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ABSTRACT. On the basis of Karlin and McGregor result, which states that the transition probabil-
ity functions of a birth and death process can be expressed via the introduction of an orthogonal
polynomial system and a spectral measure, we investigate in this paper how the Laplace transforms
and the distributions of different transient characteristics related to excursions of a birth and death
process can be expressed by means of the basic orthogonal polynomial system and the spectral mea-
sure. This allows us in particular to give a probabilistic interpretation of the series introduced by
Stieltjes to study the convergence of the fundamental continued fraction associated with the system.
Throughout the paper, we pay special attention to the case when the birth and death process is
ergodic. Under the assumption that the spectrum of the spectral measure is discrete, we show how
the distributions of different random variables associated with excursions depend on the fundamental
continued fraction, the orthogonal polynomial system and the spectral measure.
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1. INTRODUCTION

The connection between probability theory, continued fractions, and orthogonal polynomials sys-
tems (OPS) is usually addressed in the literature via the very fundamental result of Karlin and
McGregor [12], which states that the transition probability functions of a birth and death process
can be expressed by means of some orthogonal polynomials associated with some spectral measure.
This is equivalent to claim that the backward Chapman-Kolmogorov equations can be solved via
the introduction of an OPS and a spectral measure.

Specifically, consider a birth and death processes {A;} with state space {0,1,2,3,...} and defined
on some probability space (2, F,P); the transition rates of the process {A;} are denoted by

(11) Gm,m+1 = A > 0, Ym,m—-1 = Hmy 9mm = — (/\m + ,um) for m > 0;

¢m.n = 0 otherwise. (The rate po is equal to 0 and p,,, > 0 for m > 0.) Karlin and McGregor result
asserts that there exist an OPS {Q,(z)} and a regular positive spectral measure pi(dz) of total mass
one and not supported by a finite set of points so that

(1.2) for m,n >0, ppn(t) L P{Ai=n|Ag=m}=m, /000 eT"Qn (2)Qm(2) p(da)
and
(13 | Qut@Quaintde) =0 torm 2, and [ @2 outin) = ——

where the polynomials {@Q,, ()} form an OPS with respect to the spectral measure p(dz) and satisfy
the three-term recurrence relation

Qo(z) =1, Q_1(x)

AnQn—I—l(x) + ($ - An - ,un)Qn(x) + ,unQn—l(x) = 07 n Z 07
1

07
(1.4)
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and the quantities m,, are defined by

(1.5) 7o =1and 7, = Mformz 1.

M1 Hom
The OPS {Q, ()} will be referred to in the following as the fundamental OPS associated with the
birth and death process {A;}.

The result of Karlin McGregor can notably be used to classify birth and death processes (especially
linear-growth birth an death processes), where the concepts of recurrence and transience are studied
in a purely analytic way instead of a probabilistic one [13]. The result is also of great interest for
the community dealing with the properties of orthogonal polynomials occurring in the modelling of
physical systems (see [10] for instance).

A complementary approach to the connection between probability theory and OPS [5] consists in
using the continued fraction defined by

(1.6) for R(=) > 0, fo(z) = Nori

24 o - Atfha

Z—|—A2—|—,u2—".

24+ A+ —

and representing the Laplace transform of poo(t) = P{A; = 0 | Ag = 0} (i.e, po(z) =
JoT e poo(t)dt). The continued fraction and the associated OPS can then be used to study the
recurrence and the transience of the birth and death process.

We adopt in this paper a slightly different approach to the aforementioned connection. We
specifically show how the theory of continued fractions naturally arises when studying some transient
characteristics associated with the birth and death process {A;}, namely the time to an excursion
above a given threshold starting from a given state, and the duration of an excursion above a given
threshold. In analogy with the M /M /oo system studied in [8], special attention will be paid in this
paper to the case when the birth and death process {A;} is an ergodic Markov chain, which is a

natural assumption in a probabilistic setting. This assumption entails in particular that [4]

() Y m < e
m=0

Moreover, we shall examine the case when the birth and death process satisfies Aldous’ local
linearization property [2]. (The exact meaning of this property will be detailed in the subsequent
sections.) Under condition (Cy), the stationary distribution {p,,} of the process {A;} is given by

1 m
(1.7) Do = —= > 0 and form > 1, p,, = OOT
> T S
m=0 m=0

The contribution of this paper can be summarized as follows:

> 0.

e we give a probabilistic interpretation of the series introduced by Stieltjes to study the conver-
gence of the continued fraction pg(z);

e we show how the Laplace transforms of different transient characteristics associated with ex-
cursions of the birth and death process can be expressed in terms of the fundamental OPS and
the continued fraction po;

e under the assumption that the spectrum of the measure p(dz) is discrete, we show how the
distributions of different transient characteristics depend on the continued fraction pg(z), the
basic OPS and the spectral measure p(dz).
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2. BAsic DEFINITIONS AND RESULTS

