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Editor's Preface

Global climatology was the principal theme of the eighteenth summer
program in Geophysical Fluid Dynamics at the Woods Hole Oceanographic Institution.
This single volume contains course lectures, abstracts of seminars and lectures
by summer fellows.

As in previous years, the summer fellows were responsible for preparing a
first draft of the course lectures on the principal theme. In most cases, the
lecturer has been able to re-work the material further. The course lecturers,
all of whom contributed so much to the program, are Richard S. Lindzen, Wallace
S. Broecker, Abraham H. Oort, John Imbrie, Thomas Vonder Haar, Gerald R. North,
Claes Rooth, Gene E. Birchfield, and Richard C. Somerville.

The abstracted seminars cover a broad range of topics, including a one-
week symposium on planetary and benthic boundary layers. Much valuable material
is referred to in these abstracts.

The major creative products of the summer are the lectures of the ten
fellows. These lectures have not been edited or reviewed in the manner appro-
priate for published papers, and should be regarded as unpublished manuscripts.
Readers who would like to quote or use the material should write directly to the
aﬁ%hors.

As in previous years, much of the ultimate value of this summer's activ-
ities is likely to appear as published papers during the next year or two. In
this sense, the material in this volume is simply a report of an ongoing research
effort.

We all express our thanks to the National Science Foundation, which pro-
vided the bulk of the financial support, the Office of Naval Research, which
supported the Boundary Layer Symposium and some of the staff participation, and

to Mary C. Thayer, who managéd the program and prepared this volume.

bupdoprall

ndrew P Ingersoll.
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PROBLEMS OF CLIMATE MODELING: A ZONALLY SYMMETRIC MODEL
Richard S. Lindzen

1. INTRODUCTION

The understanding of climate entails a collective understanding of both
meteorology and oceanography. As a loose definition, climate can be considered
the state of the atmosphere averaged over a sufficiently long time interval to
exclude the details of unwanted phenomena (e.g. 'weather').

The great span of time scales encompassed by atmospheric motions con-
siderably complicates our picture of climate. For statistical equilibrium the
radiative time scale of the atmosphere is about 30 days for example, whereas
that for turbulent convection may be orders-of-magnitude shorter. And the upper
atmosphere has a number of 'exotic' time scales, such as in internal cycle of
26 months.

The oceans compound these difficulties. Surface phenomena have scales in
years, compared to hundreds of years for the deep ocean.

The unsettling possibility of the atmosphere being a nonunique function of
its external parameters may also be considered, but will be avoided here.

Shall we include seasonal dependencies, or average over longer periods?
(For instance, ice ages may be dependent on warmer summers to inhibit annual ice
accumulation.} This question too will be avoided; henceforth only annual aver-
ages will be considered.

Three topics now present themselves: why is the atmosphere as it is at
present (and can our insights be incorporated into the modeling)? how are its
heat and momentum budgeted (and those of the ocean, about which we know little)?,
and how can these be effectively modeled?

Diagnostic approaches to these problems are usually divorced from theoret-
ical treatments. One common methodology is to relate the statistical budgets to
external parameters. Another, which may give less ambiguous results, is to start
with the equations of motion and 'build up', attempting to deduce a circulation.
In this latter category are the general circulation models (GCM's), which entail
a sequence of 'doable' calculations. It is also possible to describe hydrodynam-
ical states, perturb them, and study their stability.

In general, we note that the more comprehensive the model (the more physi-
cal effects it encompasses), the more compromises must be made to solve it.

2. A ZONALLY SYMMETRIC MODEL

The remainder of this lecture concerns the axisymmetric circulation of the
atmosphere.

The cross section of zonally averaged temperature below reveals certain
basic phenomena which a symmetric model should seek to reproduce: the lapse rate
in the troposphere is uniformly about 6 K/km, although there is an inversion over
the winter pole; the equator-to-pole temperature difference is about 40 K at the
surface; at the tropical tropopause (~~100 mb) the temperature begins increasing




with height, while at the midlatitude tropopause ( ~ 200 mb) the temperature

becomes isothermal, the net effect being a reversal in pole-to- -equator gradient in
the upper atmosphere

2/0 200 900 210 220 230

230

\240
e N

™.

\\
N

Snew |

LN A

Jo° t:OU 30°Woy th o° sowTh  36v b qo°

The time-and- 1ong1tude averaged temperature (T) in January as
estimated by Palmén and Newton (1967). Values are in degrees K.

The next figure is a cross section of the July zonal wind. Because this
is a time average of a meandering jet whose instantaneous magnitude is several
times the average, the strength of the winds shown varies ~~ 5-10 m/sec between
years.

Symmetric models in general overestimate the surface westerlies. Consider-
ation of any of these models brings us back to a basic discussion of what processes
maintain the symmetric circulation. The so-called fconventional wisdom' of the
past twenty years dates to Jeffreys. He estimated the horizontal momentum trans-
port due to mean meridional winds (,GLAV) using surface values, umu'~Vv' = 10 m/sec,
(he was unaware of the existence of the jet stream with u 2100 m/sec) and hence
concluded that eddy fluxes from the asymmetric circulation were necessary to
achieve a balanced angular momentum budget in a latitude belt. Nor was he aware of
any mechanism for large-scale vertical transport of momentum.

It is these deficiencies that motivate Ed Schneider's model of the steady
symmetric circulation, which will now be considered. The relevant governing equa-
tions are:
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The frictional and diabatic heating terms, F , and Q, are in reality
the 'playmakers' for this problem. This precludes our %ollowing traditional GFD
modeling approaches (i.e., neglecting these terms to first order, or replacing them
by eddy diffusivities) since the physics contained in them is cruC1a1 to the nature
of the solutions. In particular, solar energy goes largely into evaporation of
surface water, and much of the heating of the atmosphere is due to the resultant
latent heat release, a process which clearly is not diffusive.

Let us consider two types of clouds in the tropics and subtropics. First
are the cumulonimbus which rise from cloud base clear to the tropopause. Second
are the shallow 'trade cumulus', extending from the top of the mixed layer (~- 600 m)
to the top of the 'trade-inversion' (~~ 2 km).

The latent heat release due to cumulus will be parameterized by the follow-
ing scheme. Presuming the vertical velocity in the clouds is larger than that of
the ambient air, and that the area of cloud coverage is small (typically about 1%),

we can write (following Arakawa § Shubert, 1974)-Q —J DTdsr—l—-)where Mc is the
vertical mass flux in the cloud. Also W-““W‘*Wcloud SO that AW = PW* M, where W is

the ambient vertical velocity. Shown below is a representative profile of Mc(z).
200mp

2T¢

W

_ ___  entrainment region
bodin —1V\
M—>
. _ 1 convergence
The water-vapor budget at the cloud base is expressed by M¢ = q [F+of moistur;]
were E is the surface evaporation (per unit area per unit time) and q is the mix-

coHnvergence
of moisture
Latent heat adds to the clouds' buoyancy: the air in the cloud appears to rise
without cooling adiabatically.

ing ratio (mass water vapor/mass air); < ) = %/ovvtrade-inversion.

Boundary layer friction is expressed using an eddy diffusion coefficient:
F; fyﬁgf ( —%%7, where %% = 50 cm?/sec at the surface and 104 at 1.1 km, which
should adequately model mixed-layer turbulence. Above 1.1 km, the mixed-layer
friction is set to zero, and momentum exchange due to cumulus takes over. This

is expressed by ,
Prom 7 se(Mo[u-w])

where u. is a typical velocity in the cloud, which as a crude approximation, is
taken equal to u at the cloud base.

Lastly, the portion of Q due to radiative heating is given by




o

Grad = Ta (9) 3 )-T
p T(%)
the radiational equilibrium temperature.

~ where T(%) is a relaxation time and Te is

3. FINAL COMMENTS FOR LECTURE #1.

A number of approaches have been taken to solving the problem just outlined,
and these will be considered in more detail in the subsequent lectures.

Initially Q from latent heat release is derived from observed precipitation
(note that although the ITCZ is about 200 km wide, it migrates, and its time-aver-
aged effect shows up as a band of precipitation about 1000 km wide centered near
the equator). Using this Q, M is derived, and hence Fy, the overall goal being

to compute é;g and %;E— which will be compared to observationms,

The Processes which Maintain the Circulation
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PROBLEMS OF CLIMATE MODELING: STEADY AXIALLY SYMMETRIC ATMOSPHERIC MOTIONS
Richard S. Lindzen
We continue our study of steady axially symmetric atmospheric motions. The

bulk of the results here are based on and treated comprehensively in Schneider and
Lindzen 1976C, hereinafter referenced as SL, and Schneider 1976.

Define a meridional stream function  such that

Ve s SF Ws = St 98

where a = earth's radius, © = latitude and -5L= - &n-#%-. In the viscosity
terms we assume pPoc e Yo ; elsewhere we do not restrict p(f) .

We nondimensionalize the equations by assigning the following scales:

F~H, yso.SimaﬂfO\.T)_’;fv(AT)V:AT /u-"usus;fo.ce:v

ROT AT ~
31aal ~F Tt

/V\C_—v % Y ~EU H, where (AT)V is a vertical temperature con-

u;u-c.""

trast imposed by the boundary condition and V is the eddy viscosity at the sur-

1 i - -— . R = ..__L.j—_
face. The nondlmen51ona} parameters are E-= CYors the Ekman number; v, Y
the Rossby number; A= Tari @ radiative-diffusive number.

This ylelds the equatlons . VY /(3 "
R, F”~5 :753(‘”_7?) l_ﬂ"“—‘ff agé"éf)*ha_a(""c‘“"f‘@ =

oy ©°F —y* 9
em—g[ W) fﬁ—(—i— 27+

ry B R Sty S (e s (e 3 @
&[‘%ﬁ’%@ P SO )raeT BT erame(F] T =) (3)
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We set the radiative equilibrium temperature 7':§—I(T;<y>~P§)f~ITQCj\—(“El]

where we have scaled the temperature down by 200° K, so that the stratispheric
temperature is 0°. This field is shown in Fig.3c of SL. It becomes isothermal at
sufficiently high altitude.

In the linearized model we drop all (underlined) nonlinear terms, set
G‘Eg%r + [ é;—; a priori, and specify Mg from observed precipitation.
-]

For the boundary conditions we set zero motion across the top, bottom and
poles:

The top is stress-free: :g—g’ = %{efg—g>= Oat = §T
T=0 at = § . The surface temperature is set.
T-% (y) at §:0.

We apply the geophysical boundary condition, that the turbulent momentum flux
is proportional to and in the same direction as the surface stress:

du . ov . -

% 5= GulUh A e Gevlv]at g=0.
where Cp is a drag coefficient. This condition is linearized by setting J‘yﬁ
constant.

This is an eighth order equation in § , a non-separable partial differen-
tial equation in § and . To solve, it was written in finite differences and
solved by Gaussian elimination. Motion occurs because of the latitudinal depen-
dence of heating through Té(y,f) and Mc(y,%) . (The solution is non-singular
at the equator despite Ekman-layer type dynamics.)

Case 1 omits M. so that the system is driven by variations in Tg only. If
O~ 1is taken as observed then T is close to Te and the zonal wind is close to
the thermal wind (maximum of 30 m/sec near 20°N) (See Figs. 3a, b, c¢ in SL). The
meridional wind is slight; it arises because of thermal wind vertical shear in the
surface friction layer (below 800 mb). It becomes important when you include
moisture and boundary layer convergence. The static stability computed is much
less than that which was specified -- an internal inconsistency.

Case 2 puts in the cumulus heating term due to My but leaves out cumulus
friction. (The M¢ curve used follows the precipitation curve in Fig.l of SL ex-
cept that it drops continually from its value at 30°N to zero. at 90°N. _Also
Mc = 0 at 900 mb and has its maximum at 800 mb.) You get very large %;E- and W
reaching 300 m/sec at 209N (see Figs.7a, b in SL). This violates angular momentum
conservation; the linear equations cannot transport angular momentum latitudinally.

Case 3 restores cumulus friction to Case 2. The solution is in Fig.8 a-c
of SL. Note that the maximum zonal wind speed is 140 m/sec at 359N (much more
realistic!) and the upper level temperature gradients are almost zero below 30°N,
but then become steep; the tropopause is discontinuous between 30-40°N. Although

W is still too large, its maximum value is smaller than in Case 2 because cumu-
lus friction limits W at low latitudes and the Coriolis parameter is greater at




the more northerly maximum. The stream function shows three direct meridional
cells: a frictionally-driven Hadley cell with a smaller thermally-driven bottom
cell, and a weak upper cell in the stratosphere.

We note that Charney (1971) formulated a model called C.I.S.K. (Conditional
Instability of the Second Kind) which is based on the idea that a saturated atmos-
phere may be unstable due to the release of latent heat as an air parcel is raised,
even if ' is subadiabatic. Charney's model predicts growing instability increasing
from the equator while SL predicts growing instability towards the equator.

In the nonlinear model we reinstate the term shown in dashed underline in
(1), representing the advection of zonal momentum. The other solid underlined -
nonlinear terms are still omitted because they are found to be smaller in effect.

. N y* ~ . . .
We redefine W == o+ R,(1=¥)™ u, which is the angular momentum of a ring

of fluid or a latitude circle. This permits the first equation to be written,

aaaw_a_aa] 3u 2D (m (Lt )
(R. Hide (1969) used this equation to argue that there cannot be an extremum of

angular momentum in the fluid, if only diffusive friction is considered (Aﬂc 0)-
The only extremum can be at the equator at the surface.)

To solve this nonlinear system we use an iterative scheme on u and Y in
(1), substituting the previously found W to linearize the equation, by which ¢
is computed, and vice versa. The first approximation is W =0, which reduces to
the linear equation discussed previously.

This method is found to converge provided friction (diffusive + cumulus)
dominates nonlinear meridional advection of angular momentum.
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PROBLEMS OF CLIMATE MODELLING

Richard S. Lindzen

This lecture:
(1) reviews the motivation for this study of zonally symmetric models;
(2) reviews features of the linearized and non-linearized model results;

(3) presents a simple one-dimensional analysis for the tropical static
stability and height of the tropical tropopause as a function of the
surface evaporation rate;

(4) presents a simple two-dimensional analysis for the lateral extent of
the Hadley cell as a function of the cumulus convective heating.

(1) The motivation for this study is to see to what extent a time indepen-
dent zonally symmetric model can simulate the atmosphere's observed (time and
longitudinal mean) flows; this steady state can then be regarded as the basic
state upon which (time and/or longitudinally dependent) eddies occur, (e.g., baro-
¢linic instabilities and stationary orographically forced eddies). This is con-
trary to the more accepted concept that the baroclinic eddies themselves transport
momentum up-gradient to main the mean jet stream; however, it may be that much of
the observed 'transient eddy' and 'stationary eddy' transports (rf. Oort's lec-
tures) is really due to essentially steady symmetric circulations which meander
slightly over the time period or longitudinal extent of the observations.

(2) Linearized Model: (Schneider and Lindzen, 1976)

Although the linearized results are fairly close to the nonlinear results,
(since the nonlinear terms remain small in the nonlinear analysis), the linearized
model has a few drawbacks.

The velocity of the linearized zonal jet is too large (105 m/s at 35° 1lst.).
This large a velocity implies that the total zonal angular momentmmxu+nuquhLun¢:
has a local maximum in the interior of the fluid, (near the center of the zonal jet).
This is impossible in nonlinear theory (Hide (1969), Schneider (1976)) and occurs
here because the linearized theory neglects advection of relative angular momentum
by the meridional circulation.

Also, the linearized model cannot predict the surface zonal wind velocities.
These must be zero since there can be no net advection of planetary angular momen-
tum into a vertically integrated column to balance any frictional torque at the
surface.

Nonlinear Model: (Schneider, 1976)

The temperature fields are much the same as the linearized case; nearly flat
from 0 - 35° lat. with a sharp transition to radiative equilibrium at 40° lat. How-
ever, the nonlinear results show the effect of advective meridional transports
which now must satisfy conservation of zonal angular momentum and produce a tempera-
ture field in geostrophic balance with the zonal wind. '

The Hadley cell is slightly broader and the zonal jet is pushed slightly
poleward to 40° lat., with a zonal velocity of 120 m/s. Surface winds are easterly,
5 m/s, from 0° - 30° lat. and westerly, 10 m/s, at midlatitudes. The Hadley cell
is centered at ~ 15° lat., with a total mass flux of ~70% of the observed annual
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mean. A weak Ferrel cell occurs in the model, frictionally driven by the high lat-
itude surface westerlies.

(3) In the equations, the value of the static stability is specified
a priori and the results are only considered valid if the computed temperature
field has a static stability of approximately the specified value. It is an impor-
tant climatological problem to theoretically predict the atmospheric static sta-
bility. We can do this for Hadley cell regions with a simple one-dimensional cal-
culation, using concepts and approximations borne out by the present numerical
results.

In the Hadley cell, radiative cooling is balanced by downwelling due to
cumulus heating, and meridional gradients and horizontal advection are small. Thus
we can consider a one-dimensional vertical model in which:

Moy 25 % - e (1)

where<Yn;>is the vertical mass flux of the cumulus heating, at any level, horizon-
tally averaged over the Hadley cell

<<QR> is the radiative cooling, horizontally averaged
I

5 %%; is the static stability
£z o e density at level §
Also -
, L I-T®
<QR>—' (@) (2)
where T is the temperature

T is the radiative equilibrium temperature
T (2) is a radiative time constant

The cumulus clouds rise through a height A 2 such that the increase in ambient
potential temperature A 5 1is equal to the latent heat gained by condensation of
water vapor. This is known since the evaporation rate from the ocean is specified.
With this constraint, we can substitute (2) into (1), integrate vertically, and
find A5 and A 2 , and thus the static stability —(;—\5— —_,f—zs-_— . The results are

N7 ~14-16 kn

_'—_A—s- o~ (o} "l
TS 2.29K/km
(4) The numerical results show that the Hadley cell smears the cumulus
heating and flattens out the horizontal temperature field to 40° lat. where the
temperature suddenly adjusts to radiative equilibrium.

The nonlinear numerical method of solution used could not solve the case of
a very latitudinally narrow cumulus heat source, but it is felt that the lateral
extent of the Hadley cell depends only on the total amount of cumulus heating, and
not on its latitudinal distribution. This is shown by the following calculation: -

Since friction is small, and the equatorial zonal velocity is nearly zero,
the zonal wind field in the upper troposphere is approximately that of a ring moved
frictionlessly from rest at the equator:
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v 2
() Rag J

(3)

where
Y = sin (latitude)
’Rv= a global Rossby number

This velocity occurs at a height A2 , the vertical extent of the Hadley
cell (here in units of scale heights), which is found from the specified net cumu-
lus heating as in section (3) above.

The heat equation, when integrated latitudinally from the equator to the
outer edge of the Hadley cell at y=Y,, gives
4i - %
Qe dy = Eor f (L) - T(y:1) dS (4)
) TM )
where Qc(y;l) is the specified heat source due to cumulus convection (other sym-
bols defined above). Assuming W varies linearly with height everywhere, equation
(3) and the thermal wind relation give the horizontal variation of temperature.
The temperature field is then obtained using the boundary condition that T=Ta 3
the radiative equilibrium temperature, at Y=y

Substituting for 7_’7l in Eq.(4), we find

-7 5 )
e Y N go Q“'dﬁ

T Tonz R,

Thus the latitudinal extent of the Hadley cell, Y, , depends only on the
integrated cumulus heating Q. and not on its latitudinal distribution.
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PROBLEMS IN CLIMATE MODELING: CLIMATE MODELS
Richard S. Lindzen
We have discussed a tentative reassessment of the general circulation. Con-
tinuing on an ad hoc plane, we will now talk about climate models, especially the
so~called 'simple albedo feedback models'. The albedo feedback mechanism is impor-
tant due to the large contrast in albedo between ice-covered and ice-free areas.

Small changes in the solar constant might induce a large change in global climate
due to this feedback.

Hereafter we adopt the following assumptions:
1) the surface temperature T depends on latitude & and time T.
2) the latitude of snow line §, depends on the surface temperature only.
3) the albedo ©C has the step function form:

0.6 (9 > GS . ice—covered)
04(9)= {0‘3 (6< G ice-free )

The value in considering these simplified models is to develop an intuitive under-
standing for use in the more complex models. Our next assumptions are:

a) all elements in the energyvbudget can be expressed in terms of surface
temperature T' (although this is obviously wrong),

b) the atmosphere (with a time scale of one month), oceans (with time scales
from 5 to 1000 years) and cryosphere (with a time scale of 10,000 years) are in
equilibrium with each other and the sun.

For albedo feedback, notice that the snow and sea ice are more important
than glaciers because the former has a much shorter time constant than the latter.

In a time-dependent form, the energy balance equation may be written as
follows: , =
CLL-Q:5(6)-a(T)-I+div. F

where C denotes the heat capacity, Q denotes the solar constant divided by four.
S$(6) denotes the normalized mean annual meridional distribution of solar radia-

tion.
T
l2

9
s |

o T T T 3 T ¥ 7

a.(T) denotes the absorption function defined as l-o (60 , I denotes the out-
going infrared radiation flux and F means the poleward heat flux in both atmos-
phere and oceans.

Adopting the empirical formula: I=A+BT steady-state equilibrium implies:
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@-5®)-a(I)-I+div.F-o.
(1)

The model becomes complete by specifying how the ice-sheet edge E% or)§(=$&n6%)
is determined. As the prescription for this, we adopt the condition

T>- 10T, no ice present
T < -]0°C, ice present.
In terms of the radiation flux L , =10°C is expressed as
I,Ms)-': Is
which in turn gives the ice-sheet edge @ (or X; ).

In order to solve the problem, we choose X_s first and specify Q»(Xﬂ(_;) then
solve for @ . : '

When we plot the results on a (G%/Ig;')(;)plane, the climate that has a
positive slope is stable (and intuitively what one would expect) and the one that
has a negative slope is unstable (and not what one would expect). These situations
are shown in the figure schematically.

A N

As
Sunstable
N

\

Q/T,
Next we review the results of some earlier models.
i) No heat flux: ¥= 0.

In this model @S -o.=T . We have two curves corresponding to the upper
and lower limits on albedo: &M

qo‘--

0 T & 3 & 6/,

All possible climates lie in between the two curves. We find this model is stable.
ii) Budyko's model: Y= K(I’I)
The result is shown in the figure.

This model is unstable because heat is transported latitudinally; as the ice cap
advances, the region it covers absorbs less sunlight, hence the rest of the earth
loses more heat by horizontal transfer to the poles and cools, hence the ice ad-
vances further., This model informs us of the necessity of latitudinal heat trans-
port for instability.




- 14 -

Qs\
90
}stab le
40°4
unstable
o y 3 >0/,

iii) Sellers' model: '3'="‘;%E‘ (1=%*)D %—I—

Now there is only one curve because the temperature is continuous across
the snow line in this model. The result is shown in the figure.

S !
olqos_“—f )unstab‘le
}sTabh
060 o e e = :
unsTable
Lo 169 >
%,

There is an unstable region for 1.0 > Xg > 0.95, but this has no physical meaning.
According to the figure, we are now in delicate equilibrium, only 2% away from
disaster, a completely ice-covered earth !!

How could we incorporate the Hadley cell into these models?

Recall from Lecture #3 that the Hadley cell homogenizes temperature between
0° and 30° latitude. Therefore replace the radiation forcing between the lati-

tudes 0° to 300 with its average. Otherwise, we use Budyko's model. The result
is shown in the figure. '

& A
90" -

Ho

Specifically allowing for the Hadley cell enhances stability. Making this assump-
tion in Sellers' model gives little change from Sellers' results, because his dif-
fusive transport dehomogenizes the temperature in the tropics.

Finally we can use these to discuss the past ice age. At 18,000 years B.P.
the ice line was 60° lat. instead of 72°, yet the tropical temperatures were almost
the same as today's. If we let the heat transfer coefficient ( ¥ in Budyko's
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e
model) go almost to zero poleward of the pack ice limit (because F may be due to
oceans, not atmosphere), then the equator maintains jts present temperature. Then
we must re-define I such that the integral of div.F is still zero over whole
earth. The system becomes much more stable, because there is little transport of
heat into the polar region north of the ice line. It now takes a 20% decrease in
the solar constant to have an ice-covered earth.

Notes submitted by
Toshio Yamagata and
Glenn H, White

PALEOCLIMATIC DATA

Wallace S. Broecker

In the next 100 years, it is expected that the CO, content of the atmos-
phere will double. According to Manabe and Wetherald, this will raise the Earth's
average temperature (Tgy) by 2.5°C. Eleven thousand (11K) years ago, in the most
recent glacial age, Tyy was only 5°C colder, so a 2.5°C increase could have a big
effect, The nature of this effect is not known - the effects of clouds, albedo
and other feedback mechanisms are unknown.

There is one known forcing function - changes in the Earth's orbital para-
meters. The Earth's orbit is precessing with a 22K period (years) (currently
northern summers occur at greatest sun-earth separation), the Earth's tilt has a
40K period (which affects seasonal contrasts in amount of radiation received at a
point on the Earth's surface), and the eccentricity of the orbit has a 90K period.
Milankovitch (1958) produced a theory relating changes in climate to these para-
meters.

Measurements of the 'extent of glaciation' in the past show a 100K period

aT=5%

Now PN

Y 20 120

Thousand years before present
Diagram 1.

(see Diagram (1)). (The change is measured by 5018 - see later.) There was
little glaciation up to 2500K years ago, since then there has been a quasi-
periodic fluctuation.

Temperature change from glacial to interglacial periods - (air temperatures)
global av. 50C polar icecaps 6°

ocean 3°C continents 10° (inferred)




Continental ice-coverage evidence in the United States of America indicates
that successive glaciations were comparable in extent. About 3 - 5% of Earth was
ice-covered, with corresponding sea-level decrease of 100 m. There is evidence of
glaciation in South America and New Zealand, probably synchronous with Northern
Hemisphere glaciation (Flint, 1947). ' ’

Isotope methods applied to deep-sea sedimentation cores are used to find
temperatures in the past (Emiliani, 1955).

The ratio 018/016 in oxygen, deposited in CaCO, in fossils found in cores,
for example, can be measured. The change in the ratid is caused by changes in the
global ice volume. In Hy0, the lighter isotope evaporates slightly faster than18
the hearier one, leading to precipitation over the poles which is depleted in O
by about 30 ©/co. If more ice forms, then the ocean ratio of 018/0l6 increases.

Fluctuations in the ratio if 1.6 O/o0 are observed (see Diagram 2). The
ice storage effect accounts for about 1 O0/oo of this. A temperature effect of
-2 9/00/°C also has to be taken into account.
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Diagram 2.
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Fossils of both surface and benthic origin are analyzed, and the same T
change is observed in both. The deep ocean can only cool by about 3°C (or it
would freeze), hence the tropical ocean surface was no more than 3° colder in a
glacial period than now. (Shackleton 1967)

The usefulness of this method is that many deep-sea cores show the same
effects.

To interpret the records, a means of dating the cores is needed.
(a) cl4 dating is accurate for about 25K years;

(b) can reliably spot the magnetic reversal 700K years ago, and inter-
polate by assuming constant sedimentation rates;

(c) U238 and U235 series can be used,
Pa23l has 34K years half-life,
Th230 has 75K half-life,

U content of ocean constant;

(d) can fix lowest ice volume times by dates of highest stand of
oceans, at 82, 103 and 124K years.

Models have been produced to account for the 100K cycle in terms of orbital
parameters by using assumptions about glacier growth and melting. However, north-
ern and southern hemisphere glacial periods apparently occur at the same time,
which conflicts with seasonal-contrast-in-insolation theories. Broecker thinks
that there is no good explanation of the cycle at present.

References

Milankovitch, M. 'Die chronologie des Pleistocans'. Bull.Acad.Sci.Math.Nat.
Belgrade 4. 1938.

Flint, R.F. 'Glacial geology and the Pleistocene epoch'. Wiley & Sons,N.Y. 1947.

Emiliani, C. 'Pleistocene temperatures'. J.Geol. 63. 1955.

Shackleton, N. 'Oxygen isotope analyses and Pleistocene temperatures re-assessed’.
Nature, 215. 1967.

general reference:

Broecker, W.S. and J. van Donk 'Insolation changes, ice volumes, and the 0l8
record in deep-sea cores'. Rev.Geophys.Space Phys. 8. 1970.
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PALEOCLIMATIC DATA

Wallace S. Broecker

ESTIMATES OF PAST ICE VOLUMES AND SEA LEVELS

The ice which makes up the ice sheets of the earth has been formed from
water vapour which has been evaporated from the sea surface. Of the two isotopes
of oxygen, 018 and 016, the lighter 016 if favoured by the process of evaporation
and so there should be a direct correlation between the 018/016 ratio of the sea,
and the degree of glaciation (or sea-level). The best record of the 018/016 ratio
is that due to Shackleton who has analyzed this ratio in the shells of little or-
ganisms which have lived on the sea bed (see Figure below). These organisms appro-
priate different amounts of 0!8 and 016, depending on the ratio present in the sea
water, and also on the temperature of their environment.

124

»

105-‘
Jda ~\ 2. 103
\
"0"
%o
0.5t
g 3
bzo ; 60‘ >tiyne 210 years

It is assumed that the temperature of the water on the sea bed has only
changed by -1 % 2°C over the last 150,000 years and this leads to an uncertainty
in the 6018 values of only -0.2 9/00 # 0.4 ©/0o0. A total variation of 1.5 ©/00
is observed over this period, so this leaves 1.3 /oo % 0.4 ©/oo which is due to
the global change in ice volume. The d'018 curve which is shown above is repro-
ducible for many samples taken from the world's oceans.

The peaks in the d 018 curve at 82, 103 and 124 thousand years, are also
evident in the levels of past coral reefs on islands which have been tectonically
uplifted (e.g. Barbados, Timor and New Guinea). When allowance is made for the
amount of uplifting of these islands (-~ 0.3 m/year), the estimates of sea level
are as follows:

Sea level (rel.to present) Years before present
-15 m 82,000
-15 m 103,000
+ 6 m 124,000

The sea level 18,000 years ago can be estimated by several different
methods. If it is assumed that the measured 5038 is equal to the present dif-
ference in 018 concentration upon evaporation, multiplied by the volume of the
ice, then a sea level of -70 m is obtained. If a direct proportionality between
the sea level and the 0!8 curve is assumed, then using the values in the above
table a sea level of -150 m is obtained. The sea level can also be deduced by a
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direct estimate of the extent and depth of the ice-cover at the time. In this
case, the ice thickness is hart to estimate, but a sea level of -120 m is obtained.

OTHER WAYS OF ESTIMATING PAST CLIMATE

The remains of past vegitation provide a good indication of the local cli-
mate, providing the samples can be reliably dated. Different types of trees and
plants flourish in different environments and a knowledge of this is useful in
interpreting the data obtained from pollen samples.

Imbrie has analyzed plankton which lived at the ocean surface, and he has
obtained the ocean sea-surface temperatures in the past (see lecture by Imbrie).

The 018/016 ratio in Greenland ice cores also contains information on the
average sea-surface temperature,

LONG AND SHORT TIME SCALES

The analysis of benthic forams shows that 70 million years ago, the deep
sea was 15°C warmer than it is today. The implications of this are complicated by
the fact that the ocean basins were drastically different to what they are today.

On shorter time scales, analysis of Greenland ice cores shows that there
have been no dramatic climatic trends in the last 7,000 years.

Notes submitted by
Trevor J. McDougall

THE FLUID TRANSPORTS
Abraham H. Oort

1. INTRODUCTION

The central theme of the three lectures will be the role of the atmosphere
and oceans in transporting angular momentum, water vapor and energy.* The cli-
matic picture may be described and to some extent 'understood" through the study
of the balance equations for these three basic quantities. From real data as well
as from model generated data we may diagnose the present climate. We shall con-
centrate in these lectures on the zonally averaged picture of the climate for the
present, while not disregarding the zonal anomalies so far as they are important
in maintaining the zonal mean state. The stationary east-west asymmetries gener-
ally are thought to be of secondary importance, with the notable exception of the
Asian summer monsoon circulation. I intend to discuss in the three lectures:

(1) the nature of the large-scale atmospheric and oceanographic data
available to us;

(2) the hemispheric angular momentum, and the water vapor balance as derived
from observations;

(3) the global energy balance as derived from observations.

*
General references are Lorenz (1967), Newell et al. (1972, 1974), Oort and
Rasmusson (1971), and Starr (1968).
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2. NATURE OF LARGE-SCALE ATMOSPHERIC AND OCEANOGRAPHIC DATA
2.1 AtmosEhere

It may be of interest to first investigate the dominant scales of motion in
the atmosphere as revealed by spectra taken both in time and space. Kinetic
energy time spectra near the ground are the easiest to obtain since they only re-
quire prolonged measurements at one location. They (Vander Hoven, 1957; Oort and
Taylor, 1969; Hwang, 1970) give the following results:

(1) Most energy is contained in waves of two to ten days (baroclinic and
long planetary waves).

(2) There is often a spectral gap between 20 minutes and several hours.

3) There are large diurnal and weaker but still important annual cycles.
p
(The latter are dominant in the case of temperature spectra.)

In the free atmosphere (above 3 km) cyclone waves are much more dominant
(Vinnichenko (1970)). The high frequency (~~ five minutes) maximum generally pre-
sent near the ground only occurs intermittently (e.g. during clear air turbulence).

Spatial spectra are more difficult to obtain in general because of the
observational network requirements. From hemisphere analyses (Kao and Wendell,
1970; Kao and Sagendorf, 1970; Kao et al.,1970) the importance of the baroclinic
and long planetary waves (~~ 2000 km. and longer) becomes very clear. Transient
eddies seem to have greater importance than stationary eddies in the heat and
momentum fluxes.

In general circulation studies total transports of, e.g., sensible heat are
frequ ntly broken down into those due to mean meridional overturnings (MMC), tran-
sient eddies-lasting a few minutes to the longest interval studied (TE), and
standing or quasistationary eddies (SE). (Here the word "eddy' means a departure
from a zonal, vertical or time mean).

The time mean of north-south sensible heat transport is given by:
= - = ]
vT=(v+v ) (T+T) =T+ v T,

where ' denotes the departure of the instantaneous value of a quantity from the
time average of that quantity.

The zonal mean heat transport is given by:

¥ %
vTl=vI10]s T,
where * denotes the departure of the local value of a quantity from its zonal
mean.
The vertical mean heat transport is given by:

AT =TT

where ' denotes the departure of a quantity from its vertical mean.

Combining these three operations gives us the total north-south sensible
heat transport across a latltude c1rc1e

MNuLE CNGRALE [‘*T]




The first term on the right is the heat transport due to the net mass flow across

the latitude, which is generally very, very small.

A hemispheric picture of the relative intensity of zonal mean flow, tran-

sient and standing eddies in the kinetic energy of the atmosphere is given in Fig.
1 as a function of latitude and pressure.

The Mean Kinetic Energy (MKE) is, of

course, concentrated near the steady subtropical jet stream while the Transient

Eddy Kinetic Energy (TEKE) is more uniformly distributed with respect to latitude

and dominates away from the mean jet.

Let us now consider the global distribution of radiosonde stations where

the actual atmospheric observations are taken.
in the Northern Hemisphere and only about 120 in the Southern Hemisphere.

There are more than 700 stations

sidering zonal averages, the hemisphere midlatitudes are well-covered, but
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coverage is much poorer near the equator and throughout the Southern Hemisphere.
There are no stations in the latitude band from 55°S to 65°S. Longitudinally, there
are very clear gaps over the oceans. The error in our calculations due to these
spatial gaps is worse than any due to instrumentation error in measuring the quan-
tities.

To estimate the effect of these errors on the general circulation statistics,
we used Manabe's ZODIAC general circulation model, which gives results fairly like
the real atmosphere (except in Antarctica). We compared the results of calculating
general circulation statistics from the model using each grid point and from the
model using only grid points near each radiosonde station while employing the ob-
jective analysis scheme used on real data, to fill in. (Hayashi and Golder, 1976;
Oort, 1976).

The mean zonal wind is reproduced fairly well, with some discrepancies in
January in the Southern Hemisphere, between the two cases. Figure 2 shows one of
the worst cases, the variance in the east-west stationary wind component. Overall,
one may conclude that the radiosonde network is generally adequate in the Northern
Hemisphere, except for certain parameters near the equator, and fair in the South-
ern Hemisphere, except for the mean meridional circulation and standing eddies,
which cannot be measured with the current network.

We have to consider other data systems especially in the Southern Hemisphere,
for example satellite soundings of temperature, humidity, and cloud winds. These
have their own problems due to less accuracy.

2.2 Oceans

Time spectra in the oceans look quite different from those in the atmosphere
with a large peak near the inertial frequency. Long term subsurface records are
available only near the coasts and at the ocean station vessels for the construc-
tion of the low frequency part of the spectrum. Thus the data situation is quite
different from the one in the atmosphere. The ocean is infrequently being sampled,
and only for temperature, salinity, oxygen and some other chemical constitutuents.

Not only are spatial gaps between data points a problem, but so is the un-
representativeness of the data points themselves. In many one-degree squares one
finds none, or only one or two observations. Moreover, because of the existence
of so-called MODE eddies as well as of inertial gravity waves, the long-term aver-
age may not be measured correctly by a few observations. Thus even the mean
fields of temperature, salinity, and oxygen are not known well over the globe. The
situation is much worse for the variances in time and the fluxes. Near the sur-
face many ship drift reports show that the bulk of the kinetic energy, in Figs.3
and 4, is in the eddies, 20 to 40 times the mean over the open ocean and two times
in the western boundary currents, (Wyrtki, 1976). Below the surface current data
are practically non-existent. Transports have to be inferred by geostrophic cal-
culations or from models. This is a very serious problem, because as we will show
in the third lecture, heat balance considerations lead to the expectation of a
very important meridional heat flux in the oceans, especially at low latitudes.
This flux could be accomplished by mean meridional overturnings, transient or sta-
tionary eddies or any combination of them. One of the unanswered, but crucial
climatic questions is what are the actual magnitude and predominant modes of
transfer of energy by the oceans.
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Fig.3 Kinetic energy per unit mass of the mean surface flow for
the North Atlantic Ocean based on 1° averages (Wyrtki, 1976).
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Fig.4 Eddy kinetic energy at the surface per unit mass for the
North Atlantic Ocean based on 10 averages (Wyrtki, 1976).
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GLOBAL ANGULAR MOMENTUM AND WATER VAPOR BALANCES
Abraham H. Oort

3. ANGULAR MOMENTUM BALANCE

The angular momentum (M) around the earth's axis of rotation is the sum of
the relative and planetary components:

M= M, + Mg ,
=ua_cm¢+na..’m¢

where M. is the relative component and Mg is the planetary component. ¢ is lati-
tude, a.is the earth's radius, and W is the zonal velocity. Integrated values for
the angular momentum are:

solid earth: 591,000 x 1035 gm em? sec-l
atmosphere (solid body rotation): 1.01 x 103 gm cm? sec™!
atmosphere (relative, annual mean): 0.01 x 1035 gm cm? secl,

For the northern hemisphere atmosphere, the relative angular momentum is

1.0 x 1033 gm cm? sec~! in winter and-.1 x 1033 gm cm? sec-l in summer. The south-
ern hemisphere has very little seasonal variation, maintaining a constant value of

about 1033 gm cm? sec™l. The effect of the momentum variation on the solid earth

is typically a 0.5 x 1073 sec change in the length of the day per day, a quantity
which is measurable by astronomers.

The balance equations for angular momentum can be developed, following
Starr (1948, 1968). The statement is that the total time derivative of the angular
momentum is equal to the sum of the torques:
am _ (! BP') + F o ted
0G5 = (zmg 57) 20+ R b
where the first term on the right-hand side is the pressure torque and the second
term represents the frictional torque. A is the longitude. Making use of the
equation of mass continuity, the expression can be rewritten:

%ﬂ=_§.(pl\/\ﬁ)-%§+ Fy & coo o

where {} is the three-dimensional velocity. If the equation is integrated over
the entire volume of the atmosphere, the divergence term will disappear, and the
pressure term will generally give zero contribution, except when topography is
considered. If this so-called mountain torque is present, the zonal integral of
the pressure term can have discontinuities, giving rise to a contribution.

Since the long time average of the change in the angular momentum will
presumably be zero, the frictional and mountain torque must balance. In a gen-
eral sense, this implies that the area of the surface easterlies must be comparable
to the area of the surface westerlies. The mountain torque, which is generally
within 10% of the frictional torque, can work either in the same sense as the
frictional effect (the usual case) or against it. The pressure torque is mostly
associated with synoptic scales of motion, while the frictional torque is associa-
ted with smaller scales of motion, such as turbulent fluxes of momentum.
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The transport of angular momentum in the atmosphere can be decomposed to
examine the various processes. Using the same notation as last time:

o~ AN A //“'\“ (’} /\
———— — -— —_— o™ /
Pk ()« T [FT + [ 7« (W)
net mass meanrmeridional stationary transient

flow circulation eddies eddies

(seasonal) MMC SE TE

The earth's angular momentum can become important for the first term on
the right-hand side, while the remaining terms involve only relative angular
momentum transport. Transient eddies are defined to have time scales of less
than the period of record studied.

Graphs of annual flux of angular momentum (Fig.S5) show a poleward flux
across 300-40° north latitude, mainly due to TE. The mechanism of angular momen-
tum transport by eddy processes is tilting of the streamlines, giving rise to

ANNUAL FLUX OF MOMENTUM

16

14 TOTAL -

12

10

(m2- sec?)

| | | 1
0 ION 20 30 40 S50 60 70 8ON

Fig.5. Mechanisms of poleward flux of momentum for annual
mean conditions.
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u'v' correlations. At high latitudes, there is some southward transport due to TE
and SE. Most of the transport is accomplished by TE. However, this does not in-
clude only cyclones, as permanent eddies that vary seasonally are included in TE
(i.e., variations in the Hadley cell, or monsoons). Some of these seasonal pat-
terns would be included in SE on a winter or summer curve.

Angular momentum can also be transported vertically at certain latitudes,

when terms like [Pwi][SLa*esd*¢] are large in the MMC, or when there are[eaﬂ[uﬂ
correlations. Examples of these processes are mean overturning or gravity waves.

Generally, at low latitudes, angular momentum is added to the atmosphere
due to the frictional torque on the surface easterlies. At high latitudes, angu-
lar momentum is lost by frictional torque on the surface westerlies. There is a
corresponding poleward transport at 30° north.

4. WATER BALANCE

On the average, there are 2-3 gm/cm2 of water in an atmospheric column. The
amount is greatest between 100 latitude, reaching a minimum over the land deserts
and over the poles.

Water balance equations can be formulated for both water vapor and for
liquid water plus ice (see Peixdto, 1973). For water vapor, the balance is:

d

e 7;%1 = source of water vapor = €-C

where C} is the specific humidity, @ is the evaporation, and ¢ is the'condensation.

For ice and liquid water, the equation is

P %—: c-¢e

If the total derivatives are expanded and the two equations are added, the
result is:

= - -
%%“*‘71' PqT + 52—(9%(40')1- 9‘5&3‘“"5:‘(’%:”’* a—i/(p%‘uf.)= 0,

where V, 1is the horizontal divergence, . is the vertical velocity of falling
condensation, and the equation of mass continuity has been used. This equation
can be integrated vertically, from the surface to the top of the water vapor:

PW.LT .- JCAL N -
ot T v E+< 5t- +4+BtP) =0,
where W:£P %di_a water vapor in a column, E and P are the evapotranspiration

and precipitation at the surface, and v;, & and ﬁ ’ 5; are the vertically aver-
aged horizontal fluxes of water vapor and liquid water plus ice, respectively,
"Wa , the total amount of liquid water and ice in a vertical column, is very

small ("W, < 0.1-0.3 gm/cm“), and the horizontal divergence of liquid water flux
is very small, so we can approximate the balance by

ow _ =
3ﬁ?“"€1‘ Q'f(E-Tﬁ.
This is the atmospheric branch of the hydrologic cycle.

The terrestrial branch of the hydrologic cycle can be represented by
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-— = P— -—
= —(E’P)'V’RO‘V‘RLL
where S is the rate of ground water storage. The first divergence term represents
the divergence of the runoff (due to rivers etc.), and the second divergence term

represents the divergence of the subsurface runoff. This last term is usually
small and is generally neglected.

