AN INTRODUCTION TO STIRLING-CYCLE MACHINES

David Haywood
Stirling-cycle Research Group
Department of Mechanical Engineering
University of Canterbury

Notation:
Cc,  Specific heat capacity T  temperature (K)
at constant volume (J/kgK) U  interna energy (J)
p  pressure (Pa) V  volume (m®)
Q heat (J) W work (J)
R specific gas constant (J/kgK) X  coefficient of performance
S  entropy (JK) n  efficiency (%)

sign convention: energy into a system is positive, energy out of a system is negative.

1. BACKGROUND

Madhines operating on the Stirling Cycle are the most efficient pradicd hea engines
ever built. As an engine they can run onany hea source (including solar heding), and if
combustion-heaed they produce very low levels of harmful emissons. When operated
as a refrigerator or hea-pump Stirling-cycle machines offer the passhility of using safe
refrigerants auch as air, thus avoiding the environmenta damage caised by all
refrigerants in current use (NOTE: even the so-cdled “green” refrigerant R134ais a potent
greenhouse gas).

2. THE STIRLING-CYCLE MACHINE

There ae five main comporentsin a Stirling-cycle machine, as snown in Figure 2.1.

(&) Working gas — the Stirling Cycle is a dosed cycle and the various thermodynamic
processes are caried ou onaworking gas that is trapped within the system.

(b) Heat-exchangers — two heat exchangers are used to transfer heat across the system
boundry. A heat absorbing heat-exchanger transfers heat from outside the system
into the working gas, and a heat rejecting heat-exchanger transfers hea from the
working gas to ouside the system. For example, on an engine the hea absorbing
he&-exchanger might transfer hea from a burner into the working gas, and the heat
regjeding heat-exchanger might transfer hea from the working gas to codant in a
water-jadket.

(c) Displacer mechanism — this moves (or displaces) the working gas between the hot
and cold ends of the madhine (viathe regenerator).



(d) Regenerator —this ads both as athermal barrier between the hot and cold ends of the
madhine, and also as a “thermal store” for the cycle. Physicadly aregenerator usualy
consists of a mesh material (household pa scrubbers have even been used in some
engines), and hea is transferred as the working gas is “blown” through the
regenerator mesh. When the working ges is displacal from the hot end d the
madhine (via the regenerator) to the @mld end d the machine, heat is “deposited” in
the regenerator, and the temperature of the working gasis lowered. When the reverse
displacenent occurs, hea is “withdrawn” from the regenerator again, and the
temperature of the working gasis raised.
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Figure 2.1. Stirling-cycle machine block diagrams: (A) Engine (B) Refrigerator or hea-pump.

(e) Expansion/compression mechanism — this expands and/or compresses the working
gas. In an engine this medanism produces a net work output. In arefrigerator or
hea-pump a net work inpu is required to move the hea from a low to a high
temperature regime (in acordancewith the Second Law of Thermodynamics).

A Stirling-cycle maciine can be mnstructed in a variety of different configurations. For
example, the expansior/compresson mecdhanisms can be enboded as turbo-machinery, a
piston-cylinder, or even using acustic waves. Most commonly, Stirling-cycle madines
use apiston-cylinder, in either an a or 3 configuration. An a-configuration macine uses
two pistons which dsplace ad expand/compress the gas at the same time. A B-
configuration machine has a separate displacer-piston and expansion/compresson gston
(usually cdled a power-piston).



3. THE STIRLING-CYCLE ASAN ENGINE

In an ided Stirling-cycle engine the mmporents of the madine interact to produce four
separate thermodynamic processes. These processes are ill ustrated using a simplified [3-
configuration maadine in Figure 3.2.,, and are shown on pesare-volume ad
temperature-entropy diagramsin Figure 3.1. It shoud be noted that for the ideal Stirling
Cycle the hed-exchangers, regenerator, and transfer passages are esaumed to have zero

volume.
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Figure 3.1. Thermodynamic processesin theided Stirling-cycle engine. (A) Presaure-volume diagram.

O—>®:

@—>03:

@—>®:

(B) Temperature-entropy diagram.

