOG.

Hpaypat, av T eN yio ™ otafepny ocvvépmon f éxo VxelN, x+T eN ku
f(xxT)= f(x)=C Onmg dev vapyet erdytot Oetikn mepiodog, apov av LVANPYE

¢otw T m ehdylot, TOTE KOt M > Oo Mtav po mepiodog yro TNV omoia oyvEL

*

T x
—<T dromo.
2
Emiong xdBe pntdc apBuog P eivar mepiodog g cvvdptnong tov Dirichlet, apod

1 (Av x dppnrog, p pnToc, T0TE X + p = APPNTOGC)
glxtp)= = g(x).

0 (Av x pntog, p pntodc, 10T€ X + p = PNTOG)
[Mpopavag, eldyiotog Betikdg pntdg dev LAPYEL, Gpa KU ovTr deV €lval TEPLODIKN
CUUP®VA LLE TOV OPIoUO A.

Av 0umg dmdoovpe Tov cuviin oplopod ivar mePLooKN (Zvviomg)
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OPIXMOZX B: M cvvdptnon Ba Aéyetar meplodkn av vabpyet T eN’, éto1 dote
VxeD(f), xtT eD(f) xor f(x)=f(x—71)=f(x+7).
Ag onuewwbdel 6T1 pmopet pe kdmolov GALo opioud va unv omaiteiton x —7 € D(f)

YL GLVOPTNGELS e TEdIo optopoD .. To (0,+00)

3. Eival yvooto ko pmopel e0kora vo, amoderyBel ot1 av £/ N givor meproowkn

KoL Topayoyiown, 1ote '/ N sivon eniong meprodikn. loyver To avrioTpoo;

AITANTHXH: Tevik®g dev 1oydel 1o avtiotpopo. a.y. Eoto f: f(x)=x+nux
Vx e N, n omoia dev eivar eproducty. Av deybovpe 6t givan, o€ 0o vidpyer 7 e N
f(x+T)= f(x) VxeN=>
x+T+nux+T)=x+np, VxeN=

nux—nu(x+7)=T, VxeN=

2nu(—gj~(x+§j=T, Vx eN= (T #0)

T T .
va(x + —j =——, Vx &N dromno,
) T

- "WE

. . T , ,
J10TL 1) GLVAPTNON GDV(X + 3) dgv gtvat otabepn).

Eniong f'(x) =1+ ocvvx &ivor meplodikn pe mpmtevovoa nepiodo 7 = 27, apov

f'(x+27) =1+ow(2r +x) =1+ ovvx = f'(x), Vx eN.

3.6 . KATAXKEYH ITAPAAEII'MATQN
A. ZXEXEIX ITIOY AEN EINAI XYNAPTHXEIX

a) Aappdvovpe éva vTOcHVOLO TOL KAPTEGLOVOD YIVOUEVOL OO GLUVOA®V, TO OTOio
neplExel pio tovAdytotov dvada Levymv g Hopeng (xy, v;), (Xg,V,) HE Yy # V.

B) AapBavovpe dvo cuvaptioeg f :[a, f]1— N

ket g0l >N ue [apln[ne) =D, "

f(x)# g(x) Vxela, f]N[y,d] Kot

opifovpe pia véa oxéon, og eENG:

{f(X) av XE[a,ﬂ]}
h(x) = .
g(x) av xely,d]




H & dev eivon ovvdptnon, agov €5’ opiopol, vmapyer x, €[a, f]1N[y,0] ko

f(xg) # g(xy). Anhadn yw 10 1010 apyétomo (10 X,) £x® VO SPOPETUEG

EIKOVEG

v) Me ypapwm napdctaon

(1)

(i)

(iii)
(iv)

M ypoppng mov dev umopel va maplotdvel cuvaptnon (dgv givar ovaykn va
yYVopilovpe TNV aVOAVTIKY EKQPOCT TNG)

Mg ypoppng mov dgv mOPISTAVEL GLUVAPTNOT Kol EYEL YVMOOTH OVOAVTIKY
éxppoaon (e&iowon kokiov, e&iomon Elhenyng k.4.)

Koataokeun pe Bévia dtaypdupoto ox€cemv mov dgv eival amelkovicels.
Kotaokeun o1ovonmote onuelocuvoAoL TOV deV €lvarl cuvapTNoN (E0OTEPIKO

YEOLL. CYNUATOV K.T.A.)

B. KATAXKEYH XYNAPTHXEQN

o) INQYXTEX XYNHOEIX MOP®EX

(1)

(i)

(111)

(iv)

)

(vi)

(vii)

n

Holvovourée:  f(x) =a,x" +a, x" " +. . +a,x+a, pe nel,

a; €N.

Prtég: f(x) = Px) , 0mov P(x), O(x) moAvdvoua.
O(x)

Appnres: Oheg or popeég mov meptéyovy v aveEdptnn HeTafAint) KAt
and plikd M vdpyet dvvaun aveEaptne petaPAntig pe kb€ avaywyo
KAdopa.

ExOetikég:  Zovopmnoelg mov mePEyovv  duvaun pe v oveEdptnn
petoPAnty otov ex0étn.

AoyopiQuikes:  Zovaptnoelg mov  meplEyovv  AoydplBuo  avedptnng
HETAPANTIG.

Tprywvouetpixég: Etvar o1 cuvaptnoelg mov TepEyovv NUitovo, cuvnuitovo,
EQOMTOUEVT], GUVEPOTTOUEVT), TEUVOLGA 1 GUVIERVOLGA  aveSApTnTNG
HETOPANTIG.

Avtiotpopes Tprywvouetpixés: Ot avtioTpo@es OAOV TOV TPONYOUUEVOV

TPLYOVOUETPIK®V: TOE NLX, ToE GLV X, T0E £pX, TOE OQX, TOE OTELX, TOE TELLX.
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(viii) O1 vmepPfolikés avtioroyes TtV TpIYWVOuUETpiK@Y. YTEPPOAIKO muitovo
(sinkx), vrepPoikd cuvnuitovo (coshx), vmepPolkn epamtopévn (tankix),
vrepPorkn  cvvepamtopévn  (cothx), vmepPolkn  TéUvovoa  (sechx),

VIEPPOAIKT] GLVTEUVOLGO (CSChx).

ArolovBicg: KaBe axorovbia eivar cuvaptnon pe nedio opiopov 1o 1.

Klaoikés ovvaptioels: XovopTioELS TOV OTOTEAOVVTOL OO VO 1 TEPICCOTEPOVG

KAadovg, kébe £vag amd Tovg omoiovg ivorl amd LOVOG TOL Lo GLVAPTNOT).

2ovaptioels anoiotyg TuNg: Xvvoptnoelg omov 1 aveSaptntn petoPAnt) eivon

EVTOC QITOAVTOL TIUNG. XVVNOMG HETATPETOVTOL GE KANOIKES Y10 VO LEAETNOOVV.

2ovaptnon akepaiov uépovg: XvpPoiilovpe pe [x] wor elvor «o peyoddtepog

aKEPOLOG OV OgV VILEPPAIVEL TO X» 1] 1IGOSVVAUMOG «O PEYOADTEPOS OKEPALOG TTOV Eivor

ppOTEPOG 1) 160G TOL X».

Ily. [2]=-2, [-2,6]=-3, [24]=-3, [-03]=-1, [3]=3, [2,6]=2,
[0,3]1=0.

Ioybovv ot W10t TES:
(1) [x]<x<[x]+1

(i) x=[x]+0, 0<d<l

-k av xe[-x+]) _
K

2ovapryon mpocnuo: TopPorileton pe 1o sgn amd v AEEN signum (: TpOONO)

-1 av x<0
f(x)=sgnx=3 0 av x=0;.

1 av x>0
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H ovvaptnon "npoéonpo"

2ovaptnon Oekadiko uépog: XvpPoriletan pe {x} f(x)={x}=x—[x] woydel 6T
0<{x}<1 VxeN kot {~2}=0, {-2,6}=04, {-0,3}=07, {2}=0, {2,6}=0,6,
{0,3} =0,3.

SO T TSI

2vvaptnon tov Dirichlet:

f(x):{l ov X pnrc')g}

0 av x dappnrog

TIpoKettat ylo Vo, IGTOPIKO AVTUTOPASELY Lo GLVOPTHGENC e Tedio opiopod to N kat
movBevd cuveync.

Ovotlaotikd €ival 10 «moomopToLy TV aviuapadetypdtov. Katatdooetor oTig
«mopa&eveey ouvaptioels, aeod M e&éMEn Kot M mPdodog TOL ATEPOGTIKOV
Aoyiopov Pociotnke otV HEAETI] QUOIKMOV QUIVOUEVEOV TTOV GTNV OAOTNTO TOLG
TEPLYPAPOVTOL LE GVVEYXEIG GLVOPTNGELS 1] TOVAAYLGTOV KATA TUNUATO GLVEXEIS. AVTO
nrav myn ovboipétov yevikeboewv kot Aabdv g dwicOnong ota omoio M
ouvvaptnon tov Dirichlet ta avtimapadeiypota T1g KoTappinTeL.

A6 xoBopd pobnpotikn droyn etvor kU vt (ol GuvapTNon Ommg OAEG 01 AAAEG,
LOVO TTOL OeV aVTATOKPIVETAL GTO cVLVNBEG VONTIKO LTOSELY LD TOV £XOVV Ol AVOp®TOL

(ko o1 padnuatikot) yo to Tt givor cuvéptnon.
Zrabspi oovaptnon: Eivar n cuvépmon pe womo f: f(x)=¢, ceN.

Ouomapalinliky  oovaptnon: 'Etor  amokaAodpe TNV OMAY]  TOADOVULUIKY

fif(x)=ax+p pea<0, f<0.
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I'poyyaxn ovvaptnon: Lovnbog €tot anokadeitonn f: f(x)=a-x, a#0.
Tpiwovorn: [ f(x)=ax> + fx+y, a#0.

Ouoypaguci: £ f@)="L 420, a5-py=o0.
yX + 0

Ag onuewwbBel 011 Ol TOL TPONYOLUEVO OVOUOTO TOV  OlPOpPOV  HOPOOV

GLVOPTNGEWDV, APOPOVV LOPPES GTIG OTTOLES £XOVV Yivel OAEG O1 OAYEPPIKES avaymYEC.

B) XYNAYAXMOX TQN IIPOHI'OYMENQN
f

1 Me pdéeic petacd tov cuvaptioewv f + g, , — Omov avtég opilovral
g

(11) Me v npdén g ovvBeong cuvaptTioemy f o g Omov avtn opileTon
I' KATAYXKEYH ®PAI'MENQN XYNAPTHXEQN

1) Expetoievdpoocte v mpodToon:
«Av fi:4, > B xu f,: 4, > B pe 4, N4, =A< eivon ppaypéves 610 4,
TOTE KO O1
(1) fi + /5 elvan ppoarypévn oto 4
(i1) f1- /> elvar ppaypévn oto 4

(i) a-f),ac N, eivor epaypévn oto A».

2) Opoimg expetaievopacte Ty TpoOTACT:

«Av m fovveymg oto [a, f], 10tE M f epayuévn oto [a, f]».

A. KATAXKEYH APTIQN-IIEPITTQN KAI ITEPIOAIKQN
XYNAPTHXEQN

APTIEX :
a) [aipvovpe pia toyaio cuvaptnon f pe coppeTpikd ¢ mpog to 0 medio opiopov
Kot oynuoatilovpe Ty cvvaptnon g : g(x) = f(x)+ f(—x) mov givon mdvta aptia.

B) To ywdpuevo 300 apTimv CLVOPTACEMY Elval pa véa dpTio. cuvapTHOT).
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v) To éBpoopa 1 1 dtopopd dVo apTivv GLVAPTACE®V Elval APTIO. GLVAPTNOT).

d) Avn f eivon dptia, T0TE Ko | f| etvon dptia.

g) Av g| A, 6mov 4 coppetpicd wg mpog 10 0 cvvoro, f |N kar g dprio, toTE M
fog givau aptia.

oT) Av g | A, émov 4 coppetpikd g mpog 1o 0 cvvoro, g meputy, f |N dpria, tote
fog apria.

{) Kdbe molvwvopukn cuvaptnon tng omoiog ot ekBETEC OA®V TOV OLVALE®DV TOL X

glvan aptiot, tvon dprio.

n) Av [ meprth Kot Topay®yiotun 6To medio opiopod e, Toten [ givan dptia.

INEPITTEX
a) [Maipvovpe pia toyaio cuvaptnon f pe CLUUETPIKO G TTPog To 0 TEdio 0PIV
kol oynuatiCovpe v ovvéptnon g:g(x)= M, mov  eivan mavta

TEPLTTY.

B) To éBpoiopa 1 1 dopopd dV0 TEPITTAOV GLVOPTNGEWMV EIVOL TEPLTTH GLVAPTNON).

v) To ywdpevo dptiag ent mepirty| cuvdptnon, divel TEPLTTH CLVAPTNO).

8) Avn [ eivar mepurrtiy ouvaptnon kon “1—17, tote 1 £ kot n omoia givar emiong
TEPLTTN.

) Av g | A, neprrti kon f [N meprrt, t0te fog| A ivan meprrthy.

o1) KdBe molvwvopikn cuvaptnon pe meptttons ekBETeg TV SuVALE®DY TOV X, eivat
TEPLTTI] GLVAPTNOT).

0) Av f eivou Gptio cuvapTNON KO TOPOYOYIGLUN, 6TO TEdi0 Oplopov g, toten [

glvon eprr).

IMEPIOAIKEX

a) Oswpodue pa onowadnmote cuvéptnon f,/ 4, =[0,a) n onola éxel To mapakdto
YPaQNuaL: £

Amo Vv f,), He Enay@YKO TPOTO, UTOPD VO TOPAY® TIG

GUVOPTNCELG:
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Ju(x) = fo(x—na)/ A, =[na,(n+1)a)
fo,(x)=fo(x+na)/ A_, =[-na,(—n+1)a)

Ot ypagikéc mapactéoelc tov f,, f_, TPOKOTTOLV LE TAPAAANAN HeTOPOPE KaTd
ov G&ova xx' G Ypaewkng mapdotaong f, kotd n-a dg&id M aplotepd,
aVTIGTOTY WG,
Temkd 1 owdpmon [N mov  éyet kAGSOvC TG GUVOPTHGELS
f. | A, =[Ka,(x +1)a), x €U givor meploduch pe mepiodo a.
B) Avn f|A, eivon meploduchi pe mpwtevovoa mepiodo T>0, a>0, ko feN,

t6te M ovvapmon g:g(x)=f(ax—pf) oto 7medlo opwopod G

- + T
4, = {x eN:Jyed, x= 4 ” p } elvol TEPLOOIKY| LE TPMOTEVOVGA TEPTOAO ot

Y) ATé €101KEG TEPUMTAOCELS YVMOOTMOV TEPLOOKDOV GUVOPTICEWV:

1)  f:f(x)=onu(px+y)+0 el mpwtevovoa mepiodo T = %T (>0, a=0).
(i) g:g(x)=acvv(fx+y)+9J &el mpotevovca mepiodo T = % (>0, a+0).
(i) h:h(x)=a-ep(fx+7y)+0 &l mpwtevovoa mepiodo T = % (>0, a=0).

(1v) @:p(x)=a-cp(fx+7y)+0 el TpwTELOVOO TEPTI00O Tz% (>0, a=0).
\% HAxt=oax—[ox]+ f, a>0, eN egivar mepodikny pe mpwtedovoa
V) {ix pLOdIKN  pe TP
, 1
nepiodo 7' =—.
o

8) Av f|N eivar “1—1" kot g | A, meplodikn, tote koum fog| A4, eivor meplodikm.

) Av. f|N1ote kaun f'|N neproducn
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4. OPIA XYNAPTHXEQN

4.1. YIIAPEH KAI MH YITAPEH OPIOY

1. No mopatedovv ek@pacels pe 0pla, ol 0TOIES GTEPOVVTAL VO LATOS 0piov,

AOY® pop@1)g TOV TEGIOV OPLOHOD TOV GLVAPTNGEMY.

AITANTHXH:

o) lim

xX—>+00

H éxppoaon 1im (\/axz -x+1- x), a <0 dgv &el vomua opiov, 010TL TO TPLOVLHO

X—>+00
ax’ —x+1 &yt dwkpivovoa A=1—4a>06apa £yt dVo Swkekpuévec pileg

TPAYUOTIKES , p1, p2, Kat 1) cvvaptnon €xet T.o.D( f)=[p,p,] . To - 8ev eivar

0.0. TOL D(f ) , Gpa dev Exel vonua opiov N Ekppaocn lim (\/ocx2 -x+1- x), a<0.

X—>+0

B) Av fZ[O!,+OO)—>N|JS f(x)=\/x—a,

to1e: M ék@epaot lim f(x) dev &gl vonua, 6101t To -0 deV €ival 6.G. TOL D(f )

vY) Av f (x)=x/x—1+\/x2 —3x+2, 16t€ Yoo va opileTton M ovvaptnomn , TPEMEL
(x=1>0) ko x> =3x+2> 0 <x l}U[2,40)= D().

H éxoppaon lim f (x) otepeiton vonuatog, d10tt 1o 1 givon pepovopévo onueio tov
x—1

edi0V OPIGHOV TNC.

2
d) Av f (x) = logﬂ. H éxopoon lim f (x) emiong otepeitar vonpatog, oot
x—1

x> +4x+6

D(f)=(=0,2)U(3,+0)ko1 1o 1 dev avijkel 670 TESi0 TOV OPIGLOD TNC.

2. 'Evag @ovtntig mov mwpoyvpvalel Evav vmroyn@lo , tov diver v €&ng pnt
oonyia: «IIpwv aocyoinBodue pe 7TOV VWOLOYGHO €VOG Opiov TOL TUTOV
x > aeR, nrpdt pag dovierd sivon va dokipdeovps av vworoyiletan n Ty

™G ovvaptnong ya y=a . Tote vrndpyer oiyovpa to 6pro!»

Koatd mocov givar edotoyn n vrodeln) tov;

AITANTHXH:
Eivar AavBacpévn. H mpdt pog dovAeld eivar va Ppodue 10 medio opiopov g

oLVAPTNONG Kol TO KOTh TOGOoV 1O o gfvae 1 Ot 6.6. Tov Tediov optopov ¢ f.
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Yy mepintoon  y) Tov mponyovuevov (nthiuatog, yuo x=1 & f(x)=0. ITop” 6Aa

avtd, o 6po ™¢ foto 1, dev £xel vomua.

3. Na napatefovv mapadeiypoata opiov, Y10 0oia va £el vonpa n Kat’ apyny

avalnTnon TovS, GALE TG 0Ol TEMK®MGS VO U1V VITAPYOLYV.

AITANTHXH:

1
=, x#0 ; : j ’
W ® Ba deilovpe 61 dev vmapysr TEMKG [im f(x).

x—0

o) Twmy f(x)=
0, x=0

[Tapatnpodpue o1t D(f)e N ot to 0 eivon 6.6. Tov D(f), apa £xel vonuo Kot

apynv n avalnnon tov opiov.

Oewpd TIc akolovbieg x :L Kol x;l :#.
" nm (1+4n)x
Ioyver 6t x, — Oxar x, — 0.
5 : . 1 .
Onaoc, hmf(xn)=11m77,u—= hmn,u(n;r):O Kol
n—>0 n—»0 x n—>0

n

lim £ (x, ) = lim - = lim nﬂ(Zmz+%j =1

n—>0 n—>o0 x
n

Anhadn, limf (xn);é limf (x,;) Kot ETOUEVOS TO0 1im f (x) dgv vmhpyet. Emiong, n
x—0

cuvdptnon np% O¢ Ppaypévn, dev umopetl va £yl Opia T +oo M -o0.

—Lav x<1

B) T'a ™ ovvaptnon f (x) =
L av x>1

} ogv vrapyeL To 6pro g 6To x=1.

Av vmoBéoovpe OTL vmapxet 10 lim /[ (x)=1, tote Ve >0, vmapyet

x—1

d=0(e)>0: xe(1-01+5), x =1, 1618 |f(x)—1|<s. (1)
Av x>1, t6ten (1) diver |1—l|<g . (2)
Av x<1, t6ten (1) oiver |-1-Ik¢. (3)

Me npocBeon katd pén tov (2) kot (3) &yom:
2=l-1+1+1 <= |+ 1+ ]| =l +]|+|-1-| < 2e =

2<2e=>

e>1
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H tekevtaio oyxéon, Ba énpene va woyvel Ve >0, 0uwg avtd dev cvuPaivetl m.y.
Yo €= 1 .
2
Enopévog, n f (x) dev €xel memepacuévo optlo oto 1.
Emumiéov givor ko opaypévn mpogavac, apod —1< f (x) <1.
Apa, dev vdpyel To 1jn11 f (x)

v) To 1imln ul ogv gival TPayproTiKos aprdpdc.
x—>0 X X

1 1
[Mpdypott n ovvaptnon f (x):—nu— Oewpeitar Ot dev €yel O6po oto O,
R

(cOpeova pe v dpvnon tov optopod cvykAlong oto 0 ) étav «Je >0 : og kdbe

SloTNUO. TOV UNOEVOG VO LITAPYOLVV Xj, X2 TOV VO, OVIKOVV GE TEPLOYN TOV

pNnodevog , Ko |f(x1)—f(lezg.

Av Bsopnoo® ®g SoTNUO TOL UNOEVOS NG LOPONG (a,O)u (O, ﬁ)= D ko
1 1

X, = X, = — ue n xotoAinio peydho wote x,,x, € D, ocodnmote
2mn + —
2

LKPEG Ko vaL €fvort ot mOAVTES TIWES TOV d, B, TOTE:

2rn 27n 2rn+7% 2an+ 5

= 27m-nu(27m)—(27m+%j-nu 27m+§]‘ :‘0—(27m+%j-nu£‘ =

Omndte apkel va Bewpnom wg & To 577[ Kot apa to Opto g f (x) o1o 0 dev vrdpyet.

0) To lim S(pl ogv vapyeL.
X

x—>+0

1 :
[pédrypatt, av Bewpriow Tig axorovbieg x, = Ey— — 0xot x, = — 0, 1018

n 2rn+%
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f(xn):8(p+:8(p27m20—>0

2n

. 1 T T
x )J=¢ =gp| 2ntn+— |=ep—=1—>1.
7lx,) P2tz (P( 4) Y4

Anhaon, limf (xn ) =0=1=1limf (xn ), EMOUEVOG M éKQpaon [im 8([)l otepeitan
X

¥>+0
VONUOTOG TPAYLLATIKOV aplBpov 1 va glvar +oo 1 va, givo -oo.
e) H ovvapton f (x) = GLVX , OEV £)&1 Op10 6TO +00,
Tpéypoty, av x, = 217 — +0,x, = (2n+1)r — +0 .,
Tote, f(x,)=ocwv2nr=1-—1
£ )=owv2n+ 1 =1 -1.

Apa. eV LTAPYEL TO ]im OLVX .

x—>+0

Opoimg ko 0TOV X — —0.

4. No. 500¢i éva mopaderypa svvaptnone f :N — N yia v omoia vrapyet pévo

pio oproxi T 6€ £va GNUEI0 TOV TEHIOV TOV OPIGHOV TNG.

ATTANTHZXIH: Ecto: f:N—> N pe

)= {1x, oV X pnTog }

-X, oV X 0ppNTog

1 . 1
Tote n féxer 6plo ot0 X, = 5 Ko pdota lll’Ill f (x) = EKGI dev €xel 6plo og KovEvVaL

X—>—
2

Ao onueio Tov R

[Ipdypartt, pe to akoAovBlokd opiopd g cvykAicews Oa £yw:

~ 1 1 —
‘Eoto, x, € N ko xn—>5,u8 X, ;tE Vnel.

x ——, av x, pnrol opot

7x)-3- ‘ - ,1

xn—l‘ Vx, eR
2

I-x ——|, av x, pnrot
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O¢tovtag <egxo emAéyoviog Ve >0 0 =¢ woavomoleitar o opiopdg g

1
X, ——
2

, 1 , , 1
oOyKAIONG GTO 5 Kot Optlo givat 1o 5

1 - ,
I'o kéOe dAro onueio x, # 5 pe x, € N prmop® mavta va Bpiokm akorovbio pntav,

£0TM X,, TOL VO, GLYKAIVEL GTO Xy.
Anhadn, x, — x,, ote kau f(x,)=x, — x,. (1)
Eniong, umopo va Bpickm akorovbio appfitav, £6T® X, TOL Vo GUYKAIVEL GTO X

Anhodi, x, —> x,, TOTE KoL f(x; )z I-x —>1-x, (2)

1
ko amo (1), (2) &xo x, #1-x, < X, iE'

1
AnAadn, dev vapyeL 0 lim f (x), otav x, # 5

X=X

5. Yrapyer ovvaptyon f:N—> N n omoia dev g1 oproxi Tipi o€ Kovéva

onueio Tov D(F);

) - ~ I, avxpntdg
AITANTHZH: Osopd mv f:N >N : f(x)=

0, avxdappnrog

Ioyvpilopaote 611 dev vapyeL T0 lim f (x) FeN.

¥¢

Hpéypott, av & € N 1618 movta vidpyet axokovdio pntédv (x, ), Kot oxoiovbia
appNteVv (X, ) TOL GLYKAIVOLY 6TOoV & AnAadn,

x, >¢ x,#2& Vnel, x, >&x, #& Vnel.

Tote, f(x,)=1-1.

Tote, f(x )=0-0.

Apa, Blim f(x),¢ eN.

x—¢
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6. Evag portntig g [IAnpogopukic ekBéterl o€ @iro Tov ortnT) TOV Modnpotik@v
éva TPOYPOUIO VTOLOYIGHOD 0Pi®MV GUVAPTIGEMV TS MoPpPNS lim f (x) ZOPQOVO pnE

aVTO (OVOPIKA) £xovpE:

(i) Av T0 X 0gVv €lvol 6NUELID CVOCOPEVCENMS TOV D(f ) , TOTOVEL «AgV £YEL VOO
TO OpLOY.

(ii) Av to Xy €ivin 6.6. TOV D(f) KOl X, € D(f), T0 TPOYpPappo vToroyilel To
f (x0 )K(Il TO TUTTAVEL OGS 0P10.

(iii)  Av 10 Xy €ival 6.6. TOV D(f ) » Xy & D(f) KoL X, € N, To mpéypappo vroroyiler
10 f(x, —a)kar f(x, +a), 6mov a=10"" ko pe TRV TPovm6BEST HTL £Y0VV
KaL 01 000 TIpég vonpa. Av givar Kot o1 800 iceg (e Kamowa TPosEyyLon) Ko av

givar petodd KAmow®v TPoKaBopIouEvOV QPpaypratTey ¢ kKo —p (¢>0) ToTdOvel
10 f (xo +a) ¢ T0 (Kotd 7mpooéyyion) oOpro. Av Opog €ivor o Tipég

peyarvtepes amd kamowo @paypo 6 (6>0) 1 pkpotepeg amd kamowo —0 (6>0),
TUTAOVEL TNV EVOLIEN «+oo» 1] «-00» AVTIOTOIYMG, EVO OTAV Ol TIpEg f (xo +a),
f (x0 —a) ow@épovy mavew amd éva mpokaBopiopuévo @PAYpnO 6, TUTEOVEL
avaloyeg €vOEitels av oTo x: givol TEMEPAGNPEVO 1| GTEPO Kol GTO X,
MEMEPUOUEVO 1 GmeELPO. (AEV NOG EVOLOQPEPOVV AETTOPEPEIES GE AVTO TO
KOUPATL TOV TTPOYPAUNOTOS).

(iv)  Av 10 X, givor 6.6. Tov D(f), x, € D(f) xan x, ¢ N, (5nhadn 10 x; givar +oo 1
-0) T6TE 6TAV X — +00, TO TPOYPAppA VIOLOYILEL TNV [ (IOZOO)K(u fx, +a),
Kol av T Pper «mord peydin» (dnhaodn peyordtepn amd £vo €K TOV TPOTEPOV
Opayno) TVmAvVEL «toon. Opoing Yy 1o -0 vmohoyiler TV f (—10200) Kon

OTOPUIVETOL AVOAOYMC.

O ¢ikog Tov QortNTI] TOV MoONPATIKOV, TOV £iTE OTL TO TPOYPAUNA TOV €ivor pdrlov
Y0 TOV OKOLTLO0TEVEKE, OTL yperaletar owpOwon yevvaio, mapaditovrag Tov
avritapadsiypata. Ilpocé@eoe paheta, O0TL 6TOV X, 40N f (x) — 40 TOTE OEV

pmopovpe vo gipaote PEParor.
Mrnopeite €o€ic vo TOPUOECETE AVTITOUPUIELYLATO KO VO VTOOEICETE TIC «TPVTESH KL
TO 0OVVOTO GUELD TOV TPOYPAUNATOSS

AIMANTHZXZH: Ta (i) ko (i1) etvon yoya, aArd ta TpofAnuato apyilovv petd.
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INa 7o (iil). Av f (x) = nul/ N - {O}Kat 0él® va vmoloyicm To 1immtl , TOTE AVTO
X x—0 X

dev vmapyst ( ). Ovtpég f (0 —~ 10*200) Ko f (0 + 10*200) B Bpebovv ioec Kat
pudiota avipeca oto —1 ko 1.

"Etot to mpdypappa amotuyydvel motaymodc. [Ma po kdmow dtopbwon, pmopel va
npotadel va vroAoyilovion TOAD TEPIGGOTEPES TIUEG, LOMOTO [11] GUUUETPIKEG MG TTPO
0 xe  omadq  flx, —107') £lx, —107) flx, —107*) L £, —107°") ko
f(xo +10%° ),f(xo +10% ),f(xo +10% ),...,f(xo + 10200) Kow povo av  sivar  OAeg

«KOVTO» 0€ KAMOOV TPAYUOTIKO VO amo@aivetal To mpdypappo 6Tl GUYKAVEL o€
avTOV, OAAMMDG VO EKTUTAOVEL  OTL «O&V LIAPYEL TO Oploy. [a TG mMEPUTTOGELS

X = Xy ,X = X, UTOPOVV Vo, YiVOUV AVAAOYEG TPOGOPUOYES.
[Ma v mepintoon (iv) mapotiBeton to €ENG avTImAPAdETY AL
- 1
f(x)=mux/N, 10 1imnu— Sev vrdpyet, aArd to f(lOZO),f(IO30 ),...,f(lOZOO )
X—>+00 X
Kot povov Otav «mAnclalovvy G€ KOTOWL T «TTOAD KOVIA» VO TUTMVEL TO
TPOYPOULO OTL VILAPYEL TO OPLO, AAMMDG VO TUTTMOVEL «OEV VILAPYEL (0VTE TOPO £fvar
ATOAVTMG AGPAAESG TO CUUTEPOCLLOL).
1 1
Eniong, av g(x)=x’nu—, 10 lim x’nu— Sev vmapye.
X X—>+0 X
To g(lOzOO) umopei va Aapet omoradnmote T peta&d —10%% kar +10*°.
Enopévmg, ka1 €0 mpémer va viobBemBel amd t0 TMPOYPOUUR O VTOAOYIGUOG
TEPLOCOTEP®V TIUADV, ONAOON VO TAPOVUE U0, (TETEPAGUEVT] OVOYKAGTIKA) oKoAovOia
OV VOl «TEIVEL GTO +00 n.x.lOlO, 10%, 10%°,...10* ko va eEETACOVLE TIC OVTIOTOLYES
Tpée f (1010 ) f (1020 ) o f (10200) KO VO, ATOQOVOOVLE OVOAGY™G.
I'evikddg, o H/Y Aettovpyet pe memepaocpéves mpaselg kot pe 6plo vIToAoyisHov, 6Gov
apopd 1o mANBog ymeiwv. Apo pe poe té€tow Aoyikn, mavto o vrdpyovv
avuapodeiypata mov Bo Eepedyovv amd TO TPOHYpAppa, o). OV TOP® TNV
A(x) =107 - mux kot Tpoomadiom va vroroyicm o lim 10’ nux, to1e T0 h(lOZOO)

X—>+00

0o eivon e T petacd —10%%, +10* xar pmopei va BewpnBei wg 0, evéd obte auty
ovykAivel.  Av avti yio pio Ty vroioyioet o H/Y moAlég, méd Ba KataAnyst og
voopepa kovtd 6to 0 Kot E0KOAN UIopel va amo@ovOel weudmg Yo T GOYKALGT, apov
névta Bo €xer 6plo, OMOV OTAV Ol SPOPEG HETOED TOV TILAOV TNG GLVAPTNONG NG
meMePASUEVNG  akolovBiag 6Oa  yivovion apkovviwg pikpés (6po H/Y) va
«omo@aiveta (WELIMS PLGIKA).

To kalvtepo yia éva TéTol0 TPOYpaAuua Eival va avayvapilel TIS GOVAPTHGELS, va
Exel pra faocn ocdouévmv 1oyvpl (ue Etomua opila, YVOGTMV GUVAPTHOEMY) Va.
UTopEl va epapuddel Tov kavova tov D’ Hospital kot 0v610.6TIKG VA «UIUEITAL) TOV
VTTOLOYIGUO TTOV KAvel évag avOpwmog mpayuo mov &ival katoplwto 1oy amo
eCelyuéva emi TovTw mpoypauuato (Mathematica 4).
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7. No £etao0cl av 0 TapaKAT® 0pPIGPOS TG CVYKALGNG €IVOL 1600VVUNOS NE

évav avticTor o KAIGGIKO 0PIopd TG GVYKMONS: «lim f (x) = (» €4v Kol poévo

gav «Ymapyer vaepapLOpnopo M 0og 0K0LOVOLOV

(X)nen 2 X, > X0, X, =X,  VneN ,yo g omoieg woyver f(x,)—> »

AITANTHXH: Eivaw AavBacpévog kot Ba  oamodsi&ovpe v avaAndeo pe

VTUTOPAOELY L.

Oewpd f:f(x):nué/lql—{O}.

1
Avalnto 1o 6po [imnp—.
X

x—0
Ymndpyet vrepapdunoipo minbog axorlovbidv g popeng x, , = L,a € (0,1).
n-m

Eneon 10 minbog twv otoryeiowv tov (0,1) sivon vrepapBunoipo kot or akoAovdieg
Xn,o EVOL VTTEPAPLOUNCEG.

o Oheg oyver x,, > O0xar x,, 20 Vne I.

Eniong, f(xna)= nuL =nur=0—-0.
' a

nmw

Opwg At0  [imnu—, a@ov vrapyet axoiovbia (y,):y, :# -0,
=0 X (1 +4n) 7

y, 20 Vnel xu f(yn)=nu(2mt+%j=l—>l. Anradn, f(xn)+>0 Yy KaOg

axolovBio, 6T®g amattel 0 KAACGIKOS OPIGHAC.

8. Na 000ei koatdriinio mopdaderypo, omd TO 0mOi0 VO @QOiveTal, OTL O
0K0AOVOLIKOG oplopos Tov opiov kKatd Heine og oyéon pe Tov «g, 0» opopo
kotd Cauchy el 16YvpO Kol 0VGLAOES TAEOVEKTNIO KOl dpa 0o tpémer va

oVVUTIaPYEL KU 0UTOG TOPIAAAC KOl CUUTANPOUCTIKG G6TO €YYEpiola 1)

OLYYPAUNATO.

AITANTHXZH: H ovou®ong dtapopd Tmv 600 opiopav eivat n eEng:
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o O «g, 0» oplopdg OmOUTEL TNV €K TOV TPOTEPWV YVAOOT TOV |im f (x), aAADG

X=X
dev umopel v EQAPUOGTEL.
. O axohlovBlokOGg oplopdg 0ev amotel TNV €K TOV TPOTEPMOV YVAOGN TOV

lim f(x).

XX

Yuvenmg, o Bépata mov dev yvopilovpe to 6plo TG cuVAPTNONG 1| dEV UTOPOVLE VL
TO LVTOAOYICOVUE UE QAN AVTIKOTAGTOON (Y0 TIG cCLVEYEIS CLVOPTNOGELS GE G.G. TOL
I1.0. tovg) 0 akoAovB1KOG OPIGHOG TAPOVCIALEL TAEOVEKTILLAL.

To mapdderypa:

1
«Na vroloyisbet 0 6p1o lim x{—} oV VILAPYE.
x>0 X
Y o térota dotHnwon:
o Agv pag didovv TV oprokn TIun.
. Agv pmopovpe vo v vroloyicovue pe ovtikataotaon agod D(f) =R\ {O}
Kol 1 ovvaptnon ywo x=0 dev Exel vonua.
. To va Bécovpe pa T Kovtd 6To PUNdEV Kol vo, VTOAOYICOVE TNV TN TNG
oLVAPTNONG €IVOL TAPAKIVOUVELUEVO KOl €V TAGT TEPUTTOCEL UOVO MG EIKAGIOL
EXEL XPMNOLOTNTO.

‘Etol, Bswpodpe x, okolovBia, pe *, >0k x, 20 Vnel. Q¢ tétow

, 1
EMALYOLUE TNV X, = —.
n

, 1|1
Tote f(x,)=—-|—
n 47

n
T ovunépacpa Byaivel Tdpa;
«Av vapyel 10 6pro, TOTE AVTO B0 givan 1.

Me avt6 T0 J€d0UEVO, UTOPOVUE TOPO VO, EEETAGOVUE AV EQPUPUOLETOL O «E, O»
1
x-|— -1
X

katd Cauchy opiopdc, dnraon Ve>0, J6>0:0< |x| <o=> <e.