The term (E-P) is the link between the atmospheric and terrestrial branches
of the hydrologic cycle. It is difficult to measure (E-P) directly. It is often
computed as a residual after measurements of 5t and V'@' are made.

Maps of'W‘(?\,(P) and 6'6(7\,¢) , from Peixdto (1970) show that %‘%«__/‘ is very

small, and that, for the annual mean, strong convergence of water vapor occurs over
the equatorial region in the Intertropical Convergence Zone, over Brazil, India,
and over the cyclone belts of the Atlantic and Pacific Oceans. Divergences occur
over the polar regions, in the subtropics, and over the land deserts. The fact
that T.§ > 0 over deserts implies that there should be an excess of evaporation
over precipitation in those areas. Subsurface convergences can be invoked to main-
tain a water balance in desert regions.

ANNUAL FLUX OF WATER VAPOR

TOTAL

-3 | | 1 A 1 1 |
0 ION 20 30 40 50 60 70 8ON

Fig.6. Mechanisms of poleward flux of water vapor for
mean conditions.
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Graphs of the annual flux of water vapor (Fig.6) indicate that the MMC is
important at low latitudes, relative to TE. The water vapor is transported toward
the equator by the MMC at low latitudes, and toward the poles by TE at high lati-
tudes.

Graphs of (P-E) (Sellers, 1965, p.84) show:

(P-E) > 0 -595 to 10°N
(P -E) < 0 -595 to -40°8
(P-E)< 0 10N to 40°N

(P-E) >0 poleward of *40° v
Global-scale variations in (P - E) may account for the observed differences
in salinity between the Atlantic and Pacific Oceans.
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THE FLUID TRANSPORTS
Abraham H. Oort

5. ATMOSPHERIC ENERGY CYCLE AND BUDGETS

Due to the sparsity of data in the Southern Hemisphere, only Northern Hemi-
sphere statistics will be considered.

5.1 Atmospheric energy amounts.

Let us first look at various energy variations over a year:




|
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N. Hemisphere Surface - 75 mb layer
Winter Summer
1.0 0.5 x 1020 cal. Kinetic Energy (z V")
29 50 Latent Heat (Lg)
340 352 Potential Energy (3 z)
1003 ' 1036 Internal Energy (CyT)
1373 1439 Total

For vertically integrated quantities the potential and internal energies above are
proportional, and may be combined into a total potential energy. However, as
shown by Lorenz, only a small portion of this total potential energy is available
for conversion into kinetic energy. This available potential energy (A.P.E.) is
the difference between the total potential energy of the atmosphere at any time,
and the lowest total potential energy which could be achieved by an adiabatic
redistribution of its mass. This may be approximated by the variance of potential
temperature on isobaric surfaces. For further discussion see Lorenz (1967).

5.2 Atmospheric energy cycle.

Let us consider presently the net flow of energy necessary to drive atmos-
pheric motions through the cycle:

Generation—» A.P.E.—> Conversion —> K.E.—> Dissipation

Using five years of daily radiosonde data (1958-1963) at 600 stations in
the Northern Hemisphere, available potential energy (P) and kinetic energy (K)
were subdivided into mean and eddy contributions. These '"eddy'" contributions in-
clude both stationary east-west, and time variationms.

In Fig.7 we note:

i) Quantities into or out of tops and bottoms of boxes are influx from
Southern Hemisphere to Northern Hemisphere.

ii) Energy reservoirs in boxes are in 10° J/m? input, and transformation
rates in watts/m2.

iii) 7;%—'(Pm: Po, Kgs Kp) due to seasonal cycle are negligible for these
two months of the year.

iv) Values in parentheses are not directly calculated.
v) Only large scale motion is explicitly described.

It is clear that for the Northern Hemisphere in January the dominant input
of mean A.P.E. is not diabatic heating but influx from the Southern Hemisphere.
The largest portion of the generation term seems due to latent heat release which
varies the most with latitude. Frictional dissipation occurs dominantly in the
eddy kinetic energy term, and gives a dissipation time of approximately three days.

The circulation is clearly less energetic in July, and exhibits a signifi-
cantly smaller cross-equatorial flow of P;. In both months we find a small con-
version of Ky to Pp and a somewhat larger conversion of Kg to K, (negative vis-
cosity, see Starr, 1968). This last term is the only source of mean kinetic energy
in the cycle. For further discussion see Oort § Peixdto (1974 a,b).
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5.3 Annual variation of the ocean-atmosphere energy balance in latitude bands.
Let us consider a latitude band that extends in the vertical from the bottom
of the ocean to the top of the atmosphere. If E denotes the total energy in the
band:
(D 9E = (net rad.) Flux
dt ’ top

where geothermal heat flux, transport of icebergs, and horizontal radiative
flux are neglected. The energy reservoirs considered are ocean, land, atmos-
phere, and snow and ice.

- div (Transport) ey - div (T)geean

ofF _
(2) L e (5SSt
The atmospheric and oceanic energy fluxes are:
top A
(3) TL\TM:S /o(ch-ng*L%i'?P * %Vl)vdz
[}
0
(4) Tocean =f peTvdx
~2B-Em

The data used are:
i) Flux at the top of the atmosphere: satellites (1964-1971)

ii) Atmosphere transport and storage: radiosonde (1958-1963)

iii) Ocean storage: all hydrographic and BT data as of 1973 available ét
National Oceanographic Data Center for the upper 275 m.

Error limits were estimated using data subsets. See Oort and Vonder Haar (1976)
for further details. '

Let us consider presently the different terms in Eq.2. The largest storage
rates (see Figs. 9a and 9b) are found in the ocean (maximum of 100 watts/meter?2)
centered at 40°N in June and December and in the atmosphere (maximum of 20 watts/
meter?) north_of 60°N in May and the beginning of October. With these rates an

estimate of -7%%— can be made.

Utilizing Eq.(l), and calculating the net radiation input from satellite
data (see Fig.8), and the atmospheric transport from the radiosonde data (see
Fig.10a), residual estimate can be made of the northward flux of heat in the
oceans (Fig.10b). One then finds a strong cross-equatorial transfer of heat in
general from the summer to the winter hemisphere. Further, south of 259N the
computed ocean heat transport is several times larger than the atmospheric trans-
port. North of 409N, the reverse is true. For comparison, these estimates of
ocean heat transport, at 200N, are twice as large as Budyko's estimate, and four
times as large as Kirk Bryan's recent numerical ocean model estimates.
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Fig.8. Net incoming radiation flux at the top of the atmosphere

(Frp) based on satellite data as a function of latitude and month
of the year. Annual mean 95% confidence limits are shown on the

right-hand side of the diagram (Oort and Vonder Haar, 1976).
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Fig.9a. Rate of heat storage in the atmosphere (SA) based on radiosonde
data as a function of latitude and month of the year (Oort and Vonder Haar,
1976).
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Fig.9b. Rate of heat storage in the oceans (Sy) based on hydrographic
stations, MBT and XBT data as a function of latitude and month of the
year. To obtain typical oceanic values divide by the percentage of the
horizontal area covered by oceans (factor - 0.61 for the Northern Hemi-
sphere as a whole).
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Fig.10a. Northward transport of energy due to atmospheric motions
CTA) based on radiosonde data. (Oort and Vonder Haar, 1976).
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Fig.10b. Northward transport of heat due to oceanic motions (TO)
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PALEOCLIMATIC DATA

John Imbrie

1. Transfer functions

We derive empirical regression equations which estimate compositions from
the percentage of fossil species in sediments taken from the sea bed, the surface
temperature at the time when the species was alive. This is possible since the
species when they are alive are found in the upper 60 m of the ocean. When they
die they sink rapidly to the bottom and are moved only a very little extent by ocean
currents, etc. (Even the Gulf Stream displaces the species only slightly.)

Each species has its own optimum value of temperature, salinity and seasonal
change in temperature in which it thrives (Fig.l) when other ecological factors are
held constant.

N
abfgva\? nsca max. Value aJS;E by Le:w
Toe v
I Y] C‘o\d
[ ( T z o>
Tz Tempevalive Fral, Y;ui) 5?:;

§= Sal fvﬂfj

Knowing the abundance of two or more species is, therefore, normally sufficient

to determine the temperature (Fig.2) if other factors were known. If three spe-
cies are responding to two controlling parameters (Fig.3), then equations specify-
ing either parameter as a function of species abundance can be written. The

CLIMAP transfer-function procedure generalizes this to n-dimensions, and uses
typically six statistically-independent species groups to estimate summer surface
temperature, winter surface temperature, and salinity. The response function of
the species can be measured from recent (10:5 yrs) sediments, if we assume no change
in the function over the last 500 K yrs., i.e. no evolution of foraminifera. These
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ppTimue measurements reveal that temper-
ature and salinity are somewhat
separated. Moreover, since the

c animals bloom at different sea-
sons of the year depending on
species, it is possible to
separate between Tgymper and
Twinter:

‘ The laboratory preci-
ST sion in the temperature esti-

Fig.3 Numbers refer to ahundapce of species. mate is %0.3°C. The standard
error of the accuracy is *1.3%.

The polar assemblage (now north of Iceland) occupied the whole region down
to the latitude of Spain 18,000 B.P. (years before present), whereas the tropical
assemblage changed very little. Thus the temperate assemblages had a narrower
range of latitude 18,000 B.P. than they have today.

2. The geological reconstruction

In order to provide input for general circulation models of the atmosphere
18,000 B.P. such as the GFDL model (1) and Rand (2) three boundary conditions are
required. These are, the extent and elevation of permanent ice, the global pat-
tern of sea surface temperature and the continental geography. Furthermore, some
models require the land albedo to be specified.

The procedure described in (1) provides the sea surface temperature. Age
dating of cover is done by 14c. The results for 18,000 B.P. are published in
-8cience (3). The main features are, (1) the extension of sea ice in southern hemi-
sphere around Antartica, (2) the eastern edges of oceans was much colder than to-
day, possibly due to increased upwelling especially on the western coast of Africa
and (3) the Gulf Stream in the North Atlantic shifted its position and swept almost
directly eastward across the Atlantic, which left the latitudes 40°-60°N substan-
tially colder at 18,000 B.P. (about 10°C).

Defining AT = TAugust (18,000 B.P.) - Thugust (today), a table may be con-
structed for the oceans:
AT ©°C
| 6&eaﬁ” . Northern Hemisphere Southern Hemisphere
Atlantic -3.8 -1.2
Pacific -2.3 -2.6
Indian -0.8 -1.3
Average 2.6 ~2.0 i
Global Average -2.3 n
Table 1.

Results of numerical models reveal that the average air temperature change over
land (A T) is -6.69C, which agrees with records from pollen in lake sediments.
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Thus there appears to be a three-to-one amplification i.e. OTigng = 38Tgcean-
However, the August rainfall appears to be less by 15% at 18,000 B.P., according
to GFDL model,

3. Time series analysis of a single core

The climate changes are related to the changes in Earth's orbit. These are
the eccentricity which changes from .01 to .06 in approximately 100,000 yrs., the
obliquity with period of 41,000 yrs. and precession, period 26,000 yrs, with a
climate effect, however, of 22,000 yrs., because of precession of perihelion of
orbit. Net effect due to precession, P, is

F= £><§ @Dn'ﬁ)

where P means change in earth-sun distance in June with respect to 1950 value of
half-major axis of orbit, e the eccentricity and I longitude of perihelion of
orbit with respect to the moving vernal point. Thus the main effect of the ec-
centricity is to modulate the amplitude of precession (Fig.4). The system is
assumed to be linear , i.e. the frequencies of
P the forcing should show up in the power spec-
trum and the phase shift of the response rela-
€§Z§2E76ZXZ§;;><313;ZDD tive to the forcing should be constant in time
for each forcing frequency. The power spectrum
» ‘ at of the astronomical forcing is sketched in
Fic, 4 Fig.5. The eccentricity produces side lobes
on the precession effect but it has no peak of
its own. Thus if the earth's response is
linear, then we expect no peak at 100,000 yrs. Now, take cores 468,000 yrs long

¢ﬁ woooyfﬁbbﬁguﬁ?? - and compute the power spectrum. The cores are
y o urs.(prece> analyzed for (1) 0 018, (2) Tgurface (from
33,000 " transfer function as described in section (1)
mqﬁ;ﬁmﬂ and (3) %C. davisiana, a radiolarian species
'Jﬁﬂﬁfﬂﬁa (whose abundance is related to the surface

salinity of Antarctic water). The analysis

produces the following peaks (Table 2):
!
}
1 s

Fisc.5 -
Analysis of A (103 yrs.) B (103 yrs.) C (103 yrs.)
Tsurface 94 42 7 24 19.5
018 106 43 24 19.5
% C.d 122 42 24 19.5
Predicted.peaks from 105 41.1 3.1 18.8

Astronomical theory
Table 2.

Three out of five of the peaks in B and C are significant at 5% level com-
pared with the predicted peaks. The 41,000 yrs. component lags obliquely by
8,000 yrs. whereas the 23,000 yrs. lag is only 2 or 3 - 103 yrs. These values
are constant to 350,000 years.
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Forty thousnad years and 23,000 years are 25% and 10%, respectively, of the
variance. The 100,000-year effect is 50% of variance. This peak may be due to a
nonlinear response of earth to eccentricity. Wertmann (1964) has Tgrowth Of ice
sheets larger thanT pelting of ice sheets.
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MODELING ICE CAPS
Gene E. Birchfield

An essential aspect of the study of climate is the dynamics of ice caps.
On the surface of the earth, the two major ice sheets are the Antarctic ice cap,
and the Laurentian ice sheet, which, 18,000 years ago, extended southward well
onto the North American continent. With the prospect of including these ice caps
more realistically into climate models, their morphology and dynamics should be
studied more carefully.

At present Antarctic ice cap is about 4 Km. high, consisting of a massive
central sheet, which is thickest on the eastern side, and a secondary western
sheet. The mean annual temperature is -57°C at the center of the ice cap, which
is significant because the tropopause is on the ground. The ice accumulation is
5 - 60 cm/year, with a low precipitation rate (10 - 15 cm/year; 1/3 that of the
north pole). There is no ablation zone, and the loss of mass is presumably due
entirely to flow out onto the ice shelves. The total volume of ice is estimated
to be 2.8 x 107 Km3. The rate of loss of mass around the edge of the ice cap
gives a decay rate (AV/At) of 2.34 x 103 Kms/year, indicating a lifetime for the
ice of 104 years.

The figures are similar for the Laurentian ice cap at 18,000 years before
the present. The height is estimated to have been 3 Km in the center of North
America, and 3.5 Km over Greenland. The maximum ice volume is estimated as:

2.6 x 107 Xm3 at 18 KBP gthousand years before the present), 1.75 x 107 ¥m3 at
11 KBP, and 0.6 x 107 Km> at 8.5 KBP, indicating a rate of decay of 3 x 103 Kms/yr.,
similar to the present Antarctic ice cap.

Dynamics

For the sluggish flow of a glacier, the governing equations are
7

0=-Vp+ TV -T-g%,

where TU is the stress tensor, P is the pressure at mid-level, and the inertial
and coriolis terms have been neglected. The balance is between the gravity, pres-
sure, and stress forces. Assuming hydrostatic equilibrium, to a good approxima-
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tion the shear stress acting at the bottom of the ice sheet is
/U_;.-eﬂh (%
2 ox

A stress rate-of-strain law for a perfect plastic is assumed. No deforma-
tion will occur until a yield stress To is reached, after which there is an in-
finite amount of displacement. If we assume T=T. at the bottom, a one-dimensional
model can be integrated to give the quadratic profile

h(‘*“ ‘/z (e (L X)L

Weertman's (1964) model uses the proflle and incorporates both accumulation
and ablation (Fig.l.).

Adtaytic

Oceon

Fig.l.

h (x) is the snow line, which separates the two regions. The northern edge of the
ice cap is assumed flxed by the Antarctic Ocean. L, the half width of the ice cap,
varies in response to changes in ‘W ,(x). The model assumes an ablation rate of
1 m/year in the ablation zone.

When applied to the Antarctic ice cap, the results are very sensitive to
the value of (a/a'), where a is the average accumulation rate in the region of
accumulation, and a' is the average ablation rate in the zone of ablation. Using
an empirically derived value for a/a' of 1/3, the model indicates that the growth
of the ice cap is limited only by the size of the continent.

There is a phase lag of 104 years between fluctuations in the snow line and
the response of the ice sheet. If the model is forced with northern hemisphere
astronomical forcing, the effect is very small. The time constant for the ice cap
is greater than 100,000 years, much longer than the two lowest astronomical forcing
modes.

If a similar analy51s is done on the Laurential ice sheet, the time scale
is found to be 10 - 40 x 103 years, much closer to the time scale of the astro-
nomical forcing. The ice cap will oscillate about a mean position, implying peri-
odic ice ages, with periods of very little ice coverage.

Reference
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THE EARTH'S RADIATION BALANCE

Thomas Vonder Haar

The radiative forcing of the atmosphere, which is amenable to being
measured by satellites, is clearly an important climatic parameter.

Studies of the earth-atmosphere radiation budget by satellites span a large
range of time and space scales, from local events on a scale of days to global
phenomena with a period of years. Radiation begins to dominate the other diabatic
heating processes (e.g., latent heat) as a space-time scale increases.

There are two basic approaches to the instrumentation for satellite observa-
tions: 1I) use of a broad detector 'seeing' horizon to horizon, and 1II) use of a
telescope which rapidly scans a narrow field of view.

For Type I, the power at the dectector, 'PD is given by %*Az)/\/@ _Q-¢
where A, is the detector area, /N is the average radiance in "Ww*steradian-!
and {L¢ is the intercepted solid angle of the earth. fV, is the radiance leaving
the 'top of the atmosphere', which for the wave lengths under consideration (solar
A = 0.2-3.5um, infrared A > 3.5um) is about 30 km. The detector used is a
thermister bolometer, whose response is given by
ol

B=o -';4'*‘ Ki (TD‘ Tvn)"’ K.—5%-

where-T; is the detector temperature, 6~ is the Stéfan-Boltzman constant, 'T;n is
the temperature of the detector mount, and K, and K, are correction constants
for thermal conductivity to the mount and response lag, respectively. The typical
intercept area is 10° to 20° GCA (Great Circle Arc). Differentiation between
'solar' and 'infrared' radiations is achieved by use of matched black and white
detectors.

For Type II arrangement, Nre-{-’l = f/o (9= I>qJ)N£ o T J O where N*ew is
the energy reflected from the earth in watt Ww~*steradian-1; A/ is the inci-
dent solar radiation at zenith angle T ; O and Y are the zenith and azimuth
angles respectively of the satellite; and @ , the reflectivity of the surface, is
a complicated function of the three angles. The intercept solid angle is usually
sufficiently small so that /\/ve;g (Q,I,ql) 2 p(e) T, LV) /\/i e TN,

The energy emitted by the earth is infrared and is given by
- 5T
N.T.R B(t.,\"fo"'gB(T) ‘.a——i—OLE

where /Vig is the energy leaving the 'top' of the atmosphere. The first term on
the right accounts for surface emission (B is the Planck function of 'E , the sur-
face temperature, and T, is a surface transmission term). The second term on the
right accounts for energy processes occurring at various heights & .

The dataset of radiation observations begins im the early 1960's with the
ESSA, TIROS and NIMBUS satellites. The early satellites had Type I (flat plate)
detectors, stabilization difficulties, and orbits that prevented contiguous sam-
pling over an entire hemisphere. Later ones have had telescopic detectors with
100 km fields of view (Type II), 'improved Type I detectors such as thermopiles
and have overcome the aforementioned difficulties. The observational record as a
whole, however, is spotty; the data are more coherent when seasonally averaged.
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Prior to satellite observations, it was thought that the net reflectivity
of the earth (planetary albedo) was about 35%. Recent observations indicate a
lower value ( ~30%), the discrepancy presumably due to the tropics being 'darker"
than previously assumed.

The Type I detectors make albedo measurements in the 'ratio' sense an im-
portant advantage; they look at the sun, then the earth, and compute the ratio.
(The detectors can resolve the # 3% change in solar radiation due to the eccentri-
city of the earth's orbit, indicating stability to this level, although the abso-
lute accuracy may be worse), The most recent data from NIMBUS-6 using a specially
calibrated instrument (Hickey and Smith, unpublished) give a solar constant of
1390 £ W >, where t 1 indicates the variation over several months, not the abso-
lute accuracy. (This agrees with early estimates (1930's), but disagrees with cur-
rent measurements.)*

The global radiation budget may be written
Pmt=I (I—oc)— Wer

where Rpet is the net radiation, I is the radiation incident, and Wyg is the infra-
red exitance of the earth.

The distribution of the planetary albedo, oC , is predominently zonal,
although some longitudinal variations are apparent in the tropics, and the influence
of the continents is resolvable. It ranges from <& 20% in the tropics to = 60%
at the poles. The annual pattern of absorbed solar radiation, I(1 -o<), peaks in
the tropics and drops zonally to the poles. There is an apparent reciprocity rela-
tion: features that absorb less solar radiation emit less infrared, except, for
instance, deserts which are highly radiative in the infrared but very reflective
in the visible. Departures from reciprocity (as occur with cirrus or stratus
clouds) are important for climate study. The net radiation over the globe averages
to zero within the limits of observational errors (~~3%).

The seasonal net-radiation data reveal several interesting features.
1) There is a reversal of the zonal gradient in net radiation in the Antarctic dur-
ing winter (net radiation has a minimum at ~~ 60°S and begins increasing towards
the south pole). 2) The southern hemisphere shows a generally greater excursion
of net-radiation between seasons. 3) Winters, apart from the reversal mentioned
above, are fairly similar between hemispheres, while summers are dissimilar.

Observational analyses of the coupling between atmospheric variables and
the radiation budget are to date inconclusive. It is observed, however, that AT
the equator-to-pole temperature gradient, is well-correlated with the equator-to-
pole gradient of the net radiation, lagging it by about a month. Interannual
variations in net radiation (for a given time of year) are not inconsequential,
and may be due to variability in cloudiness.
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THE EARTH'S RADIATION BALANCE (#2)

Thomas H. Vonder Haar

This lecture describes variations of the earth's radiation budget, both in
space and time, as measured by satellites.

Recapping the last lecture, (Vonder Haar Lecture #1), satellite data has
shown the earth's mean albedo is approximately 30% lower than previous ground-
based estimates of 35%. The difference is due to more sunlight being absorbed
into the tropical oceans. Also, recall that on an annual basis, each hemisphere
is in net radiative equilibrium individually, in spite of their large difference
in land-sea ratio. This implies there is no net annual heat transport across the
equator.

Fluctuations in time and space

The variability of albedo and I.R. flux are important for climatological
studies; e.g. a variation in a typically low variable region may be more signifi-
cant than a variation in typically highly variable region. Although cloudiness
seems to be the main cause of variations in albedo and I.R. Flux, the satellite
data base is relatively short and sparse on cloud data.

Global maps of the deviation from the zonal mean, (Vonder Haar and Ellis
(1974)) and of the relative dispersion of a seasonal mean quantity from year to
year, (Vonder Haar (1972)) have been made for albedo and I.R. flux from satellite
data. Generally, the highest seasonal relative dispersions occur over land (e.g.
t .02 ly/min for the I.R. flux, approximately 20% of the mean.

A cloud-free albedo chart of the earth can be made from minimum albedo
values at each place over a period of time. Away from the icy poles, this mainly
shows the land-sea albedo difference. The zonally averaged picture is:
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| ¢ A mean annual albedo
albedo —‘\\?\\\\\\_ﬁ~—~’—”~////i77///‘ ——— — annual minimum albedo
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Comparison with the average albedo shows that the relative contributions
to the total albedo of .30 are approximately:

clouds ....... 45-50%

oceans ....... 15%

clear atmosphere ....... 15%
land ....... 10%
snow and ice ....... 10-15%

Seasonal Trends

The earth is not in radiative equilibrium over each month, only on an annual
average. For the earth as a whole, there is a wave of net radiation, (Ellis and

Vonder Haar (1976)).
— — —— mean net radiation

20 + (=235-235 wm? = 0)
net T ~ ~| --—--—net radiation observed
.. O _— — - -7 — = .

radiation by - net radiation

u74n2' ~204 S _ -7 corrected for the vary-
ing earth-sun distance.

Jon Tun e Dec

Approximately half of this wave can be explained by the eccentricity of the
earth's orbit. However, there is still a residual wave, due to the different
radiative properties of northern hemispheric continents and southern hemispheric
oceans. Such correlations and their long term variations could be important for

climate studies.

Climate Studies

Glenn White, using satellite data, has looked for correlations between
zonally averaged surface temperature, T, and albedo and I.R. flux, to test the
relations used in simple climate models. He took 12 monthly mean values of these
three quantities for each 10° latitude strip, and fitted (by least squares) the
albedo and I.R. flux as a function of T by straight lines A + BT (at each strip,
so that the A's and B's vary with latitude). Away from the tropics, above 30°
latitude, the fit is good and < albedo £ 0, 7%? I.R.> 0), probably due to ice
and snow cover. In the tropics, the fit is not as good; however, the weak cor-
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relations have the opposite sign. Presumably the main effect here is due to cloudi-
ness.

Oort and Vonder Haar (1976) made latitude vs. month charts of the zonal
mean net radiation balance for the northern hemisphere over one year, from satel-
lite data. Combining this with the same type of charts for ocean temperature and
atmospheric heat transport, they found that the oceans must be transporting large
amounts of heat northwards in the winter season (maximum 5 x 1015 watts, approxi-
mately double the previous estimate of Sellers (1965)). Two strong northward
pulses were noted in November and April. The overall findings are consistent with
the satellite measurements mentioned above, of more sunlight being absorbed into
the tropical oceans than had previously been estimated.
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ANALYTICAL BEHAVIOR OF CLIMATE MODELS
Gerald North

Types of climate models, increasing in complexity:
a) global average

b) zonal and annual averages, with latitude dependence, as done by
Budyko (1969) and Sellers (1969)

¢) intermediate
d) global circulation models.

The type (b) models investigate how the climate changes as the solar con-
stant Q varies. Recent models have been produced by North (1975 (a), (b)) and
Held and Suarez (1974).
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© 29 1 1.1 12 5 9
X, = sine of latitude of ice/no-ice division.
At present, X 4 = .95

The models are based on energy balance - for each zonal strip, transport of energy
out + outgoing infrared radiation flux = absorbed solar heating rate. In a simple
model, each of these components is parameterized in terms of the surface tempera-
ture T(x ). (X = sine of latitude).

Outgoing radiation I = A + BT, where A and B are constants evaluated from
satellite data. (The linear relation gives very good. correlations between I and T,
tested by Cess and White and Vonder Haar.),

Absorbed solar heating rate = QS (X) a (X ,X,)
S(x) = distribution of heat over the earth -
=1 + 5, Po(x), P, is second Legendre polynomial.

(Note - these models have symmetric northern and southern hemispheres, so only
symmetric functions of X appear); Q = solar constant/4;

a(x ,%,) = fraction of heat absorbed = 1 - albedo
= -4,JL>X¢
Ty XL Sg

’ 2
Divergence of heat from a strip is represented by a diffusion term, -DV T, This
is equivalent to random transport by atmospheric motions which fluctuate rapidly
compared to the climate response time scale, Resulting equation is

£ [0-4)45) A+ o705,

with boundary conditions T =0 at X =0 and 1 and T(IA> set at -10°C.

Solution by either solving above and below ice-line and matching, or by
expansions using Legendre polynomials, (which are eigenfunctions of the diffusion

operator: A [U J = —n(n+1)Pn (%)

(for latitude dependent diffusion coefficient, appropriate eigenfunctions should
be used).

I(x) = A+ BT(x) 1is used as the independent variable.
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Put I()()=ZI,,PH (X) , then using orthogonality the balance equation leads to
| M, (24 Ry ()]
Xp)= [éi nifAL Mo
Q(xs)=Tal 25 n{n+1) D+

H, (X)) = (am+ \)fs (K a (X,%) B, 00 olx

The function Q(bgb) is shown in the first figure. Climate descriptions in terms
of the first two modes are considered. Using present-day values of L4 and Q, D
is determined and hence T(x ) found. Good agreement with observed T(X) is found.

where IA— =T ‘and

The two-mode system leads to a simple expression for heat crossing a lati-
tude circle
BT x(=x)D  (TeT,+ TR &)

Again find good comparison with observations. A comparison of energy absorbed as
given by observations, the total model input, and the model input as seen by the
two-mode approximations shows that the two-mode curve gives the best fit -- because
the ice-line discontinuity is smoothed out. ’

The budyko model uses an empirical transport term ¥ (T—T), where | is
mean temperature. ,

For the two-mode model,

-DV'T=6DLR(X)=6D(Tx)-T.),

so the diffusion term is like Budyko's flux term. The models differ though in that
Budyko's model retains the discontinuity in energy absorbed, whereas it is smoothed
in a two-mode truncation,

The two-mode analysis can also handle some variations to the model (see
North, 1975b for details):

(1) latitude-dependence diffusion, D = Dy(X). This is formally equivalent
to the constant D case;

(2) add a transport WV {X)VT(x)with given ‘V'(X) This can be absorbed in
the diffusion term, (Any transport by a divergence-free field cannot be dis-
tinguished from diffusion in the two-mode model);

(3) D related to the T gradient. A quadratic equation for Q (given K, ) is
found. One set of solutions is physically unrealistic, the other is very close
to the solution with constant D;

(4) effects of inhomogeneous cloudiness
I = A(X) + BT ()

Find that formula for outgoing radiation can be modified to fit the data more
closely, but the modification has very little effect on the two-mode results.

(5) D is a function of X, and X
D

L 8‘

! —
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(transport suppressed in ice regions to simulate effect of ice cover on ocean
transports).

Find that two-mode results are not affected much if the change in diffusion
value is small.

If the ice-age climate is investigated by putting X, = .85, (this corres-
ponds to a decrease in Q of 1.3%),one finds

observed two-mode model
AT, (mean) ~ -69C - 5.8
AT (equator) ~ -3 - 3.8
AT (pole) ~=-20 - 9.3

(observations from Flint, 1971)
(note - the truncation error involved in the two-mode model is greatest at the
poles).
Possible extensions of the model:
(a) add longitudinal variation

(b} allow for north-south asymmetry, and add seasonal variations (the Milan-
kovich theory could be studied then). An explanation of why the two-mode works so
well is that the global mean annual climate has scale of 10,000 km (so only two
modes required for description) and corresponding 50-day time scale, whereas heat
transport is associated with motions with 1000 km and three-day scales. The rela-
tively short scale motions then have a diffusive effect on the large scales.

The stability of the model is analyzed by adding a term C-%EE to the energy
budget and perturbing the steady solution. (C is a constant heat capacity.) It is
found that the system is stable if ?LT% > 0, and unstable if-%%z( C (see North
1976 for details). It is possible that this result is a general one, so it may be
possible to prove it using some general 'thermodynamic' property?

References

Budyko, M.I., 1969 The effect of solar radiation variations on the climate of the
earth. Tellus 21.

Flint, R.F. 1971 Glacial and quaternary geoclogy.
Held, I.M.Suarez 1976 Simple albedo feedback models of the icecaps. Tellus 36.

North, G.R. 1975(a) Analytical solution to a simple climate model with diffusive
heat transport. J.Atmos.Sci. 32(7).

North, G.R. 1975(b) Theory of energy-balance climate models. J.Atmos.Sci.égjll).

North, G.R. 1976 A Stability Theorem for Energy-Balance Climate Models with
Diffusive Heat Transport. (preprint).

Sellers, W.D. 1969 A climate model based on the energy balance of the earth-
atmosphere system. J.Appl.Met. 8.

Notes submitted by
Michael K. Davey




- 50 -

ANALYTICAL BEHAVIOR OF CLIMATE MODELS (#2)
Gerald North

I. Waste Heat Green's Function

Consider the thermal response of a simple energy balance climate model to a
localized heat source, 3ar(x-<xﬁ. One writes the original energy balance equation
with the added term:

DV IC)+I(x)= QS a (%, x5+ 35 (x-%,)
I-(233= Ls
where all symbols were defined in the previous lecture. As usual we expand in

modes (I =35 T, P, (%)) and get
L_nln = QHn st\‘"' (2‘(’\'\' ')a Pn (41'))

iIY\ Pn x “I;'
(Ly=n(n+1)p+1) (%)

0
Now consider I, , &, to correspond to the solution when g = 0 so that departures
can be represented as in the stability analysis:

P
ln=In+ n
Xs=%As+E »

AN o S A

The linearized perturbation equations are:
Lnda= QHn (X,)€ + (2n+1)g Py (2

Inserting the relation between £ and the é% we have

QHn \ | R, (%)
"(n*@%“ﬁz L& fndn= Gty S0

This last is a matrix operating on the vector 5%1 to give the right-hand side.
We may represent the matrix by

€ (1, #F P&, = (ant1)g fni&%.

The problem is to invert the matrix. This is possible in the present case because
of the way the m and ™ dependence factors. Expanding in a geometric series:

(4+FP) = 4-FP+ FEFE+EPEEFP---

1-FP(I-P-F+(PF)y~...

- £E
-1 |- P-F

Note that the P-Fis just a number:

£ and the éﬁ are related by:

1

W

PaqH,
- ) )
PPt )
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The final result for éﬁ is now given by
Fo £ (ad+)
°’n=g<2"+‘>‘%(*')'a TFP TLt;‘ ACHEACH

The first term represents the ''direct' or "fast'" response of the climate while the
second incorporates the ice feedb%gk part. The denominator of the second term can
be shown to be proportional to {%;; ; in other words, the response diverges if the
equilibrium solution is near a bifurcation point. The summation is a cusp-shaped

function of X, for fixed %X, , peaked at Yo =X,. Since we have linearized the
system, we can find the response to any heating distribution simply by integrating

the last equation over X, , weighted by the heat distribution.

Another way of approaching this problem is not to linearize but to deal
directly with the nonlinear system. Consider a heating distribution:gf()=4&f,F »
Now one proceeds in exactly the same way as finding the (R(ig)curve f the last lec-
ture, only this time keep (R fixed and ask for 3 (14). The result is

‘ Qo
L (' "% (x,))

£nBylxs)
£, Jnfalts

3(z3)=

II. Seasonal Climate Model
a) Solar Radiation

The solar radiation reaching the top of the atmosphere per unit area per unit
time averaged over a day is given in Seller's book:

2 R .
SCut)s Sy () (x Haim S(2)+/] —x* am Heww d(e) (1)
where H is the half-day length (24 hours = 27 ) and is given by the root of
mH= ostem (),  H=O- (2
For climate models using Legendre polynomials as a basis set, it is convenient to
expand S (¥,t) into such a series as well:

5(x,t) =2 K (%) S, (b) (3

By defining a function W= Ff—'nfl , it 1s possible to show that n = 1 is the only
odd term in the series (3). Virtually all of the seasonal information is carried
by this antisymmetric term. This coefficient may be calculated analytically:

5,(¢) = Sy (L) Faim § )

By elementary orbital mechanics one can also show that aim S(E)=oimd, aim A (+)
where Jo is the earth's obliquity and A(t)is the longitude of the earth about the
sun. For a circular orbit A(t)=27+ , with order € corrections for an ellipti-
cal orbit. The reason for this excursion is to show that the earth's orbital
variations may be easily incorporated in such a formalism.

b) Observed Seasonal Temperatures
(Coakley & North, unpublished).

One may take zonally-averaged temperature data and expand:
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Tobs(%t) = % Aw i 00+ 2 (Ang 02Tt + Bypsin 2l nt) B (%)

To compare with simple models we utilize data from only one hemisphere, by con-
sidering the southern hemisphere to be the same as the northern but lagged by six
months. It turns out that very good fits are obtained with rather drastic trunca-
tions. For example, truncating the series at £ = 4, 7 = 2 leads to an R.M.S.
error of only ,859C.

Data:

y) n Aen Ben

0 0 14.9 0

0 2 -.16 .19

1 1 -15.33 -2.10

2 0 -28.00 0

2 2 .799 .258
3 1 -4.03 -.05

4 0 -3,51 0

4 2 .95 -.56

From the above we see that virtually all of the seasonal information is
carried by the £ = 1, n=1 mode. Calculation of this mode should be possible by
a simple climate model.

c) Models

The seasonal models presented here are the simplest possible extension of
the mean annual models discussed in the last lecture. As before we consider a
large part of L (t), I?, the annual mean, and a small departure Jn (t)which
represents seasonal effects.

Model 1, an-o-[_nénacb.ﬂ(t),
\
< ‘

(minus a mean anneal part)

where

C = a heat capacity per unit area to be adjusted as a phenomenological constant.
Results; This model indeed filters all of the response into the 6] mode.

Small semiannual harmenics appear in 5;, ga‘which is encouraging. The
problem is that J] is too large by a factor of 10.

Model 2,

This model divides the hemisphere into decoupled land (40%) and ocean (60%)
equations, The values of C and Cysare taken to be 30 days and about four years.
This time the amplitude is reduced because of the low thermal response of the
oveans but is still too large by a factor of four.

Model 3.
This model is a simple extension of Model 2 but allows heat to pass from
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land to water by a term

Y(T-T,)
which couples the land and water equations together. One can now obtain the

observed value of éﬂ by merely adjusting ¥ .

Another interesting effect which can be studied is the snow feedback. If
a (2,%s) is allowed to vary by letting Xs follow some isotherm as in the mean an-
nual models, the heating has an additional term

S, (t) T|_ (t))
which when averaged through the year gives a contribution to T, , the global aver-
age temperature. In this case one finds that AT; due to this effect is about +2.5°C.
III. Stochastic Climate Equation

The simple climate models discussed here seem to imitate reality enough to
ask why. In this section we examine a stochastic analogy which under the right
conditions has as its ensemble average the diffusive climate model.

Consider the system:

¢y cvegat6e Hxt),

where G (z;t)is the outgoing radiation function; C is a heat capacity/area,

H(xt)is a given nonrandom heating function; ¥ (x,t)is a given random variable
with zero mean and normally distributed; it is also divergence-free. Furthermore,
assume that §7(X,t) is homogeneous and isotropic. Thus in two dimensions

VBV, W = VAP (- -t ],
<vy=0
<V(VQ>=.fﬁ%
<V| Va,%> =0
<V, Vz_va qu>= <\/\ va\) <\/3 M—D * <\/: \/3><\/:.VH> * <V4 VQ) <\/L\/3>

This last a property of multivariate normal statistics.

Now Fourier Transform using periodic boundary conditions (dropping factors

of 27M) (K% +wt)
v _t = v [ €.
(é‘ ) % KW where
(K t
1t

By analogy, define

Lipxtwt)-Lgrewt),

<VP‘"VT"' =§PJ-%5W—W,R%W -—Jie <V(Xa't)v (Xl‘tl\>
t t

The mass continuity equation y{J.¥/=0leads to K-¥Y,w = O and the identity

K- yK—L},,w’%'!Kr-ﬂU)W'
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For the radiation equation QG
at

we define, by analogy to turbulence, the '"Radiation Reynolds Number't R=

+CVVGa+6 = H

V- VG )
€2

in climatology. This is the ratio of advected to outgoing radiation. Using a
rectangle with periodic boundary conditions in x and y, we Fourier transform:
Lwchw“'%\”" mvsa,” %%W"* %KW =th
where .
m@%.’"%‘ Vx—oﬁ,w—w"c
In matrix form e m
Lw =
7t Mgrg=h
or implicitly |

- |
9% Triwe h - t+Lwcmﬂ

Iterate the implicit equation to generate an explicit series:

u_l,,ml ! | ! .
3=|+\‘wch e fwie 1+ fwe h*’lu"a 07nl.piu)c'qT\HLurch - st

We can use a shorthand symbolic form

%: X — 0 X+ o o % — e o o

This is a power series in R which always diverges so can only be summed in a
series of infinite subsets. We extend our graphological notation to denote ensemble
averages; using normal statistics for the random V and 9

-
< ° X2 = Trewe <m>T+e,+w:h=o
o ) } ! LeTnal
< ° ¢ = e () TTRem) rweh = 0 o X
& 0 e OO ) = " "N b4
+ c;" 0”~‘\‘n \NO *+ - 5" "?‘A'\.c ~\‘Y) X

These graphs are called propagators. 11ﬂ%$wi is a bare propagator. Note that it
is a nonrandom operator on the indices of M .

We demonstrate the evaluation of &——90

< |-|-l.WC >WW"— - z %P<VK-%w.wn V‘lr‘? Whew >c
After tedious manlpulatlon this becomes -Pémt) L w)T

== J;)P gw»w ) VQKQC‘ gfﬂ j

AT

J« fw"c
The w'" summation can be performed by contour 1ntegrat10n to give

'E/;-LwT
{Lm I+fwc'm>/<P="'J ‘Swwz\/"tk 5 TP (0. T)
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If }D(O;Z)falls off rapidly compared to ¢ and bé) , the integral is just the auto-
correlation time of the velocity field, ﬁfs> . In general,

€ Trwe W)KP ~8.p Swyw K Do)

Examination of higher graphs such as the sequence (linked bubbles)

Ll T I N - *(\- \‘.— N

Z,= Ly Lo

shows that each term factors into products of individual bubbles
G, O] | - “D, ¢ (KD ‘SKPJW‘” ¥ tric series
ZB:__ T:::W— ‘ | K o ¥ m— . v J+LWC+I’\‘D°(W) ,(geome 1 )

We have resumed an infinite sequence of the graphs (leaving out many of the more
complicated ones) to get a closed form for (3,“9,

Now consider the diffusion equation:

9<‘=‘=> ~DV4GY+<&) =H.

Fourier transforming we find
= | = A
<G> < 1+ lwe+K*D )K&j KW

In other words, the summation of the bubble subset is equivalent to the diffusion
approximation, provided the autocorrelation time of the velocity field is short
compared to the response time of the system (€ ) and the driving period (w™').

In fact, under these circumstances D is given by the classical form D"C\/“?;—
This last resglt is not quite correct since some higher graphs also have pieces
which go as k“ so that

D~ c\/“f + higher corrections.

These latter are called renormalization corrections. They are small for small
"radiation Reynolds number', but could be large otherwise. In any case the diffu-
sion coefficient is determined phenomenologically in a climate model and need not
be calculated from first principles.

Finally, we can ask about summing larger subsets of graphs. Kraichnan has
provided a prescription called the direct interaction approximation to a nonlinear
integral equation for ¢ ) . For low '"radiation Reynolds numbers' as seem to be
the case in climate, this may not be necessary.
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WATER MASS ANALYSIS AND THE DEEP OCEAN CIRCULATION
Claes Rooth

I. General Background

The main effect of the ocean on the atmosphere is due to the sea surface
temperature because the salinity variations are too small to significantly affect
the water vapor pressure, and the roughness of the sea surface is also relatively
unimportant. The sea surface temperature affects the atmosphere primarily by
controlling the evaporation rate (the water vapor pressure doubles for every 10°C
rise), and also by a smaller sensible heat transfer.

Most of the ocean does not move very far in one year. A simple analysis
shows that the return flow of the Gulf Stream takes approximately three and one-
half years, even though the flow in the Gulf Stream itself may move 300 of lati-
tude in 30 days. Because of this slow movement, the seasonal atmospheric varia-
tions affect the ocean surface mainly in a local way and so the advection processes
are less important on the seasonal time scale. The relative slowness of interiax
advection allows the development of regional responses to atmospheric circulation,
e.g. the formation of 18° water in the Sargasso Sea.

Cold dry air comes off the North American continent in the winter and cools
the surface of the Sargasso Sea. The initial thermal response is followed by a
large scale adjustment which can be understood in terms of potential vorticity
modifications.

Consider the potential vorticity defined by #//fﬁé where p can be regarded
as the potential density and so A‘%&F> defines an effective scale height. Because
of the intense cooling 11%}-15 increased and so the potential vorticity is decreased.