Isothermal (constant temperature) expansion —the high-presaure working gas
absorbs hea from the hot space(via the hea absorbing hea-exchanger) and
expands isothermally, thus doing work onthe power-piston.

Isochoric (constant volume) displacement — the displacer-piston transfers all
the working gas isochoricadly through the regenerator to the wld end of the
macdhine. Heat is absorbed from the gas as it passes through the regenerator,
thus lowering the temperature of the gas to that of the mld space As the
temperature reduces, the gas pressure drops sgnificantly.

Isothermal compresson — the power-piston daes work on the gas and
compresses it isothermally at cold end temperature, hence regjeding heat to
the mld space(via the hed rgeding hea-exchanger). Because the gasis at
low presaure, lesswork is required for compresson than was obtained from
the gas during expansion (in 1-.2). The cycle therefore has a net work
output.

. Isochoric displacement — the displacer-piston transfers al the working gas

isochoricdly through the regenerator to the hot end of the madiine. Heat is
delivered to the gas as it passes through the regenerator, thus raising the
temperature of the gas to that of the hot space As the temperature rises, the
gas presaure increases sgnificantly, and the system returns to its initial
condtions.
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Figure 3.2. Thermodynamic processesin theideal Stirling-cycle engine as shown on asimplified -
configuration machine.

4. ANALYSISOF THE STIRLING-CYCLE ENGINE

4.1. Work done by an ideal Stirling-cycle engine

The net work output of a Stirling-cycle engine can be evaluated by considering the cyclic

integral of pressure with respect to volume:
W = —f pdV

This can be easily visualised as the area enclosed by the process curves on the pressure-

volume diagram in Figure 3.1.

To evaluate the integral we need only consider the work done during the isothermal
expansion and compression processes, since there is no work done during the isochoric

processes, i.e.



\Z

% C
W = —g paV + [ pdV L (4.1)
A v, E

By considering the equation of state:

pVvV = mRT
and noting that T is constant for an isothermal process, and m is constant for a closed
cycle, then an expression for work done during an isothermal process can be formulated:

o o mRT _ .
[pav = [FUav = mRT[InV ]} = mRT In%E (4.2)
Va Va \ A

so that by substitution of Equation 4.2. into Equation 4.1. we can evauate the work
integral:

[
W =-nRT,, In%%rmRTL In%%
0 1 3

where the subscripts H and L denote the high and low temperature isotherms respectively.

This equation can then be further ssmplified by noting that V4, = V; and V3 = V, so that a
final equation for work can be obtained:

W = —len%ETH -T)) (4.3)

The work done represents energy out of the system, and so has a negative value
according to the sign convention used here.

Inspection of Equation 4.3. therefore shows that the work output for a Stirling-cycle
machine can be increased by maximising the temperature difference between hot and
cold ends (Ty-Ty), the compression ratio (V./V1), the gas mass (and hence either the tota
volume of the machine and/or the mean operating pressure), or the specific gas constant.

Materia strength/temperature considerations and practicalities such as the overall size of
the machine usualy limit the amount that the temperature, volume, or pressure can be
increased. However, it is interesting to note that the specific work output (i.e. work
output per kilogram) can be dramatically enhanced in a Stirling-cycle machine simply by
selecting aworking gas with a high specific gas constant.

Table4.1. Specific gas constants for avariety of gases at 300 K. (Source: Van Wylen, et a., 1994)

Gas Specific gas constant, R (J/kgK)
Air 319.3
Ammonia 488.2
Carbon dioxide 188.9
Helium 2077.0
Hydrogen 4124.2
Nitrogen 296.8
Propane 188.6
Steam 461.5




One of the reasons that hydrogen and helium are so often used as the working gasin large
Stirling-cycle machines can be deduced by inspection of the values for specific gas
constants given in Table 4.1. (another reason is the lower flow losses that occur with
smaller molecule gases).

4.2. Heat flow in an ideal Stirling-cycle engine

The heat flowing into and out of a Stirling-cycle engine can be evaluated by considering
the integral of temperature with respect to entropy:

Q= JT ds
This can be visualised as the area beneath the process curves on the temperature-entropy
diagram in Figure 3.1.

Since the isochoric heat transfers within the regenerator are completely internal to the
cycle, i.e. -Q._3 = Qq4_1, then to evauate the heat flows into and out of the system we
need only consider the isothermal processes.