A6 TOV OpIGHO TNG GLVAPTNONG TOL AKEPAUIOL HEPOVS EY®:

et {fo-

(1)
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omote: Av x>0, 10te pe molamiacioacpd g (1) pe to x éym:

1—x<x-{l}ﬁlz>

X
1
—x<x-{—}—1£0:>
X
]
—x<x—=1|Lx=>
X

< |x|

2

Av x<0, tote pe molhamractoopd g (1) pe 1o x Eyo:

l—x>x~[1}212>

X
1
—x>x~{—}—120:>
X
|
—x>x—-1|z2x=>
X

-
{1

<[~ =]

Ao (2) ko (3) €yo:

<x VxeN.

2)

3)

Yvvenwg, apkel Ve e Ova emdéym o=e, ondte Ba EKTANPOVTOL O OPIGUAC TNG

GVYKAIONG, ONAadN lirrolx{l} =1.
X—> X

No onuewwbBei, 6tt vwoloylopodg umopel va yiver kot pe v pébodo TtV

1GOGLYKAVOUGMV GLVOPTNOE®MY. AV TOALOTAACIACH Kot T Tpiot HéEAN g (1) pne

1
x>0, 0Oa &o l—xSX{—}Sle maipvovtag 10 Oplo  €Yovue

X

1< 1jmx{l}slj 1imx{l}:1.
X

x—0" x—0" X

. 1 . . , .
Opoiog lim x{— <1, ondte vrdpyet 10 6p1o oo 0 ko givar 1.

x—>0" X
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9. Kataokevn eicwong 1n omoio weEPLEYEL OPLO GUVAPTNGIS OE Yo TOL TEIVEL

0TO +00, NE S ayvAOTOVS KO pUE pia Avon.

AITANTHZXH: Ocopd v napakdto eéicmon og tpog a, B, v, J, €.

lim [Vx* Fxt = (ot + p 4 +5x+8)J=O<:>(x¢O)

X—>+0

lim x4‘/1+i4+i8—x4(a+£+%+%+%ﬂ20©
Xt | X X X X X X
[ 1

lim'x4{ 1+—4+—8—a—£—l2—i3—i4:|=0:>
X—>+0 X X X X X X

[ 1 y o0 ¢
lim x* - 1i l+—+—-0——-5——- —|=0=
xir-{olo xil}—gn( x4 xg X x2 x3 x4

0-(1-a-0-0-0-0)=0=0
oo-(l—oc)zO (1)

Amo v (1) éxw 6tLav 1—a # 0, to 0p1o dev givar moté ico pe 0, dpa mpémer o =1.

O¢tovtag a =1, &y TAéov:

lim Wx® +x* +1—x* —(ﬂx3 + +5x+8)J=0:>

X+
xrxt -4

lim
o] Afx® 4+ xt 41+ x?

x4[1+14]
lim 1 al 1 —(ﬂx3+yx2+5x+s) =0=
x4[1/1+4+8+1j 2)
X X

! —1im(ﬁx3 +x’ +5x+8):O:>

\ll—}—l X—>+00

lim (,b’x3 + +5x+8):%:>

X—>+00

_(/gx3 +yx2+5x+8)}=0:>

1
lim A%’ + lim yx” + lim ox = 3¢

X—>+00 X—>+00 X—>+00

1
Mo vawydetn (2) mpénel f=y=06=0, ondte Ko € = 5
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Apa, £ TNV LOVOSIKT ADON (oc, ﬁ,y,é,e) = (1,0,0,0, %)

Na onueiw0ei, ot umopei vo, vmapler pio yevikevon, omov o «fabuogy» tov pilikod Ho
eivair 1o0¢ pe 10 faluo tov ayvwaTon TOAV@VOUOD Y10, 0GODGONTOTE OYVOOTOVS, OUMDS

o1 evoroueaes TuéS Ba elvar 0Aeg unoév.

10. Ioyver yevika To Oc@pnpa Tov opiov 6vleoNg GUVEPTNOCEMV TOV £XEL TNV

ak0AiovOn dwTOTOON:

«Av lim f(x)=n xon lim g(x) =1, téte:
! 1iillg(f(x)) =1

0 limg (/(x) = g(n)

1 !cl_r)r;g( f(x)) dev éxer vompo.

Na 00000V avritapadciypato yro kG0 pio mepintoon.

AITANTHXH:
Q) f(x)=x, g(x)={1)’ av”o} Katé =0,
L, ovx =0
limf(x)=0

Tote III;;(X) -1 Kot lxiil(l)l g(f(x)): 1 (: _ f)
x—0

@ 0=l eo)= {2 e

0, avx=0
lim £ (x) =0
1
Tore © 2 kot lim g(/(x))=0 (: :g(O)zo).
limg(x)=1 r—d
2
x—0
(i) /(x)= x,ovxeb (x)= L, avx#0 ané =0
O,avxeD| & 0, avx=0]
3lim £ (x) =0
Tote ‘x—>0 kot lim g(f(x)) Sev vmapyet, apod
limg (x)=1 x—0
x—>0
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, N omoio MG YVOGTOV deV ExEl TOVOEVA OP10.

LovxeQ
0, ovxeQ

g(/) :{

11. No amodery0ei 0T1 6AeC 01 TAPOKATM TPOTAGELS EIvOL YEVIEIG!

i AV lim f(x)=(1éte f(x)="1.

X=X

(ii) Avn f dev opileTtar Yo x = x,;, T0TE TO |im f (x) ogv vapyeL.

X=X

(i) AV [im f(x)= +ooka lim g(x)=+o0, Téte lim [f(x)- g(x)]=0.

(iv)  Av lim|f(x)=¢, téTe ko [im f(x)=¢.

v  Av lim f(x)=/,km limg(x)=/, ka f(x)< g(x) Vx mov avikel oto

X—)Xo X—))CO
Koo edio opropov Tovg, TotE | < /.

vi)  Av te limf (x), lim g(x) 0gv VIAPYOVV, TOTE OEV VTAPYEL OVTE TO

X—>Xg X—>Xg

lim [f(x)-i— g(x)], 00TE KO TO |im [f(x) g(x)].

X—)XO X—)XO

AITANTHZXH: (i) Agv givatl aAnbng.
I, avx=#0
awy fx)=

0, avx=0
lim £ (x) = 1lim f(x)=1 dniadn lim f(x)=1xor £(0)=0# lim f(x).

x—0" x>0~ x—0
(i) Agv givor aAnOnc.

1 ~
ay : f(x)= — /N — {0}

X

¥10 0 f dev opiletar, Op®g lim f (x) = +00
x—0

(ii1) Aegv gtvon oAnOMg.

2 1
.y f(x)=—2,g(x)=—2,x0 =0
X X
2 1
Tote: lirrolf(x)=+00, lirrolg(x)=+°° Ko lirrol[f(x)—g(x)]=1_inol{x—z—x—z}=

o1
=11m—2:+oo¢0.
x—=0 X

(1v) Agv givon aAnOng.
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o f(x):{_l’l “""""T"’g} f(¥) =1 VreR.

av x dppntog

lim | f (x)| =1 (vx, eN) evéd 0 1im f(x) dev vmdpyer Vx, € N (BAéme xa)

X=X X=X,

(v) fx)=x040) g(x)=
lim f(x)= 0= lim g(x)-

x—0 x—0

x?[,(0,40) f(x)< g(x) Vx € (0,40), ahré

i) @) f(x)= {— I, avx dppntog} (x)= { I, ovx dppnrog}

1, av x pntog -1,  avxpntdg
Ot 30 avtég ouvapTNOoES dev £XOVV OPLOKT TIUN G€ Kavéva onpeio Tov mediov
optopo¥ ™. To amodeuvim yio TV f Kot opoimg yio Ty g.

‘Eoto x, € N. Tote vndpyet axolovdia pntdv x, pe x, — x, kot x, #x, Vne I .
Emiong, vrdpyet axolovia oppitev x,, ue x, —> x,kou x #x, Vael.
Tote, f(x,)=1-1 ko flx )=—1—>-1.

Enopévaoc, Alim f(x) ue x, e N.

X=X

Opag, f(X)+g(x)={( 2:( )l: oV dppmros

Enopévoc, Ilim [f ( )] 0 x, € N.

‘C)CO

. }20 Vxe®.
av x pntog

B) ' 0 yvopevo, emAEy® TIG 101G CLVOPTNOELS f KO g Yia TIG OTOlES 1Y VEL:

()= /(0)to)= [ 7T T

Kot emopéveg Ilim [f -g(x ] =-1 x, eN.

Y*))LO

12. Na 60000v katdrinio avrimapadeiypoata, amwd 10 071010, VO TPOKVATEL, OTL

otav vapyovv 10 opra TOV GLVUPTICEMV

f

A-f (AeR), =, fg, kot fogote x,eN d&v sivar omepaimro va
g

VITAPYOVV TA OPLA. TOV f, g OTO Xy,

AITANTHXH:
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Av £(r)= { I,  avxpniog } cat glx)= {— I, avxpntoc }

-1, avxdappnrog I, avxdappnrog
TOTE:!

(0-f)(x)=0-f(x)=0>0 VxeR,evd dev vndpyet 1o 6pto mg f{x), Vx e N

) —=-1, avxpntog

glx) |1 -1, avx&ppnrog ’

oniadn i(x) =—1 Vx e Nkt Gpo vdpyet to 6pto ¢ i(x) Vx e N, evid ot
g g

£, g 8ev éxovv 6pto Vx e N.

f(—l) =1, avx pniog }

I"o v obvbeon cuvapToEDV , YO xX)=
" " P xo (fog)(x) { f(1)=1  avx appnrog
Snhadh (fog)(x)=1 VxeR ko bpovrapyetto dpro g fog VxeN, evad ot f;

g dgv &yovv 6pro movbevd oto N.

f(=D=1,x pnrog }

e Ta to ywvopevo cuvaptioemy &xo: fg(x) = f(g(x)) = {
f)=1, x appnrog
Anh. fg(x)=1 V xe R ka1 apa vrdpyel 10 6plo mavtod 6to R evd ot £, g dev égouvv

opro movBevé oto N.

4.2. KATAXKEYH ITAPAAEITTMATQN OPIQN

A. OPIO IEHEPAXMENO XTO x, N :

a) Mropei va {ntnlei to Oplo HIAS OTOLAONTOTE GUVEYOVS GOVAPTHOHS, OE
OTLOL0ONTTOTE ORUELO TOV TEAIOV OPIGUOV THG, TO OTOI0 160VTAI-O)l TAVTO- UE THV
TIUI] TS GOVAPTIGNS 670 i010 onucio (Piéne kar B.4.1.1.y)

P) Mropei va {ntnbei to opio Kar acvveyovs GOVAPTHONS GTO X, APKEL VO Eival

eovdetepcun( n dpoiun 1§ alpouEvy) oGOVEYELD.
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B. OPIO AIIEIPO XTO x, € N:

) Av f:f(x)= g(x) ,nel x, 6.6.t00 D(f) ko g(x,) =0, h(x,)# 0

(r=xy )" hlx)

(OnAaodn dev vapyel AAAOG Tapdyovtog i60G PHE X — X ).

g(x)

Tote lim f (x) =40 (avédroya pe To TPOGNUO TOV =——, TO OO0 TPEMEL VoL Elvarn

XX h(.X)

otafepO GE o TEPLOYN TOV Xy, OCOONTOTE LUKPT).

BYAv f: f (x) = g(x) L T1G 101eg Tponyovueveg Tpoimobécelc, T0te

(r=xy "™ hlx)

lim f (x) dgv VTAPYEL, OALA VTTAPYOLV TA |im [ (x) Kol lim f (x) Ko gtvan +oo 1) -00,

XX x—xg x—>xq

g(x)

avaAoya LE TO TPOCTLO TOL = —-.

h(x)

v) H nepintoon (o) povo mwov ot B€om tov (x - X, )2" Oétovpue |x - X,

n

d) Op1a e0IK®OV GLVOPTHCEDV:

(1) lim /nx = -
x—>0"
(ii) Tim eQx =~

T
X—>—
2

(1i1) 1im €px = +©

x>
2

I'. IEINEPAXMENO OPIO XTO +o 'H -co:

ax"+a x""+.+a
a) Av f(x)=—= L 0 1ote
n n—1
p.x"+p x" +..+p,

. a,
() lim f(x)=—=, 6tav n=m.
X—>+00 n

(1) im f (x) =0, 6tov n<m.

X—>+0

Ta 1010 Opra Exo Kat dtav x — —0.

B) 1121 (\/axz +ﬁx+y—\/a'x2 +ﬁ’x+y’):0 (a:a'),

183



Y) lim f(x)

-1
w oo, X" o, X"+ 40,

=0, 6oV £va TOVAIYLOTOV amO TA. 07, 2., O ELVOL UM

UNoeVIKO Ka f(x) epayuévn cuvéptnon.

Avti Tov TOAVOVOOV TOV TTapavopraoTh Hropet va Tebel omoladnmote cuvdptnon

lim g(x) =+ 1§ —oo

X—>+00

d) Op1a W0IKOV GLVOPTICEDV:
AN
lim (1 + —j =e .
X—>+0 X

A. AIIEIPO OPIO XTO =cc:

ax"+oa x""+. . +a
(X,)AV f(x)_ 1 nl O;an.ﬂnioa

- ﬁn'xn -’_ﬂn—l‘xn_1 +"'+ﬂ0

X—>0

ot lim f(x) = sign(Z” j-oo, av n>m.

n

X—>0

lim f'(x) = sign [%J (=1)"" -0, av m>m.

n
BYAV f(x)=a,x" +a, x"" +..a,,

T0te lim £ (x) = sign (an)oo R

X—>0

lim £ (x) =sign a, (—1)" - .

X—>0

v) Op1a 101KOV GUVOPTHCEDV:

(i) lim e* =+

X—>+0

(ii) lim fnx = +o0

X—>0

iy e X
(ii1) lim— =+
X—>0 gnx

X

(iv) lim — =+

x—>+0 X

X

(V) lim—=+0 a>0.

x—>+0 X

E. MH YITAP=H OPIOY:
o) Av 1 /N meprodikny kou 61 otabepn, 16T 100 |im f (x), lim f (x) dgv vITdpyoLV.

X—>+0 X—>—00
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B) Av /(x)= {g (x) - ovivpmte } ko g(x,)# hlx,),

X
h x), av X 4ppnTog

t0t€ lim f (x) dEV LIAPYEL.

X=X,

v) Av pia cuvdptnon f{x) oev €xel Op1o 6tav x — 400, TOTE KO M f (lj dev €xel Oplo
X

otav x = 0 xoum f( jﬁev éxer 6po otav x —> a” (a >O).

X—O

) Av f (x) = {i((x; avrs a}) g(a) # h(a) Kol o1 g, h, GUVEYEIG OTOV AVTIGTOLYO
X), avx>a

TEPLOPIGUO TOVG, TOTE OEV VILAPYEL TO lim f (x)

X—>a

YT.TENIKEX MNEPIITQXIEIX OPIQN , OIKOTENEIAYX XYNAPTHXEQN
Q¢ e101KEG TEPIMTAOGELG TOV TOPUKAT® TAPASELYUATOV, LTOPOVV VO KATACKEVOGHOVV

dmelpa E101KOTEPA TAPAOETYLOLTOL.

o) 1im£'[£}=£,limg'[%}=0 (a, p >0).

—ota x| a0 X
C Ax+1-1 1 .
B) im———=—, nel
x—0 X n
M+ Plx)-1 «a . )
Y) lim# =—1,6mov.me |l xa P(x):a”x” +ta, X"+ tax.

x—0 X m

ox" + px" +y

d) lim 1 =an+ pm, 6tav a+f+y=0, . mnel .
x—1 X —
«/il+axi1+,b’xi—l a+
€) lim _eth
x—0 X 2
o1) li ol (nmel'*)
xlgllxm—l m '

\/x—ﬁ—\/a—ﬂ_ 1

Mo “aagacg

i x_lzﬁ (nmel'*)
SR-1 -
0) lim \/x+a—\/_:O.

X—>+00

U lim L/ix+aﬁx+ﬁi—xJ:O, lim w/ix+aix+ﬁi—xJ:+oo.

X—>+00
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. EQKX K
110 =—.
Nim=—"=7

. Mpax _ o
B)lim =—.
—oMubx
( n) 0, av n>m
x
W)lin(}zw—)m: I, av n=mg.
M ©, av n<m
oovla + x)—ocovla —x
) lim S momte =) _ o,
x—0 X
covax —covfx  B7 —a’
-0 X 2
167) lim (o +x)—nu(a - x) =ouv'a.

0 £p(a+ x)—ep(a - x)

2 2
X — a ovv2a
) lim W .

x—a X —a 2a
. nua+2x)—2np(a + x)+ nua
m) hng 2 =Nua .
. scp(a + 2x) - 8(p(oz + x) +&0a  2nua
19) lim > =—.
x>0 X OoLvV a

px
K) lim (1 +ﬁj =e?.
x

X—>+00

o, av n<l
. 1
K(X)hm[l-l——nj: e, av n=
x

X—>+00

, av n>1

ox Px

e” —e
KB lim————=a- .
x—0 X
a", av neU’
0, av nelU’ ko =0
ax+1)" n J* =
KY)lim[(n )]Z a”, o neL‘J; kar f=0kow a#0(
x| X"+ f 0, av neU_xau f=a=0
L, ov n=0
1+p
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5. XYNEXEIA XYYNAPTHXEQX

5.1. XYNEXEIA , AXYNEXEIA , XYNEXHX EIIEKTAXH

1. Nao e€etaotel n o010 1] 0)L TOL TOPAKAT® OPLOROV:

«Mia ovvaptnon 1| 4 0o AéyeTan ovvepg 6T0 X, € A, €4V Ko pévo £av

lim £(x) = f(x,)»

X—>Xg

AITANTHZH: O avotépo opiopdg etvar opBoc povov dtav 1o x, etvat 6.6. tov 4.
Ortav 10 x, eivon pepovopévo onpeio tov mediov opiopod g £, 10te 1 f Bewpeiton

cvveyng o€ awtd. e pepovapévo onueio x, dev et vonua to lim f(x).

P
O ocwotog opropdg eivon 0 €E€NG:

(H fovveyngotox, € 4)

SV >0 3T 0>0:xedrar|x—x,[<o=| f(x)—f(x,)|<¢).

O opiouoc mov etébn oty ekpwvnon éyel o emmAéov mpodmobeon, dniadn

(fovvgmgoto xp € 4)=> (Vex>030>0:0<x—x,[<d=| f(x)— f(xy)|<¢e).
AnAodn n Swpopd eivar | emmAéov amaitnon 0 <| x —x, | mOv OV KOAVTTEL TO TVYXOV
pepovopévo onpeio Tov tediov opiopov. o.y. N

fif(x)=x=3+B3—x &e D(f)=3}.
O opopdg g cLVVEKELNG 6TO X, =3 ekmAnpodtat, apov V e >0, exkhéym 0 =& >0
KoL Yo To Lovaoiko otoryeio tov D(f) woydet
| X, =%, [F0<0 =] f(x)—f(x,)|=0<¢.
Ye mepintwon mov To medio 0PIGHOL TEPIEXEL Kol AALO oTotKEln (LepovOpEVa 1 Un)
EPOCOV TO X, €ivol PEPOVOUEVO, VITAPYEL
S' (x5 ) 18" (xg, P) N D(f) = {xo } -
Exel V ¢ >0, Ba exhéyovpe 0 = p > 0 kot Bo EkTANPOVTAL O OPIGHOG TG CLVEYELNS.
Noa onpeiwdet akoun, oti  yvootdtepn KAGOT GUVOPTHCE®V LE LEUOVOUEVO CTUEiN
elvar ot axolovBieg, ov omoieg wg yvwotdév eivar ocvvaptioel o:N >R pe

a _ 7 e 4 r s r 4
Nov—>a(v) =«,. Okeg eivan cvveyeig o kK4be onpeio Tov mediov OpLGHOD TOVG
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(: o k6Be PLGIKO) OALA TO Oplo Ge €va TéTolo onpeio (m.y. lima, ) dev £xel vonpa
v—3

0Tt 10 3 1 omoCINTOTE AAAOG QLOIKOS Ogv eival 6.06. tov N, YU avtd Ko

VILAPYOVV  OpLoL AKOAOLOIDV LOVO GTO + o0 oL glval Kol TO HovadlKo 6.6. Tov N

2. No amodery0ei 0T 0 mEPLOPIGNOG 0.OVVEYOVG oVVAPTNONG [ 6€ onpueio x, o¢
éva oudoTnpe OLAGTNNG TTOV TEPLEYEL TO X, , £ivon dVVATOV va Eivar GLVEXNG

670 X,.

AITANTHZXH: I'ia T cvvaptnon f:

-1 av x<0
1 av x=0

£(x) :{ } fo lim f(x) =~1# lim f(x)=1= £(0).

Anhadn m f dev efvan ovveyng oto x, =0, aAAd oav Bewpiom TOV TEPLOPIGUO
g = f/[0,4x) é&w o6T

lim g(x) =1= g(0)..

3. «Av pua oVVaPTN O £YEL MG YPOPIKY] TAPAGTACT POV “pepovopuéva onueio”
(Onraon Oev vwapyel ovTe &ve TUNpO TS Omo “cuveyn” ypoppn, TOTE 1M
ouvvaptnon sivan aocvvers o€ kKGBe onueio Tov TEGIOV 0PIGROV TNOY.

Eivar ain0nc n avotépo npotacn;

AIMTANTHZXH: Eivai yevdng. Q¢ avtimapadstypa 0o fpode cuvéptnon, 1 omoia £xet
G YPOPIKT TOPACTACT] LEHOVOUEVA ONUElR, OEV EYEL OVTE VO TUNLLO TNG VPO KoL
elvatl ocvuveyng mavto.

Térolo avrumapddetypo eivor pioe omowadnmote okoAovBio. Edd emidéyovpe tnv

f:flx)= l/ 1" 1 onoio 6me¢ yvepilovpe cvpforilerar cLVRBOE ©C a, = 1 Ko m
X n

omoia etvar cuveyng movtov. (BAéne ko B5.5.1)

4. «Mw ovvaptnon eivar ovverg o€ éva ovvoro A, 6Tav TO YPAONEA TNG
PTOPEL VO GYEOAGTEL PLE POVOKOVOVALA, ONAAON YMPIS VO CNKAOGOVUE TO PHOAVL

0o TO YUPTL.
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Eetdote Tv al0gi0 Tov TPONYOOUEVOV LG VPLOHOD.

AITANTHZXH: Eivot yevdne. a.y. n
£ I ()= H(0.0) U (0,500)
x

etvar ovveyng oe KaBe onueio tov mediov opopod g, aAAd oto 0, mapovslalet
«Gmepo mONUoy Kot apo oxeddlovpe 000 EEympPovg KAAOOVS , ONKAOVOVTOG TNV
ypapida oyediaong!

[Ma va givar aAndng o 1oyvplopds oe 6TL apopd to cvumépacpa, Ba mpémel va tedel o

e&Ng TpocbeTog TEPLOPIGUOC:

H f'vo €xgl medio optopot Sidomua g popeng [a, f1 1 [a, f) 1 (@, f] 1 (@, f) 1

(=0,a) M (a,+0).

Ipémer 6pog va Aapoope vroyn pog ko to €€ng

e Av 1 f opiletoan o10 [a, f] (ko Oev €xel Gmelpn kOpavon 1 Gmepo pNKog M
KOUTOAN 1 €Yl TEMEPACUEVO UNKOC , OAAG KAvel dmelpo TANO0C TOAAVIOCE®DV)
101€ pnopet va oxednotel e€° odoriipov.

o Av 1 f éxel dmepo pPnKog oev oxedldletor moTé pPE LOVOKOVOLALL, O10TL B
ypewldpaote dmepo ypovo!

e Av 1 f og¢ 0ovOIKTO TEMEPAGUEVO AKPO TOL TEGIOL OPIGHOL NG €YEL Un
TEMEPOUCUEVO OPLO TOTE £XEL ATELPO UNKOG KoL OV GYEANALETOL TOTE.

e Oupoing n f og (avoktd) dmepo GKpo TOL TEGHIOL OPIGUOV TG EYEL OTOLOONTTOTE
Op1o, opoimg dev pmopel va oyedtaotel €5 OAOKANpOVL.

o Avn f éyel pev TENEPAGUEVO UNKOG, OAAE TOAOVTAOVETOL ATEPES POPES, OLOTMG

dev gtvar duvatdv vo oyxedlacbel €€ ohokApov.

Enopévog amd 0Aa ta mapandve Kabictator coeég to €Ng:
«To ypopnuo. pag oovaptnong oe éva daotnuo. A , givor ovvatov vo. oyeotoclei &

0L0K POV UE povokovovAia av 1 f eivor ovveyns o€ ovto , kor ov n [ Exel

TETEPATUEVO UNKOG TTO OLGOTHUO, KOL OV 1] | OEV TOAOVTWOVETAL ATEIPES POPES. ».

5. 'Evag @ortnT)g woyvpileTon 0TL OVEKAALYE £va KPLTIPLO GUVEYEWNS HI0G
oVvVapTNONG f 6€ oNUEi0 TOV TEDIOV OPLGUOV TN,

Xopeova pe 0vto, « Mo covaptnon f eivan coveyns 6to x, € D(f) km x, o.0.

Tov D(f), edv ka1 povo gav lil’I(l)[ f(xg+e)— f(xy—€)]=0n».
e—>
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Mmopeite vo. TOV O1oyEVOETE;

ATIANTHIH: Ozopd 1w ovgpmon [f:N—>N Yo v omoia

0 ov x#0

1 av x=0

f(x):{

} n omoio dev  elvar  ovvemg oto 0, ooy

lim /(x)=0#1= /(0).

SOUPOVO OUMG LE TO «KPLTIPLO» TOV POLTNTY|, LoYVEL

im[f(0+&)=f(0=&)]= lim[f(e) - f(=e)] = lim f(e) - lim /(=) =0-0=0.

Anhaon Ba tpémel 1 f va elvarl cuveyng oto 0, Tpdypa dTomo.

SVVENMS TO KPUTHPlo etvar avaAnBéc.

6. Eivor yvoot0 0TL «AV M pio oovaptnon sivar cuvveyfg o€ onpeio x, ko

f(xy) #0, T0TE VEAPYEL TEPLOYN TOV X, GTNV OTOoia 1 f OraTNPEl TO TPOGN PO

™ Tyms f(xg)».

1) Na amwoderyfei 0TL n vo0eon TG GLVEXENS 6TO X, €ivan avayKaio yio THV
160 TOV GCUUTEPACNOTOS

2) Na Bpedsi cuvaptnon mov va pnyv £ivar GuveNNS 6T0 X, GALL VO IKOVOTOLEL

TO CUUTEPUO LA TG TPOTAGEMGS.

AITANTHXH: 1) lNa ™mv oLvapTNON f:00,1]—> N ue
I av xe€[0,2]\{1
S(x)= 0. 21M LoYVEL:
-1 av x=1

e H fdev givan cuveyng oto 1.
e f()=-1<0.
o LILI} f(x)=1. Apa av dexbobue O6TL vIGpYEL o TEPLoyn Tov 1 otnv omoia 1 f va
elvat apvntikn tote
30>0:xe(1-0,1+0)= f(x)<0 (1)
Opwg n (1) eivar adndng povo yw x, =1, eved to Sotpa (1-4,1+J) €xet kan
AmEPOVG AAAOVE TPAYLLOTIKOVG, Y10, TOVG 0moiovg toyvel f(x)=1>0. Apan (1)

glvon dtomn oyéon.
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Andadn PpNKOE TAPADELYLO CLUVOPTICEMS OAGVVEXOVG G€ KATOl0 onpeio tov mediov
OPIGLOV TNG, TOV OEV IKOVOTOLEL TO GUUTEPAG LA TOV BE®PNUATOS YU 0VTO TO OMELO.
"Etot 1 vd0eom ¢ ouvéyetag etvar avaykaio.

Opwg , av po cuvaptnon eivat acvveyns oe onueio x,, etvoar dSvvatdv vo drotnpet
10 TPOSN IO TNG GE TEPLOYT TOV X, .

Av16 cupfaivel 6To TOPAKATO:

x €[0,2]\ {1}}

x=1

1
2) /() ={
2
H f eivan acvveyng oto 1, agov f(1)=2#1= lirr%f(x). Eniong f(1)=2>0. Opwg
X—>

f(x)>0 V x€[0,2] dpa Kou 6g omoradnmote TEPLOYN TOL 1.

7. Eivar yvo616 0TL TO G0pOIGHA KOl TO YIVOUEVO GUVEYMDV GUVUPTIGEMV GE
onueio x, , givor cuvaPTNON GUVENNG GTO X, .

No amwodery0ei 0TL TO avTicTPOPO deV 1o)vEL .

AITANTHZH: Qo d&im 611 vdpyovv f, g kol x, ToL Tediov opopoD TOVG Yiol TG
omoieg va woydel f-g xou f+ g ovveyelg 610 X, 0AAG Ol f Kot g va eivor acvveyEic
oTO X .
, -1, av x pntog +1, av x pntodg
Ocopd  f(x)= , Kot g(x) = ,
+1, av x d&ppnrog -1, av x d&ppnrog
omoieg eivan acvveyeig oe KaOe onueio Tov TEdiov OPIGHOL TOVG.

-1+, av x pntoc }_{O, X pntog }

Onag (f +2)(x) = f(x) +g(x) = , :
+1-1, av x dappnrog 0, x d&ppnrog

Anhadi (f +g)(x) =0, V x e N, cuveyng mavtov.

, -1, av x pntog N
Emiong (f-g)(X)=f(X)-g(X)={ }=—1 VxeN.

-1, av x d&ppntog

Anhadiy (f-2)(x)=—1 V x e N, cuveyig navtod.

~

8. Na 60000V mapadeiypata cvuvaptioe®v opispuévav oto N £Tol ooTte:

(i) H f, vo givor ovveyng mavtov

(i) H f, va givor ovvegpig mavroY, tinv nemepaocpévovr wiBovg onpeicv
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OGVVEYELNG
(iii) H f; vo sivan ovveng mavroy, ainv api@pncipov minbovg onpeicv
OCVVEYELNG

(iv) H f, va givan ovvepng mavtov, TAny vrepapriOuncipov ti0ovg onpeicv

OGVVEYELDG.
AITANTHXH:
G f:fix)=1, VxeN
@) £ fo(x) , aov xeN\4
ii CfH(x) = -
2z 0, av xed={a;,0,,.,0,.}<N
I, av xeN\T
(i) fy: /()= h
, av xel

1, av xeN\mﬂ}

(iv) f45f4(x):{0 av  x€[0,1]

Ot amodeieic elval oToryelmostc, Aoupavovioc vro ott to 1 (€€ opiouov) sivar
9

apdunoyo cvvoro kai 1o [0,1] vrepapiBuncio (drarydvio emyeipnua tov Cantor).

9. Na eetacOsi av vdpyel cuvaptnon [, 1 omoia

e givar opropévn oto N

¢ Eivor acvveyiic V x, € N

AITANTHZH: H cvvdptnon tov Dirichlet ekmAnpoi ti¢ teBeiceg cuvOnKeg

f:f(x):{l’ av X  pnToc }

0, av x d&ppnrog

‘Eoto x, pntoc. Tote f(x,)=1. Eniong, vmépyer axorovdia appfitov x, : x, —> X,
ko x, #x, Vel f(x,)=0—>0% f(x,)=1. An\adq n f Sev eivon coveync oe
Kavéva pnto.

‘Eoto x, dppnrog. Tote f(x,)=0. Eniong, vadpyer axorovbia pntdv x, : x, — x,
ko x #x, Vn'el., f(x,)=1->1% f(x,)=0. Anhadfi n f eivor acvveyic kot

o€ kaBe appnro.
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Tehkd f acvveyig V x, € N.

10. Na e€etao0¢i, av vdpyel cvvaptnon 1 omoia:
e Eivar opiopévn oto N

e Eivar ovveync o€ éva onueio o €N

e Eival acvveyng o€ ka0g GAro onpeio o1aQopo Tov a.

AIMTANTHZXH: Zvvéptnon mov ekmAnpoi Tic avotépm tpodmodécelg sivon n:

20—x, av x pntog
X, av x &ppnrog|

f:f(x>:{

e Eivau opiopévn og 6Xo o N
e Oa ociEm TNV cVVEKELL TG GTO X, = o, LLE YPNIOT) TOV 0KOAOVOLOKOV OPIGHOV:
‘Botw x, >a,pe x, #a Vnel. Tote

20—0=a, av o pnrog
a, av o appnTog

fla)= {
onAaon f(a) =a kot

|20—x, —al=a-x, = x,—al, av x pntog
—al, av x dppnroc|

\f(xn)—f(a)\={

| x,

Anhadh
| f(x,)=f(@) Hx,—al, Vx, eN. (1)

Emopévog V e > 0, emiéyovtag J = ¢, kot Aoym ¢ (1) woydet
|x, —al<o =] fx,) - fla)[<e.
o Qa delEm v acvvéxela g f oe Kabe
Xy % 0. (2)
"Ecto axolovdio apptov x, 1 X, — x, ko x, #x, Vnel.
Tote f(x,)=x, = x,.
"Eoto oxolovdio pntav x| :x, —>a ka x, #a Vnel.
Tote f(x,)=2a—x, > 20—x,.0pwg x, #2a —x, (Aoyo ™mg (2)).
‘Etoin f Sev éxel 6pio ot kovéva dAro onueio x, e N pe x, # a.

Emopévag elvan acvveyng o€ kébe x, # a.
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11. Na e€etac0si av vrdpysr cuvdptnon [, 1 omoia
e Nu givar opropéviy 6to N
e Na givan ovveyig V x, € {0, 0,,...,a,_} =N

e Na givan aovovemg V x, € {a;,0,,...,0,. }

AITANTHXZH: Oétovpe f:R —>Rpue

J(x) ={ ’
0, av X AappnTog

(x—a)(x—ay)---(x—a,) av x pnrog }
1. 'Eoto x, € {a,,d,,....0,} 1018 f(x,)=0.Ecto x, = x, kaw x, #x, Vnel.
Tote:
(1) Avn x, éet tehMkd dppntovg 6povg, tote M f(x,) =0 TEMKA, dnhadn
Sx,) = 0= f(x0).
(i1) Avn x, &gt telMkd pnTovg Opovg, TOTE M
£(x,) =06, — @)%, —ay)(x, —a,) > 0= f(xy).
(11)  Av dev ovpPaivet éva amd ta 600 mponyovueva, TOTE M X, dlaympileTon
og dVo vraxorovdieg, n pia pntodV a, mov cuykAiivel otov a; (1<i< kK )xan
N GAAN appNTOV o) mov cuyKkAivel eniong otov ;. Tote
f(a,) = (@, — o)), = a,)...(a, — ) > 0.
f(a)=0—0.
Apa f(x,) > 0= f(x,). Ankadn n [ ovveyng oto X, X, € {0;,0,,....0, } .
2. 'Eoto x, ¢ {0a,,0,,...,0, } T0T€ 0 X, pnopel va eivar pntog 1 dppnroc.
() Av x, dppnrog, 10t  f(Xx,)=0 Ko VWAL oKoAovBio pnTOV:
y, iy, =X,k y, #x, V nel. Oung
J) =0, =)y, =)y, =) = (X —a)(x) = @,)-.(x, =, ) # 0= [ (x,) -
Apan f elvon cvveyng oto X .
(B) Av x, pntog, 101 f(x() = (X0 — 0 )Xy —y)..(xg —a,. ) #0. Ymdpyet
axolovBio appitov y! 1y —> x, ko ¥, #x, Vnel.

Tote f(y,)=0—>0% f(x,). Apan f eivar acvVEXNG OTO X, .
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12. Na BpeOsei, av vrapyel ovvaptnen 1, n omoia
e Nu givar opropéviy 6to N
e Na givan coveync o€ dmelpo aprOuncipo covoro A

e Na givar acvovemg V x, ¢ 4.

AITANTHZH: H cuvéptmon f:

f(x):{nux, v x  pNTog }

0, av X AappnTog
e Eivat opiopévn oto N (mpopovic)
e Eivou ovveyig oto 4 = {xm: x € U} mov sivan apdpmotpo opod tifeton og “1—17

. . - 2k, av k=0
kot “eni” avtotoiyion pe 10 1 péow g @:d(xr) =

-(2x+1), av k<0
kel
‘Botw x, € A. Tote 31 eU:x, = I xa

nuo, av A=0

S (xo)=f(Am) = {0’ av (A#0 appnrog

}.Ankaéﬁ fOr)=0 V 2eU.

‘Eoto akolovbio. pnytdv telMkd x,:x, = At ka x, #ir ¥V nel. Tote
S(x,) =nux, > iz =0= f(4r).

‘Eoto akolovdia tehxé appitov x|, :x, — iz ko x, #ix ¥V nel. Tote
f(x,)=0-0= f(in).

Av &o po omowdnmote akoiovdio y, dtbpopn tv dVO TPoNyoLUEVAYV, TOTE,
0GOdMTOTE KOVIA GTO AT LEAPYEL KOl PpNTOG KO AppnTog Opoc. Aniadn n y,
umopet va yoplotet o 600 vtakoiovdieg, Tov N pia va £xel LOVO pNTovS Gpovg N
@, Koum GAN pdvo appnToug N @, Kot ot omoieg (COUP®VA LE TOL TPOT)YOVUEVEL)
Ba. tetvovv 610 AT, EVOD

f(a,) =npa, > iz =0= f(ir)
f(a,)=0—0= f(ir)

AAadn V  oxolovBio y, upe y, = At ko y, #ir Vnel, &o

}=>f(yn)—>0=f(/17t)~
f(y,) = 0= f(Ar), apon feivar coveyng V x, € 4.
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e 'Eotw x, ¢ 4, 101¢
Xy # Am V Z2eUxa x, pnroc (1)
- Tote f(x,) =nuxy # 0 (Aoyw g (1))
‘Eoto x, axolovdia appitov ue x, — x, (x, #x, V nel).
Tote f(x,)=0—>0=# f(x,), apan f coveyng kot yw kébe pnto.
‘Botw x, & 4, 1018 Xy # At ¥V A eUxa x, 4ppnrog.
Tote f(x,)=0. Yrapyst akorovbio pntav x/;x, —x, ka x, #x, Vnel.