We recall in this section some basic concepts and results, which hold for the continued fraction
Po(z). The successive denominators {FP, (z)} of the continued fraction pg(z) satisfy the Wallis
recurrence relations [9]

Fy(z)=1, P7(2) =0,

(2.1)
P (2) 4 (=2 = Au = 1) P (2) + Amipn Py (2) = 0, 0 2 0,
and it is easily checked that
Fy(-2z)=1, P7,(-2)=0,
(2.2)
Pn_(—Z) = AO e An—lQn(Z)-
Hence, the polynomials {P, (—z)} form an OPS with respect to the measure p(dz).
The J (Jacobi) fraction po(z) can be viewed as the even part of a RITZ™! fraction of the form

poy— o], 2] as| esf
P(Z)—| > ‘|’| 1 ‘|’| > ‘|’| 1 + s
whose even part P°(z) is given by
]55(2) | |_ acr3 |_ ¥4Q5 |_ g7 |_
“lztar |zdtaztos [ztastas |[ztartas

In the present case, we clearly have
ap = 1 and ag = Ag,
(2.3)
Qok Q21 = Ag—1ptk and aggpq1 + Qg(pyr) = pk + Ag for k> 1,

which immediately yields [5]
(2.4) ay =1, agp = A—y, and aggpyy = py for k> 1.

Since ap > 0 for all k, ]5(2) is an .S fraction. Note that the method of directly proving that the
coefficients of the RITZ~! fraction are all positive can be used instead of checking Stieltjes criterion
as in [5].

The measure p(dz) is one solution of the Stieltjes problem corresponding to the polynomials
{P, (—2)}, i.e., a measure satisfying eq. (1.3) (see [12]). Note that without further assumptions, the
measure p(dz) is a priori not the unique solution of the Stieltjes moment problem.

The successive numerators Pt (z) of the continued fraction po(z) satisfy the Wallis recurrence
relations

Pf(z)=0, L+PHz) =+,

Ao Ao
(2.5)
7]3: z P: z Pr(z
Ant1 Ao - .-l—.z/\(nj_l + (=2 = Apg1 — Hn-l—l)ﬁ + Hn—l—l#&g—l =0,n2>0.

At this stage, let us introduce the concept of polynomials associated with the basic OPS {Q,, ()}
[6]. Specifically, the associated polynomials {Q,(z;v)}, v =0,1,2,... are defined by the recursion
Q—I(Z;PV) = 07 QO(Z77) = 17
(2.6)
An—l—an-I-l(Z? v+ (2= Angry — :un-l-W)Qn(Z? v) + :un-l-WQn—l(Z; 7)=0,n>0.
When v = 1, these polynomials are also referred to as polynomials of the second kind in [3]. It is
known in the literature that the associated polynomials {Q,(z;v)} form an OPS.
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With regard to the associated polynomials, the initial value of the coefficients pi,4~ (i.e., fiy)
may change the orthogonal polynomial class and the spectral measure. This point is discussed for
example in [10] and a natural choice for the initial value of p., is zero. In this paper, however, since
we deal with excrusions of the birth and death process, which can then be viewed as a transient
(absorbed) process, we shall consider the case p, > 0.

By identification, it is easily checked that

(27) P;(Z) = Al ---An—lQn—l(_Z; 1)

with the convention g ...p, = 1 for n =0, 1. It follows that the [n-1/n] Padé approximant [po(z)],
of the continued fraction po(z) is given by

def P (2)

(2.8) [Po(2)]n =
where by definition @, (z;0) = @, (2).

Regarding the convergence of the continued fraction po(z), the properties of the spectrum and the
uniqueness of the solution of the Stieltjes moment problem, let us introduce as in [5] the sequence

{a,} defined by

— LQn—l(_Z; 1)
Pr(z) Ao Qu(—20)

1 1
(2.9) a; = — and a,, = forn > 1.

In the present case, it can be shown that

Hieo fbm—1 1
2.10 m = = f > 1,
( ) a2 AO e Am—l Am—lﬂ-m—l orm =
A0 Ao
(2.11) Agmt1 = 20 2m=l o for m > 0.
M1 Hom

On the basis of Stieltjes” work, the authors of [5] recall that by considering the series

(2.12) S = an,

n=1
o]

(213) B = Z(al+...—|—agn_1)azn7

n=1
o]

(214) ¢ = Z(ag+ ...—|—a2n)a2n+1,
n=1
we have the following convergence results and properties for the poles of the continued fraction:

Result 1.: The zeros of the successive even denominators P, (z) (which coincide with the polyno-
mials P (z)) and odd denominators ]52_714_1(2) of the continued fraction P(z) are real, negative
and simple. (This entails that the zeros of the polynomials @Q,,(z) are real, positive and simple).