For the isothermal expansion process in a closed cycle (where T and m are constant, and
where the subscripts H and L denote the high and low temperature isotherms

respectively):
S
Q. = ITH ds
S

this integra can be most easily evaluated by considering the First Law of
Thermodynamics in the form:
oQ=dU -dW
and since:
0Q =TdS and oW =-pdV
then it can be said that:
TdS=dU - (- paV)
so that the heat flow during the isothermal expansion process can be expressed in terms

of achangein internal energy and volume:
U, v,

= (dU + [ pdV
Q. 0|’ J:p

and by considering the equation of state:
pV = mRT
then the pressure term can be expressed in terms of volume and temperature, and (noting
that there is no change in internal energy during an isothermal process) the integral can
be easily solved:
v ZmRT,
Qu J:dU [

dV =0+mRT, [InVv]’

Vi

giving:



Q,, =MRT, |n%E (4.4)

which is a somewhat convoluted (but hopefully instructive) method of derivation. The
same expression can, of course, be obtained much more easily by simple inspection of
Equation 4.3., since the heat and work transfers for an isothermal expansion process are
equal but opposite.

The isothermal compression process can also be readily evaluated (noting that V, = V;
and V3 = V,, and where the subscripts H and L denote the high and low temperature
isotherms respectively), giving:

Q, =—mRT, In%% (4.5)

4.3. Efficiency of an ideal Stirling-cycle engine

The efficiency of any heat engine is defined as the ratio of work output to heat input, i.e.
-W

Qy
hence an equation for the efficiency of an ideal Stirling-cycle engine can be developed by
considering Equations 4.3. and 4.4., giving:

mRIn%ETH -T))

r’SI’IRLING -
mRT, In%%
1
which simplifies to:

T, -T,
NsnirinG = HT - (4.6.)
H

r’:

this demonstrates the interesting fact that the efficiency of an idea Stirling-cycle engine
is dependant only on temperature and no other parameter.

It isworth recalling that the Carnot efficiency for aheat engineis:
_T T

Nearnor =
Ty

and so it will readily be observed that:

nSTIRLING = nCARNOT
or, in other words, that the Stirling-cycle engine has the maximum efficiency possible
under the Second Law of Thermodynamics. However, it should be noted that unlike the
Carnot Cycle, the Stirling-cycle engine is a practical machine that can actually be used to
produce useful quantities of work.



5. THE STIRLING-CYCLE ASA REFRIGERATOR OR HEAT-PUMP

Theided Stirling-cycle refrigerator or heat-pump is, in eff ect, identicd to a Stirling-cycle
engine except that the hea absorbing end d the macdine now bewmmes the wld region,
and the hed rejeding end of the macdine becomes the hot region. The thermodynamic
processes for a refrigerator/hea-pump are ill ustrated using a simplified B-configuration
machine in Figure 5.2., and are shown on presaure-volume axd temperature-entropy
diagrams in Figure 5.1. Because refrigerator/heat-pumps tend to have a smaller
temperature diff erence between ha and cold regimes than an engine, the pressure-volume
and temperature-entropy diagrams appear somewhat squatter in comparison. It shoud be
noted that for the idea Stirling Cycle the heat-exchangers, regenerator, and transfer
passages are asumed to have zero vaume.
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Figure5.1. Thermodynamic processesintheided Stirling-cycle refrigerator or hea-pump. (A) Pressure-
volume diagram. (B) Temperature-entropy diagram.

O—=>@: |sothermal expansion —the low-presaure working gas expands isothermally at
cold end temperature, hence @sorbing hea from the cld space (via the heat
absorbing hea-exchanger) and dang work to the power-piston.

@—=>@: I1socharic displacement — the displacer-piston transfers all the working gas
isochoricdly through the regenerator to the hat end of the machine. Heat is
delivered to the gas as it passes through the regenerator, thus raising the
temperature of the gas to that of the hot space As the temperature rises, the
gas presaure increases sgnificantly.