Tote f(x,) =nwx, — nx, (T)O=f(xo)- Apan f ovvexfic V x, & 4.

13. Na Bpelsi mapdderypa cvovaptnong f:
e Na givan opropévn 6to dwaotnpa [0,1]
e No &y anepa aprOpnfoipa onpeio asvvéyerog oto [0,1]

¢ No givan ooveync o€ kGO drrho onpeio.

. 0, ov x;«tl -

AITANTHZH: f:[0,] >Npe f(x)= 1 e nel.
—, av x=—
n n

1
[péypoatt, ot Opot g okorovbiog a, =— eivor dmepot, apBunoyor Kot
n

1 1 . 1 1 =
f[—j:—;tO:hmf(x). Av x, >— xam x,#— Vnel, 101e TEMKA,
n) n ot n, n,

f(xn):0—>0¢izf(ij.
n n

0

M eEnynon yio to “telkd’”:

. , 1 . 1 2 1 2
V n,, VIAPYEL TEPLOY TOV — KoL GLYKeKpuEva N A =| —— ,—+
n ny ny+l n, ny+l1

OV OEV TEPIEYEL KAVEVOY PNTO NG LOPPNG % Yvveng V xe 4 f(x)=0 ko dpa

ko f(x,) =0 redixd.
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14. Na ppe@ovv 6v0 cuvaptiocelg f, g:

, , . 11 1 . .
a) H / va pn givor ovveyng ota onpeia 1, 50 59 A KOl GUVEYNG TAVTOV
0ALOV.
, , , I 1 1 )
p) H g va pn givar covepc ota onueio 1, e Kot 0, kov ovveyng
TavTov aAlov.
AITANTHZXH:
1
0 x#—,n=123,...
a) f(x)= 1 ’11 . H amddei&n oto mponyovpevo.
—, x=—,n=123,...
n n
1
0 x#—, n=123,
B g = 1
I, x=—, n=123,
n

15. No amodeitete, 6TL av i1 f givan cvvemg oto [a, f], 16T KaTackevdaleTon
pia ovvaptnon g M omoia va givon cvveyng oto N kon yia Tqv omoia va 16)0gL
f(X) = g(x)a V X e [aaﬂ]‘

Me KaTtdAAnAo avTITOPAOELYNO. VO, 0T00€iEeTE 6TL Y10 draotnue (o, f) YeEVIKA

TOVTO 0LV Sival SOVVOTO.

f(a), x<a
ATIANTHZXH: Opilo g:N—>Npe g(x) =1 f(x), a<x<pf;.
f(B), x>p

H g mpopavng eivar cuveyng oto N, ektog iowg amd ta onueion o Kot f 0mov mpémet
va eEetachel n cuvéyeld AeTTOEPDG

lim g(x) = g(a) = lim g(x).

X—>a
Opoimg kot 10 S.

Otav 6pog £x® avolkTd dtdoTpe To00To dev Eivar duvatd TAVTA, OTMS POIVETOL Kot
a0 TO TOPUKATO TOPASELYLLOL:

1
f=—"fon.

197




H f eivar ovveyng oto (0,1). Av dpmg vimpye g:g(l) = lil’l’ll f(x) tote g(l) =400
X—>

ATOTO.

16. A®cte TOPASEIYNOTO CUVAPTHGEMV, OPIGREVOV GTO X, £TOL DGTE:

(i) lim f(x)= lim f(x), eivon memepaocpéve kor owagopa Tov f(x,)
XX X=X

(OnAadn arplpevn) GOVVEXELD PE ETAVOPIGHO TG TIPS GTO X, -TPAOTOV
€lo0vg)

(i) lim f(x)# lim f(x), eivol TENEPACUEVO KOL OLOQPOPETIKA KOl TA dVO pE
x—)x{{ X=Xy

T0 f(xo)
(iii) lim f(x)# lim f(x), given merepaopéva ko f(x,) = lim f(x) (dnhadn
XX X—>Xg X=X

CUVEYNG UPLOTEPA-TPOTOV EIO0VG AOVVEYELD)

(iv) lim # lim f(x), sivor memepaopéiva ko f(x,)= lim f(x) (dnhadn

XoX5 XX X—>x;
ovveXNS OEELA-TPOTOV €100VG BOVVEYELX)

(v) lim = lim f(x), givon menepacpévo ko dgv opiletar n f(x,) (orpopevn

XoX5  xX0X)
OOVVEYXELD UE KOTAAMAY EXEKTAGT] TOV TEDIOV OPLGROV)

(vi) To x, givon 6.0. ToV TEdiOV OPLGNOY TNS GLVAPTNONG, VAPYEL TO [ (X)),
0AAG OEV VTAPYEL GTO OPLO GTO X, £iTE 0mO dekrd, eite amd aproTepd, site

givan memepaopévo gite drerpo.

AITANTHXH:

I, av x;ﬁO}

(i) ﬁ:ﬁ(m:{o .

. lim f,(x) = lim /() =1 kou f(0) =0.

x—0"

Av opicovpe véa ocuvvaptnon fl:fl(x)zfl(x) V x#0 xo fl(O)zl n

QGLVEYELD OPETOLL.

1 x>0
) £ f0={ 2 x=0!, lim f,(x)=1%—-11lim f,(x) ket f(0)=2. Eyw
x—0" x—0"
-1, x<0

OCLVEYELD TPMTOL £100VG TOV dEV aipETAL.

198



1 x>0 ) '
(i) £ :f3(x):{_ }, lim f(x)= f(0)#1= hr(r)l+ f(x). BEdo éyxo

1, x<0 x—0~

TAevpiKn €€ aplotepdV Povo cuvéyeta oto 0.

. 1, x>0 i .
i)  f, :f4(x):{_ }, lim f(x)=1=f(0)=-1= hnoq_f(x). Edm

1, x<0 x—0*

€xo TAeVPIKT €k OV Pdvo cuvéyela oto 0.

(v) fs 1 fs(x)= W/(—OO,O) U (0,+0) . Opomg o¢ yvootov lim MY _ . Emopévog
X

x>0 x

N acvvExeln aipeton pe KOTAAANAN enéktaot o€ 6Ao to N émov

npx
~ A~ —) av xz0
fs :fs(x) =3 X
1, ov x=0
(Vi) fo:fe(x)= n“;’ x 0 . H f¢ etvar opaypévn ki apa dev €xet dmepo

0, x=0

0Op1o o€ KavEVO onUEID0 TOVL TEHIOV OPLGHOV TNC.

, . 1 _
Ocwpd Vv akorovdia x, : x, = —->0xatx,#0 Vnel.

27rn+£
2

1 —
Eniongmv x, :x, =—— >0 xar x, #0 Vnel.
2mn

Tore  fi(x,)= nu(27m + gj 151

Kat fe(x))=muzn)=0—-0.
AnAadn  Ppikape 000  undevikég  axolovbiec, Yo TG  omoieg

lim f,(x,)# lim fy(x)). Apa dev vrapyet 6plo g f, oto 0. Exel Aowdv éxo
n—>+w n—>+0

acvvéyeln 1 ool dev umopel puotkd va opOet.

17. No KOTOOKELAGETE TOPUOEIYPHOTO NE OAES TIG OVVOTEG MEPITTAOGELS

aGVVEXELOG 211G KATNYOPLAS OE GNNEI0 X, TOV TEHIOV OPLGHOV GLVAPTNONG.

AITANTHXH:
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x € (-1,0)
x €[0,1)

€xel:

1
0 nfith®=1x
X,

e lim f,(x)=—o
x—0"

e lim f,(x)=0
x—0"

e f(0)=0.
Anhaon etvan ek deEumdv ovveyng oto 0, acvveyng oto 0.
-x, xe(-1,0]
(i1) n i falx)=41 xe(0,) Exet:

e lim f,(x)=0
x—0"

e lim f,(x)=+o0
x—0"

e f(0)=0.
Anradn elvan €€ aprotepadv cuveyng oto 0, acvveyng oto 0.
1
> X e (_ 150)
X
a)n f3:f3(x)=9-2, x=0 &xet
x, xe€(0)])

lim f5(x)=0
x—0"

e lim f;(x)=-o0
x—0"

o f;(0)=-2.
e  Ankadn m f; eivar aovveyng oto 0 Kot dev £xel TAELPIKN GLVEXELD.
1 x#=0
V) M Syt fa(x) =952 éye:
2, x=0

e lim f,(x)=+00
x—0*

e lim f,(x)=+o
x—=0"

e« f(0)=2.

Anhadn n f, elvan acvveync oto 0 kot €xet 6eE1d Kot aploTePE OPLO TO + 0 .
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—— x=0| ,
V) m S5 fs(x)= X2 Exeu
2, x=0

e lim fi(x)=-o0
x—0"

e lim fi(x)=-o0

x—0"
. f(0)=2.
Anhadn n f; etvar acvveyxng oto 0, kot Exel 6516 kot aploTePd OPLO TO —00.
1 x#0
Vi) fo:fe(X)=1x" Exeu
0, x=0

e lim f,(x)=+o
x—=0"

e lim f,(x)=—o
x—=0"

e f(0)=0.
Anhadn n fiéxetl ekatépmBev Tov undevog Opa + o0 ko —oo Kot gfvar aovveyng

oto 0.

18. Eivan yvo616 611 160€1: «Av 1 f ovvepg TOTE KOU N | /| ovveyno».

No d00¢i moapaderypo ocvvaptnong f opwospévig oto N , 1 omoia va givon

TAVTOV AoVVENGS, EVO 1 | /| va eivan Tavtov ocvvernc.

I, av x pntog

AITANTHZH: H f: f(x) 2{ .
-1, av x d&ppntog

} elvan omwg eidape (B5.1.9)

TOVTOV 0LGLVENC.

Opac | £1:| £1(x)=1, ¥V x eN givon mpopavdg mavtod cuveync.

19. Na 800si mapaderypa cvvaptnong f :N—N pe
| f(0)[<]x], V xeN (1)
N omoia va givar ovveyng 610 0 (mpokvater amd to (1)) ko N omoia va gival

acvveyg V x e N—{0}.
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AITANTHZH: I'io x =0 n (1) diver
[ FO) 0= f(x)[<0. 2)
AM\G
| f(x)20 V xeN. (3)
Amo (2) kan (3) €éxo | f(0)|=0= f(0)=0.
"Etot, e€etdlovtag v cuvéyela oto 0 Eym:
| f) = O S ()= 0= f(x) [<] x| 4)
‘Etol, V e >0, AapPavovtag 6 =¢.&qm | x—01]< 5@ | f(x)— f(0)] dnA.m f ocvvexng

o10 0.
2uvapTNnom mov vo eKTANPoi Kot T devTeEP GuVONKN elvar N

X, av X pnrog }

fif(X)={0 ,
, av X OppnTog

apo¥ eivor acvvexig V x € N— {0} (BAéne anddeién eo. 10 mopdvtog kepoiaiov) Ko

‘f(x)|={|x|£\x|, oV x  pnTog }

0<x|, av x dappntog

Anhadn | f(x) | x| V xeN.

20. No amoocilete pe KOTdAANAo avTuTopadEiypato , 6TL dgv aAndgdovv o1
TOPUKATO LG VPLGUOL.

(i) Av 1 f ovveyig oto (a,f] 16tE N [ maipvel péyieTo KoL ELAYLOTO GTO

(a. f]

(i) Avn f ovvemgoto x,, TOTE KO N % ovveG 6TO X,

(iili) Avn f maipvel Oetiki) Tipn o€ kamowo x, € D(f), TéTE VIAPYEL TEPLOYN
TOV X,, 6TNV omoia | f maipvel OeTikn Tipn

(iv) Avn f ovvemge

(V) Avn f sivar ma ovvaption , tote M g, pe  g(x) = f(x* +x°) siven
ouveMS

(vi) Ka0g ovveypng cuvaptnon givar gpaypévr.

INoe kdBe évav yeodn woyvpopd va ypayete v emaiéov ovvOfkn 1

TEPLOPLOO TOV OTOLTEITOL DOTE VO, Eivar ainOnc.
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AITANTHZXH:
G n f:0,1]>N pe f(x)= 1 elval ocvuveyng oydet lirré f(x)=400, dpan f dev
X X—>

€xel LEYL0TO 6TO TEDI0 OPIGLOV TG, ETOUEVMG EIVOL YEVLONG.
Mo va givar aAnBég to cvunépacua tov 1oyvpiopov, Ba tpénel ) f va opileton o€

KAeloto odotnua [a, f]. H kheiotdmta ToUv S100TNUATOG AmOTEAEL 1oL KOV

oLVONKN, 0AAG Ol Ko avorykaio.
(11) Av f(x)=x/N ko x, =0, 1618 1 f eivan cuveyng oto 0, dpmg 1 %(x) glvan

ocvveyns oto 0, apob exkel dev opiletat.

[Na va etvar aAn0éc 1o cupnépacua tpénet ki apket o f(x,) # 0.

-1, av x=#0

(i) 'Eoto f (x):{ } Téote f(0)=1>0, oAhd dev vmdpyel

+1, ov x=0
TePLoYy Tov UNdevoc Yo Ty omoiar f(x) >0 agod f(x) <0 V x e N—{0}.
"o va elvan aAn0ég to cupmépacpa mpenet Kt apket n fva efvatl cuveyng oto x .

-1, ov x=0

iv)  Av f(x)= { } ,10te f(x? +x7) = f(x) acvvernc.

+1, ov x=0
[Ma va 1oyvel to coumépacpa Tpénel Kon 1 f vo givon cuveyng ko va opiletor n

oOvOeon e fpe v A(x) = x* +x° /N.
(v) H f(x)= a(px/ (—Z,Zj glvol ovveyng oto medio oplopov TG GAAG pn

QEPOYUEVT, oD lim epx =400 kol lim gpx = —o0.
x> X2
2 2
Mo avaykaio cuvOnKn yo va givar epaypévn givar va opiletar oe KAEIGTO
dwaotnua 1 av opiletar G AVOIKTO 1) NUOVOIKTO, VO, DITAPYOVV T OPLOL GTO, ALVOIKTA

GKpO KO VAL V0L TETEPOUGUEVAL.

21. Eivor yvoo1lé, 0TL TO GOPOIGHE GLVEYMDV GUVUPTICEMV Eivol GUVENNS

ovvaptnon. Na amrodery0ei 0TL 0vTO €ivar 6®GTO Povo Yo texepacpévo TAn0og

GUVUPTICEMV.
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1 ~

AITANTHXH: Av f,(x)=—, V x €N, t0te €ivor yvooto 01t ¢ 6T00epég OAEG OL
n

f, (neT) eivon cuveyeic oto N. Opwg

fl(X)+fz(X)+f3(x)+---=1+%+%+...=+w_

AnLaodn 10 amePoAfPOIGHA TOV GUVAPTNCEWV OEV EIVOL KAV GLVAPTNON.
Eneon opoc pmopel otmv expavnon va mpootedel n epbon «... dtav Eyer vonua
OVVAPTHONG TO ATEIPO GBPOLTLUa TOVOPTHTEDVY, TAPADETOVE VO TEPIGGOTEPO KOAIPLO

VTUTOPAOELY L.
Oewpd TG GLVAPTNCES f, (x) = (- -x—, nel /[-1]1] ot omoieg sivon OAeg
n

ocvveyeig oto [—-L1].
Oumg i (- X log(1+ x)/(-1,1] (Avémtoypo Mac Laurin).
n=1 n
H ovvéptnon log(l+ x) dev opiletar oto —1, aAld 0UTE KOl CLVEYNG EMEKTAOT] GTO

—1 pmopel vo vrapéet, 0pod lim (1+x) = —o0.

X—>—
Bpnikoape onAadn pia amelpn owoyEvelo cuvaptinoemy Tov givol cuveyeic oto [—1,1],
aALG To dmelpo dBpolcpd tovg gival cuveyng cvvéptnon povo oto (—1,1], eved oto

—1 dev etvan dSvvatdv va VTAPEEL CLVEXNG EMEKTOOT.

22. Ioyvel n wpétacn, 6TL «Av g cuvveg 6T0 @, KoL 1| f ovveyns 610 g(a),
TOTE KU1 1] f o g GUVEING GTO a».

A0y  ovtig oxkpifag  TNG TPOTACEMS UTOPOVHE VO YPAYOLNE
lim f(g(x)) = f (lim g(x)) = f(g(a)). Anhadn pmopovpe vo AEPE OTL TPOUKTIKA
X—>0 X—>0

«t0. oOpfoia Tov opiov kKo TGS 6VVOES S GLVAPTI|GEMG “avTipeTaTiOEVTOL M.

Na amooery0sei pe katariinio Topdostypa, 0TL 0TOV 1] / O€V €ivan GVVEYNS 6TO

g(a), ToTE YEVIKE dgV 160 EL TO BsdpN O

AITANTHXH: Ocopo:
g(x)=x/N
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B 0, x#0 /R
S (x)= T

[Na a=0, &o:

limg(x)=1limx=0

x—0 x—0
lim /(g() = lim fr =0 (1)
flimg(x)) = f(0)=1 2)

Ao (1) xon (2) éxm ling flgx) = f (liH(l) g(x)) xtavtd ot f dev elvar cuveyng
x— x—>

oto g2(0)=0.

23. Na BpeBovv —av vwapyovv- 6V0 GVVOPTNOELS TAVTOV aovverEic 6to N, TV

0Ttoi®V OpMg N 6Vvles, va gival TavTov cuveync.

AIMANTHZXH: Ocwpd v cvvaptnon tov Dirichlet

I, av x pntog
fif) ={ , }
-1, av x d&ppntog

o€ obVOeDT LE TOV E0VTO TNC.
H fo f éermedio opiopod o R kan (fo f)(x)=1 V xeR nomoia wg otabepn ,

elvatl ocvuveyng .

24. Av  [f(x)]* givon cvvepig TL copmépacpa EEGYETON VIO THY GUVEXELD TG

f(x)s

AITANTHZXH: Aev puropet va e€ayel Kavéva GUUTEPAG LA, OPOV:
Av f(x)=x (ovveyfic ¥ x e N) tote kon [ £(x)]* = x? eivar emiong ovveync V x e N.

I, av x pntog

-1, av x d&ppntog

Opwg, av f(x) :{ } givar acvvexig V x eN evd [f(x)]* =1

og otadepn eivon svveyfic V x e N.
‘Eva nuyevikd mopddstypo etvat 1o €€ng:

g(x), xe(-w,a)
-g(x), xela,+x)

f:f(x):{

},énon a €N kot
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N g &ivor o moAvovupkn (cuveyng) cuvaptnomn, 1 omoia dev €xel wg pila 1o a,
onradn g(a) #0.
Tote 1 g mapovclalel acLVEYELD GTO @, 0POV

f(@)==g(@)= lim /(x) % g(e)= lim f(x).

Opoc [ f(x)])* =[g(x)]* mov sivon cuveync V x e N.

25. Yrapyer ovovaptinon f mov va EKTAnpoi TS TapuKdTe covOnkeg:
e Opwopévy oo (0,1)

e Acvvegyng og kale pntod Tov (0,1)

o Yyvegyg o€ kabe appnrto Tov (0,1)

av X Gappntog

0,
AITANTHXZH: H f: f(x)=41 ekminpot
n

m _
, ov x=—,(mn)=1,n>0mmnel
n

O\eg T1G 1e0eioeg cuvOnkeg.

INo va dei&m 0T eivar cuveyng otovg apprtovg tov (0,1) mpénet va deiéw otL av X,

appntog, tote 70 lim f(x)=0<

Ve>0, 30>0:0<x—x,|<o=| f(x)-0|<e.
Anhaodn 16000VapO
Ve>0, 30>0:0<x—x, [<xd=| f(x)|<e (1)

[TpoPaived otnv akdAovdn KatacoKev:

T'o tov otovénmote ¢ >0, In, € :ny > 1 (A&lopa Apyunoovc-EvddEov) onhadn
€

1 )

n

ymuotiCo o dtapépion tov (0,1) pe 1o cvvoro

p:{llélilZEi 1}

3

2337474757575 577 n,

Anhaon:
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. To P mepiéyet Oho ta ovaywyo KAGGUOTO TOV £YOVV  TOPOVOUOGCTEG

mKpOTEPOLG 1) IGOVS OO TO 7y .

1 ny —1
o To P £xel g eEMdy10TO GTOLXEIO TOV TO — KO UEYIOTO TO 0 )
n n
0 0

INa to x € (0,1) vrdpyovv Ta e&ng tpia evdeydEVAL:

1. To x givon dppnrog. Tote f(x) =0, dMradn | f(x)|= 0]< &, dnradnq n (1) woyder
Vo>0.

2. (xebxa x¢g P). Tote

x="20 ko Ao > 1y (3)
0

(Ex xatackeung tov P). Tote dpmg Ba Exm:
Ko
f( Ao j

, . 1 , .
(apod T0 cVUTEPAGLO — < € 1OYVEL EK KATAGKELTG).
n
0

1 1
=— < — < ¢ nomnoia wyveL Vo >0
Ao @y

| f() =

3. (xeb ko xe P). Tote x=&. ExAéym t61€ 0 = min{| x, — x|, x € P}. Elvan
To

5>0, 80T | x, —x[>0 VxeN ko eniong emeidy x pntog kar x, GppnTog X
|xg—x>0 VxeP.
‘Etot howmdv av Bswpiom ™ oxéon 0<|x—x,|<J, tOte T0 X Oev pmopei va

avikel oto P. Oo elvol emopéveog KAmolog pntog g mepimtwong 2. mov

eetdobnke dpa kot Tk O woyvet | f(x)[< e, (ahAd Oyt yio kGO 6 >0) yw

o=min{|x—-x, |, x€ P} >0. Enopéveg lim f(x)=0 ya x, dppnto 1 pnto
X=X
ot0 (0,1). Emiong f(x,) =0 yw x, dppnro. Apan f cvveyng Vx, € (0,1)\D.

Qo dei&m Vv cvvéyela kKo o kabe pnto x, € (0,1). Av x, pntog, tote f(x,) # 0.

Oewpd akorovdio appntev x, :x, —> X, kot x, #x, Vnel 10te

J(x,)=0->0# f(xo).
Apa m f 0Oev glval cuvEYNG OTOVG PNTOVS TOV TTEGIOL OPICHOV TNG KOl 1 OTTOJEEN

0AOKANPOONKE.
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Mia smavoinrmTiky , aild adpn oKlaypdencn Tov un cvvnlovc TunuoaTos THS
anddelnc ém lim f(x)=0, av x, _dppnroc:
X=X, —_

1 _
e Ve>0, koo —>0. Xoppova pe 1o olopo Apyyndovc-Evddcov In, €l:
€
1 1
ny>—<—<eg.
e n
e 'Eoto x, dppntog xar x, € (0,1). Zto owotnua (0,1) vrhpyer menepacpivog
aplOpog avoy@ymv KAAGUATOV e TOPOVOUAOTH HikpOTEPO 1) {60 Tov 1) (Elvon tar
KAdopata Tov P).

e To x, anéyel amd 10 KovrivoTepo avaywyo KAdopo tov P andostacn J > 0. Etoy,

1
o & Ot Vxe(xy,—0,x,+0) |f(x)£—. (Awvnt av x appnrog
ny

1
| f(x)]= 0| - <eg&,av x pntog Ba £yl mopovopaoty peyolvtepo and n, (£0T®
0

<L<e).
ngy

A) omote | f(x,) |= ‘%

Emopévag Ve >0, apkel va emAlym 10 ny Kol TO 0 TOL TEPLEYPAPNGOV TPV KOt
Bo ekmAnpovtor o opiopds ¢ ovluyiog oto 0, oniadn Ve>0, F6>0:

O<lx—x,l<d=|f(x)<e.

Hepartépw Yoo Y10 TO GOYKEKPIUEYO TOPAIEIYUA:

H f poag delyver axdpa kot to €€1¢:

e Av ma ovvdptnon f eivar ovveyng oe éva onueio x,, dgv éneton O6TL Ba efvan
GULVEYNG GE KATO0, TEPLOYT] TOV X, .
[péypat, av x, dppnroc, n f elvon cuveyng oto X, 0AAL OTOLONTOTE TEPLOYN
0V X, AMOY® TNg mukvotnTag Tov B oto N, O mepiéyet Kot pnTodg 6TovS 0moiong
n f etvar acvveync.

e Mia cvvaptnon 6mwg n f, wropetl va givor cuveyng o€ £vo TUKVO GOUVOAO Ko

AoLVEYNG o€ £va, AALO.

~

[Mpdypot, n f elvar cvveyng otovg appntovg mov eivar moukvol oto N kot

AoLVEYXNG OTOVG PNTOVG TTOL givan emiong wukvoi oto N.
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o Ve>0, 10 0 06V TPOKLMTEL AVAYKACTIKA MG OVOALTIKY] EKQPOCT] GLVAPTNONG
TOV &, 0ALQ UTopovpEe AmA®dG (OTwG amattel Kt 0 opiopog) va eEacpaiilovpe v

OopEn Tov I, OTMS KAVAUE OTNV ATOJEEN.

26. Yrapyer ko @Al covaptnon pe Tig idleg mpovmodEcels pne Ty mponyovpevn
,omi. f:(0,1) >R pe v f aocvveyn o€ kaBe pnto tov (0,1) kot cvveyn o€ kKGO
appnro tov (0,1)

AITANTHXH:

Q¢ yvootoév 1o ovvoro (0,1)NQ sivon apOunopo. Apa ta otoryeio Tov Tibevtan og
pa «1-1» kou «emi» avtiotoiyion pe 1o N . Emopévag ta otoryeio tov , Ba €yovv v

HOPON {p), Pss P35} - Opilo Vv [ g e8Mig:

1
f(x)= Z — . To dBpotoua , avagépetar 6ToVg PLGIKOVG aPBUOVE i Y10 TOVG

pisx

onoiovg ot pntoi o, dev eivan peyaAdTEPOL TOV X .

H f elvon acvveyng oe kaBe pntod p, ool yio Kabe x kot yio Kabe & pe 0<x< p, M

X-pl<d = | f(p,)— f(x) Izzi,( (GpVNOT OPIGHOY TNG GUVEXELNG TG s OTO P YLO

8:_
2" )

Ytovg appirovg tov (0,1) 1 f eivon ovvexig . Hpdypoty, ov Oeopho® ToYOV

1
X, €(0,)\Q koue>0, tote Ine N, pe Z—i<£

i=n+l
Av S =min !l x, —p; | 161€ yra kée x € (0,1) pe | x—x, [< 5 1ox0€1 OTL
I<i<n

0

7= Fx)E Y o<

i=n+l
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5.2. KATAXKEYH MAPAAEITMATQN XYNEXEIAY XYNAPTHXEQN

A. LZYNEXEIX XYNAPTHXEIX XTO IMEAIO OPIEMOY TOYX

o) Kabe molvovopiky cvvaptnon eivon cuveyhig oto N.

B) Kdabe pntn cvvéptnon gival cuvexng 6To TEGI0 OPIGLOV TNG.

v) KdébBe dppnn cvvaptnon elvatl cuveyng oto medio opiGHov TNG.

d) ExBetikn (o), AoyapiBuikn | x| ovvaptnon, nuitovo Guvaptnon GLVHUITOVO,
glvatl cuveyNg 61O T.0., TOVG.

€) AbBpowopa, dSweopd, mnAiko, aAiyefpikd avtiotpoen ovOvBeomn, avtioTpoon,
GLVEYDV GLVAPTNGEWMV, Elval GLVEXEIS CLVOPTNCELS.
Me avtd povo, PTopovLE VO KATOACKELAGOVUE pia eEonpeTikd PLEYAAN oKoyEVELL
GLUVEYDV CLVOPTICEMY OGS KOl 10TOPIKA €lval 01 TPATEG TOL PEAETHONKOV ©C
eppoviopeveg ot @Oom, Omov OAo To  QavOpEve.  (TOVAG(IOTOV  TOV

LoKPOKOGHOV) gtvat “cuveyn” un kPavtikd, un acvveyn.

B. XYNEXEIX KAAAIKEX XYNAPTHZXEIX: Tlapoafétovpe Ho0 GTOLEUDON
KOTOOKELT YloL GLVAPTNON UE VO KAAOOVG (UE TEPIOTOTEPOVG KAVOLUE pio. OOl
EMEKTAC).

¢ Bpiokovue 600 ovveyeic ovvaptoelc f/[a, f] ko g/[f,7]

o YynuotiCovpe v cvvdptnon 4:

h(x) = {f(x), xe [a,ﬂ]} .
g(x), xe(B.7]

e Amoutodue

lim g(0)=/(5) 1)

[Ma va éxer AMoon n (1), dev emdéyovpe T1g f, g Tuyoia, 0ALL GE L0 YEVIKEVUEVT
ToVG popen. Me avtd tov 1pomo 1 e€icmwon (1) oyt povo €xet Aon aArd umopet
va €xel amepio AVGE®V, Ol OMOieC AVTIOTOYYOVV OE OmEPIN TOPOUOEYHATOV
GLVEYMV GLVOPTICEWMV.

f(x)=ax? + fx+y/[0,1]

g(x)=ox? +ex+ C/[1,2]

limg(x)=0+¢e+{, f(D)=a+p+y.

x—1"

IT.y.

Anhodn mpénerkiapkel o +e+{=a+ f+7y.
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Apan f:

f(x):{axz + Bx+ 7y, xe[O,l]}

xr+ex+(a+pf+y-o—¢), xe(l,2]

givou ouveync, oTo medio oplopod ™G Y kébe a, B, 7,9, &, N.

I'. AXYNEXEIX XE IIEIIEPAXMENO ITAHOOX XHMEIQN

e Ex)éyovpe po cvvaptnon movtod cuveyn, éotw f(x)/ A

(x—a)f(x)
e Opilo g:g(x)= x—a x e A\ia} ne a€ d, A sawloua N €voon
K, xX=a

dwomnuatov kot k # f(a). Toten g €xel v 1010 ypagiky Tapdotacn pe v f

HE TV dtopopd OTL Elvar acvveXNS GTO a.

ILy. Av, f(x)=3x/N

3x(x—1)’ 21
g(x)=9 x-1
4, x=1

T0TE N g YemueTpKd, ivon M evbeion y =3x g omoiog o onueio (1, 3) &xet
avoymBel katd pio povdoda.

INo meprocdTEPO onpeio acLVEXELNG KAVOVUE OVALOYT| EpYaCial.

A. XYNEXHX EIIEKTAXH: Eoeocov vrdpyet €va Oplo TG HOPONG

lim 29— R ps x <R, x oo tov msdiov  opiouod mg 0
X=X g(x) g(X)

Ko

Xy & D(i] TOTE €Y CLVEYN EMEKTAOT TNG ! (x) o¢ axorovBwC:
g g

f f
h(x) = E(x), Xe D(EJ '

A, X=X,
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6. OEQPHMATA : BOLZANO-XYNEXEIA XE

KAEIXTO ATAXTHMA- XYNEXEIA KAI MONOTONIA
6.1. OEQPHMA BOLZANO

H ouvdptnon f eiva wouvexrig oto Sidotnpa A=[ap]
He a, B va avrjkouv ato R.

+ +
v v
H suvdptnon f elval yvnolwg ‘ ' | H auvdptnan f efval *1-1"

HovdTovn oto A

1. No amoocietre pe koatdAlnio ovriwopodsiypota 6tTL N wPovm6Oeon g
ovvéyewng ™s f o610 [a,f] oto Bedpnua Bolzano, givar ovor®dng wote va
LG6YVEL TO GOUTEPUGILA TOV.

Yuykekppévo:

(i) Hvrébeon g ovvéyerog g f oto X, € (a, f) amordTOg avaykaia

(ii) Emiongn ocvvéyewo ota dxpa o Ko f.

AIMANTHZXH: H npobnobeon g cvvéyelag e f oto [a, f] eivor ovoidong, 010t
£0Tm KoL o€ éva onueio x, tov [a, f] va un elvon cuvexne 1 £, eivan dSvvatdy va punv
1oYVEL TO cvumEpacpa TG Vapéng piac g f(x) =0 oto [a, f].

-2, av xe€[-10)
(1) 'Eoto f:[-LI]>R wue f(x)=<1, av x=0
2, av xe(0,1]

[Ma v fioyvovv:

e Eivai opiopévn oto kAewotod [—1,1]

o f(=D-f()=(2)(+2)=-4<0

e Eivon acvveyng oto x, =0, apov
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lim f(x)=-2# lim f(x)=+2#1= £(0)
x—=0" x—0"

e Eivar ocvuveyng Vx, €[-1,1]1\ {0} .
Ouwg Axe[-L1]: f(x)=0 g xou n f €& opopov givar 01dpopn TOL
unodevoc yuo kabe x € [—L1].
(1)) o v acvvéyelo ot akpa:

) ) 2, av xe[-L1)
Oewpd TV cvvéptnon g:g(x) = )
-2, oav x=1
[a mv g wydovv:
e FEivai opiopévn oto [—L1]

o D S1)=2-(-2)=-4<0

e Eilvat acvveyng oto x, =1, dom lin} f(x)=2=#-2=f(1)
x—

e Eivaiovveme Vxe[-L1).
Ouwg (emiong € opopov) f(x) =0 Vxe[-11].
AVALOYO avTITOPAOELY Lo LTOPOVLE VO TOPUOEGOVILE KOL Y10L OCVLVEYELD GTO

apLoTEPO AKPO TOL OLULGTNLOTOG.

2. «Av f ovvgyig oto [a,f] pe f(a)<l xkoav f(p)>1, TOTE VRAPYEL
ke(a,p): f(x)=0».

Noa amodery0ei n TpoTaon avt) ogv aAnOever..

AITANTHZXZH: Agv aAnbevet. ' mapdostypa , av [ : [%,%} —N:pe f(x)=x>.

Tote f(%j:%d, f(%jz%ﬂ, oumg 1 eélowon f(X)=0=x* =0 x=0

13
€| —,=
&

3. No amoderyfei 6T1 1 pn woy0g TV vTodicemv Tov O. Bolzano dev onpaiver

ot egicmon f(x) =0 dev &xar pileg oto0 [0, f].

AITANTHXH:
(i) Twmv f:[-1,1] >R pe f(x)=x" &

e [ ovveymgorto [—L1]
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o f(-D-f(1)=1>0 (Agv ekmhnpovton mpovmdheon tov O. Bolzano) kot n
f(x)=0 éyet piCa to 0.
AnAadn, moapdTL dev ekmAnpovTol pio tv mpoimobécewv tov ®.Bolzano, v

001016, M e&lowon f(x) =0 €yxel o pila oto KAeloTd Tedio opiopov g [—L1].

xm,tl, X€E {_2,2}\{0}

(1) Tamv g:g(x)= X T
0, x=0

22
e Eivar cuveyne x e {— —,—} , OLOTL OTELPOGTY EML PPAYUEVT GLVAPTN O, OivEL
T
, . . . 1
ATMEPOCTN Kot ApaL hng g(x)= hng ynu—=g(0)=0)
X! X Z

. g(— %)g(%)z(— Ej(—l)%-lziz>0 Kol M g &Yel dmeipeg piles OTO

T T
, { 2 2}
dwwomua | ——,—|.
T
Aniadn 1o ©. Bolzano eivor o wovny ocvvOnkn yw v Vmapén pog
tovAdyotov pilag g e&icmong f(x) =0 oto dotua [a, f] aAid Oy Kot

avoryKoio.

4. Agitte, 0T av ekmAnpovvtal o vrodioels Tov O. Bolzano, dev onpaivel 611

0a £yo pia povo pila.

AITANTHZXZH: ®a mopabiécovpe mopadelyuato, OTOV EKTANPOVVTIOL Ol GLVONKES TOV

©. Bolzano kat 1 e&iowon f(x) =0 éyet n e I Swakekpéveg pilec (n meptrtdc) omd

10 GOVoA0 A= {0y <o, <oy <..<a,} <N.

Hf f(x)=(x-a)(x-a,)..(x—a,), a>0 opwopévn octo ddommua [a, ] émnov

a <oy Kol a, < f TAnpot tig cvvlnkeg tov O. Bolzano ool

e Eivai opiopévn o10 [a, f] Kot cuveyns 6e oTO MG TOAVWVVLIKT).

o fla)=(a—-o))a—a,)..(a—a,)<0 apod kdbe mapdyovtog ce mapevOeon eivar
apvNTIKOS Kot To TAN00G TV Tapayovimv elval tepitto.

fP=PB-a))B-a,)..(f—-a,)>0 agod 6Lot ot Tapdyovteg ivon Betucot.
‘Etor f(a)- f(B)<O0.

H f(x)=0 éxer n dwxexpyéveg piles a,,a,,...,a, Kot oyl povVo pia.
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To ®. Bolzano eacpaiilel pia rovidyiotov pila.

5. Yrnapyer mapaderypa ocvovoptice®s mOv dgv  WANPOL TS cvuvOnkeg g
vro0écems Tov O. Bolzano, «otov péyroto dvvatod Badpo» eved mapdriinio

AN POL TO CLUTEPAGA, EMIGNG «OTOV NEYLETO SUVATO BaOpo».

AIMANTHZH: «Idaviko» mopdoetypa amroteiel n cuvaptnon tov Dirichlet.

I, av x pntog

fif(x) :{ } optopévn oo [a, f] , pe a, B eN.