Result 2.: If S < oo, then the odd and even parts of the continued fraction ]5(2) converge,
possibly to different functions, which are meromorphic functions with poles on the negative
real axis; the poles s, £k =1,2,... of pg satisfy the property

o0

(2.15) 3 L

S
k=2 k

Result 3.: If S = oo, then the odd and even parts of the continued fraction P(z) converge to
the same function, which is analytic in the whole complex plane deprived of the negative real
axis; the successive numerators and denominators do not have in general finite limits; however
there are two (and only two) cases where the even and the odd polynomials have finite limits
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Result 3.1.: if B < oo, P, (2) converges to a finite limit P~ (z) and the poles of P(z) satisfy
inequality (2.15);

Result 3.2.: if C' < oo, the odd polynomials ]52_71“(2) of the continued fraction P(z) have a
finite limit and the poles of P(z) satisfy inequality (2.15).

3. PROBABILISTIC INTERPRETATION OF THE SERIES S, B, AND ('

We consider the random variable 6, representing the duration of an excursion by the process
{A:} above the level m — 1, m > 1, which is defined by

(3.1) O, =inf{t >0: A, =m—1]|Ag=m}.

Moreover, let 7, be the first passage time from state m — 1 to state m. This random variable is
precisely defined by

(3.2) Tm =inf{t >0: A >m | Ag=m—1}.

On the basis of the above definitions, let ¢/, and D,, denote the upcrossing time from state 0 to
state m and the downcrossing time from state m to state 0, respectively. We clearly have

(3.3) Up = 1yand Dy =Y 0.
n=1 n=1

Finally, let

(3.4) Coo =Uy, + Dy

The random variable C,, represents the time between two visits by the process {A;} at state 0,
knowing that the process {A;} hits the state m.

Lemma 1. Under condition (Cy), the respective mean values 8,, and 7, of the random variables
0., and 7, are given by

_ 1 sl
3.5 0, = — n
( ) Am—lﬂ-m—l ng;nﬂ-
m—1
1
3.6 Ty —= ————— T -
( ) Am—lﬂ-m—l n=0

Proof. From the strong Markov property satisfied by the process {A;} and the memoryless property
of the exponential distribution, the successive excursion times by process {A;} above the level m — 1
are i.i.d. Hence, we can write

N =1

ot
Z /0 1{AS:n}dS = Z 07 + &
n=m =1

where the random variables 67" are i.i.d. with the same law as 6,,, and {NV/"} is the point process
counting the excursions by the process {A;} above the level m — 1. &, is the excursion time of the
last excursion up to time ¢t. Owing to the ergodicity property satisfied by the process {A:},

‘ 1 0 t 0
tlggoz Z:/o Tia,=mds = Z Py A.8.

From the strong law of large numbers,

1 & .
A}l_r}nmﬁ;% =0, as.
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Finally, since {N;™ — A1 fg 1p.=m—1}ds} is a martingale whose quadratic variation process is

simply {A,_1 fg 1(a,=m—1}ds}, satisfying

1 t
lim _Am—l/ 1{AS:m—1}dS = Am—lpm—l a.S.,
0

t—oo ¢

we deduce from the strong law of large numbers for martingales that

™m

75li>m = A 1Pm_1 a.s.
o]

Obviously, £;/t — 0 a.s. and eq. (3.5) follows.
The mean value of the random variable 7, can be computed as follows. Using once again the
strong Markov property of the process {A;}, we can write

T 2 Etirm— 14+ m_, With probability Am—Alrj‘_ﬂflm—l
(3.7) ) form > 1,
T = Epm14dm_1 + Ton + Tm—1 with probability Ami”_ﬁlm_l

where &, 4i,_, is a random variable exponentially distributed with parameter A, _1 + pp—1,
the random variables 7,,, 7, and 7,,_; are independent, and 7,, and 7/ are identically distributed.
Taking expectations, we get

Am—177—m =1+ Pm—1Tm—1,
and straightforward manipulations yield the desired result, given that 7 = 1/Ag. This completes
the proof. O

From the definition of the random variables i,,, D,, and C,, for m > 1, we have the following
probabilistic interpretation of the series S, B, and C.

Theorem 1. Under condition (Cy), the series S, B, and C are related to the respective mean values
Uy, D, and Cy, of the random variables U,,, D,, and C,, for m > 1 as follows:

(3.8) B = lim U,
(3.9) C = lim D,,
m—00
1 _
(3.10) S = —+ lim Cp.

po m—00

The above result shows that the series S, B, and C' can be expressed in terms of the mean values
of some transient characteristics related to the excursions of the birth and death process.