Due to Aﬂg-effects, this low potential vorticity water tends to spread
southward, developing a baroclinic circulation perturbation which is superimposed
on the subtropical Sverdrup drift. Tracer observations indicate a recirculation
time scale significantly less than the roughly three-year time of the mean gyre.
The volume of this low potential vorticity water is large enough to smooth out
interannual heat flux variations. Its mean temperature has been quite Stable near
18°C during the era of modern oceanographic observations, but in recent years a
possibly significant warming tendency has been observed. The associated infliction
of the vertical temperature profiles is so striking that a special name, Eighteen
Degree Water (EDW) has been coined.

The EDW is found in winter time at the surface in the northwestern point of
the subtropical gyre. As it moves southward it encounters a smaller f. In order
to conserve potential vorticity the thickness of the layer decreases, forming a
southward-pointing wedge of minimum stability which is recognizable all over the
Western Atlantic Basin, as far down as the Caribbean Islands.

Conventional wisdom says that deep water is formed by sinking in a few
small areas of the ocean and this is balanced by a small upwelling over the vast
area of the rest of the ocean. The heat put into the surface thermocline tends to
stabilize it and so the upwelling of cold water would have to be balanced by the
downward diffusion of heat.
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i.e. W —f%g; = :é%;- <i§—%;;%—

Neither the upwelling velocity w” nor the diffusion constant K can be measured
directly. The circulation time of the deep ocean is about 1,000 years and using
this and the average depth of the ocean gives an estimate foru:-%%%ﬁg 107 Vﬂ%ﬁa

For a value of K =] QW\/SLL , a density scale height of 1000 m ( ) is obtained,
and this agrees roughly with the thermocline depth More recent measurements of k
however, suggest that it is at most about 0.2 cmZ/sec and as a new mechanism is
required to explain the upwelling of cold deep water.

It is proposed, in these lectures, that it is more reasonable to assume
that water masses in the oceans move mainly along lines of constant potential
density, and hence that water mass modification occurs mainly in upper and side-
wall boundary layers.

Profiles of potential temperature in the ocean have a minimum depth at the
equator and the lines of constant potential temperature surface near the poles.
Salinity profiles show tongues of less saline water projecting from the surface
near the poles to mid-depth equatorial régions, and these tongues are normally
assumed to indicate the water mass motions. (see Reid and Lynn, Deep Sea Research,
1971, 18: 1063).

To support further arguments, it is necessary to briefly discuss the equa-
tion of state of sea water.

The density of sea water is a function of three variables, temperature,
salinity and pressure. o~ 1is defined by 6 = |0 OO-I) where © 1is density. Two
definitions of o~ are widely used. O7 is the value of ¢~ which the water would
have if it were brought to the surface pressure with its <n si{tu temperature and
salinity. O g is the value of O which the water would have if it were brought to
the surface adiabatically. Neutral surfaces along which fluid particles have the
same density are harder to define because of the dependence of density on pressure.
This is very complicated because of a substantial influence of salinity on the
compressibility. Another complexity which is significant for many theories of
climate feedback,the existence of a density extremum (at +4°C for fresh water and
about -4°C for sea water). The thermal expansion coefficient of sea water at the
freezing point is positive, but extremely small, so that the density variations in
high latitude oceans are dominated by small salinity fluctuations, whereas in
tropical regions temperature effects overwhelm the variations in salinity.

Notes submitted by
Trevor J. McDougall
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IT. TINFORMATION FROM SOME CHEMICAL TRACERS.
Claes Rooth

The oxygen which is put into surface waters, and which is consumed by res-
piration and decay in deep water, has long been used as a tracer in oceanography.
A typical picture from the western Atlantic
\\\\jz:::D Ocean is shown in Fig.l. The simple motion of

a broad spreading tongue associated with a
meridional over-timing, ignores boundary cur-
rents like the Gulf Stream, which may diverge
to the interior and which may also cause in-
tense mixing near continental boundaries. Quan-
titative interpretation of the distributions of

| dissolved oxygen is severely hampered by the

FC?’ ) fact that the consumption rate is an unknown

function of biological parameters. Radioactive
tracers are much more powerful diagnostic tools, since their decay rates are pre-
cisely known. We will here consider some 1mp11cat10ns of observed dlstrlbutlons
of three such substancies, i.e. Radon (222Rn), Tritium (3H) and radio carbon ( 4C),
with half lives of approximately four days, 12 years, and 5000 years, respectively.

~—

The deep ocean circulation, which is (believed to be) on the scale of 103

years, needs tracers with lifetime on the scale of 100's of years. 14¢ is useful
only on the large scale mean circulation (time resolution ~ 50 years) and is com-
plicated now by a mixture of transients superimposed on the natural background.
Tritium ( H) is promising for many basin scale phenomena, especially since the
bomb tests of the 1960's provided an amplification of the tritium content to an
amount 300-400 times the natural background in the entire hydrosphere. Further-
more, since tritium is found in 3HIH!®0 it stays with the water mass itself.
(The concentration, expressed as the ratio between 34 and H (3H/1H), currently
ranges from 1 - 10 x 10-18 in oceanic surface waters. The effective detection
limit 1s about 10-19. A concentration of 10-18 is one tritium unit (T.U.) i.e.
10-18 34/l = 1 T.U.).

14¢c and tritium are both formed in the atmosphere by H- bombs As mentioned
above, the natural background for tritium is negligible, while 14¢ has a large
cosmic ray related natural abundance. Radiocarbon has also been diluted by burn-
ing of fossil fuels, so that the net forcing function is extremely complicated.
Tritium rains out at latitudes of the bomb tests, i.e. in the northern hemisphere,
whereas 14C occurs in carbon dioxide and is only slightly soluble in water, and
therefore takes several years to get into the seasonal thermocline. Hence bomb
14c reached the oceans more uniformly in both northern and southern hemispheres.

Earlier measurements and studies of tritium (Suess, Munnich and Roether) in
the mid-1960's indicated that to the first order it is correlated with high sur-
face temperatures, i.e. higher values in surface water, whereas deep water has low
tritium and low temperatures. (Fig.2). Recently, however, tritium is beginning
to appear in deep water, which may be associated with the various zones of winter
convection and water mass formation.

Measurements in the Sargasso Sea (cf. Lecture I) show that from Bermuda to
Puerto Rico, the tritium concentration, which is irregularly distributed with
depth, is systematically related to the potential temperature. From the surface
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de{a,(:h > T.U-

to the 12°C isotherm, tritium and dissolved Oz are both func-
tions of potential density only. Below this isotherm tritium
increases to the north (Fig.3) whereas oxygen is a function of
potential density down to the bottom. (This is seven years
after bombs.) ‘

Assume that mixing takes place, along P = coast sur-
faces (e.g. near baroclinic regions). If this mixing is due
to large scale eddies any attempt to measure mixing along
vertical or horizontal surfaces will give

Fig.2 Ky g2 o s ( 92-2p

Ky ’ 27

Here K, and K, are vertical and horizontal coefficients, respectively, whereas $§
is the slope of density surfaces (Fig.5). Typically one finds K,~ 1 cm /sec,

zore"rm" ba‘s'“s(o"uj Ky~ 107 cm?/sec and s = .3 x 10~ 3, which
——— T N — indicates that mixing does take place along
. ——— density surfaces.
_ __ _ _ 1% isotherm __  _| \vertical

2% q

hoyrzental

\K/
28+ , . \5\2 to X
25 Fie,3, 30 3N Fra . :
If this is true this may be used to explain the
@EF*QWWD feature of Fig.4. On the boundary of the gyre the sur-
204 tmﬂ\ faces of constant potential density do not coincide,
therefore there will be mixing across surfaces of con-

stant potential density due to mixing along P = con-
. stant surfaces. The lateral mixing (i.e. along £ = con-
187 stant) may also be used to explain the observed tritium
below 10° (Fig.5). To account for the observed mixing
. of tritium down to this great depth in this short timeg
107 (five years) a vertical eddy diffusion with K, < 1 cmz/s
is too small. Thus lateral mixing by mesoscale eddies

///

(300 km) (i.e. along A/ = constant surfaces) is needed
to explain the observed tritium.

The abyssal radiocarbon distributions have been
modeled by Veronis and Kuo, and recently by Fiadeiro,
and found to be reasonably rationalized by assuming
/3 -controlled current kinematics and vertical and hori-
zontal diffusivities of approximately one and 107cm?sec.
Since 107cm? gives a lateral diffusion time scale in a
typical ocean basin (D/T —~~ 2000 km) of approximately

|3- 100 years, the possibility remains that the '"vertical"
mixing is everywhere limited to such wall layers and
surface fronts.
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Enhanced vertical mixing in side wall boundary layers has been indicated by
Biscaye and Ettreim on the basis of radon profiles. They claim local values of Xy
of several hundred c.g.s. units, which would provide an average X, of one unit
if applied to an edge strip amounting to a few tenths of one percent of the ocean
surface. Their interpretation of the radon profiles must be accepted with caution,
however, since the observed tracer distributions could also be due to lateral diffu-
sion from side slopes.

In summary, there remains a considerable uncertainty regarding the extent
to which interior vertical mixing influences abyssal waters. The upper main ther-
mocline is to first order lateral advective, however, and it appears safe to assume,
in the construction of climatic feedback models, that the subtropical and equatorial
surface waters are effectively isolated from the abyssal circulation.

Notes submitted by
Lars P. Rged

WATER MASS ANALYSIS AND THE DEEP OCEAN CIRCULATION (III)
Claes Rooth
First we shall consider some more evidence for the conclusion made last time,
that most of the oceanic mixing takes place on constant density surfaces.

Let ¢ be the distribution of a scalar quantity (in this case, the concentra-
tion of a tracer, such as oxygen or tritium), @ be the diffusive flux of the

scalar across a constant density surface, and be the diffusive flux of buoyancy
across the constant density surface. We can write, employing density as the verti-
cal coordinate: N
= (w'p")
/
g =W

where w= {%ﬁ; represents deviations from the mean value, and <D represents
the time-averaged value.

We can write the equation for tracer mixing in density coordinates, using
the Boussinesq approximation:

Cot(eceveygrF S5 v A=+ %f 22 . D<\Z;'c+ ve v|n (%)} ,

where the subscript P indicates a quantity or operation on constant density sur-
faces, AC is a term representing im eitu decay, J represents interior sources and
D is the coefficient of lateral diffusion

é:aq\r::aﬁaqrr

o= 22 0F°
Assuming mixing similarity, we can write:

& s d e . %

ac 2L

S R

or:

dc .
v=% 55
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We can therefore write:
9L °¢ _p0c , 2P ,d¢
2z 5, Lo T o2 bTost
The equation for tracer mixing can then be written:

[
cut (V-Dujn B2)-Gye+ 7€ = ge Dy e+ 2L4 TLs

If we now regard the ratic of the diffusive flux of buoyancy to its mean
gradient in the z-direction as a constant K, we can rewrite the last term on the

right-hand side as: "
K a;}* 2¢
22/ 2p°

Since )\;a(D, any regime where vertical transport processes dominate will

2
show *aa’—%L P g (Lt - ?<<ﬂc). Therefore any negative curvature in a plot of ¢

against density must be due to horizpntal advection, or to interior source terms.

We now consider tritium and oxygen distributions in the Pacific.ObSeérvations
show: concentrations of the tracers plotted againstOg (the density that sea
water would have at the ocean surface) from four stations over 10° of latitude and
300 of longitude. We find that for each tracer the station's values form a single
curve, and that the curves for oxygen and tritium are essentially parallel above
the oxygen minimum, with virtually no tritium below the oxygen minimum. The
oxygen and tritium concentration distributions between 019. 26 and 27 - corres-
ponding to the upper main thermocline - show clear indications of dominance by
horizontal transports, based on the curvature criterion. The sharp limitation of
the tritium distribution contrasts with the Atlantic, where substantial tritium
is found below the oxygen minimum level. This is particularly interesting since
the surface concentration of tritium is higher in the Pacific than in the Atlan-
tic., The difference can be explained by the lack in the North Pacific of a strong
convective zone at high latitudes, and at high mean density, while the North At-
lantic has such a zone. This contrast supports the idea that mixing between deep
waters and the surface occurs mainly along constant density surfaces between the
interior points and the winter-time convection zones. Further confirmation of
this motion can be found in the abyssal radiocarbon distributions in the Pacific.

It follows that oceanic cooling in polar regions would not affect surface
conditions in the tropical and subtropical regions, since the poles would commu-
nicate principally with each other by transport in the deep water.

The subtropical and tropical waters above the 10°C surface interact with
the surface layers in the convective regimes, mainly located poleward of 30° lati-
tude, and in the equatorial upwelling regimes.

There is a substantial amount of indirect evidence and modeling results
which indicates that upwelling of cold water is an important element of the tropi-
cal surface regime. If the polar bottom waters are not the source for the up-
welling water, we must look to midlatitude sources, and hence to the dynamics of
the subtropical gyres. The studies by Vonder Haar and Oort of the partition of
global heat flux between atmosphere and ocean (cf. lecture by Oort) independently
confirm the importance of oceanic heat transport in the 10°-20° latitude band.

The key to understanding this region lies in determination of the depth
distribution of the geostrophic part of the Sverdrup transport. Pedlosky (1968)
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discussed the partition of the latter between Ekman drift and geostrophic motion.
The Ekman drift is maximal near the latitudes of maximum wind stress, where the
Sverdrup transport vanishes. WithT, -} about 104g/cm sec, a 10°C difference in
temperature between the Ekman drift and the mean geostrophic drift would carry

105 cal/cm sec. Distributed over 20 of latitude, the associated upwelling cooling
of the surface amounts to 400ij/day, or about half of the daily insolation.

A pronounced feedback on atmospheric dynamics by such upwelling cooling was
demonstrated in a model of the Intertropical Convergence Zone by Pike (1971). He
showed that the upwelling induced by the wind patterns along a zonal ITCZ was suf-
ficient to cause the zone to be displaced from the equator, even with symmetric in-
solation. To produce realistic sea surface temperatures, he had to choose an effec-
tive source temperature of the upwelling water of 150C. This is quite consistent
with the tracer indications that the directly wind-driven Sverdrup regime is limited
to temperatures above 10°C.

Pike's model involves another element which is important to the understanding
of long time scale air-sea interaction. This is the notion that the surface cool-
ing by upwelling, is insensitive to the mechanics of the turbulent mixing pro-
cesses. When sustained upwelling occurs, it becomes necessary for the large scale
circulation to supply the upwelling water by geostrophic currents. The effective
source temperature for the upwelling water is therefore controlled by a global ad-
justment process, and ultimately by the influence of the convective zones on the
potential vorticity distribution with respect to the density field. To understand
the long time scale heat budget of the tropical upwelling, we must therefore study
the convection regimes in the poleward half of the subtropical gyres. The mixing
mechanics in the upwelling zones is only significant for the transient response
problem on seasonal and shorter time scales.

Let us now consider how one might go about constructing a model for a sub-
tropical gyre as an element in a climate model of intermediate complexity between
the General Circulation Models (GCM) and the Sellers type (c.f. lecture by North).

//»#“” 4 —— NG An idealized Gulf Stream gyre

— 3 \\ combines at least four, perhaps five
45//—7 Ai~\\\\ ‘\\\ distinct dynamic regimes - each with
a characteristic dominant element in

its mechanics (Fig.l) five regimes,
3 as shown in Fig.l.

‘ ‘ Region 1 is the fast western
boundary current carrying sensible
: heat northward, while Region 2 is the
&\ : region of intensive heat exchange
&\\ where convective mixing occurs in
S = — Fie.l. winter. In Region 2 there is substan-
L tial vertical mixing of water. Region
3 is the region of quasigeostrophic transport along constant density surfaces.
There the heating regime is limited to the surface water. Vertical mixing here
can be neglected on the time scale of the gyre's circulation. Region 4 is a narrow
zone of upwelling, the heat source for the gyre. Region 5 is the path of the Gulf
Stream after it separates from the western boundary. Here lateral eddy dynamics
dominate and the surface water cools as it crosses the Atlantic. Regions 1 and 2
are characterized by a balance between a lateral advection and surface cooling with
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1% convective adjustment. Such a regime

» is amenable to a partial analysis of

__11__; the surface temperature distribution,
if the approximation is accepted that
no significant mixing occurs below the

—n\\\\—_’_/,r*“‘\\\\\\_u’//,,-m convection adjustment depth (no cor-
—_— rective entrainment).
Fic.2 .
Consider a channel of fixed
cross section and variable depth as in Fig.2. A mass of water M (mass/unit time)

moves through the channel, having been heated at some point upstream. The heat %_
released at the surface of the fluid by the water mass can be written:

g ()= -2-(m7)

where T is the water temperature and x is the dlstance along the channel. Since, in
a steady-state situation, the discharge M is the same for any cross section of the

channel, we can write:
N

We can similarly consider a source of heat in an ocean having, as in Fig.3,
instead of assuming a source of uniform temperature we now define a mass transport

function relative to temperature, M(T). Tmaox
M) = mdT

T
where Tpgx is the surface temperature in the source re-
gion, and M(T) is the mass flux per unit temperature
interval across the vertical surface through the iso-
therm T = Ty -
If we now assume that interior mixing below the
convective adjustment depth associated with surface

Fre. 3 cooling is negligible, then it is easily seen that the
heat loss to the atmosphere between the surface isotherms Ty and T1-§T is
SH=mM(T)ST

Thus, if the heat loss per .unit area is Q(T) - dependent on the temperature - then
the area d A between these isotherms is given by

QA = 6H=M(T)T
JA _M(T)
ST Q)

This expression should be seasonally applicable in Region 1, and applicable
to the winter temperature distribution in Region 2, provided allowance is made for
local seasonal heat storage effects, i.e. Q has to be the mean annual heat loss as
a function of the minimum winter temperature.

or

The equatorward gyre section is the simplest regime, with seasonal surface
heat storage, and almost certainly a main thermocline flow which conserves poten-
tial vorticity. Since the geostrophic component of the Sverdrup transport in-
creases along the flow, surface water must be entrained from the seasonal thermo-
cline regime into the geostrophic gyre circulation. This is clearly evident in
the North Atlantic in the formation of a sharp salinity maximum at about 100 m
depth, which is traceable into the Caribbean, and the Gulf of Mexico. The persistence
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of this thin (~~ 50 m) salinity anomaly for an advection time of a year or so bears
evidence to the weakness of the vertical mixing even in the near-surface layers.

The outstanding dynamic problem in understanding the gyre dynamics appears
from this point of view to be the response to surface cooling in the poleward
branch, modified by the dynamic effects of Gulf Stream eddy processes, and the sur-
face water entrainment in Region 3, which must be largely responsible for the de-
termination of the transport function M(T).

Turning finally to the cold water circulation, acceptance of the subtropi-
cal gyre as essentially isolated from underlying waters, implies that the polar
regions communicate with each other through the abyssal and high latitude surface
dynamics.

Tracer evidence, as well as estimates of current rates of deep water forma-
tion suggest a time scale of order 103 years for this process. - The mean vertical
mixing rate in the abyssal regions is pretty well pegged at an equivalent vertical
eddy diffusivity of about 1 cm L/sec, but many indications exist that this mixing
is not horizontally uniform in the mean, but varies by several orders of magnitude.
From the point of view of climate dynamics, it is important to realize that sub-
stantial climate fluctuations occur on the time scale of the abyssal circulation.
The abyssal property distributions are therefore not likely to be in equilibrium
with the short term climatic state.

Even more confounding is the fact that ice sheet volumes have fluctuated
enough to provide a mean salinity fluctuation of close to 1 ©/oo (1/40 of 35 ©/00).
If such a fluctuation occurs over 104 years, such as in the major ice age decay
phases, a salinity adjustment lag of about 0.1 9/co in the deep waters would be
expected, if the present turnover rate were still valid. Some melt water supply
at the surface is likely to stabilize the ocean system, leading to an ever greater
adjustment lag. No credible theories exist at present for how the high latitude
heat transports would be modified by this effect but a reasonable hypothesis ap-
pears to be that the formation of intermediate water of low salinity and low tem-
perature would be enhanced at the expense of deep water formation. The implied
cooling of the main thermocline would lead to a transient heat transfer from ocean
to atmosphere which might act as a positive feedback on the glacier melting pro-
cess. Careful study of this problem appears to be warranted.

In summary, recent developments in tracer chemistry have provided a set of
tools for the study of long time scale transport processes. Available data force
a revaluation of current thinking about thermal circulation in the oceans. To-
gether with the fact that stationary ocean response is expected only on time
scales of several thousand years one must conclude that any ocean dynamics rele-
vant to the climate problem is not available at present, but also that some pro-
mising directions of inquiry can be identified.
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GENERAL CIRCULATION MODELS AND CLIMATE

Richard C. J. Somerville

I. History and Perspective

During World War I, L.F.Richardson formulated finite-difference analogs to
the equations of motion of the atmosphere. His attempt (by hand calculation) to
predict six-hour surface pressure change, at a point in northern Europe, failed,
due to both poor initial data and an unstable finite-difference scheme. The
first successful numerical weather prediction was achieved shortly after World
War II, utilizing the quasigeostrophic approximation to the equations of motion.
Phillips, in 1956, published the first numerical general circulation model (GCM),
using a similar system of equations. With the vast increase since then in com-
puter speed and storage, modern GCM's now have returned to the 'primitive' equa-
tions to model atmospheric dynamics. These latest and largest of the numerical
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models will be considered here. GCM modeling is most active in the United States,
with research groups at GFDL, UCLA, NCAR, RAND, and GISS. We may write the equa-
tions as: N

d—; A — ~
.d_:hthv»fva_%rxvu =F

PDC'—‘R\
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t Cp T
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™ o0
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where: V ~~ horizontal velocity, V.~ 2-dimensional gradient operator, g~ -~ verti-
cal pressure coordinate normalized to ground elevation, P ~ atmospheric pressure,
= (Ptop - P bottom » F ~horizontal friction force, § ~ heating rate per unit
mass, ¢>A_ geopotential, @ ~ water vapor mixing ratio, C —~ rate of condensation,
E ~ rate of evaporation, and the remaining notation is conventional.

If these equations are finite differenced in space, a typical number of
degrees of freedom in a global domain is:

2 2 6
10 v 102 . 10 o (6+ ...) ~J 10
grid pts. N-§ vertical dependent
in E-W grid pts. layers variables at
direction each point

The above system may be integrated in finite time intervals of approximately five
minutes. This limit is set by computational stability criteria, and will decrease
with decreasing horizontal grid spacing. Most mode£§ utilize second-order explicit
finite-difference schemes. The source/sink terms (F, Q, C, and E), are parameter-
ized in terms of the model variables, and specified boundary conditions include in-
coming solar radiation, ground topography, and usually sea surface temperature.
(See Fig.l).

There are basically two classes of utilization of a GCM:

1) NUMERICAL WEATHER PREDICTION . . . Observed weather provides initial con-
ditions for the GCM, which is integrated to predict future weather. Forecast skill
is most useful in the one-to-three day range, although slight skill is noticeable
out to about 10 days. Currently operational forecasts use guidance from numerical
models, as this procedure has proved significantly more skillful than purely sub-
jective forecasts.

2) QUASI-EQUILIBRIUM STATISTICS, OR "CLIMATE" . . . The model atmosphere is
spun-up from an irrelevant initial state, and run until its time-average statistics
can be determined. It should be noted that GCM offers a complete and consistent
global data set, even if not always a completely realistic one. Spin-up times are
on the order of 30 days of simulated time, whereupon the model is usually run for
another month or more. A GCM may use ~~v1 hour of large computer time (CDC 7600)
per simulated day. Runs much longer than a few simulated months are extremely
costly.
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Fig.1l. Schematic diagram of interactions of physical
processes in a typical atmospheric model.

II Typical Monthly Mean Fields from GCM's
The various GCM's tend to give similar results.

1) Zonally averaged velocity fields. The principal features of the zonal
wind compare fairly well in both magnitude and position with observations. Merid-
ional and vertical velocity fields are harder to observe and therefore to compare,
but basic agreement of the meriodinal cells is evident.

2) The model energy cycles proceed in the same sense as that observed. How-
ever, the models tend to exhibit mean available potential and kinetic energies
which are significantly larger than observed, and eddy energies which are too small,

3) The spatial kinetic energy spectrum, while exhibiting consistently less
eddy kinetic energy than observed, is qualitatively faithful to the real atmos-
phere.

4) Meridional transports of momentum and sensible heat reflect the above-
mentioned tendency of the GCM's to underestimate eddy transport and over-estimate
mean transport.

5) The zonal mean diabatic heating rates are qualitatively reasonable, al-
though their effects are limited both by fixing sea surface temperatures, and by
constraining lapse rates.

6) Zonal mean precipitation values in GCM's are within the error limits of
the observations.

7) Zonal mean temperature profiles are reproduced well, except near the poles.

8) Geographical distributions of meteorological fields tend to show the
broad-scale features of observed climate, but are locally erroneous in many details.

IIT Sensitivity, and the Predictability Problem

In the 1960's Lorenz and others examined the detailed predictability of
weather, and its dependence on errors in initial conditions (assuming the model is
perfect). Three approaches were used:
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a) slightly perturb initial conditions in a GCM and observe the divergence
of the solutions;

b) find two similar atmospheric states in the data base and study their ob-
served subsequent evolutions;

c) wutilize turbulence theory. All three methods gave an initial small
error doubling time of about two to three days and a limit to useful predictability
of a few weeks.

No such theory exists for the prediction of climate statistics, however,
and only the seasonal cycle is known by experience to be predictable in some
statistical sense. A critical question is whether or not the climate is a function
only of external conditions. GCM climates appear to be a unique function of
boundary conditions and forcing.

A basic concern, however, in interpreting GCM results is the sensitivity of
the models to their parameterizations. We do not know, in many cases, how much of
the present climate is parameterized into the models, and how much of their sen-
sitivity to varying parameterizations is physically realistic.

These questions of the predictability of climate and its sensitivity to
"external" and '"internal" forcing are currently being actively investigated using
GCM's as well as other classes of climate models. Despite the expense and the
many imperfections of current GCM's, it is likely that many questions of climate
theory will ultimately be answered, quantitatively and credibly, only with the
aid of these complex and comprehensive models.
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ABSTRACTS OF SEMINARS

ENERGY EXCHANGE OVER THE NORTH AND SOUTH ATLANTIC OCEANS

Andrew F. Bunker

Charts of calculated energy exchange across the surface of the North and
South Atlantic Oceans have been constructed. Wind and temperature observations
obtained from about nine million ship weather reports were entered individually
into the bulk aerodynamic equations with exchange coefficients that varied with
wind speed and stability. The individual fluxes were averaged to obtain monthly
and annual means of latent and sensible heat and momentum. Net radial fluxes
were calculated using Budyko's (1963) formulas. Monthly and annual averages for
32 years have been formed for 740 subdivisions of the ocean. Averages for each
month from 1941 through 1972 were computed for 114 10° squares to study the varia-
tions and anomalies of the fluxes, meteorological variables and sea temperature.
Charts giving annual averages of the net heat gain by the ocean, evaporation, sen-
sible and radiational heat exchange, wind stress components, and meteorological
variables were presented. A chart was constructed showing anomalies of the net
heat gain by the oceans for January 1965. One band af negative anomaly extended
from the Norwegian Sea across the equator to 35°S.

Numerous graphs of the annual cycles of energy exchange and meteorological
variables were presented for particularly interesting areas of the North and South
Atlantic Oceans. The net annual heat loss by the fast-moving warm core of the
Gulf Stream is greater than in any area of the ocean. This heat loss is the re-
sult of rapid advection of warm water from the subtropical source region into an
area swept by cold dry continental air masses much of the year. North of the
Arctic Circle a major heat-loss area cuts across parts of the Norwegian and Barents
Seas. It is in this area that the North Atlantic Deep Water is formed by the cool-
ing and sinking of surface water advected from the south. One cause of the cooling
is the negative radiation exchange during five fall and winter months. The Labra-
dor Current advects cold water southeastward past Newfoundland. After it crosses
the 51st parallel it gains heat through both radiation and condensation of water
vapor upon the water's surface. In the tropics the water gains much energy through
solar radiation. In the trade wind region of the North Atlantic evaporation is
large and only a moderate amount of heat is retained by the ocean. Just south of
the equator cold water upwells which limits the evaporation and over 100 W m-2 is
retained by the water. Similarly, large amounts of heat are gained by the cold
waters upwelling along the west coast of Africa from Gibraltar to South Africa.
Because of the cold water drifting northward across 50°S there is a band of heat
gain by the water.
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RECYCLING ROTATING FLOW OVER VARYING BOTTOM TOPOGRAPHY
Michael K. Davey

The Antarctic Circumpolar Current flows westward in an annular configura-
tion.It is a deep current, and consequently its course is influenced by the bottom
topography. Previous theoretical work on flow over bottom topography relies on
either prescribed upstream conditions (e.g. Boyer (1971), Huppert and Stern (1974)
or on 0(1) /3 -effect and 0(1) topography variation (e.g. Kamenkovich (1962), John-
son and Hill (1975)). For a circumpolar flow, the latter theories require corres-
ponding f/H contours (f = Coriolis parameter, H = fluid depth). The aim of the
theory presented here is to investigate a situation for which neither upstream con-
ditions nor f/H contours can be used.

Steady homogeneous flow in a rotating annulus, driven by a prescribed sur-
face velocity (e.g. a differentially rotating rigid 1lid as is common for laboratory
experiments), is considered. The Ekman number E and the Rossby number & are both
much less than unity, and the ratip h = topography height/fluid depth is restricted
to O(max (& ,E%))., The ratio E:/E% is a measure of the distance a vertical column
of fluid travels in the time required for Ekman suction effects to be significant.
Varying the size of £ /E?% gives different parameter regimes to study, ranging from
the linear viscous case (£ << E%) to the case of conservation of potential vor-
ticity to zeroth order (& =7 E%). The case € >» E¥will be discussed in detail.

To zeroth order in & ,

AU+ = F(v)

where ) is the streamfunction for the geostrophic flow. To find ‘V » both where
F (W) and the total azithmuthal transport §=Y (Y,)— W()are needed. (7; and I, are
the inner and outer radii of the annulus). The recycling nature of the flow means
that the large length scale £/E*%is available, and higher order viscous effects
determine F and Q. A circulation condition (applicable to all the parameter re-

gimes) was found -
P(w) = I/Z PT (LP)

( ﬂT(uo is the circulation around W = constant, using prescribed top surface
velocities). An implicit expression for F (V) results, which involves a reference
level for the height of the topography as seen by a fluid column following stream-
line . Solutions were obtained by iteration for the special case of constant
surface vorticity and h varying azimuthally only. Symmetric topography gave flow
patterns with corresponding symmetry. If the topography diverts the flow signifi-
cantly, then Q is greatly reduced, and the streamline pattern may differ qualita-
tively from those obtained by assuming constant
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UPWELLING NEAR AN ICE EDGE
Tor Gammelsrgd and Lars P. Rged

In models of the atmosphere and oceans the ice coverage sometimes plays
an important part. The simplest climate models invoke the changes in the earth's
albedo due to the ice coverage, while the more detailed models also take the in-
sulating effect of the ice into account.

The model we present here investigates another effect of the ice, namely the
possibility of a wind-driven, open-ocean upwelling near an ice edge. The ice is
modeled as a thin surface sheet which partially covers the ocean. It is free to
move in the vertical, but has no horizontal motion, which entails that in the ice-
covered region the wind stress has no influence. The study is confined to a linear
.constant density model with no horizontal friction. Both time-dependent and steady-
state cases are considered.

These assumptions entail that in the steady state of a two-dimensional model
circulation beneath the ice is impossible. Thus the ice acts almost as a coast.
In the time-dependent case the time scale of the friction, assumed to be propor-
tional to the geostrophic velocity, is found to be of order 10 days. It is argued
that this is also the time scale for the onset of the upwelling.

We conclude that it is possible that up- or down-welling phenomena occurs
in the vicinity of an ice edge. This may be important in processes such as bottom
water formation and freezing (melting) of the ice. Therefore the problem deserves
further investigation with more sophisticated models including stratification, as
well as lateral diffusion of momentum and vertical mixing of density.

MARTIAN CLIMATOLOGY

Peter J. Gierasch

If Mars has permanent CO, polar caps, atmospheric heat transport may cause
the atmospheric pressure to be extremely sensitive to variations of solar heating
at the poles. This could happen because atmospheric heating depends on density,
which depends strongly on the polar temperature through the vapor pressure rela-
tion. A simple climatological model for polar heat balances is used to study the
question, and it is found that a climate instability may be possible. Complete
evaporation of the polar caps may be triggered if the absorbed solar energy at the
poles increases by about 20%.
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STABILITY OF THE JOVIAN GENERAL CIRCULATION

Peter J. Gierasch

Ingersoll and Cuzzi (1969) pointed out that the prograde and retrograde jets
associated with belts and zones on Jupiter must be thermal winds due to horizontal
temperature gradients beneath the visible clouds. The stability of such gradients
is puzzling, It is easy to show that if baroclinic instability occurs then the re-
sulting mixing should effectively destroy the temperature contrasts. In this lec-
ture, a progress report is made on investigation of baroclinic instability in an
atmosphere which overlies a deep motionless layer. Eady's model, with uniform po-
tential vorticity in the basic state, is to investigate the influence of the deep
layer on growth rates. Both geostrophic and nongeostrophic models are treated.

The results show that growth of instabilities is suppressed if the underlying layer

is weakly stratified. In the limit of no stratification and infinite depth, insta-

bilities exist only if the Richardson number in the upper layer is less than unity.

: Reference

Ingersoll, A.P. and J.N.Cuzzi 1969 Dynamics of Jupiter's cloud bands.
J.A.S. 26: 981-985.

VARIATIONS IN THE EARTH'S ORBIT: PACEMAKER OF THE ICE AGES

John Imbrie

(i) Three indices of global climate have been monitored over the past
450,000 years in Southern Hemisphere ocean floor sediments.

(ii) Over the 10-4 to 105 cycles per year frequency range, climatic vari-
ance of these records is concentrated in three discrete spectral peaks at 23,000-
year, 42,000-year, and approximately 100,000-year periods. These peaks correspond
to the dominant periods of the Earth's solar orbit, and contain respectively about
10 percent, 25 percent and 50 percent of the cllmatlc variance.

(iii) The 42,000-year climatic component has the same period as variations
in the obliquity of the Earth's axis and retains a constant phase relationship with
it,

(iv) The 23,000-year portion of the variance displays the same periods of
frequencies (about 23,000 and 19,000 years) as the quasiperiodic precession index.

(v) The dominant, 100,000-year climatic component has an average period
close to, and is in phase with, orbital eccentricity. Unlike the correlations be-
tween climate and the higher-frequency orbital variations (which can be explained
on the assumption that the climate system responds linearly to orbital forcing),
an explanation of the correlation between climate and eccentricity probably re-
quires an assumption of nonlinearity.
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DYNAMICS OF JUPITER'S ATMOSPHERE
Andrew P. Ingersoll

The presence of an internal heat source, the lack of a solid surface and
the great size of Jupiter account for many of the differences between Jovian and
terrestrial weather patterns. On both planets, absorption of sunlight at the
equator leads to poleward heat flow, but on Jupiter this flow takes place in the
interior, and is essentially a poleward redistribution of internal heat. Atmos-
pheric motions are mainly in the east-west direction, and seem to transport very
little energy across latitude circles. Theories of convection which postulate a
near-adiabatic interior can explain this poleward redistribution of internal heat.
Specific details are worked out for mixing-length theory. Jupiter's banded cloud
patterns are thought to be driven by moist convection, in a process similar to
that which drives the earth's tropical Hadley circulation. Frictionally-driven
convergence at the base of the clouds gives rise to heating within the clouds,
which powers a self-excited disturbance consisting of zonally-symmetric cloud
bands. The extreme stability of these Jovian patterns may be controlled by the
deep convecting portion of the atmosphere below the clouds.

THE GLOBAL ENERGETICS OF ICE-AGE OSCILLATIONS:
INFERENCES BASED ON A STATISTICAL-DYNAMICAL MODEL OF CLIMATE

Barry Saltzman

Conservation equations for water in all forms and thermodynamic energy are
developed for the complete atmosphere-hydrosphere-lithosphere-cryosphere system,
allowing the possibility for temporal variations of all significant components of
the system that may be involved in long term climate changes. Using these equa-
tions we find an integral constraint on the fluctuations of the mean, mass-
averaged ocean temperature that accompany glacial fluctuations. Some possible
inferences are discussed based on speculations concerning the variations of the
net radiative flux at the top of the atmosphere.

. If we assume that "radiative equilibrium'" always prevails we are led to
conclude that the mean ocean temperature must reach its maximum value at very
nearly the same time that the ice volume reaches a maximum, mainly due to the
release of latent heat of fusion during the ice formation. However, if we assume
that the atmospheric climate tends to achieve a quasistatic equilibrium with the
lower boundary ice coverage and ocean surface temperature, at least when the ice
volume is near its maximum or minimum, it follows that there can be a net radia-
tive flux at the top of the atmosphere equal in both magnitude and direction to the
net flux of heat across the ocean surface. In fact, from the results of a sta-
tistical-dynamical model of climate based on prescribing this atmospheric equi-
librium (Saltzman and Vernekar, 1971, 1975) we find that there should be a net
downward flux of radiation (and, hence, of heat into the oceans) during a glacial
maximum and a net upward flux during present, quasi-interglacial, conditions. If
this finding is valid it follows that the mean ocean temperature should increase
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during the period of maximum ice formation and ice extent and reach its maximum
after the maximum ice volume is achieved, a result that is in substantial accord
with the ice-age scenario recently proposed by Newell (1974).

Since it is generally agreed that the surface water temperatures were in
fact colder during the ice age than at present (CLIMAP, 1976), we infer that these
mass-averaged ocean temperature changes must reflect conditions of the deeper water
masses with attendant changes in the strength and form of the main thermocline.

A mechanistic, dynamical, theory that can account for the implied oscillation be-
tween ocean temperature and ice formation remains to be developed.

INTERACTION OF A UNIFORM WIND STRESS WITH INERTIA-GRAVITY WAVES

Melvin E. Stern

An inertia-gravity wave which propagates upwind and upwards in the thermo=
cline has a reflection coefficient ¥ which is greater than unity ("over-reflec-
tion') as a result of the wave current interaction in the mixed layer which over-
lies the thermocline. The second order amplitude effect of the wave is to produce
a mixed layer transport having the same direction as the wind stress T , whereas
the undisturbed (Ekman) transport is perpendicular to 7" . The amplification
factor |r|-1 is proportional to |T] , and increases as the frequency of the inci-
dent wave approaches the coriolis parameter f . A preferred lateral scale is also
given, and it is suggested that the spectral” peak near in the ocean is main-
tained by successive amplification of wave packets entering the mixed layer. We
also show that the turbulent Ekman flow at the upper boundary of a two-layer den-
sity model, such as can be realized in the laboratory, should become unstable with
respect to lomg (hydrostatic) interfacial waves.

WORLD OCEAN CIRCULATION

George Veronis

Models of world ocean circulation for a two-layer ocean driven by wind
stresses, by thermal forcing and by a combination of the two has been developed.
The wind-driven model focuses on the dynamical balances responsible for the sep-
aration of western boundary currents (Gulf Stream, Kuroshio, etc.) from the coast
at temperate latitudes and on the role played by poleward eastern boundary cur-
rents (Norwegian, Alaskan, etc.) on the separation mechanism. For these analyses
the transports and thermocline depths are calculated once the thermocline depth 1is
given near the eastern boundary. For the second model the thermal driving is
parameterized by an upwelling whereby lower-layer water is transformed to upper-
layer water. Various possibilities are explored. The behavior of the system for
different prescribed sinks of upper-layer water in the polar region is outlined.
The third model involves a relatively complex analysis for the interior dynamics
even though the basic balance is quasi-geostrophic. Transports are again derived
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and the distribution of the upper- and lower-layer water can be calculated. The
significant results of the analysis are based on specifying the separation lati-
tudes (since the mechanism for separation is understood from the analysis of the
wind-driven part). The magnitude of the upwelling velocity, deduced to be

1.5 x 10-5 cm sec~l, agrees with the value derived from totally different physical
considerations. The distribution of the sinking regions in the polar regions are
also deduced and they yield effective heat sinks which are the same magnitudes as
those estimated from observations and empirical formulae.

THERMAL OSCILLATIONS IN A FLUID HEATED FROM BELOW
AND COOLED TO FREEZING FROM ABOVE

Pierre Welander

A theoretical discussion is given of the thermal transients and self-sus-
tained oscillations in a fluid, heated at a constant rate below the surface, and
> cooled from the top strongly enough to allow freezing.
&D \ » Assuming that the fluid is well-mixed and that the thick-
T, (Hxed) |aiY oo of the ice is small compared to the fluid depth, it
. is shown that the system can have none, one, or two steady
s \¢&  states. The ice-covered steady state is stable for small
perturbations, however, the ice-free steady state may be
\\\\\\\\\ unstable, adding a thin ice sheet. Transient developments
wdﬁ} may include both ice-covered and ice-free states. In the
case where no steady state exists the system exhibits
periodic self-sustained oscillations. An application to
hedl the Arctic Ocean is being considered.
SOURCE

N
Fig.l Experimental apparatus.
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Fig.2 Temperature measured in the middle of the water tank.
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CIRCULATION INDUCED BY EDDIES AND WAVES
Peter B. Rhines

A review of Taylor's formulation of turbulent diffusion (single particle
statistics) was followed by a description of the Lagrangian ensemble-mean flow,
and dispersion about the mean, in geostrophic turbulence. An expression for the
difference between Lagrangian and Eulerian (time-) mean flow was suggested, for
turbulence or waves, to be U.'—aKL_j/éx- , where KL] is Taylor's expression for the

diffusivity, Kij = fu.J (t %)) wy (E+Tx, 3cl'f

The 1nescapab1e result of Kelvin's theorem is that eddy- or wave-motion
induces mean Eulerian circulation. In various cases of interest the 'mean' refers
to zonal-, time- or ensemble averaging. For zonal averaging an inviscid flow
(with slowly varying spatial statistics) yields an exact expression for the change
in the Eulerian circulation since t = 0:L§é]= -+ B 7>, where n is the y-dis-
placement of fluid particles since t = 0 and A4 is the gradient of mean potential
vorticity. This westward flow holds for latitudes free of forcing If, in White-
head's (Tellus 27, 1975) laboratory experiment, the motion is driven by a plunger,
jet-like eastward flow will occur at forced latitudes to conserve total angular
momentum. This problem has interesting structure: when bottom friction (coeffi-
cient D) is added, U, becomes exactly twice the inviscid value, for motion with
long coherence-memory and bounded displacements. For short memory (relative to
the spin-up time), T, equals the inviscid value. But if the flow is turbulent
rather than wavelike (in the sense that Wn* increases without bound), Uep >8Ry /D
instead. The Lagranglan mean flow here is close to U, , if the waves or turbulence
are slowly varying in space (relative to the eddy size). But, it is amusing that
the Kelvin circulation LL'dg about a marked fluid contour 1n1t1a11y lying on a
latitude circle, is opposite (eastward), of equal magnitude to Tka,. A local (in
space) formulation shows how turbulence drives Sverdrup flow, with an effective
wind-stress curl of 2/dx: (KD Q/dx,) where Q is the mean potential vorticity.

The relationship to earlier work of Taylor, Dickinson, Welander, Green and Stern
was described. Numerical experiments showed the growth of zonal jet-like flows
dur to forcing or to energy release by baroclinic instability. Gareth Williams
has recently invoked similar models to explain Jupiter's bands. ‘

ON TRAJECTORIES OF ROSSBY WAVE-PACKETS
RELEASED IN A LATERAL SHEAR FLOW

Toshio Yamagata

In geophysical fluid systems, it is of interest to understand the behavior
of Rossby waves in a lateral shear flow. Several works in meteorology studied the
influences of the lateral wind shear on large-scale wave propagation into the
Tropics (Mak, 1969; Charney, 1969). The basic physical mechanisms that underlie
these works are Rossby wave reflexion and absorption by the zonal shear flow.
Bennett and Young (1971) and Dickinson (1970) discussed the development of a
Rossby wave critical "level' after the switch-on of a steady forcing in this




context. In the oceans, it is well-known that Rossby waves generated by the large-
scale wind systems play a dominant role in establishing the global ocean circula-
tion. When we discuss the variabilities of the ocean circulation, it will be
necessary to study the interaction between Rossby waves and currents. Here, with a
ray-tracing method, I consider the problem of reflexion and critical '"level' ab-
sorption of barotropic non-divergent Rossby waves in a barotropic ocean of constant
depth, where the mean current flows in the east-west direction or in the north-
south direction, with a ray tracing method.
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THE PLANETARY AND BENTHIC BOUNDARY LAYER SYMPOSIUM

Abstracts of Seminars

THE BOTTOM BOUNDARY LAYER OF THE DEEP OCEAN
Laurence Armi and Robert C, Millard, Jr.