0, av x dappnrog

I'V avtv woydet:

o f(@ f(B20 Y a,peN (Anhadin dpvnon mg ouveikng f(a)- ()< 0)

e H foacvveng Vx, ela, f] (Ankadn dev eivar cuveync ovte o€ éva onueio tov
mediov 0plopov G)

Q¢ avtiotoyo «ovumépacuay Exovpe 60Tt N f(x) =0 éyxel anepeg pileg 610 mMEdio

OPIGLOV TNG KOl pdoTa vepaplOpnoipeg!

MdaMota, Ko to medio opiopov pmopet vo Bewpnbel  amepidpiota pikpov mAdTOLG

(nradn f-a<e, Ve>0) yopic va emnpedlovioar avtd TOv 1GYXVOLV YL TNV

GuVApPTNOMN ALTY.

6.2. OEQPHMA ENAIAMEXQN TIMQN

1. Na g€etao0ci av vTapyel cuvapTon Y10 TNV 0TOL0 VO LGYVEL TO CUUTEPUC LA

TOV O£@PNPATOS EVOLAUECOV TIHAV YOPIG 1] CLVAPTION VO Eivar cuvENS.

l-x,av 0<x<1 }

AITANTHZH: Ocopd v A :[-1,1] > Rpue h(x) =
—l-x,av -1<x<0
Tote h((-1,1]) =(=L1], evdo n & acvveyng oto x, =0.

‘Eva. AL0 apketd w0 oOVOETO TOPAOEyHo OOV OUMC TO GUUTEPAGHO LOYVEL GE
060N TOTE KPS OdoTna oL TEPLEYEL To 0 Kot 1 cuvApTNoN OEV ival GLVEXNG GTO

0 etvon to €€NC:

_ nul, x#0
- X
0, x=0

‘Eoct® n ovvaptmon f: f(x) Yoo TV omoia oyvel OtL dev glvan

ovveyns oto 0.
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f(x)=sin(1/x)

T

Apa KGOe mePOopIoUOC ™G [ o€ SUCTNUO TG HOPPNG [— 1gv QIOVJ’ (nel) ba

elvarl emiong acvveyng ovvaptmon. To cvumépacpo Tov OewpPNUATOS EVOIUUECHY

TILADV, 1GYVEL Y10 KAOE TEPLOPIGUO TNG [ OTO AVAOTEP® SOCTHHOTO.

r . T T
Mpéypon, é0t0 £(x,), £(xy) He f(x)# £(xy) kot x,,%, € (— - ,lov].
Tote —1< f(x)) < f(x,) <1 (yopig PAGPN tng yevikomrag). Oa deiw o6t n f,

umopet va AdPet omotadnmote TN k HeTaEL TV (X)), f(x,).

A10Kpive TEPITTOOEIS:
1) Av ta x;,x, €lvor 1| Kot T@ OVO 0£ELG TOV UNOEVOC N Kot To dVO PLoTEPA TOL
1542
undevog, 10te o100 [X),x,] epapudletonr to O.ET apod n f/[x;,x,] eivor
GUVEXTG.
2) Av 100 x;,x, c&ivalr ekotépmbev Tov devoc, tote Oswpd TNV akolovbio
1>%2

1 = , . . e
X, = -0, x, #0 Vk el. Avti, ocodnmote kovtd oto 0, £xel dmelpovg

n

T
KT+ —
2

opovg ™. Anhadn oto ddotnua (—|x, |, +]x, |) mEPLEYOVTOL GmEPOL OpPOL TNG
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K, , 6mov |x, |=min{| x, |,| x, [}. Anhadn x, € (=|x, |,| X0 |) VK =K, dpa war

K2

Yo K = 2k, .

Opog f(x,, )= T]M(ZKOE +%) =1 ko f(x,, ., = np[(bco +1)7z+%} =-1 ot0

dwomnpa A =[x, Xy ]S (=] Xg | Xg = (x1,%,) m f/ 4 givon coveyng ko
apa AapPaver Oreg Tig TIHEG petadd tav f(x,, ) kot f(x,, 1) . Emopéveg kotd

ueiCova Adyo ko petadd tov f(x;) kot f(x,).

3) Av x;, =0 1 x, =0, Beopd 10 ddotpa (avardymg) (0,x,) Kot Tnv akoiovdio

X, = ! Kol epyalopon 0TS TPONYOVUEVAC.
2K+
2
I r A v r ’ 1
Av 10 ddotnua ivor g popeng (x;,0) Bswpd v akolovbia x, =—
T
2K + —

Kol epyalopot opoimg.

2. Na g€etdoete av woyvel 1o avtiotpo@o tov O.E.T. onhadn): «Av ywa v pun
otaBepn [ :[a,f1 >N woyder 61 V., x, €[a,f] M f moipver 6heg Tig
gvowapeceg Tipég petagd tov f(x,), f(x,), Tote M f eivon ovvepg oTo
[a, B]»

Av 0gv 16Y0€l, Vo OWTVTMGETE TPOcOeTn GUVONKY, OGTE VO 16YVEL TO

CVUTEPUOLA.

AITIANTHZXH: H cvvéptnon f:[0,2] - N pe
X, av x pntog ko x €[0,1]
f(x)=9—-x+2, av x adppntog ko x € (1,2]
0, OAAOV
e H f elvan acvveyng Vx €[0,2]\ {1} ko cuveyng oto 1 (H amdodeién avaloyn ue
TPONYOVUEVES OUOELOELS)
e H [ ée péyioro oo f(1)=1 ko erdyoto 1o 0. Aniadn 0< f(x) <1
Vxel0,2].

H f AapPdaver omowdnmote Ty x petald 0 ko 1.
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e Av k dppnrog Ix, eN:xo =K-2, x, appntog, 1 <x, <2( 1<k <2) ko
fO)=—(k-2)+2 =k
o Avipntog, Ix, eNix) =x, x; €(0,1), x, pntogkar f(x))=x.
Mo va woyvel to ovunépacpa, Bo TPEMEL VoL VITAPYEL KAl 1| GLVONKT Yo TO YVNGIwg
HovOTovo NG f .
6.3. XYNEXEIA XE KAEIXTO AIAXTHMA, XYNEXEIA KAI
MONOTONIA

1. No €etacOei av ainbsver n mopokdtom apotacy: «Av f:A > R ovvepg,

TOTEN [ £)€L OMKO PEYIOTO KOl OMKO ELAYLOTO.»

AITANTHZXH: Eivot yevdnc.

Qc ovumopddsiyuo Exw:

f:0,) > Rpe f(x)=x" , sivoan ovveyic oto [0,1) aAld dev &xst péyiomn Tuy ,
agob sup{ f(x):0<x<1}=1«xu A xe[0,1): f(x)=x=1.

Eva devtepo avtimapaderyuo. ival to ENC:

) B 1
NSO .

Mo mv f woydovv

e f(x)<0Vxe(a,p) xarcvveyng oto avto.

o+ p
2

o XmmvbBéon x=

€Y OAMKO péytoto, Sniadn f (a —; b ] > f(x) Vxe(a,p)

e Ilim f(x)=1lim f(x)=—0=1im f(x)= lim f(x)

x—a’ x—a x—p x—=p"
Anodn m f eivon ovveyng oe kdbe onueio tov mediov optopod G, £xEl PEYIOTO,
aALG Ogv €xel EMYI0TO. ZVVETMG M TPOTACT EIvaL WELONG, apoV Bprkape cuvdptnon

EKTTANPOVGA TIG VTOBEGELS TNG TPOTACEMG, AALAL OYL TO CLUTEPAGLEL TNC.

Eva tpito avumopadsiyuo. ivor 1

g:gx)= 8(px/(—72r,72rj 1N omoia:

r 4 r 7Z- 7Z-
e Eivar cuveyng oe ke x € [— E’Ej
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o Agv £yet ovte péyloto ovte  eldyloto, kobmg  lim f(x)=-0 Ko
+
x>
2
lim f(x)=+o0. AnAadn dev givar 00TE AVM, OVTE KAT® OPOYLEVN.
P
2

Na onpewwoovpe, 6TL N wPoTOon givar oinOfc Yo KAEwoTA SoTANATE TNG

nopoNg [a, B].

2. Eivan yvoot) 1 1oy0g ™G TPoTtdoemg: «Av 11 f €ival ocvveg 6TO0 KAELGTO

[a, B], TOTEN f &Y€l £va 0MKO PEYIETO KOL €VO ATOAVTO EAAYLGTO GTO [0, f].»

Noa ociete T €8¢t

1) H va60con g svvéyerog oto x;, € (a, f) eivan amapaitnty Yo TV 1610 TOVL
Osopnpatog

2) H vao0eon g OULVELEWDS OTA (KPO TOL OWOTHHOTOS Eivonl Emiong
amwapaitnTn.

3) No ggeraobsi av woyver 1 avricTpoen TpoTao.

AITANTHZXH:
x+1, av xe[-10)
1) 'Boto f: f(x)= 0 av x=0 .H f &ivar aocvveyng povo oto
x—1 av xe(0,1]
onpeio x, =0, 010t f(0)=0=# lim f(x)=-1#1= lim f(x) ko ©¢ &xovca
x—0* x—0"

LT

TOAVOVLUIKOVS KAGOOVS gfvat
GLVEYNG OTO OLGTNLLOLTAL TTOV
opifovtat avtot.

H f dev éyel ovte péyioto, ovte

eldyoto, Kol YU autd apkovce

aGLVEYELD GE £VOL LOVO OTUEID TOV

ediov 0pIGHOL TNG.

[Ipdypott, To medio TV NG gival

10 (—L1) to omoio wg avolkTo, dev el

UEYIGTO 1 EAG(LOTO.
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2) 'Eotw g:g(x)=x/(-L1). H f ovvemg Vxe(-1Ll) aAld to medio Tudv g

3)

elvar emiong to (—L1) 6mov exel dev £y ovte péyioto, ovte EAdIOTO.

Eniong n g/[-L1) £€xel ehdyioto ahdd Oyt pEYIOTO OMWS KO

HEYIOTO, AAAL OYL EAAYIGTO.

W g/(=L1] é&e

g(X), X e (_131)
Eniong av A(x) =10, x=-1 glvan
0, x=1
LR ®
opwopévn oto [—11] won dev €yel emiong
HUEYIOTO 1 EAG(LOTO.
x+1. x appnroc wor  xe<[0,e]|>T
H owvipmon ¢ ¢(x) = PPITES el ]
X, x pntog ko x€[0,e]

f(e)=1+e & olkd péyioto

f(0)=0

Evo n f elvar acvveyng oe kabe onueio

€Y OAKO eAdYLOTO.

tov [0,e]. Apa dev 1oy OEL TO OVTIGTPOPO. -~

3. Q¢ mopopa TNG TPONYOVPEVIS TTPOTAONS Eivar OTL «AV N f ovve|S 0TO

[a, B], T6tEM [ @paypévy 670 [0, f]».
Noa amodeitete To e€ng:

1) H mpoin60eon TG cVvEYELNG EIVOL TOAVTMS ATAPAITNTI] DGTE VO, IGYVEL TO

CUUTTEPUCLA

2) No e€eraotel av oyl n avticTpopn TpoTAGT).

AITANTHXH:

1)

av xe[-1L1]\{0}

1
H ocuvapmon f:f(x)=1’
o, av x=0

onpeto x, =0 dwtt f(0)=a#—o= lim f(x)#+40 = lim
x—=0"

glvar aocvveyng puovo oto

. H oaovvéyeia

x—=0" X

OUmG povo og éva onpeio tov mediov opiopov NG, apkel MOTE va TNV KOOLoTA

00TE AV® 0VTE KAT® QPayUEVT.
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2) To ovtiotpopo dev 1oyvel, a@od o.x. 1M ovviptnon tov Dirichlet

L av x pntog ko x €[a, f] . . :
fif@)= , gvar  opaypévn,  (apod
0, av x dappntog kol x €la, f]

0< f(x)<1 Vxe€la,pf]) adlrhd eivar acvveyne, oto [a,f].

4. Ioyver n wpétacn: «Avn f €ivorl cvveMs Kot Yvnoimg povotovn 6to [a, f],

ToTE givar “1—1” ko “ent” tov [ f(a), f (L) q [f (), f(a)]».
1) Na omodcicete, 0TL N CUVELELD KOl 1] YVI|OlO. MOVOTOViQ, €ivol amoADTOG
omaPaiTNTEG VTOOEGELS Y10 TNV 16YD TOV GCUUTEPACHATOC.

2) No €€gtacOsi av woyver | avricTpoen TpoTaon.

AITANTHXH:

I, av xe[0,1)]
glva
x, av xe[l,2]

Ho)H f:[0,2] >R ue f(x)z{
® Opopévn oo [0,2]
e Yuveyne Vx €[0,2] 6Tmg EDKOAN OLOMICTMOVETOL
e [Topatnpovpe, 6t n f dev elvar yvnoiog povoétovn , aeov 0<1 ot
fO)=f1)=L.
H f,deveivan “1-1", apov f(0)= f(1)=1xon 01

{x, xe [0,1)} )
BYH g:g(x)= etvan

2x, xe€[l,2]
. Opiopévn oto [0,2]
. Svveymes Vx €[0,2]\ {1}
. Acvveync povo oto x =1
. I'vmoimg avéovsa oto [0,2]

Oupwcn g deveivar “emi” tov [ £(0), f(2)]=[0,4] apov %e [0,4] ouwg dev

vrapyel x €[0,2]: f(x) = % [pdypott, av f(x) = % to1E
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nx= %, amoppintetol apov % #[0,1]
. 3 3 . .3
n 2x= 5 & x= e OTOPPITTETOL APOV 2 ¢ [1,2]

Yvvoyilovtog, @Bdvel éva onuelo acvLVEXEWNS MGTE 1 GLVAPTNON Vo Un
elvan “enl” ko @OAvel emiong 1 amAn povotovia, £TolL MGTE 1| GLVAPTNOT| Vi
unv gtvon “1-17.

X, av xe[0,1)u(2,3]
-x+3, av xe[l,2]

3) Hh:h(x)= { } H & éyet g 1016tmrteg:

e Opileton oto [0,3]

e 'Exeimedio rinov [ £(0), £(3)] =[0,3]

e Eivou “1-1" xou “ent” tov [0,3].

Ouwg n £ dev elvar yvnoimg povotovr), Ommg @aivetol Kol omd TO Sy POLpLLd

mge.

5. Yaapyer cuvaptnon f:R — R @ov ogv eival povotovi Kot 0 TEPLOPIGUOS TG

o€ KAOg avolkTo ovaotnpa (a,f) va pnv gival povotovn;

I, av x é&ppntog

AITANTHZH: Ozopd ™ f: f(x) ={ } mov elvar opopévn

-1, av x pnrtog
oto N. Tote e kabe (a, f) = N vrdpyet pnrdg ko GppnTog Adym TS TUKVOTNTOG TMV
IOV ko Tov appitev oto N. Apa av a< B, tote Ip,,p, €D ko x eN\D:

a<py<x<py < xon (f(p)=-1<f()=1xa f(x)=1> f(py)=-1).

Anlodnn f dev elvan povotovn og ke dtdomua (a, f),

6. Na amoderyfei, 6Tv N avrioTtpoen ocvvdptnon pmog “1-17 ko ovvey ol

GLVUPTIGEMG, OEV EIVUL KAT’ GVAYKI GUVELNS GUVAPTION.

AITANTHXH: Oewpd ™m GuvapTNoN f:10,1)u[2,3] > [0,2] ue

o) = {x, av xe[0,1)

. H f eivon cvoveyne, 510t 6ta dVO VTOJIGTLLATOL
x—1, av xe[23]
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Tov 7edlov OpWopHOL NG elval cuverng Kot OgV VIAPYEL KOWO ©6.6. TV 000
dwoTnUdTOV.
H f eivan “1-17, d10tu
X =X,
S =f(x)= , ,
X =x, - 1= x, —x; =1 amoppinteron apod x, —x; >1

x, —1=x, (opoiwg amoppintetar)
vV x, €[0,]), x, €[2,3].
H f éxe medio tipdv 1o [0,2] ko givon eni o avtd. 3 1 £ :[0,2] >N kou

Vs y€[0.]

-1 _
/ (y)_{y+1, yell2]

} n omolo elvau  acvveyng oto 1,  aeov

M =2#lim /' (y)=1.
y—>1

6.4. KATAXKEYH ITAPAAEITMATATON XTO OEQPHMA BOLZANO:

a) Koatookeon cvvéptmong kot dteotipatog 6to onoio epapudletor to ©. Bolzano.
Apxkei va mapovpe dvo onueia ekatépwbev pag pifog pog eElocwong.
Yrapyovv apketoi tpdmot yi' avto. [apabétovpe Evav KaTOoKELOGTIKA EVKOAO,
HE TV évvola 0Tt TO TapAadetypa pumopet va mapoydet otrypoio amd pviunc.

¢  Koataokevalovpe £vo TOAVMOVLIO 0TO0VONTOTE Padpov apkel 01 GLVTELEGTEG TOV
va €yovv afpoopua 0.

e Avt6 to molvdvopo Exet piCa to 1.

e Apa to ©. Bolzano epapuodleton oto dtdotnua [0, 2] mov mepiéyet o 1, dedopévou
OTL 1] TOAV®VLLUKT GLVAPTNON €LVl GLVEYTC.

ILy. f(x)=3x" —4x? +2x—1 (O tekevtaiog 6poc, T0 — 1, givar avtideto Tov

a0poiclOTOC TV TPONYOVUEVAOV GUVTIEAECTMV TOL £YoLV ANEOel evielmg

Toyoio)
e f()=0 xi\m.
B) Avaroya epyalONOCTE KO Y10l 1) TOAVOVOLIKEG GUVOPTNGELS.
x_ 2
ILy. oV —=—=
4 2
200V — =42 =
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Y)

o)

doov? L =2

4
2o0v? E=1=

4
(K+1)[2GDV2%—IJZOS

200v2 Z 4+ 200v2 L —k —1=0.
4 4
Apa, av Bewpnom v cuvapTNoN
(a=2) f(x)=2kovv x+ 200V x — K — 1/[0,;} .

e ootV Ba epapuoletor To O. Bolzano apod f (%) =0 &K KOTOoKELNG.

Yrbpyovov kot yevikég Bewpntikéc acknoelg oto . Bolzano, o edwkn

TEPIMTOON TOV OTOI®V PUmopel va tibeton og doknon.

ILy. «Av f:[a,f]—>N ocvvexnc oto [a, f] pe f(a)= f(f), vo deifete Ot

f—a
2

vapyovv x,y€la, fl pe |y —x|= kot f(x)=f(y)».

Mia £101k1] TEPIMTOOT TG TOPATAVE® AGKNONG STUTMVETAL MG EENG:

«Av f:[0,]]—> N, cvveyic ue f£(0)= (1), tote vo Seifete 6Tt I x, € {0, %}

f(x0)=f(x0 +%)».

Yrooein: Epappolm ©. Bolzano oy F(x)= f(x)— f (x + %) KAT.

[Na ™ yevikn mepintwon, opoimg Bewpd F(x) = f(x)— f(y) kot ekppalw t0 y
GLVOAPTNGCEL TOV X, EPYALOUEVOS OVOADY®G.
Ewwég mepuntdoelg g yevikng doknongs. ®swpovpe v eElowon

A(x) | B(x) _

+
x—-a x-p

0, (1)

a<pf, x#oa, x#p, Ax),B(x)>0 Vxela,f]. Tote n (1) é&er wa
tovAdyotov pila oto (a, ).
Yrooeiln: Amakeipovpe tovg mapovopaotés omv (1), Bewpovpe KotdAAnin

cuvaptnon f omov epappdlovpe o ©. Bolzano.
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e) Av  f:a,f1-N ovveic kot f(a)- f(B)<0 «am mnel  1ote
A x, €(a,f): f(xy)m+n)=mf(a)+nf(f) (Mw  omoladnmote €10
mePinTOON).

ot) Kdbe moivovopo mepirtov PBabuod pe mpoyloTikovg GLVTEAESTEC €xel pia
TovAdyoTOV TTpayHoTikn pilaL.

) H &ficoon anux—x+ =0 £&xst pio tovAdyotov pia oto [0,a+ f],
(a, f>0).

n) H e&icwon

+ 4o —L—=0 (1)

ue k; >0 Vi=I(l)n, a; npaypatucoi £xer n—1 pilec dtapopetikés petaly tovg.

(Mia &AAn yevikevon tov d) )
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7. OMOIOMOP®H XYNEXEIA

7.1. OPIXMOX , XYNOHKH LIPSCHITZ KAI OMOIOMOP®H XYNEXEIA

1. No 800zi mapaderypa cvvapticeov: [/ AN kav f/B <N mov va givar
Ko1 01 00 ouvveyEic.
H f o710 A vo. givon opotdopop@a cuveyng kot 610 B va pn givar.

Na €€nynfei yuati ovppaiver avté ko va 600l amdd€IEn TG P1| OROLOHOPPNS

OLVEYELOG,

AITANTHZXH:
o Oopd ™mVv [ f(x)=x>/[-a,a] (a>0) 1 onoin eivor TPOPAVAOS GLVEXAG GTO
[—a,a]. Exo:
| f)=fHx* =y Hx=-pllx+y|<2a|x-y] (1)
‘Etol, Ve >0, Bewpd 0 = 2i (to 0 e€aptdrar povo amd 1o €) Yo To omoio Exw:
a
|[x—ylko=
|x—y|< N
4 2a

20 x—ylke= (1)
| f()-f) e,
miadnqn f/[—a,a] eivor kKot opoldpopeo GuveYNC.

o Oopd tdpa ™V [ f(x)=x*/N,n onoia eivar cvveync. o deiéw Ot dev eivan
opotopopea cuveyne. Ilpodta opweg Bao ddcovpe o ERynon Yo v advvopio
amOSEENG TNE OLOOLOPPNC GLVEKELS 6TO N.

[Tponyovpévag katoinéape omv (1) ekpetadievopevol 10 0TI N TOPACTOON
| x+y| eivon gpoypévn oto [—a,a]. Zto N dpmg n mapdotacn | x+ y | dev eivat
QPAYUEVY. ZUVERMDC, 660 KPS KL ov emAéEovpe TO 0 (OMAadn TV Oapopd
|x—y]|) emedn 10 |x+y| umopel va yivel ocoonmote peydro, TOTE KO M

[x+y|-|x=yl= f(x)— f(¥)| pnopel va Eemepdoel omolovonmote aptOuod.

Atvovpe tdpa TNV amdOEEN TNG U1 OLOIOLOPPNG CLUVEXELNS AVGTNPAL:
Oa deiém, OTL Yo dedopévo € (m.y. € =2) dev vrdpyel o >0 TOV va IKAVOTOLEL TOV

0PIGLLO TNG OLOLOLLOPONG GuVEKELag V x € N.
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H an6deitn Ba yivel pe anaywyn oe dtomno.
‘Eotm 011
30>0:|x-ylkdo=]f(x)-f(¥)I<2 (2)

H (2) woy0et yio 10 6 kou yio kdbe pikpotepd tov Betikd, dpo ko yio 0 <6 <.

Exiéyo x =0, y=9+%.T(’)ra

[x—ylEO0<o=[f(0)-fIk2=
2
92—(9+1j
6

1
0 -0 -2

<2=

<2=

1 ,
— < 0 dromo.

~

2. Na 600¢i mapaderypo ovvaptioewg f pe nedio opropov 1o N mov va givan

OMLOLOOPPU GUVEYNG.

ATTANTHZH: H 1 f(x) =nur /N eivar opodpopoa suveyng oto N. TIpdyport,

<2

=yl x|
W=

X — X —
I —Mwy [=2np———=— owv 4 = x—y|

2 2
(2)
Apa Av £>0, emdéyow d=¢, ondte |x—yKo=>|qur—nwl<e, kot dpa n f
O]

elval OpotOPOPPO GLVEXTG .

Hopatypnon: To medio opopov pag cvvdptnong, mailer Kaboplotikd poAo otnVv

opotopopen cuvéyel: Ty M f R >R pe f(x)=x dgv givor opotdpopeo GUVEXNG,
evo av v mepopiocm yuoo f:[0,2] >R ,n f/[0,2] eivor opotdpopea cuvems.

3. Na 600¢i mapaderypo oovaptnong f opiopévng oe avoytod kor Qpoypévo

owaoTNRAO, 1] 0TOle VO uNV Eival OPOLOHOPPO. GUVEYNS

ATANTHEIH: f: f(x) =" /(0,1)
X
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log TPOIIOX:
‘Eotow £¢=1>0. Oa deiEm 0Tl Yoo TOV GUYKEKPIUEVO &, Oev LILApYeL 0 >0 doTE va

ekmAnpovtat o opopog V x, y € (0,1).
Endéyo x=0€(0,]) ko y= g €(0,]). To 0 pmopet va eivar ocodnmoTtE LUKPO,

BeTicd Kot pukpdtepo tov € (0 <o <¢). Tote

|x—y|=‘5—§‘=§<6:>|f(x)—f<y)|=%—§‘=§>g:1.

H (1) woybder Vo >0.
Apan f dev eivol opotOpopea GLVEXNGS.
20¢ TPOIIOZ: ®Oa 0eiémw 10 Un OUOOHOPPO TNG CLYKAIONG HE TNV GPVNCN TOL

aKoAovOiakol optoLoD.

, . 1 1 , ,
Oewpd akorovbieg x, =— kot y, = Y Yo TIG omoieg 1oy vEL
n n+

lim(xn—yn)zlim(l— ! ]zlim L
n n+l n(n+1)

VO

| f ()= f)FEn=n+1)=150.

Enopévogn f(x)= 1 / (0,1) dev ivor opoldOLOPPO GLVEYNG.
X

4. No dg1y0¢i, 6TL TO YIVOpEVO 0VO OHOLONOPPO. GUVEMDV GUVUPTI|GEMY , OEV

glvan Kot~ avayKnyv opotopop@a GLveEXNS GuVAPTIGY.

ATIIANTHXH: Eoto f(x)=x/N, g(x)= f(x).
H f eivow opotdpopea cvveyng, oot Vx,y € R givan

S =fW=lx=y[<[x=y] (1)
H (1) givon pia ouvOnkm Lipschitz yio k=1 , omdte 1 f cuykAivel opodpopoea.
'H pe dhdo tpomo (pe Bdon tov opiopd) £xom :

Av >0, 10te 3 d=¢, ®oTE OV |X-y|<d ﬁ | f(x)— f(y)|< & xoun [, ouykhivel

OLLOLOLLOPYQL.
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H (f-2)(x)=x? opoc ( PA. €¢. 1 100 TopdvToc KepoAaiov) dev eivar opotdpopea
GLVEXNG.
Muw cuvOnkn Kav mov TPETEL VoL EKTANPOVTOL Yol VoL €lval Kot To yvouevo 600

GLUVAPTICEDV OUOLOLOPPO. GLVEXNG CLVAPTN O, eivat ot f, g va elvatl payuéveg.

5. Na 000¢i mapadsrypa 6ov 1 / oporépop@o. cvveyng arlid 1 % va punv givon

ONLOLOHOPPE GUVEYNG.

ATTIANTHZH: H f(x)=x/N givoar opotdpopeo cuveynis, opmg 1 (%} (x)= 1 / R’

X

dev givar opotopopea cuveyng ( PA. €¢. 3 Tov Tapdvtog KEPoAiov)

6. Eivor yvo1é 011 «AV pio cuvaptioen wkoavomoiei pio covOnkn Lipschitz,
gival opolopopPa cuvEYNS».

No amwodery0ei 0TL dev 161 0EL TO AVTIOTPOPO TS AVOTEPM TPOTOOG.

AITANTHXH: H f:[0,2] > Rpe f(x)= Jx eivor ouveyng Kot emedn opiletol og
KAEOTO ddotnpa , Ba elvar Kot OLOOLOPPO GUVEYNG.

‘Eoctm 611n f mAnpoi ko ™ ovvOrkn Lipschitz. Tote, Ix >0

|f(X)—f(y)|SK'|X—y|, anye[oaz] (1)

I[Na y=0, andé mv (1) &o ot
IVx =0 |<k|x -0
|Vx|<k|x|, Vxe[02]=

Vx|

— <k, Vxe(0,2]

| x|

1

—<k, V xe(0,2]. 2
NP (2)

Ouwc lim L:+oo,8n7»oc8f] Ve>0 (dpaxory e=x) 30>0

x—0" \/;

xe(0,5)3L>K. 3)

7
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H (3) ovviotd avtigaon og oxéon pe v (2) mov vrobécapie Tt 1oyveL.
Emopévog dev vmapyet x mov va mAnpoi v (2) oniadn n f dev mAnpol kopio
ovvOnkn Lipschitz.

7. No. amwoderyBei 6T vapyer cvveng KoL @paypévn ovvaptnon, n omoio o&v

givar opoopop@a cvveync.

AITANTHZH: Oeopd mv f:N—N pe 7(x)=ovv(x?). Eivor cuvexig og ouvleon
TOV GUVEYDV GUVAPTICEDV GUVX Kal X7,

Emiong sivor gpaypévn agod —1<ouv(x?) <1, VxeN. Oa deifom o1t dev eivan
OLOIOLLOPPO. GUVEYTC.

Oewpd 115 okorovdieg x, = Jnr Y, =A/(n+Dx . Tote

—y, =z = J(n+ Dz = T 50
X, =V, Jnm (n+hm i (n+1)7t_)

VO

=2-50.

_ _{Il—(—l)lz2 }
|f(xn)—f(y'1)|—|GUVn7T_GUV(n+1)7T|—

|—1-(+1)|=2

Emopévaocmn f dev givarl opotdpoppa cuveync.

7.2. KATAXKEYH ITAPAAEITMATQN XTIX OMOIOMOP®A XYNEXEIX
XYNAPTHXEIX :

a) Kdabe cuveyng cuvdptmon f oto [a, ] eival kot opotdpopea cuveyng o€ avto.

B) Av f:[0,+0) >R ocvveyne ko f:[a,+0) >R pe o>0 sivoar opodpopea
oLVEYNGS , TOTE 1 f €lvar opowdpopea cuveyng oto [0,+0) .

v) KdébBe ocvvdptmon f mov kavomotel pioo cuvOnkm tov Lipschitz eivon opotdpopea

GLVEYTG.
d) Kdabe cvuveyng ovvdptnon ce avolktd 1 NUOVOIKTO Kot @PoyUEVO O1doTno, yio
TV omoia LLAPYOVY T OPLAL GTA AKPOA TOL OLOGTIHOTOG KOl EIVOL TEMEPATUEVAL,

glvol OpOLOLOPPA GLVEYNC.
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g) Kdabe meprodwn xor ovveyng ovvaptnon f:R—> R, givor kot opodpopea
GLVEYTG.

ot) Av f, g ouolduOpPPO CLVEYELS, TOTE

(1) S + g opoopopea covexig,

(i1) f og opowdpopea cuveyng pe v emmAéov mpodmodbeon va eivon
ppaypéveg ol f, g

(i) H %, glvatl opodpopeo cuveYNS, epodcov | f(x)|> 6, V xe D(f) yw

Kamoto 6>0.
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8. MAPAI'QI'OX XYNAPTHXHX

8.1. OPIXMOX THX ITAPAT'QI'OY:

1.Eivan yvooto ané v podnpoatikn prproypaeia, , 6TL 1 mopdyomyos , opileTal

cg onpueio x, €vOg OLAGTNNOTOC A 6TO 0TT0i0 TO X, £ival 6.G.

Yndpyer opog aplOpnoipo odvoro (oni. Oyl olGGTNNHE) , OTOS KOl KUTAAANAQ
opropévn covaptnon f, oto omoio umopel va opreBel mapdywyog (ne Tov idw0

TPOTO) o€ £vo GNPEID TOV X, .

AITANTHZXZH: Ta onueio oto omoio opiletatl n mapdywyoc, B Tpénel vVIOYPEMTIKA
va glval 6.6. T0V D( f ) , OAA®G Ogv €xel vomuo o 0plo pécm tov omoiov opiletar n
TOPAY®YOG.

‘Evo tétoto mopadetypa ivor to e€ng:

f:4A—>Npe f(x)zx

onov A :{l ne I'}U{O}.

n

Movadiko 6.6. tov 4 givan to 0, yio To omoio:
i L) SO A)=0
x50 x—=0 vt X, vboo X vt

Apa £(0)=1.

o Ermouévwg, n ovvilng vontikn ovamopaotach- TpoTtomo yio. THY
TOPOYOYICLUOTNTO. WG THS AETOC YpOoUUNS, o€ KA ONUELIO THS OTOLOG UTOPEL VO,
vraplel epomrouévn evbeia, oev Exel epapuoyn eow. Befoiwg, avth n
TPOTOTOLNUEVY] EVVOILQ, THS TTOPOAYDYOD , EYEL VO, KAVEL LOVO UE TNV 10LOITEPOTHTO,
TOV EOIOD OPIGUOD THS CVVAPTHONG KO OV EYEL UOONUOTIKN EQOpUOYN 1] GALO
EVOLAPEPOV.

o Na mapatnpnoovue oxouo oty f eivair coveyns aro A.

2. Na d00gi mapadsrypa ovvaptnong, n omoia vo opiletan oto N ko va

nopaymyileton o€ £va povo onpeio.

AIIANTHZH: Opilovpe f:N— N pe
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f(x):{o, av X pnTog }

x?,  avxappnroc
Ba deiEovpe 10 mapaywyioco oto 0.
f (O) =0 (o0 eivon pntdc).

[Ipénel va vdpyet to

i L), (1)

x>0 X

i Sx)=7(0)
-0

x—0 X

Oewpod x, axorovdia pntav, pe x, > 0 kauwx, #0, Vnel, tote

Oewp® ¥, oaxorovdia dppntov, ue y, >0 kary, #0, Vne I, 1618

2
1im—f(y")=1imﬁ= lim », =0.

V—>+00 yn V—>+00 yn V40

Enopévmg, 6tav avtod oydet Yo kaOe axorlovbio pntodv kot yio Kabe axolovdio

appntov, T0te Oa 1oyvet Kot yio onowadnmote akorovbio (BAéne B5.1.11&12).

Apa, 1imf(x)—f'(0)=0.

x>0 X
H f dev givan mapaywyicyn mtovbevd aAlod, a@od av ftav Bo NTov Kot GLUVENNS EKEL,

oAl propel va amoderyOel (BA.BS.1.10 &15), 6t 1 f efvan cvveyng povo oto x, =0,

OOV TLYOUVEL VOl EIVOIL KO TOPAY @Y IGUUN.

3. Na d00¢i mapaderypa ovvaptnong, n omoia va opilerar oto N, va givan

ovveNGS 6€ £vo. HOVO GNUELD TNG KOL VO, NV Topay®YileTal ¢  auTo.

o 0, :
ATIANTHEH: /:N - N pe f(x):{ HYAPITOS }

X, v XappnTog
INo va etvar ) f mapayoyiown oto 0, Oo mpénet yua kdOe axorovbia x, — 0, va

VRLAPYEL TO |im —f (x” )_ g(O)

V—>+00 X, =

KOl VoL EYEL LOVAOTKT) TUUN.

Ouwg, av x, axorovdia pntav, pe v, 10T€ [im

votoo X V40 Xn
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Av épwcg y, axolovdio appfitev, pe y, = 0 ket y, #0, Vne I, 1618

tim 20 i 2 = 11,

V—>+0 yn V—>-+00 yn V—>+00
Apa dev vapyel mopdywyog oto 0
Emiong, movBevd aAlov dev vdpyel mapdywyos, apov av VInpye Kamov, 0o émpene
ekel va fjtav cvveyng n f, Tpdypa atopo, agov 1 f éyovpe dei&et ( ) 6t gtvan

AoLVEYNG TOVTOV ANV ToL 0.

4. Na d00¢i mapaderypa oovdptnong n omoia:

e Na givor Tavtov cvveyns oto N.

e No wapayoyiletor o€ éva povo onueio Tov N.

ATTANTHXIH: Yrmdpyst ouvvépmon maviod ovveyis oto N kot movdevd
mopayoyioyun . Mia té€tota eival 1o 16T0p1Kd avimapddstypo Tov Weierstrass.
‘Ecto ¢ 1 cuvaptnon avth tov Weierstrass 1 orotadnmote GAAN pe v 101 oo,
(TovTov cuveENS Kol ToLBEVA TapayYioUN)
Ocwpd pa véo ovuvapmon f:N— N pe f (x) =Xx- go(x). H f eivon cvveyng, og
YWOLEVO GUVEYMV.
Eyo:

£ O LSO

x—0 x-=0 x—0 X x—0

(Aoym acvveyeiag g ¢ oto 0).
Oa delEw 0T N f Tapaywyileton pévo oto 0.

"Boto x, e N- {O} Tore:

f(xo "'h)_f(xo) (xo + h)§0(x0 + h)_xo§0(xo)

o . _
/ Olim == lim b

- {xo ol th)=glv) o h)} = lim 2t o) |,

h—0 h h—0 h

Onwg, o lim L

(x, + h}? ~olx,) dev vmhpyet.

Emopévg kot 1o f (xo) dev LVTLAPYEL.

5. Na amoogiete 6TL v pio covaptnon givor coveyng o€ £va onueio g, ogv

EMETOL KOT® avayKnv 0TL €ival Kol Tapay®yiciun 6to onpeio avto.
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AIIANTHZH: Yrdapyet oovaptnon f:N— N pe f (x) = |x

oto N, épa kot oto x, =0, aArd 6mog Oa deifovpe, dev etvar mapaywyiown x, = 0.

ovx=0
[pdypott f Kol
x, avx<0
0 +h -
lim ) —lim—=lim=1=11<0u
h>0" h 0" h0"
0+h -h-0
lim fO0+1)- f()—lim—=lim=(—1)=—1-
h0 h >0~ h h0

Anhady, f; =1#—1= £;(0), dnhadh dev vrdpyst n mapdywyog oo 0.