As already shown in the paper by Karlin and Mc Gregor [11] (see also [4]), the ergodicity assump-
tion (C;) implies that S = co. Indeed, on the one hand, under the assumption that the Markov
process {A;} is ergodic, we have lim¢_,~, poo(t) = po > 0 and hence, po(0) = co. On the other hand,
from the theory of continued fractions [9, eq. (12.1-23)], we have

o0

- i = 3

It is easily checked that P, (0) = Ag...A,—1 and it then follows that

= Hieo fbm—1

3.12
( ) — Ao Am—1

As a consequence, the series S = oo, which entails, under condition (Cy), B = oo. In this case, the
solution of the Stieltjes moment problem is unique [12, Chap. IV, Theorem 14]. The odd and even
parts of the S-fraction ]5(2) converge to the same limit, which is an analytic function in the complex
plane deprived of the non positive real axis. Note that the above result entails that the measure
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p(dz) has the mass 1/> "> 7, = po > 0 located at the origin [12]. Furthermore, from [9], po can
be expressed as the Stieltjes transform of the measure p(dz), that is, for z € C\(—o0, 0),

(3.13) Fo(2) = / ),

The condition (C;) is however not sufficient to determine the convergence of the series C'. Indeed,
take for instance A, = u for some real u > 0 and p,, = n. Then, the condition (Cy) is satisfied and
the series S = B = C' = oco. Now, if we consider the case A\, = u and yu, = n?, then condition (Cy)
is satisfied and the series S = B = oo, but C' < co.

The condition (Cy) is also not sufficient to determine the asymptotic behavior of the mean values
6,,. Indeed, in the case A\, = u and tyn = n for some real v > 0, 6,, — 0 as m — oo. In the case
An = u and g, = 1 for some real u € (0,1), 8, = 1/(1 — u) for all m > 1.

To progress in the investigations of the properties of the birth and death process {A;}, we are
led to make further assumptions on the process {A;}. In the literature, it is usual to take some
specific birth and death rates or more generally to suppose some asymptotic behavior for the birth
and death rates. For instance, for linear growth birth and death processes, a classical assumption
consists in supposing the asymptotic behavior A, = O(n®) and p,, = O(n®) for some real «; in this
case, the process is said to be asymptotically proportional.

In this paper, we adopt a slightly different approach. Specifically, we assume in the following that

(C2) =00
but with
(Cs) O — 0 as m — oo.

The above assumptions are notably verified by the occupation process of an M/M/oco queue.

The introduction of the two above assumptions is motivated by the Aldous local linearization
property satisfied by some birth and death processes arising in the modelling of physical systems.
Specifically, we say that a birth and death process {A;} satisfies the Aldous local linearization
property if

(3.14) (A7 35 ()} as m — oo,
where {A7"} is the excursion process above the level m, defined by
(3.15) AT = A¢png,, — m given that Ag = m + 1,

{n:} is a birth and death process taking values in {0,1,2,...}, with initial state 1, and absorbed
at state 0 at time (, and {k,,} is a sequence of real numbers such that k,, — oo as m — co. The
Aldous local linearization property is satisfied for instance for the birth and death process with rates
A = p(m+1)* and p,,, = m® for positive constants p and «; the limiting process {n;} is in this case
the occupation process of an M/M/1 queue with input rate p and unit service rate. Note that the
conditions (Cg) and (Cs) are satisfied once )", 1/k,, = oo and E[(] < co. For the above example,
the conditions (Cy) is satisfied if p € (0,1) and the conditions (C3) and (Cs) hold if in addition
a < 1. In that case, the limiting M/M/1 queue is stable.

4. LapLACE TRANSFORMS OF TRANSIENT CHARACTERISTICS

The fundamental OPS {Q,(z)} has been introduced so far in connection with the continued
fraction po(z). We now show how this polynomial system arises in the computation of the Laplace
transforms of some transient characteristics associated with the birth and death process. We suppose
that the process {A;} satisfies the assumptions (Cy), (Cg), and (Cs3) and we consider in a first step

the first passage time 7, , from state m to state n, n > m. Note that 7, def Tm—1,m, Where 7, is
defined by eq. (3.2). The analysis of the Laplace transform in the M /M /oo case has been carried
out in [15].
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Proposition 1. The Laplace transform 7, ,(z) of the passage time 1, , from state m to state n,
n > m is given by

(4.1) forR(z) >0, 7 0 (2) = w

Qn(=2)
Proof. By taking Laplace transforms in eq. (3.7), we obtain, owing to the independence between the
different random variables,

(4.2) (2 + A+ i) Trng1(2) = A+ o T (2) Tng1.(2)
Let
m -1
(4.3) To(z) =1, and form > 1, T}, (2) = (H %g(z)) )
{=1
where 7, is the Laplace transform of 7,,. From the recurrence relations (3.7), we have for m > 1
(4.4) A Ling1(2) = (2 + A+ o) T (2) + porn Troe1(2) = 0
Since ) T
< 0
T = =
1(2) 7:0(2’) AO '
eq. (4.4) is valid for m = 0 by setting T_;(z) = 0. We immediately deduce that
(4.5) To(—z) =1and form > 1, T,,,(2) = Qm(—2).
By the strong Markov property,
T,
Fron(2) = g1 (2) «« Fn(2) = Tn(f))
and the relation (4.1) follows. This completes the proof. O

As an easy consequence of the above result, we have the following corollary.