Some aspects of the bottom boundary layer of the deep ocean are exhibited
in profiles of salinity and temperature made with a Woods Hole Oceanographic
Institution/Brown CTD microprofiler. Profiles from the center of the Hattaras
Abyssal Plain have a signature that is characteristic of mixing up a uniformly
stratified region. Over rough or sloping topography, to the East and West of the
abyssal plain, the profiles have more complicated structure. All profiles show a
well-mixed layer above the bottom; the penetration height of the layer varies from
about 10 m to 100 m and is correlated with the one-day mean velocity, inferred
from current meters located above the bottom boundary layer. Over the Hatteras
Abyssal Plain the mixed layer extends above the bottom about six times the turbu-
lent Ekman layer height. Over rough and sloping topography the penetration height
is between the Ekman layer height and the height observed on the flat abyssal
plain.

A model of entrainment and mixing for a flat bottom boundary layer is out-
lined. This model is incomplete because we find too little known of the structure
of turbulence above an Ekman layer. An alternate model is suggested by the esti-
mate, from the correlation of penetration height with velocity, of the internal
Froude number of the mixed layer, F 4y 1.7. This value indicates that the large
penetration height may be due to the instability of the well-mixed layer to the
formation of roll waves.

RADON AND RADIUM AS GEOCHEMICAL TRACERS OF ABYSSAL MIXING PROCESSES

Pierre E. Biscaye and Jorge L. Sarmiento

The noble gas radon-222 is a chemically inert naturally occurring radio-
isotope with a four day half life. It is suitable for the study of mixing in the
bottom few hundred meters of the water column. Its ultimate radioactive grand-
parents, uranium-238, -234 are very long lived, soluble and therefore well-mixed
in the world oceans. Its less-distant grandparent, thorium-230, is rapidly
removed from sea water and decays in the sediments to radium-226, the immediate
parent of radon-222. Because thorium-230 and radium-226 are more abundant in the
sediments than in the overlying sea water, there is a strong concentration gra-
dient of radon-222 across the sediment-water interface. It is the diffusion of
this "excess'" radon from the sediment and its distribution in the overlying water
column which provides the tracer for mixing near the ocean floor. In the two-
three weeks that it takes this radon to decay away to undetectable quantities, it
generally is mixed up to heights of 50 to 350 meters above the sediment-water
interface although heights of up to 1000 meters are occasionally observed in high
energy environments such as deep ocean passages. A similar concentration gradient




for radium-228, an isotope in another naturally-occurring radioactive decay series,
permits its use as another tracer of benthic mixing processes. Its half life of
six years, however, permits its diffusion up to heights over 1.5 km above the sedi-
ments and it thus records mixing processes of much longer time scales.

Measurements of excess radon in the waters of the continental shelf and the
upper continental slope in the New York Bight indicate, at this point qualitatively,
several problems in, as well as potential uses of, the excess radon method. First
is the spatially heterogeneous source function of excess radon from the sediments;
the potential excess radon productivity of sediments in the New York Bight varies
by over an order of magnitude over distances of tens of kilometers. This poses
problems in the assumption of no horizontal concentration gradients in one-dimen-
sional vertical mixing models, but opens the possibility of measuring horizontal
transports from radon emanating from local point or line sources. This horizontal
heterogeneity is not likely to be as marked in the deep sea where most work on
radon has been done (see below). An additional feature that has persisted in New
York Bight observations over almost two years is the presence of a zone of zero-
to-low excess radon immediately above the sediments over a water depth range of
from about 500 to 2000 m on the upper continental slope. The zone is coincident
with a minimum in suspended particle concentrations and the two distributions syg-
gest active mixing along isopycnal surfaces between interior ocean water and water
in contact with the upper continental slope.

A time series study of excess radon, suspended particulates, current veloc-
ity and STO measurements was made in two adjacent but dynamically different bottom
mixing regimes in the North American Basin. 1In most cases on the Blake Bahama
Outer Ridge under the Western Boundary Undercurrent, a relatively thick (300-400 m)
bottom mixed layer was characterized by a well-mixed temperature profile, high
concentrations of suspended particles and statistically homogeneous concentrations
of excess radon. The time-averaged vertical eddy diffusivities calculated from a
one-dimensional exponential model at two sites ranged from ~ 300 to ~ 700 cm“/sec.
By contrast, most casts at a single location on the Hatteras Abyssal Plain re-
vealed a thinner ( ~~50-80 m) bottom mixed layer characterized by a well-mixed
temperature profile, lower but less variable concentrations of suspended particles,
and a more regular decrease of excess radon concentrations above the bottom. A
time averaged model vertical eddy diffusivity was 12 cm?/sec. Thus, for the two
regimes the indications of vertical mixing given by excess radon distributions
accorded well with indications of dynamic interaction of the water with the sedi-
ments.

The excess radon data from the GEOSECS Atlantic and Pacific cruises provide
the first opportunity to study the behavior of this tracer over a wide range of
bottom mixing regimes in the context of high quality measurements of temperature,
salinity and other water-mass characteristics. Profiles with bottom mixed layers
were observed at over two-thirds of the stations where sufficient data was ob-
tained to study them. They range in thickness from 15 to 160 meters with a higher
average thickness in the Pacific. Excess radon, potential temperature and salin-
ity are well mixed within the layers. They are capped by a 'thermocline' layer
characterized by a greatly reduced mixing rate that usually prevents measurable
penetration of excess radon. About 45% of the profiles appear to show cooling of
the boundary layer which suggests that in many cases these layers are advective
features that move independently of the overlying water mass. The remaining
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layers could have been formed by mixing up a uniformly stratified region of the
water column.

At 14 widely-scattered locations we were able to calculate model vertical
eddy diffusivities from radon-222 profiles. These diffusivities and those obtained
from the longer-lived radium-228 (half life six years) show an inverse relationship
to buoyancy gradients calculated from the STO data. This means that the buoyancy
flux and, thus, the turbulent energy dissipation into buoyancy are relatively con-
stant with depth and from one location to another. The buoyancy flux has a mean
of 4 x 10~ cm2/sec3. Heat fluxes calculated with the diffusivities average
33 Acal/cm?/sec in the Atlantic and Q/ucal/cmz/sec in the Pacific.

THE DYNAMICS OF SHEARED THERMOCLINES

Giles M. Corcos

It is shown that the dynamics of a fully turbulent free shear layer in
stratified or homogeneous fluid exhibits a surprising degree of coherence and two-
. dimensionality. The presence of smaller scale three-dimensional and random motion
does not seem to influence the evolution of these coherent structures. A detailed
discussion of the two-dimensional dynamics of these motions divides the evolution
into a preliminary period during which the instability develops on a single length
scale and a second period during which the layer grows by the systematic increase
of the length as well as the amplitude of the typical waves. The instability is
interpreted as a systematic increase in the concentration of vorticity into ever
larger and ever more distant centers. For stratified flows the process is arrested
by the competing baroclinic generation of vorticity in other regions. Models of
the process predict the maximum scale and amplitude of the larger waves which can
develop in a given thermocline. From this prediction the final thickness of the
layer is deduced. It agrees with experimental observations. The study of fully-
deterministic nonlinear unstability sheds some light on the phenomenon of turbu-
lent entrainment and explains why it is insensitive to the value of the Reynolds
number. While entrainment is not a result of large scale dynamics, mixing is not,
and most likely requires three-dimensional motion.

Some new evidence is presented about the origin of three-dimensionality.

TURBULENT INTERFACE LAYERS
Gabriel T. Csanady

Turbulent flow on either side of a density interface is similar to wall-
layer flow, and exhibits, in particular, a logarithmic or 'buffer" layer. The two
parameters defining the logarithmic velocity profile, Karman's constant and rough-
ness length, could theoretically be different. Experimental evidence on air-water
and salt-freshwater interfaces shows Karman's constant to be the same as over a
solid plate. However, the roughness length varies in a complex way with flow




parameters. The factors which determine roughness length are not well explored,
although there are indications that this parameter depends on the energy balance

of a viscous or wavy sublayer very close to the interface. There is also a possi-
bility that surface tension variations influence the roughness of the air-side of
the air-water interface by extracting energy from the sublayer. 1In a certain range
of parameter space the roughness length r of a salt-freshwater interface depends
only on a characteristic relation velocity u, viscosity y and effective gravity

g € . Similarity of interfacial momentum transfer implies a constant ratio of
viscous to gravity forces, which results in the formula for the roughness length:

r = const. uy .
g €

At the interface a maximum of the velocity gradient occurs, which is often
substantially (by a factor of 2 - 8) less than stress divided by molecular vis-
cosity, implying an effective viscosity several times the molecular value. This
is not "eddy'" viscosity, however, because turbulent eddies at the interface are
suppressed by stability.

NEAR-BOTTOM CURRENTS AND THE GENESIS OF SEA-FLOOR WAVES AND FURROWS
Roger D. Flood

Deep-ocean currents play an important role in the erosion, transportation
and deposition of the fine-grained, cohesive sediments found in the deep sea.
These deep currents are closely related to the formation of dense water types in
the polar regions. Deep currents have been important since drifting continents
opened the ocean basins to the polar waters about 40 million years ago. The cur-
rents transport and deposit sediment derived from nearby sources to form a series
of large sediment drifts, each is usually several hundred meters thick and extends
over an area of more than 10%km2, As the drifts have been built up, several types
of bed forms have been developed by the currents on the surface of the sediment
drifts. These bed forms are suggestive of the structure of the water flow. Two
bed forms have been studied in some detail on the Blake-Bahama Outer Ridge, a fine-
grained sediment drift complex off the Eastern United States (water depth 3000-
5000 m). Furrows (almost rectilinear grooves 1's-10's m deep, 1's-100's m wide,
spaced 10's-100's m apart and oriented with the long axis parallel to the mean cur-
rent flow) are related to secondary circulations developed within the well-mixed
benthic boundary layer. Large mud waves (2 km wavelength, 50 m amplitude, 45° to
the mean current flow) may result from the interaction of the sediment surface and
the lower part of the water column. These bed forms appear to be widespread in the
deep sea where deep currents are important.
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TIME-DEPENDENT DEVELOPMENT OF FLOW OVER BOTTOM TOPOGRAPHY
Herbert E. Huppert

The interaction between temporarily varying currents and variable bottom
topography was investigated by the numerical, analytical and experimental examina-
tion of the following simple model. The flow of an inviscid, stratified fluid is
initiated from relative rest in a uniformly rotating system containing an isolated
topographic feature. The evolution of the flow distributes vorticity and tempera-
ture in such a way that relatively cold (heavy) fluid with anticyclonic vorticity
exists over the topographic feature, while fluid originating from above the topo-
graphic feature sinks, thereby inducing a warm (light) anomaly with cyclonic vorti-
city. For sufficiently strong oncoming flows, the shed fluid continually drifts
downstream in the form of a relatively warm eddy. If the oncoming flow is rela-
tively weak, the interaction between the anticyclonic and cyclonic vorticity dis-
tribution traps the warm eddy and it remains in the vicinity of the topographic
feature.

The above mechanism may explain: some recent observations of an eddy in the
vicinity of the Atlantis II Seamount; some observations of a warm patch near Bron-
tosaurus Bump seen in the second leg of the 1975 I0S Topographic Experiment; and
the occurrence of cyclogenesis downstream of the large mountain chains of the
Earth.

The talk combined aspects of work carried out with the help of K. Bryan, A.
McEwaneg, R. Hendry and the many scientists who contributed to the IOS Topographic
Experiment.

KOLMOGOROV IN THE BOUNDARY LAYER
Willem V.R. Malkus

It has often been noted (e.g. Kraichnan 1974) that Kolmogorov's 1941 theory
for the energy level in the interial sub-range has achieved '"an embarassment of
success'. For example, it appears to apply quite well to the steady state turbu-
lent boundary layer. Another excessively successful result comes from requirement
that the mean velocity in a shearing flow vary logarithmically in an overlap
region of the '"law of the wall'" and the ''velocity-defect law'" of the interior flow.
An extensive logarithmic region is observed, yet there is no logical or dynamic
reason for any overlap of the two ''laws'". It is proposed here that both these
results can be explained as properties of the explosive subcritical instabilities
whose growth in scale and whose momentum-transfer properties recently have attracted
much experimental and theoretical attention (e.g. Landahl (1972)). Here the view
is offered that the expanding roll-hairpin instability is the flow element which
produces the 5/3 range in the energy spectrum, and that this is due to the average
unilateral spectral flow of energy even in ranges where the overall flux approaches
zero. In this view the universal Kolmogorov constant is the square of the transi-
tion wange Reynolds number and, in the shear flow case, proportional to the bound-
ary Reynolds number. When, in addition, it is required that the flow resulting
from these explosive instabilities be both stable in the mean and represented by




a ''smooth' spatial spectrum, one finds a complete velocity-defect law. This result
requires both an extensive logarithmic region and (for Poiseuille flow) a parabolic
interior independent of a wall law. Addition of a smooth wall condition on the
above requires that the von-K4rmin constant be proportional to the amplitude of

the explosive boundary instabilities, and in turn to the boundary Reynolds number.

TESTS OF NUMERICAL MODELS OF THE SEASONAL THERMOCLINE

Pearn P. Niiler

Over large areas of the oceans, heat is stored in summer locally in the sur-
face layers and removed again in winter. The vertical temperature distribution and
the sea-surface temperature are dependent upon how this thermal energy is distrib-
uted vertically by turbulent exchange processes. Conservation equations for local
storage of momentum, heat and turbulent energy are used to construct a model of the
vertical exchange processes in the water column. Active turbulence fills the mixed
layer and a weakly diffusive column exists below the mixed layer. The source for
the turbulence is from energy sources in the atmosphere on the ocean surface and
within the mixed layer turbulent energy is created by a shear of the mean flow. A
fractional amount of each energy flux from each source is made available for en-
trainment of dense fluid into the mixed layer. The parameters of this factional
exchange are selected both from best least square fits to the evolving density pro-
file in éntrainment experiments in the laboratory and ocean observatories of in-
tense, rapid deepening events under strong mid-ocean storms. The parameters which
govern the seasonal (or long-term behavior) of the seasonal thermocline are se-
lected by best fit to data at ocean station Papa. With identical coefficients the
seasonal thermocline near Ocean Station November (subarctic Pacific). The best
fit to the profile is with variance of (O.27°C)2 within 89C seasonal temperature
cycle (subtropical Pacific), is predicted to within a variance of (0.31°C)2, with-
in a seasonal surface amplitude of 3.59C. The most glaring weakness of the model
is that the seasonal ocean surface temperature cycle is most sensitive to the
nature of turbulent diffusion below the mixed layer and dissipation of energy during
deep convection in winter. There are mechanisms about which there is a dearth of
observation in the oceans, and which must be understood before a study of longer
time scale (climatic) response of the upper layer can be carried out.

ONE-POINT AND TWO-POINT STATISTICS IN THE ATMOSPHERIC SURFACE LAYER
Hans A. Panofsky

Effects of mechanical turbulence and heat convection have been successfully
combined in the atmospheric surface layer by Monin-Obukhov scaling. In this
hypothesis there are universal relationahips among quantities scaled by length

uiCpr T
kafﬁv

and velocity Wyu , the surface friction velocity. This scheme satisfactorily
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accounts for statistics of vertical velocity fluctuations and other statistics
involving vertical velocities, including variances, spectra and cospectra.

The theory does not hold for statistics of horizontal fluctuations; for
these, the thickness of the boundary layer Z; seems to be important, as it affects
eddy size. Thus, over flat sites, the standard deviations of horizontal velocity
components obey relations of the form
T - ¢ 2\
Ug L]
independent of height 2 , which affects vertical, but not horizontal eddy size.

9U appears to be universal, at least over flat terrain.

Models for two-point statistics are made most easily for coherence and phase
delay. For coherence, Davenport's hypothesis supplies an empirical fit

Coh(n,any) = e 44V

where n is frequency and V the mean speed in the layer A X . Zﬁxiis a separation
in the horizontal or vertical, a is the decay parameter which is generally small

in unstable air and over smooth terrain (e.g., water) and increases with angle
between anemometer line and wind. "a' also increases with separation in stable air.
Simple theories exist to account for all these effects.

Horizontal phase delay is well described by Taylor's hypothesis for small
%;;/%; for small n, eddies travel faster than the wind.

There is also a small phase delay in the vertical depending on the vertical
wind shear.

TRANSPORT PROCESSES IN SLOPING SIDE WALL BOUNDARY LAYERS
Claes Rooth

The most profound influences of bottom and side wall boundary layers on
stratified fluid motion occur when these layers (B.L.) act as sources or sinks for
fluid, relative to the interior domain.

It is easily shown that a constant diffusivity ( () for heat (density)
leads to boundary layer flows along sloping insulating walls. The fluid volume
transport induced is Y s'Lparallel to the wall, where side wall suction will thus
occur wherever the walls are curved. ( 5 1is the side wall slope.)

The main concern in this lecture is with the case where interior diffusion
of heat is negligible, while heating or turbulent mixing occurs in the boundary

layers.

An especially simple class of phenomena where this happens is found in the
response of enclosed basins to geothermal heating. The critical parameter of the

problem is the amount of peripheral heat input, %%%— , per unit height increment,

divided by the horizontal area, enclosed by the corresponding depth contour@A(gn,
Boundary layer suction due to the inclined flow leads to convergent or divergent




interior vertical velocity which depends only on the B.L. forcing, and not on the
interior stratification. Asymptotically, neutrally stratified layerg alternatlng
with stably stratified ones will develop, according to the sign of

If turbulent mixing of heat is limited to the B.L., a similar 51tuat10n
occurs, only now there is no volume transport along a flat side wall - only a heat
flux determined by an appropriate Richardson or Monin-Obukhov scaling. We have
now a situation where gradients in slope normalized turbulent intensity lead to a
secondary B.L. of the same type as in the geothermal heating case. The main dif-
ference is that cooling as well as heating occurs in this secondary B.L. The
induced vertical velocities of the interior domain are controlled entirely by the
B.L. heat flux in such a sense that vertical advection redistributes the latter
over an appropriate adjustment area.

BOUNDARY LAYER AND LARGE SCALE DYNAMICS
Edward S. Sarachik

We can get some idea of the interchanges across the air-sea interface by
looking at the net heat budgets of the earth-atmosphere system, the atmosphere
separately, and the ocean separately. The oceanic heat flux (temporally and
zonally averaged) is poleward and peaks in the subtropics, indicating net heating
at the interface (by radiation, latent and sensible heating) equatorwards of the
peak, and net cooling polewards of the peak, the net flux not exceeding 100
‘langley/day. Using these surface fluxes, the Monin-Obukhov lengths are calculated
for ocean and atmosphere leading to the conclusion that the tropical ocean bound-
ary layer is convectively driven, with moisture playing the dominant role.

It is pointed out that cumulus convection is a type of convection not gen-
erally encountered in other branches of Geophysical Fluid Dynamics, "o~ convection',
in which the upward motion covers a fractional area O~ small compared to unity,
allows a downward vertical velocity (almost everywhere) even when the large scale
vertical velocity is upward. This permits a new mode of equilibration of boundary
layer growth which is actually realized in the tropical atmosphere.

The role of water vapor in convectively driving the tropical atmosphere is
described. A model tropical atmosphere is described which is layered according to
the three possible roles of water vapor:

1. The subcloud layer is driven by buoyancy produced by the light weight of
water vapor and is held down by subsidence compensating deep and shallow clouds.

2. The shallow cloud layer is driven by the buoyancy produced by condensa-
tion in the shallow clouds and is held down by the subsidence compensating the

deep clouds.

3. The deep (cumulonimbus) cloud layer which extends to the tropopause in
which the net heating produced by the cumulonimbus is balanced by the radiative
cooling. The temperature and moisture structure of such an atmosphere is com-
pletely determined once the evaporation is specified, and closely resembles the
actual tropical atmosphere.
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ON THE IMPORTANCE OF DENSITY STRATIFICATION TO THE BOTTOM BOUNDARY LAYER
ON THE WEST FLORIDA CONTINENTAL SHELF
George Weatherly

Observations in the bottom boundary layer (BBL) of the West Florida Continen-
tal Shelf obtained over a five-day period in July, 1975, at 100 m depth at latitude
269N reveal considerable veering in the current direction (~ 50° counterclockwise
looking down) near the bottom (3 £ 5-10 m) as the bottom is approached and local-
ized heating or cooling in the BBL depending on the direction and speed of the cur-
rent. It is argued that the observed direction veerings are consistent in sense,
magnitude, and region of occurrence (very near the bottom) with the Ekman veering
occurring in a stably stratified planetary boundary layer. Data is presented to
show that the water column is stably stratified with the greatest stratification
occurring in the BBL. The localized heating or cooling observed in the BBL is
argued to be due to either downwelling or upwelling induced by Ekman transport down
or up-slope in the BBL. Because of a change in bottom slope at the site of the
experiment, it is also argued that the cooling rate in the BBL associated with a
northward current should be about 10 times larger than the heating rate associated
with a southward current of the same strength. Agreement with observations is good.

AN ACOUSTIC SENSOR OF VELOCITY FOR BENTHIC BOUNDARY LAYER STUDIES
Albert J. Williams, 3rd and John S. Tochko

The techniques of flow measurement which have been successful in laboratory
studies of boundary layer turbulence are difficult to use in the ocean; and the
current meters generally used in the ocean are not suited to measuring bottom
boundary layer flow. A suitable sensor for bottom turbulence measurements should
measure vector components, respond linearly to these components, maintain an accu-
rate zero point, disturb the flow negligibly or in a well-predicted way, and sense
a small enough volume to represent the important scales of the flow. We have con-
structed an acoustic travel time sensor in a configuration that will allow vector
components of the flow to be measured with sufficient accuracy to compute Reynolds
stress at a point 50 cm above the bottom. This sensor responds linearly to hori-
zontal and vertical flows in flume tests. When the flow is neither horizontal nor
vertical, the wake from one acoustic transducer may interfere with the measurement
along one sensing path but there is sufficient redundancy in the determination to
reject this path and still resolve the vector velocity. An instrument using four
of these sensors is being designed to measure Reynolds stress in the lower six
meters of the ocean.
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THE BENTHIC BOUNDARY LAYER AND ITS INTERACTION WITH THE BOTTOM SEDIMENT
Mark Wimbush

A decade ago, interest in the abyssal-benthic boundary layer was generated
by reported measurements of surprisingly thick, strongly unstable thermal gradients
over the deep-sea floor. Much recent interest is focused on measurements of sur-
prisingly thick bottom mixed layers!

Temperature and salinity measurements in the lowest three meters of the
deep ocean off Southern California gave results consistent with theoretical expec-
tations. 'Typical' magnitudes of various scales were compared with sublittoral
and atmospheric boundary layer values:

Deep sea Continental shelf ' Atmosphere
Friction velocity ey 1 mm/s 1 cm/s 1 m/s
Ekman layer thickness)f%?ﬁ 10 m (100 m) 1000 m
Logarithmic layer thickness 1 m 10 m 100 m
Viscous sub-layer thickness 13: 1l cm (1 mm) (1 cm)
‘ 3
I i
Buoyancy scale Qwo—-si;;ﬁ“ (-100 m*) (lLM—O\ > 1000 m) lLM-O\> 10 m
: : V* Y
Diffusion scale ( € ) 1 em 1 mm 1 mm

in upper log layer
(values in parentheses are probably meaningless because other scales dominate)

L = Von Kdrmdn's constant.

Action of the flow on the sediment may result in: 1I) bed-load transport,
II) suspended load transport, III) formation of sediment ripples. These, in turn,
react on the flow resulting in: 1) w (o) >0 (so Zeo is greatly increased, and
energy is extracted from the flow by grain-grain rubbing), ii) energy extracted
from flow to maintain suspension, i1ii) friction drag increased and form drag
introduced (so 2, is again increased). These interactions do not occur, unless
critical shear stresses are exceeded. To study these interactions a series of
experiments is being conducted, combining water velocity and temperature recordings
with time-lapse stereophytography of the sea bed.

*
assuming H is the upward geothermal heat flux; however H may depend more on the

past thermal history of the water.
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TURBULENCE CONSTITUTIVE EQUATION AND BOUNDARY-LAYER MODELING
John C. Wyngaard

Approximate forms of the balance equations for Reynolds stress, heat flux,
and other second moments are useful both for numerical models as well as aids in
interpreting surface-layer data. As an example of the latter, we show that mea-
surements of the scintillations of a laser beam over a horizontal path in the sur-
face layer can be used to infer the vertical heat flux. The link between the scin-
tillations and the heat flux is the behavior of the budgets of turbulence energy
and temperature variance, both now very well-understood in the surface layer.

While these balance equations, or budgets, are less well-understood over
the boundary layer as a whole, there are simple engineering closure models of the
budgets which can be used to study the properties of idealized cases. In this way
the broad features of a neutral Ekman layer with and without a capping inversion,
a convective layer, and a stably stratified layer have been predicted to be quite
distinct. The neutral Ekman layer adopts as height scale u./f, while the inver-
sion-capped case is forced to scale with Z; , the inversion base height. Thus
u*/yzL is a key parameter in the latter, and it is shown that as it gets large the
flow adopts a two-layer structure: channel flow below, and a shift (through as
much as 900 in direction) to geostrophic flow above.

The convective layer also has #; as the vertical height scale while the
stably stratified layer is predicted to scale with the half power of the product
of wuk/f and L (the Monin-Obukhov length).

Real atmospheric (and benthic) boundary layers inevitably are horizontally
inhomogeneous. The simplest such case - flow over a locally inhomogeneous surface -
is discussed. It is shown that if the mean state in the Reynolds decomposition is
defined through an area average, then the resulting mean momentum equations look
just like those for the idealized, horizontally homogeneous case. In the latter
case, however, the mean is defined through an ensemble average, and thus the Rey-
nolds stress in this case different. There is a contribution due to the local
inhomogeneity, and it is suggested that this can be understood through solution
of the model equations in the usual (ensemble average) framework.

It is shown that if the locally-inhomogeneous problem is approached via a
perturbation expansion, the linearized disturbance equation is much more general,
but no more difficult to solve numerically, than the Orr-Sommerfeld equation. The
new terms, due to the use of a constitutive equation rather than an eddy viscosity,
are interpreted as representing the effect of the disturbance on the effective
viscosity.
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ON DYNAMIC FEEDBACK EFFECTS IN AXIALLY ASYMMETRIC ATMOSPHERIC MODELS
Steven M. Ashe

I. INTRODUCTION

This research concerns the theory of the time-average motions of the atmos-
phere in midlatitudes at heights beneath the tropopause. Although the basic struc-
ture of the earth's atmosphere is zonal, the presence of continents and oceans in-
troduces asymmetries which not only have a probound effect on the zonal circula-
tion, but have many features interesting in their own right.

As an illustration of the phenomena that make up the time-average asymmet-
ric circulation, consider the instantaneous field of pressure at some middle-
troposphere height. Such a distribution is illustrated diagramatically in Fig.l.
The pressure field is basically zonal, with wave numbers five ~~ six having the
maximum amplitude. When a sequence of these highly transient snapshot views is

averaged over several synoptic periods (e.g.
e a month), the high-frequency components are
g filtered out, and a pattern of small ampli-
tude wavelike structure of low zonal wave
number persists.

e T

This persistent pattern is very
strongly a function of season (due in part
to the seasonal change in the thermodynamic
properties of land and ocean) and is some-
times called the '"global monsoon'". The pat-
tern from year to year, however, is notice-
ably uniform.

Since this asymmetric distribution in
s the pressure field (and likewise temperature,
wind, etc.) looks like a small perturbation
on a large zonal flow, the dynamics are amen-
able to linearized analysis, and consequently
this was one of the first problems tackled
with the advent of quasigeostrophic theory.

As a meteorological problem, the
theory of the asymmetric motions has not been
as simple as the above comment would indi-
cate. It is, in fact, one where there are

’yfﬂfﬁ;OH*hthﬂeah a multitude of physical effects all contribu-

5 / ting to the total picture, with most depen-
T dent not only on each other, but on the
F,3,1. asymmetric variables themselves.

Schematically, IG.LE(PATo Vieoo)=f (ﬂ,)

where p, T, and v .are the asymmetric pressure, temperature and velocity fields,
and q represents the asymmetric component of diabatic heating which includes all
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those processes filtered out or averaged over (i.e. whose physics do not appear
explicitly in the equations of motion). The problem is complicated by the fact
that q is not independent of p,T,v ..., but entails certain processes which are
very dependent on them. Some of these will now be investigated.

The equations of motion, when time-averaged and scaled using the zonal flow,
indicate three formal mechanisms associated with the asymmetric perturbations:
1) asymmetries in the stochastic properties of the instantaneous fields (con-
vergencies of spatial and temporal Reynold's Stresses),
2) the zonal distribution of heat sources and sinks within the atmosphere and
at its bottom boundary, and
3) the interaction between the flow field and orography.

The above are the formal manifestations of a number of physical mechanisms,
among which one might isolate the following:

1) deflection of the flow (predominantly the zonal wind) by orography intro-
ducing a vertical velocity at the surface, and the finite-amplitude effects of
topography blocking the flow, (and depending on the static stability) forcing it
around mountains;

2) latent heat release, which includes that associated with rising motion due
to topography, that associated with free turbulent convection, and that associa-
ted with stratoform clouds in storm systems;

3) sensible heat flux, mainly in the form of convection over continents in
summer and rectification by western oceanic boundary currents of synoptic-fre-
quency temperature oscillations in winter;

4) radiational asymmetries, which are probably small.

v The above processes are easily seen to depend on the motion and temperature
fields themselves, and so their physics must somehow be included in order to close
the problem.

The classical theoretical approach involves writing some appropriate sys-
tem of equations for the asymmetric motion fields, and to then prescribe the basic
zonal state, the diabatic heating fields and the eddy convergences, using obser-
vations (often indirect) of these quantities in order to see what flow field re-
sults. Even this problem is far from complete. The entire interactive problem
(with limits on the oceanic role) has been simulated by GCM's, but any elucida-
tion of the relative importance of these processes has not been forthcoming. At-
tempts to incorporate the physica of these processes dynamically into analytical
models started with Doos (1962) and has proceded slowly since (see Saltzman 1968
for a review of these). Few substantial improvements over Doos' primitive para-
meterization of diabatic heating have appeared, although interest is increasing
(see for example Saltzman and Ashe 1976b).

II. EQUATIONS OF MOTION

I shall be using nondimensionalized quasigeostrophic equations of a beta-
plane. All variables are expanded in powers of the Rossby number in the follow-
ing manner: There are proscribed 0(1) variations of the pressure and density in
the vertical, together with an O(R,) variation of the temperature with height
(and hence of p and with height), that constitute a prescribed standard at-
mosphere. The horizontal, temporal and vertical variabilities of the motion
fields, etc. are at O(Ry“). 1In detail:
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where a prime denotes a dimensional quantity; ffgp*and 7dkare dimensional surface
values of the standard atmosphere density, pressure and temperature; L is the
length scale, D the tropopause height and U a characteristic velocity; the sub-
script 's' denotes a standard atmosphere variable; 7' is the dimensional topogra-
phic height and # a characteristic scale height for it; and

/3= ————Jt— where a is the radius of the earth, and ¢, a typical mid-latitude.
Ro’ el Rossby No., & = i (5 «) Froude No., -\C ZILSUY\CP where fL is the an-
gular frequency of rotation of the earth, Y291 the Rossby radius, 55

where
H = R?,..,,15 the scale height of the standard atmosphere Further, lettlng

cL R e][c pT4 » and noting that —% O(RB e=0(R,), 28=00),
=0(R,), M=0(1) and —%?-—O(R;\, after substitution in the 'primitive'

equations of motion and expanding u, v, w, T, o , p, q and n in the usual way, one

obtains:
viwt_%vnlpx_‘_ vaﬁ-w%-l-ﬁwx.: ﬁpvi)_z_

<

“Y T+ ¥ Tytow=q
T+ (/-4 Jz)
w=b(Yn-Wn )+ FT Y af 2=0

where all variables u, v, w, and T are the leading terms in the Rossby No. expan-
sions, and

26-R
6 = Cg 2 is the static stability,
E F’
'} = where E= ?—
6R 0
b=k

. 9
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Note that only the 0(1l) component of /4 enters here; the O(R,) components
exactly cancelled in formation of the vorticity equation.

Typical values (the ones to be used later) are:
D:/d{m, L=lobm, Us=10m/sec, Flupx LO'buc", P'&‘ 6.5x 107K/ m,
[o*.(zzxg/ P and T'=289K Implying
R, x10° ,p =2.0, 0=0.6, 0=\, €= 1,3% )10, F=0.2%, Y%= 2.6x10°%n.

It can be argued that the asymmetric time-average flow induced by topography is
probably comparable to that due to heating. The ratio & of the topographic scale
height to the depth of the fluid must be less than unity for the flow to be geo-
strophic at the surface. But it must be greater than O(R,) for its induced asym-
metries to be resolved by the above quasigeostrophic equations. Hence the equa-
tions are formally linearized about the zonal state by setting all variables 85

E=(Ey+nrt®

where (E) denotes the zonal average value (to be prescribed where necessary) and

g*‘ the quasigeostrophic component of the departure from this average. The fol-
lowing equations in the zonal departures (asymmetric variables) results, with as-
terisks ignored:

(.é_ta_ﬁu,??)v‘w‘;-ﬁgxi: (%—z&)w e (D)
(%+u%)§g+¢w=% e (2)
T= 30 e (3)
we WS +T VY ot a=0 cee (4)

where U= W)

III MODELING

The following simplifying assumptions are now made: 1) there is a rigid lid
at the tropopause (z = 1); 2) the zonal perturbations and zonal wind are uniform
in y; 3) there is a bottom Ekman layer that introduces a surface vertical velocity
proportional to the vorticity at the surface. (Simplifications 1) and 2) cannot
of course be justified for studies aimed at reproducing observed patterns. In fact,
they are fairly easily removed. However, they introduce no new physics into the
solutions obtained here).

In choosing U, a vertical profile was wanted that rendered the equations
into tractable form and introduced no possible instabilities. The choice was to
take the follow1ng expression involving the potential vorticity of the zonal state

L -c.a ——jLifilél to be a uniform positive constant. This constraint, can
u . o2

give a quite reasonable 1ook1ng profile. However, for two-level models, which also
shall be considered, imply a U with constant shear in the vertical. Hence for this
summer's modeling U = constant was chosen, which is compatible with both continuous
and two-level models. Taking the basic state to be barotropic introduces certain
constraints on the zonal perturbations that can develop (there can be no lateral
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advection of heat, in particular), but the zonal perturbations are still baroclinic,
and the analysis is facilitated.

The continuous model is illustrated schematically in Fig.2. The two-level
modeling is of the Phillips' type: there are two vertical modes allowed in the
pressure (streamfunction) perturbation, and hence, by the thermal wind equation,
there can be one in the temperature. That is, streamfunction is determined at two
points in the vertical, and the temperature at one. The rigid 1id condition is
applied at level 4 (see Fig.2), the lower boundary condition (Ekman layer and oro-
graphic w) at level 0, the vorticity equation at levels 1 and 3 and the thermody-
namic equation at level 2.

IV ZONAL TRANSFORM

The equations (1) - (4) are now put into spectral form (all variables are
assumed to be periodic over a nondlmensmnal length &L ).

Let v, @)= Z‘f Wexy, 2t em (*-Ct)dac e ()
2Tn . no
z

where F =
and likewise for Twm, Wy, Qv . Herein L will correspond to the 45° latitude cir-
cle, i.e. ,f_.: H&%{ﬁ , S0 that ﬁ%-—r_{l. The steady-state solution for a par-
ticular N can be written as W(x z) =2/, (3)] e (X _¢(z,)) where

~Tm {Tn (=)}
Re {?n (-Z')}

$(2)= T?L arclan

The general solution is a sum over v .
\ / N .
The spectral equations are: Lﬁ[ﬁ-ﬁq(b‘-c\j"lfn (&)= Wm(e) -24 Wrn @ (6)

LA [U=e] T @+ o Wa ()= Gy (2 (7)




where a prime denotes J - . Qn remains to be prescribed or expressed in terms of
W and Wi, . The 'extra' term—2 &6 Wpexpresses the fact that there can be a
vertical convergence of mass by a uniform vertical velocity through the stratified
atmosphere (recall that d is a measure of the stratification).

The upper boundary condition takes the form

WA (U'ﬁ)"]!; (D =6.1); e (8)
the lower boundary condition becomes
(F(U=) T (0) - 7 o F Tn0) - -FLAUH+Qn(0) .- (9)

where'}{,i is the transform of the dimensionless topographic height Vz(x).

V. SIMPLE ANALYTIC EXPRESSIONS FOR Qp.

Realistic parameterizations of the physical processes embodied in q are by
nature complex (see section I). The purpose of this study is to investigate the
properties that such parameterizations may introduce into the solutions for our
model atmosphere. In the attempt to gain some insight into this problem, only the
most simple forms that these parameterizations might take will be considered. They

are of the general form
9= F(%) or q=f(3(LI) P

where § is a dependent variable (§Torw) and P(® gives a profile for the verti-
cal distribution of q in the case where the variable § is evaluated at some height
Lo . Three particular forms will be investigated:

1) heating proportional to the vertical velocity at some height L, :

Qn @) = KW, (L) Pea)
2) Newtonian 'convection' at the surface due to some subsurface 'ground' tem-

perature,T 9 Qn(a) = —K (T (o) -T“(g)) P2

3) Newtonian cooling to an equilibrium temperature, ‘r@% (o>
€
Qn (@)= -K(To @ - Ty " (2).

Steady-state forced solutions can (and will) be readily derived with the
aforementioned parameterizations. The question of the stability of such solutions
to infinitesimal perturbations arises, i.e. if W (z,t)=e " ¥ (¥) where ¥ is the
zonal Forier transform of § , will the imaginary part of c be negative, that is,
will the perturbation damp out? All of the problems herein considered are of a
general form %—E— +JL(%) = £ (x,2)_where ¥ is ¥ or %——:’— , L is a linear differ-
ential operator involving %and <5 » and f is a forcing function (e.g.}(n,T,f,,T,f”;,
Let ¥ be a steady state solution so that L (¥ )=, and let ¥’ (&) be infinitesimal
perturbation (¥ = ¥ + T*). Then %—éi +L(T) +. 2085 =% since:%é z 0 and ¥'=0.
Subtracting the steady state equation gives —%—Eﬂ + L (T¥)=0which is the general
form of the stability problem; formation of the analogous equation for particular
cases will be obvious.

VI. SOME GENERAL PROPERTIES.

The equations (1) - (4) can be written in 'transport' form by defining
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A A
Vet t UV + BV = Wa

PN A ~ A
Ter Ui+ ow=¢q . (10}

" ~
Ty = Vg +28 7

1 ,
Vertically integrating, so that Ve j ,OSVC) &= XVJE represents the total meri-
(] o

dional mass flux through a column, two well-known results are recovered: if
\;\\/(G) = W(:L) = 0 , then V¥ is a barotropic Rossby waveAin A , with phase speed
¢ = U~ &, which independent of any and all heating 4 within the atmosphere.
Since these represent solutions for W which are not unstable, any instabilities
introduced through feedbacks in ﬁ: must grow antisymmetrically with height (so that
the mass-weighted vertical average is stable). Second, for steady forcing by
topography with q, = 0O, the above equations show that the response will be in phase
with the orography in the frictionless case (since the eigenvalues of the operator
2> are A* and are all real), likewise, even in the presence of surface friction,
there will be no phase shift with height.

A general stability theorem is readily obtained. Taking Eq.(6), multiply-
ing by @ , taking the real part, multiplying by the complex conjugate of Y, (Y*)
and integrating in the vertical (by parts where necessary), gives *

R [ps || de = -Re (Awn @2~ Rel [Wnp %00 d2)

Defining the growth rate 7\ by >\=_ﬁctwh§'re ¢! 1is the imaginary component of the
phase speed, and noting that f & |f “¥,|"deis proportional té the total zonal per-
turbation kinetic energy in a column (in wave number space), the above becomes

AKn= Re [(AWn TN, 1+ Red S W po £ Trday . . an
A similar procedure applied to (7) gives
aa‘z = -—IRe{f,o;'\/\];‘\l %“LII:J%} + Re { {JDSQ“-%EQ: 0‘"0)2-} .

. . C) 5
Noting that —ad;;'@;.. is the zonal perturbation temperature, cS‘\I (s Ij?*?;,l AE-
defines the available potential energy in a 'column' of wavenumber space, A,. So

N A Faf§ AW 55 T de}s Reforfa@n ik Tdz ) . an
Combining (11) and (12) gives

R(:z\mﬁn)=Ra{(@mxyg‘)im}ﬂRe {@"f/%an; 'Lk'*dz} C L e(13)

&"ﬁcifﬁ,)%
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The lower boundary condition WV \‘,a ﬁ‘?? \ + (A U L, implies
A+ K“\=-ﬁ‘}'(esl‘lfhf)]mmu(ﬁﬁe{ "HY| o e Sp,Qn;"-,Qf,,*J-e} (14)

For unforced response of the system
A= -n‘;-(/ol'@'\ )]z-so 0 i.e

An"‘Kn

If , however, @, is a function of the variables@‘n ,T“ or W, (as will be con-
sidered) the solutions must be investigated individually.

. the system is unconditionally stable.

Analogous equations hold for the two-level model, except that now
I - 'Y - % A - . L
Koz B[R T3P\ nG[" amd Ao™p | T T
Application of the lower boundary condition has almost always been of the form
‘V\];= _ﬁ"%"‘?;+ LA U]—{_“where ‘ll/; is extrapolated using '\Ifj and TI_fa , 1.e. let

TP,,-.a."-P,-r(l-- a.)qJ'J - Straight linear extrapolation gives a = 1.5, although one
occasionally finds other values used. The unforced response is however not un-
conditionally stable as above. In fact

3o NFap[U-PTF () pRe (]

A+R.

If a = 1, one obtains the condition corresponding to that above. For other values,
as are almost invariably used, the possibility of spurious instabilities arises,

depending on the phase between ﬂ{ and *&f and on their relative amplitudes. This
problem will be investigated as 1t arlses subsequently.

VII. HEATING PROPORTIONAL TO THE VERTICAL VELOCITY AT SOME HEIGHT.

There are situations in which it is plausible to consider a component of the
diabatic heating to be dependent on large scale vertical uplift or subsidence.

Introduction of a diabatic heating proportional to the vertical velocity
everywhere corresponds to a modification of the gross static stability of the at-
mosphere, as can be seen from the thermodynamic Eq.(2), %%Eﬁlegg;*-a'Mf= %,
letting c) =Kw.

A more interesting situation arises if 1t is presumed that the heating is
.proportional to the vertical velocity of some height L, (which might correspond
to a gross 'lifting condensation level'). In particular, let q:t&;ﬂe)VVCL), and
take P(z)=1 , so that the heating is distributed uniformly in the vertical.
Substitution in the spectral equations (6)-(7) and elimination of ‘{fngives
J* d
W - 26 o Wo+ (£ -R) (Wi - K W, (L)) = 0 (15)
Letting u)=oWMh—}(1N; (L) gives a homogeneous equation in w
d* d o 16)
Hiw-2d L (Ei-Fw=0 (te
With a flat, frictionless lower boundary, WJV%(O]=0, In terms of w the boundary

conditions become W(0)=-Kwp (L)y w(l)=-KWy(L). But using the definition of
w , a)Q;ﬁ(a—KjVV'CL) so that the boundary conditions can be written
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w(0)= 755 w(L) w)= 25 w(L) 17y
Solutions to the DE for W are
we egz(c, coshol® + Casinh z)
(18)
where <= 8% A= -uﬁ_—c }

Note that ¢ is complex, hence so is e¢™, and W) involves both circular and hyper-
bolic trig functions. From the above one writes expressions for w(o),w(\_), and
w (J.), which when substituted into the boundary conditions give two homogeneous
equations in ¢, and ¢, . For non-trivial solutions the determinant must vanish,
which yields:

ELEDN

—eSsinhec + R—ﬁ?egl’simh Lt %e smhoc(-L)=0 - (19)

This transcendental equation determines o¢ , from which the real and imaginary parts
of ¢ are obtained: /g(ﬁ‘+§"+ x{_u;—)
= lL- = > \a E3
| (R ™6 % ot{-ote JaHott ool
o= % A
(7% 6 ocf —oc¥ ) och o

Cy

For a growing or decaying mode, o<y and oC{ must both be nonzero, Conversely, any
mode with either=(i{=0or o> 0 is an oscillatory solution.