6. 'Evac govtntic woyvpileton 0T £vog 16000VOH0G OPLOUROG TG TOPAYADYOV GE

onpeio x; Tov TEdiov opropod g £, eivar 1 (x,)=lim Sl + h)2_hf (v, —#) .
h—0

Mmopeite vo TOV S10\WEVOETE;

AITANTHXZH: ®twpd 1t ouvvaptnon f (x)=|x

, M omoio Omwg €yovpe oOei&et
(mponyobpevn epappoyn) oev Exel mapdywyo oto onueio x, =0.
YOppova Opmg pe tov tebévia opiopo:

r0em)-ro-n)_ . -FH_ L aeln) o

o — im > =0.
75(0) hllj(])n+ o m h1%0+ 2h hlg(l)f{ 2h
, f)=fCn) A=A (=) 0
o i S 1Eh) e A2 0.
fa(0)= Jim =02 Tim S = Him S Tim

Anhadn, 0 «vEOG opLopog» deiyvel vapén Tapaydyov oto 0, Tpdypo EGPAAUEVO.
2XOAIO: ZmVv Tpaypoatikdtnto, 0 «VE0S» 0TOG OPIoUOG, OPIlel TNV GUUUETPIKN
nopayoyo ot 0éon xp. Otov vmdpyer n (Kavovikn) mapdymyog oty Béon xo,
GUUTIMTEL LE TNV GUUUETPIKY] TOPAYDYO, EVO OTOV VITAPYEL | GUUUETPLKT] TOPAYDYOS
(61w¢ 6T0 TAPASELY A LOC) OEV CUUTITTEL VITOYPEWTIKA LE TNV TAPAYDYO.

Mmnopet vo amodetybel, OTL Yo TNV GUUUETPIKN TOPAY®YO, EPOGOV LITAPYOLV Kol Ot
fo:(xo): f(;(xo)= oY 0EL OTL f xo [f xo +fa (xo)] (1)

Avto onpaiver, 6t otav 3 £ (x,), tote £ (x,)= f;(x,)= f (x,) xon om6 (1) éxo
fo(x)= 1" (xo)-
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Av opog f, (x0)¢ 1 (xo), 101e dev opiletal M mopdymyos Tov Xy, aAAG opileton M
f. (xo), N omoio OVCLOOTIKA &ivor 1 péom T oplotepns Kot 0e€ldg mapaydyov

(epdoov vILdpyoLvV).

7. Na amodery0ei, 6T €ivar SvvaTOV VO VTAPYEL GOPUUETPIKT] TOPAYMYOS GE G UELD

X9 oG ouvapTnong f, Yopic va vadapyovv ol TALVPIKES Tapdymyol 6To Xy.

ATITANTHZH: Ozwpovye ™ ovvapmon f :N— N pe

)= {x nwx, x# o}

0, x=0

£(0)=1lim = lim—f =lim =lim

A 2h o 2h s 2h Ao

Anhady 3£, (0)=0.
Avvmapyern f'(0), 6o mpénet va vapyet To Opto:
h 1 -0
fO+m)-s0)_ . "™

T Ty Ty

I"a 1o tehevtaio Opwg 6p1o, yvopilovue (BAéne B.4.1.3a) 611 dev vdpyel, apov ovTe
T OUEUTAELP®G Opta 6T0 0 VILAPYOVV, ONAAST OEV VTLAPYOVY Ol TAEVPIKES TAPAYWYOL.

8. Na amoderyOei, 6TL €ivar dvvaTév va vVIapyeL 1 TOPAYOYOS TS GLVAPTIONG
ftg oto onueio xy, YOPIS VO VTAPYEL AVAYKAGTIKA 1] TAPAYOYOS TOV fKOL ¢ 6TO

X0.

1 1
AITANTHXZH: Ocopd Vv f(x)= ; x#0 , Ko g(x)= X x#0
0, )C:O 0) x:0

Tote ( f+ g)(x): 0 VxeNka n f+g oc otafepn eivar mopayoyioun oto 0 kot
(f+g)(0)=0.

1
_ mp—-0
., ' 0+h 0 1
Opwg, 1 (0) lim SO+ 1 )= lim —2—= lim H— =+
h—0 h h—>0 o h

Anhadn n Tapdotoon f (0) ¢ N, 8ev mopayayiletoi n f o0 0.

Opoimg detyveton 6Tt Kat yro TNV g dev vrdpyetl Tapdymyog oto 0.
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Noa onpelmdei, 6tL 1 un dmapén tov Topaydyov tev f, g ot 0éon 0, efacpaiiletal
Kol amd TV avaykoio (0AAG pn wovy cuvOnkn) g cvveyElns TV f Ko g , 6to 0 Tov

dev ekmAnpovTal.

9. No amoocyOei n mponyoduevyy wPOTOGN KOL Yl TO Yivopevo fg ov0

GUVUPTIGEMV.

ATIANTHEH: @copd mv £ (x) =[x kar g(x)=—|x].

2o onpeio x, = 0 dev vApyEL TAPAYWYOS 0VTE YL TNV £, OVTE YO TNV g, OAAG
(f-g)x)=|x-(=]x))=—|x* =»*, 0 ¥xeR,n onoia givor rapayoyioyn Vx e N ko
(7-g)(0)=0.

Xy0Mo: Me Tig 181G GUVOPTNGELS f, g UTOP® VO OMOJEIE® Kot TV PO YOV LEVN

TpOTAOT).

10. Av n f'g mapayoyioyun oto a ko 1 f wopayoyicwun 610 a, Tote B0 givar kKo
g mapoyoyicwun 610 a; No dwrvnmBovv 6ol —TvYOv-TpdcBeToL TEPLOpPIGNOL

yperaiovror YU auto.

AITANTHZH: 'Eyo:

(/- gla+h)-(f-gla) _ flath)-gla+h)-f(a) gla)
h h

o+ h)gla+h)-gla)]+gla+h)[fla+h)-fla)] _
h

(a+h)— (a)
flasn) 5228
gla+h)-g(a)

h

(go+h)-(feka) _flath)=rla)
gla+h)-gla) _ h h i 2)
h fla+h) '

[Ma va vtapyet 1o 6p1o tov o’ pédovg kabag 7 — 0, Ba mpémel va vdpyet kot tov

(D

Emi\vovrog v (1) og mpog Aoppave

péAovg, amd O6mov pe Pdaon v Vmapén ( f- g)’ (a), f '(a), eotveTon OTL amouteiton

HOvVo lim f(a+h)= f(a)=0, Yo va éxet vonpa aptbpov.
h—0

Mpoypat, av f(x)=0 VxeNxa g(x)=x, e (f-g)x)=0 xa £'(0)

(f-2)(0)=0, evod g'(0)omepiletan.
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11. Ioyber n wpoéTOON: «AV f TOPpAyOYicU 6T0 o KO [ (a);t 0TtoTe | f | givan
TAPAYOYIGLUN GTO a».

Na amodcilete 6T 1| vTO0gon [ (a) # 0 0gv pmopel va o pain@oei.

AITANTHZH: Av f (x): x, 10te M f mopoaywyileton oto 0 ko f '(O): 1. Ouwg n

|£1(x)8ev mopaywyietan 610 0, agob £ (0)=-1=1= £;(0).

12. Ioyvel | mpétaon: «Av f, g mapaywyiclpueg 6to a kKo | (a);t g(a), TOTE O1
OULVUPTIGELS max( f, g), min( f, g) givar Tapaywyiowpes 610 a».
Na omodcitete 6TL 1 vw6Ogon | (a);t g(a) givorl amolMTOG amapaiTnT) Y10 VO

LGYVEL TO CUUTEPOGLAL.

AITANTHZH: Av f(x)=x, g(x)=xr(')rg max(f,g)=|x , N omoia oto a=0 dgv

napoywyiletat, ooy f (O) = g(O) =0.

Opwg Kot ywoe v min(f,g)= x|

13. Ioyber 1 wpétacy: «Eoto D dudotypa, D N, f:D — Nyweiog povétovy
Kol ovveyng ovvaptnon oto D. Av nn  f  sivmn mopayoyiowun oto
x, €D, f'(xo);t 0, t6te 1n ovrictpoen ovvaptnon [ :f(D)—) N givan
mopaymyiowun oto y, = f (xo)

B 1 B 1
) )

No €€nyn0si pe katdrAinio avriwopadsrypo, yoti n vwolson [ '(xo);t 0 eivan

KOl 1oy 0L ( ! ) () ».

OTOPAITITN KO 0OVGLAOG, DGTE VO VITAPYEL 1| ( ! ) ( f (x0 )) .

AITIANTHZH: Ecto f: R—R pue f(x) =x.
H f eltvar yymolog avéovca kot cuveyng cuvdptnon cto R .

Hf elvan mapaywyiown oto x, = 0xon f (0) =0.
OpiCetar n f': R—>R, n omoio eivon kot ovty yvnoiog ovéovoo Kot

f—l (x) :x1/3.
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-1 -1
. Yo+n-ro 13 ) 1
Ouog iy (0+1) O i 2 = m ——t®
h—0+ h h—>0+ " B0+ h—0+h

Ko

I () o (O Y N o AU = S N
im = lm —= lm —— lm ——F—7= lim ——(F7—5—
h—0- h h—>0- " ns0- 1 pso- R-h) po0- (=AY

Anhadi, 3£ )(0).

14. Av 670 ypaonuo piog covapTnong vrapyel QontTopevn o KGOe onpueio tov,

TOTE 1N GUVAPTN O Eivan TOPAYOYICIUY TAVTOV;

AITANTHXZH: Oyt wévta. Evoéyetor va vapyet 1 epoantopevn evbeion 6 KAmolo
ONUELD TOV YPAPNLOTOG LG GLVAPTNONG, OAAGL GTO GNUEID EKEIVO VAL UNV LIAPYEL M
Topdywyog, 010t dev givorl Tpaypatikdg aplBuog ko givort +oo 1 -0 1 0Pk TN TOL
AOyoL peTafoAng TG cuVAPTNONG G AVTO TO GNUETD.

Av f:[040] > N pe f(x)= x| tote

i L0 10) V=30

1 , ,
=1; =1; =400 KOl M gvlsio x=0 K\ion +oo mov
h—0 h lhlg)l h hlg)l 3 n? N (n L

BpAKoUE EPATTETOL TOV SLOYPAUUATOC TG f (x): x 610 onueio (0,0) eig To omoio
dev Bewpeitor mapaywyioyn (1 dweopiotun), 0AAd ©C £(0VCO «KOT® EKOOYNV»

TaPay®Yo to +oo.

15. Na Bpe0si suvaptnon opropévyy oto N, 11 omoia va givon TavtoH cuverig ka1

omoia va &yel arepa (aprOpnopa) onueia 6to omoia va pny wapoyoyiletor.

AITANTHZH: Muw tétola cvvaptmon nom €&yovpe  opicet oto A.7.2 ,mv

Mﬂ=—5+{z—%}

o€ amMOALTO KOL GLVAPTNOT OEKAOIKOV UEPOVG, Umopel TEPIGGOTEPO GLUPATIKE Vo

Mo 110G HOpONG KOt GYNOTOS GLVAPTNOT , XOPIG TPOSELYN

optofei g eéig: f:N - N pe

{— x+2n, xe [2n — 1,2n]} <
flx)= neU.
x—2n, xe€ (2n,2n + 1]
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H f ywo n=0, £l

ToPAYOYIGUN,

ouvapTnon»).

YXOAIO: H éa

KOTOOKELNG €VOG

TETOL0V
napodelyLaTog
Boaciletanr  otnv

ommg  eoaivertal

Kot

+2... givar acvveyng, evo yuoo x=0,+1, £2,..

ogv givai

0TO0 TOPOKAT®  SAypappe  («TPlovemT

072 03%

KOTOOKELT]  L1OG

KOTAAANANG

03

0.36

07z

1.08 1.44

218

252

2.88 324 3B 396 432 468 50

ouvapmnong oe éva ddotnua [o,B] v omoia enekteivovpe ®g mePLodikt oto R.

16. Na Bpebei cvvaptnon opropévn 610 [0,1], N omoia va givol TaAvVTOO oLVENS

Kov 1 omoio vo &yer amepoa  (ap@pfolpe) onueio ote omoio vo  pnyv

napoyoyileTal.

AITANTHZXH: 'Hon oto A. 4.2 €yope KOTAGKELAGEL dVO TETON TOPAdELYLATA.

Bo KaTaoKeLAGOLUE Kal Eva Tpito Mia tétote cuvaptnon eivor Kot n

f(x)

4x —

2n—1

2n—2

0,

1 3
’ X € 2n+1’2n+2
7]
’ X e 127 An
2" 2
x=0

nel.
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05

0.4

03

0.z

01

¥

[ 01 0z 03 04 05 06

Na onpelwdet, 6TL TPOTA £YIVE 1 KOTOGKELT] YPOPIKA TNG CLVAPTNONG KOl KATOTLY
Bpédnke n avaAivtikn e Ekppact. H AekTiKY| Ye®pUETpIKN TEPLYPAPIKT KATOGKELN
NG GLVAPTNONG ATOTEAEL ATOOEKTO TPOTO EKPPAONG EVOG AVTUTAPOOELYLLATOG YEVIKAL,
{omg OyL evteA®g TANPOVGS, AALL OTOOEKTO.

H f elvat ocvuveyng oe kéBe kKAAd0, apod kdbe KAAdOS TG eival Tolvdvopo o’ Badpov.

Eniong, yo x = €xo 1oec TIHEG 6TOVE 0V0 KAAOOLG Atd OOV GLVAYETOL KOL ™)

n+2

ovvéyela o€ kabe onueio g (ovcactikd axorovdiag) x, =

n+2

nel .

E&etdlm topa v mopaymylsiudta g f o€ onpeio g Hopeng

(3 S 3
fa(2n+2j—4¢—4—fa(2vﬁ]-

Anhaon, oto onueio

2n+2 ’

n f dev mapaywyileTon Kot (TpoPovmg) eival Amelpa 6To

2n+2

mAN00¢ Kot apOunoiua.

17. No Bpe0ei cvvaptnon, n omoio va gival opiopévn 6€ €va 0G0ONTOTE PIKPO
owaoTnpa, TavToY cLVENS KoL va £YEL dmelpa onueia (apldunoipa) 6to omoia va

v Topayoyiletat.

AITANTHZH: Xtmv mponyoduevn ocvvdptnon, av Beowpicw meplopicpd g, yuo n

OPKOVVTMG LEYAAO, UTOP® VOl EMLTHY® O1AGTNLLO OPIGHOD, {Ozin} 0GOONTOTE KPO.

241




[TéA Ba éyo amepa onpeio ota omoia dev Ba mapaywyiletal n>n,, OMOL ny

2n+2

TO OPKOVVIMG UEYOAO 71y TOL EMITLUYYOVEL TO OGOONTOTE HIKPOL TAATOLG OAGTN LA

1
optouov | 0, .
pioy [2}

18. Yrnapyer ovvdaptnon, mov givar acvveyng, 0ALL givorl TOVTOV TOPAYOYIicLUN

£0TM KO PE «KOT EKOOYNV» TUPay®YO;

AIMANTHZH: Acvveync Kot Tovtol mopayyiciun 0ev vIdpyeL, O10TL OV VINPYE, MG
napoywyicun o fTav Kot Tovto GUVEXNGS.

2TpéPovpe £TG1L TNV TPOCOYN HOG STV VTAPEN 0GVVEYODS GLVAPTHCEMG GE GNUELD Xy,
070 07010 OLLMG VTLAPYEL KAT® EKOOYNV TAPAYMYOG,.

Mua té€tolo cuvdptnon ivat N GLVAPTNON «KTPOGTLON»:

1, avx>0
f:N—>KNpe f(x)=50, avx=0
x, avx<0

H f elvar cvveyng movtov, ektdg amod 10 xp=0 6mov Tapovctdlel AGVVEYELD, OPOD

lim f(x)=1%=1=lim f(x)# /(0)=0.

x—>0"

Opnog
, 0+n)-f(0 -1-0
fa=limf( +h)- 1 )=lim—=+00
x>0~ h h—0" h
, 0+h)- 110 1-0
A el b ()P el USOY
x—0" h h>0" h

Anhadn, f '(0)=+oo («kaT’ eKOOYNV» TOPAYOYICIUN) Kot TpoQavade N &lvan

nopoyoyiown kot Vx e N — {O}

19. Na d00ci mapaderypa ovvaptnon f:N — Nzmov sivar mapayoyiciun (ko
apa ovveyng), 0Ahd €ival TEVTOD TOEPAYOYIGIUN £6TM KOL NE «KOT® EKOOYNV»

napaymyo.

1

2

AITANTHZH: Osopod v f:N — Npue f(x): x .77,“;,
0, x=0

xz0

Av x#0, tote
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f'(x):2x~77yl+x2 -az)vl(—izj: f'(x)=2x~77yl—cwvl.
x x \ x x x

Av x=0, 101¢

1
x'nqu——0
f(x)_f(0)=lim ~ =limx"7/‘%=0'

x—>U0 x—0 x—0 x—0 x>0

(Qg ywopevo anelpootng emi epaypévn).

2x l—avvl xz0
Apa> f (X): nlux x’
0 x=0

E&etdlovpe v ovvéyxewn g f (x) oto 0. Eivar f '(0):0. YUVEnmG, av etvar
ovoveyng oto 0, Oa mpémer yoo kdbe pndevikr axorovbic x, — 0 (xn ;tO), n

axorovdio 1 (x,)— 0.

Av Béom x, =L—>O ko x, #0, Vnel.
2nn

Tote 2xn11,uL—ava = Z-L-n,u?_nn—avann :L-O—l =-1->-1.
2mn T

n n

Apo, n f dev etvar ovveyng oto 0. Emi mAéov, av Oécw x, = — 0 kot

2rn+%

T T
. 2nn+— |—ovv| 2an +— | =
”’“‘( 2] ( 2]

- o1 1
x, #0, Vne l 161 2x, nu——ovv—=2-
X

n n

2rn+%

Apa, eKTOC TOL 6TL N f dev sivon ovveync oto 0, dev Vapyst Kav 10 [im | (x)

x—0
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H ok given 1) f kon 1) wpéown n f

20. Na omodery0si 611 eivan dvvarév lim / (x)= lim f (x)eN ka3 f'(x,).

XX XX,
0 0

X, Xe [0,2)

ATTANTHZH: Osopd v f:N* — Npe f(x):{ } KoL x, =2.
x=2, xe[2,+oo)
Otav x # 2, 16161 f'(x)=1.

[Ipopavds, [im f '(x)= lim f '(x)=1 , EVO OTO 2 €M OCLVEXELWL KOl TPOPUVAS
x—2* x—>27

3/(2)

Eniong,
7.(2)= lim fQen)-f@)_ L 24h-2-2) 24 lim(g+lj=—oo+l=—oo
h—0" h h—2" h >0~ h h—0"
: 2+h)-f(2 2+h)-2-(2-2 . h
P29 ST Y ST NN
h—0" h h—0" h =0t~ h

Enouévag, agod £, (2)# f, énetanom B £(2).
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2XOAIO: To ocvykekpipuévo mopdaderypo pog oivel £va Kot Hovadikd Xy 6To omoio va

ekmAnpovvTal ot GuvBfkec TG expdvnonc.  Av Psopice v g:N— Npe

g(x)=x—[x], e av ke U, g(lc)=0, 1img'(x): 1img'(x):1, EVO

x—KT P
g5 (K):lKou g, (K)Z—OO. ‘Exo omAadn|, amepio onueiov mov exkmAnpovv Tig

GULVOTNKEG TIG EKQMVIGEMG,.

21. No amoodgyBei 6TL givor dvvatdv va vaapyer n f '(xO)Km VO Py vIapyEL

lim f (%) .

X—>X(

1

2

ATIANTHEH: Av éyo f(x)=4" "W *#0L
0, x=0

Tote n f elvanl cuveyng ko mapayoyioyn tavrov. Emiong:

1 1
f(x)= Zmp LoV #0 (Br.€9. 19 mapdvTog Kepaiaiov)

0 x=0

‘Eyovue deite 6t 3 lim f (x), evéd £'(0)=0.

x—0

22. Na 60000v Tpio mapadeiypato ovvapticewy f, g, h, yw TS omoieg va
vapyovv ov f, g, h 6To mEdio opLopot TG EKTOC amd £va enpeio x, (6 To id10
o T f, g, h) Yo 1o omoio:

(@) H ny f '(xo) ogv opiletar, alrd vaapyel ovveNS EMEKTAGT TG

£ (x) 670 X9 KO Gpar TEMKBS M [ (x,) Vo opileTan.

(i) H mwpq g’(xo) ogv opileton, oAhd vmapyer pio KotT’ KOOV
TAPAY®YOS 6TO g(xo).

(i) HTyq 4 (x,) dev opileton, arhd dev vrapyer o lim 4 (x).

X—>X(

AITANTHXH:
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(i) f(x)=+/x-mux /[0, 7]

Avx;to’fv(x):npx+xcvvx_\/nux+ \/; .GDV)C.

2Wxoovx  24x Jynue 2

To f ( ) dev €xel vonuo amd TV Lopen NG f aMa

X oowx
Jim f (x hm{ ,/n”x }
x—0 x—0
X ovvx _ 1
lim +11m1/ \/_ \/_
x—>0 x—0

TOVEn®G (CUUPOVO, KOL LLE GYETIKT TPOTAGN) N f; (O) vrdpyel Kat i.oovton pe 1.

(ii) g(x) = vx /[0,+0]

, 1 ,
Avx#0, g (x) =—— Kol g (0) dev €xel vomua Tpaypatikov aptfpoo.

2x

Ouwe, limg (x) = 400 , ONA0OY VILAPYEL M| KAT® EKOOYNV TOPEY®DYOG GTO
x—0

x° ! x#0
(iii) A(x)=4" Wy .
0, x=0
"Onwg deibape oty epappoyn 19 tov mapdvtog keparaiov , N 4 etvar

nopayayicyn oto N, dpwg o6to 0 dev opiletar to h'(O), EVD TO 1imh'(x) dgv
x—0

VIapyEL.

23. No d00ei mopaderypa ovvdpTnons, yww TNV omoic. vo vrapyer To

lim f (x) eN, evéd va pnv vapyer lim f ' (x)

X—>+00 X—>+00

N
X

ATIANTHEH: Ocoph v f(x)=

1
lNomv f, é&o: lim R _ lim —- lim Mix? =0, O YWOUEVO AmEPOGTAS

x—=+0 X x—>+0 X x—+40

(«undevikne») emi @paypuévn cuvapTnoN.

2 a2 2
f'(x):cmvx 2x-x—1-mu X ool -

2 2
X X
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. ' T
Otwpd x, =+/27n — +0 Ko x = 27m+5 — 400,

Tore:

2
£(x,)=200w2 -0 _2.1_0=252.

Xn

2

£ )=o) =MW oL 1
4 X 2an+ 7 2an+ 7%

Apa B lim f'(x).

X—>+0

f(x)

24. To ypaonua po cuvapTnong €ivol amOAVTOG «AElo», Ogv £)el «OKIOESH,
oeiec, op0Bsg N apPireieg yovieg, ev0Vypappeg | KOPTVAOYPOPNES, EVO 0€ KAOE
onueio tov, vmapyer eeomropévn evleio. Opmg m ovvaptnon oev &ivol

napayoyicwun! IHog propel avtd va givar Suvatov;

AIIANTHZH: H ovvépmon f:N - Npe f (x) =x’ , efvan mavtod mopayoyion.
To ypaenua ™¢ emopévmg, eivol movtod «Aeio» KOl LIAPYEL TOVTOD EPOTTOUEVN
gvbeioa.

To GUUUETPIKO TOVL YPAPNUATOS ®C TPog TNV evbeio ¥y =x, ©¢ yvootov eivol

1
avtiotpogn cvvaptnon [ (x) = x* (Bewpodpe 6T T0 X TaipVEL Kot OpYNTIKEG TIHES,

3\/;, av xZO}

Mg opiGoope £ (x) = {_ Yx, av x<0
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To ypaonua g ', MOy GOUUETPIOG, §XEL TIC I01EC YEMUETPIKEC 11OTNTEC IE TO
Ypagpnuo TG f.

0+h)— f(0 Jh -0 1
Opog, 1y LSO Vh-0_
h—0 h h—0 h h—)O%/h_z

=400 .

Anhadn, 1 f7 Sev eivon mapoyoyioym oto onueio x, =0. (Bivoar povo «xat’

ekdoyNv» Tapaywyion).

22 198 176 154 132 -1 R 0 E E 022 044 0EBE 088 11 132 154 176 198 22

25. 'Evag @outn TG, EMKAAOVUEVOS TO TTPONYOVUEVO TAPAOELYNA, EYEL TN YVOUN,
0TL M| évvoln TG TOPAYDYOL €ival «aveTOPKAS optopévipy. loyvpileran 6T B0
npéner vo Ppedel évag TpoOmog, dote Yo KAOE cuvaptnon (0m®S Ko Yo TNV
[ (x)= Vx ) va vdpyer n évvolr TG TOPAYDYOVL 6 KGOE onpueio TG, €Gv Kol
povo £av vapyer epontopevn gvbeio og avté TO onueio ™. loyvpileto, 0T pe
aVTé TOV TPOTO KAAOTTOVPE TNV TAPUAYOYIGCIUOTNTA TG f (x)=3\/; og KG0¢
onueio ™G, TPAYRO OV EPYETOL GE GMOAVTI] GUUOOVIO PE TV YEOUETPIKN
emontteia Kot TNV aicOnon Tov «heiov» YpaPpoTog

Yrapyer aviimapdderypo mov va KAOVICEL TNV GT] KOl TOVG 1GY(VPLGROVS TOV

gortnT;

248




ATIIANTHIH: Avumopédetypo.  pmopsi  vo sivee n f:N—>N  pe

f(x):\/H:{\/\/_%’ xZO}

x<0

>10 onueio 0 vrdpyel LOVASIKY] EQPOTTOUEVT] TOL OLOYPAUUOTOS THG CLVAPTNONG O
aEovog vy’ kabog £, (0)=—o0, £(5) = +oo.

Ed® ot vmhpyet povadiky
evbeio epamtopévn (He TV €K
deClov kol €€ aploTEPOV
évvola), OAAG dev €yo Kot
oVdéva TPOTO «ela
cuvaptnony, aeov oto 0 &ym
pe  évoon 600  olovel
CKEPUTOELOMV YOVIOWY.
[Mopdymyo oto 0 dev €yovpe,
TPAYUO TOV GLUP®VEL pE TNV
emomteion kot avtifaivel otnv
10éa ™m¢ LOVOOTKNG
ePamTopéVNG evbeiog.

A&ilel va onuewmBel, 6T1 6to 0 dev VITAPYEL 0VTE KKOT  EKIOYNVH» TOPAY®YOC, 0poD Ol
ek 0V Kol €€ 0plOTEPMY OPOKES TIHEG TNG TOPAYADYOVL €lval +00 KOl — o0
OVTIGTOlY®G.

26. «Av f'(x)=0 Vxe Ac N, 1éte f(x)=C Vxe Anr.

Na amodery0sei  avotépm tpétacn edv givar aindg, 1] €v evavtia TEPTTOGEL VO,

000¢l KaTdAAnAo avTITOPAOELY AL

AITANTHZH: Agv givan aAnfnc. Q¢ avtimapdadstypo Oempovpe ™ ocvvéptnon

1, =xe {a, ot ﬂj
f (x) = 2 a # [, omoia dev elvan otabepn.
) i [a +p ﬁj

Opnawc, f'(x):O VxeA:{a,a;ﬁjU(a;ﬁ,ﬂ}Kmn f/ A dev givon otabepn].

H mpotaon oyver 6tav 10 A eivor Slotnua Kot 1 f ouvexns, omoTe UTOpel va
epappoodei o @.M.T. yio TNV amoddeln.
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27. Ynapyer ovvaptnon, tg omoiog 1 mopdymyos, punoeviletor og dmepa

onueia Tov dSwwotiparog (0,1).

xm,tz, x#0
X
0, x=0

AIIANTHZH: Oswpd ™ cvvipmon f(x)=

—— |, xkel.
k+1 &

1 1 1 1
f{ j n—— = b+ =——-0=0.

. Oewpd 10 d1doTNHA

x+1 :K-i-l.

H f eivau ovveyng oto {%,l} KOl T TOpay®Yiclun oto (—,lj Apa
k+1

epapudletor to ®.Rolle. ‘Etot, vmdpyet x, € ( ! . ,lj : f’(xk ) =0.
k+1 k

, . 11 = . . ,
Eneon 1o Swotpota 1 ,kel eglvonr dmepo kot EEva petacd TOLG,
k+1 K

VILAPYOVV Amelpes Kat apdunoueg pileg e f '(x) =0 oto (0,1).
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9. OEQPHMA ROLLE & MEXHY TIMHX

9.1.0EQPHMA ROLLE

1. To Oedpnpa Rolle &xer og €€nc: «Av 1 f ovvems oto [oc, ﬁ] Kol Topay@yioyun
oo (o, f) kou f(a)= f(B), T6te I éva TovhdpoTOV & € (00, B), DDoTE f(E)=0.

No amwod€ilete pe p1on KOTAAMA®V OVTITOPAOELYRATOV , 6TL 01 VITOOEGES TOV

©® . Rolle givan amapaitntes 1o va 1oyvEL TO ovpTépacpa Tov Bewprpartoc.

Yuykekppévo:
(i) H vt60gon g ovvéyerog eivar amapaitnt.
(ii) H vt60gomn TG ovvE ELOG 6€ KAEIGTO dLdoTnpa Elval amapaitnTy).
(iii) H ovuvéyerwo npémer va givar o€ KAeloTo drdotnno [a, S ] Ko 01 o€
wastnpa (a,p) 1 [o p).
(iv) H nopayoyioypotnra 6to (a, S )aival amapaitnTn.

) H ocovOnkn [ (a) =f (,B )sival amwapaitnTn.
(vi)  OvovvOnikes Tov O.Rolle givon tkavég yra va woydeL T0 cvpmépacpa ,

OALG O KoL aVOYKaiES.

AITANTHZXZH:
(1) To ocvunépacpo tov O. Rolle dev wyder av Ix, €[, f], ®ote N f va eivor
acvveyns 610 ¥, . [ mapddetypo yo tnv ovvaptmon f:[-1,1] >R pe
)= {— X241, avxe[-11]- {0}}
0, ovx=0
1GYVOLV:
e Fivar aocvveyng oto 0 ko
suvegig oto [-1,1]-1{0}.
. )= s0)=0
e FEivat  mopoyoyioiun  o10
[-11]-{o}.

Anhaon, TAnpodvtal OAeg o1 cLVONKEG

tov ©. Rolle, mAinv g acvvéyelog oe

éva Kot povadtkd onpeio.
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‘Etol dpog, B x, € [— 1,1] o f '(xo ) =0, 3101t av vwoBécovpe OTL VANPYE TETOO X ,
Oo emaAnBeve v e&lowon f '(xo): 0=2x,=0=x, =0, dromo, dd61™ oT0
x, =0 etvar acvveyng, dpa oto 0 dev eivan Topaywyicun.
. x*, avxe(0,1
(H f(x) :{ 2, avxe Eo,lg}
e Agv gival ovuveyng 6to KAEIGTO ? °
[0.1].

e Eivau  mopoyoyiowyn 61O

avolKTo (O,l) .

o Ioyver £(0)=f(1)=2.

AMG, Bx, e(01): f(x,)=0. Aomt
av vanpye €100 Xy , Oa énpene va eivarx, =0, Opwg oto 0 dev eivan cuveyng,

Gpo oL Kot Topay@yiGuun.

(i) Av f(x)= {xz’ re (O’l]} 101E i

1, x=0
e H f acvvegmg oto 0, dpa ko pn
TOPOYOYIGIU.

« f0)=rQ)=1.
e H f mopayoyicyun oto (O,l).

AMG, Ax,€(01) pe f'(x,)=0, 8161t uévo 1o 0 Bo,
umopovoe v €xel ovTn TNV 100TTO. Kot 610 0 Ogv
mopaywyiletor.

av vnpye T€T010 Xy , Oa Empene va givorx, =0, oumg

010 0 dev givan cuveyng, dpa Oyl Kot Topaywyioiun.

Av f(x)= {xz’ e [1’2)} tote )

1, x=2

e H f oaovveme oto 2, kol Guveyng mavton
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0AAOV.

e H f eivon mapaywyioun oto (1,2).
o f)=r@)=1.

Opwg, B x, € (0,1) L f (xo ) = 0,01011 av vnpye Kamoro, Oa NTav to 0 kat 0 ¢ (1,2).
(iv) H mopayoyiopoémro oto (a, S ) elvan o
amopoitnT.

Av f:[-2,2] >R pe f(x) =| x| tote
e H f eiva ovveyng oto [-2,2].
e f(2)=21(-2).
e H f dev eivon mapaywyioun pévo oto 0€[-2,2].

2

Opog, 3 x,e(-2,2) : f(x)=0, (516m av Dnoescsovue R p—,
KOTOANYOUUE GE (TOTO).
(v) H ovvOnkn f (a) =f (,B ) glvar omapaitn .

Av f(x)=x*/[1,2], vote

o H f sivarovveyngoro [1,2].

e H [ elvon mopaywyioyun oto

(L2).
o J)=124=7(2).

Opwg, Bx,e(12): £ (x,)=0, 3161 Oa

émpeme 2x, =0=x, =0¢(1,2).
(vi) Ot ovvOnkeg Tov O.Rolle givar tkavég aAdd Oyt avaykaies. Bo dOGOLUE

Tapadetypa 0mov dev ekmAnpovTol Kappioo cuvinkn tov ©.Rolle, opmc

3 xe(a,B) @ f(x)=0.

—x?+1, xe{—l—j
Oeopod v f:[-1,1] > Rpue f(x): 2

1 1
xX——, xe|—,1
2 {2 }
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e H f eivon opiopévn oto [— 1,1].

e H f Odev eivan cuveyng oto [— 1,1],

, 1, .
apov 61O X, = 5 £Y® aoLVEYELO.

e H f, ocun ovveyng oto x, =% dgv

glvar  ovte  mopaywyiowun  Gto

(-11).

Opwg, 3 x,=0 e(-L1) : £ (0)=0.

9.2. TO OEQPHMA MEXHX TIMHX

1. To ©.M.T. gipon pia yevikevon tov O.Rolle ko dSwotvnoveror g e&g:

«Av 1M f ocvvgyng oto [a, ,B] KOl Topaymyiociu) oto (a, ,B), T0TE  VAAPYEL

Tovrdyetov éva & e(a,f) - f (&)= 1B)-1la) ».

f—a
Na o€ilete pe yp1on avTITaPUdELYRATOV TO TAPIKATM:
(i) H ovvéyewn givar amapaitnt.
(ii) H mopoyoyiolpdéTnTe 670 OVOIKTO O1AGTI O Eivol oTapaiTnTn.
(iii)Or ovvOkeg Tov O.M.T. givar IkavEG, alha Oyl avayKaieg Yo TO

CVUTTEPOCLAL.

AITANTHXZH: Mmnopovpe va mopobécovpe to TPONYOOUEVO TOPAOELYLOTO TOV
©.Rolle, yw 7o (1), (i1), (ii1) oAAE Ko Ba vToBEGOVpE YeVIKA OTL f (oc) = f (ﬁ )

(i) H ovvéyewa givor  amapaitnty

1
—x? 43, ~12]-4=
x°+ xe[ ] {2}

2, X =

/lx)= |
2

1
e H f dev elvar cuveyng oto [— 1,2], doTL 610 X, = 5 dev gtvar cuveyng.
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-2¢, =-1¢, =5 dtomo, a@ov

1
& 7&5, (Yt ovtd OtV KOTOOKELT
TOV napodeiypato Oéoape

aGLVEYXEWN OTO & = 5

(ii) H mapayoyioipdétnte 670 0vOIKTO dtacTnpa givor omapaitntn. A.y.

—2x2+§, xe[—l,lj
3 3 2
1

2 > 5 L
3(x 3) 3 x—{2,2}

4 1
NE T
f(x)— %(;’—3), x_(%zzj dev

gtvon mopoayoyioun oto x, =0, dpa

fx)=

KOl GTO (— 1,2).

Mo mv f, dev woyvet 1o ©.M.T.
[Ipaypat,
f@)-r1)_—1-2__

2-(-1) 2+1
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H &&icoon f'(é_,‘): -1, av anmotioovpe ¢ € (— 1,—%) , Olvel —%éf =—1=¢ :%
, . 1
amoppintetor 010t & ¢ (— 1— Ej )

Av aroutcovpe & € (— 1,2), ToTE f'(f)= -1 :%(5 - 3)= -1= 4(5 - 3)= -3=

1
45—12:—3:45:9z>§:%>2, apo 5%(—1,—5]
Enopévacg, 8 ¢ mov va wavomnotel 1o cupnépacua tov @.M.T. yuo v f.

(iii)Or ovvOnkeg Tov O.M.T. gival kavég, adrhd 01 avaykaieg Yo vo 16yveEL TO
CUUTTEPUOLA.