Corollary 1. The Laplace transform of the random variable U, is given by

~ 1
(4.6) forR(z) >0, Up(2) ot
We now consider the duration 6, of an excursion by the process {A;} above the level m — 1,
m > 1. We give in a first step the formal continued fraction representation of its Laplace transform:;
the convergence of the continued fraction will be addressed in the next section. In fact, we extend
to the general birth and death process {A;} the analysis carried out in [7] for the occupation process
of an M/M /oo system.

Proposition 2. The Laplace transform 8,, of the random variable 8,, for m > 1 can formally be
represented by a continued fraction as

o0

~ 1 e A —2 M -1
4.7 0.(2) = — K mAn= 2 mtn or R(z) > 0.
( ) ( ) Am—l n=1 z+ Am—l—n—l + Hm4n—1 f ( ) -

Proof. From the strong Markov property satisfied by the process {A;}, we can write

d
0m = gAm‘l‘Mm
with probability ti,/(#tm + An) and

with probability A, /(Am+fim ), where € 4+,.,, denotes an exponentially distributed random variable
with parameter A, + i, and where 8, and ¢/ are i.i.d., the random variables €\, 4., 0, Omt1,
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and 0/ being independent. Denoting by 6,, the Laplace transform of the random variable 6,,, the
above relations yield

(4.8) (z4+Am + :um)ém (2) = pim + /\mém-l-l(z)ém (2)
from which we deduce
(4.9) 6, (2) = Hom

24 Ay F Hm — Am0~m—|—1 (Z) ‘

From condition (Cs), f,, — 0 as m — oo and then since 6,, > 0, 6,, il> 0 as m — oo, which
entails that 6,,(2) — 1 as m — oco. Hence, we can formally write

B (2) = fm
24 o + Ay +

_Am,um—l—l

_Am m
2+ fmt1 + Am—l—l + F1Hm 2
Z4+ A2 + Pmg2 +

and we formally obtain eq. (4.7). O

Let 67 (z;m) be the nth denominator of 6,,(2), which satisfy the Wallis recurrence relations:
6~,(z;m) =0, 65 (2;m) =1 and for n > 0,

6, (z;m) 8, (z;m)
4.1 Aty | A2 ) Mt n) | —2
(410} Ams (/\m.../\m+n) (4 A+ fomt )(/\m.../\m+n_1)

6. 1 (z;m)
(1 = 8o _ A )
+ + ( 07)(Am---Am+n—2) 0
from which we deduce that
(4.11) 0. (z;m) = Ao Angn—1@n (—23m),

where {@Q,,(z;m)} are the polynomials associated with the fundamental OPS {Qn(2)}.
The numerators 6 (z;m) of the continued fraction 6,,(z) satisfy the recursion 87 (z;m) = 0,
07 (2;m) = g, and for n > 0,

0: (z;m) 0: (z;m)
At (W) = At i) (m

0 (z;m)
+ Wmtnt1 . .. =0.

By identification, we have
(4.12) 0 (2;m) = At -+ Aman1Qn_1(—2z,m+ 1).
It follows that the [n-1/n] Padé approximant [6,,(z)], of the continued fraction 8,,(z) is

i Qut (—2m + 1)

Am Qu(=zm)
The above results show how the fundamental OPS, via the associated polynomials, arise in the
computation of the Laplace transform of the random variable 6,,. The analysis can be led further
and we can show that the Laplace transform under consideration can directly be expressed in terms
of the fundamental OPS and of the continued fraction pgo(z). For this purpose, we assume that all
the continued fraction appearing below are converging for z € C\(—o0,0); the convergence issues
will be addressed in the next section.
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Proposition 3. Form > 1, ém(z) salisfies

- _ Qm(—z) M1 e b —1
(113) ¥z e Qe 0 ) = B Ty ™ R A @2y (=) () — o)

where {Q.(x)} is the fundamental OPS defined by the recurrence relations (1.4) and where
[Po(2)]m—1 denotes the mth approxzimant of the continued fraction po(z).

Proof. We prove the result by mathematical induction. For m = 1, using the relations (4.7) and
(1.6), it is easily checked that

ol2) :
0(2) = ~
z 4+ AO — /\001 (Z)
and whence
~ z+ AO 1
f1(z) = - .
12) Ao AoPo(2)

This expression has the desired form with the convention [pg(z)]o = 0. The relation (4.13) is hence
valid for m = 1.

Assume now that the relation (4.13) is valid at rank m. Using the recurrence relation (4.9) for
n = m, it follows after some algebra that 8,,(2) can be expressed as

- N,
4.14 0,41(2) =B, - ——
(4.14) +1(2) Po(z) — R
with
- A+ fhom Hom Qm—l(_z)
(4.15) B,, = o N O
Ao A
4.16 N, = ;
( ) :ul---,qum(_Z)z
- N A 1
(4.17) B = [po(2)]m-1 + St .