Consider the case L = §. The above transcendental equation in ol (Eq.19)
simplifies to 5 by :
y 2 S ' .
sinh % [ e’ —2e¥emh £]-0 (309

There are two classes of solution:

1) sinh & = 0 which has solutions o= 0,=X1=2jTwhere J is any integer.
If j = 0 then «= 0 and the general solution for w(®&) used previously is no longer

valid. Now w:ggz(a, +¢,2) . It can be shown that this corresponds to an os-

. !
cillatory mode if R’f»_o-’ —(Jlnh é‘) ; for other values of K , & and 3 , =0
does not correspond to a mode of the system. When j #0, there are simple oscilla-
tory solutions

Y Y i
2) -QQJ/" eosh S + & (]+€7)=0 which can be expressed as the coupled
real equations . )
cosh S* eon 55 = K tosh %h_-

Cr".u"

, : ¢ N ol .
sinh 5= sin L —-}0.
K=>0

One set of solution is o =27 jzeven
"

oLy = Xareeosh( Kz vh <




- 08 -

and °{,=aj'n‘ J=odd

P =<0,
oLy =2 arccosh (-— ‘E{%_—cu% —,7) ’

While another set is

o = 0

i = 2 uvccos (g ersh £)

Hence if /EEF\W“g {1 , only the 'arccos' solution exists, oCY=O , and all

solutions are strictly oscillatory. If, however, !r_"y' cosh-é;_ > 1 , only the
'arccosh' solutions exist, and there will be one growing and one decaying mode for
each j. For K >0, ! K‘fb,'cgdq —Qg_ > 1 , so all solutions (for all wavenumbers)
are unstable.

The intuitively analogous model in the two-level case is that where Q;_-‘ K'Wz\,
since Wy 1is defined as W at 2 =% . This however corresponds only to a modifi-
cation of the static stability, so there are only stable modes, the opposite
result from the above. This suggests caution be used in making analogies corres-
ponding to particular heights: @, and W, behave more like first modes in the
vertical structure, rather than like @ and W at z= %°*

VIII. HEAT TRANSFER AT THE LOWER BOUNDARY

Observations indicate that the largest component of the asymmetric diabatic
heating in midlatitudes is the combination of sensible plus latent heat flux
through the boundary layer. Several studies have used the simplest possible para-
meterization of the convergence of this flux, namely ¢ = —K E‘T(O) —Ta] P (=) where
T(0) is the air temperature at z = 0 and Tg is the temperature of the ground or
sea below; P(=) is the vertical profile ofs the heat flux convergence, and K is
a 'Newtonian convection' coefficient. \

Realistically, K is strongly dependent on the nature of the underlying
surface and should be a function of the horizontal coordinates, and it should also
depend on some stability criterion such as the surface static stability, a bound-
ary-layer Richardson Number, or more simply on (T°(o) - 'Ts) itself.

For the present, however, K will be taken to be a positive constant, and
P(z)=1. It is also presumed that Tﬂ can be taken as externally prescribed.

Denote the transform of T:g as Ta (as in section IV) so that

Qo= -k [% T, - T,q]. (21)

In the absence of topography or friction, the lower boundary condition be-
comes LA (U'C)T\n (0)=-KT, (0) for the stability problem. Taking real and ima-
ginary parts of ¢ , fie; = -K, so that all modes are stable (K >O).,

For the more general case, procede as follows: Elimination of W, from (6)-
(7), and substitution of the expression for &, gives a potential vorticity equa-
tion
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whose solutions are

G (- eBtle e 0 e i [ 0]

>z 5% o (A= fr),

(23)
where

Application of the boundary conditions L7 (U=0) {%%’ (1)] = -K [%(O)]
and [K - iR (U-cﬂ[%%r“—KO)j +n*eF Y, (o) = O, give after some manipula-

tions the requirement that
~LA (> 5“)([)-@3 [K+ LP (U-»c)] e;s'm\'\ <+ LR OT {Gﬁ’(U‘C) [/3—?71(!)-—65] eg +

(20 eonho + 285inh )= 20 0L A K[A (U-¢)-/] -2 RS K(é:oc‘)(u-C)egs}hh o} =0 (24)

for non-trivial solution. This is a complex, irrational transcendental equation
in ¢ (recall &X =f(e)). For the frictionless case, one gets the oscillatory solu-.
tions implied by $inh o¢ =0 (internal Rossby modes) and that implied by o¢*= % (on
external Rossby mode), as well as the result € = u-i -ﬁr which gives the decaying
(stable) solution Wel=-K. For °T# €, attempts were made to obtain solutions
numerically, but I was unable to (within the time and expense constraints of the
summer program). : '

Some information concerning the forced response with Tg prescribed can be
obtained directly from the lower boundary condition in the frictionless case. Sub-
stitution of @y,= -K[T\ (0)-Tg) P@into the boundary condition (9) gives

u ad;( T, (0) # kPO)TA(0) = K P(0) Ty
which, presuming Ta is real (phase shift of O relative to the origin), gives

, s
7]

and for the phase shift relative to 'lg-
' ny N,
¢ = avelan (15s5)

Since K, P(O), UL ., A >0 , 4> is small for long waves (V7 small), and increases
towards -%E’for short waves (compare with Fig.3).

The solutions forced by a prescribed Tj s, in the presence of friction, are
now considered. - Instead of (22) there is

=25 s (4P, =25 5y [ GB@-Ty] (25)

with solutions

g! -~ - B
U= €76, €% €€ %)+ 258 ity [ 52 (0)-Tg)

implying
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Application of the boundary conditions

(K-\-L’ﬁu)%%‘“ (0) *ﬁ?ﬁ“g’; () =KT3 and
i 53y« 3% (o) = 7,

give the following system for &, and ¢,
) (. s ¢ ; (3 [ — J'
v FUIG)-on F i O] (reimuipd-on e e AEEDT R kien T 20T,

Q;M)(zﬁué* %00 (S-w)(im Ue %K) ¢l (KTy .

The forced response for Tg=1, K= % ,F =% and the other parameters as in
section II, is shown in Fig.3, for n = 1,2,3,5,7. The left-hand figure shows the
'ridges' (solid lines) and 'troughs' (dotted lines) of ¥, T and W as a function
of height. The right-hand figures are amplitudes as functions of height. In the
frictionless case there is a resonance at ¥ = vcgr. Even in the frictional case,
there is a finite 'quasi-resonance' at this point. For the given parameters, n = 4
is the resonant wavenumber. The shifts in phase associated with passing through
n = 4 are evident in the figure.

Suppose the underlying surface maintains some temperature distribution, but
has topographic variations. The topography induces a zonal perturbation in the
vorticity,and a temperature perturbation must accompany it to keep the flow geo-
strophic. The distribution of surface air temperature (T'(0)) will interact with
the ground distribution (7F,) introducing a heating. The forced flow pattern that
results will now be considered.

Figure 4 shows the response of the model equations to topography alone, with
no feedback heating effect (3-[,=1,K=0). At low wavenumbers the response of V¥ is
nearly 180° out of phase with the topographic height, and as the wavenumber in-
creases, friction becomes increasingly important and the phases change. There are
of course no phase changes with height. The quasiresonance phenomena is apparent
at n = 3 and 5. W (0) increases with increasing wavenumber, while the amplitudes
of ¥ and T go to 0 as n— 0.

The next figure (5) shows the same situation, but with K==% and da =0 . The
phase changes of T with height are noticeable at all wavenumbers, whereds the am-
plitude characteristics of ¥, T and W are all similar to the previous case. Ad-
dition of the diabatic heating feedback introduces little change in the phase of ¥
and "W, relative to M, , and for large n (friction becoming important) the overall
response is quite similar.
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Fig.3
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IX. NEWTONIAN COOLING TO EQUILIBRIUM

Suppose there is some equilibrium temperature, Te, towards which the atmos-
phere tends, in the sense that at each point there is diabatic cooling proportional
to how much warmer than Tg the fluid is at that point. This process, known as
'Newtonian Cooling' can be expressed as

%=—Kfﬂﬂ“&@ﬂ,

and will be the next heating form considered. In the above formula, Te, which is
of course, a function of XA , can also have height dependence. In the following
discussion, however, Te = constant in 2 , so that

Op=-%[To@ Te] (26)

The stability of steady-state solutions follows immediately from the inte-
gral constraint equation (14), which takes the form

(%
o o A% )~ 4 A4 de
A\h+ Rn

From the above it is evident that for frictionless motion, Newtonian cooling (K>0)
corresponds to a decaying mode, hence the steady state solution is stable. It also
seems evident that some solutions with K< O might also be stable in the presence
of friction.

More information about the modes of the frictionless problem is now obtained.
Differentiation of the vorticity equation (6) with respect to & gives an equation

. d W Wo . o
in T; J=+ , and “da . Expressions for the latter two W, derivatives gotten

>
by differentiation of the thermocynamic equation. Since %E%l and %&gg}, but not

anow appear, Te , which is constant in # , will enter only the boundary condi-
tions. Hence:
2

da*

whose solution is

_.c d - /9,ﬂ$(U—c)
To-234. Tt olf i

T,=0 (27)

T.= 52 (cemwho2 v ¢, simhoce) when Mow
s S o pim A-RW-E) (28)
LAWU-O+ K

The upper and lower boundary conditions require that "W, vanish, so

[(A(U-c)r K] Ta() = kTe
[tk (v-e)» K] Tw (0) = Te.

To obtain the modes of the systems, set Tec 0 ; the determinant of result-
ing homogeneous equations (as before) must vanish for nontrivial solutions. Two
possibilities arise: 1) i%i (U~-¢)+ k= O , for which the growth rate is A=-K. This
agrees with the integral result that Newtonian cooling (K $0) corresponds to a sta-
ble mode. 2) simhe¢ = O, In the previous cases, this mode corresponded to oscil-
latory solutions exclusively which were independent of any feedback. In this
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problem, however, K appears in oC and the modes implied by vach<;o must be in-
vestigated anew. As before, the solutions are

Re {x} =0 '
Tw (]} =), J = any L‘n‘l‘gqev#-'o'

Solving for & gives

% . { Y |
Crlm L ik ST
N2t J”ﬂ‘ A ?\1_‘,51_{_‘,17‘;
2 Lt B B L2 e
The growth rate is A= '7??$§f%%T%F;K‘ Since d +j N > 1 for all j,

the mode of 1) above is the most unstable.

Newtonian cooling will now be considered for the two-level model. Its form
is gg :=—~K(‘r ~Tz) . Friction will be included, and as the two-level 'integral'
constraint 1mp11ed the stability may depend on the extrapolation scheme used for
obtaining the surface vorticity (i.e. for obtaining TP' ). The system becomes

A= r (0=, = -
(A [p-m2(U-e)] Ty = 220 + 2 g° F Y,
o[k = 1A WU=-¢) )08~ )
Let J,=rY,+s ¥,

For nontrivial solutions, the above system requires

A =2
2 [2FZ(4g-+TY) pHE 7 ] _
) ﬁ(n‘a:;g&w_})) *é’i + ﬁnw( z +F' (U-¢)

+[103' (v A )+ﬂwu( )] o

G +'+("‘*+L R CETIC>

[
I\
5

) Lk

(U-c

where it is presumed the extrapolation is linear (7+6§ =1). In the frictionless
case, the above gives

cru- o ? LK j(%*%)
ﬁ_'_q(& _Ee-_ n R q(-%—-)——::j—)
or ¢ = u-*é;- The two-layer model gives only the unstable mode corresponding to

j=11in thé continuous case. As was shown, this was not the most unstable mode,
so that the two-level model has underestimated the growth rate of the least stable
mode. (Note, however, that in the limit W-—=>0 , A=-K, which is the 'true' most
unstable mode.)

Now for the frictional case. In the limit M—0 , the effect of friction
goes to zero, and the growth rate

==K+0(M) ah N—0O-

In the short wave limit, the fastest growing mode goes to zero as Vi — <o,

The phase speeds were computed numerically for the case with no extrapola-
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tion (r = 1, s = 0) which is stable by integral constraints, and the case r = 1.5,
s = -0.5. For K >O , Newtonian cooling, all modes in both cases where stable

for all wavenumber. Figure 6 shows the growth rate versus wavenumber for K=-=0,2
and K= - 04 (Newtonian heating) in the nonextrapolated case (solid line) and
extrapolated (dotted line). The longwave limitA—y-K as i— 0 is evident. While
the extrapolation introduced no 'error' into the basic stability, the growth rates
do differ, and there is a suggestion that friction is stabilizing at A ~ 1.5 . Any
effects due to extrapolation should be more evident in a model with a baroclinic
zonal state.

The forced response to a prescribed'T}a is shown in Fig.7. The computations
and display are exactly analogous to those for the response to prescribed TES shown
in Fig.3.

X. CONCLUSIONS

The inclusion of simple dynamic feedback effects in a zonally asymmetric
model does not appreciably alter the general response characteristics of the model
atmosphere. In general, processes that introduced some form of negative feedback
are stable; positive feedback is destabilizing.

Additionally, the two-level model should be approached cautiously for study-
ing the types of parameterizations considered herein. The association of a quan-
tity at some level should not be taken too literally.

r=15 s=-05
-———= r=10 s=00

1.6

Fig.6
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Further investigations might consider a variety of refinements. For one,
better dynamics: inclusion of a baroclinic zonal state, meridional variations,
stratospheric coupling, interaction with a symmetric regime model, and abondonment
of the # -plane (i.e. scale L~~a rather than L/a = 0(Ry)). Second, improved para-
meterizations: use of a horizontally inhomogeneous k reflecting the different ther-
modynamic properties of land and ocean, treatment of the transient eddy convergences
(stochastic properties of weather systems) and their interaction with the diabatic
heating processes, and inclusion of a water-vapor cycle, for instance. Third are
miscellaneous considerations: what are the nonlinear effects, how can the finite
amplitude effects of orography be included, and how important are the vertical
distributions of the diabatic heating processes?
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GEOSTROPHIC BAROCLINIC INSTABILITY IN A FLUID WITH THREE LAYERS
Michael H. Davey

Many analytical models have been developed to study the phenomenon of baro-
clinic instability, and to investigate the effects on it of conditions such as
dissipation, varying bottom topography and the 3 -effect. The models that are
able to resolve the structure of the unstable waves analytically require the use
of either linear vertical profiles of velocity and static stability (Eady (1969)),
or a two-layer system (Phillips (1954)). The aim of the three-layer system pre-
sented here is to look at the effect of allowing curvature in the vertical velo-
city profile. To simplify the necessary algebra, and to isolate the curvature
effect, a simple basic state is chosen, with no dissipation and no /3—effect,

First the governing equations are established, then the linear stability
analysis and its finite-amplitude extension are described. Finally, the linear
stability of a special case with an infinitely deep bottom layer is studied.

Description of the model

The basic system is shown in diagram 1. The layers are stably stratified
and immiscible, and have equal depth H in the absence of relative motion. Each
layer has constant density, ahd the density differences A4 -4 , and /03-f%. are
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Diagram 1. The basic three-layer system.

both equal to &, with Lp << P, there are vertical sidewalls at y = 0, L, and
the system is unbounded in x . The basic state has constant velocities (Ul, O 0).
(i =1,2,3). For geostrophic and hydrostatic balance, the following interface dlS—
placements are required, in the basic state.

- E (4- )

z‘ Al"ﬂ (/9 —/% -‘-)(7 -%-')
e shy (A% AU (4 L)

f is the coriolis parameter, taken as constant. The Rossby number & = f"— << 1,

where U is the basic Veiocity scale. The internal rotational Froude number
1 -

F= ;%< 1is chosen to be 0(1), so the length scale L is comparable to the
(Y "2 n
radius %f deformation. L under these condltlons, i and —ﬁ%—are 0(&), and Yh is
!
: 0/AF
turbations to the basic state which have 0(L;) length scale will be geostrophic.

negligibly small. The Richardson number R; = >»1 is prescribed, so per-

The potential vorticity in each layer is

3'=_Ili.£—= —llr(f')’zr‘\’ 6-.1:'—)‘{' O <&ﬂ-%_>

H~Na ,
= b s S (prre 4 B0 ()
Bt e w S0 ()

}[ is the vertical vorticity component. In the absence of dissipation, potential
vorticity is conserved in each layer
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D3t _p
Dt
it is convenient to use
Ybs M
9874

where f} reduced pressure

hydrostatic pressure - pressure in absence of relative motion.

The variables are then nondimensionalized as follows: (* denotes a dimensional
quantity)

(6 4) = LGy
(W) = U(wv)

\

"
¢ - %?t- (advective time scale)
B 5*}%L)L_f (geostrophic balance)

L

The governing equations are
2-[J+F(E-R)]=0 ()
£ [5,+F(R+B-2R]]-0 by M
2 [3+F(R-R)] =0 e)
I’f Vzﬁ- since the F; are streamfunctions for the horizontal velocity in the
respective layers.
The boundary conditions to be used with these equations are
Fex = Vi =0 ot y=0,1 (2)
(2)

and %

e fhg o ab yenr @

The latter condition is obtained by integrating
E(ug+uug+rvuy) -+ R =0

on the sidewalls (Phillips, (1956)).

Linear Stability Analysis

The stability of the system to small perturbations is investigated by sub-
stituting
R=-Uytdy (3)

into (1), and neglecting terms quadratic in ¢L . This gives

(Fr e v [0 F (b 4] + 4 F (U U5y = 0 @
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(Z+ Uy [72d + F(- 20+ 4,)] - b, F(U- 20Ut U) =0 (o) (4y

(2 Us 270, P4, 3)]-¢31F(p%-u3)=o (¢)

For later reference, the linear operators are denoted Ly, Ly and Lz respectively,
(i.e. Eqs.(4) (a),(b),(c) are L; (®,+%,) =0, Lz(tils‘,g,cbj = 0, and

Lz (¢ ¢ = 0). The shear U; - Up between the upper layers is denoted S1, and
51mllar1y 52 Uy - Uz.

Wave solutions satisfying the boundary conditions are
be Rarre " i may
¢='R.q.b’ Ae ik(x-ct)dm Mt Y
¢_; Re %, ¥, Ae L4\<x—cf) iy

A, c, Xleuuizgnwy be complex. ¢, &, and U; are determined from (4), which leads to

~a)[ %= G +pd]es, =0 (e

~a (¥, Vit 1= 4 (2400 =%, (5,-5,) = 0 (k) (5)

~(@+5) Y ¥a B (14 a0} ¥, % S, = 0 (e)
where o= 0-U, and M= I’L"T;*R—' . A cubic equation for &

is found by eliminating & and A
24 Po*+Qa +R =0 (O

where

Pe — (5,8 )+ Hu +2)
= 142 (B +L0)

Q= (8,-8.F (1) - 5,83 (WP + 2-2)
Qtp) B+ a)

525058
(ltpa) (3 + )

The coefficients of (6) are real, so there will be an exponentially growing wave
and an exponentially decaying wave if (b) has complex roots. The criterion for
complex roots is

g+t >0 M

where ¢ = (—9 and Y= —Q— ——-—&- (—;—)3 If g*+Y"Z O , then all three
roots are real and the correspondlng waves are neutral. (Note that there is always
at least one neutral solution.) If ?) + r* =0 , then there is a double root and

the system is marginally stable.




- 112 -

To examine the effects of varying the curvature $,-5, , it was decided to
parameterize the basic state by the curvature and the net shear 3, +5 . Only
(s5,-5) and (5, +5,)* appear in (7), and putting /s, ~%.] = AN |s,+5,) leads
to an equation involving just A and a4 . The structure of the marginal stability
curve can then be expressed as two diagrams.
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Diagram Z shows the marginal stability curve with S; + Sy fixed and S; < S, and M
varying, and Diagram 3 has S; - S; fixed with S - S and g4 varying. Four points
on these diagrams were found as special simple cases.

(1) Sl + S5 = 0 leads to /- crit = 2J72 for all Sy - Sy

(ii) ’Sl + 82’ = 'Sl - 55 l gives a cubic equation for AAcrit, with
one positive root M .pit = 1-709.

(iii) 83 - S3 = 0 leads to Mcrit =V 3 - 1 for all S + Sj.

(iv) |s; - 83| =3 |sp + Sz | leads to phcpig = 2.

The diagrams show that the system is unstable to conditions with sufficiently
small M4 . The velocity profile with the smallest idcrit is the one with zero

curvature. The addition of any curvature increases M crit, SO curvature has a

destabilizing effect compared to zero curvature. The unexpected feature of the
diagrams is the appearance of two branches. At present, it has not been deter-
mined whether the two branches coalesce or not.

Diagram 3 shows that the effect of curvature on stability is different on
the two branches. For small curvature, on the lower branch with M £ 2, A pi¢
increases as S; - Sp increases; but for large S; - Sy, on the upper branch, U rit
decreases with increasing curvature. It is interesting to note that the peak in
Diagram 3 occurs when Uit = 2 (case (iv) above), which is the critical value

for instability if enly two of the three layers were present.

The result for zero curvature (case (iii) can be compared with the stabil-
ity criteria for the equivalent two=layer and continuous (linear density and velo-
city profile) systems. Consider a continuous system with total depth Hy and den-
sity difference 4, between the top and bottom surfaces. The system is marginally

2 %%
stable for‘/xe=-%§ = 5.76, where F, = _4%,* and X% = k% + m?9f2. One possible
[-3 °
two-level representation of this is a model with two layers of depth~ﬁ3 and density

3 LY 2
difference A—z& . In this case, M, crit = _FK:'+ 2 where F, = 3 £ =i F.

2
The three-layer model has layers of depthf§~ and density differeﬁgzs -{?i . It
LT 3

has been found that At . .i¢ = FL =J3 + 1, where K= ﬁﬁﬁ—&;—-: % F,. Hence
S

. . e K* 30 3
the two-layer approximation has critical -l 8, and the three-layer model has
% °

critical ﬁ = 6.6. Thus, as one would expect, the three-layer system gives a
[4

better representation.

Finite-Amplitude Analysis

The dynamics of a disturbance in a two-layer system which is barely unstable
(and hence is growing on a time scale much less than the advective time scale) has
been extensively studied by Pedlosky (1970, 1971). The same type of analysis can
be applied to the three-layer fluid; the present situation with no dissipation or
/3 -effect is the simplest. The development of one growing mode is followed.
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Given K% and F = Fc + & . (Where K2/F. = .. and | &) << F. , the growth rate
< crit ¢

is O(JA\‘) . (The situation is comparable to that in the two-layer system - in-
creasing F from R. causes two neutrﬁl modes to change to one growing and one decay-
ing mode.) A new time scale T=lAl%t is introduced, and the disturbance ¢ (xy,t,T)

is expanded as Vs 1 G
&, = o)’ dDhO+ \ &l ¢“m+— RN
The vorticity equations are written
2 ks .
(% + U,‘é; +8) %)[7 &, + <Fc*‘&(¢n‘ d},\] *
rb (R8s +T[8,970 3 (F.+2)(¢,-9)) = 0

(Zeru e+ 52 ) [T+ (R +0)(4,-20,+ &) )

(@)

>y (8)
-4 (RO T[4, Vbt (R D) O+ 2,0 = 0
(2 2rial® 20,0 (Rr )4 - 6]
(e)

-6 54T [, by + (F+ A)(8,~8,) ] = 0

J is the Jacobian operator; J ({“ f:.) = 'r/,? %"d -%“ﬂ /Yf"x .

The terms in the above equations represent potential vorticity (p.v.) change
due to advection of perturbation p.v. by the basic flow, advection of basic p.v. by
the perturbation, growth of perturbation amplitudes, and self-interaction of the
perturbations.

To O(lﬂlyz) (8) gives
O]
e (cP:» ¢’L >= o
\ ) d
La¢(¢|“: ep:,)) qgé ) =0
L;L( L;i 2 ¢3(‘)3 '.:O

where the Ljc are the linear operators Lj defined previously, with F = Fg. As be-
fore, these equations have wave solutions

f L -cbt)
d>,m - Re AMEX e

m

qb;-_l) = XQ_ d) [7
1 1)
d)z() = 71 73 dplc

Am maiy

where ¢, U, and ¥, are real and are the solutions of the linear problem with
MzMcrit - The o(1nl)problem gives
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Lea(8502) =~ 2o 40 £ (65 67)] -7 [47 0200+ (6001
L%L[¢ (I (ﬁ)’@ a_r[v"d;(" r.; U) (:) mj T[¢(V a¢(s) "7: 4)0) 4)0) Q(bl:a))J
Lae(#.98)=- 2[4 L (40-9%)7 7[35. 704 - R (67 -67)]

The Jacobian terms are all zero because there are no phase shifts between layers to
O(}A\%) The aa—_,- [ . » + 1 inhomogeneities lead to particular solutions of the

form ‘e (xme b)
. 12 »
45 = Reﬁ (T) winmTy.
(»)
The amplitudes A must satisfy the matrix equation
i 7 (a) N [ ]
- R - 5’
4 ! o} A ey
—(%+ - & = d Xa(s 52)
| ~(%+ Xz) | AL S :zé o
0 — -t ™ %L %S,
| ¥ As (a+s,)*

(note that ¢ - Uy, ¢ - Uy and ¢ - Uz must be non-zero, If one of these is zero
(e.g. S1 = SZ=;" c = % then a separate analysis is required). The determinant
of the matrix is zero, so the condition for a solution is

_ ¥a6cs) | (4 %) S ] o
cLT CO.-S y* a* (a+5,)*
from the linear results. (Equations (5))
It is found that, when /u = Mot s
%
S _ X3(5-5) _ (%) S, _ o )
(a~SP* a> (o+ 53)”

Hence solutions can be found, with i—ﬁ- not necessarily zero,

. . 2y,
The quantities A determine the phase shifts between the layers. pf,_ is
arbitrarily set to zero, so the structure of the phase shifts is in the top and

bottom layers.

= _ \ | s ol
AL = - 72 o o G
AY = L (LS, A

Homogeneous solutions @ (g T) must also be included in d?fq') . To determine the
®: and A(T) the O(IAI%) analysis is needed. From (8)
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NS 2 2) L ca \ ’
LR - St G Daet)-
A G R A TR AC R YY)
L,c(df%‘i’,cb?{)- 2y ¢(°+E(¢“>2d>“’+d>"°ﬂ AZru ) (00-260s 08 +

iyl T[60 PO (07244 4 T LR (et 209469
:C(QM&”) "‘—Y‘V d)w FQ@(&) (-)J (T"‘Uaax\)@m >+

) () &) U-) L W
+T'<PO 5, T[40, 74 R 62-03)-7 OV (69-6% )]
The Jacobians contain some inhomogeneities which are independent of X and £, e.g

] k "k (x-et)
Re T.\'[Ae'“x-c )Oim muy, A,metk(x ‘L'/Jm m'ﬁgj

=~mt7ﬁmmqﬂmmn\izih(AA?-A,‘ £)
.._:lI T 5 GHA‘%
G2y s TS AT
(* denotes complex conjugate)
All the inhomogeneities independent of x and E must vanish, because the Lj. are

operators@ involving X and & only. This requirement gives differential ’equations
for the @ . '

P} Een s dia
(8, E (B8] = ERT dimavmy . S Al

»T [émﬁ*l:@ 7-@:.*5\]“F° ”“""”Qmﬂt‘f x>@a—fﬁ_ d.T
sy oo R wm R ARS >
2 [BoyyrE (- 5,1) - einamiy oS ddAT

Solutions which satisfy the boundary conditions (2) are
Mmf:) QI‘M& 5;‘ ! \5)

§ = 5 (D6 2oty (0,-D) JF covh F ¥ T D, J3F ek ]

-X\)

&,z of [D om 2Ty -2y DQ\[—FM@J

sim VB (g=h Aw_lg
Y [pa,qum-rg (D ~.D)J? wq()n’/l: +yn T Dy GF J
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where SR = (A(T)- 1A@I*)

D& ED _ Fmm | 5
B (T R e R Gt

D, = LT By (55
T W (Emi 3B a®
Dy = -_Fbs Fma | (1) Sa

(¢m«g¢+:=)+ " Gmrgyr) (atsps

Note that + ?1'? 53 O. The ff give the O(IAI) corrections to the basic
flow 1nduced by the nonlinear 1nteractlons

=—-§%

The curvature adjustment is

510507 (55,57 AL - fmneny )

This means that where the wave amplltude is largest | curvature) is decreased if
dA*>0. This is a stabilizing effect for small curvature, but a destabilizing
effect for large curvature.

The correction to the net shear is

@ LA)S T P coohJF (4-%)
5 5;=Un U= 8a" [a—s, (CQ:S.):} 2(1/:‘:(“9(%2"‘“5 wih OF )

when the wavelike inhomogeneltles ar?>wr1tten as a Fourier series in 4im rnTTﬁ
X=et) |
Terms of the form Re My Lhe Aunsnn1g appear Tbe linear operators give
'R (x-c b
the usual homogeneous solutions ¢{3 Re Ar¥e" 2B st M Y.
To prevent secular terms appearing (which would make the time scaling invalid),
the equation

r | ) @ C oo
Xﬁi <] 0 (1 A ﬁgﬁajg\
(2 .
e R L I R
4 -1 > 1 3 E (a+$,)

must have a solution., This requires
M M,_b’z XX =
o 4 Df s BRA 0
An amplitude equation is thus found.

Ah 2 R7A -KNA (A=A @17 (10)
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& > S . P et
where o' -é— -EAF-(H-)',‘“-!-(Z‘Y,\W [(ms-'-.s.» + (L) Ss J

(a+5)?
) * . RN
and N r -—0.3'07- . ’]_ ! . Fm*r* o_S,S,_)( | ‘__( D/_°73,1 v,'.
A T \5 A 2 'y - - -
\—(Q?S. * (Z;.:).S;) J e Tr) S' e e e s,‘ e

o aFmtat [ S (%35 \ (0 J‘E‘lzunh@' +
F i e (?i?éﬁ“** <a+s,>a) (—4 Ymie+F

2P zﬂ(s.—s‘)‘( L\'_ _ ﬁﬂM@)}

YT 3F a4 denbmt + F

0 is the growth rate on the time scale T which follows from linear theory.
Equation (10) has the same form as one given by Pedlosky (1970) for two layers, and
its properties are discussed in detail in that paper. If N > 0, then nonlinear
effects limit the amplitude growth. If N<& 0 however, the growth is limited by

i
higher-order interactions. Since :L—- - M‘h——"?——)O (X=F o1 3F)

Mt
| ' s
. and . ‘O'Zi-‘ - \O . th N i . . . asg X
[{QSZ . LVLX.!)s Se >y en 1s certalnly p051tlve if js‘_ 2 > Oo

=5¥ T a5,

The sign of -%f?;%: can be found from the cubic equation for @ , by using Descartes
rule.

Two particular cases are used to illustrate these results, for marginal
stability points on each branch of Diagram 3.

and Sp = 0. (Point A on Diagram 3).0One finds from

First conéider S =1
=17, Gopyp = 446, %= .85 and Y %= .31

the linear theory A.,it s

For a square wave;(WE?Yanr =2§r) the basic flow changes at y = % are

Uf})= - 5.1 §A*
U(:) = Y.l SA™
ue = 1.0 SA7
The curvature decreases and the net shear decreases. For S, = 0, N > 0 so the net

effect of the interactions is to limit the wave growth. Note that a shear between
the bottom two layers has been induced. ‘

The second case is S; = 3 and Sy = -2. (Point B on Diagram 3.) 1In this

S
case @55 < 0 so N may be negative. One finds Ucpjt = 3 #1y. Qgpie = 1.3,

§-Sa
Z; =2 .3 and 3; = .83. The mid-channel basic velocity changes for a square
wave give :

5. 58 2 —31 SA”
3‘(‘)4_ SC:J = I.S_ JAQ‘

The evaluation of N yields N = 1.2, so this case also has finite-amplitude
stability. '
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In this finite-amplitude analysis, the possible presence of a neutral mode
was ignored. If the neutral mode is included, it is seen that its chance via inter-
actions is very slow compared to the growing mode.

Infinite Depth Bottom Layer
Consider a system with two layers of equal depth H and an infinitely deep
third layer, Lo-f = Dp, and Ly - L, = AL, , and £, may be different

from A/Qz. The lower shear SZ:is zero. (A more general system is easy to esta-
blish, but this special case gives simple algabraic solutions.) Under these con-
ditions, the vorticity equations are

L [vo+F(d,-d)+ Fsyl=0

Z [V R0 F(0-4)-Fsiyl=0

D p*p, =0
vadﬁa

where . .
S Fo. _tL

YN T AR
g H g S5+ H
The linearized equations have solutions of the usual form

i -ct ]
qb,gReAe h(x Umm\wa

Lk (x-et)
0, = Re g0 T pim iy

b,=Re 5.9, Ae " 4 rnrry

It is found that ¢3 =0 or C=VU,;. Hence the interesting unstable modes have

¢3= O . The resulting quadratic equation for a =C-Uz is
ot [(;,u + r)(,u-i—:)er,u] - 5,0 (/Mr-rz) * 3% =0
" 2%
where M = Rem™m gpg v 2 LR

F b P

This equation has complex roots if
/LL1+'/LLY-— $ < 0.

% —
The critical value for is l£3££:5'=-,ii i+ and the system is unstable for
2 crit
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M < /ucrLt The effect of varying the density differences can be seen. Intui-
tively one might expect M .pjt to decrease as T decreases, since the lower inter-

face tilts less as 43/%_15 increased. However, U2==U3 was specified so the lower

interface is always horizontal in the linear theory. . The stability criterion shows
that Mcrit actually increases as. ¥y~ decreases. In the limit r—> 0 , correspond-

ing to £»£3~ﬁ¢ao ’/jcrit’"’ 2 (the two-layer result). The other limit, 4»01—4 0
gives,ﬁjcrif — 0 + This limit models a two-layer system with infinitely deep lower

layer, and such a system is always stable.

Conclusions

The effect of curvature in the vertical velocity profile has been studied.
A linear stability analysis showed that curvature has a destabilizing influence,
and also revealed features that merit further study to find their physical signifi-
cance. From the analysis of finite-amplitude effects it was found that 'the basic
flow changes produced by nonlinear interactions reduced the magnitude of the curva-
ture. An equation for the amplitude of the unstable mode was derived, and in all
cases investigated nonlinear effects limited its growth.
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STOCHASTIC ANALOGIES TO DIFFUSIVE CLIMATE MODELS

Lawrence C. Kells

1. The Models

In recent years much attention has been given to Budyko-Sellers type
radiative-diffusive climate models involving the first few spectral modes (Budyko
1969, Sellers 1969). The prototypical equation is

¢ 2L +(Dy-DVHI)=H

where <1:(X ti> Q-kb<1’> is the radlatlon ensemble averaged over many realiza-
tions; M (xt) the solar heat source, C the climatic response time to solar
heating and D an empirical diffusion coefficient. (We ignore ice feedback and
atmospheric-ocean coupling.) The solution in Fourier components is

<;I > = 14500

K [+CwC+KD

This is found to give accurate results for low-order spectral approximations but
it is not improved when high-order modes are included. (North 1975). There is no
direct physical basis for assuming a diffusion process. This paper seeks to dis-
cover a mathematical analogy to determine the extent of validity of this approxi-
mation.

The model we will explore assumes advection by a random atmospheric
velocity:
C +Cv vi+1l= ¢}

A% (x,t) is a Gaussian zero-mean stationary, homogeneous field with auto-correla-
tion time and length scales typical of vertically-averaged large scale weather
patterns. (The mean zonal wind velocity is subtracted out.) If these scales are
much smaller than those of the source and response terms, then advective trans-
port of I by v is analogous to transport by molecular Brownian motion, leading to
diffusive behavior. The key question is, how small can the scales of I become
before v no longer behaves like diffusion?

2. The Basic Solution.!
We Fourier analyze Eq.(l):

(etwC)T, ¢ ijig-_\/é:ﬁ‘lew, dpdw, = H w

or
(l‘t‘wa)I&w"‘m})%mIpwi = H&w (2)
Thus I =S, (H“m _-T;)
where m&a = C{E . \_/\’\-’P— and s°= CI+LUJC)‘I’ (3)
w W) & on

The convolution in (2) precludes a closed-form solution. The task of this
paper is to expand the solution into a (divergent) power series and to sum suita-

1 This section is a summary of North (1976).




ble subsets of this series to approximate the solution and compare it to the solu-
tion of (1). (For background from the theory of ordinary turbulent diffusion see
Kraichnan 1970a, b.)

Iterating (3) gives

IS H-S 08 H+S, 0 S, 0 S H—. v v

From now on we will be interested only in ensemble averages, not individual realiza-
tions, so, using the fact that YY) has zero mean,

(TS H S S S HH 48 S S ) So B« -
We can develop a Feynman diagram notation as follows (Orszag 1974):

. <l>=—)(-j- {o—0) —x+— (o—0—0—0>

where - =S, .0 =m and ¥ = H . We also introduce (6b—0) = <™ -
By a standard property of Gaussian fields then

)R N N N e N

X'f‘to‘

<]_:>=—?H_' e VIPTRIP an NP xRV RS m Y —A R X o b .

Our purpose is to sum subsets of this series consisting of terms which factor into
2
the terms shown here (as _—«> ¢\ factors to (— &) ).

The first step is to find 5,5 £ for a twoOdimensional incompressible
flow. In longhand

‘5.2=g<m55‘ Ht!u),c ™m K 7 Cl ".S.'OL‘D:

k&
W Wa.

Oh;ﬂdwl

l+ie,C

= —-ngglﬁ‘ <\—/’(§-§>‘. \_/g\r%;>o Ka

where we have used the incompressibility condition (5"51)‘k%—k = 0.

wi-st)
We must examine the quantity(&{K Xth>. This must be an isotropic, incom-
& W

pressible, stationary homogeneous tensor. It can be shown from the properties of
3 . KK
Vv that the only possible form is VY Ry 5(!5-»5' ) §(w+w')(JL'J_ ﬁ%id_ where \/Y is
2 :
the root mean square fluctuating velocity. R, is the Fourier transform of
=
E (¢, t) which is an empirical estimate of the magnitude of Q[Z',ﬁ)\_{(?&ﬂg’)t-rt')),

Through Section 4 we will use only'E>Lj in the tensor part of ES , in order
to simplify the calculations, as did North. This will change the results by a
numerical factor which is inconsequential here. When we specify R, explicitly we
Kp K &*

will reinstate — -JZ;L in order to get the correct numerical results.

Thus




Wy ] _Z(g—g,\-g-i(w,w,)t o
K Sy buvrr [ (2 )e dede, O e

{(where BXﬂ is shorthand for B (2'3))
= - K:V: CJKEEO‘wwij“/O (
=- K> J ww Do (w).

_t(f.'wﬂc')d

This result permits us to sum the 'bubble subset"

EE(—-“f O\ g N N S N ._Lr‘,‘,\.) = ! )
2 : Koo I+l C+ K2 D, ()

a diffusion-like operator which is a function of @« . Now suppose

x
plat)=e"7 L Tllw+g|c< 1.
Do(w)-,v:C(-%—+uw+_é_> “v’\/:CT'

Thus if the autocorrelation time T is small enough, I%(g!)becomes the classical
Taylor diffusion coefficient D.

3. Ond Dimensional Compressible Flow.

Before proceeding further down this line we shall generalize this result -
first to those one-dimensional climate models, where the incompressibility assump-
tion would be too restrictive. So

S "'\/:Cmorm:_ 8o w"“ Ki Rk, K _--1-——&K da

tooth, * 1timw C
(where K, remains inside the integral) ‘ | J
KV C C)Kx,aww — kp-Llw-o, W
e (AL L §dndt 50
The X integral is - —g% Z¢=o+ L'k/o (ost) . If %‘% exists and is equal to zero

at x = 0 then this reduces to the incompressible result.

4. Spherical Geometry

Since most climate models are framed in spherical coordinates, it is
reassuring to know that analogous results can be found for a sphere. The coordi-
nates are (r, 6,‘?) however, we will use the surface of the sphere where ¥ = 1.

9 15 the colatitude and P the longitude. We will expand in spherical harmonics

(5 CP) Pe (me)e where L =0, 'W‘llé ’f , and P: is the associated Le-
gendre function. These functions have the following useful properties:

55\{ (r (’\)01_(‘)_?_5 2! &mm
%YHZ)YL“* 0 S

S
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N e A (D),

So expandlng I and H in Y‘Q, , Fourier transforming in L' , multiplying by
m%, . ~lwt
\(_D‘ (F)e and integrating yields

(14t C)Tagt C;—;,,M Vo (E I4 (VY (r)) (F)dw'e = Hep

TS Mgy, = CE VY, (B)= (9 EN YL (2)
where d ) =§im Bd O d P
and (again using the simplified, incompressible B)

5,2C'Vrd w3 |9 ($970G (2)Y,""(2) R o, (F-£):7 () YAG ) 9042 dw,

l+een G

= —2(l+)C Vi 02’1; c),,,m‘ aww‘_ 56:0(0, t>e—‘t‘CL‘w+ ‘&)dt

- |
and Z;" I+iewCaf (€+1) Do ()

From this result it seems reasonable that all computatlons in Cartesian coordinates
have their spherical analogues through replacing K* by €(£+)), and this assump-

tion is implicit as we return to the simpler rectangular coordinates for the re-
mainder of this paper.

S. Integral of a Gau551an Dlstrlbutlon
Let o (x,t)=e" EaR where ’TT ! and F LALE oy represent autocorrelation
h (Ko T
length and time scales. Then Eér. W;Z T. e 7 & (
and

s, =-V:C136 S 27, %e‘ ‘/4(»13%(@‘-0)0 o )Iﬂ'(étg'— %-'—)K ’ d 4 Juw,

Ko B, 7%

.. KK
su) - —‘—"-K&

14 iw, C

4% . T
o oy et “h (P (rw,) o) s dodpdy,
=K \/ < %k, G, N2 eioe peir* 6 Hiw, C

won
RE,“wun 3

=-’|‘\‘VMCJ g j e—‘t/ts (‘-W*’)f&f
: =gy (=) Ttz e Se—t%g-i(w-w,)i‘

(where we used €

At)

-
kS, O T e Ferfe & where AT (ruel).

(Note that keeping — —E— resulted in an extra factor of %). Expanding in A,
/ |
Do(w)= Vi C CET, (1= - Avg At - o L)
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If A is small then D, is relatively independent of W , in accord with the remarks
ending Section 2.
6. Fourth Order Contributions.