Oewpovpe TNV f TOL TPOTYOLUEVOL TOPASELYLLOTOS, OPIGUEVT] GTO [— 1,3] ¢ €ENG:

—zx2+§, xe{—l,lj
3 3 2

ue

£=2.375

Agv gtvar cuveyng [— 1,3], a@ov dev glvar

1
GLVEYNG OTO X, = 5 Enopévmg, dev

glvol o0Te Tapaywyicun 6to (— 1,3).
Tap’ Oha owtd, vapyst &€ e(—1,3): f(&)= SB)-/1) = —% _

[pdaypar,
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5 5 1
==, omoppinteton S0t — & | —1,—
- $=3 pp 2 ( 2}

£~2375, dexrd, domé e ng

Anhodn, 3 &~ 2,375 e(%,f&) : f’(f):_g.
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10. MONOTONIA XYNAPTHXHX

10.1. OPIXMOX , MEAETH MONOTONOY

1. Mmopovv 0600 ocuvaptioelg pe 0w avoAlvTikn £KQpaocn vo £(ovv

OLLPOPETIKO €100 HOVOTOVINGSS

AITANTHZXH: Eivot dvvatov, edv opiloviot 6€ SLopOopETIKE GUVOAQL.
I[ly.n f :(O,+oo) >N pe f (x) =x” sivan yvnoing avéovoa,

evomn g :(O,—oo) —>N pe g(x) =x" givar yvnoing pdivovsa.

2. Na BpeOei pa pn povotovny cuvaptinon, n omoia 6peg va givar povotovn

€ VTTOGVVOAQ TOV TEHIOV TOV OPIGHOV TNG.

AITANTHXZH: Mo tétoun cuvéptnon eival avt mov £€xel 10 TOPOKAT®

YpaenuoL:

fa.6]> N
fe ] ywnoiag adéovou
f/[By] ywolwg gbivovoom f pm povitovn,
f[r.6] ywnolag avgovou

To avotépm mapddstypo eivar amoAdTOS amodektd. Av Opmg Béhovue
KOl TNV OVOAVTIKY €kepact TG [, 0o Tpénel vo KAVOLUE Hio TOAVMVULIKY

mopeUPorn oe aplOuNTIKEG TYES KATAAANAES vTOC TOLAG IGTOV TpLrtoPafiov

7

TOAVOVOLOV.
[Na mopaderypa av 0=0, p=1, y=3, 0=4, 161¢ i )
Bétovtag f (0) =0,f (1) =2,

f(3)=0,f(4)=3, unopd va Ppo éva 4x4

YPOUUKO cVOTNUA, TO OToio Vo EMAVCE® 2




Katd o YVOoTd, mov givol opwg ypovofoépo. To f (0)= 0 diver 3x3 aAld kot
O £Y® PEYOAO GUGTNLLOL.

O¢tovtag ot Béon tov f, 0 tomkd pEyoTO OMMG @OiveTOl GTO
yphonua, pe ™ Pondeia g Bewpia mapaydywv Oa tpénet f (ﬂ) =0,f (5) =0

1 oxdpa f [?j =0 (onueio Kopumng) Kot £T61 Vo, TOPOKAUY® TOVG TOAAOVG

ayVAOGTOVS KOl TO ¥POVOPOPOV NG AVCEMC.
Axoua mo gdkoAo elval oty Béon TV dwoTUdTOV povoToviag Vo
TapeUPAAL® gvOVYpOU TUNHOTO, TPAYILO TOV DTOAOYIGTIKG £Vl OKOUO 71O

GUVTOUO, OAAG OV £Y® GLUVEYN CLVAPTNOT (TTOL €0 OUMG, OV YPELALETAL).

3. Na Bpe0si pia pn povétovn cuvaprion, 1 omoia va opiletar oto N ka

Y0 TNV 0T0ia VO Uy vadpyel S1deTHe 6T0 0T0i0 va. eivarl povotovn.

AITANTHXH: H ovvapmon tov Dirichlet dJwbéter T mopomave
npovmobéaels.

o I, avxpnto
S N—>N Kouf(x):{ PITEOS }

0, avxdappnrog
Agyv glvan povotovn, oot

f(x1 ) = f(xz ) =1, v X3, x, pnrot
f(x)=1> f(x,)=0, avx, pnrés, x, dppnrog
)=0<1=f(x,). avx appnrég, x, pnrog|”
fl)=0=f(x;),  avxx, apprrot
Av Beowpriom Tov mEPLOPIGUO TG [ o€ omotodnmote ddotnua A Kot

X, X, € A, 1018 Ovapeco oTO X, X, LEAPYOLV AmEPOL pnTol KOl AmMEPOL

dppmnrot kat opoimg dev eivar povatov.

4. Na Bpelsei ovvaptnon, g omoiag 1 povotovia vo pn pmopel va pehetn0si
pe Tig pediddovg TOVG GTEPOSTIKOD AOYIGHOV, GALG PHOVO PE KAOGOIKI)

AkyeBpa.

AITANTHZH: Eivar n cvvéptnon tov Dirichlet, 1 omoia givor acvveyng oe

Kkd0e onpeio Tov mEdiov opitopov TS Kat (Gpa) LN TAPUY®YIGIUN, TOVTOV.

259




5. Av pia ocvvaptnoen eivoar povotovn 610 mEGI0 OPLOoPOV TNG, TOTE —MG
YVOOTOV- 00 g€ivar povotovn Kol 6g KGOE VTOGUVOL0 TOV TEGIOV OPLGUOV
™. Na amoderyBei 6T1 av givar povétovn 6g vmoovvora tov IL.O. NG, d8v

émeton 6T givan kon povotovn oto I1.O. g .

AITANTHZXZH: Ztv €9.2 tov mopdvtog Ke@aAaiov, £x® cuvapTnoT HovoTovn

KATO OlGTNHATO, ALY LN LOVOTOVN GTO TTEdI0 OPIGLOY THG.

6. «Av pio ovvaptnon f civar yvnoeiog avéovoo oto ddetTnpoe A, D( f )
Ko yVoilog avdovoa emiong oto dwdotnpe A, C D( f ) pe A NA, =9,
tote B0 givan yvnoiong avéovoa karoto A=A UA,».

Na amodery0ei  avotépo npétaon av eivarl aindic 1 va 000si katdriinio

OVTUTAPAOEYLa, av Eivar YELOT|C.

AITANTHZH: Eivou ywevdnc.
Ay ZT0 TOpaKAT® GYNU £X® TO YPAPN U (o GuvapTnons f, 1 omoia
Etvon yvnoimng avéovoa cto [0,1].
Eivar yvnoing avéovoa oto [2,3].
AMG m f Ogv elvanr povotovn oto
[0.1]U[23] agov o Aéyog yia Tov
omoio 1 f dev givan yvnoimg avéovoa
glva OtL VTAPYOVV T.Y.
1,23 A pe
1<2<3 o f(1)=1>0= f(2)
ko f(2)=0><3=f(3)

— XPNGOTOMWGALE TNV GPVNOT TOV

opwopod g yvnoiowg  adEovcog
g1 ) R S ND 055  L

GLVAPTNOTNC.
— [Ma va woydel 1o copmépaca g TPOTOCNS GE OTOLONTOTE EVAOOT

000 SCTNUATOV (OVOIKTMV 1 KAEIOTMV) B0 TPEMEL TPOPAVAOG:

Av A, =(a,p) 1 o g0 [0 ) 1 (o, ]
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ko A, =(7,0) % [r.0]4 [.0) 0 (6],
101€ [im f(x)< lim f(x).

x—>p" x—a
— Avdloya 1oybovv Yyl cuvlptnon oe dlactiuate Omov gival yvnolog

eBivovoa.

7. Eivol yvooe1é 6TL woyver n wpétacn:«Av f:A—> R moapayoyicwun pe
f (x) >0 VxeA ,16ten f eivan yvnoiog av&ovoa 6to A».

Noa amodeifete pe KOTAAMAO OVTITAPAOELYPA, OTL OEV LGYVEL 1] AVTIGTPOOT

npoTacT).

AITIANTHXH: Ocopod v f:R—>R pe f (x): x’ m omoio givon yvnoiog

avéovoa , opog £ (0)=0.

8. Na BpeBei cuvaptnon, n omoia va givan yvinoiog avéovca oto N ko n

omoio. vo. £yxev amepa onueion oto omoio. va pnoeviletor n PO

Tapay®yos Tne.

ATIANTHZIH: O@sopd wmv  f:N—>N pe ot
f (x) =x+nux. H f elvar yynolog adEovaoa.
20

Opaocg f (x) =1+ ovvx Kkt 1m  e&lowon

f(x)=0=ovvx=-1<(x=Q2x+)7, KeZ).

Anhaodn, €y Amelpeg oplOUNOIUES THES Yo TIC

omoiec [ (x) =0, evod 1 f etvar yvnoing avéovoa. ol

9. Yrapyer ovvaptnen f pe @( f ) =R - {0} oV givol cuveyfic Kot 1

omoio 6¢ KAGOE drdoTNNO TOV TTEPLEXEL TO Xy, 0GOONTOTE MIKPO, OEV Eivan

povotovn.

o - 1
AITANTHZH: Eivarny f/:N" > N kow. f(x)=nu—, x,=0
x

IV avtv €yo:

)k

o Elvar cuveyng oto A( f ) =N".
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3 £(0).

f'(x)<0<:>cuvl>0<:>
x

(1)

f'(x)>0<:>cmvl<0<:>
X

2)

[
[

2K7r—z<l<2mr+£j<:>
by

2K7r+£<l<2mr+3—7t]<:> !

X

T
2K — —

f(x)

-2 -5 -1
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AT (1) xou (2) €yo 6t Yo KatéAnio peydro k€ U to Swotipoto
omov f'(x)>0 % f'(x)<0 yivovtiar 660 Béhovpe oTevd. Andadn yevikdtepa,
otav xk — too 1o dwwoTHHoTO povoTtoviag oTeveDOLV ameplopiota. Me dida
Aoy, yopw amd o 0, 1 £, dev dratnpet otabepd mpoonpo. Amd avovoa yiveton
eBivovoa (Kot avTioTpOP®S) 6€ TOAD «UKPA» OLOGTILOTA TOV TEVOLV va £x0VV
mAdtog 0.

Apa: Agv vapyovv daotipoto yopw and 1o 0, 6nov n f va givor povotovn.

10.2. KATAXKEYH ITAPAAEII'MATQN MONOTONQN
YXYNAPTHXEQN

A. MONOTONEX XYNAPTHXEIX

1. Avn f eivor povotovn, 10te M f +a (a € N) etvan povatovn pe to 610
€ldo¢ povotoviag.
2. Avn f elvar povotovn, tote M a- f (a € N) elvar povotovn pe to 1610

eldog povotoviag av a > 0kar povotovn pe avtifeto €idog povotoviag av

0<0.
3. Avn f #0 og dlompua 4 datnpel otabepd Tpoonuo, 1 f povdtovn, n%

€xel avtifeto €idoc povotoviog.

Ee

Av [ povotovn Kot VIApYEL 4/ f , TOTE €xel kol avt TO 1010 €idOC
povotoviag.

5. Av f povotovn, toten [ éxet:

(1) To 1010 €ido¢ povotoviag av f > 0.
(i1) To avtifBetog €idoc av [ <O0.
6. Av f,g ocvvaptioelg pe kowd medio opiopod A, TOTE:

(f avéovoa kat g avEovon) = f+g avEovoa
(f oBivovoa ko g @bBivovoa) = f+g pbivovca
(f av&ovoa kot g yv. av&ovoa) = f+g avEovoa

(f eblvovoa kar g yv. pBivovoa) = f+g ebivovoa
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7. Av f,g 600 cuvaptioelg pe kovo medio oplopod A, f(x)>0 Vxe d.
kol g(x)>0 VxeAd,tote:

(f av&ovoa, g avovoa ) = fg avéovoa

(f pBivovca, g pbivovca ) = fg pbivovca

(f av&ovoa, g yv. adbéovoa ) = fg avéovca

(f pBivovca, g yv. pbivovoa ) = fg pbivovca

8. Av f ,g Vo ocvvaptioelg Kot yio Tig onoieg opiletar 1 oOvOeon Tovg
fog 1018

(f avéovoa ko g avéovoa) = fog avEovoa

(f av&ovoa ko g pOivovsa) = fog ebivovca

(f pbivovca kot g avéovoa ) = fog @bivovca

(f pbivovca kot g pBivovca) = fog avovca

AxolovbBeitar dnAadn kot aviioTolyioy O KOVOVOG TMV TPOCHU®V GTOV

TOALOTAQCIAGILO TPAYLOTIK®Y , OTOV «oEOVCH» TO «+» Kot OOV  «@Bivovco»

TO «-».
9. AV o cuvaptnon stvor yvnoing povotovn kat eni, Tote vdpystn £ pe

10 1010 €idog povotoviog.

B. MH MONOTONEZX

1. Kd&Be dptio cuvdptnon, dev givat yvnoimg povotovn.
2. Ka0e meprodwm suvaptnon, dev eivar yvnoing povotovn.
I'. MONOTONIA KAI PIZEX

1. Av 1 f yvnolog povétovn oto 4, toéte M f (x) =0 &yel o moAD pia pila

o010 A.
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2. Ta ypagnpata po yvnoing adéovsos cuvapmmons f kot piog yvnoiog
eBivovcag cuvdptmong g, umopet vo  TEUVOVTOL TO TOAD o€ €va OMUELD .

(Ieodvvapmg n e&icwon f (x) = g(x) €xel o to molv pila).

A. MONOTONIA I'ENIKQN MOP®OQN I'NQXTOQN XYNAPTHXEQN

1. Opomapoarnikn: f (x) =ox+f .
a. Av a>0,n f ywmoiog adéovaoa.
b. Av a <0,n f ywmoing pdivovsa.
c. Av a=0, f (x): f otabepn mov Bewpeiton ko avEovoo Kot
eBivovoa.

2. Tpovopwh: f(x)=ax® + px+y , (a#0)

(i) a<0, oto (— w,—zﬁj ywnoilog avéovca Kol 6To (—2£,+ooj YVnoimg
a a

@Bivovaoa.

(i) a >0, ot0 [— w,—zﬁj yvnoing ebdivovca kol 6to (—2ﬁ,+ooj YVnoing
a o

avéovoa.

, ox +
3. Opoypagwn: f (x) = p
X+ 0

,00—py#0,y#0

: 0 . ,

(1) Av ad-py<0, oto |—oo——| yvnoing ¢bivovca kot 610
Y

( J j S
— — 400 [yvnoiog avEovaoa.
/4

. o . .

(11) Av ad—-py>0, oto (— oo,——J yvnoiong avovco Kot 610
Y

( 0 j o
— — 40 |yvnoing edivovsa.
V

4. flx)=x"
(i) Ava=2n nel,D(f)=N,ot0 (~0,0){, 010 (0,40)T.
(i) Ava=2n-1, nel,D(f)=N,octo0 N" T.
(i) Ava=-2n nel, D(f)=N",ct0 (~0,0)T, ct0 (0,4+0) .
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(iv) Ava=-2n+1 nel,D(f)=N",6t0 N" {.
(v) AvaeN-Ua>0 D(f)=N,, oto (04+0)T.
(vi) AvaeN-U-a>0 D(f)=N’,ot0 (040)!.
H exbety f(x)=a*, 0<a=1, D(f)=N
i) Ava<l,n f4.
() Ava>1,nf7T.

*

H AoyapBun f(x)=logax ,0<a#], D(f)=N

+4

i)  Ava<l,n f4.
() Ava>1,nf7T.

Tpryovopetpikéc cuvaptioels: (x € U)
. T T i
(1) f(x)znpx, Av xe(Zmr—E,Zmr-i-Ej,rors 7T,
Av x e (2K7[+§,2K7[ —gj , ot f 3.

(i1) f(x) =ovvx, Av x € (2K7T,2K7l’ + 71), ote .

Av x € (2xm + 2k + 27, tote f T
(ii1) f(x):?,(px, Av xe(mr—%,mr+%j,rérs .

(iv) f(x) =o0px, Av x € (Kn,mr + n), o1 [ 4.
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11. AKPOTATA XYNAPTHXHX - OEQPHMA FERMAT

Xx¢orn mediov TGOV goveyovg covaptnong f, pe paypa, infimum , supremum, max, min, g f.

I FAET
Tipov § @paypa Ppaypa

Aev exet b Aev éxet l Aev €xet
Aev &xet ' b Aev &xet a

p<a d>a Aev éxet f Aev €xet
p<a O>a Aev gxel B
p<a O>q a Aev éxet
p<a O>q a B
p<a Aev exel M Aev exet Y Aev gyel
p<a Aev éxel fl Aev éxel fll Aev exet i Aev éxet
P d>a a a a

11.1. OPIXMOZX, AKPOTATA KAI XYNEXEIA , AKPOTATA KAI
AXYNEXEIA.

1. Yadapyer mapaderypo cvovaptnong, n omoio ogv £xel TomKAE , 00TE OMKE

péyrota i EAGLOTA.

pal
J
el

ATIANTHEH: Iz
ue f(x)=

Extég and v ovykekpévn [, pmopovue

va TopafECOVLE Kol OTOLONTOTE LOVOTOVT

oo R.

2. Yrapyer mapadeypo oovaptnons, 1 omoio £l povo oAké péyisto, 10

07010 £ival cVYYPOVMS KOL TOTIKO, EVE OEV £YEL TOMIKO 1] OMKO EALGYLOTO.

AIDANTHEZH: H f:N—o(-0,0] pe f(x)=-x?

¥
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3. Yrmapyer moapdosrypo. ovvaptnons, 1mn omoio £yl pOvo OMKO Ko

oVYYPOVOS TOTIKO ELAYLGTO KUl KOVEVE NEYLGTO.

ATIANTHZH: [ : (-0,0]>R  pe

flx)=x2.

4. Yrapyel moapadcypa covapTioeng mov €Yl pOvo Tomkd, oALd Oev £xel

OMKGA OKPOTNTO.

AITANTHZH: N>R ue f(x)=x+x* —2x.

H f (x): 0 €yel pilec tovg apBpovg 0, 1, -

2.
H f '(x):0 éxer pileg tovg oapBuovg 2+
1447 -1-47 , .
3 3 omov eivar Ko o1 Béoelg | . |
3 1 2
TOV TOTIKOV OKPOTATMV.
H f dev £&er olkd okpdtato, o@ov a+

D(f)=N.

5. Yrapyer mapaderypo oovaptnons, TS 0moios T0 OMKO péYLoTo dgv givan

TOTKO PEYIGTO.

AITANTHZH: floa]—=[o1] e f(x)=x.
10 1 éym ok péyioto 1o f (l)z 1> f (x), Vx e [O,l].
10 1 dev € xor tomKd péyoto, O10TL Pdosr TOv OPLOHOV TOTIKOV

aKpoTaTov, o mpémel va vmhpyEl OvVOIKTO OSdoTNUA (a, ﬁ)g D( f ) Kot

le(a,ﬁ), omov f(1)z f(x), Vx € (a,ﬂ).

Té1010 Op®G SLAGTNLLO, TPOPAVDS OEV VITAPYEL.
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Eniong, (opoiowc) oto 0 £y ohkd erdyioto, T0 0moio dev elvar Tomkd eAdyLGTO.

6. No eietaotei, av givar duvatov o€ pia cuvapTNON VO VITAPYOLYV TOTIKG

OKPOTATO, OALG VO P1V VTAPYOVY OMKE GKPOTATA.

AITANTHXH: H f: (a,ﬂ)—) (K,i) LE YPOPIKT TOPACTOCT] OO PAivETOL
TAPOKAT®, EYXEL TOTKA aKPOTATA, OAAL OEV £XEL OAMKAL.

| (ax)
K

B

7. Agigte, 0TL €ivar OVVATOV, TO OMKO PEYIGTO, VO 1|V EIVOL TO PHEYOAVTEPO
om0 TO TOMIKG péYloTo KOOMS Kol TO OMKO €Ldy1oTO vo punv givor To

MIKPOTEPO OO TA TOTIKE ELAYLOTA.

AITANTHXH: H mponyoduevn YPOQIKY moapdotacn, av  OBewpnOel
o¢ f :[a, f]— [k, A] , 10T exkmAnpol OAeg TIg cuvOnkes. Zvumepthappdvovton

ONA. oIV YPOPIKN TapdoTact cuvapTnoT kot To onpeio (o,K) kot (B,A)

8. Eivan dvvatov Tomko eAd1oTo va givorl peyardTePO 00 TOTIKO PEYIOTO;
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ATIANTHZIH: Eivar duvatév. Xto mapakdto oyfuo éxo f :N - N mov
ekmAnpol v tebeica ocuvOnkn. To & elvol Tomkd €Ady10TO KO TO K TOMIKO

HEYIGTO, OUMG U<e.

(a.p)

¥

Q¢ mopadetypa cvvaptnong oe avoivtikyy popen €xo v f N — Npe

f(x):x+%.
F)=xt S W=G=tix=-). S W=5 f)=-2<0,

f'=2>0.
Emopévaog, oto —1 €yo tomikd péyisto, 10 f (—l)z -2 kot oto +1 &ym TomKd
ehyoto to f(1)=2.

[popavag f (— 1) <f (1) KoL EKTANPOVTOL 1] APYIKT] GUVONKT).
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9. Yrapyer ocovaptnon g onoiog kKaBe onueio va €ivor oMKO péyloto Ko

TOVTOYPOVOS OMKO ELAYLGTO;

ATTANTHXIH: H ctafepy ovvapmon f:N—->N pe f (x) =C eKmAnpoi v
tebeica  ovvOnkm, agod av X, € N, f(xo): c<c= f(x), VxeN «at

flx,)=c>c=f(x), vxeN.

10. & pn cvveyn GuvaPTNON GTO X, , VO TOPOUOEGETE TAPAOELY I, OTOV:

@) ExotépmOsev 100 x, va £(0 allayn povoToviag Kol aKpOTATO 6TO
Xy«

(ii) ExatépmOev tov x, va &0 ailoyny povotoviag, yopig va £m
0KPOTAUTO GTO X, .

(iili) Apwtepd Tov X, Vo givan avgovoa, deid Tov POivovse Kar 6TO
X, Vo £ TOMKO ELd10TO.

(iv)  Apwtepa Tov x, va givor @Oivovea, 6£€id Tov avéovoa Kol 6TO
X, Vo €10 TOMKO péyioto

w) Xopig va £&o orllayn povotoviag eKatépmBey TOL X, VO £®
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TOMIKO PEYIGTO GTO X, .

(vi)  Xopig va & arllayn povotoviag ekotépmbev TOL X, VO £X®
TOTIKO ELAYIGTO GTO X,,.

(vi) Xopig va &0 ariiayn povotoviag ekatépmBev TOL X, VO PNV

£ TomKO6 aKPOTATO GTO X, .

AITANTHXH:

(i)
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11. Noa d00ci mapadeypa ovvaptnong f:N—>N n omoia oz kabe

vrodrdotnpe. Tov N, 0600MTOTE «UIKPO», VO TEPIEXEL ATTEIPO AKPOTATO TNG

f.

AITANTHZXH: f:N—>N pe
I, av x dppnrog
CRN |
, oV x pntog
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Ye kG0 Srdompo vroovvoro tov N, mepiéyoviar dmepot (Kot apldpficton)
pnrol ko dmepotl (ko vrepaplOunoipor) dppnrol.  Emopévmg, éxm dmeipeg
(vrepaplBpnoipec) Béoelg Omov £y péytotn tun to 1 (eite yuo kdbe pntod gite
v KaOe appnto) Ko dmepeg (apBunoipeg) 0éceig Omov £xm erdyiotn T to 0

(Yo Tovg pnTovg).

12. Na 000t mapaderypo covaptnong, 1 omoia va £xel aneipo (aprdunopae)

onNueia 6To 0TOl0 VO EYOVUE TOTIKA KOl OMKA PEYLIOTA 1] EAAYLETO.

ATIANTHZH: H f:N—>N pe f(x):npx, Yo x=21<7r+%, kel é&o
dmelpo TOMIKA Kol OAIKA UEYIOTA, OPOV ﬂﬂ(2l€ﬁ+%j =1,VkeU, evd Y
X =2Kr1w —%, keU, é&o dnepa TOmKE KOl OMKGE EAGYIGTO, OQOD

nu(21<7r —%) =-1,VkeU.

13. Na 000¢i mapddciypa ocvvaptioems, N omoio va £xeL k 10 wA0o0g

(K‘ € U) TOTIKA OKPOTATA, OLAPOPO. AVAE OVO.

AITANTHZXH: Opilovpe:

1, xe[0,1)

2, xe[l1,2)

27, xe[2,3)
f(x)zz[x]: 23, x€[3,4) cel

(M péyota) péyioro.

14. Na katookevaodsi cuvaption f : N — N, 1 omoia va £xg1 x To mAi00g
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(K' € U)‘ronmd okpotato og  dgdopéveg Ofoeig  TOL  GUVOAOVL

A= {xl,x2 ye X, } < N kot ooia va gival cuvEYNS KOl TAPAY®YIiGLUT.

AITANTHZH: Ileprypagucd 1 Kotaokewn yiveton g €E1G:

Avn f molvovopkn, 1ot [ (x) = (x - X, )(x - X, )(x - X, ), n onoia £xet pilec
™G TPAOTNG TOPAYDYOL TOVG apPOUOVS X, X,,...X, , £XO EVOAAOYN TPOGTIHOL
avaueca ota dtotpate TV pav, dpa £xo akpotata. H frpocdiopiletan pe

Qo oA €0pec apyIkig cLVAPTNOTG (AOPLGTO OAOKANPOUA).

15. Na amodery0ei 6Tt givar dvvatov:
Na vaapyer cvoveyng ovvaptnon f, opiopévn TOLVAAYIGTOV o€ OLdoTNNO

(af), kv x, € (a,ﬁ),é‘rm ®ote o€ KOs ddotTnuo TG popoens (K,xo) va
pnv &o €vo €idog povotoviag, Kol o€ KAOE SLaoTNHE TNG HOPONS (xo,/l),
emiong va pnv £m £va €00G POVOTOVIAG, KL EV TOVTOLS, GTO X, VU £YM TOTIKO

akpotaTo (7. ErdyreTo TG f).

AITANTHZH: Eivot dvvatov, g po cuveyn cuvaptnon, o€ onueio mg x, , vo
punv €y ailayn povotoviog ekatépmbev Tov X, Kot TapOAL TOVTA, VO XM GTO

X, TOTKO EAGYLOTO.

21
.. - #0
Oecopo v f:N—->N paf(x)z T x g .
0, x=0

H f eivar ovveyng oto 0 aArd ko mapaymyioun oto 0 pe

1 2
, Ax3nu® == x*nu=, x#0
f(x)z it X th .

0, x=0
Amodetcvom 6t £ (0)=0.
o fheo)gle) M0 1
0= im = S im0

> |~

MG YWVOUEVO NG OMEPOCTN h’ eni mv epaypévn nu’
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Q¢ mapaywyiowun oto 0, Emetar Ot eivan ko cuveyng oto 0.

2 52 , 1
" 2c00v——6 —+12x —, x#0
f (x): X I X mle .

Oa X = 0
H anédeién ot £7(0)=0.
1 2
. 4h3nuz—h2nuz , 1 2
f(0)=1im =mn@hnu——mw—jzo
h—0 h h—0 h h

(¢ amEPOOTEG EML PPAYUEVES, OTMS KOl TPOTYOVUEVAG).
Encdn [ (0) =0, TPEMEL VO TPOYMPTCOVLE GE TAPAYMOYIGELS, LEYPL VO fpode

™V TPOTN P pdevilopevn mapdymyo. AAAG M (x) dev glval ocvuveyng oto

, . 2 . , .
x, =0, apov n mopdcToon 20‘0\/; oev glvar cvveyng. o moapdderypo, av

Osopfion x, = 1 — 0, 1018 ch)v2 = 201)\/% =2ocuv2nr =2 —> 2, ev®d av
nm X

nmw

Bewpricw x; = ! — 0, 161¢ 26’0\13, = 20vv(2n7r + n) =-2>5>-2.

T
nmw+ *n
2

Tehkd 1 £ (x) ot0 0 dev eivan cuveyne. Apa B £7(0). (Av vipye Oa sixo
cvvéyeta oto £ (0), dromo.

Avtd onuoaivel OTL dev UTOPOVUE VO YPNOLLOTOMGOLVIE TO KPrthpo g B’
TAPOy@yov. Oa YPMCIUOTOGOVUE TO KPITHPLO TNG O TAPOLYDYOL:

Osopd Sdotnuo (h,O),h —0,h<0. ZXZg ovtd 10 (0GOIMNTOTE «UIKPO»)
didotna, Oa tpocTadicovue vo Ppodpe To TpdSHO ™G f (x) Vx.

Oewpd T00 onueia A(0,0) Kol B(h, f (h)) katl 1 xopdny AB. H xiion g AB

sivo:

iqu® - -0
f(h)—f(O) _ H h :h3nuzl<0
h-0 h h

(HMZ%>OV}Z,K(H I <0,6tav h <0, dpo h3nu2%<0).

Avtd onpaivet, 6t m yopdn AB pmopet va €xel omoladnmote apvnTikny KAIoN.
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\ 1
2opeova pe 10 O.M.T. B vapyel x € (h,O), wote f (x) = hPnu? 7 <0. Tw

ta o1dpopa 4 — 0,4 < 0, vdpyovv x € (h,O) o f (x) APVNTIKOG.

Anhadn  x: f (x) <0, og kéOe O186TNHO OPLOTEPA KOl OGOONTOTE KOVTH GTO
0.

Opoing, cupmepaivovpe otL (x) > 0, og kdOe ddotnpa 6e&18 Kot 0GOdNTOTE
Kovtd oto 0.

ZOUPOVO [LE TO KPLTHPLO TNG O TOPAYADYOL, TO TPOTYOVUEVO £XOVV (G GUVETELD

n f va &xet eddyyioto 6100, 0 0.

1 1
Enedy 0 <nu’—<1, Vx > 0 < x*np? — < x? ko n f nepéyetar avipeoa
X X
oty evleion y=0 kar v TapaPory y = x°.
—33
| l“l M e, | ml“l |

410 3

0, \ ' ‘ \

3.0 3
-5.10 ° 0 5.0 °

~33
f(x) 2-10
—0.00000001 X 0.00000001

O, 0

Noa onueimbel 011 ™V avOTEP® YPOEIKY TOPACTACT TNV THPOUE ond TO
hoywopkd «MathCAD» mov €xer v enl 10Ot duvatdtnto. Xto GAAG
AOYIGHIKA YPOPIKAOV , OAN OLTN 1 TOAAVIOON TOPIOTAVETOL ©C Mio OTAN|
TETPAYOVIKT KAUTOAN 7oL £xel eAdyioto 610 0 Ko €QAmTETOL TOV AEOVAL Y)Y

010 0, émog kot 1 kopmodn ¥ =x> (1) . Qc eni mhéov oydA0, vo Snhdoovps
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Yoo GAAN poe pOopd T TEMEPAGUEVE, OPLOL TOV VTOAOYICT®OV , OAAL KOl TOV
Aoylopuk®v. Agv pmopovpe va Boaclopacte mlveo Tovg 00TE KOU Yoo TNV
emonteio.  [TapdAAnia , o «yePOKivTOS» VTOAOYIGUOC TIUOV NG
GLYKEKPLUEVIG CLVAPTNONG OE LUKPY TEPLOYN TOL WUNdevog elval TPOKTIKA
AVEPIKTOG , POV £vag aplBpog LIKpOTEPOG TG HOVADSOG, GTNV TETAPTN dVVOUN
HELOVETOL AP0 TOAD, VO O aVTIIGTPOPOS TOL avEdveTon Tapo woAv. O

. . , . 1
VTOAOYIGUOG TOL MUITOVOL TOV TETPOYDOVOL TOL KOL TOV YIVOUEVOL X mu’ —
X

pumopel va dnpovpynoetl Taumoria AdOn otpoyyvAomoinong, £T6t mov dev EYEL
Kavéva vOnUa 0 01a Xe1pOg VITOAOYIGHOG . [t avtd €€ dAlov amotvyydvouy Kot
To oA AOYICHIKG , a@OV €Y0ouV WKPO Oplo ynoimv pe to omoia kévovv
VTOAOYIOHOVS KOl ovamOPEVKTEG GTpoYyyvAomomoels. To Mathematica kot to
MathCAD Eemepvoldv avtd tor Opla Kotd moAy, oAAd ki avtd Pefaing , sival
Aoytopkd. Av ovti y* éxovpe y° to MathCAD 2000 Pro pmopei va emiteléoet
mv oxediaon. T 3'® opog amotvyydver kar  &xm moAL oyxediaon amAng
KapmoAng . pogpovag , vrepéfnuev to oYedACTIKO TOV Op10.

[Tavtwg, M ovykekpyévn cuvaptnon ivon n «Avdia MOog» eAEYYOL ™G KAANG
ouvoTOTNTOC  €VOG  OYESWNOTIKOV  TPOYPAUUOTOS KOl Opo  OmOTEAEL
OVTITOPAOELYIO. GTOV 1GYLVPIOUO OTL «TO OTAG GYEOOTIKG AOYlopIKA
PTOPOVV VO GYEOLALOVY TKAVOTOUTIKA OAEG TIS OLVEYEIS 1] KOTG TUNpOTO
oLVOPTNGELS EKTOS 00 Tig «Tomov Dirichlety Edom éyovue éva mapaderypa

GLVEYOVE GLVOPTNGEMG TOV TO, ATTAG AOYICUIKE OITOTVYYVOLV TOTOYMOMG.

16. Yrmapyer ovvaptnon f:
e Opwopévn 610 [a,+00) KOl 6UVEYMGS

e Y10 0 dgv &8l akpoTOTO.

1
2
AITANTHZH: Osopodue v f:[0+0)—> N pe f(x)= o nu;, x>0
0, x=0

Mo kaBe x > 0 givon cuverNS MG YIVOUEVO GLVEXDV Kol GUVOETN GUVEXDV.

Eniong oto 0 eivor ovveyng, agod f (0)=1jmx2npl=0 ®G  YWVOUEVO
x>0 X

amelpootg ent epayuévn. ‘Opwg 10 f (O) dev elvar tomikd okpdHTATO, AUPOV

ocodnrote kovid o1o 0, og KAOe StaoTNa TG LOPPTG [0, x] N f(x) evolldooel
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TpoOoN Lo, INAadN yiveTon Kot BETIKY KO apvnTIKY, CUVERMOS 1 TY 0 dev pmopel
va givot Tomkd akpdTaTo.
O mopamave oyvupiopds kabiotator eovepds, av Bempnom v axoiovdio

1
¥ =

w = -0 kat x,>0,Vne 1. A6 tov opiopd g ovYKAONG TG
2mn+ 75

axohlovBiag, émetat, 6TL o€ KAOe ddonua g popeng (0,e), vedpyovv amelpot
Opol NG KOl Ol TIEG TNG OGLVAPTNONG YU OLTEC TIG AmEpeg TEG eivon
flx,)=x2-1=x2>0.

1

—— >0 xau y,>0,Vnel, tote xou avt o¢
27n + 3% "

Av Besopfico y, =

owaotnua (0,€), £xel Amepovg OPOLG TG Kot Ol TIUEG TNG GLVAPTNONG Y1 AVTOVG
ToVG Opovg elvar f(yn ) =y (—1) =-y.<0.
ANLadn, 0600NTOTE KOVTA 6710 0, £ Kol OeTIKES TIPEG KOl apVNTIKES

TIHES, dpa 670 0 dev propel va £xm akpoOTATO

E

]

P

>

>
¥
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11.2. OEQPHMA FERMAT

1. To Ozopnpa Tov Fermat , &ger v &€1g dwtinwon: «Eotm a<P ,
x,€(a,p) ,f:(a,f)>R mopayoyicyun 610 Xo Kol Xo TOTIKO
akpétaro g f. Téte, f'(x,)=O0».

No amodeilere (pe wapOpo  Cexmprotd avrimapadeiypata) 6TL oL TpELg
vo0éoerg TOL Oc®prpaTog , ONA.:
i. Hfopiletm o€ avoikto (a,p)
ii. To xyTomKké axpoétarto g f.
ili. H froepayoyiown oto (a,p)

givalr gmapaiTnNTES £TOL MGTE VO LGYVEL TO GCUUTEPUGUOL.

AITANTHXH:
o) "o v avaykoidtnto e vrdbeonc (1):

bcopd ™y £ :[01]>[01] pe f(x)=x. Avti:

1) Eivow opiopévn oto kietoto [0,1] (avti tov avoiktov mov mpoPAémet
n vrobeon (1) ).
2) ToOe [0,1] gtvon Béom elayiotov.
3) H f sivon mapaywyiown oto [0,1].
Ouang dev vrapyet x, €[0,1]: £ (x,)=0, 0pod f'(x)=1=0 vxe[01].
B) "o tnv avaykaidtta e vrdheong (ii) :

Beopd ™V f:(1,2) > (1,4) pe f(x)=x. Avti:

1) Eivot opiopévn oto avoikto (1,2).
2) 210 (1,2) dev &xm Béon axpotdtov (ovti TG VTOPENS OKPOTATOL
mov mtpoPAénel | vwdOeon (ii) ).
3) H f sivon mapaywyiown oto (1,2).
Opog  dev  vmbpyet x, €(12): f(x)=0=2x,=0=x,=0
amoppinteTOL,
agov 0 (1,2).

v) Moty ovaykodtnta e veddeonc (iii):

Beopod ™V [ (— 1,1)—) N pe

-X, XE€ (— 1,0)
f(x): -1, x=0 . Avty:
X, XE€ (0,1)
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1) Eivon opiopévn oto avoikto (-1,1).
2) Y10 0 e (— 1,1) €x B¢om tomkov akpotTdtov (eAayicTov E0M).
3) H f eivon mapaywyicyun oto (-1,1) minv mg Béoemg 0, dmov €xm
acvvéyeln (Kot dpo Kot un mopoyoyioyun , Onmog mpoPAémer m
vrdBeon (iil)).
Onwg dev vapyet x, € (~11): £ (x,)=0, apov f'(x)#0 Vx e (-11)-{0},
AmodeiEape Aomdv, OTL OTaV O0ev €KTANPOVTOL £0T® KOl pio, amd TIG TPELS

npobimoBécels tov O.Fermat givor duvatdv va pnv 1oyveL TO GUUTEPAGLA TOV.