/\0 e /\m—l Qm—l(_z)Qm(_Z)

Using the recurrence relations satisfied by the polynomials Q,,(z) immediately yields

B, = Qmt1(=2)

Qm(_z) ‘

It is known [9, eq. (12.1-22)] that the difference between two consecutive approximants of the
continued fraction po(z) is given by

~ ~ AOHI AL - Apy—2fbm—1
2)|m — Z)lm_1 =
[Po(2))n = [Po(=)]rn-1 2o Am—2Qm-1(—2)A0 - - Am—1Qm (—2)
R 1

AO e Am—l Qm—l(_Z)Qm(_Z) 7

where we have used the relation between the denominators of the continued fraction pg(z) and the
polynomials @, (z). It follows that

Ry = [Po(2)]m-

Bringing the above results all together, we see that if eq. (4.13) is valid at rank m, it is valid at
rank m 4 1. Since this relation holds for m = 1, the proof is done. O
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5. CONVERGENCE AND PROPERTIES OF THE CONTINUED FRACTION

To alleviate the notation, we make use in this section of the scale function ¢ associated with the
birth and death process {A;}. This function is precisely defined so that for 0 < j < iy <

(1) it < 1) = Lo =2l

where T; = inf{t > 0: Ay = i}. A possible choice for the scale function is

m—1
1
(5.2) (0)=0, (1) = —, om) = > P for i > 1,
Ao — Ao - - /\
and we immediately see that
1 .
(5.3) S = o + po Tr}l_r}noo o(m).

To show that the J-fraction 6,,(z) is convergent for R(z) > 0, we study the series S, associated
with this continued fraction in the same manner as the series .S is associated with the continued
fraction po(z). Let us first compute the RITZ™! fraction ©,,(z) which even part is the J-fraction

0, (2).

©,,(2) is of the form

~ m m m
@m(Z): O;l |_|_|0412 |_|_|04§ _|_|0414 + - 3
whose even part ©F,(z) is given by
O (») = 0| afaf | afaf | agaf |
m<2)_|z—|—0¢§” Szt o 4af [zt elt+af  [z+ ol +ap

In the present case, we clearly have

o' = pmy, and o' = Ay + oy,
(5.4)
Qg = At k=1 m+k and Qypyq + O‘;rzk-l—l) = Atk + fhmar for k2> 1.
We show in a first step that the coefficients o} are positive.

Lemma 2. The coefficients o) are given by o" = p,, and for k > 1,
o(m+k)—o(m—1)
om+k—-1)—o(m—-1)
om+k—-1)—o(m-1)

om+k)—o(m—1)
where o is the scale function defined by eq. (5.2).

(55) Oég;g = Am—|—k—1

(56) 04%4_1 = Hm+k

Proof. From the recurrence relations (5.4), we can write for £ > 1

(5.7) 1) @2k = (Amtk + tim+k) 05k + Amgk—1 ik = 0.
Define then
1

AT =0, A= Land A} = —————
moe . m—l—kl

Hoeﬂfork> 1.

From eq. (5.7), we obtain
(5.8) Ak (Afy = AL = ponr (A7 = ALy),
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and as a consequence,

” :ium...uw_l _o(m+k)—o(m=1)
k = Am - Ami-t o(m) —o(m—1)

for k > 1. Since af}, = A\pyr—1 A7 /AT |, eq. (5.5) follows. Relation (5.6) is obtained by using the
recurrence relations (5.4). O

The above result shows that the coefficients af* are positive and then that ©,,(z) is a formal
S-fraction. Define the sequence {a}"} by

1 1
(5.9) ai’ = — and o)) = ——— for k > 2.
aq Q1%

It is easily checked that

ool o o
1 —
(5.10) a% S S Lt RPN a%_l_l =2 2% fork > 1.
o> .. o™ o, ol
2 2k 1 2k+1

Since
1
ay gy = Ay A et AL and of' L LLagp ) = :um"':“m-l-kA—mv
k

we obtain for k£ > 0

m Mmoo Bm+tk—1 1 m Am---Am—l—k—l m
(5.11) a3 = and a3} | = ————— [A] P,

m---Am-I—k—l AZL—IAZL Hm « o« Hm+k

Before proceeding further, let us show how the series ), asx and >, agpyq occur in the work of
Karlin and McGregor. For this purpose, assume that Ag = ¢ + m with ¢ > 0 and let {A}*} be the
excursion process defined by eq. (3.15). Define then the absorbing time (,, as

(5.12) Cn=inf{t >0: A, =m —1}.
The process {A7*} is a birth and death process taking values in 0,1,2,.... The evolution of the
process {A7"} in this state space is governed by the infinitesimal generator
— (A + o) A 0 0
(5.13) sz)+1 —(Amt1 + tmt1) Amt1 0

P42 —(Amg2 + fmy2) A2

Note that unlike the process {A;}, the process {A7"} is absorbed at state -1. It turns out that
the OPS associated with the birth and death process {A}"} consists of the associated polynomials
{Qn(2;m)} (defined with the initial condition corresponding to yu,, > 0.).