To include a larger subset of the series in our sum, we may compute the
fourth order contributions 3%1-"-@ andSq,ss.czS. and thus the series
consisting of all possible chains formed from these and Sp. We will find a re-
normalization Dy( ) to the k? term as well as a k% term JD;‘)(uJ) . The result
will look like

R NG 5
47 14+ Lw C+ K> (D, () =B, () - K4 D™ cw)

The fourth order graphs yield to the same method as the second order; the
manipulations are slightly trickier and considerably more tedious, but require
no new techniques. The results:

8= (K SE)EC swfa_@e“g e e[+ L) dt

KKy w
(-]

= (K% Jez)\/ o 3WT:%E [ﬁ_]—\E}A,*_ c4)

KKy

S

N I ™ f “lme™ ) exfeltraA)or

\/:! kuy wwvﬁ%(z JZ - ("‘"""—')A'P . o—.—)

Note that the entire renormalization to k2 comes from

On a scale where Dy(o) =
D > Ty
g C°> = (ﬁ‘\)\/r _»eT—
2 ) fo= N
K DC )=5 K VeTo (fnom Syo+ 5%3)

For diffusion to be valid the first requirement is that PAJ<?<1 so that
3} UHJ> is constant. That is, the autocorrelation time of j{ must be much shorter
than the time scales of the forcing function H and climatic response C. The

second requlrement is that ———>> V'T so that the k* form is small. Physically

this means that the spectral mode must have a much larger length scale than the
distance the r.m.s.-velocity wind would travel in one autocorrelation time. If
this fails then the diffusion equation must have added terms such as V/ <TY,

One might take interest as to whether the k2 remormalization is small,

Dy, £<D,. This requires\/<K féL but in fact there is no reason this should be
the case; it is much more plau51b1e that V@*‘J jé—; Thus D, is not a good ap-

proximation to D. (This is not as detrimental as it seems, because in practice
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is determined empirically to give the best fit, automatically including every
possible renormalization from graphs of all orders.) Note that the ratio ﬂ: is

determined solely by the given properties of ¥ , independent of K ,w and C

7. Geophysical Significance.

We now come to the place of inserting actual numbers into the equations.
Despite the simplifications and approximations, not the least of which is truncat-
ing the series at fourth-order graphs, we will obtain a result (using values)
chosen a priori) which corresponds in a satisfying way with observations.

We are primarily interested in meridional diffusion even in a two-dimen-
sional model. This is the basis for our choices:

VLT,
sy,
Ve

C = 30 days (standard value)

three days (period of typical Rossby wave)

1000 km (meridional extent of typical Rossby wave)

10 m sec~l (typical meridional wind speed)

W™ = 60 days (annual cycle)

This yields PQI— <!l , the first desirable result. Now the value of k chosen
should be the largest considered in the model, to get the largest contribution to
k4, In a two-mode model, the highest has a cycle correspondlng to the earth's

diameter; k-1 # 2000 km. In a four-mode model, k-1 = 1000 km. 1In the first case,
with Dp(0)scaled as unity, Dy(0) = 2.8, K’Di‘%@) = .53 and the crucial ratio
<)
KD =.30. This means that we satisfy the condition for a small % term,

D, - D.
but not by much. If we use K from the four-mode model, this ratio becomes 1.2 and
it is no longer possible to absorb the k4 term into the diffusion coefficient, which
is also observed to occur in practice.

It should be noted that this conclusion is highly speculative inasmuch as
the renormalization is larger than the original diffusion, thus causing D to change
sign. (Of course this does not imply that the stochastic model is equivalent to
backwards diffusion; it merely says that it is not useful for determining the size
of D.) One can howeyer conjecture that this order of magnitude estimate of the
ratio of the k4 to k¢ terms will stand up upon inclusion of contributions from
higher-order graphs, and indeed the entire series. (Our choices of numbers were
on the pessimisfic side already, and renormalizations involve more derivatives of

@ - which are larger in magnitude - than do higher powers of k.)

8. Further Research.

Besides the endless refinements which can be made in these calculations,
there are further topics which more time would make worthwhile investigating.
First would be an evaluation of the Direct Interaction Approximation for this equa-
tion. (See Kraichnan 1970a, b; Orszag (1974)). This would include every nested
bubble like S4 2 and possibly every contribution to k2. Still another approach
would be to add and subtract D ¥* I from Eq.(1) and expand the perturbation series
in D Y*IL+V+V T which would be a smaller parameter than”m , containing only the
departure from diffusion.
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Another interesting extension of the problem would be to evaluate
<1 (,t) L (x't')) , and thus the variance of the climate, by using similar methods
on the equation for I¢ as we used for I.
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SOME ASPECTS OF ROTATING WEIR FLOWS
Trevor J. McDougall

The behavior of a flow over a weir in a wide, rotating channel is examined
and criteria are developed for (i), stagnation on either of the walls, and (ii),
the height on the left wall going to zero (called !bottoming'). The conditions
are derived under which a flow which wets both walls upstream, may develop into a
bottomed flow downstream. These conditions imply that hottoming cannot occur be-
fore the crest of the weir, and noting this solubility constraint, together with
the principle of maximum discharge gives an extra relation between the flow varia-
bles. The nature of '"critical flow'" in a very narrow cHannel, and also over a
weir without boundaries is also discussed.

Flow over a Weir in a Wide Channel

Let us consider the flow of a fluid down a channel in which the floor rises
to form a broad-crested weir as shown in Fig.l. (The fluid comes from a reservoir
into the channel in some complicated way as shown in Fig.l. Farther down the
channel cu-position (B), where the cross-stream velocities are small, the motion
will be in geostrophic balance across the channel.) We will restrict our concern
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to the case where the channel width L is much larger than the upstream radius of
deformation.

v[ew om abovc

L
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In our discussion we will assume that all the flow has originated from up-
stream and that at no position do we have negative downchannel velocities. We
further assume that all the streamlines have the same potential vorticity and so
the equation of conservation of potential vorticity reduces to

ﬁhf_z JC’T“#_=_;§G (1)

We have neglected the V, term in the relative vorticity here because we assume
that the channel depth varies very slowly in the downstream direction (i,e.ﬁx<51),
Because of this the cross-stream momentum equation reduces to the geostrophic
balance,

uzi%(hm) = ——f-h‘j (2)

9

where we restrict & to be a function of X only.

The volume flow rate, Q, mﬁét be the sam?‘at each cross section.
= = ij 1
Q f hudy ), hhydy (fvom (2))

Therefore : . 2
- Hi-hgwisizHa (3)

where »\Y and,Y\L are the heights above the channel floor of the fluid on the
right and left walls respectively, and we have introduced the constant Fh; for
convenience. v '

The Bernoulli equation is 3 U'+g (h+a)=B (V)

but we introduce alternate Bernoulli constants }4Yand He on the right and left-
hand walls, respectively, defined by

J?T UL:+ﬁ(he+[k>;jHe “
s+ g+ 2)=gH,
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Now the four constants Hy, H,, H, and Hg which describe the flow at position (B)
(Fig.1l) are not independent. Fofonoff (1974) has shown that if — Y is the mass
flux stream function, B(Ul) is the Benoulli function and F(Y/) is the potential
vorticity (both of which are conserved along streamlines), then these are related

i Fw) = JB (5)
In our case F(Y) = constant = —ﬁ%; and so we can integrate (5) to obtain
BOP)‘ JFE{'W"[‘B(O) W’Fll)LLB(.;):jHYv (6)

Let‘W 0 at y=0 . From the definition of W, we have huz- W‘S ; and
integrating this across the channel, we have

Y- 6 = 4 ) = L (-3 e p(L)

Hence we have a relation between the four constants, namely

e sHr= B2 o = e g (58 ™)

Now from (1) and (2) we have

-G

[

h@ﬂ";;h.- ;%— wWheve 2 = l%gL
L. (h-Hy)yy~ Ja(h-Fe)= 0 (8)

This equation has solutions

h- H,= A A C%%)~+[3 a&hﬁ)(é%:>
The constants A and B can be found in terms of hy and M& and we then obtain

h-H,= Ch, H)W(‘ﬁ) —(H;-h,.)i‘ﬁ”—wj—é? (©)
N

/

From (2) and (9) we obtain the velocity

e BV, 1) - ) Tt o

Now for L‘>§>)., Eqs. (9) and (10) describe a flow which is almost quiescent in
the middle of the channel, with boundary layers on the left and right walls, From
(10) we see that for [ >> A

u,ﬁ@H,(Z—:—O amd u&%@.<]— fﬁf) (11)

In this limit we can use these values for the velocity in the Benoulli relations
to obtain V\ and h, as functions of the flow constants and él(dﬁ

P kS [l (TR o

(-]

The complete solutions for Vlcg) and W(y) in terms of the flow constants and
are given by Eqs$.(9) and (10) in conjunction with Eq. (2).
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Consider now what happens as the flow proceeds down the channel from point (B),
and has started to rise up the bump. Equations (12) show that both H. and H, de-
crease as A increases, while from (9) and (10) we see that in the middle of the
channel, the fluid's height is still H, and the down-channel velocity is vanish-
ingly small Some of the streamlines that were in the right wall boundary layer
have now moved across the channel and this explains how the fluid in the middle of
the channel now has a larger Benouilli head than before (by an amount A ). This
veering of the streamlines to the left as the fluid rises over the bump is shown
diagrammatically in Fig.2.
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In the middle of the channel, u, ux and uy are all very small and so the cross-
stream velocity can be obtained by the geostrophic relation "Fbr="ﬁéh+‘37x

and since he& Hy = constant here, then Uz —%F_ L,

Conditions necessary to have both walls wetted.

We require that there be no reverse flow in the down-channel direction and
Eq$.(11) show that this implies that h, 2 Hy and hg << Hy. From (10) we can see
that two criteria imply that u(y) will not be negative at any y. Those two con-
ditions give (from (12))

M, _ 1 (H 5‘ s . H ey He _ L H

L L -ls & T -lue=\l& SF<€—r-] (13

g, x Uf) TS e -tiegh-le egn-l a9
A third restriction comes from requiring both walls to be wetted (i.e., requiring
he 22 0). From (3) this implies that

<_h:_):'2 (%;‘3—;‘ Le. W&:< /l:"r “_(HHi\ L= ,_:::t_ _'9_ (14)

The left-hand sides of the inequalities in (13) have to apply at all X , and so
the most stringent condition to avoid reverse flow on the left wall occurs up-

stream where A= 0, namely H
Y é‘f‘_(ﬁ% oL _&_41 (15)
]

The most crucial position for satisfying the other two conditions will occur at

the top of the weir, where 4 =4wm. If»-"&ﬁ— < 1 then the right-hand inequalities
-]

in (13) are more stringent than (14) and vice versa - and so we have

f R ar et =
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The last two inequalities can be interpreted in the following way. Consider a
thought experiment whth a channel flow with fixed Hy., Hg, and Hy in which we can
vary Q. Then if -ﬁ- < 1 the flow at the right wall.will stagnate at the weir

crest when &m = H,. - Hp before the flow can have hg = 0, but if *—Q‘>‘\ , then the

height on the left-hand wall will go to zero whenlg, = He - LHo before the fluid
stagnates at the rlght wall.

Hs
Let us consider the two cases -%7] and —ﬂe < | separately, and combine the
two appropriate inequalities from (15), (16) and (17).

If %4‘) we have
é

' 2
am g He 41+-L(J—H ) (18)
H‘ = He — 2 HD . -
Therefore for a valid solution we at least need A‘_ﬂ%é_—'ﬁ (HTi—) < la’ (19)

For i?ﬁ—)lwe have Ayn- i Mo WL )»4 H, HoO\*
A (G € < () @)

Therefore, for a valid solution we must have
dm

A=

(21)

pl-

Solutions for the Flow with h, = 0.

So far we have only considered the restrictions on the flow which ensure
that both walls are wetted and no reverse flow occurs; but consider what may hap-
pen downstream of the position where he first equals zero. The flow will tend to
separate from the left wall and therefore the width of the flow will no longer be
set by the channel width L.

The analysis of the previous section is valid here up to the derivation of
Eq.(8). Solving this equation in a similar way we obtain (writing hy = HQ from
(3) and hg = 0)

h=H, = (Hg~H,) simh "33 amh £

W He 4

: W
.m@w,{(g& ' “‘f"’(“f;) . Cﬁt -
2

In particular, the velocity on the right-hand wall is

= W {(ﬂﬂ—q ,\-u} (24)

Now we will require that the veloc1tyu.>o at all D€y We
For —HQ>'\ , we can see from (23) that w2 0 for all O£ Y =W,

For —‘:—Iﬂ-<’l we now write (23) as
[ ]

(22)
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This will certainly be positive everywhere if the expression in square brackets is
positive. This is also the condition thatu, > O (from (24)) and as for -ﬁ? we
have the constraint that

VA ' 25
oh % < o | )
Now substituting (24) in the expression for the right wall Benoulli function,
we obtain 2 _
[(Gaet)onh g2 o0 (i
o Ho A
Putting X = cosh "\%
Be -]
-]
A= 2. (4*"[—' .‘A
He
where A 2 0 (A = 0 implies flow stagnation at the right wall)
x*(B=AY+2x(B™-A+B)+ (B+) =0 (26)
with solution _.__B 4 (- (B%-AZ) ;
X" 1 BzA t B~ —A (2 )

- Now let me investigate the solutions to thls quadratic. (B+1)2 will always
be positive, but the coefficients of X and >X™ in (26) can be of either sign. Now
cosh ¥ > 1 and so must be positive; hence we are looking for the positive root
of Eq.(20) subject to the restriction (25). Descarte's rule can be used to obtain
the numbers in the table below. (The entries in the table indicate the sign of
the terms.)

(B2 - A) BZ-A+B (B + 1)2 No. of positive solutions
case (a) + - S+ 2 or more
case (b) - - + 1
case (c) - + + 1
case (d) + + + 0
Table 1.

From Eq.(27) we can see that in order for the radicand to be positive we need
B2 - A< 1, (or He > A). With this restriction, case (a) has two positive solu-
tions, but a simple analysis based on (25) implies that the only allowable solu-
tion is the one with the negative sign in (27). Cases (b) and (c) also require
the negative 51§n in (27) and condition (25) in their wet automatically. Case (d)
implies both (B<-A) and (B2 -A+B) cannot both be p051t1ve Now we know that-%?j>o
i.e. B> -1 and so it can be shown that the condjtion due to case (d) is only
relevant for B> 0 and is that B2-A< 0, or for > 1,

[




(28)

A H ( /Mg ¥ f A H |
Bkt y o 4By

o > H, H, z H,
The meaning of this restriction can be seen from considering the case whean)}}i,

From (23) u1-7,/3#t and the left-hand Bernoulli equation (4) yields ﬁ%——€>‘%%~-é;'
4 ©

Therefore as the inequality (28) becomes closer and closer to an equality, the

required % becomes longer and longer.

A

The required parameter regime for solutions can be shown graphically, as
below:

F/G..3, Ha

The Evolution of Bottomed Flow from a Flow which Wets Both Walls Upstream

Consider a flow which wets both walls upstream, and which has h, go to zero
at some position on the bump before the crest. This implies that %f-;; ] be-
o

cause otherwise the flow would have stagnated previously on the right wall (see
the discussion following (16) and (17)). At this position we have from (14)
'{%— = —{%— - éf' Now what can happen downstream of this position as A& con-

[} -]
tinues to increase towards the weir crest? The flow cannot rewet the left wall
and so we may expect that the flow may swing to the right, leaving a part of the
channel floor dry. If this were to happen, then (28) says that —-= must be less

H Ho
than H‘ ——%3 but in fact41?— will be greater than this, and so we must draw the
a -]
conclusion that h,=0 cannot occur upstream of the weir crest. Now, rewritin
Ea. (17) 2 P g
qg- as 2 - %
_’_,(Hﬁ>é _H.L_ém,?'_. oL § < gH, Hy -y, '—"E—) (29)
2\ H, H, £ H,

we can see that the maximum discharge recurs when hg does equal zero at the weir
crest (i.e., the equality in (29», In this way we see that the solubility condi-
tion on the weir crest, together with the principle of maximum discharge (if this
is applicable in rotating hydraulics), has given a flow which is controlled by

the weir crest. Of course, the complete channel flow is still a forced problem,
because the discharge which has been obtained above, is in terms of H, as well as
Hy, and this Benoulli head must in practice be set in some complicated way by a
combination of the flow upstream of position (B) in Fig.l. Because B > 0 for this
flow, we can have only cases (b) and (c) of Table 1, and so we know that B2-A < 0.
Therefore
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"B A-B*
and it is easy to show that a——(walﬁ M>< 0 Now as the flow proceeds from the
R~ -
crest, /4( 2 Q—le——ﬁp increases and from the abave result, we see that 3%} will

decrease, as we mlght have expected. In some way, the flow must be supercritical
and it may be possible for a hydrolic jump to occur, upon which the flow would lose
energy and would probably wet both walls.

Now consider the evolution of the flow over the bump when -%? <].
0

If (16) becomes an equality at some position then the flow will stagnate at y = 0,
and beyond this location there would possibly be reverse flow on the right wall.

If Hy is such that this never occurs, then in the meaning of this section, the flow
must be "subcritical" everywhere. It seems impossible then to establish a flow
w1th-—42 <1 and Yl =0, from an upstream flow which has both walls wetted, and yet

there are solutions for 2% in this case.

Flow over a Weir in a Narrow Channel

Let us now consider another limiting case of flow in a rotating channel,
namely a channel which has L<< A, i.e. f? 2 2« gHs . We can now approximate
the sinh and cosh functions (9) by putting sinh X = x-(--'x-f and coshx = | + "Z
These equations then become

heg)s hre(hoh) Lo (5T (= E)[(n-h)(4)r GR-2h, k) e

uiy)= 3 Fo(hndr (%) [Ch,- h )2 (R h A3+ G+ heH J (32)

These approximate solutions satisfy the potential vort&C1ty Eq. (1) and the
Benoulli relation (7); and apart from terms of ordex‘G—ﬂ , the height profile is
linear and the velocity uniform across the channel. Let us see the constant part

+h
of the velocity to be Uyn= L (h,'h;) and the mean height Phnz lhifi , then from

Eq. (3) we have ,l%_= Ure hipm (33)

Substituting U; from Eq.(32) into the left wall Benoulli relation (4), we obtain
™

Hemb=gme B - 48 (10s 1) 34)

Using Eq. (7) we_can express this cubic for \) in terms of the average Benoulli
driving head % [{ Hy-A)+ (He~ o)

ortds 08 o k) o0

As £ — 0, this equation reduces to the familiar cubic which determines critically
in the non-rotating channel problem, from which we obtain

U}ghm ownd hem=% [-‘s (H,-A) vl (He-Aﬁ

at the critical section. Now as long as the last term in (35) remains small, then
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this solution should be approximately true. Let us consider the extreme case

where the slope of the critical section is so long that h, X ¢ and (h,—h*)asz.hnq'
29 h . > . . .

Then Umw_‘%_"m ~JaNpn 1.e. H 3hm ~f \>, and combining this with the condition

2
that —F"L < 31-1,, , we obtain H@hm«H,. Now the ratio of the last term in (35) to
the other terms in the equation is at most

£Q 0 . Flum . L hy
63“9 hm 6@Ho 3 H,

and so we can see that the nonrotating results for criticality will be applicable
even for large slopes of the free surface.

Flow Over a Wide, Broad Crested Weir, with No Side Walls.

Consider also flow from a very deep reservoir, of depth Hy, over a weir, as
shown in the figure.

|

V.

The weir is assumed to be very long in the y direction and because there are no

side walls constraining the flow, the mass flux per unit width ( = Q = hy), must be
independent of y, (i.e. we cannot have any boundary layers in the walls). Saunders
and Whitehead (1976) have considered this problem, but we will be in a physical
interpretation of the critical condition in terms of the speed of small disturbances.
Imposing uniformity in the y direction leads to the following form for the momen-
tum and continuity equations.

Ul "-FU :—3(h+A)x (36)
uvy +fu =0 (37)
huy +uh, =0 (38)
Assuming uv=0 or W =0 Eq.(37) leads to (f(x):-—$3C (i.e. the flow veers to
the right) (39)
Solving (36) and (38) for Uy and ,HJ, and using (4) we obtain
D, 2
PIPICT- P . QPO N € T . S 40
ol (w=gh) * X (u™gh) (40)

Bernoulli's equation for the flow can be derived by integrating (36)

5 u4 gh =3(Ho'ﬁ\ﬂ— -‘%L (41)
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where we have assumed that u is very small at X = 0O, where PQQ = Ho.

We are interested in investigating what '"controlled flow" means in this
very specialized rotating flow. The non-rotating results can be obtained from (41)
by putting £ = © and integrating Q with respect to h or u; while coincidinngo—Am
a constant. We thus obtain for critical flow at the weir crestuzzghcgh‘sg.(m ’Ar{%
Now in the rotating case, (5) says that if u, and hx are to be regular whemeﬁﬁgyh'

then Ox must be equal to - a‘x . The control point (X=%.) will again be located

o
at the point where ‘lzbqé:ghc, but now at this point Ay\‘ 3 - £ X, , and (6) now
gives Ya2ye )

he~% {H,,- B (%) - f%‘;‘—

In non-rotating flow, W= gh in the group velocity of long gravity waves
and any small disturbance which originates in the specified region of the flow can
now be felt upstream. But what interpretation can we give to ve=9h, in this
rotating flow problem in the absence of walls along which Kelvin waves would pro-
pogate?

The dispersion relation of long inertia-gravity waves in a rotating system is
b4
wz gH (K™ £7)+4 (42)

where ur is the circular frequency of the disturbance, and K = (Ky4) is its wave-
number vector. Let K = K*+ £*, then the phase velocity is :

 wk %
o= k- /354—(—%) @é) (43)

and the group velocity is

Cq= (42, 2y) = —5l— (U (44)
SIT Ve T T e L K '
The group velocity approaches %fﬁ- (k.2) for v§§y large wave numbers, i.e. for very

small wavelengths. This limit is approached if —%? << k;?'. ~Now the condition
for the shallow water equations (from which (7) ﬁgs derived) to be applicable is
-kr >>h . Combining these two inequities we obtain .

2 ) . :

_‘f’_ << |¢1<< TI{E and so if h<«< \%B = radius of deformation then

K|

a range of wavenumbers will exist which will give rise to group velocities ap-
proaching /g h . This gives a plausible explanation for this critical condition
in terms of the more familiar non-rotating argument about disturbance information
speeds.
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A FUNCTIONAL FOR ENERGY BALANCE CLIMATE MODELS
David Pollard

This paper presents some mathematical properties of the energy balance
equation (Eq.(3) below) used by North (1975) as a simple climate model. In par-
ticular, properties of a Lagrangian-like functional which contains complete infor-
mation on solutions to the equation are investigated. The hope is that these pro-
perties will turn out to be common to, and form useful principles for, whole
classes of climate models, e.g. for theories of the ice ages. First, as an intro-
duction, we outline a point of view and attempt to define explicitly the assump-
tions that must be true for equations as simple as Eqs.(2) and (3) to be relevant
to the real climate.

(1)Observed scaling of energy equation, and approach to ice-age theories.

The energy equation for the whole atmosphere-ocean-land-ice system, inte-
grated over height, averaged around latitude circles, dnd averaged over time inter-
vals of ~ 1000 years and north-south distances of ~~ 1000 km, is of the form

(~ .1 watts/m?) (~ 50 w/m2) (~ 100 w/m2) (~ 100 w/m2)
"ice-age- . divergence of poleward N I.R.radiation. = sunlight
related terms energy transport emitted absorbed (1)

The 'ice ages' are the global Pleistocene ice ages that have caused major
fluctuations on geologic records with time scales of ~ 10 K years to ~100 K years
for the last few million years (Broecker and Von Donk (1970)). One assumes that
the smaller climatic fluctuations between 1000 years and 10 K years are not essen-
tial mechanisms for the main ice ages. Typical orders of magnitude of the indivi-
dual terms in (1) are shown; the ~ .1 w/m2 energy flux associated with the ice ages
is implied both by a ~ 29K change in mean total ocean temperature in 10 K years,
and by the melting of enough ice cap to raise mean sea level by ~100 m in 10 K
years. Present models, even general circulation models, of the 'current budget'
(i.e. the last three terms in Eq.(1))cannot hope to give the residual '"'ice age-
related terms'" as a function of the current weather, since they would have to be
correct (in the above averages) to one part in 1000.

Because of this 'scale separation' in the energy equation, the energy-
balance effect of the ice age-related terms can (should?) be neglected. There-
fore, one approach to formulating an ice age theory is as follows:-

Given values of various 'long-term' land-ocean-ice parameters (such as sur-
face albedo a(¢) as a function of latitude ¢ ), the current budget equation is
solved for the current weather parameters, (e.g. the surface temperature,7~(7?) s
as a function of latitude). Several models have indicated that any significant
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departure from this current quasi-equilibrium would decay within -~ 1000 years.
Then, another equation is used for the slow changes of the long term parameters,
(e.g. %%?—as a function of the current @ and T ). This equatlon described mech-
anisms with insignificant energy flows (equivalent to ~ .1 w/m?) but which slowly
alter the long term parameters ''by other means', (e.g. the accumulation and ad-
vance of ice sheets as a function of their current shape and the current water
cycle).

The 'current energy budget' used can include many mechanisms such as varia-
tions in cloudiness, seasonal correlations, land-ocean asymmetries, atmospheric
stationary eddy patterns, etc.; in simple models, these are parameterized as a
function of the current T(¢) and o (®). The current energy equation used by North
(1975), with his numerlcal values for reference, is:-

L (p2Le0) + Tex) = Q-8 Ln) - &ulT) (2)

where X 1is sin (latltude).

I is the I.R. flux emitted; I(w/mz)ﬂﬁ 211.2 + 1.55 T; T is the surface
temperature in ©C. '

D is a diffusion coefficient describing poleward heat transport.
Q is the solar constant/4; Q== 334.4 w/m2.
S(x) is the latitudinal distribution of sunlight; S(x)=1.0 - .482 Po(x).

a(I) is 1 - surface albedo; a(I) == .697 - .0779 Po(x) if T> -10°C, for
land/ocean;

a(l) == .38 if T« -10°C, for ice.
Prpla) = %5(3x2 - 1).

Many possibly important mechanisms are omitted from this equation. One
mechanism, the ice-line feedback on the surface albedo is thus isolated for study.
North's equation describes the earth's dynamics as a diffusion of heat polewards.
This keeps the equation simple enough to handle analytically, preserving intuitive
understanding of what is going on, (in the equation, at least) which is usually
lost in even slightly more complicated numerical models. Also Eq.(2) does pre-
dict the gross shape of the earth's present surface temperature distribution sur-
prisingly well, using a constant D of 0.382 (North (1975)).

This '"current balance' equation can be used in simple theories of the ice
ages. Because no asymmetric mechanisms are included, one would be studying the
hypothesis that ice ages happen on billiard-ball planets with longitudinally uni-
form distributions of their condensable substance and that all the earth's asym-
metries (Robbins (1976)) only distort this process. However, according to the
above "one approach'" scheme, one should now use an additional equation for the
slow time variation of & due to other processes, so that @ would not really be
an explicit function of I. This is being done and will be described, I hope, in
a later paper.

Apart from the above phenomenological uses of Eq.(2), its mathematical
properties can be investigated for possible useful generalizations and insights.
In this paper, properties of a Lagrangian-like functional are presented, and its
use as a practical description of solutions to Eqgs.(2), (3), (8) and (9) and as




- 139 -

a 'theoretical insight tool' are illustrated. Also, a stability criterion is de-
rived for two types of additional time-dependent terms (see Eqs.(8) ag? (9)), which
bears out the generally unproven stability principle that the sign of determines
the stability of a climate model. (d = equilibrium mean temperature.) (c.f. Budyko
(1972, Held and Suarez (1974).)

(2) "Equilibrium' Property of the Functional
» Adding a time-dependent thermal inertia term, Eq.(2) becomes:-

0Tt 3 (p 2L -
P 2 (pBL)+T = @ 5@.a () (3)
Boundary conditions are that ,?“ 0 atX=0and }.

The time scale represented by the nondimensional t is probably on the order of
~~1000 years; this value does not affect the mathematics below. Here and in the
next section, Q.(I)can be any function of I, and D can be any well-behaved func-
tion of ¢ .

Equation (3) and the functional theory below can be written either in con-
tinuous form I(x,t), or expanded in x in the eigenfunctions of the left-hand side
of Eq.(2), as E:I (t) ; (x) (North (1975)). Both forms are mathematically equi-
valent; one or the other may be more convenient for different applications. The
section below is written in continuous form and a later section uses the spectral
form.

Define the functional
Tiw)

F(Ie) -—f{ T>+ : @S(x)fo.tl’).&l'}.&x (4)

Is
(Here, I. is an arbitrary constant)

"jgi(II"} olx , $4Y  (writing Ix——

For small variations AL&)from I (%),
!
AFsF(1+A1)—J—‘c1>=j{——§f - (25} aLedkso(a1?)

by the standard variational argument (e.g. Whitham (1974), p.391). In this step
an integration by parts uses ?Fi =0 at X =0 and 1 , which are the boundary con-

ditions of Eq.(3).

Hence,

£0F=O t;ofn;jz‘gie(;)m AI} = {-— i’—%— (D %)arl-—@ﬁcm. a (1) =O§

I(x) is a solution to the equilibrium Eq.(2) if and only if it is an
extremum in ""I-space' of the functional F(I(x)).

i.e.

Note that the functional does not contain the time dependence of Eq. (3)
directly; it is a true 'Lagrangian' only for the steady state Eq.(2). We looked
for a complete (x,t) functional for Eq.(3) without success; perhaps Lagrangian
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formulations are only possible for purely wave-like equations (which have constants
of the motion), and not for combined wave-dissipative equations like (3).

(3) Linear Stability Property of the Functional

As well as '"finding" all the steady state solutions as its extrema in I-space,
the form of the functional around each extremum determines whether that solution is
linearly stable or unstable to infinitesimal perturbations obeying Eq.(3). This is
shown as follows:-

At an equilibrium point I =@ (x), the variation F to a small perturbation
AT (x)is zero to first order in AT , from above.

To second order, the standard variational argument gives

L > 3L
AF= JGL’({Z ar"AI AI‘% an:% (Ml>+A1' (%1), 210 Ix

{
-,—.>AF.—.J££M.AI@)‘{—£_(D%J%)+ AT -5y %(Q’(x))vél } (5)

(An integration by parts in this step requires %I(’&) =0 of x =0v 1.

For small perturbations 1V(X;t) from ¢(x), Eq. (3) gives directly, to first
order in Y

_ ﬂ (,t) o { (D -Q.Sx) = o (b))~ W} (6)

ot
Note that the expressions in curly brackets { :E in Eqgs.(5) and (6) are the same.
It 15 a Sturm-Liouville operator acting on AL and ¥ ; thus, solutions to Eq.(6)

are u&(i) e "% where the V@,éﬂ, N =1,2.++, form a complete set of orthonormal
eigenfunctions with corresponding eigenvalues A, . Therefore, all perturbations
4T (#)can be expressed as &, Cy Y, (x). Substituting this into (5), we get

AF =4 5 Nnca ™

Therefore, all A, 2 0 & AF> 0 for all small AT (%) ‘
F is a minimum at T = ¢(X) &> ¢ (x) is stable to Eq.(S)J

i.e.

F is a maximum or saddle " " unstable

If the I-space is parameterized somehow (e.g. as legendre polynomial modes;
see below) then the eigenfunctions V,, (x) can be regarded as eigenvectors in para-
meter space. Then, because the same Sturm-Liouville operator occurs in Egs.(5) and
(6), these eigenvectors are the principal axes of the F _surface at I = P )

Also, Eq.(7) shows that the radius of curvature 29<~75§;53 for each principal axis

is equal to 1/the corresponding eigenvalue. This is illustrated for a particular
case in a later section.

(4) Spectral (in x) Form, Ice-line Lag Case; and General Stability Principle.

For the rest of this paper we use the 'step function'" albedo; the ice-line
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x = Xg is specified so that the albedos north and south of it correspond to ice
and land respectively. Equation (3), with this albedo, becomes for the nth mode
(North (1975)):-

;%‘In(t)“' Lﬂ‘lh"‘Q‘hY\('xs))h‘Oaz)qa"" (8)

where

hn (xsyajlscma o (x5 Xg ). da () dax
Loo= [ TGt fn () dom

For D constant, the f, are normalized legendre polynomialsxllrvrl1 Ph(J: and the L,
are their eigenvalues n,(n+1)e D+ 1 . (This section generalizes immediately for
D any given positive function of latitude.)

In North (1975), the ice-line xg was fixed to the -10°C isotherm. In this
section, we incorporate a crude ice-line lag to represent the thermal inertia of
the latent heat associated with the icecaps by:-

L. cf% Xs(t) = Tim,, t)-Ts (9)
where Ig (watts/m%) = 211.2 + 1.55

The only physical basis for Eq.(9) is the general idea that the ice-line
will advance if the weather is 'too cold" in its vicinity, and will retreat if
"too warm'. This concept is itself debatable, since ice accumulation depends
strongly on the current water cycle. However, Eqs.(8) and (9) do present another
possible instability mechanism to which the present climate as described by Eq.(2)
should be stable. Also, this section illustrates how the functional and the gen-
eral stability principle mentioned above generalize naturally to this two-equation
scheme.

The functional, as defined by Eq.(4), translates in the spectral form to:-

F(L, Do %)= % by, —1—2} -Q (% b, (%) * To= I, Cro (xg-al)) (10)
Ig, I, . . . and xg are all independent variables, where Q.g is the ice albedo.

As discussed in North (1975), the description of the earth's dynamics as poleward
diffusion is only meaningful for the first two (largest x scale) modes I, and I,,
so in what follows we consider just three independent variables I,, I, and Xg,
(although the mathematics generalizes naturally to infinite modes).

As before, the eétreme of F in (Ip, Iy, xg) space are steady state solutions
to (8) and (9), since —a’;—: 0, n=0,21is identical to Eq.(2), and since

3F -0 % (n) (). To- hs. L)
(wr't'h‘hﬂ —le'—t;z': o8 Vh\

=-9.b.50x) (£ In £, (25)-I) stince %: b S )4, (1)

where b= +he discontinucus jherease
of albeds qeross the ice-Pne.




= _QE.S(Y)‘(I (%,E)-Tg):

For small perturbations(3,(£), §,(¢), £(&)) from a steady state (#,,2,. %)
Egs.(8) and (9) give

S\ (L 0 -absh %
5, O L. -GbSh || S| =008%¢Y) (11)
: 4 dr  -zfheds
¢ L £ g\ 4l 2
where b, S, fy, h,, mean their values at x = xo{ For the same variation
( 5) » the second order Taylor expansion gives:-
Lo o -rbsf &'
3
| ba 8¢ (12)
= (5.4, © e -8bS4s +olse)

- @y\bSm}a "‘Q‘bSbﬁ “Q‘bs\:nQ h’;‘ﬁr\y a

Comparing these two matrices, one sees that the principal axes and radii
of curvature of the local F surface no longer coincide with the eigenvectors and
values of the stability problem, unless [/¢ =Q.b.S (x,) . But, surprisingly the
previous result that the minimums of F are stable, and its maxima and saddles are
unstable, is still true. To prove this, consider perturbations proportional to
e‘%'b; then Eq.(l1) requires, for non-trivial solutions, to exist,

e-A+% - ——2‘-"—+:62—v~—£n~‘=o | (13)

Note the eigenvalues from Eq.(12) obey thls equation w1th A replaced by V9/bS o),
a positive number for all Xo. It is instructive to rearrange (13) further, be-
fore considering actual solutions for A

Consider the local slope of the equilibrium curve x4,(Q) which is defined by
the steady state solutions for different values of Q. This curve is shown in
Fig.1l for North's (1975) model.

Several other models have given similar curves with the same typical shape,
and showing multiple values of x, for some Q. (Budyko (1972); Held and Suarez
(1974))

Along this equilibrium curve,

, ho St W,
LoE 46 ) L% ) 5 G 40 - (o liezg k) 00
Combining (13) and (14) we get
L _ b. S(xo) -1 (xa) \ ,(;
Q_i.ob%- ( el X + DA (15)
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Fig.l X5 versus Q/Qq equilibrium solution curve, for the two-mode case, from
North (1975). Q, = present mean solar radiation == 334.4 w/m®.

Noting that b.$ C’xo)r.ﬁ: (x.) and L, are always positive, one can sketch
the right-hand side of (15) as a function of A :-

-5 hn0fa ) A\
n

I
$.23
~biE B
(

= vight-hond side of (/57)
—_——— ozt oo with £z 0
=L
O = solutions 12 E%.(/é’)
Fig.2 Sketch of behavior of Eq.(15) for eigenvalues to the
linear stability problem.

The function looks qualitatively the same for all (positive) values of £
due to the singularities under the &' in (15). Solutions A to (15) are given by
intersections (circled in Fig.2) of the right-hand side function with . 3.'
There is a negative root of A (&= instability) if and only if%sa. idﬁz <. 0 whatever

-]

(positive) value of A . Since from above, the F-surface eigenvalues from Eq.(12)
obey Eq.(15) with £ replaced by ljq.b.5 (x) » we have: -
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F is at a minimum iq > The equilibrium solution is
* (maximum or ) - <>O stable (unstable) to small
saddle) ( » perturbations obeying (8) and (9)

by Eq.(15) with by Eq. (15)
@ replaced by 1/QbS(x0) and Fig.2.
and Fig.(2)

Thus, points on the part of the equilibrium curve xo(Q) from A to B in Fig.l are
unstable, and points from B to C, (which include the present climate), are stable.

This bears out the general stability principle discussed by Budyko (1972).
It is surprising that the two different instability mechanisms individually lead
to the same principle: (the above analysis does go through omitting the I term in
(8)). The principle can be rephrased in the present model, since

49 = 0-S() b %fho(xc)‘

It becomes
"If the climate sensitivity coefficientl}-ggﬁi is positive, the climate is
stable to internal perturbations, and if negative it is unstable."
We have not been able yet to prove it for this paper's continuous O.(I)case, but
have found no indication that it is not true. |

Note that for the € = Ocase, Fig.2 indicates stability if ﬁ[_@ £ 0 and
L  d4 b.S s ﬁir ( e
> e (XQ). V] Ln

gt dx.
This corresponds to an earth with ice equatorward of x5, ice-free poleward of Xq,
and with heat diffusing equatorward from the poles. For the present distribution
of sunlight S(x) and North's (1975) model parameter values, this is an impossible
equilibrium state since @, (X,) < O for all xo. (Strictly, one needs to use this
fact in the rephrasing of the stability principle above.)

5. '"Nonlinearised Behaviour'" Property of the Functional

So far, we have only dealt with small perturbations from equilibrium states.
In fact, the functional F can be used to describe the full nonlinear time beha-
vior of solutions (I(x,t). We illustrate this below for the two-mode case, Egs.
(8) and (9), with =0 (i.e. no ice-line lag; the North (1975) case).

Clearly, substituting back into (8),

al Y’a}
n. = - = 0 16
d 8 " bl n ) 2. ( )

-‘This means that the solution points to the differential equation in (1:0,112) space
moves down-gradient with respect to the surface‘P(on,ig) , following the steepest
path downwards and with a ”speed”‘/i? *.ii equal to the magnitude of this gra-
dient.

Using the chain rule, (16) implies
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dF

adt

,‘: L7 dT +
- —%(fzz‘"‘

‘along solution path’

The c¢ontinuous I(x,t) form can easily be shown to be

sz__H ) da
dE

This agrees intuitively with, (but is not a vigorous proof of) the previous result
that minimums -of F are stable states, and with the concept that the higher order
modes decay to equilibrium faster.

Maps of F versus (Ig,I,) for different values of Q are shown in Figs.3 and
4, using North's (1975) model parameter values. Actually Eq.(10) has first been
non-dimensionalized by Q2; the plotted quantity is

ar(Lﬁaﬁa)S%[(%LL,(%f] [ 2+ ha 22 - 2 (homcg)]

hy and hp are functions of I, and I, since the ice-line is defined by I, and I,.
Contours of xg are also indicated in the figures as dashed straight lines.

For the present value of Q, Fig.3 shows two minima My and M,, and a saddle
S. These correspond to the three equilibrium solutions in Fig.l, indicated by the
same letters. Larger regions of (I,, I,) and Q space, not shown in Figs. 3 or 4,
were searched (by computer) for other extrema, and none were found. All regions
outside the figures' area just. slope down into the area.

As Q is reduced below the present value, the F-surface alters continuously.
The ice-covered minimum My remains and the 'present-earth' minimum shallows
and starts to get washed out, until, at Q/Qg =2 .96, the M, minimum and the saddle
S simultaneously coalesce and just fade away (Fig.4) into the regional slope com-
ing up from the ice-covered minimum. This corresponds to point B in Fig.l.

If Q is increased above the present value, the My minimum deepens and be-
comes ice free, and at Q/Qp2~= 1.3, the My minimum fades away into the slope com-
ing up from the deepening Mp minimum.

Whether the depth of My changes or not (when scaled by 1/Q2) as Q varies
is determlned by the arbitrary constant 1n1the fo,term in the deflnltlon of F,
Eq.(4). F/Q remains the same at My for g Q(I")d_I , as above; forg e (T )d.l 5

the My depth changes and the depth of My rémains the same once it becomes ice-free
(i.e. x5 = 1.0).

The behavior of the F surface as Q varies can be '"explained' as follows:
Split F into two parts, F = T - Q.J where .
. %
T=4+ I + L (which is the integrated out-
going and internal energy fluxes)

J= \%Io + h, I, - ‘T‘S'(ho' QI> (v‘vhich.is the correlation of the
incoming energy flux and the
temperature, plus a term repre-
senting the ice effect shoehow).

Sketches of T and J are drawn in Fig.5. The J suyrface was found numerically, and
is approximately planar with a break in slope in the region between Xs<=0 and X;=1.
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The cross sections, also in Fig.5, show how the two minima and the saddle come
about for a certain range of Q, and how, outside this range, just one minimum oc-
curs. Perhaps it is significant that the equilibrium points occur where the gra-
dient of the T(I,,I;) surface is equal to Q times the J(I,,I,) surface's gradient,
with T and J interpreted as above.

(6) 'Speculation inducing' Property of the Functional.

For fixed solar conditions, the earth's adjustment in Figs.3 and 4 to equil-
ibrium (with a time scale perhaps of ~~ 1000 years) can be thought of as a fast re-
laxation, analogous to the return of a parcel of gas molecules back to a Bolzmann
distribution after encountering a shock. (This maximizes a certain quantity:- F
for the earth, entropy for the gas.) Then, the movement of the earth along the
Xo(Q) equilibrium curve of Fig.l due to changing solar input (time scale 10's K
years) can be thought of as a slow reversible change maintaining equilibrium, as
in non-shock changes of a gas parcel, with the internal energy fluxes of the earth
being analogous to the intermolecular collisions. But as Malkus (private communi-
cation) points out, there is a definite latitudinal structure to these supposedly
random fluxes, and also to their net change if S; varies, so that perhaps a thermo-
dynamic interpretation is not valid, but some non-equilibrium statistical mechanical
analogy, like a minimum entropy principle, (Paltridge, (1975)).

Nevertheless, equations describing the variation of the equilibrium (Mp)
value of F along the Xxg(Q) curve are easily derived:-

AF JE I UAC)

TG ppeune™ T T T (e

0 %&‘(\A\W\am cunve

T o= [5(hn 80 (0)-T (b (@)-0z)]
_ézh‘l_h%iu‘(m(@%az)

one can combine these expressions with the definition of F to derive various equa-

tions, for instance:- d . T
;6 (— ?) = ﬁ(ho (Q)—a.1>

Since, for fixed S,,

i

1
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T (5= 5 2

Perhaps these or similar equations have useful interpretations, thermody-
namic or otherwise.

(7) Concluding Remarks.

The functional as written above applies only to the zonally averaged energy
equations of this paper which do incorporate thermal storage, ice-line lag, albedo
as a general function of temperature &-(I), and a latitude-dependent diffusion coef-
ficient, but which are limited to a diffusive description of the poleward energy
transport. North (1975) shows that the form of Eq.(2) can cover systematic circula-
tion effects v(x).a‘.r/ax, and specified non-homogeneous cloudiness, so these are
easily incorporated into the functional. However, for the functional approach to
be useful, it must be generalizable to other more complex forms of energy equa-
tions, with, for instance, more complex transport terms than linear diffusion.

(The present functional definition does extend immediately to the case where the
I.R. flux is a general function of the local temperature, £(A + B.T). The corres-
ponding functional term is then J(z-f (zHdT'.