2. No amodery0ei 611 dev 1oy0€l TO avtioTpopo Tov O. Fermat. Anlaodi, o
UNOEVICHOS TG TUPAYADYOV MLOS GLVAPTNONG o€ £va onueio, €ival pa
avoykaio covOnkn v v Ywepén aKpoTATOL 0TO ONUEI0, UAAG dEV givan

KoV,

AITANTHZH: Osopd v f:N - N pe f(x)=x. Exo f'(x)=3x" kot

f (0) =0, opwc oto 0 dev €xm axpdtato, apod N f elvar yvnoing avéovoa
cuvéptnon oto R

Evdéyeton axoun, va unv vrapyet KaboAov 1 Ttapdywyoc o€ £va, onpeio Kat va
gtvan Béon axpotatov . my. R >R pe f(x)= x|, €xel ehdyiotro oto x=0
arrd B f7(0)

2XOAIO: Eva mpoktiko GOUTEPOCIUO. TOD GOVAYETOL OO AVTO, EIVaL OTL OTOY OE
Kdmolo onueio x, éxw f '(xo ) # 0, 101¢ 070 X, OV EY OKPOTOTO.

Ovaioaotikd, avto amotelel v avtlbetooviiotpopn mpotoon tov O.Fermat,
0E00UEVOD OUWS OTL 10YDOVY 01 Glieg 0Vo mpovmobéoeis tov, oniaon n  f
OPLOUEVT] KOL TOPAYDYICIUN TE OVOIKTO OLAGTHUO.

Oo. d1cvKprvicovue TEPIToOTEPO TO DEUO. LU OTOLYEIDOIN TPOTATIOKY LOYIKH).

To ©.Fermat é&xet uopon (p1 A D, /\p3):> q, Omov p,,p,,p; Ol TPEIS

npovmoléaeis tov kou q Ot «Ymdpyel x,, € (a,,B) : f'(x0 ) =0.»

H  10060voun avtifetoovtiotpopn mpotoon éxet m  Uopon:
—|q:>—|(p]/\p2/\p3).

Ercion ouws n adlevln tpiadv mpotdoewv eivar wevdng eov kai puovo eov uio.
TOVAGYIOTOV OO TIS TPEIS EIVOL WEVONGS, TOTE —p => —p;, €4V Ol p,,p, Elvol

oAnOeig.
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12. KYPTOTHTA -XHMEIA KAMIIHX

12.1. OPIXMOI , KOIAEX -KYPTEX , XtHMEIA KAMIIHX.

1. Xmnv Apgpwkavikn Pripioypoagia, ov ypappés mov dev givar gubeieg
yopilovral og 000 peydreg Katnyopies. X& AVTEC TOV «KPOTOVV TO VEPO»
(hold the water) kol o€ avTég MOV «OVOUV TO veEPO» (spill the water). Kata
ooV gival emMTUYNUEVI] CUTH 1] OVONOGio 0€ oYEcN ME TOV poOnpaTiKG

OLUYOPLORO KKOIAESH KL «KKVPTESH;

AITANTHZXZH: Otav 1 d1e06vvon g Katakopueov Kot apa kot e devduveng
me Bapdrag aviiotoyel oto chvnOeg TPOTLO TOL GEOVEL Yy, TOTE eivar

ovvaTdv pio KopmoAn va givol KupTi Kol VoL UV «Unv Kpotd 1o vepd», OTMC

QOIVETOL KOl GTO TOPOKAT®D SUOYPOLLLLOL:

H exfetikr) oovaptnon y=e* : Aev ovykpatei ovte pia otayova Ppoxing map 'oti
xapaxtnpifetat Koptr).

YUVETMG 0 YOPAKTNPIOUOS O KOTADV 1 KUPTOV OVOAOYO LE TN «GLYKPATNON
TOV vVEPOLY dgv umopel va BewpnBel dkpmg emTLYMG.

2XOAIO: Eva metvuynpévo emomtikd kprtnplo, etvat to e€ng:

‘Eva kivnto givol «mévo» oty KopmoAn kol Ty ooypdeel and to aplotepd

npog o de&d. Torte:
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Av otpépetar katd tn Betikny eopd (avtifeta dekT®dV wpPoAoyiov), Tote
X0 KOPTN YO,
. Av otpépetor Kotd TV apvnTikn eopd (ToV OEIKTOV), TOTE X0 KOIAN

YPOppAY.

BeBaiong vdpyovv kot GAia eEicOV TETLYNUEVO ETOTTIKA KPLTHPLO, KATOAANAL

Yo TV E160YOYIKY d1dacKaAio TG Evvolag:

o) XTNV KupTH, TO0 EVBVYPUIO TUNO TOV EVOVEL VO OTOLAONTOTE GNUEID TNG,

QPN VEL TO «TOEO» OV ATOKOTTEL TPO TA «KATM» (AvTIBETMS 1) KOIAN)

KupTth

Koiin

[
Ja
=0
—
=+t

B) Zmmv xupt, av eEPpm POTTOUEVT 0 O010dNTTOTE oNnueio g, OAa Ta onueia

™G KEWVTOL «TAVO» oo TNV €QOTTOUEVT. AvTifeTa yio TNV KOiAN.

B

'
o

—4
[
I=
L }
(="
-1
=
SO,
—
=4
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Y) v Kvptr, ot KMOEG TV €QANTONEVOV 68 KABe onueio g, avédvovtal

amd Ta aplotepd Tpog ta 0e€1d. Avtifeta 1oydeL Yoo TNV KoiAn.

B

'
4

0.5

03 //\1.5\/2\/2.5/\ 35 4 .

0) H mponyovpevn enonteia givar n y€pupa yioo TV KATOVONGN THG TPOTUGNG
ot «Miww ocuvdpmmon f  ovoudleton xvpty, O6tav N f (x) elvar yvnoiog
avéovoay. (Avardymg Kot yio TV Koiin).

€) Av f xvpt cvvdptnon, t0te yua kéBe dVo onueia tov IL.O. g a, B €xow:

f(a;ﬂj< f(a);f(ﬂ)

(ko ovordymg yoo TV KoiAn), mov ekepalel Tic

YVOOTEG AVIGOTNTESG TOL Jensen.
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f(b)

1 f(a)H(b)f
2

f(a+b)/2

2. No 60000V mapadeiypoto ovvapticewv f, g, h opiopéveg oto N, ot
omolieg:

(i) H f va givar kopt).

(ii) H g vo givan koily.

@ii) H & va sivan og vrooHvoro Tov N koiln kar 6€ dAlo vTooHvoro

KopTi).

AITANTHXH:

(i) f:N->Npe f(x)=x>-5x+6 eivarkvpm, s £ (x)=2>0 VxeN.
G) g:No>N pe  gr)=—x>-5x+6  sivm  «xoikn,  S6t
f"(x)=—2<0 VxeN.

Gii)h: N> N pe A(x)=x* —2x* —x+7. Katd 1o yvootd, 1 i o10 (—oo%)

. ; 2 ,
glvor KotAn kot 610 (§,+oo ) KupTh.

3. No eferacOei, av woyver 10 avriotpo@o TG mPOTOONG: «AV N1 f

noapoyoyiowun oc owdoemmpoe 4, a,feA kv a<p, 10t€

(1 wopei = £'(a)< £ (B)).
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AITANTHZXZH: H avrtiotpoen npdtaon eival n e€ng: «Av 1 f mopaywyicyun o
Swomua 4, a,fe A ko a < f kon f (a)< f(B), t6te M f wvpti.
Agv 1oybel, oot av Bswpnow  f :[0,37r] >N pe f (x) =nqux, TOTE

f'(x):avvx,

7 137 =« 13x (x (137 \/g

—<—), —,— €037 ka1 0= —|< — |=—, 6uw dev givai
: 6226[ 7] f(zj f(nj S duosn f

Kupt (Tpoavag) oto [0,37].

4. Eivar yvooti 1 wo)0s TG mPotdoens: «Av f(x)>0 VxeA, toten f

YVNIGIMS KVPTY] 6T0 dLdoTnpa A».

Na amodery0ei 0TL o€V 16Y0EL 1] AvTioTpoPn TPOTOON.

AITANTHXZH: Otav n f elvon yvnolog kopt) oe dtbotnua 4, TOte dev €neton
navto ot f"(x)>0 VxeA.

Q¢ avtimapaderypa mapadétoope f:N—->N pe  f (x) =x*. Avm sivar
yvnoing kupt oto R , evd [ (x) =12x% 2 0. (AvaAdy®g Kot 1o, yv. Koikn).
YXOAIO: H yevikdtepn mpotacn mov toydet sivon ot «Av f(x)>0 Vx e A

KOl 1 100TNTA 10Y(0EL LOVO Y10 LEUOVOUEVO 1 Y10 ATEpO onueia, aAAd Oyt yio

Ola Ta onpueio Tov 4, T0TEM f givon KupT 61O 4.

5. Eivan dvvatdv éva onpueio x, vo givor Kou va pnv givar onpeio kopmng

g ouvapTong f

AITANTHZXH: [Tpogoavmg 01, 010TL AAA®G £XOVUE ATOKAION Otd TOV VOLOL TNG
Aprototérelag AOYIKNG TG «TOL Tpitov 1| pécov amokAiceme». Eva onpeio x,
N etvan N d0ev elvarl onueio koumng Kot Tpito T1, 0ev vapyel. Oupwmc, vapyet
ovyyvon otV PBiproypaeia, a@od vEhpyovV TOLANICTOV €51 Oplopol Yo TO
ONUEID KOUTNG pn 16000Vvapor O6lor petald tovg, €€ v kot M YN
opeEnynce®v.

Avagépoope €61 amd gv xpNGEL OPIGUOVE TOV CUEIOV KOUTNG:
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OPIZMOZX 1: 'Ectw f mapoayoyioyun oe dtdotnua (a,f), pe e€aipeon iomg éva
onpelo Tov x,. Av n f eivar xvpt) oto (a,xo)Kou KOiAn o©10 (xo, ﬂ) !
avTIOTPOPMG KOl 1 YPOPIKN TNG TAPAGTACT] £XEL EPATTOUEVT] GTO (xo, f (xo )),
t0te 10 OMNuUEio A(xo, f (xo )) ovopaleton onueio KopmG G YPOPIKNG
mopactocn g f-
OPIXMOX 2: 'Ecto n f elvon 600 popéc mapaywyiciun 6to (a, ,B) € D( f ) Kot
X, € (a, ﬂ). Aépe, 6TL M f mapovotdlel Koumn (xo, f (xo )), av n f elvar kopm
610 (a,x, ) kon koidn oo (x,, 8) N avticTpoga.
OPIXMOZX 3:'Ecto 1 (xo, f ()c0 )) NG YPOPIKNC TOPACTOON LG cuVAPTNONS |
7OV OPLGHEVT 670 (a,f) Kol Tapay®yicn oto X, , 0o Afyston onpeio Kopmnig,
av Kot pOvo m ovvdptnomn sivar Kuptr 6To (a,xO)Kou KOiAN ©7TO0 (xo, ﬂ) Ll
avTIoTPOPWG.
OPIXMOX 4: To onueio «oumg TS  YPOPIKNG TOPACTOONG  HOG
TopayOyioung cuvaptnong, eivar Eva onueio 6mov N KuptdHTNTA AALALEL £100C.
Eniong, o¢ éva onpeio xoumng givor duvatdév n B mapdywyog va punv vedpyet.
Mo mapaderypa, propet va aneipiletat.
OPIZMOX 5: 'Evag apiBudc x, Aéyetoan onueio xoumng g  f ov 1
EQUTTOUEVT] OTNV YPOPIKY] TOPACTOGT) TNG GTO (xo, f (xo )) dwmepvd TV
YPOOIKY Tapdotacn. Av dev vmlpyer pio pdvo epoamTopévn oAAL OVO
NUEPAUTTOUEVEG, TPEMEL 1 0L TOLAGYLGTOV, VO, SLUTEPVA TNV KOUITTOAT).
OPIZMOZX 6: 'Eotw ocvvaptnon [ mov mapaywyiletor oto didotnua 4. Oa
Aépe 0TL 1O X, €tvon onpeio kapmng g f, T0TE Kot HOVOV TOTE, OTAV VTLAPYOLV
dloTHHOTO (xo - e,xo) Kol (xo + e,xo), omov oto évam f eivol KupTn KOl GTO
dALo KoiAN N aVTIOTPOPMC.
OPIXMOZX 7: To onueto x, € (a, ﬁ) GTO OTO10 EYOVE!
. de >0: [xo —&,% ] c (a, /)’) Kol M f(x) eivon xoptn (avtiotoryo koiin)
010 [xO —gl,xo]
o de, >0: [xo,xo +¢, ] c (a, ﬂ) KoM f{x) eivon koiAn (avtictoryo KupTn)
010 [xo,xo +82],

Aéyeton onpeio Kapmng e ovvapnong f - [a, ,B] —N.
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OPIZMOZ 8: ‘Ecto (a,f)c Nkar f:(a, )= N pia cvvapmon, dbo gopéc
nopayoyioywn. To onueio (x, f (xo )) Bo Aéyetar onuelo xkoumng g f, av
f"x,)=0kar  f"(x,=h)- f"(x, +7)<0 Y h#0, Ttétol0 GoTE
xo —h, xyg +hela,p).

lNa ToPAOELY L, av O] ™ ouvépmon: 1 : N — N He

f(x):{3+(x+2)2, x<3

tOTE 0TO onueio x, =3 dev £xel epomTOuéEVN,
29— (x—4), x23} ’

agod B f'(3).  Emedf dpog vaapyoov f£,(3)=10 xar f;(3)=2 opiouévol

ovyypageig déxovtar 0Tl €xel Ov0 mMuepomtopeveg TG ¥y =10x—-2 ko

y=2x+22.
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210 onpeio (3, f (3)) aAlalel KuoptodTTO, OO KLPTN YiveTon KOIAN, AALL onpeio
KOUTNG €YOVUE UOVO COUP®VO UE TOV OPIoHO 5. Me OAovg Tovg LIOAOITOVG
0pIGLOVGE, dgV EyovLe onueio KOUTNG.

e Avé&ommv f: (0,3) — Npe

f(x)= - l—xz, 0<x<l1 TOTE
JI-(x-2), 1<x<3

f. (l) = +o0 Ko f, (1) =+400. Apa oto 1, vdpyel epamtopévn 1 gvubeia x=1.

0.5

L}

0.5 1.5 2 2.5

054

To onpeio (1,0) Oempeitar onpeio KAPTNS GOUEOVA PE TOVS 0PLoROVS 1 KoL
3,
OALG O pE TOVG VTOLOITOVG.

Evdwapépov €xel 1 amdKpion Tov oxedlaoTiKoy mpoypdupatog «Graphy oty
EVIOAM] V. BPeL TNV EQATTOUEVT] TOV S1OYPALLOTOG EVOG KAAOOL 6To onpeio y=1
Ipaoeet og katd AéEn petdopaon : «Xto onueio y=1 n ocvvapnon f(x) dev
opiletar evod guowd kot opiletar! H gppavilopevn epomtopévn eivarl amAdg
oto onpeio ¥=0,999 pe ocvvreleom) kAiong 225.000 (1) Kdrt té€t01€¢ 0prakéc
Katootdoel  Béhovv  mOAD  mpocoyn  Otav TG yeplopacte  UE
AOYIOUIKG. . .......... (®a énpene vo ypager  f'(x)avti f(x)yia vo gival cmotd
TO UVLLLOL.)

o Av é&o wmv f:N—o>RNpe  f(x)=2x°+3x> —12x, 1618 10 ONucio

1 1 : , . . ,
Y fl- 5 Oewpeitar onpeio Koumng Kot pe Tovg E5L OPIGHOVG.
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e Jw TAPASELY LA, av 0] ™m cuvéptnon

(x=1P +1, x>1
f(x)=4o, —1<x<1¢,
(x+1)0 -1, x<-1

Tote avt €xel onueio KoUmng HOVoO pe Tov opiopd 8 Kol e KavEVay GAAO.
Kot pélota oev €xet éva povo onuelo  kapming, oAAG  dmepo
VIEPAPIOUN GO KOl GLYKEKPLUEVO OAOL TOL OTULEIDL TOV SLOGTNLOTOC [— 1,1].
Ed® mpémer va oyoldoovpe, 0Tt 0 mepifonto Aavlacuévo {fTnpa TV
[Moveladwov E&etaoewv 2003 ota Mabnuatikd A’ déoung, cOHeova pe
avtd TOV OpIopO, pmopet va Bewpnbel g cwotd. Me ToV 0plopd OU®S TOV
owaxtikov PipAiov eivar AavBacuévo, o0t ot eEgtdoelc —vmotifetat- Ot
yivovtal cOLPVA e TOLG OpIoHoVG TV PiAiwv tov OEAB.
Eniong mpénel va emonpovOei, 611 o1 Bewprioelg pmopodv va aridlovv,
aVAAOYO KO LE TOV OPIGHO TNG KOTANG 1] TNG KLPTNG.
Ot meplocOTEPOL GLYYPAPELS d1ELKPIVILOVY TN «YVNGLOL KLPTN» N «YVIGLaL
KOIAM», OMOV Ol YVMOTES OVIGOICMOTNTEG TMOV OPICUMV 16YHOLV HOVO MG
avicottes. O avayvaotng Aowmov Oa mpénet va eivorl TpoceKTIKOGS.

Na onpeiwdei 6t oto Avkewokd Pipiio tov OEAB 6idetar o opiopog 1, tov

omoio dEXOLOCTE KOt EUELC.

6. No d00¢i mapaderypo ocovaptnone, ekatépmbev onueiov x, TG omoiac,

va yivetor aAlayn] KuptoTnTac, 0AAG 6TO X, VO PNV £ GNUEL0 KAPTIG .

ATIANTHZH: Ocopd v /N —> N pe f(x)z{

\/:, x<0}.

X%, x>0
Y10 x, =0 1 KVpTéOTTH 0AAGLEL £id0C, 0poDd £ (x) =1 4/ 5 (dev
2, x>0

vrapyetn £ (0), apov dev vadpyet kau n £(0)) kan £ (x)<0 Vx <0, evid
f(x)>0 vx>0.

Y10 x, = 0éym £, (0)=—o0 ko £;(0)=0.
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Etol, 610 x, =00ev vrdpyel epomtopévn Kot emopéveg to x, = 00ev eivon

oNUELD0 KOUTTG.

M f(x)

1o dwaypappa (paivo(lsf
yivetat koptr), aA\a otg

oto Suaypappa omg f. T

-7

Yrndpyel nepintwon, €

1 o1 Svo KAGdo1 Kat 0Tt ekatépwlev Tov PNdevog amod Koiln
0 dev ¢xw onpeio kapmng apoov oto 0 dev £xw e@amrTopevy

katépwbev evoc onueiov x,, o cuvaptnon f vo €xet

aAlayn) KuPTOTNTOG KO X, VoL UMV eivor onpeio Kapmng 00Tt 10 X, & D( f ) lNa

ot

napaderypa M f(x)= LN . fx)= % k.  f(x)>0 Vx>0,
X

X

£ (x)<0 Vx <0, evid Sev vrapyet onpeio pndevicpod e B mapaydyov.

7. Na 80000V mapoadel

ynato ovvaptiocsov f, g, N — N, étol dorte:

(@) H f va pnv éxel onpeia kopmnic.
(i) H g vo éger v onpeia kopmig.

(iii) H & va ée anepo ko aprOunopo tA00g onueiov kopanc.

AITANTHXH:

(1 H f (x) = x> dev é&ys1 onpeio kapmc.

291

L ddl



(i) H g, 0 omoia éger g (x)=(x—x, )x—x,).(x—x,), 6mov x;, x2,....x, T0. 1
dwokekpiévo onueion ota omoior g mapovowdlel onueio koumig. H g
vroAoyileTan pe OALOKANpwGSM 600 POPES ATAd.

(11)H  tpryovoueTpikn h(x)z nux  €xel  amepo  onuelo TG HOPONG

x=«r, k € U mov glvan dnepa kol apdunoipa ko givar 0écelg onueiov

xapmig, mg poper (kr,0), ke U

8. Na amoderyfei , 0T Yo va givar KopTi) 1] KOiAn o ovvaptnon, ogv givan

OTaPaiTTO VO Eival Tapayyioun

AITANTHZXH:

Av Bewpnoovpe v cvvapnon f(x) = x| , 10te cOHUP®VA pE TOV OpIoUd Elvar
KLPTN, CALA-OG YVOGTOV — OeV gival mopaymyiciun 6to 0 .

Av Bewpnoovpe v g(x)=—|x| €oue 10 avtioToryo TOPASEYHO Y10, KOIAN
oLVAPTNGOT oL dev eivan Tapaywyiowun. g(x) =—| x|

12.2 AAYMIITQTEX 2YNAPTHXHX

oz o 2 2 . X N o
1. Na amoderyO¢ei, 6T1 givor dvvatov va vdpyel T0 lim M e N, aArd 0
x—=40 X

f (x) Vo uny £yeL TAAYL0 0 oOUTTOTY).

2
AITANTHXZH: Av f(x) =x+o0v’x/N, 16t 1im M = lim X+ow x _
x>+ X X—>+00 X
. ouvix . 1+ ocvv2x . . 1 . Ouvv2x
= lim |l + = lim|l+————|= lim 1+ lim —+ lim
X—>+00 X X—>+00 2)6 X—>+0 X—>+00 2)C X—>+0 2)6

=1+0+0=1

Opog lim ( f (x)—/lx)= lim ovv’x. To tehevtaio Oplo dev vmdpyel, O1OTL AV
X—>+00 X—>+00

Osopnow x, =2nr — +0, 10TE  |im ovvzxn = lim ovv?2nr = lim 1° =1,
n—+ow0 n—+oo n—>+0

EVO OV

. T . . 2 g .
Yy, =2nw+——>+0,10t€ ljmovv 'y, = lim 0=0.
2 n—»+o0 n—»+o0
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H ypaoui| mtapdotacn g
f(x)=x+00’'x goénteran cvveyds oty £vBsio y=x , 0AAG mOTE M petald ToG

améotaon oev Teivel 610 0

2. Eival dvvotov 06 OUTTOT KOUTOAM|G VO TEUVEL TNV KOUTOAN;

AITANTHZH: IIpokertor yo evdopépov mardoymykd (Kot pobnpatikod )
EPMTNUA, KOOMG 1 ETVHOAOYIKY onpacios TG AEENG «OGOUTTOTI TOPOTEUTEL
evBémc omv «un ocvumtwon» Kol (kotd ™ cvvnOn epunveia) oto OTL «OEV
€YovV KOwa onpeion.

Amd v GAAN, N pobnuoTik) onpocio Tov 6pov, dev amokAieiel v Vmapén
Kow®v onueimv, oAAd Kot ovtd Oev gival TPoPavég av yivel po Oyl 6moT)
YEOUETPIKN HETAPPACT] TOL OPIGUOV (Tpdrypa Aoy cuvn0eq).

O op1opLdG TG TAAYLAC 0oOUTTOTNG, omontel Omapén A, u € N étot dote

lim [f(x)-Ax+u]=0.

X—>+00
(1)
H ocuving AavBacuévn yempetpikn Becddpnon tov opiopov Eykettal otnv e€ng
petdopaon: « H (1) onpaiver 6t n f (x) Kot M evbeia y = Ax + u epdmrovral

67O ATEPO 1 TANGLALOVY 0GOONTOTE KOVTA YWPIC VO GUUTITTOVV TOTEN.
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H mopoamdve Bedpnon eivor oot Yoo TNV GLUVIPUITIKY TAEWOVOTNTA TOV
APNOLUOTOLOVPUEVMV TOPOOELYLATOV 1] TEPIMTMOCENDYV, OALE O KoL Yo OAa.

[TapaBétovpe To axdAoLOO avTImAPAdELY QL

nux
—, X# L ,
f (x) =9 x 1N omoia givar cvveyNG.
1, x=0
Eniong, lim Y _ 0 ke lim Y _p , Tpaypo Tov onpaivetl 6t 1 gvbeio y=0
x—+0 X x—>—o X

(Snhadi} 0 GEovag xx ) eivon opllovTia aoOUTTOT TG f (x)

Opocn f (x) Kot 0 a€ovag xx’ éovv dmelpa (apOunoyLa) Kowa onueia, agob
{ N _ _ _ N . . ,
n &&lowon =0l =0 (x =KW, K € N) Kol €tol eoaiveTon M amepio
X x#0

TOV KOWOV GNUEi®V.

1 L L L L 1
Ll Ll T T 1 T T 1 Ll Ll 1
T ] 2 R 1 2 3 7

H ocvvapmon f(x)=nu—(X) €xeL TV Hopen Lo amosPevodpuevng edivovoag
X

TAAQVTOGONG KO TPOG TO +00 Kol TPOG TO - OO0

12.3. KANONAX TOY L’HOSPITAL

1. Na amooderyOei, 611 €ivar dvvaTév vo pnv vaapyel To lim f gx; Kol vo
x—>a g \X
VTAPYEL TO 1imM.
x—a g(x)

AITANTHXH:
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2 1 2 1 1
L 0 X M
To lim givor mg popenig — kot lim =lim =—=0.
x>0 &PX 0 x>0 EPX x—0 E@{ 1
X

i
044

0.2

il ./\ . : . . . . .

-

1 T T T : : : : : A: (\ A T T T T T 1 T
1 09 03 07 05 05 04 v d\j [} P}l v 04 05 06 07 0%
ozt

1
xu(-)
H ypagiki) napactaon g covaptnong f(x) :T))C O€ pia meploxr) too pndevog,
(X
OIIOD KAl EMOMTIKA @aivetat 1) drapdn tov opiov.
Opag,
1) 1 11
[xznuj 2xnp——x2—20vv—
) X ) X X X
lim —— =lim- =
x—0 (g@x) x—0 1
GUVZX
1 1 . 1
2xnp— oLV — limovv — 1
= lim———" ~ lim———~ = 0= *>*——" = Jimoov —
x—0 1 x—0 1 1 x—0 X
GUVZX GDV2X
KoL T0 Op1o avTd OeV VILAPYEL.
[pdypor,
1 T 1 .
av x, =—— > 0korx, #0 Vne l 16te limovv— =limouv2zn=1—->1.
27n Xn
. 1 . - ,
Av x, =—— > 0xw x,#0 Vnel, t01¢

T
2rn + —

Xn

limovy - = limc‘ov(27m + gj — 050,
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. . . 1,
Emopévag dev vapyet To 6pto tov cvv— Otav x — 0.
X

-

H ypagwkn mopdstoon g ovvaptmeng f(x)=cuv(1/y). Emontiké &povpe ma ypoppq mov

Talavravetor petadY Tov 1- ko 1 660 ninordlovpe oto 0 , yopic Opwg va otadepomoreiton og

KAmToro ovykekpuévn Ty,

XXO0AIO: To mopddstypo avodelKvieEL TO KOVO KOt Ol TO ovaykeio Tov
kavévo L’Hopsital. Emopévac, dtav dev vmapyetl n oplakn T Tov AO0Yov TV

TOPOYDYWV, OV ENETAL OTL OEV VIAPYEL KO TO APYIKO TPOS VITOAOYIGHO OP10.

2. Mg xotdAimio ovTumopaoElypo vo omoderyfel To WYEVdog TNG

TOPOKATO TPOTACEMG:
«Av o1 f, g eivan Tapaymyioypes kKo 1imM =/ TOTE KOl [im S ,(x)
x—0 g(X) x>0 & (X)

=/{».

AITANTHZH: Osopd f(x)=x, g(x)=x+1.

) 200 o im L) i 2120,
(x) =0 X + 1 x—>og(x) =01

Toéte, lim
x—0 g

Emopévog m mpdtaon etvar yevodne. Onwg deiéape kor 610 mTpomyodevo

mapadelypa, oAnONg yevikd gival n avtictpoen TpodTOoT).

3. Na d00¢i mapddcrypa vworoyiopov 0piov, TO 07TOL0 Y0 TOV VTOLOYIGHO
TOV VO YPELaleTon K QOPES TNV OLOOYIKN E€QUPUOY] TOV KOvOva

L’Hospital.

AITANTHXH: Ocwpodpe 011 10 0p10  lim e—K(Jr—OOj x € T, 10 omoio pe x

x40 X + o0

SradoyIKéS Tapaywyioieg, otvet:
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) o )

lim ’ 7 ’ e = i
X—>+00 (xk x—)+oo (lec 1 ) X—>+0 (K(K _ l)xK—Z) x—+0o X

, e’
Apo Kot |ijm — =+o0.
X—>+0 XK

Ye mepintoon 6mov 0 <k ¢ I,tote Ing l:in—1<k <n.

Tote, pe ta amd n S10O0YIKES TAPAYOYICULES, EXW:

e’ . e’
lim — = lim
x40 X" i —1)r = 2) (e —n+1)x*"
(1)
Tote k —n <0 kot |im x* " =0 xot [jm x" " =+4%. Apa to 6pro ™mc (1)
X—>+00 X—>+00

eovTal pe +oo.

4. Mia owatomtmon evog kavova tov L Hospital, eivon i €€1g:
«Av o1 cvvaptioss £, g
(i) Eivan cvveysic oto [x, —h,x, +h|h>0

(ii) Eivol mapayomyicipes 6to [xo —h,x, + h] — {xo}

(i) f(xy)=g(x))=0

(iv) lim&=i eN,
x—0 g(X)
Tote lim—— f( ) =A».
x—0 g( )

H cvuvOnikn (iv) vroxkpvnter v eni whéov vméOeon, 6Tv Je > 0: g’(x);t 0
Vx e(xo—e,x0+e)—{x0}, ooy dAAmg dev vmapyer To Opro.  Avty 1
v60eon egivar omOAMITOS 0VGLMONG Kou Paciky] Yo ve 1oYVEL TO
CUUTTEPUCLOL.

Nao amodeyyBei to Pdaoipo 710V TEAELTOHIOL OYVPIOCHOV pE KOTAAANAO

napdostypa.

AITANTHXH: Ocwpoipe TIg GLVOPTNCELS:
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2 1
f(x):e {GUVLWLMHL} Ko g(x)ze x[ﬁvvlﬂwl} Vxe(0,+oo) Kol
X X X X

o) = &) =0-

Ot tpoimoBEcElg Kot To GLUTEPAGHLO 1I5YVOLV Kot OTaV Bewpr|GovUE TS f, g o€
oldoTnHo TNG LOPONS [O,+oo). Xe oUTN TNV TEPIMTOON T SIOCTILLOTO TOV
Besopnuatog L” Hospital yivovrton [xo ,Xo + h] YO TV GLVEYELD KO (xo,xo + h]

Y10 TNV TOPAYOYICIHLOTNTA.

x—0

2
[Ipdypaty, lime * - {val +2np l} =0 = f(g), @S YwOpEVO amepOoThS e
X X

1
- 1
QPoyUEVT, OT®G Opoimg Kot [im =e * [cmv —+ nu—} = 0= g(g) kot emopévag
x—0 X X

ot f, g elvan ovveyeic to 0.
[Ma T mapaydyovg Tovg Exom:
2 1
F)=e s, glx)=—e *mu.
X X X X

Ouwg, osodnmote pikpn yerrovid tov 0, n g(x) pundevileran yio dmelpeg TYECS.

- , . 1
Av16 patvetar av Bswpnom v axorovbia x, = py —0.
mn

Torte g(xn ) =0Vnel (apov n;,ti =nu2zn =0Vne I ko oe k&be meploxn
X

tov 0, Bpickovtar dmepot 6pot g x,, : g'(xn ) =0.

Tote:

1
otav nqu—=0.
X
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1
1 1+ 2ep—
f(x)=e7. (px

&(x) 1+8(pl
X

1
Opwmg, to miiko =e ¥ |1+

X, =0, apov av Bewpnow v akorovbia x, =

27m+£
2

r=0]

lim = lim e
n—>+owo g(xn) n—>+ow

) A [

Ouwg av Bewpnowm v x,; = ;3 — 0 kot
27n + 7”

dev &yel 6plo o6To

l+cp—
X

— 0, totE

' 3z
—| 2an+—
lim % = lim e [ 2 j {1 + ﬁ} dgv &yel vomua, a@ov 1 aykOAn dev

n—>+o g\X, n—>+w

€xel vOnNUoL TPy Lattkov aptfpo.

X170 TTPONYOVUEVO TTOUPAIEVY M, OTAOTO|GUNE TOV TOPAYOVT nul , (OPig
X

va. Adfoope v’ oYy pag, 6T vdPyovy TINES TOV X, 0600NTOTE KOVTA 610 ()

7OV TOV UNoEviCovy, KaTaAyovTog o€ Ad0og.

To avtictoyo mapaderypa, 6tav x — +00 givan 6tav {ntape vo voAoyicovpe

TO TOPOKAT®O OPO:

e 2" (ovvx + 2nux)

lim ——
xto e (cmvx +1 px)
: s . I+ 2epx
dtupéom pe cuvx # 0, 101€ £Y® lim e .
X—>+00 1+ ePx
Av Oswpnow X, =mn, T0TE
) o 14 2eonm ) e 1+2-0
Iime —=1lme - =
n—>+o0 1+ epnr n—>+o0 1+0

Av dpng bsopiom x, = 2nm —nz — 400 Kot

a@oL £y® 0 o€ TOPAVOUACTY.

. .0 . .
. Etvar g popong o Kot dev vmhpyet. [pdypatt, av

X, —> 40 Ko

7oL dgv £xeL VO,
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Qopéc.

5. Yrapyer mapaderypo opiov Tng popeng % 06TO 0TT0i0 0 KOVOVOS TOV

L’Hospital amotvyydver, a@od emaysr € €Quppoyr] T0V ATEPES POPES,
apaypa advvato. Ev ToUTOWG, HE KATAAAMAO NETUGYNUATIGNO, PTOPEL VO,

vrohoylo0ei e@appolovrag tov kavove tov L’ Hospital menepaopéveg

1

¥2

AITANTHZXH: To mapdodstypa eivat to |im ¢ = N*, nel .

0 x"

H Aemtopepng dampaypdtevon tov yivetol 6TnV TapaKiTe EQOPUOYN.

f(”)(xo): 0Vnel ka f(")(x) un otabepéc Vnel.

6.Yrnapyer ovvapmnen f:N—>N xm x,eN, étor @ote

1
AITANTHZH: Osopd m covaptnon f(x)=4*¢€¢ "> X# 0 ov givan
0, x=0

YVOOT Kot 0¢ «ocvvaption Tov Cauchy». [V avtv, woydovv ta akdlovba:

1

. 2

— ex

Fix)=2e¢ " x 20, £0)=lim

=0.
X x—>0 X
A6, 2 : =
A (x)—(—6——4je “x#0, f'(0)=lim—e * =0
X x—0 X

Oa deiEm ot

(1)

onov B, (lj ToAvdvVVLOo Babpov 3n wg mTpog l
X X

H (1) yuio n=1 woyder.
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YroBétovtag, 6t woyvet yuo 1, Ba deiEw Ot 1oyvet kot yio n+1. Tlpdypott:

1 1
R N e YA O
X X X

X
1 1

)
X X X X

H mopdotaon evtog g aykvAng, eival aBpoicpa molvovopwy Babuodv 3n+2
kot 3n+3, dNAadn Tehkd Tolvdvopo Babuov 3(nt+1) og Tpog 1 .
X

(O140)

INa x=0, &yo:

£(0) = lim

x—0 X x—0

. 1)1 1
(@éoape P, (_j = (—) ).
x) x x

. | . , 1 . , .
Aot av a, a3 KATO10G OpOG TOL TOAVWVOHOL Py, ., ~) TOTE TPOKVTTEL OTL

1

1 2 ~
linga,{—,('ex =0,a, eN.
x—> X

H ebpeon avtod tov opiov yivetal pe epappoyn tov kovova tov L’Hospital
KOTA 1N TETPUPEVO TPOTO, G EENG:

1

2
e ¥ 0
To lim% elval TG Hopeng o’ aAAG map’ Ola avtd, Ogv UmoOpel va
x—0 X

epapuooBel o kavovag tov L Hospital, apod odnyel oe aAendAANAeS LOPPES

2

— em’ amewpov TmpAypo mwov KoOoTd  0dVVOTO TOV  LTOAOYICUO  TOV.

0
Koatagpebyovpe oto e&ng téyvaoua:
L 1
5 -
. * . x* +00 , —
lima, =lma, —| = n .
x—0 X x—0 — +© —©
e’
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. . © s 1 .
‘Eym +oo, 6tav x — 0" kot -00, 0tav x — 0~ Oétovpue —=y. Tote x >0,
X

Y — +00 Kot

K x—1 K—2
lim o 2 (=+—ooj=lim06 X im o 22

y—>+00 K €y2 + oo X0 K€ 2y€y2 Xt K€ 2€y2
- -4
o G (2 ay (e 2"
= lim = lim
X—>+o0 27 ye'? X400 2% .2

pe ovveyeilg epappoyég tov kavova tov L’Hospital, otov apiBunt g (1),
énerta omd memepacpévo aplBpd Pnuatov Bo £y 0 Kol 6TOV TOPAVOUACTNH
napéotaon #0. Emopévog, 1o 6pro sivar 1o 0,Vi € I. Avoldyme, dtav

K

x>0, y—> -0, xu lim7=0-
v €

Emopévog, telkd, 6tov x — 0

b

2
.e’”
lim——=0.
X

‘Eto, Eavayupvdvtog 6Ty VTOAOYIGHO TNG TOPAYDYOL GUVAPTHGE®MS, £XM:

1

1 L
0, x=0

7. Yrapyer ovvaption f:N— N, n omoia éxe ovveysic mapaydyovg

owcdnmote TGems o€ onueio x,, aAid dgv avantvooeTan kotd Taylor.