In [12], it is shown that the uniqueness of the solution of the Stieltjes moment problem associated
with the polynomials {Q,, (z;m)} depends on the convergence of the series >, 77*Q%(0; m) with the
quantities 77" defined by
(5.14) w = A Aot

Hm41 -« bm4k

Since A7 = Qr(0;m), it is easily checked that

o] o] o] o] 1
5.15 m aby. 1 = mPQ%(0;m) and g, ay, =
( ) K ; 2k+1 ; k Qk( ) e kz:; 2k ; Am-l—kﬂ-ank-I—l(O; m)Qk(07 m)
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Moreover, we can write A7' as

m+k
5.16 = A1 Fm— - - _
( ) - llz/\é1ﬂé1 ;/\ 1%1]

and then, using the fact that A;* > 1, straightforward manipulations yield

S SR
k=0 ko Hm - Hmtk

(A4
Q
MS
;] m
b
5 —
H|
T
||Mg
e
~
T
M1
pd

—
~—

Under the condition (Cs), Y772 aj ;= oo and then, the solution of the Stieltjes moment problem
associated with the polynomials {Q,,(z;m)} is unique. Hence, there exists a unique regular positive
spectral measure 6, (dz) of total mass one for the polynomials {Q,(x;m)}, which satisfies

/ Qi(z;m)Q;(x; m) m(dz) = ﬂ_imcsm.

7

Coming back to the convergence of the continued fraction ©,,(z), we immediately deduce from

the above results that .S, L S, @ = co. This shows that the continued fraction ©,,(z) converges

to an analytic function over the complex plane deprived of the negative real axis and that the even
and odd parts of this continued fraction converge to the same limit. Moreover, from [5], we know
that the poles of Q),,(2;m) are real, simple, and positive. This allows us to state the following result.

Proposition 4. Under conditions (Cy), (C2), and (Cs), the continued fraction 8,,(z) defined by
€q. (4.7) converges to an analytic function over the whole complex plane deprived of the negative real
azxis.

From [9, Theorem 12.9¢], ©,,(z) is the Stieltjes transform of some spectral measure, say é;n(dx),
that is,

(5.17) O, (2) =6,,(2) = /OOOZ+S

From [9, Corollary 12.11c], we know that the polynomials {6, («)} are orthogonal with respect to

dé’ (s).

the measure 8/ (dz) and satisfy

/ 05, ()0, (2)0,, (dz) = " ... a5 16,0
0

Owing to the relationship between the polynomials {6, (z)} and {Q,(2;m)} and to the uniqueness
of the measure 8,,(dz), it follows from the above relation that 8/, (dz) = pi,, 8, (dz). In particular,
the total mass of the measure 8/, (dz) is equal to j,,. Note moreover that since 8,,(z) is the Laplace
transform of a proper random variable, 0~m(0) = 1 and hence,

o q .
m —0,,(ds) =
o [ St

which is the relation given in [12, Lemma 6].

In the notation of the paper by Karlin and McGregor [12], the above analysis shows that when
a birth and death process is absorbed at state -1 and when the solution of the S moment problem
is unique, the Stieltjes transform of the spectral measure is related to the Laplace transform of the
random time to absorption. To some extent, this analysis generalizes that of Karlin and Mc Gregor,
who showed the above result only for m = 1. Here, we show that the spectral measure of the
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associated polynomials of rank m are related to the excursion time of the birth and death process
above the level m — 1.

6. PROPERTIES OF THE SPECTRUM

In this section, we assume that the spectrum of the measure u(dz) is discrete and we show how
the different spectral measures 8, (dz) for m > 1 can be deduced from the measure p(dz). For this
purpose, let 0 < 07 < 03 < ... denote the atoms of the measure u(dz). —o, for n > 1 are the
(simple) poles of the Laplace transform pg. Let r, be the residue of py at pole —o,,. We have

~ rn
(61) PO(Z) - nz:; Z_I_O_n7
so that
= rn —

2 P - n —onw
(6.2) {V>a} ;Une
and

= r

6.3 dz) = 25, (d

(6:3) ) = 3 i ),

(6.4) Sl

As a consequence of the above assumption, pg is a meromorphic function over the whole complex
plane and on the basis of relation (4.13), it is easy to see that 0,, is also a meromorphic function,
which must have simple poles.

The zeros in z of @, (—2) are negative and it follows in view of relation (4.13) that these zeros
may potentially be singularities for the Laplace transform ém(z) However, it can be shown that
they are removable singularities. Indeed, consider zy a (simple) zero of polynomial Q,,—1(—2). Using
[9, eq. (12.1-23], we can write

- = H1 oo o m—1 1
O(Z) - m—0 A0 .. -Am—l Qm—l(_z)Qm(_Z)

and then, since the polynomials @Q,,(z) have no common zeros,

. N I | 1 M- =2 1
Iim Q_1(—2 z) = + =0,
Z—+%0 @ 1( )po( ) Ao+ Aot Qm(—ZO) Ao Am—2 Qm—?(_ZO)

where we have used the recurrence relations (1.4) in the last step and the fact that (., (—z9) = 0.
As a consequence, since Q,—1(2) and @Q,,—2(2;1) have no common zeros,