If a functional with the above properties could he defined for a complex
model as a function F(o(,,oc,_;»-.ccn\ of N internal variables of the system, then
the equilibrium problem becomes just a system of N algebraic equations foro .. &ni=

2F (o, matye o N

As above, the form of the F surface would determine the linear stability
and the nonlinear behavior too. This could be a useful systematic way of dealing
with large numerical general circulation models with numerous independent internal
variables.
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SOME ASPECTS OF STEADY, ROTATING CHANNEL FLOW
Lars Petter Rged

1. Introduction

This study is motivated by observations of both actual stream configuration
in the ocean and experiments of flow through a channel into an 'infinite' region
(Porter, 1976). The Yucatan stream entering the Gulf of Mexico separates from the
left bank and makes a swift movement into the Gulf before heading for the Strait of
Florida, as shown schematlcally in Fig.(1.1).

s s //Q |

Florid.o
///,Mex':co -
//////7{/ ﬁ Zlcube
Fia, (1.1) é :

From the experiments are shown two pictures which have very different flow pat-
terns, Fig.(l.2a) and (1.2b). The first, Fig.(l.2a) shows a flow pattern similar
to that drawn in Fig.(l1.1) and is nice and smooth, whereas the second shows a form-
ation of an anticyclonic gyre. The present model offers an explanation of the
mechanisms involved in the two different flow patterns. Furthermore, the two pic-
tures exhibit a downstream state in the form of a jet current along the wall. The
dynamics of such a jet when the wall is curved, is therefore analyzed.

2. Mathematical Setup

To be considered is a non-viscous steady flow of a homogeneous, incompres-
sible fluid down a channel of varying width on a rotating plane, Fig.(2.1). The
hydrostatic approximation will be assumed to be valid. The equations of motion
and continuity consistent with these assumptions are

YUY+ FRRY=-9Vh (2.1)
V.h!:O (2.2)
where f is Coriolis parameter, h the height of the free surface, V the horizontal
component of the velocity and the acceleration due to gravity. From these
equations one may derive the potentlal vorticity equation
—"—ﬂ F(¥), (2.3)

where $'=L<,»Vx Y, is the vertical component of the vorticity and F is a function
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e

Fig.l.2a. Light fluid (dark) above heavy fluid (light), each fluid initially fitting
the two halves of the tank. The reduced gravity g' 3-4cgs units,initial height 3cgs
units, width of channel 2cgs units. Rotation rate T=4T:=9.6.

Fig.1.2b. Same as Fig.1.2a but T=/1157
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Fig.2.1 Sketch of model shows chosen coordinate system.Note: x is downstream. Flow
supposed to be forced to left (Y); flow downstream is marked (?).
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dependent on the stream—funCtion,‘z(, only. Thus the potential vorticity (= the
absolute vorticity divided by the height) is conserved along streamlines. More-
over, one may derive the Bernouilli equation:

4y gh =BW), (2.4)

where the total head, B, is conserved along streamlines. The existence of the
stream-function is assured by Eq.(2.2) and may be defined by

hy = kRx VY, (2.5)

With this definition of the stream-function the relationship between F and B may

be found to be
— d- 206

Furthermore, the discharge, Q, or the volume flux becomes
Q:f!.&g:%—‘g}f- (2.7)
a

Here G~ is the surface normal to the flow, \V} is the value of the stream-function
on a streamline to the right and uﬁ, the value on a streamline to the left, looking
downstream. Now if the potential vorticity is assumed uniform and defined such

that
F("V)=—f70- (2.8)

where Hy is dubbed the potential vorticity height, B becomes a linear function of
the stream-function, viz: {

Bly)= —Ho—w-‘eB('tV):O (2.9)

Thus defining

B(¥)=gH(v) (2.10)

where, H, is dubbed the Bérnouilli height, and putting Tﬂ5=0 on the left bank of
the channel,tWi:O) it follows that

W= (2.11)
and f
Mo < K, + (2.12)
hg 4 8H°

(Subscripts ¥ and { will be used throughout this analysis to denote evaluation on
right and left bank looking downstream, respectively.




Hence H, is always greater than or equal to H,. Only in two cases will Hy = Hy,
namely when £ =0 or Hy—>©© . The first corresponds to the concomitant problem
of a non-rotating channel flow, whereas the other corresponds to a special case
with zero potential vorticity as considered in Whitehead et al. (1974).

3. One Aspect of Non-rotating Channel Flow

There is one aspect of non-rotating channel flow which is retained in the
rotating channel flow, which is worth discussing. Neglecting rotation, the equa-
tion for the height of the free surface is the cubic equation,

3 * Qa

h"H(,h + Té‘j_'a—=0 (3.1)
where L is the width of the channel. This equation tells us that h, besides
being a function of the geometry of the channel, L, is a function of two param-
eters, the discharge, Q, and the Bernouilli height on the left wall, H,. The
dependency may be displayed in graphs showing h, scaled by H,, as a functien of
L scale by some typical width, L,. (Fig.3.1).

h .
A Fig.3.1 Height of free surface as function of width. Numbers
on curves correspond to different. discharges.
Tl BILoHfah= 05, 1.8
ol — — ——— -
A 1?Qn%dﬂ Flow
2
3

Rapid Flow

-

—wWidth —> LA,

FPie 24

Height as function of width. Numbers on curves refer to discharges scaled by
LoHe ¥ gHe -

As a thought experiment, consider an upstream flow forced to correspond to
point A of Fig.3.1. Furthermore, consider that the channel width is monoton=
ically decreased downstream. Thus as the fluid flows down the channel it reaches
at some point downstream the point B, where something is bound to happen if the
channel is contracted further downstream. On the other hand, if the minimum width
of the channel corresponds to point B, the fluid may, if the channel is widened
again, reach the point C corresponding to a rapid flow in contrast to the tranquil
flow of the upwtream state. In this sense and for this reason the point B will be
referred to as a critical point.
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4, Flow in a Rotating Channel?¥

Consider a rotating channel flow with no flow across the channel (U=0) and
no changes downstream(g%zszcy. Moreover, if one scales as follows:

W~lghy s Wy s QLM gy 5 3 U~ L, CEY

the equation of section 2 may be written

(?)u. = —‘mﬂ (Eq.of motion) (4.2)

h‘jﬂ - ez( L_;\oy' h= - (_LWO_):L. (Pot,vort.equation) (4.3)

Here €l= H;/H: is the nondimensional potential vorticity and ﬂsm/-{;
is the radius of deformation. Now if thg£<1 it follows that to zero order there
are no variations across the channel and that the non-rotating cubic equation,
Eq.(3.1), is reproduced. On the other hand if L,/x >>1 the height is, apart from
layers cloge to the walls where h%ﬂ might become large, governed by the equation,

(ke h = (=) (4.4)

which simply entails that the height is equal to the potential vorticity height
in the interior, and that the flow takes place in boundary layers along the walls
of width equal to the radius of deformation, A . (c.f. McDougall (1976)). If
the potential vorticity, E*, is very small Eq.(4.3) reduces to

- L° 2
\»\M_-(/\ ) | (4.5)
which has been analyzed by Whitehead et al. (1974).

In the present analysis, flows with L, of order A will be considered and
one may as well put Lo = A . Thus Eqgs.(4.2) and (4.3) become

u,:—_\Mj (4.6)
%
hyy-€*h = =1- (4.7)
Defining a nondimensional discharge height, fﬁ@ , by
HQ'_' _ﬁ?@ (4.8)
2 3
Eq.(2.7) may be evaluated by means of Eq.(4.6) to give
S 2 -
He= h¥-hy (4.9)
whereas the Bernouilli equation on the left wall takes the form
Jiu_’;_+ h4=1 (4.10)

The solution to Eq.(4.7) is straightforward and expressed in terms of the height
and the velocity on the left wall, h, and U, , respectively, it may be written

h= 2 - 2= (1-€%he) conh & (L-y)+ ‘Hraimhe (L-y) (4.11)

* In this and the next section, if not otherwise stated, starred quantities entail
dimentional quantities.




Uy is a function of tle_through Eq.(4.10). Thus Eq.(4.9) provides an equation
for h, in terms of the geometry, L, namely

1-(1- Eh)cmh L+€V2(1-h,) simh, L = €V Hy+ he (4.12)

This equation is the rotating version of the non-rotating cubic equation, Eq.(3.1).
leferent from the non-rotating case, N} depends, besides the geometry, not only
on H% and @™ but also on the potential vorticity height H; . So, to study a
forced rotating channel flow, three parameters need to be fixed. Figures (4.1) and
(4.2) show he as a function of L for €*=1.0and €*= .5, respectively, and the
curves drawn correspond to the curves drawn on Fig. (3. 1) for different discharges.
The aspect of non-rotating channel flow discussed in section 3 still applies for
points where 0 h,/0L=0, although this line is changed from the straight line

hg = é? in Fig. (3 1) to a curved one when rotation is present. More important,
however, are two other aspects of the flow, namely:

(1) the p0551b111ty of stagnation (u = 0) at the right wall (y = 0) when
€*< 1.0 in the tranquil flow state and

(2) the possibility that the height on the left wall may go to zero in the
rapid flow state.

Numbers on curve: — .. Discharge

Shy/dL—

»
|

o l .

1.0 2.0 3.0
S—W/IDTH OF CHANNEL ——

o
w/".

>—HEIGHT ON LEFT BANK——>

L
Y

Fig.4.1 Same as Fig.3.1. Note additional features due to rotation. €”:1.0. See text.
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hy | Numbers on curve: E?— Discharge

H
Pot.vort. €2= l-Te =5
0

1.0

o

1.0 2.0 3.0 L
A

>—HEIGHT ON L EFT BANK ————

>— WIDTH OF CHANNEL —

Fig.4.2,same as Fig.4.l. €'=.5 Note line called stagnation corresponding to zero
velocity on right bank. See text.

These two aspects of the rotating flow may offer an explanation or be the main
mechanism for the features shown by the experiments. The strikingly different flow
pattern in the first and second experiment may be achieved by letting the param-
eters be in favor of either of the two different possibilities. Thus the first
possibility with stagnation on the right wall necessarily entails that a streamline
is leaving the wall, i.e. separation occurs on the right wall and may give rise to
the anticyclonic gyre, whereas the second possibility entails that the height of
the fluid goes to zero on the left wall, i.e. the flow separates from the left wall
and may be turned around the sharp bend more easily.

5. Separated Flow Along a Curved Wall.

Even if the flow stagnates on the right-hand wall, the flow downstream is
seen to be a jet along the wall with a free streamline on its outer edge where
h = 0. However, in this case the downstream state cannot be connected with the up-
stream state by means of conservation of energy, which may be accomplished if the
flow separates on the left-hand wall.

It may therefore be worthwhile to consider the problem of a "free' jet along
a curved wall (Fig.5.1). It is convenient to introduce a new system of coordinates
(S*,n*) with S* always tangent to the wall, thus measuring the arc length, and n*
to the wall (see Fig.(5.1)). If at the same time one scales such that

SRX, Wahys =g p(x), K= Heh, U = gHe W, (5.1)
Vi = Vo
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VA e A S g ﬂ
=77
Fig.5+1
Forced separated flow along a curved wall.
and note that due to continuity
AgH = p, V (5.2)

where _& is the minimum radius of curvature, the equations of section 2 may be
written

owv
LLM,,L-?U’LLj = P+CYJR) u-’_..hx (5.3)
Equations of motion
b(. I o -
Fa(WV + Uy + % P+(y/n)*u' hy (5.4)
! v
(hu')x"' (m’)Q' R PFGIA = o Continuity (5.5)
L Iow % : . . .
_ug-t T{‘-U;l"’ﬁ‘ m) —€ h=-1 Y Potential vorticity (5.6)
(u+ 2V th = HY) ) Bernouilli (5.7)
A new parameter,—%—;-;%—, is introduced which is the ratio between the radius of
deformation, A , and the radius of curvature, ©, . The new terms in the equa-
tions due to the curvature are the terms with < in front. The nondimensional

radius of curvature, 2(z) , has a sign attached to it such that g is negative on
capes and positive at bays. (Fig.5.1). The position of the free streamline where
h = 0, is defined by the line

3=w(x) (5.8)

where the dimensional width is scaled by the radius of deformation, A, to formw/.
Thus at the free streamline, y = W,

whereas on the wall y =
L 2
gt g ut)rhzh, (5.10)

When the radius of curvature is very large compared to the radius of defor-
mation, the system is seen to zero order to be reduced to the system discussed in
section 4. However, the introduction of a free streamline imposes a new constraint
on the flow. This may be seen by expanding the dependent variables as follows:

(&, v, h,w)=( > PR W -}i(uf“ S A P (5.11)

where to zero order the equations are




o cJ
U -k, —uf- ez -1 (5.12)

with the boundary conditions

» x
h% 0, 4u® = 1 y=w® (5.13)

H
and ) Lo '
h'= Hg oL g W+ h™= Hy Jy=0 (5.14)

The solutions are
W= 4z~ L wshe(wy)+ & amhe(wy) (5.15)
where w'? is determined by Eq.(5.14), viz.
1-cosh Ew @ €JF simhew®: €"Hy (5.16)

In Fig. 5.2 isolines are shown for w€® i e. the width of the jet scaled by A , in
the parameter space made up by the potential vorticity, €*, and the discharge
height, HG.* The heavy drawn line called stagnation entails that those isolines
ending on this curve have wS® = O at the right wall for this value of €* amdl44~
It is interesting to note that for €"» /4 all height profiles are exponential
whereas for €%= 0 all height profiles are parabolic. (Whitehead e? al.,loc.cit.).

>—DISCHARGE —»

/

!
1.0 2.0 3.0 4.0 5.0

2He
EHO

>— POTENTAL VORTICITY ——
THE ZEROTH ORDER WIDTH AS FUNCTION OF ez, Hg.

Fig.5.2 Isolines in €7, Hg space for perpendicular distance from wall of streamline
where h=0(w (¥ ) to zeroth order. See text.
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Also it is evident that for discharge heights greater than two (i.e. szE:Z)IE”
has to be greater than 1/2 to have solutions, i.e. the potential vorticity height
has to be less than two times the Bernouilli height on the left wall (H% & 2 H:),
which corresponds to large widths compared to the radius of deformation.

Furthermore, w®) is a constant once the parameters are fixed and is not
changed when the radius of curvature is changed. Thus to zero order the free
streamline is parallel to the wall Fig.(5.3).

bCL3 ng.SiJ

To obtain information about the effect of curvature one has to solve the
first order problem. The governing equations to first order are

/cu.(i)_;‘ -ﬂhcn'j _uco)" (5.17)
../ou."g - ejoh“’__ _u®@ (5.18)
with the boundary conditions
)oh”)-)owo)uf”: 03y w® . (5.19)
U pw® = 0 y=w (5.20)
u."”pu"uph").—. 03 Y= o (5.21)

The solution for the height times the radius of curvature is

0 £, ) 2@, 4E-3 . @ o N 1=E KO 2u® (o
PN fpu e 3% Tosinh € (g () (BEL ) - 2 (-€n) (5.22)
where use has been made of Egs.(5.19) and (5.20). Equation (5.21) thus gives an
equation for the correction to first order in the width,w'®, times the radius of

curvature, viz: Jovv0)=-— 2 EKG,FQ%Z (5.23)
3> e*Hguy? .

where the subscript r entails evaluation at the right wall y = 0. The function P
is

! o) (8) , © (& S 2~ LIRS PR ' S
P= L’fez[“v esheW"s Leimhe w :’*:ZJTa ["e‘(H@* Ur ) [+ 2o (1-€ Hol|(1-€)-4 |2 L (5.24)
The solution for )vaa)nwy be presented in the same way as the zeroth order, w®’,
and is demonstrated in Fig.(5.4) which shows isolines for PW¢) in the &%, Ha
space. Dashed lines correspond to negative values of owt). prW") < O then w®
is positive at capes and negative at bays as shown in Fig.(5.5).
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Heo
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— .

NEG.

>—DISCHARGE —————

1.0 2.0 3.0 4.0 5.0
€ 2 = ﬁ-’—
Ho

— POTENTIAL VORTICITY —>

ISOLINES FOR THE FIRST ORDER WIDTH TIMES
THE RADIUS OF CURVATURE,

Fig.5.4 Isolines in &°, Hgspace for pw® i.e. first order correction to distance
from wall of streamline where h=0 times radius of curvature. See text.

ba.g
P~ >0

Fig. 5.5

Heavy lines: q:w(")+ -é-w(') . Dashed line; y = w @,
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However, for a certain choice of parameters /2w “Wattains positive values which
have the opposite effect, i.e., W is positive at bays and negative at capes.
Note that in this case one is normally close to stagnation on the right wall,
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A STUDY OF THE FORMATION OF BOTTOM WATER IN THE WESTERN MEDITERRANEAN SEA

Richard D. Romea

Introduction

The formation of bottom waters in the world oceans has been an elusive
subject for many years. Oceans are generally strongly stratified and deep verti-
cal mixing rarely occurs. The process seems to be quite catastrophic and short-
lived, and could be easily missed in many places. Recently, much concentrated
effort has gone into observing the precess in the northwestern Mediterranean Sea,
100 km south of the coast of France. The area was accessible to research vessels
and was observed in great detail during the winter of 1968-1969. Bottom water
formation was observed only in one place during this winter, in a patch about
50 km wide and 100 km long. Directly under this patch is the Rhone deep sea fan,
a topographic feature with a scale of the order of 50 km.

The event was short-lived, with vertical mixing lasting only two weeks,
during the Mistral, a cold wind which blows from the north, between the Alps and
the Pyranees. Wind speeds during the Mistral are typically 30 knots, with S0 knots
recorded. Temperatures of 6°C are typical.

During the winter of 1968-1969, the Mistral began on the night of February
3, and lasted about 10 days. It was preceded by a month of cold weather. The
cooling at the surface was uniform over the whole region and was typically
100 joules/m2 sec. for the Mistral period.

The normal stratification of the northwest Mediterranean is weak, with a
characteristic three-layer system. From the surface to about 200 m, the water is
of Atlantic origin, with a typical temperature of 13.1°C and salinity of
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38 - 38.4 %/oo. The intermediate water, extending from 200 m to 500 m, has high
temperature (> 13.1°C) and salinity (38.5 9/00). Below 500 m is the cold bottom
water, with temperature 12.7°C and salinity 38.4 ©/oo.

A three-stage process was observed by the MEDOC group; the preconditioning
phase, lasting about 30 days (January), the violent mixing phase, which starts
with the onset of the Mistral, and the sinking and spreading phase, which can last
until the middle of March. During the beginning of January, a dense patch of
water 1s observed at the surface. Sections across this patch indicate a doming of
the isopycnal surfaces towards the surface, and the formation of fronts of density
and salinity surfaces. At the end of this preconditioning phase, horizontal
variations of density, temperature, and salinity are of the same order as vertical
variations.

The violent mixing stage is marked by a strong reduction of vertical density
and salinity gradients, accompanied by deep vertical mixing almost to the bottom.

The remainder of this study will be an attempt to understand the process
that was observed by the MEDOC group. In particular, the extreme locality of the
region of bottom water formation will have to be explained, given the uniform
meteorological conditions at the surface.

Mixed Layer Dynamics

We can look at the hydrographic situation as a two-layer system, with an
interface at 500 m depth. The total depth of the sea is 2.5 km. A typical value
for & € , the density difference between the two layers, is 2x1074. A simple
calculation shows that it would take 150-200 days to cool the upper layer so that
A€ =0 . Even in the fierce Mistral conditions, the process would take about
50 days. Since there are only about 30 preconditioning days and 10 Mistral days,
simple static cooling of the upper layer is not sufficient to cause strong verti-
cal mixing.

The next obvious process to consider is the deepening of a surface mixed
layer by entrainment. There are three effects which may contribute to the deepen-
ing of the mixed layer: mechanical stirring by the wind, cooling, and evaporation.
If the latent heat associated with evaporation is included in the cooling effect,
the salinity change due to the excess of evaporation over precipitation is minimal
and does not contribute significantly to the mixed layer deepening.

Mechanical stirring is unimportant below the surface layers (100 m). The
deepening goes like t¥ (Turnex, 1873) and is also presumably limited by rota-
tional effects, whereas the deepening due to cooling is not.

Turner's model of mixed layer deepening in the presence of a linear stable
salt gradient and a constant temperature, with a constant heat flux from the top,
gives the relation |

CJ (.&E_)é't\/z.

2 ds .
/\/5 = —-3ﬁ S (salt gradient)

3= '3%—2— (buoyancy flux)
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Where d is the depth of the mixed layer, Q is the heat flux, C is the heat
capacity, S is the salinity, and the equation of state has been used:

P9 (1-<aT+pas).
Using typical values for AS,AT,and Q, it becomes clear that the mixed

layer alone will not get much below 500 meters, even in Mistral conditions. At
500 meters, the mixed layer deepens at a rate of about one meter per day.

Two Layer Model with Uniform Potential Vorticity: (Shelf Model)

A new mechanism which might be relevant to the Mediterranean Sea in winter
is the non-adiabatic geostrophic adjustment process. A simple two-layer model

illustrates the physics:
z, £

n’ 2

) T?x
h(x)

/ l

/

$a
In this model, the lower layer, with density: j§.= L +bP, 1is infinitely deep, and
hence is dynamically passive. The interface is assumed to behave so that there is
a uniform potential vorticity in the upper layer. Variations in y are zero. The

relevant equations are:

NN VN

£ 'F t ‘é’a'% . conservation of
. W s potential vorticity
fu = 3*-§§% : geostrophic relation
g* is the reduced gravity:
AL

¥ B3

V' is the geostrophic velocity'ﬁn,the y-direction.
These equations can be combined to yield:
A N S iy
axﬁ- gﬁH 3*
with boundary conditions:
htro—H o *— oo

V(o) =\, (velocity at the coast)

hexy = H-Vo‘/g‘ e

The solution is:

_+
T

»
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The decay distance, or €- folding time, 3 , 1s the deformation radius.

If we vary 3* quasi-statically, by changing the density of the upper layer
uniformly and allowing the system to adjust geostrophically to the new deformation
radius, we can deduce the effect of cooling the upper layer on the interface height.

With ¥ - (2825000 o
7= €, J
the interface will surface at X =0 when 0 \/1,
d€ = AC - é’—H" .

In other words, when the density of the upper layer is lowered slightly, the
interface will rise slightly, until the interface eventually breaks the surface.

At a depth of 500 meters, with typical parameters (V,~ 10 cm/sec, A€ «~2x10'4),

the growth rate of the interface is 1 - 5 m/day. This means that, during the 30-day
preconditioning phase, the initial topographic disturbance could amplify up to
100 meters upwards.

Of course this model is not really relevant to the Mediterranean problem, but
it is an indication that we should investigate further. In fact, the model might
be relevant for bottom water production along coasts and on shelves.

Isolated Vortex

The case of an isolated cyclonic vortex is more related to our problem.
Obvious questions are: Will the interface rise with cooling at the surface, and
will the interface break the surface?

,\z’ 'F/:z_
> X
!

Ny

The potential vorticity equation is: ~ ¥
1+ Eh,;
2 £ =0
ot h

When 9*__¢,o (i.e., the density of the two layers becomes the same),U —> 0 in the
upper layer. This implies: ,
£+ St l"axx - f
hs hy,

where the subscript o indicates initial values, and the subscript f indicates
final values. The equation can be rewritten:

he £
n, £+ o h

i Oxx
This quantity is less than one, for an initially cyclonic vortex, i.e., the inter-
face rises. However, the interface does not reach the surface.
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Another way of thinking about this process is to look at columns. As V-
goes to zero, columns move outward from the center of the gyre to conserve angular
momentum. The interface rise follows as a consequence of the conservation of mass.
However, the column which is sitting directly over the center of the gyre cannot go
anywhere. Hence the limitation on hg.

A nonlinear potential vorticity equation can be derived using the geostrophic
relation, the potential vorticity equation, and the nonlinear y-momentum equation:

_ 9 ah
V=1 %

Ko
D [:'F*%h“ =0
Dt h

v v ),. )
et WG tH)=0

/ﬁﬁ) _ (Shay £ h ) =
\ l"t t (‘Fz"'g«hn\) < h ; /X °

If %%T is expressed in terms of Egé* (the two are simply related) and the substi-

tution »

. 9
I- 2o

is made, the equation becomes:

<|+Ih,x . (Tha)y (:+1hxx\ -0
h L (I*fol) h /X

In the limit I—> 0 (g"—> 0), the equation reduces to
3R - _p 3Th,
st on*
This is a negative diffusion equation, and tells us several things.

1. An initially flat interface will not do anything.

2. As h—0 , the rising slows down; the sides of the bump will catch up to
the center.

3. Fronts may form, with large horizontal gradients.

This kind of behavior is very suggestive of some of the MEDOC sections.

Two-Layer Model with Uniform Cooling

All the previous models have assumed that the density changes uniformly in
the upper layer, as a result of the cooling. In fact, this is not such a bad
assumption, but one would like to be sure that the effect of non-uniform density
variations in the upper layer still yields the same qualitative results. There is
reason to believe that a more realistic model would actually increase the amplifi-
cation effect.

The same two-layer formulation is used, except that Q, the heat flux, is now
specified. AT is the temperature difference between the two layers: the lower
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T=0
layer is assumed infinite in depth and passive.

A consistent model could be formulated when -a— <<1 and T.'gf << 1. The equa-

tions are:
Momentum: fur = }i g_x
ov =
oa +fu =0
2 (P\. F
52 (7;,)-‘3 =
Continuity: ou ow
ntinuity % * 52 =0
State: )o:fo (I——ocT) ,
) dT . _ &
Heat: (1) 95 = — 3¢ |
Sl AP _ )
Pressure Condition: S - QOCT % ot ER'H*VL
Boundary . =06 okfz=0
Conditions °
ar=SR ot z=-Hel

The temperature T can be written:

T=aAT-Ft+T (%, t)
where T/4< AT

F= e |
In this representation, AT -Ft is the cooling of the layer with no motion, and T!
is the perturbation due to the interface deformation.
This formulation works if: (in the upper layer)

wz w (X, &)

U= U(x,2, )

w=wx,&He

P =P (x,2,t)

€= 0 (x,t)

T=Tk&t)

n =Q(X) t)
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The linearized equations become:
2P
B O
a_ut’.\.-FU. =0

momentum: 10 Vo=

2F - g (OT-FEaT)

continuity: %& %g_r <0
0t 2T __ F
heat: a_;[;_ ==& n
Boundary . P._pow AT-F 0 -
Conditions ox S ( t)'§£k ot H

w=0 at =z=g
=M gt pe-p

Of course, this model is restricted to the initial displacements by the lineariza-
tion.

The equations can be combined to yield one (nondimensional) equation:
qux‘(' xi-+m:'

The equation can be Fourier transformed in X , with the result that, initially,
Y) grows like t

If an initial perturbation

‘V(X)D)=Aowﬁ %X
is assumed, A () can be found: "
I+ % ™
A= Ao [k |
nGet) = Ate) eeo R x.

Awho [ix (28]

Typical values (a small bump was used) give an interface rise on the order of two
meters a day. This initial growth rate is smaller than that for the shelf model,
but the growth will presumably speed up as the feedback becomes important.

T can be calculated from the heat equation. For a small bump (&f—)CﬁB
Y
A(‘t)"’ Ao (ﬁ)w
T= 0=t)+ 2 A, [(l-t)y’— l]

When T goes to zero, there is no longer a difference between the two layers.
T = 0 when:

For small time:
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(1-t,) = -2A. [(I—tcyy”. ]

Solving for t. shows that the effect of the rising interface is to decrease the
vertical stability right in the center of the gyre faster than it would decrease
due to the cooling alone. The effect on the regions outside the center of the gyre
is minimal.

Conclusion

In this study, various models have been investigated to try to understand
the mechanism of bottom water formation. The bump, which has its genesis in the
topographic relief of the bottom, amplifies due to the non-adiabatic geostrophic
adjustment of pycnoclines to the surface cooling. In this region, the topography,
the cooling, and the cyclonic circulation are essential ingrediants in the process.
The rising interface prevents the deepening of the cooling layer due to entrain-
ment. This mixed layer alone will not deepen fast enough, even during Mistral
forcing, to form bottom water. The deepening process will slow down as the sur-
face cooling affects a larger body of fluid.

However, there is a region which has been preconditioned. Here the verti-
cal stability has been drastically reduced, even though the cooling has been uni-
form at the surface. At the onset of the Mistral, the mixed layer can break
through in the center of the gyre. The violent mixing phase, which involves the
mixing of the intermediate water with the surface water, allows vertical mixing
all the way to the bottom.
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CLIMATIC FEEDBACKS CALCULATED FROM SATELLITE OBSERVATIONS
Glenn H. White

This work is dedicated to Dr. Grace Feng who informed me this spring that
global climatology had nothing to do with geophysical fluid dynamics. This summer
has proven her correct.

1. Introduction

0f the various types of climate models, energy balance models have received
the widest attention due to the relative ease in understanding and interpreting
them. They generally focus on the surface temperature's response to changes in
the components of the Earth's radiation budget and commonly relate the outgoing
infrared flux and albedo to the surface temperature by means of empirical formulas.

Table 1.
Parameterization of infrared flux and albedo in some energy balance cllmate models.
(F is the outgoing infrared flux at the top of the atmosphere in watts/m T is

the surface temperature in °C, n is the amount of cloudiness, m is an atmospheric
attenuation coefficient, << is the albedo, and b(x) and c(x) are constants vary-
ing only with latitude x.)

Infrared flux

Budyko (1969)
n=,5 ==
Sellers (1969)
linearized by
North (1975) F = 211.2 + 1.55T

226.1 + 2.26T - (48.4 + 1.61T)n
201.9 + 1.46T
o T4 (1-m tanh (19 T x 10-16))

hps e s Mo v!
nouon

Albedo
Budyko (1969) X = .62 if T < -10°C
= = , 32 T > -10°C
Sellers (1969) = = b(x)-.009T T+ T £ 10°C
o= c(x) T >10°C
Faegre (1972) o= .486-.009T




Table 1 shows the parameterization of albedo and temperature in some energy
balance models. Budyko (1969) parameterized the outgoing infrared radiation as a
function of surface temperature and cloudiness based on mean monthly data at sur-
face stations, but in his actual model held the cloudiness constant. He parame-
terized the albedo in terms of a temperature-dependent step function, letting the
edge of the ice cap be represented by the -10°C isotherm. Sellers (1969) used a
more complex infrared flux involving an atmospheric attenuation coefficient. North
(1975) approximated Sellers' expression by a linear function of temperature. Sel-
lers expressed the albedo as a linear function of temperature in latitudes where
snow and ice would be present at least part of the year and as a latitudinally
dependent constant elsewhere. Faegre (1972) expressed albedo as a linear function
of temperature everywhere. Schneider and Gal-Chen (1973) investigated different
parameterizations employed in energy balance climate models and concluded that
the albedo parameterization in the tropics was particularly important. A subse-
quent paper (Gal-Chen and Schneider, 1976) concluded that different albedo parame-
terizations affected the results of energy balance climate models much more dras-
tically than did different parameterizations of the dynamics.

This paper attempts to determine the accuracy of the above parameterizations
of albedo and infrared flux by correlating satellite observations of mean monthly
zonally averaged infrared fluxes and albedos (Ellis and Vonder Haar, 1976) with
mean monthly 1000 mb temperatures (Van Loon, 1975) by means of linear least
squares fits. The limited number and accuracy of satellite observations precludes
for many years the use of mean annual values for such correlations.

II. The Data

The twelve mean monthly sets of zonal albedo and infrared flux were com-
piled by Ellis and Vonder Haar (1976) from 29 months of satellite observations
by six different satellites during the period July 1964 to May 1971. They esti-
mated the experimental error as * 5% of the observed albedo or infrared flux.

These 29 months include three months of observations by ITOS 1 in April,
May, and June 1970 and one month by NOAA 1 in May 1971. Table 2 contrasts the
the observations of globally averaged albedo and infrared flux by these satellites
with others for April, May, June in other years by other satellites. Numbus 2's
global infrared flux was calculated from Vonder Haar's data and the other three
satellites' observations. The variation may be partly explained by the time of
observation. The infrared flux observed by satellites is larger in the afternoon
and smaller in the morning. Flanders and Smith (1975) attribute the large albe-
dos observed by ITOS 1 and NOAA 1 to more convective cloudiness in the afternoon.
There is also the possibility that some experimental error is present, affecting
Ellis and Vonder Haar's data for April, May, and June.

Mean monthly zonal cloudiness from 30°N to 30°S was calculated from data
compiled by Sadler (1969) f-om nephanalyses from TIROS IX and X and ESSA 1 and 3
between February 1965 and January 1967.

III. Infrared Flux

Table 3 shows the results of attempting linear least square fits of zonal
mean monthly outgoing infrared radiation fluxes with zonal mean monthly 1000 mb
temperatures. The correlation coefficient used is:
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Table 2

Globally averaged albedo and infrared radiation as observed
in April, May, and June of different years by different satellites.

Satellite albedo TR net radiation
ITOS 1 April .348 254.6 -26.2
1970 May .341 254.5 -32.9
observation time June .333 254.1 -35.4
15:00
(Flanders and Smith, 1975)
NOAA 1 Feb.-March . 351 247.1 -12.1
1971
observation time June .344 246.9 -26.2
15:00
(Flanders and Smith,1975)
NIMBUS 3 April 16-30 .288 241 .4 -1.4
1969 May 1-15 .291 242.1 -6.3
observation time May 16-31 .298 244 .2 -11.2
11:30 June 1-15 .296 244.9 -12.6
(Raschke et al.) June 16-30 .291 245.6 -12.6
NIMBUS 2 May 236.25
June 237.15  (calculated)

observé%?gn time
11.30

where (O‘ﬁ70r is the estimate of the variance of the linear least squares fit and

( o-yY-is the variance of the observed infrared fluxes about their mean. Range is
the difference between the maximum and minimum monthly values in the twelve-month
data set. We have listed the ratio of range to the mean annual zonal infrared flux
in parentheses when the range is less than twice the experimental uncertainty. The
numbers in parentheses following the linear fit coefficients are estimates of the
standard deviations of the coefficients. These numbers reflect uncertainty only

in the statistical fit and not in the original data. These two standard devia-
tions for A(x) and B(x) are not independent of each other, but any change in B(x)
would lead to a change in A(x) such that the outgoing flux at the mean annual zonal
temperature would remain the same.

We have also listed the estimated experimental uncertainty (t 5% of the
zonal mean infrared flux) and the standard deviation of the least square fit. The
standard deviation of the fit is smaller than the experimental uncertainty every-
where except in the polar regions. At 75°S and 85°S, the zonal 1000 mb tempera-
ture falls quite rapidly in the fall and much less rapidly in the winter, while
the infrared flux drops at an approximately constant rate throughout the fall and
winter. The infrared flux observed from outer space comes of course from some dis-
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tance above the ground and there the atmosphere may well cool more gradually over
the Antarctic than the ground does in the fall, especially since a strong inversion
is often present in the Antarctic during the polar night. The same pattern does
not seem to be present in the Northern Hemisphere polar regions.

We found that the variance unexplained by the linear least squares fit could
be reduced by a factor of two on the average by removing the months April, May, and
June and that this also reduced the standard deviation an average of 32%.
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Fig.l. The slope of the zonal infrared flux - temperature relation as a
function of latitude.

Figure 1 is a graphical presentation of the slopes of the zonal infrared-

temperature relations. The error bars represent the standard deviations as given
in Table 3.

Note that the zonal infrared fluxes increase with temperature outside the
tropics and are well correlated with temperature.while in the tropics the infrared




generally decreases as the temperature increases although the correlations are
usually so poor as to be nonexistant. Note that at 59N the infrared flux and sur-
face temperature both vary by very little.

The slopes outside the tropics seem to be lowest near the poles and higher
at lower latitudes. This could be due to the higher temperatures at lower lati-
tudes and therefore greater water vapor content and variability in the atmosphere.

[——
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Fig.2. Slope of the regional infrared - temperature relation as a function of
latitude. (- - — slope, ——— slope t standard deviation of slope).

, Figure 2 is the graphical representation of the slopes of the regional infra-
red flux-temperature. The boxes represent the slope (the dashed line) with the
standard deviation. To calculate the regional monthly infrared flux, we weighted
the zonal fluxes by the cosine of the central latitude of the zone and then summed.
The table shows good correlations outside the tropics with positive slopes. Note
that while the midlatitudes in the two hemispheres have a same slope to within the
standard deviations, the slope in the Antarctic is twice that in the Arctic. Nega-
tive slopes are found in the Northern and Southern Hemisphere tropics separately,
with an appreciable correlation in the Southern tropics. However, if one looks at
the entire tropics (159N - 159S), one finds a positive slope. This could mean

that the infrared flux is greatly influenced by the Intertropical Convergence Zone
and perhaps other bands of cloudiness moving across the equator. In that case the
seasonal zonal linear fits in the tropics (as in Table 3) would be quite different
from the case of a change in the mean annual temperature. However, note the very
small annual ranges in both infrared flux and temperature in the region 15°N - 1598,
In addition, 15°N - 150S encompasses two regions in which the change of temperature
is in opposite directions during the same season. These two facts throw doubt on
the validity of the correlation in the region 15°N - 15°9S.

The poor correlation for the Southern Hemisphere is partly due to the small
change in infrared flux during the year and partly due to the presence of two
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Fig.3 Globally averaged mean monthly infrared flux as a function of globally aver-
aged mean monthly temperature. (x: original data; £ : infrared fluxes after re-
moving ITOS 1 and NOAA 1 data) Curve A is the result of a least square fit of the
oritinal data (F = 200.3+2.510T; correlation = .24). Curve B is the least squares
fit when ITOS 1 and NOAA 1 data is eliminated from April, May, and June; (F = 205.9+
2.026T, correlation = .34). Curve C is the least squares fit when April, May and
June are eliminated altogether. (F = 213.1+1.393T, correlation = .45).

regions which have opposite slopes (5°S - 15°S and 259S - 85°9).

Note that the standard deviation of the least squares fit is significantly
less than the estimated experimental uncertainty for all except the polar regioms.

Removing the months of April, May, and June reduces the variance of the
infrared flux unexplained by temperature by an average factor of almost three for
all regions except 15°N - 15°S (where the slope changes sign when the three months
are removed) while the standard deviation of the linear fit in all regions is re-
duced on the average by 44%.

The dramatic improvement in the fit of a linear relation to the data by
removing the months April, May, and June encourages further speculation about the
possibility of an experimental error larger than 5% in those three months. Fig.3
is a plot of the globally averaged mean monthly infrared flux against the globally
averaged mean monthly temperature. We have computed, using Table 2, the global
mean infrared flux in April, May, and June when the ITOS 1 and NOAA 1 data is ex-
cluded. Figure 3 shows that excluding the ITOS 1 and NOAA 1 (curve B) improves
the fit, but not as much as if the three months are left out altogether (curve C).
This suggests that there is some reason other than experimental error why the
infrared radiation is higher in April, May, and June than a linear infrared -
temperature relation would indicate and that removing the three months altogether
may yield a result further from reality than the original correlations.

Table 5 shows the correlation of regional mean monthly infrared radiation
with regional mean monthly cloudiness in the tropics. Note that the correlations
are considerably higher than for the same regions in Table 4 and the standard de-
viation is much less.

Table 6 shows the results of a multiple linear regression seeking to relate
infrared flux to both temperature and cloudiness in the tropics. Note that for
150N - 5°N the correlation and standard deviation have not significantly improved
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over Table 5, but that there has been improvement at 5°S-15°S. This plus Table 4
suggests that infrared flux can be better correlated with cloudiness than with
temperature in the tropics, especially in the tropics north of the equator.

Table 6 also shows that in the region 5°S -159S an increase in temperature
would lead to a decrease in infrared flux even if the cloudiness did not vary. An
increase in temperature could lead to more water vapor in the air and thus greater
infrared opacity or to higher cloud tops. The cloudiness might not vary in either
case, but the infrared flux would do so.

Table 7 shows the correlation of regional cloudiness and regional tempera-
ture. This suggests that cloudiness cannot be accurately expressed as a linear
function of temperature. Figure 4 shows the regional cloudiness for 5°5-15°S
plotted as a function of regional temperature. Note that the values for April, May,
and June again appear to be quite different than other months and that one can sig-
nificantly improve the correlation of cloudiness with temperature by removing
April, May, and June. Since the cloudiness used here was observed by different
satellites at largely different times than those observing the radiation budget,
this would imply that there may exist some atmospheric mechanism that produces
less cloudiness and greater infrared flux in April, May, and June than would be
predicted by linear functions of temperature.

Cloudiness at 25°N and 25°S varies by less than four percent during the year
and good correlations with temperature were not obtained. A negative slope was
present at both latitudes.

There appears to be a strong possibility that in the tropics an increase in
surface temperature would lead to a decrease in infrared flux. Infrared flux
appears better correlated to cloudiness in the tropics than to surface temperature,
and cloudiness may not be a simple function of temperature. This would considerably
complicate the energy balance climate models. It appears that one cannot parame-
terize the whole globe by one empirical expression giving infrared as a linear
function of temperature. It also appears that some satellite data employed by
Ellis and Vonder Haar (1976) may be inaccurate.

IV. Albedo

Table 8 shows the linear least-square fits of zonal albedos with zonal
1000 mb temperatures. Figure 5 is the graphical representation of the slopes. In
the polar latitudes we have left out the albedos estimated by Ellis and Vonder
Haar (1976), the albedo in months when the incident flux was less than 17 watts/m?
(5% of the solar constant divided by four), and the albedo when the entire zone
was not illuminated for the entire month. The mean annual albedos listed are
simply the means of the monthly albedos and are slightly different from Ellis and
Vonder Haar's (1976) annual zonal albedos, which are weighted by the monthly illu-
mination.

Note the negative slopes everywhere but in the tropics, although the only
good correlations are found in the Northern Hemisphere midlatitudes and in the
polar regions. There are positive slopes in the tropics, although the only non-
negligible correlation is at 159S., The observed albedos in April, May, and June,
particularly in the Southern Hemisphere midlatitudes, seemed anomalously high,
perhaps due to the previously mentioned bias in observation time towards the after-
noon when convective cloudiness would be a maximum (Flanders and Smith, 1975).
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Fig.4., Regional mean monthly cloudiness as a function of regional mean monthly
temperature for the region 59S5-15°S. Curve A is the least square fit for 12

months of data (A. = .185+.01259T, correlation = .08). Curve B is the least square
fit excluding April, May, and June. (A = .130+.01526T, correlation = .54).
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Fig. 5. Slope of the zonal albedo - temperature relation
as a function of latitude.
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The standard deviation of the linear fit exceeds the estimated experimental
uncertainty at 759N-45°N, 15°N, and 3595 - 6508, suggesting that albedo is depen-
dent on another factor than temperature or that the estimated experimental uncer-
tainty is too small. Even if April, May, and June are removed, the standard devia-
tion from 65°N to 45°N and from 459S to 65°S still exceed the estimated experimental
uncertainty.

To obtain Table 9 we weighted each monthly zonal albedo by the mean annual
ratio of solar radiation incident at that latitude to the solar constant divided by
four, as well as by the cosine of the central latitude. We wished to find albedo
as a function of temperature and therefore wanted to exclude changes in albedo
which are due to the purely seasonal effect of changing solar zenith angle at a
particular latitude. The changing solar zenith angle produces changes in the ratio
of illumination of different zones and changes in the albedo and surface which are
quite independent of any internal change in the Earth-atmosphere system. To avoid
the first, we used the mean annual ratio of locally incident solar radiation to
the solar constant divided by four. We also filled in the months of no albedo at
polar latitudes with the mean annual zonal albedo from Ellis and Vonder Haar (1976).
Figure 6 is .the graphical representation of the slopes.
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Fig.6. Slope of the regional albedo - temperature
relation as a function of latitude.

Good correlations are found only in the Northern Hemisphere outside the
tropics. Note that the same regions in opposite hemispheres have roughly the same
coefficients, suggesting that the differences between the two hemispheres do not
affect the albedo-temperature feedback. Positive slopes are observed in the tro-
pics in each hemisphere separately, but not for the tropics as a whole, suggesting
again that there may be clouds shifting back and forth across the equator, creating
apparent positive slopes that are purely due to seasonal effects.