1

2
AITANTHZH: Eivau n ovvaptnon Cauchy f f (x) =Jx-e*, x#0l Yo, TV
0, x=0

omoia OTmg eldape Tpwv, 1oyveL f (”)(O) =0, Vne l, ondte av Bewpricovpe
x, =0, 0 avértoypa tavtiCetar ndvto pe to vrorowro Taylor, dnA. dev

VILAPYEL OVOTTTUY L.
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12.4. KATAXKEYH HAPAAEII'MATON KOIAQN
KAI KYPTQN XYNAPTHXEQN

1) f(x) =oax+ B, a,feN. Aev givar 00te KVPTN, 0VTE KOIAN.
2) f (x) =ax’ + fx+7y, a#0. T o>0 sivon kvpt Ko yio a<0 sivor KoiAn.

3) f(x):?;i?, y#0, 00— fiy 20, D(f):N—{—%}.

(1) Av ad — py <0, t6t€ 6T0 [— 0,— QJ N/ xoiln kot 610 (— é,+OOJ KLPTY.
V I

(i1) Av ad — By > 0, tot€ oT0 [— 0,— éJ N/ KuptY| Kol 6TO (— é,+ooj KOTAT).
V4 I

4) f(x)=x", x#-1,x#0, x#1. T 11¢ B14QOPEC TWES TOV 0:
(i) x>, nel, D(f)=N, eivar kopti} Tavtov.
(i) x>, ne T-{l}, D(f)=N, o10 (~,0) xoiAn, o0 (0,+0) KVpTH.
Giyx*", ne ", D(f)=N", 610 (- 0,0) Kvpti, 670 (0,400) KLPTA.

, D(f)=R", o1

(v) x*, aeN-U, D(f)=(01)U(1,+0). Onore:

= k

i) x>, nel 610 (—0,0) K0iAn, 610 (0,490) KVLPTH.
a) o <0nM a>1eivoar koptn.
B) 0 <a <1 eivon koiAn.
5) f(x): a’, a>0,a#l, D(f)z N, eivar Kopth TavTov.
6) f(x):loga x, 0>0,a#l, D(f): N’
1) Av 0<a <1 givon koptn.
i1) Av a > 1eivar xoiin.
7 Slx)=nex.

Yta (2rem,2kem + 1) koikn, (2x7 + 7, 2km + 27) wopt. (k€ U)

8) f(x)=ovvx.

210 (2D};,2D}EDJ KO1AN, (2]&5,259—?) KLPTN. G E/\)

9)
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210 —  Kupt, — KOIAM. ¢ )
10) f(x)= X .
210 —  Kupt, — KOIAM. ¢ )

11) Me ) ypnon ¢ tpdtaong, 0t: «Av 1 [ oto (a,f) eivor kuptn, tOTE N — f
elvar KoiAn ko avTioTpOP®CY.
12)Avn f o10 (a,f) Koptn, TOTEM £ - = ( ) 070 1010 doTnua Ba etvan

KUPTN KO OVTIGTPOPMG.

13)Av nn f oto (a,f) xoptn, TOTEM o - 0 (1, ) o10 1010 odotnua Ba
etvau:
(1) , KUPTI KO OVTIGTPOPMC.
(i1) , KOTAT KOl avTIoTPOP®G.

14) Ot GpTiec cLVOPTHCELS, SeE0 Kal aploTepd TOL GEova Yy £xovv 1o id10
€ldog kvuptdHTNTOG.

15) O mep1t1ég GLVAPTNGELS, GTA GUUUETPIKA G TPOG TNV OPYT YPOPTLOTO KO
OTO OVTIOTOLYO SICTHHOTA, EXOVV SLPOPETIKO £100¢ KLPTOTNTAG.

16) Ov meprodwkéc ovvaptoelg pe mepiodo T, ot avrtiotoryo mePLodkd
dwotnuata TAdtovg T, dttnpovv TV KupTOTNTA TOLG.

17) Av ot f, g eivor 300 QOpEG TOPAY®YIGIUES KOl KUPTEG Kot oV €l TAEov M f
elvar yvnoing avéovoa, 1 fg etvar Kupt.

18) 18) Av » (x) moAvdVLLO e BeTIKOVG GLVTEAEGTEG KOl APTIOVG £KBETEC, TOTE
1 ovvVApTNOoN elval Tovtov KoiAn.

19) To menepacpévo kollmv (KupT®V) cLVOPTNCENDS G€ dtdotna (a,f) elvar

KOiAN (Kvptn).

20) Av elvan BeTikég e Koo onpeio ehayiotov, TOTE TO YIVOUEVO

TOVG gival GUVEAPTNOT KOTAN.

12.5. TAPAAEII'MATA XYNAPTHXEQN ME XHMEIA KAMITHX
1) H fpe rx)- " €qel onuelo kapmng povo oty nepintwon 6mov 10 n
glvon Teplrtog pe

2) tx)-= o x. Exetonueio kopumng ta (o0,
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3) . 'Exet onpeio kopmng ta —

4) t(x)= nox . Eyxetonueio kopme tor (oo 0,

5) . 'Exet onpeia xopmng to —
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13. OAOKAHPQMA RIEMANN

13.1. H ohoxMMpoon kotd Riemann

1. Na d00¢i mapdaderypo covaptioe®s f, 11 07oia €ival OPLoPEVI] 0€ KAELGTO

owdoTnpO [a, ,b’], Qpaypévn Kat pn oAokAnpaoiun kotd Riemann.

AITANTHZXZH: Q¢ éva 141010 TOpAdELy Lo, LITOPOVLLE VO OVAPEPOVLE TOV TEPLOPLGHO
A-x oto [0,1] ™¢ YVOOoTNG cuvdptnong tov Dirichlet:

1, xe|0,1|M
f(x) - {O, X e[[O, 1]]\((;?}
Opiletar oo [0,1], etvar Tpogavdg epoyuévn. o omoladnmote Sapépion Tov [0,1]
0G0dNTOTE AEMTN Kot 6€ KAOE vrodidotnie mov onovpyel, Ba vedpyovv Kot pnroi
Ko GppnTot (AOY® TNG TUKVOTNTAG KoL TOV PNTAOV Kol ToV appitov oto N).
Apa, V dwpépion P= {xo =0,x,X5,..,X, = 1} OV [0,1] Bo &xm L(P,f): 0 wou
UP,f)=19[f(x)=0=]f(x)=1. Apan £, Seveivar ohoxAnpdoun oo [0,1].

2. Na PBpebei ocvvaptnon f:[oc,B]—)N, ne f(x)ZOVxe[oc,ﬂ], f(x) pn

B
undevikii, yro Ty omoia [ f(x)=0.

, - 1, xef{ol}
AIANTHEIH: @copovpe myv f:[01]] >N pe  f(x)= Ve>0
Bewpd dwopépton P AentotnTog tuKkpdTepng amd % .Tote U (P, f ) < % 1+ % 1=e

1
L(P,f) =0 o U(P,f)— L(P,f) <&, onA. H feivar ohoxkinpooun pe ff(x) =0.
0

3. Eivor 7yvootd, o0TL «AvV f, g:[oc, ﬁ]—)N gival  0OLOKANPOOLUES KL

f(x)Zg(x) ‘v’xe[a,B], T0TE Tf(x) > Tg(x)».

Na e€gtac0sei av woyvel avaroyn apotacn SATeENS KAl Y10 TIS TOPAYADYOVS TMV

f,g og éva dwaoTno. [a,,B].
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AITANTHZXH: Agv 1oy0et, 0nmg gaivetat omd ta 1o KATto tpio mopadeiypota:
e Av f(x)=x /[g,l} kar g(x)=x’ /{?,1} tote f(x)> g(x) vx e [?,1} (to
{oov 1oyvEL LOVO Yo TIG akpaieg THES). Opmg,
' ' 2 ' 2 ' \/5
fi(x)=1 ka g'(x)=3x" xou f'(x)=1<3x"=g'(x) Vxe T’l :
, : , V3
Anhaon, f(x)Zg(x) = f (x)ég (x) Vx e T,l .

e [0 ovvaptioelg pe TV O OVOAVLTIKY EKEPOCT OM®G TPONYOLUEVDS OAAG

OPIGUEVEC GTO {O,g} Exo x=f(x)2g(x) =X =1= f(x)2g'(x) =3x".
g'(x)=3x"

f'(x0)=1 F)=x

- gl =x
S 1
3
e[ TIg f(x)=5/[01] xm g(x)=3/[0,1]] &o f(x)>gx)vrel0]] xm
f'(x)=0=g'(x) vx e[o.1].

Amd ta mponyovpeva tpia mapadeiypato, koabictatar @avepd, OTL dev pmopel vo

vapEel  avdioyn mpotoon Sdtalng Yo TG TOPAYDOYOLS, OMMG KOl OTO

OAOKAN POLOTOL.
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4. Ioyber 1 mpétacy, 6T «Av f:[o,B]— N, ohokimpdoym, téte ke 1 |f]

0LOKANPAOGLUNY.

No amwodery0ei 0TL dev 1woyveL N avrioTpoen TpdTaoy.

AITANTHZXH: H avtiotpoen mpdtacn €xetl v e€ng dotdmmon: «Av [ : [OL, B ] —N
ko | f] ohokAnpdown, tte ko f Ba eivor oOhokANpOGUN.
[No va omodeyBel m un woydg e, mpémer k1 apkel va mapobécovpe Eva

OVTUTALPAOELY LLOL.

2, xela,p]nD
—J, xelo,p]'D

}(/17&0).

Toéte v k6Oe dwpépion tov [oc, ﬂ], AOY® TG TLUKVOTNTOG KO TV PNTOV KOl TOV

Hpdyport, av Osopion f:— N pe f (x) = {

appitav oto N, Oa éxo U(P,f): i-(ﬁ—a) Kol L(P,f)z—i-(ﬁ—a).
Anhadn, U (P, f ) # L(P, f ), v KaOe Sapépion Tov [a, ﬁ].
To 1010 woyder kor to infimum kot TO supremum T®OV OJUEPICEMY, ONANOT

B B
[ f(x)dx = [ f(x)x, dnhadyn f Sev eivor ohokAnpdoiun. Opog

[

171(x) =4 vx e[a, B] ko :f|f|(x)dx =[A-(8-a)

xe™ =a-e™)Ax+B)+ A-e“ = x-e™ =™ -[adx + aB + A] = (e™ # 0Vz e N)

X =aAx + aB + A = (ek TOVTOTNTOG 160 TOAVDOVVLLOL)

1

{ aA:I} A=-
=

0B+ A=0 g__ L

2
a

Enopévag [xe™dx = [lx - sze“x + C pe dAlo TpdmoO.
a a

H «ldon tov aopictov okokAnpopdtov [xe“dr pe ae N™ eivor Gmepn
(vmepapOpnotun). Pvowd kabe ohokAnpopa g popeng [P(x)-e“dx, 6mov P(x)

TOAVOVVUO LTOAOYILETAL LE TOVG SVO TPOTOVS TOL avapEpape. BePaiwg vdpyovv ki’

GAAEG dmelpeg KAAGELS TOL VITOAOYILovTon pe Oyl Lovadikn HEBodo.
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5. Emiong woyoer | wpotoon: «Av n f:[a, f]— N given oroxinpdoiun, téTE
kor 7 sgivor ohokinpdoymp». Na sietacOei av woyder 1 avrictpoon

npoTaon.

ATIANTHZH: Avtiotpoen npdtoon: «Av f:[a, f1—> N kar f? oloxinpodoiun,
t0te kot M f  ohokAnpooiuny. Agv 1oyxdel Kot ®G avTutapddslypa pmopel va

napatedel | GLVAPTNON TG TPONYOVUEVIG EPAPLOYNG:

q f(x):{_i’ xela, p]nD

dev  glvar  oAoxkAnpoolun,  mopoTtt
A xe[a,,b’]\D} NpwouN p n

f2(x) = f(x)- f(x) =72, Vxe[a, f] sivor kat /ffz(x)dx =2 (f-a).

6. Eivm 7yvootré 6t kabe ovveric ovvaptnon f:[a.f]—> N siven
oroxkAnpaoiun. (Orokipowon Cauchy). To ohoxMpopo Riemann grxexrteivel
TNV OAOKANPOGIUOTNTA KOl GE 11 GUVEYEIS CVVOPTNOELS. YTAPYEL 1| TpoTOaoN
7oV amodeukviel TV orokAnpocipotnta mag 1 :[a, f]1—> N étav &g éva
onpeio acvvéyelag 6o [a, f].

Q¢ mopiopa ovTiHc TG TPéTUSNS, av Bsmpricovps ke I onpsio aovvéyelag
oto [a,f], ToTEe €@appolovrag TNV oloKANpwonoéTNTE O©f Kk KAEWGTA
VTOOLUGTI|NOTO TTOV TEPLEYOVV £VO G UELD AOVVEYELNS KOl EKUETUALEVONUEVOL TO
OTL TO OLOKANPONO GE OLAGTILO LGOVTUL UE TO AOPOICHE TOV 0ALOKANPOUATOV
6T0. VTOSINCTHNATE, ovpmepaivovps, 6Tv ma [ :[a,f]1 >N pe k onpsia
aoVVEYEWS 6TO [a, f] eival ohoxkinpaooun. H apéomg erdpevn exékraon eivan
av &(o drepo onueia acvvéyelog 610 [a, f]. Ereion épwg vadpyovv owdpopa
gion ameipov , N TALOV amA] TEPITTOON AMEIPOV givan va EY® GTEPO peV, aAAG
apOunolpa onueia acovéyelas oto [a, f]. Tote, icogn f eivar ohokinpooiun
Katd Riemann. (Zvykekpyuéva, yperaletar 1 woyvpoTepn ovvOnKn TG
OTOAVTNG GUVEYELUGS KOL TG QPAYREVIIS KOUAVOTC).

Ye mepintoon Ywapéng drelpov aArld vaAEPUPLOUNCIN®V GNUEIMV AOVVEXELOGS

oto [a,f], T0 Kprtipro olokAinpwopndétntog Tov Riemann, diver apvnriko

amotélecpo. Exel, tqv okvtain g eméktaong v mopoiappaver To
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olokApopo Lebesque, 710 omoio pmopel vo omo@aiveTol Kou Yo TIS
MEPUTTOGELS 6oV TO. onueio acvvéyews oto [a, f] eivan vrepaprOpioipa.
Yoykekppéva, 10 AMupo tov Lebesque Afer 0T po ouvvaptnon @paypévy
[a, /1> N givar oloxipdoyn, av Kou pévoe av To 6HVoho TOV onueimv
aovvéyewg g f ot1o [a, ] éxer pétpo 0. Métpo 0, £xovv 6o Ta Temepacpéva
Ko 0ha To apldpnioipa oOvord, Al Kol KATOow omld Ta vrEpaprOpfoiua,
0mmg 10 ovvoro Tov Cantor.

"Etou

«Ymapyer ovvaptnon f:[a,f1—> N pe anspa ko ap@piocipe onpsia

aoVVEYEWNS 670 [a, ], | omoia givan ohokAnpdoun kotd Riemann.»

AITANTHXH: Ecto f:[0,1] > [0,1] pe

1 av x =" pnto e (n,m)=1
f(x)= I’l’ n pnTog | > )
0,

av X appnTog

"Eoctm dedopévo ¢ > 0. Tote vmapyet o kpotepos aképatog N yio Tov omoio va 16y0el

% < % (1) (Adt amd a&iopa Apyyunon—Evdoéov vrbpyet N > 2 OV 1000LVOLUEL
€

pe v (1)).
‘Eoto k, o apiBuog tov pntov ™ rov €yovv mopovopaotn pkpodtepo oamd N. O
n
aplBpdc avtdc k, &€ivoal OTOOONTOTE TEMEPAGUEVOS, OPOV  UTOPOVUE VO
KOTOOKELAGOVLE OA TOL KAAGHatTo — , e m < n < N pe menepacuéva Pripata, 6mmg
n

QOIVETAL TOPAKATO:

11121231234 N-=2

1'2737374°4°4°575°5° 57" N-1
To 611 kémowo KAGopota givol 1oodvuvapa pe GAAo 0ev HOg EVOYAEL, a@ov TOAL Ta

Myotepa Ba gival memepacpéva, €0t —OmwG opicape— k 1o mAnbog. Av emhéEm pia

dwpépion pe Aemtomnta || P||< ﬁ tOTE umopove vo eykigiocovpe ta k£ 10 TAN00g

onueia tov [0,1] og VITOSIACTNHA UNKOVS LUKPOTEPOV ATTO % .
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Agdopévov otL M f elvar gpaypévn and 1o 1, n oAKY| GuvelsPOopd oty Slapopd

UP,f)—L(P, f) and 0. YTOSOCTAHOTO TOL TEPLEYOLV aVTA To. k ompueio, dgv

; , € , . . ,
umopel va Eemepdoet To 5 210 O100THOTO TTOV OEV TEPEXOVV KAVEVA AT’ OVTA T k
C 1 ¢ . , . .
onueta, etvon m; =0 kar M, < N < 5 EMOUEVMG 1) OMKT GUVEICQOPE GTN dtapopd
. . , , . , €
U(P, f)—L(P, f) amd avtd T0 VTOSIUGTHUATO EIVOL LIKPOTEPT OO 5

Apa, temxa U(P, f)—L(P,f) S%+% =g, TPAyHo mov onuaivel 0L 1 f elvan

OAOKANPAOGIUN.

13.2. To ohoxkMpopa Riemann—Stieltjes

1.Ynapyer ovvaptnon f, n omoia dev eivan Riemann—Stieltjes ohokinpaoun

v koppio avéovea covaptnon ¢ = O...

AITANTHZH: Ocwpovpe g f 1t ovvdptnon tov Dirichlet opiopévn oe kieotod
dtoua [a, f], Sniadn

o) = {1, x €[a, f] wou x pnrdg }

0, xela,f] ko x appnrog
Mo ka0e dapépion P tov [a, f], AOY® TG TUKVOTNTOS TOV PNTOV Kol TOV OpPHTOV
oto [a,f] Oa & L(f,p,P)=0 wor U(f,p,P)=1. Anhadn dev Kovomoteital o
Kputnplo R — S, emopévogn f dev elval oAokAnpooun Kot R —S'.

Noa onueidoovpe, 6t 1 f  eivar olokAnpoown katd Lebesque kot to

olokANpopa Exel tiun 0, Onmg TpoPArénetor ot Oewpia Métpov.
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13.3. OAoKANPOGIHOTNTE KO TPAEELS CLVUPTIGEMV

1.Qg yvmotov, 1 6UVOES GUVELDY GUVUPTI|CEMV EIVOL GUVEYNS GUVAPTIGN KoL
N ovvleon mopayOYIGipOV ovvapToE®Y, E€ivor emiong mopaywyioyun
ouvvapTnon.

Mg kotaiinio mopadstypo vo deifete, 0TL 1 6UVOES] 0LOKANPOGIN®V, OEV

givan TAVTOTE OLOKANPAOGIUT GLVAPTNGY|.

AITANTHXH: Osop® ™ ovvapmon f:[0,]]—>[0,1] g mponyoduevng
dmpaypdrevong, 6mov deiape OTL ivat OAOKANPOGILY.

1, xe(0,[]

n omoia givol acvveyng
0, x=0

Eniong, 0sopd v g :[0,]] > N, pne g(x) :{

og éva povo onueio tov [0,1] Ko cOpe®va pe yvmot TpoTacT eivol OAOKANPOGLU).

H ocbvBeon tov f,g odlvel

1, 0,1
h(x)=<fog)={ vel ]“Q}

0, xe[0,1]\Q

N omoia OTw¢ amodeiape (€¢.1 TapodVTog KePoAaiov) dev ivar OALOKANPOGIUN KATA
Riemann.

A&ilel va onueiwdel 011 Omwg amodekvietor oty Ocwpio METpov, N GLYKEKPLUEV
ocuvapmnon (“yapoaktnpiotiky tov B”) elvar odoxinpooun katd Lebesque pe tium
oAoKANpopaToC TO 0.

Eniong a&iCer va vmopvnBei, ot 1oyvel n mpdtaon «OAoOKANpOGIUN 6 cOvleon e

ovveyn OAOKANPAOGCUT, SIVEL OAOKANPAOGIUN Y.

2.Ioyvel  wpléTOaOcY, 0TL «AV f, 2 OAOKANPOOGINES, TOTE KOL TO YIVOUEVO TNG
f-g 0a givor ohokinpaociun». No 0mod€ilete 0TL OEV LGYVEL N GVTIGTPOPT)

npoétao).

AITANTHZH: Ilpéner xu apxel, va Ppo dVO cuvaptioelg f, g TOV Onoi®v TO
YWOLEVO va €ivol OAOKANPAOGCIUN EVO it TOVAGIOTOV amd TS f,g Vo unv sivot

ohokAnpdoun. Av Osopicn f,g :[0,1]] - N pe
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I, x pnrtog -1, x pnrog
f(x)= ] , gx)= .
-1, x appntog I, x dppnrog

tote ov f, g Ogv eivar olokAnpaowues (PA. avaroyn amotelln oty €¢. 1 tov
TapOVTOG KEQPAAIOV.) OL®G

-1, x pnrog

(/- g)x) = f(x)-g(x) = {_1 X Gppnrog

} =—1 Vxe[0,]

1 omoia TPOPUVMG EVOL OAOKANPAOGILT).

13.4. OAOKANPOGIHOTNTE KU1 GUVEYELO.

1.Na 800sgi mapaderypa ovvaptnong F :[a, f]—> N ke f:[a, f]—> N, o 1ig

0T0iEg VO, oY VEL:
o F(x)=[f(x)dt

o F'(x)# f(x).

. 0, x# l
AIMTANTHZH: Ocopod v f :[0,]] >N pe f(x) = % .
2

1, x=

Av F:[0,]] > N pe F(x)= [ f(t)dt tote F(x)=0, omdte kon F'(x) =0 Vx[0,1].
0

‘Etol, F'(x) # f(x).
‘Exet onuewwBet, 6t £, dev et xapia apyikn G : G'(x) = f(x), 6101t pe epapuoyn

ov Ogopnpotog tov Dabroux, m G'(x) 0o mpémer va et v WO TOV
EVOWUECOV TIHOV, Gpa Kot n ton e n F(x), ouwg f(0)=0 f (%jzl, EVA

Ae[0,1]: f(x)= % Apa AG(x): G'(x) = f(x).

210 1010 0amoTéAecuo KOTOANEQUE KOl OTO TPMTO TOPAOEYUD TOV TAPOVTOG

KeQaAaiov.

Avakepaiaidvovtog, vreviopilovpe v tpdtacn mov 1oy VeL:
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«Av [ :[a, f1— N ovveyic oto [a, f] ko F :[a, f]— N pe F(x)= )j(f(t)dt, to1E M

F' vrapyet ko F'(x) = f(x), Vx ela, B].

2. Qg YvmoTov, N GUVELELD MOg ovvapTions f, €ivar pua cuvOkn Yo TV

Ymapén apytkis cvvaptnons g f (1 mapayoveag v ). Na amoderydei, 61

1 cuvON KN CVTY Eival pev tKavi], 0ALG 0L avoyKaid.

AITANTHZXH: To 61t givat tkavr|, amoteLel yvomoth TpoTOC.
To 6t dev eivor avaykaio, B0 1o amodeiCovpe pe éva avtmopdderypo. Oa

napabécovpe cuvhptnon f, un cvveyn, Kot 1 omoia Ba £xel apykn cvvaptnon F .

1
Oeopd ™V f:[01] >N pe f(x)= 2xnu;—cosx, x#00

0, x=0

H f dev eivon ovveyng oto 0 (BA. B.8.1.19.). H f duwmg, €xel apykn cuvaptnon v

2
F: F(x)= X m“t;’ x#0 n omnoia givail cvveyng kou G'(x) = f(x), Vx €[0,1],
0, x=0

3. Yrapyer oovapten F :[a, f]1— N, yia tqv omoio woyver 6Tv 1 F(x) sivan
ropoyoyicwun pe F'(x) = f(x), Vx ela, f] ahha n [ dev givar ohokANp@OGLuN

oto [a, f].

1
2
AMANTHEH: Eoto F(x) =% W > *#00

0, x=0

2 — 2o, x#0
Tote F'(x) = f(x) =177 W27 oW 2> ¥704

0, x=0

Opwg, Bewpaviag v x, = , &o 6t x, >0 ko x, 20 Vnel, evod

1
N 27n

N2t n

oev givar ppayuévn, apan f dev ival oOAoKANpOGLU).

f ( ! j =—2+/2nn — —o0, TIPAyUa TOL oNUAiveL, OTL T f o€ TEPLOYN TOL UNOEVHS
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4. Na amoderydei, 611 0 Yvoo1ég TOMOG F(x) = [ f(x) = G(x) - G(at) ,6mOv G(X)

pia apytkn g f(x), o6gv divel O eg TiC apyikéc g f .

AITANTHXH: Eoto f(x) =cvvx. Tote

F(x) = [ovvtdt = nux —npe . (1)

Eniong o apyn g f(x)=ovvx eivar kat 1 G(x)=nux+15, xeN opod
G'(x) =ovvx = f(x).

Onog, 1 G(x) dev pmopei va mpokdyet omd tov Tomo (1), apovd | —nua <1, Vo e N.
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14. MHKOX XYNAPTHXHY - XYNAPTHXH ®PAI'MENHX

KYMANXHX

14.1. Mnkog cuvapTNoNG-QPaYREVI] KOUOVOT)

1. Na kataokevaoOei ovvaptnon 1 :(0,1] > [0,1] ®ote:
e Na &gl amerpo pfqkog

o H andoiln g “angipiog Tov pkovg” va givar 11 6TOLELMIEGTEPT OVVAT.

AIMTANTHZXZH: Oa kdvovpe TV KoTtaoKeu TG f UE YEOUETPIKO-EMOTTIKO TPOTO.

Oewpod to onpeio

0, av n mepirtdg

J |, av n dptiog

Lo

22

ZymuatiCo ™ cvuvapPTNoT TTOV £YEL OC YPOPIKY] TAPACGTACT] TNV AmeEPN TEOAAcUEVN

ypopuun A, A, A3A4As.... Eniong

(4,4,.1) = ni —% +(1-0)* >1 Vnel.
22" g2

Enopévaog

(A Ay) + (Ay A3) + (A Ay) 4> T4 14142 S (A A) > S = 400,
k=1 k=1

Emopévag > (A4, Ay, ) =+o.
k=1

lsopetpikd, £xo po eidva amd drelpa 1606KEAN Tpiy@va ToL OAa EXOVV VYOG £ML TN
Baon ico pe 1 kot Adym g wotntag mhayiog-kadétov (4, 4,.,,) >1, apod oto vontod
opBoydvio tpiywvo Vyog kot mAELPAS, 1 vroteivovoa gival peyaAvtepn amd TNV
KéOen.

H avaivtikn ékppaon g f, umopet va mpokdyel g €ENG:
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2n+2 2n
n 1 3
f(x)=49 2 2x-2, xe 7 n+2} n=0,12,....
2 2
0, x=0

H f dev eivan ouveyng oto 0, ovte cuveyng ETEKTOOT UTOPEL VL VTTAPEEL, QLPOV OTWS

gyovpe Oeiel oe mAPOUOLES EQOPUOYES, OV LIApPyeL To Opto oto 0 pog TETOWG

3
oLVAPTNONG, 0POD av Bewpnom Ty x, = ; — 0 10te f(x,)=1—>1. Evo av
2 n+

fewpnow ™mv x,, :2%—>O,r()rs f(x)=0—-0.

033
0.935
088

0.825

0185

o

0.0585

¥

-0.052 g 0052 0104 0156 0208 026 0312 0364 0416 0488 052 0572 0624 0676 0728 078 0832 0884 0936 0588

-0.055

2. £10 mponyovpevo Topdostypo 10 “mhatog” TG ToAGvTOoNng NTav 6T1algpd
ico pe 1. Yaapyer ovvaptnon f :[0,1] = [0,1] wov va £xer arepo pikog (vo pn
givan OMA. paypévng kdpavenc) arrhd to “mhatos” g “Taravroons” va givar

@0ivov kon pdMota va teivel oto 0;

AITANTHZXH: Oa opicovpe v f Eava pe YeoUETPIKO TpOTO: Ocmpd T onueio
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( 1 1] \

—,—— |, n mEPTTOg

I CrO
—.01, n QpTIog

Anhadr) av n mepttog, Exm to onueion 4, ot OYMOVIO TOV TETPOYADVOL KOl OV
n Gptiog, £x® T A, 6TV TAELPE TOV TETPAYMVOL TOV GLUTITEL e TOV XX’ . OEmpDd

mv KOUTTOAN oL amoteleiTon ano T evBvypapLo TUNHOTO
AyAy W A A, U Ay Ay 0. A, A, O ... Enlong opile f(0) =0, ondte opiletanr  f
oto [0,1]. Mg ) ypron ¢ yvootng pag Evkieideiog petpikng, Exovpe ot
1 1 1
d(A4y, 4)>—,d(4),4,) >, d(4,,45) > —,
2 2 4
1 1 1
d(A4;,A4,) > vk d(Ay, As) > e d(As,Ag) > PR

levika &yo:

1 1
, d(A4,.,,4,.,)>
N2 ( n+l +2) n+2

2

e Av n dptog, n+1 meputdg kv d(4,,4,.,) >

GY£0ELS TOL amodEKVVOVTOL DKOAN pe TNV EvkAeideia petpuc.

Emopévae, to punkog e f, (av vmapyer) Bo mpémel va givor peyoddtepo amd To

dBpotopa
1 11 1 1 1 1 1 1 1 1 1 1 1
—t—F—F—F—t—F—F—t—F—F =l —F—t—F—F-.
2 2 4 4 6 6 8 8 10 10 2 3 45

To tehevtaio OpmG amelpodBpoiopa eivar n yVvoOOT HOG OPUOVIKY GEWPE 1 omoia
ovykAivel 610 + 0. Emopévac, n f €xel amepo punkog (-cmotodtepa) dev EYEL LNKOG
(apod 10 punKog voeiton memepacpévo). Eniong 1o “mhdrog” g divetar amd tov tHmo

L—>O.

n+1

Telkd, vy vo €el uRKog o ovvaptnon (yevikotepo KOUmOAN) Kot vo givon
evBuypappioyn, oev Bdavel n ovvéyela. Ilpénern f va givon payuévng Kopudvoemg
(M epayuévng petafoing) oe ddotnua [a, f] N OTMOG 1GOOVVALMG ATOJEIKVIETAL, T
f va €xel ouveyn mapdywyo oto [a, f].

Mo v anddeén g anepiog Tov UNKOVS TG, 1| HOVN U1 GTOLXELDONG YVMOT| TOV

YPNCLOTOMCaE Elval 1 ATOKAIGT TNG OPLOVIKNG GEPAGC.
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0494
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0442

04E

0.33

0.364

033

031z

0.286

026

0.234

0208

01s2

0156

013

0104

0.07e

0052

0.026

¥

.
002 0025 005 0075 01 0126 015 0178 2 02265 025 0278 03 032 035 0375 04 0425 D45 0475 D06
.

“-0.026

Created with a trial version of Advanced Grapher - http: /A alentum. comd agrapher?

3. Yrapyer f:[0,1] > N mov sivan:
e Yvvegymge oo [0,1]
o Ilapaymyiciun cto (0,1]

e Agv givan @paypévng kopaveng (ko apa dev givan gvBuvypappiown) oto [0.1].

1
ANIANTHZH: @copd mv f:[0,1] pe f(x)=1"M> *€ O
0, x=0

‘Exyope Mon oamodeier 6Tt 1 f eivan cvveyng movtod Kol wopayyicuyun pHovo oto
(0,1].

b

Bpioko 6éceig amdivtov tomkedv akpotdtwv oto [0,1]: TV avtd Bswpd v

elowon:
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1

X

X 2

Enedy xe(0,]) Bsopd kel mov sivar ov dektéc Moeic. Apo x =

C Qk+Dr’
2
f((zkﬂ)n)

Bpiokw Béogig amoAvtwg ehayiotov:

2
Qk+Dr’

7 r r
kel .Eto1éym

Wl=0<:>(x=i,ke Uj kot yw 1o [0,1] éxw ke T .
X 2kr

Oewpnd ™ dapépion tov [0,1]

P, :{O,<i< 2 <...<i<3<1]

2-1z) f&j_f(m—zm}

R

2z
nmw

Torte

+

V(f.P,)= ‘f(l) - f@

+

Apaav n — +w 10t€ V(f) =+400.
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14.2. Anéivtn ovvéyera

1.Yrapye ovveyng covaptnon f :[0,1] wov dev ivar amdivta cvverg.

1
ATIANTHEH: Eoto f:[0,1] > N pe f(x)={"" xe (01
0, x=0

"Eyoue deitet (B.8.1.19.) 611 etvan cuveyng kat amd 1o Tponyovpevo 0tL V' (f) =+o0.
AMG and v Bewpia yvopilooue, 6Tt av pio cuvaptnon sivor amdAvta cuvexns do
elval Kot opoOpopPo GUVEYNG KO PPOYLEVIG KOLLOVGTC.

Emopévocn f dev givarl amdAvta cuveymg.
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15. AOPIXTO OAOKAHPQMA

15.1. I'evika

1. Na amodeyBei 0T1 dev £yl kGOe cuvaptnon f apykn cvvaptnon F.

1,
0,

x>0
AITANTHXH: Yndpyxein f (x) = { 0} ot Ogv £XEL APYIKT GLVAPTNON).
x <

[Ipdypatt, av vroBéocovpe OTL VLdpPyEL L apykn ™ f, N F, oplopévn o€ Kémolo
Siomuoe Ac N, 1t Ba émpene Phoet Tov OpwopOd TG OPYIKAC, OTL
F'(x)= f(x), VxeA.

Me epoppoyh Tov @. Darboux, 1 F o mpémet va £xet TV 0TI TOV EVOIUESHY

TILAOV, apa ko 1 ion e n f-

Ouocg n f  dev &xer 1 ovvotdtTa TV EVOLOHEC®V TIUADV, oo Y.
1
f (— 5):0, f (g)zl Kol M TN 5 glvor avapesa oto 0 kol 1, evd dev vmdpyet

xeN: f(x)= 1 :
2

[Tpéner va. oyolocHel, OTL evd KAOE «OTOWYEIDOING CLVAPTNONY, EYEL TAPAYWYO
«OTOYELDON GLVAPTNON», €V TOLTOL, KAOE OTOWEWDONG ocuvdptnon O0ev £xel
OTOL(EUDON APYIKT) CLVAPTNOT).

Anlodn, to cHVoro E TV CTOLXEWMODV GLVOPTHCEMY VA £ivol KAEIGTO G TPOg TNV
TPAEN TG TAPAYADYIONG OEV Eival KAEIGTO MG TPOG TNV TTPAEY TNG OAOKANPWOOTG.

H pun xieotomra tov cuvorov E TV GTOYEIMODYV GLVOPTNCE®Y G TPOS TNV

OAOKAN PO, omedelydn kotd mpmtov pe avtimapadeiypoata and tov J. Liouville to

1833.

. , . , 1 e’ 1 ,
[Ma mapdderypa, omodetkvieTatl, OTL 0L APYIKEG TV , —, —, — O0&V &lvan
l+x* x x Inx
OTOLEUDOELS GUVAPTICELG.
Eniong, 10 adpioto oroxAnpouo £ (x) = 3 dx oy, Yo p#0, dev eiva
(l —-X Xl — ux )

OTOL(ELOONG GLVAPTNOT).
INo p=0&® v otoyeddn ocvvaptnon toénux. To E(x) Aéyeton eAlemTIKN

ovvdptnon, n omoia yio n =—1, peretndnke and tov Conte di Fagnano xatd ta £t
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1714-1750. JUOTNUOTIKY  UEAET] TOV  EAAEMTIKOV GUVOPTNOE®V KOl TMOV
avTioTpOPmV tovg, &ytve tov 18° kar 19° awdva omd tovg Euler Legendre, Abel,
Weirstrass «.d., pe ™ fondeia tov pryodik®dv aptopov.

Eniong, péom tmg Oempilog TtV EAAEWTIKOV GLVOPTACEMY, KOTEGTN OLVOTOV,
OTOU(ELMOELS GLVAPTNGELS, OTWG 1N GLVAPTNGN MX , ot onoieg opilovtar pe kabopd

'eoperpikd tpomo, vo optoBolv pe avarvtikd péca.

2. Eivan yvoot) 1 1006 TS 0gpeM@00vg TpoTaceme:

«Av 0V0 cvvaptioslg Fy; kon F; givar apyikég cuvaptioelg puag covaptnong f
opropévg o€ ordotnna A, TotE SroPEpouvy Katd 61alepd, AvTioTpoQmg, av F
o aptkny g f og sudotnuo 4, 10t omoradnmoTE GAAY F; mov opileTon 6TO
owdotnuo 4 Kot Swegépel katd otabepd amd tov Fi, Oa eivon K1 avTi) pio apytkn
™ms fo»

No amodciete, 0TL | V600N TOV JLAGTHNOTOS 4, £ival OVOLAINGS VLA TNV LOYD

™G 7mPoTdoems, OnA. M mpotaon doev eivar aindic ev yéver og évoon