. : fi1 - et
1 m-1(—2)0m = Wm— .
zi{rzlo Q 1( Z) (Z) Q ( ZO) + Al e Am_lQm_Q(_ZO; 1)

It follows that lim,., Qpn—1 (=2)8,,(2) exists and that zo is a removable singularity for 8,,(z). The

actual singularities of 6,,(z) are in fact located in (—oo, 0] and correspond to the negative roots of
the equation

Po(2) = [Po(2)]m-1-

This allows us to state the following result.
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Theorem 2. The poles of the Laplace transform ém(z) of the random variable 8, are located at the
negative roots of the equation

(6.5) Po(z) = [Po(2)]m—1,
where [po(z)]m—1 is the (m — 1)th approximant of the continued fraction po(z).

Equation (6.5) gives a means of numerically computing the singularities and the corresponding
residues of the Laplace transform 6,,(z). Note in addition that by using the relation [9, p. 601]

co | P~ _r 2 .
R - wios = [ G20 4
we deduce that . 2
po(2) = [Po(2)]m-1 = 75 _j(—z) ranU;l(Un) z —I-lan.

Hence, for each m > 1, 0~m has a unique pole on each interval (=041, —0,) for n > 1. The residue
r at the pole s of 8, is finally given by
(6.6) = - -fm—t :
T’an 1(0")
T)’L 1 Zn 1 On 5—|—o’n)
The above results show how the different measures 6,, (dz) for m > 1 depend on the continued

fraction po(z), the measure u(dz) and the basic OPS {Q,.(z)}. Specifically, if we denote by 0 <
spt < syt < ... the atoms of 6, (dv), where s7 € (0j,0;41), —s7 for j > 1 are the poles of the

Laplace transform 6,, and we have

. < R

(6.7) fh O (d) ; o S (d)

where

(05) L PR
SIP PN Dl e

To conclude this paper, let us briefly discuss a conjecture formulated in [5]. In that paper, it
is claimed that for asymptotically proportional birth and death processes (i.e., A, ~ pm® and
fm ~ m® as m — oo for some positive constants o and p), the poles of the continued fraction po(z)
are asymptotically proportional to m® (i.e., o,, ~ Cm® for some constant C', which depends only
on p). In this paper, we assume that p < 1.

We first note that under the asymptotic proportionality assumption, the birth and death process
{A;} satisfies Aldous’ local linearization property (as discussed in Section 3) and 8,,(m®z) — ((z)
as m — 0o, where ( is the Laplace transform of the duration of a busy period of an M/M/1 queue
with input rate p < 1 and unit service rate. It follows that

Zmﬁg(z)asm%oo

J=1

and a classical theorem in Stieltjes transform theory then implies

Sy -

Z—Jcssm (dz) = ((dz) as m — oo,
— sy

J=1 "

where Qt(dx) is the measure such that its Stieltjes transform is equal to . In the Appendix, it is
shown that the measure ((dz) has a continuous density on the compact support [(1—./p)?, (1+,/p)].
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In view of the above arguments, it seems reasonable to conjecture as in [5] that the atoms sh, and
the residues R" are of the same order as n”. Thus, one may expect that s7" = O(m®) for j ~m

as m — oo. Since s € (6j,0;41), these observations heuristically support the conjecture that

0, = O(m™) as m — oo. It is also reasonable to conjecture that the coefficient of proportionality
depends only on p since it is the case for {(z).

Appendix: Analysis of the duration of a busy period
in an M/M/1 queue

Consider an M/M/1 queue with input rate p < 1 and unit service rate. It is well known in
queueing literature that the Laplace transform of the duration ¢ of a busy period is given by [14]

; L+z+p—+/(L+p+2)2—4p
() = s
p
which is the Laplace transform of the probability density function

1
W) =7 7 1(2yv/p)
where I; is the Bessel function of the first kind of order one. The functions s — e **/s and
s — e [ (ks) for k > 0 are the Laplace transforms of the functions ¢; : t — u(t — k) and
. k—t

Gt — m[u(t) —u(t —2k)],

respectively [1], where u(¢) is the unit step function defined by

0 ift<0
u(t)=¢ %+ ift=0
1 ift>0
Noting that
1 1
fy) = —= e UHmIem 2P, (29/p),

fy

the function f is the Laplace transform of the convolution Qtd = 421 *422. Straightforward manipulations
then yield

- %ﬂp (=1 =p)* La-ym2,a+ymp21 (1),

where 1y, 52 (14, /7)7 is the indicator function of the interval [(1 — VP (L +/p)?l.
The above analysis shows that the Laplace transform ¢ is the Stieltjes transform (i.e., the iterated
Laplace transform) of the measure ¢ with compact support and continuous density (4, that is,

C( ) Cd = %\/4p z—1- p)2 1[(1_\/5)27(1+\/5)2]($)d$.
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