®@—=>®: |sothermal compresson — the power-piston daes work to the gas and
compresses it isothermally at hot end temperature, hence rejecting hea to the
hot space(viathe hed regeding heat-exchanger). Because the gasis at high
presaure, more work is required for compresson than was obtained from the
gas during expansion (in 1 2). The cycle therefore has anet work inpu.

@—>® : 1socharic displacement — the displacer piston transfers al the working gas
isochoricdly through the regenerator to the wld end d the machine. Hea is



absorbed from the gas as it passes through the regenerator, thus lowering the
temperature of the gas to that of the cold space. As the temperature reduces,
the gas pressure drops significantly, and the system returns to its initial

conditions.
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Figure5.2. Thermodynamic processesin theideal Stirling-cycle refrigerator/heat-pump as shown on a
simplified 3-configuration machine.

6. ANALYSISOF THE STIRLING-CYCLE REFRIGERATOR OR HEAT-
PUMP

6.1. Work input to an ideal Stirling-cyclerefrigerator or heat-pump

An equation for net work input to an ideal Stirling-cycle refrigerator/heat-pump can be

derived in exactly the same way as work output for a Stirling-cycle engine (see Section
4.1), giving:

\N:mng%%m—TJ (6.1)



10.

Note that, unlike the work output from an engine, the refrigerator/heat-pump work has a
positive value under the energy sign convention used here, since a net energy input is
required to move heat from alow to high temperature regime.

6.2. Heat flow in an ideal Stirling-cyclerefrigerator or heat-pump

Equations for the heat flows into and out of an idea Stirling-cycle refrigerator/heat-pump
can be derived in asimilar way as heat flows in a Stirling-cycle engine (see Section 4.2.).
The main difference is that in arefrigerator/heat-pump the heat flows into the system at a
low temperature (T.) and out of the system at a high temperature (T}).

For a heat-pump, the heating effect is therefore:

Q,, =-mRT, In%% (6.2.)

And for arefrigerator, the refrigeration effect is:
Q, =mRT, In%% (6.3)
1

6.3. Performance of an ideal Stirling-cyclerefrigerator or heat-pump

The coefficient of performance for any refrigerator/heat-pump is defined as the ratio of
heating/cooling effect to work input, i.e.

for a heat-pump, the heating coefficient of performanceis: x,, = _V(SH

Q

for arefrigerator, the refrigeration coefficient of performanceis: x, =

hence equations for coefficient of performance for ideal Stirling-cycle refrigerators and
heat-pumps can be developed by considering Equations 6.1., 6.2., and 6.3., giving:

mRT,, In%% mRT, In%%
XHSI'IRLING = - and XLSI'IRLING = -
mRIn%ETH -T,) mRIn%ETH -T,.)
1 1

which simplifiesto:
(6.4.)

XHsnrunG — ﬁ

and
— TL

XLSTIRLING - ﬁ

(6.5.)
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so that (as should be expected from the derivation of efficiency for the Stirling-cycle
engine):

XH STIRLING :XHCARNOT and XLSTIRLING :XLCARNOT

7. CONCLUSIONS

It should be noted that the Stirling-cycle machine has only been considered here in its
ideal form. Practical Stirling-cycle machines differ from the ideal cycle in severd
important aspects:

(a) The regenerator and heat-exchangers in practical Stirling-cycle machines have non-
zero volume. This means that the working gas is never completely in either the hot or
cold end of the machine, and therefore never at a uniform temperature.

(b) The piston motion is usualy semi-sinusoidal rather than discontinuous, leading to
non-optimal manipulation of the working gas.

(c) The expansion and compression processes in practical Stirling-cycle machines are
polytropic rather than isothermal. This causes pressure and temperature fluctuations
in the working gas and leads to adiabatic and transient heat transfer |osses.

(d) Fluid friction losses occur during gas displacement, particularly due to flow through
the regenerator.

(e) Other factors such as heat conduction between the hot and cold ends of the machine,
seal leakage and friction, appendix gap effects, and friction in kinematic mechanisms
all causereal Stirling-cycle machinesto differ from ideal behaviour.

Although Stirling-cycle machines theoretically have Carnot efficiency, the above factors
tend to reduce the performance of rea machines to significantly less than this value.
Further information about the Stirling Cycle and its practical limitations can be found in
West [2] and Wurm, et al. [3].
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