The standard deviation of the least squares fit exceeds the estimated exper-
imental uncertainty in the Southern Hemisphere midlatitudes only. If April, May,




181

ssoutrpnoi) Teuot§ey JO uoTiduUn B SEB OPaqIy TeuorSay

%8°S (%2°8)0z0° S00° ALK LT °v(s80 %) 16T +(Zy0 F)0OST*  Sve- SoST-NoST
%L°8 Szo” 900" AN §s” V(£90°7)8sz +(2g0°7)8TT"  8ST” SoST-SoS
%6°6 9¢0° L00" €10° §9° %v(190°7)08z°+(050°3)STI" 152 NoS-N,ST
opoqry opeqry
SSOUIPNOT) Jo UOTIBIAS(Q AIUTEBIISOU)  UOTIE] (ssoutpnoio ¢ - °y) Tenuuy
Jo a8uey o8uey pxepueis *xadxg -oxxo) OyY + [ = UOIIOUN] IBOUTT] UBON uotday
0T S1qEL
OHSP@H@QE@H 2deJang Hdcoa.”mom pue opoqly ﬂ.mnoa...wom JO SUuOTlBISDIIO)
8¢ %8°L)vzo- L00" S10° 8z  L{zv100°7)Lzs00°-(020"F)vSe”  80%” 9qoTo
0°9 %876)0¢0" 600" ST10” v1°  1(61100°7)10200°-(910°F)zgs"  SO%" HS
L°ST 9%0" 800" 910" 08"  1(S%000°¥)66200 -(L00 F)9Sg"  T11i¢- HN
¢ 1 (z°8)0z0" 500" Z10° 1¢°  L(14500°%)20600°-(960 F)6Ly"  S¥T* SoST-NpST
1°8 S90° 910" 810" 8s*  L(6ST00°F)0¥v00°-(ZT0°F)g8s"  7S¢” S0S8-S0S?
v S 690" 020" 910" ¢z L(LLz00°¥)6LS00°-(6£0°¥)Z0%v°  z2s* SoSS-SoSZ
5°C 520" L00" AN 0v"  L(82zZ00°¥)19900°+(850°F)0L0"  8£T° SoST-SoS
A/ 960" Z10° ¢10° 00°- 1(SzS00 %) %200 +(8ST F)CIT"  1SZ° NoS-NoST
L°9T 901" z10° L10" 88"  L(65000°%)8sS00°-(600"F)S0ov:  18§° NoSZ-NoS$S
6°61 001" 010" 810" 06" ehmvooo.ﬂummvoo«-ﬁmoo.ﬂvﬂmm. £8¢° -~ NoSZ-NoS8
*aanie opoqry Autelxsouf opaqry
-Jodusy JO  UOT1BTIAD( ‘dodxg uoT3IET Id + D = Tenuuy
Jo o3uey o8uey  paepuelg *318d -9I1x0) (Do UT L) uoT3IdUN IBSOUT] UBSJ uotdoy

6 91qel




- 182 -

and June are removed, however, this standard deviation becomes less than the esti-
mated experimental uncertainty. Removing April, May, and June reduces the stand-
ard deviation an average of 25% for all regions except 15°N - 15°S.

Table 10 shows the result of attempting a correlation of regional albedo
and regional cloudiness in the tropics. A correlation with positive slope is
found everywhere and is especially good at 150N-5°N. Apparently, albedo can be
better related to cloudiness than to temperature, since the correlations here at
15°N-5°N and 59S-15°S are better than Table 8.

Table 11 shows the results of trying to correlate albedo with both tempera-
ture and cloudiness. Note that there is no improvement in correlation over Table
10 for 159N-5°N, suggesting that albedo is related to cloudiness but not tempera-
ture there.

The above suggests that Sellers (1969) and Faegre (1972) overestimated the
negative slope of the albedo-temperature relation in mid-latitude and polar regions
and that albedo may increase with temperature in the tropics. This would act to
offset the effect of ice and snow in polar and mid-latitudes and to stabilize the
Earth's response to a global cooling or warming. Albedo in the tropics appears to
be better related to cloudiness than to temperature.

V. Solar Zenith Angle Effect on Albedo.

The albedo of a surface depends on the angle with which the incident radia-
tion strikes the surface. As the solar zenith angle increases, so does the albedo.
Thus, even if exactly the same conditions prevailed at a certain latitude through-
out the year, the albedo would still change due to the changing solar zenith angle.
Since surface temperature generally increases when the solar zenith angle decreases,
this can create an apparent correlation of albedo with surface temperature that
bears no relation to what would happen if the surface temperature were to. change
over a period of years. We therefore sought to change all mean monthly zonal albe-
dos to what they would have been if the sun had been at its mean annual solar
zenith angle that month.

To do the above we followed the procedure used by Raschke et al. (1973b) to
convert the Nimbus 3 observed albedos to what they would have been if the sun had
been at its mean daily solar zenith angle. They considered three surfaces: ocean,
cloud-land, and snow. In the tropics we used Sadler's (1969) monthly cloudiness
and assumed that the cloudiness was the same over ocean and over land. We also
assumed that the albedo of cloud-free ocean at the top of the atmosphere would be
0.10 if the sun were directly overhead. ‘

Outside the tropics we used the mean annual cloudiness given by Cess (1976)
and assumed it was constant during the year. We assumed the ocean was ice-covered
year around at 85° and 75° in both hemispheres and ice-free at 65°N. At 6595 we
let the ice vary with the month (Deacon, 1971). At polar latitudes we used Cess'
(1976) estimate of cloud albedo which is based on the assumption that surface al-
bedo is less than cloud albedo even in the polar regions.

Thus we divided the albedo in non-polar regions into a cloud-free ocean
albedo and a cloud-land albedo and multiplied each by a correction factor taken
from Fig.5, p.ll, Raschke et al. (1973b). In the polar regions, as mentioned be-
fore, ice albedo was included as well. The estimate of ice albedo resulting from
our calculations was not always reasonable, varying at 659°S from .284 in September
to .839 in March.
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Fig.7. Slopes of the zonal albedo-temperature relation plotted against
latitude when albedo has been corrected for solar zenith angle.

Table 12 shows the resulting correlations of zonal albedo and zonal tempera-
ture. Figure 7 is the graphical representation of the slopes. Removing the solar
zenith angle variation has decreased the correlation with temperature drastically
in the Northern Hemisphere while increasing it in the Southern Hemisphere from 598
to 45°S. The sign of the slope has changed in the Southern Hemisphere midlatitudes,
where albedo now increases with temperature. The difference now apparent between
the Northern Hemisphere and Southern Hemisphere midlatitudes may be due to the
differing ratios of land and ocean. Note that the standard deviation now exceeds
the estimated experimental error from 859N to 35°N, at 15°N, and at 65°S.

Table 13 shows the correlations of regional albedo with regional tempera-
ture when we correct for solar zenith angle dependence. Figure 8 is the graphical
representation. Correlations are rather poor everywhere. The asymmetry of the
hemisphere shows up now in the mid- and polar latitudes where the sign of the slope
is not different in the different hemispheres. Note that the standard deviation
of the linear fit exceeds the estimated error in the Northern Hemisphere outside
the tropics. This may suggest that temperature alone may not explain the albedo
variation, that perhaps the albedo may lag the temperature by a few months.

Figure 9 shows the regional albedo as a function of regional temperature for the
region from 859N to 25°N. Note that the albedo is higher in May than any other
month, which does not seem realistic for these latitudes. Omitting April, May,
and June improves the least-squares fit greatly. There is a strong suggestion in
the figure that the albedo does lag the surface temperature by about two months,
which might be expected if ice and snow cover were an important part of the albedo

variation.
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Fig.8. Slopes of the regional albedo-temperature relation plotted against
latitude when albedo has been corrected for solar zenith angle.
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Fig.9. Regional albedo corrected for solar zenith angle as a function of regional
surface temperature for the region 859N-25°N. Curve A is the least -square
fit of all twelve months. (o€ = .365-.00140T, correlation = .16). Curve

.B is the least-square fit when April, May, and June are omitted.
(e = .363-00206T, correlation = .54),

Table 13 and Fig.8 also show that the albedo-temperature relation is the
same to within the standard deviation for both 159N-5°N and 50$-15°S. The global
correlation illustrates one potential fallacy of our original least-square fits.
Globally, we have a good correlation with a negative slope that exceeds any nega-
tive slope in Table 12. This is due to the globe following the Northern Hemisphere
temperature pattern while the largest albedo change is found in the Southern Hemi-
sphere, thus producing a false correlation. The globe encompasses two regions
where in the same season temperatures are changing in opposite directions. The
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same type of false correlation may have occurred when we considered 159N-15°S.

Removing April, May, and June improves the correlation in the Northern Hemi-
sphere and in the tropics.

Table 14 shows the new correlation of regional albedo with regional cloudi-
ness in the tropics. The correlations here at 159N-59N and 5°S-15°S are nearly
twice those in Table 12, suggesting again that albedo is more related to cloudiness
than to temperature. The slopes here may be too large since Cess (1976) gives the
albedo of the surface as .150 at 5°N and .142 at 150N and the albedo of clouds as
.354 at S50°N and .383 at 15°N. Cess's numbers suggest a slope of .2 to .25.

Table 15 shows the correlation of regional albedo corrected for solar zenith
angle with regional cloudiness and regional temperature. The correlations are only
slightly better than in Table 14, suggesting that cloudiness is more important than
temperature in determining albedo.

Our attempt to remove the variation of albedo due to solar zenith angle
variation has created a vastly different picture, one in which albedo increasing
with temperature, probably due to increasing cloudiness, seems to be dominant. The
negative slope in the Northern Hemisphere mid-latitudes has been reduced by a fac-
tor of three, while albedo now appears to increase with temperature in the South-
ern Hemisphere mid-latitudes. The albedo-temperature response now appears quite
asymmetric about the equator, probably due to the different land-sea ratios in the
two hemispheres. Albedo now definitely appears to increase with temperature in the
Northern Hemisphere tropics, but albedo in the tropics appears to be more related
to cloudiness than to temperature.

VI. Effect of Cloudiness on the Radiation Balance.

Schneider (1972) stated that an increase in the amount of global cloud cover
can have two opposite effects on the global radiation balance: i) an increase in
planetary albedo leading to less solar absorption, and ii) a decrease in the infra-
red radiative loss to space.

It can be expressed in the form:

§ (5~ (35)

=400 55 + 35)

where cﬁ is the net flux difference, A. is the cloudiness, QAbs'is the absorbed
solar radiation, and Q(x) is the locally incident solar radiation. We have calcu-
lated correlations of zonal albedo with zonal cloudiness and zonal infrared flux
with zonal cloudiness and can use these to calculate the net flux difference in

the tropics. Table 16 shows the result, for the original albedo and for the albedo
corrected for solar zenith angle dependence. The numbers in parentheses reflect
the uncertainty in the net flux difference from the uncertainty in the slopes of
the zonal infrared-cloudiness and albedo-cloudiness linear least-square fits. Our
results are not accurate enough to determine even the sign of the effect in some
latitudes, but in the southern tropics the dominant effect of increasing cloudi-
ness appears to be a decrease in the infrared radiative loss to space. This is the
opposite of Schneider's (1972) result, where he assumed a fixed cloud height. Our
empirical infrared flux-cloudiness relation does not hold could height fixed.
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VII. Conclusion

We have implicitly assumed that albedo and infrared flux respond immediately
to any change in 1000 mb temperature and that therefore each month is statistically
independent of the other months. However, in reality lags between temperature and
albedo and infrared flux do occur, as at 859S in the infrared flux. There is also
a lag between the minimum temperature and the maximum ice extent. In the Northern
Hemisphere the maximum ice extent occurs in April (Kukla and Kukla, 1974) and in
the Southern Hemisphere in September (Deacon, 1971).

One must also consider the possibility that albedo, infrared flux, and
especially cloudiness, respond quite differently to .a gradual cooling or warming of
the Earth over several years than they do to seasonal temperature changes, and
that therefore the results here might not be applicable to the parameterization of
energy - balance climate models. Cloudiness has been shown here to have a great
influence on the tropical radiation balance and has not been shown to be correlated
to any great extent with surface temperature. The seasonal cycle of cloudiness
could be quite different from the response of cloudiness to a gradual cooling or
warming of the Earth over several years or to a change in solar constant.

‘But this work has shown that the observed response of infrared flux and
albedo to seasonal changes in surface temperatures do not verify the parameteriza-
tions used by Budyko (1969), Sellers (1969), Faegre (1972), and North (1975). The
response of infrared flux and albedo to a uniform change in surface temperature
appears to vary from region to region over the globe and may even change sign in
the tropics. Cloudiness appears to be the important variable in the tropics'
seasonal radiation budget and has not been shown to be simply related to surface
temperature. This suggests that variable cloudiness must be included in an energy-
balance climate model and that parameterizing cloudiness as a linear function of
temperature would not be adequate.

Our crude correction for the variation of albedo with solar zenith angle
has shown that this correction can considerably alter the estimates of albedo-
temperature feedback. Our results also seem to indicate that the Earth can not be
treated as symmetric about the equator, that even the sign of the albedo-temperature
feedback in the mid-latitudes is different in the two hemispheres.

‘Our results also show that cloudiness changes, at least on a seasonal basis,
may be more important than changes in ice and snow cover and that in the tropics
and Southern Hemisphere mid-~latitudes albedo increases with temperature, therefore
acting to stabilize the climatic response to changes in temperature or solar
constant.
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CLOUDS AND CLIMATE

Bruce A. Wielicki

To date the most productive approaches to long-term climate have utilized
some form of a global energy balance equation. On time scales much greater than
the response time of the ocean heat reservoir (=1000 yrs by most estimates) such
a global energy balance would seem inescapable. Estimates of glacial climate
oscillations over the last one million years indicate climate regime time scales
of 10,000 to 100,000 yrs, comfortably above this limit. A single equation admits
solution of only a single variable, so atmospheric transport, infrared flux, and
any feedbacks are parameterized as functions of surface temperature. The major
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A generalized global energy balance equation might be written

div (Atm Transport) + IR = Q

climate variables which can affect such a parameterization are listed below:

water vapor q(z) \\ . emitted
T(z) IR - f(T)

lapse rate

Milankovich S (t)
ground albedo {(ice = G(T)

/incoming rad.
" absorbed

atm. absorbers and scatterers |
(coyz, 0z, volcanic dust) ‘///

The effects of Milankovich variations in solar constant, ice-albedo feedback, and
specified variations of radiatively important atmospheric constituents for incom-
ing solar radiation, have received the lion's share of attention to date: mode?s
have been developed by Budyko (1969), Sellers (1969, 1973) and most recently Nprth
(1975). Estimates of climate sensitivity (S, I3, ) are increased three-fold by ice
feedback but are still a factor of four or more below the sensitivity necessary to
account for glacial oscillations by means of Milankovich forcing alone. Latest
studies of paleontological data however are indicating significant response at
these astronomical periods, maintaining interest in this mechanism.

Of the remaining terms clouds seem the most likely candidate for strong
climate feedback, The moisture-condensation process is extremely sensitive due to
its step-function-1like nature, and clouds interact with both outgoing infrared
(greenhouse effect) and incoming solar (albedo change) radiation. These two pro-
cesses most often work in opposition, (whenever cloud albedo exceeds ground albedo,
typically .5 : .1 for land or sea) but there exists no obvious physical mechanism
to couple them in balance. As clouds presently cover == 50% of the globe, and
account for a large portion of the planetary albedo, it is not difficult to imagine
large effects of mean cloudiness on the Earth's climate. The actual specification
of such interactions however is extremely difficult, as a brief review of recent
research on this problem will quickly show.

To study the effect of cloud cover fraction (A;) as a feedback mechanism,

both
DA, 9 radiation

 climate and dAq
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must be established. (Since temperature is in a very real sense the ”measure”\gg
climate in energy balance models, the first of these may then be rewritten as-%1f;-)
At present even the sign of the above terms is in doubt.

S.H.Schneider (1972), utilizing the approach of Manabe and Weatherald (1967),
treated clouds as balck body radiators at height Z. with temperature T(Z.). For ob-
served T(z) and q &), he found that the albedo effect dominated the infrared change
due to cloudiness if cloud height is held fixed. For typical cloud albedos of 0.5,
increased cloudiness will therefore effect a net cooling over land and sea but a
warming over ice or snow. Further, since temperature decreases with increasing alti-
tude, increasing cloud height will also exert a net cooling. For the present global
averages, Schneider found that increasing A. from .50 to .58 was equivalent to in-
creasing cloud height by 600 meters. This established that Qf%%éll is undetermined
(even in sign) as long as cloud height remains either unspecified or unknown. At
present cloud height can not be determined from satellite data, but may well be in
the not too distant future. General circulation models would seem to lack the ver-
tical resolution to handle cloud height changes, however their changes in Ac might
conceivably reflect the net effect of A. and Z. in the atmosphere. One final note
_should be added: should the temperature or moisture lapse rates vary with climate,

?fET will also vary with climate, and a highly nonlinear feedback may result.
&

Estimates of the change in cloud fraction with climate are in basic disagree-
ment. Paltridge (1974), using a somewhat involved energy balance approach, indicates
%%3%/"0. Runs of an NCAR GCM (unpubli;héd data), specifying *2°C changes in

2T p
surface temperature, find ;%9523'-]7L[%ﬁ Since both of these use essentially fixed

height cloudiness, (i.e.-égﬁﬁT typically € 0) the Paltridge result represents a
strong negative feedback to Climate change, while the NCAR result reflects a strong
positive or destabilizing feedback. Weare and Snell (1972) with a unique although
somewhat abstract "diffuse cloud" model find a stabilizing effect even larger than
that of Paltridge. Finally, in an attempt to examine seasonal and latitudinal ‘''cli-
mate" variations Cess (1976 preprint) uses_satellite data to correlate surface tem-
perature, A., I.R., and albedo, and finds -a-?.ﬂm-']‘]a ¢ and ig%-lxo i.e. no net ef-
fect on climate sensitivity. ¢

There exists little other than personal preference to favor one of these re-
sults over another, as all include basic assumptions or conditions which are still
in question. However we can reverse the problem, asking if a given feedback is
hypothesized, what effect is then implied. Utilizing our greater faith in the simple
energy balance equation, and present knowledge of past climate, we can then indicate
the reasonableness of any initially hypothesized feedback, while gaining an indica-
tion of the magnitude of cloud feedback sensitiviey. The most obvious criterion
will require that the present climate be stable to small perturbations from equili-

brium.

We will choose North's (1975) formulation of the energy balance equation,
as it is mathematically the most general and well-defined of those presented to date.
A basic familiarity with his results will be assumed, and his notation will be followed
wherever possible. Clearly the uncertainties in specifying cloud-climate feedbacks
indicate that only the simplest of formulations be studied, i.e.

DU T# (+BT)+ CltxebT= 05 1)+ {0 (x, ¥ } + X, 25) 2T}
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These terms are exactly as in North (1975) except for the addition of c'(x,xs)‘é'\'
and b'(x,%xs»AT , which represent the infrared and albedo effects of clouds res-
pectively. AT(X) = T (x) =TH)where TO(x) is the present climate solution of the

model for ice line X=2.95. 1In this sense ¢ (% X¢) is a linearization of

¢cJoud IR . . . .
aéj- . a¢hud>ab°ut the present climate, with a similar interpretation forb(X,%s)-

The possible strong dependence of such a feedback on x and xg as indicated by
Schneider's (1972) results suggests the latitude dependence of c¢' and b'. The
equation can be further simplified to realizing that the sensitivity parameter

Y =G?ff£-is typically of order 100°C and in the unstable regions of special inter-
est approaches infinity, indicating that

5%; .f%g 77 1 and the albedo effect of clouds becomes:
20 /
05 ()b (x,xs) AT

where Q°= Q (X; = .755 . Defining
c (x't X;) = C-‘CX{'XS)"QOLS ('x ) b‘(x)XS) )

we obtain:

DV T+ (A+BT)+C(XaX§?'AT=Q'S(Y)‘a-—(z»'x-‘) (1)

The parameter C now conveniently denotes the net radiational effect (positive for
outgoing flux) due to cloud change with climate. To obtain a physical sense of
its magnitude, for fixed cloud height

C= aAc - aR.NET
°oT 2A.
- 1 ?RNET . . 2 . o
Schneider's mean value for Ao is approximately + 1 w/m® outgoing per 1%
increase in A;, for which C = 1 if gﬁ‘ = | 070/“(; -

Such equations, as shown by North (1975), are especially amenable to solu-
tion by Legendre polynomial expansion. Taking advantage of T (x) 2 A+ T ()

_DV‘I+I+(_°%3—(5-L) AT =Q:8(0 .o (%)

'

Expanding in Legendre polynomials:
—_'D%‘n(m-l)-fn' Pn(x)+§_ I B (O+ R, )R, =92 Hy (Xg )R LY (2)

where H, (X;):(Q_n-\-\)'ng(‘K\) (7] (X,X_g)- Pn(*)dx

Fr (%s) 2(25¢1) g'AI (s (%, %)+ B, (x)d %
Now since AT (%)= 1(x)-1"(x)

Fo b= (23§ e G0 [§ (L 1) - B )] + B, G0l
defining

/
Fam@s)= 2500 { e 00%0) ) R () d x

then
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’Fn("ﬁ:%(‘lm‘lin)‘ﬁwm (%)

Multiplying Eq.(2) by P,(x) and integrating with liberal use of the orthogonality
principle leads to:

Lo In* [Z (T Ta)-Fom (X0 = § H, (xs) (3)
2L P, =1 (4)

where L, = n(n+1)D + 1, and Eq.(4) sets the ice line condition. These two equa-
tions differ from North's only by the term in brackets. This term introduces how-
ever, a coupling of the linear algebraid equations in I,.

For the present climate (I = I;°) the equation reduces to North's, which
requires the diffusion coefficient D = .382 remains unchanged. Once XA, is speci-
fied, Hp(¥s) and F,,,(%¢) are known, and the remaining Q and Ip are determined.
Note however that %ﬁi , the stability, and the sensitivity(& iﬁg) will depend on

¢ (%,%;) even for xXg= 95,

The stability analysis is quite straightforward (see North 1976). Consider
the time-dependent equation:

—a%—ln(t)-f-’l.nin*'[% (L= T0) Foen (%)) = @ Hyp (8 (5)
let the perturbations from equilibrium :E: and X be small:
T,(8) « Tn+ 8n (1)
Xs (8) = X"+ € (%)

Linearizing: ’ r_;\m (xs) "F:nm (X*')-'_ Fnlm (X*‘)' £,
Ho () = He )+ H'EM) €

where primes denote the obvious derivatives. Substituting into Eq.(5) and dropping
terms of order € *d leads to:

% »* 0 - o

35 (00 ) Lndnt [ 4 Fon 01+ 8 (T T Wi (-] 0,08 € ©
Similarly expanding the ice line condition & Ty ¥, (Ys)= Is leads to a relation
- betweéen £ and JP N P

) 'e G *
E-'-"_; Z)sef(xy.) ’P"‘_—(X )
T R () d X

Now let an (t) ‘—Dne‘-?‘t . Equation (6) then becomes a set of coupled linear
homogeneous equations for the D, :

(Ln=2) Dot [ D Fo ()= (= T o (1) - (2 Jo- 0 M- (5554

for which a non-trivial solution exists only if the coefficient determinant = 0.
This condition determines the stability parameters ;\h .
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Solution will be determined for the two-mode case, for which we will let

C(XXs)= Co+C, f?g_(x),“x 452(;

dotely B () x > %, |
Such a specification greatly aids interpretation of the results; i.e. the varia-

tions of stability and sensitivity of the present climate in c(;g,xs) parameter
space.

The results are shown in Fig. 1-4 and may be summarized as follows:

1) €O, C2, or DO > O indicate a negative feedback, or stabilizing influence
of cloudiness on climate. For C) and D) this is obvious, and for C2 it can be
shown by noticing that for [_C,, + R ()] LT, vy AT, P, C)‘) ,the integrated

effect (0 to Xg) is dominated by the Cz & T, g P ()4') F(x)cl;( term for XS near 1.
[4]
Co 5 C oy 'D <& O 1is conversely destabilizing.

2) One can by the same reasoning show that for the present climate a given
magnitude of CO will in some sense have roughly five times as much effect on the
solution as a similar C:z or Do . This is shown in Figs.2 and 3 for climate
sensitivity by considering the ratio of AC,to & {,between two points of equal
sensitivity on two adjacent C, curves.

3) Although not rigorously proven, all solutions studied exhibited a similar
stability criterion to North's earlier model, i.e.

O{Q > o; (Q—ﬁ—iLTQ 70) stable
_ﬁi < Q) (Q OLTa <O) unstable

4} Figure 1 shows the typical Q(Xs) curves exhibiting the shift of the
unstable point due to the stabilizing or destabilizing effect of Co . Note for
Co = =1 all solutions including the present climate are unstable. Noting that in
Figs.2 and 3 the region to the left of the asymptotes of the steeply rising sensi-
tivity curves are unstable, a similar effect is seen for C, , and Dg

5) Using Figs.2 and 3, Fig. 4 establishes the range of parameter space for
which the current climate is unstable. It does not seem unreasonable to require
any realistic feedback to lie outside this region. For fixed height cloudiness
this implies DA,

Cha 7= ';%/ét

We immediately note that the near *2°C 0.S.T. experiment just violates this con-
straint. The reason of course is that fixing ocean surface temperatures treats

the ocean as an infinite heat source or sink which can control its own global equi-
librium - such fluxes violating the assumption of a global energy balance at the
top of the atmosphere. Such a model is more useful for climate time scales less
than the ocean response time of /= 1000 yrs. It would seem necessary that any
future GCM simulations of glacial time scale climate changes should apply a net
energy flux balance at the surface.
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(6) As Schneider (1972) indicated, the effect of cloud cover on net radiation
fluxes should reverse sense over ice and snow (fixed height) - could this be an
important feedback to the ice-1line? Due to the Co dominance seen earlier such
effects will not be evident for the present climate.

(7) Paltridge's (1974) result of +37%/°C gives a sensitivity of == 120, i.e,
his cloudiness change more than compensates for the positive ice-albedo feedback.

(8) It is clear that for the present climate, X,= .95, we can choose Co.lz or
Do such that Milandovich sensitivities are obtained. However such regions are
Wery narrow in £ (x,x ) parameter space. As it is more than likely that climate
feedback due to cloudiness will change at least slightly with changing climate, such
a mechanism is too restricted to supply the proper sensitivity over long periods of
time. Cloudiness does not seem to be an answer to the Milankovich dilemma.

In conclusion, two ''pitches' are clearly appropriate. First, despite its
questionable application to long term climate, improved seasonal cloudiness data
is called for, with cloud height if possible. Second, GCM responses should be
studied, hopefully with some restriction on net ocean heat fluxes.

Acknowledgments

I would like to thank Dr. Gerald North and Dr. Richard Somerville for their
guidance, friendship and encouragement.

References

Budyko, M.I. 1969 The Effect of Solar Radiation Variations on the Climate of the
Earth. Tellus 21: 611-619.

Manabe, S. and R.T.Wetherald 1967 Thermal Equilibrium of the Atmosphere with a
Given Distribution of Relative Humidity. J.A.S. 24: 241-259.

NCAR Data - unpublished, supplied by Drs. R.Chervin and R. Somerville of the
National Center for Atmospheric Research, sponsored by the National
Science Foundation.

North, Gerald R. 1975 Theory of Energy Balance Climate Models. J.A.S. 32:2033-
2043.

North, Gerald R. 1976 Stability Theorem for Energy Balance Climate Models.
Submitted for publication.

Paltridge, G.W. 1974 Global Cloud Cover and Earth Surface Temperature. J.A.S.
3l: 1571-1576.

Schneider, S.H. 1972 Cloudiness as a Global Climatic Feedback Mechanism: The
Effects on the Radiation Balance and Surface Temperature of Variations
in Cloudiness. J.A.S. 29: 1413-1422.

Sellers, W.D. 1969 A Global Climatic Model Based on the Energy Balance of the
Earth-Atmosphere System. J.A.M. 8: 392-400.

Sellers, W.D. 1973 A New Global Climatic Model. J.A.M.12: 241-254.

Cess, R.D. 1976 Climate Change: An appraisal of Atmospheric Feedback Mechanisms
Employing Zonal Climatology. Submitted for publication.




Weare, B. and F.M.Snell 1974 A Diffuse Thin Cloud Atmospheric Structure as a
Feedback Mechanism in Global Climate Modeling. J.A.S. 31: 1725-1734.

A PRELIMINARY STUDY OF FLOWS GENERATED BY A CYLINDER MOVING ON A BETA-PLANE

Toshio Yamagata

1. Introduction

A study of a flow, generated by an obstacle moving steadily through a fluid
at rest, is one of the most basic and classical problems in fluid dynamics because
it focuses on nonlinear inertial force. However, we do not yet have a complete
theory to cover whole range of Reynolds numbers. Therefore, laboratory experiments
are an important aid for our understandlng of flow behavior, especially in high
Reynolds number flow.

The problem has also been extended to stratified fluid, where new aspects of
the original problem have been obtained concerning forward wakes, lee waves and
recent topics about waves and turbulence.

We shall be concerned here with a rotating fluid on the beta-plane. More
than 20 years ago, the problem was investigated in a limited parameter range (mod-
erate local Rossby number) by Fultz and Long (1951), Long (1952), and Fultz and
Frenzen (1955), using a hemispherical annulus. They showed some interesting flow
behaviors such as Rossby lee waves in a prograde flow (westerly flow), blocking in
a retrograde flow (easterly flow), eddy formation near edges of blocking, etc.
Their motivation was to examine the effects of large scale mountain barriers such
as Himalayas or the effect of blocking high on the zonal current in the atmosphere.

Apparently, the problem has an intimate relation to the Taylor column problem
on a beta-plane. The latter problem was investigated by Ingersoll (1969) in con-
nection with Jupitor's Great Red Spot (inviscid, zero local Rossby number) and by
McCartney (1975) in connection with oceanic and atmospheric flows over a barrier
(inviscid, moderate local Rossby number). McCartney also performed a laboratory
experiment using a paraboloidal free surface to simulate beta-effect and confirmed
the existence of lee waves for the case of a prograde flow. For the case of a
retrograde flow around a tall obstacle, McCartney found blocking w1th vortices at
the edges.

Here, as a preliminary study for a future extensive work covering wide ranges
of Rossby number, Ekman number and planetary vorticity factor, I show some drag
calculations in % 2. Because of the complexity of the flow regime, and its varia-
tion over the parametric regime, the drag may provide a useful means of organizing
and discussing the results. In the next & 3, a brief description of the laboratory
experiment performed will be given, paying special attention to a forward influence
in a prograde flow and a wake in a retrograde flow. Some theoretical calculation
for a forward influence will be shown in the Appendix.
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2. Drag calculations
2.1 Basic equation

The nondimensional vorticity equation for the stream function'#f on a beta-
plane may be written as

TU+€T (W, V¥« BY, - EST Y ER Y= 0 RS

All variables in (2.1.1) are nondimensionalized using a diameter L of a cylinder
as a horizontal length scale, velocity U of a moving cylinder as a velocity
scale and (Q.SIf‘as a time scale. The first term of (2.1.1) means the local time
change of vorticity, second term means the advection of verticity, third term
means the beta-effect, fourth term means the lateral diffusion of vorticity and
the last term means the Ekman dissipation of vorticity. Nondimensional numbers
are defined as follows:

£ = LF/Q N L @ Rossby number

B =/3 L/i % : planetary vorticity factor
E = '¥4111,H“ :  Ekman number

§ = H/L :  aspect ratio

The lateral diffusion of vorticity is small in our experiment and, therefore,
neglected throughout the analysis. '

(2.1.2)

2.2 Steady flow on the f-plane

In this case, B = 0 and the vorticity equation is reduced to

ETW VW) +EPV Y =0 (2.2.1)

The boundary condition at the cylinder moving in the x-direction (east-west) is
written as
‘l}f:simda.i"r‘.-.li
?
V=0 of t=>o0
where no circulation around the cylinder is assumed. This system has the irro-

tational solution:
L éi_ﬂg (2.2.3)

The simplest way to calculate the drag is by means of the conservation of energy.
This states that the rate of work done by the external force D must equal the
dissipation rate in the Ekman layer (note lateral friction has been neglected)
and, thus, we have

(2.2.2)

u

'3
DeV= L2 SIV*W’;]‘. ds* (2.2.4)
- v/ de (2.2.40)

\)))/29' I3 r ‘r:.‘;
where * denotes dimensional quantities. Using (2.2.3), IYE_ becomes

% :
.-D; = L2 ‘/‘o'ﬂy"\)bo Ue. LL . (2.2.5)




2.3 Steady flow on the beta-plane when & is small.

The vorticity equation is reduced to

2
B}(Q*—E"V Y=0 (2.3.1)
The solution with the boundary condition (2.2.2) is written as
-, o
e o iF K (L)
V=0 E_Yh K (:zfﬁ' gmnb&, (2.3.2)

where }< denotes the modlfled Bessel function of the second kind and
. -l eoaT
X, =K (B/qrs")jw'ﬁ m nT- e_ﬁ T, (2.3.3)
-7

The formula to calculate Ekman drag.D[: is readily seen to be the same as
(2.2.4b), so it is sufficient for our purpose to compute Y , uf at T' o. First,
let us consider the limiting case of gh 2 >» 7 . In this case, IDE becomes,

using (2.3.2), _ 4
Demes ”»/O-d"»\) ’,U.L(H,z—, E.+o %}), (2.3.4)

To obtain the drag in the other limiting case of[ﬂ@x>> 7 (2+3.2)1is not tractable,
so let us obtain an approximate solution. After rewrltlng (2.3.1) with cylindri-
cal coordinates, we get a solution valid for X >0 and c8h & ~~(Q(f)as

- -E‘%;; (‘l‘"/;)'ceee

)
w~umbe (2.3.5)
which is the well-known Stommel boundary layer solution. For X < @, we have
Yo~ % (2.3.6)

except thin free shear layers at y = £ %. Near & = j:'n/l , (2.3.5) is not valid.

Careful examlnatlon shows there is another boundary layer whose width is

O(& kKB~%)in & -direction and O (E" B~ %) in - dlrectl(g}l However, the con-
tribution to the drag from this boundary layer is O (& V2B~ %)smaller than that
of the Stommel boundary 1ayer, SO negllglble to the first order of approximation.
Thus, _D_ becomes, to O (B/c%

D’“m_l_.,o./j.zs’_.H-Lr, (2.3.7)

Notice that.D;b is independent of Y to this order of approx1mat10n If we move
a cylinder in the direction that makes angie X with the x-axis, IDE becomes

* 3 :
Dg~s(l-fmv ) p-BLEHU  (2.3.8)
Therefore, the Ekman drag is smallest when a cylinder moves in the east-west
direction.
2.4 Steady inviscid flow on the beta-plane.
The vorticity equation becomes

ET(V, Y WIrBY, =0 (2.4.1)

This is rewritten in the form:

T(W, Vv +B/gy)=0 (2.4.2)
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Therefore, potential Vorticity'vzyyfé%ffis conserved along a streamline:

i —
VU+EEy =F ). (2.4.3)
If we adopt Long's hypothesis of no upstream influences, we obtain in a frame of a
moving cylinder, .
VY- By =0 (2.4.4)
with boundary conditions , |

Y—>0 at r— oo

for a retrograde flow. (No circulation around the cylinder is assumed.) For a

prograde flow,
Vvt Pew=o (2.4.6)

with boundary conditions

Y= elm 6 ot r=l4 (2.4.7)
vhy >0 of r—ooo(M<6< L M)

where no circulation around the cylinder is assumed.
The solution to (2.4.4) and (2.4.5) is

Y= ﬁL_ﬁ_ Vﬁ/*’). &m @ (2.4.8)
k1 (5VB%)
This solution does not show blocking, which is incompatible with observations (Long
(1952)). Apparently, Long's hypothesis is not good in a circular channel flow of
a retrograde case. Anyway, we have no wave drag in a steady state of the retro-
grade case.

The solution to (2.4.6) and (2.4.7) was obtained by Miles and Huppert (1968).
We have steady lee waves on the east side of the cylinder. Following their pro-
cedure, the wave drag DW is given by

DY~ 0, ZZ(O'LF%ﬂ%L“HY,'L(‘/%‘E.—% (2.4.9)
approximately for 73/6 < |19.4 »

3. Preliminary experiment
3.1 Apparatus
The fluid configuration is shown schematically in Fig. 3.1.

The cylinder was towed around the basin by another motor mounted on the
turntable. The beta effect was supplied by the paraboloidal free surface. The
flow was observed by using Baker's thymol blue technique, or by using a potassium
permanganate dye. The data source is listed in Table 3.1

3.2 Wind-driven current due to resting air.

As we have no cover over the rotating tank, a wind-driven current always
exists. The velocity profile of this current is shown in Fig.3.2. The dashed
line is a theoretical prediction based on a simple stress balance at an infinite
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surface (Yamagata and Kimura, 1973). The agreement between theory and experiment
is fairly good within W< 4em. The discrepancy increases toward the periphery of
the basin due to the large height of the side wall. Notice that this weak current
is always easterly relative to the rotating tank. In 3.4, we measure the velocity
field of this weak easterly flow around the cylinder inserted into the container.
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Table 3.1
- H L 3 JE E

{sec—l) {cm) (cm) (x 10‘3) (x 10‘3) (x 10'3)
F12 2.72 10.0 - - 4.29 -
F17 2.72 10.0 3.8 27.3 4,29 2.61
F18 1.36 10.0 3.8 6.81 6.06 2.61
F19 0.68 10.0 3.8 1.70 8.57 2.61
F23 2.72 10.0 3.8 27.3 4.29 2.61
F27 2.72 10.0 3.8 27.3 4,29 6.53
F35 1.36 10.0 3.8 6.81 6.06 15.8
F36 1,36 . 10.0 3.8 6.81 6.06 34.1
F37 1.36 10.0 3.8 6.81 6.06 52.5
F38 1.36 10.0 3.8 6.81 6.06 70.9
F39 1.36 10.0 3.8 6.81 6.06 21.0
F40 1.36 10.0 3.8 6.81 6.06 39.4
F41 1.36 10.0 3.8 6.81 6.06 57.8
F42 1.36 10.0 3.8 6.81 6.06 76.1
F48 2.72 5.0 3.8 54.5 8.57 6.53
F49 2.72 10.0 3.8 27.3 4.29 .53
F50 2.72 15.0 3.8 18.2 | 2.86 6.53
For the experiment in this section,

BE ~ 6.36

0124 E/B ¢ 0.36
6.6 Effe < 2.28

From a formal scaling viewpoint, the ratio of the advection term, the beta term and
the Ekman friction term is &/ :1:1, when X fvicﬁ%éand y ~0(1)).  On the other
hand, the aforementioned ratio is £4 : 1:1 when X~ 0()and Yy ~ 0(VE/z)%. The
data in Fig.3.32 correspond to |X| ~~ 1,3 , which implies that ‘the advection is not
negligible. Nevertheless, the agreement between linear theory and experiment is
good, in spite of the fact that the formal limit of validity of the linear theory
has been exceeded. Apparently, the upstream influence is essentially due to the
beta-effect and the Ekman effect.

3.3 Weak westerly flow

We towed a cylinder to the west faster than the wind-driven current to rea-
lize a westerly flow in a frame of a moving cylinder. Our special attention was
paid to a detection of a forward influence. Figure 3.3.1 (F27) shows a picture
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Amplitude Decrease of Centerline
Velocity Ahead of the Cylinder
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of a forward influence taken at 40 sec after the dye was released. In this pic-
ture, the wires to produce dye were fixed to the frame of a moving cylinder.

Figure 3.3.2 shows perturbed velocity profiles ahead of the cylinder. A dashed
line is a theoretical prediction based on the balance between beta-effect and Ekman
dissipation (see A-5). Figure 3.3.3 shows the decrease of a centerline velocity
ahead of the cylinder. The abscissa denotes the stretched coordinate JC (see A-5).

3.4 Weak easterly flow

We utilized the wind-driven current to realize a weak easterly flow, since
the cylinder was fixed to the frame of rotating basin. Figure 3.4.1 is a typical
picture taken at 40 sec after the dye was released. We can see a definite blocking
behind the cylinder. Figure 3.4.2 (F23) is another illustration of blocking at
the same condition. This picture was taken at 30 minutes after a potassium perman-
ganate dye was injected behind the cylinder. We see the dye remains trapped in a
blocked region behind the cylinder. It should be noted that the blocking area
begins at the northern edge of the cylinder, but not at the southern edge, as ob-
served by Long (1952). This might have some relations to the net circulation ob-
served around the cylinder. Figures 3.4.3 (F17) is the perturbed velocity profiles
behind the cylinder. Definite alternating flows are observed, and the y-scale of
these flows is smaller than that of a forward wake in a weak westerly flow. We
tried to apply the same theory with 3.3, but found it does not work well. Also,
the data showing the decrease of a centerline velocity behind the cylinder were
highly scattered when we used the stretched coordinate X (Fig.3.4.4). The para-

meters of F17 data are:
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Fig. 3.4.1 (F-17)

Fig. 3.4.2 (F-23)
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£/JE ~ 0.61

For these values, the advection is negligible when X~ 0 (34f9and ~ OCZ) On the
other hand, the advection is not negligible when X~ O(1) and N( E/a Y2, as
previously mentioned. This latter region corresponds to the dotted line (F17) in
Fig.3.4.4. But the line approaches the theoretical curve when}JC is large, as
anticipated.

3.5 Moderate westerly flow.

Figures 3.5.1 (F35), 3.5.2 (F36), 3.5.3 (F37) and 3.5.4 (F38) show the
pictures of streak lines behind the cylinder. We see Rossby lee-wave patterns, as
observed by Long (1952). As £ increases, the wavelength becomes large, as pre-
dicted by a simple lee-wave theory. But at the same time, the wake just behind
the cylinder expands and finally leads to the shedding of eddies (Fig. 3.5.4).
The crltlcal Rossby number for the shedding of eddieg seems to lie between
5.25 x 1072 < £.<7.09 x 10-2 when B = 6. .8 x 107>, /E= 6.06 x 10-3. Figure
3.5.4 shows a pronounced cyclone, while an anticyclone seems to be suppressed.
Also notice that the vortex street is very different from the non-rotating Kdrman
vortex street*. It will be interesting to correlate the eddy-shedding process
with quantitative measurements of drag.

3.6 Moderate easterly flow

Figures 3.6.1 (F39), 3.6.2 (F40), 3.6.3 (F4l)-and 3.6.4 (F42) show the pic-
tures of streak lines behind the cylinder. Figure 3.6.1 shows the long wake be-
hind the cylinder. The structure, however, seems to be different from that of
3.4, especially just behind the cylinder. In this easterly case, the critical
Rossby number to shed eddies (2.10 x 1072 < £.& 3.94 x 1072) is apparently small-
er than that of a westerly flow. The array of shed vortices looks like a Kdrman
vortex street in the non-rotating fluid and shows quite a difference from 3.5.

This might be due to the existence of blocking area, which will change the form
of the boundary layer separation. We also intend to correlate these qualitative
observations with drag measurements.

4. Conclusions
The main results of this note are the following three points:

a) The forward influence was observed for a weak westerly flow and the agree-
ment between the linear theory and the experiment is good.

b) For a downstream wake in a weak easterly flow, the theory does not work
near the cylinder.

¢) Rough critical Rossby numbers for shedding eddies were found for both
easterly and westerly flows.

*
The author is indebted to Dr. R. Hall and Prof. G. Veronis for the information
of recent G. Halikas (S.I.0.)'s similar experiment.
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We intend to confirm these points by a more precise experiment and correlate the
various flow behaviours with quantitative drag measurements.

AEBendix

If we consider a far-upstream region of the moving cylinder, the advection
term and lateral diffusion term will be negligible. Then (2.1.1) becomes

V=V, +B U+ JE T W=0 (A-1)
Adopting the boundary layer type approximation, (A-1) may be reduced to
Wiyye + BUHE Wy =0 (A-2)

and the boundary condition is

w==-Yy =- | L = 2
W,=-1 Iyl g,x O,t,O} (A-3)
u=-¥=0 Jyl>g.x=0
By taking the Fourier transform in y, we obtain the analytic solution as
lf@ i b . o B i ey (A-4)
1'/‘—’”6 &> € 1% e o)
The final zonal velocity u is given by
Weeo ™ Yyhio (A-5)

= —%W(%)'w(:f%ﬂ_ﬂa(o)

where a stretched coordinate X = 5é§lx\ is adopted. Notice that the amplitude
decrease of u ahead of the forcing region is nearly proportional to(;if)&i except
for a small value of (X)
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