
Notes on the 1976 

Summer Study Program 

in 

GEOPHYSICAL FLUID DYNAMICS 

at 

THE WOODS HOLE OCEANOGRAPHIC INSTITUTION 

Reference No. 76-81 



CONTENTS OF THE VOLUME 

Course Lectures on Global Climatology 

Abstracts of Seminars 

Symposium on Planetary Boundary Layers 
[Abstracts) 

Fellowship Lectures 



S t a f f  Members 

Howard, Louis N.  

Huppert, Herbert  E .  

I n g e r s o l l ,  Andrew P. 

Ke l l e r ,  Joseph B .  . 
Malkus, Willem V . R .  . 
North, Gerald R .  

Pedlosky, Joseph . 
Rhines, Pe t e r  B .  

Rooth, Claes  

Somervi l le ,  Richard C .  

S t e rn ,  Melvin E .  t 

Veronis,  George 

Whitehead, John A , ,  Jr.  , 

Massachusetts I n s t i t u t e  of Technology 

Cambridge Univers i ty ,  England 

C a l i f o r n i a  I n s t i t u t e  of Technology, Pasadena 

Courant I n s t i t u t e  of Mathematical Sciences 

Massachusetts I n s t i t u t e  o f  Technology 

Univers i ty  of  Missouri-St .  Louis 

Univers i ty  of Chicago 

Woods Hole Oceanographic I n s t i t u t i o n  

Univers i ty  of  Miami, F lo r ida  

NCAR, Boulder, Colorado 

Univers i ty  o f  Rhode Is land  

Yale Univers i ty  

Woods Hole Oceanographic I n s t i t u t i o n  

B i rch f i e ld ,  Gene E .  

Broecker, Wallace S.  

Bunker, Andrew F .  

Gierasch,  Pe t e r  q 

Imbrie,  John 

Lindzen, Richard S ,  

Oort,  Abraham H. 

Saltzman, Barry 

Vonder Haar, Thomas 

Welander, P i e r r e  

V i s i t i n g  Lec turers  

, Northwestern Univers i ty ,  Evanston 

. Lamont-Doherty Geological Observatory 

. Woods Hole Oceanographic I n s t i t u t i o n  

. Cornel l  Un ive r s i t y  

Brown Univers i ty  

Harvard Un ive r s i t y  

Pr ince ton  Un ive r s i t y  

. Yale Univers i ty  

. Fort  Co l l i n s ,  Colorado 

, Univers i ty  o f  Washington 



Gammelsrdd, Tor . University of Bergen, Norway 

Proctor, Michael R.E. Massachusetts Institute of Technology 

Pre-doctoral Participants 

Ashe, Steven M. Atmos.Dynamics Yale University 

Davey, Michael K. Appl.Math. Univ. of Cambridge, England (Australia) 

Kells, Lawrence C. Appl.Math. Massachusetts Institute of Technology 

McDougall, Trevor J.Mech.Engineering Univ.of Cambridge,England (Australia) 

Pollard, David Geol.Planet.Sci. California Institute of Technology 

Rfied, Lars P. Appl.Math. University of Oslo, Norway 

Romea, Richard D. Geophys.Fl.Dyn. University of Chicago 

White, Glenn H. Atmos.Sci. State Univ.of N.Y. at Albany 

Wielicki, Bruce A. Appl.Math.Eng.Phys. Scripps 1nst.of Oceanography 

Yamagata, Toshio Geophys.,Oceanog. Kyushu University, Japan 

Visitors to Planetary and Benthic Boundary Layer Symposium 

Armi, Laurence D. 

Biscaye, Pierre 

Corcos, Giles 

Csanady, Gabriel T. . 
Flood, Roger D. 

Niiler, Pearn P. 

Panofsky, Hans 

Sarachik, Edward 

Sarmiento, Jorge 

Tochko, John S. 

Weatherly, Georges . 
Wimbush, Mark 

Wyngaard, John 

Woods Hole Oceanographic Institution 

Lamont-Doherty Geological Observatory 

University of California at Berkeley 

Woods Hole Oceanographic Institution 

Woods Hole Oceanographic Institution 

Oregon State University 

Penn. State University 

Harvard University 

Lamont-Doherty Geological Observatory 

Woods Hole Oceanographic Institution 

Florida State University 

Nova University 

N.O.A.A., Boulder, Colorado 



Editor's Preface 

Global climatology was the principal theme of the eighteenth summer 

program in Geophysical Fluid Dynamics at the Woods Hole Oceanographic Institution. 

This single volume contains course lectures, abstracts of seminars and lectures 

by summer fellows. 

As in previous years, the summer fellows were responsible for preparing a 

first draft of the course lectures on the principal theme. In most cases, the 

lecturer has been able to re-work the material further. The course lecturers, 

all of whom contributed so much to the program, are Richard S. Lindzen, Wallace 

S. Broecker, Abraham H. Oort, John Imbrie, Thomas Vonder Haar, Gerald R. North, 

Claes Rooth, Gene E. Birchfield, and Richard C. Somerville. 

The abstracted seminars cover a broad range of topics, including a one- 

week symposium on planetary and benthic boundary layers. Much valuable material 

is referred to in these abstracts. 

The major creative products of the summer are the lectures of the ten 

fellows. These lectures have not been edited or reviewed in the manner appro- 

priate for published papers, and should be regarded as unpublished manuscripts. 

Readers who would like to quote or use the material should write directly to the 

aui hors . 
As in previous years, much of the ultimate value of this summer's activ- 

ities is likely to appear as published papers during the next year or two. In 

this sense, the material in this volume is simply a report of an ongoing research 

effort. 

We all express our thanks to the National Science Foundation, which pro- 

vided the bulk of the financial support, the Office of Naval Research, which 

supported the Boundary Layer Symposium and some of the staff participation, and 

to Mary C. Thayer, who managed the program and prepared this volume. 

Andrew PY Ingersoll . 
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PROBLEMS OF CLIMATE MODELING: A ZONALLY SYMMETRIC MODEL 

Richard S. Lindzen 

1. INTRODUCTION 

The understanding of  c l ima te  e n t a i l s  a c o l l e c t i v e  understanding of  bo th  
meteorology and oceanography. As a loose  d e f i n i t i o n ,  c l ima te  can be considered 
t h e  s t a t e  o f  t h e  atmosphere averaged over a s u f f i c i e n t l y  long t ime i n t e r v a l  t o  
exclude t h e  d e t a i l s  of  unwanted phenomena (e .g .  ' w e a t h e r ' ) .  

The g rea t  span of t ime s c a l e s  encompassed by atmospheric motions con- 
s i d e r a b l y  complicates  our  p i c t u r e  o f  c l ima te .  For s t a t i s t i c a l  equi l ibr ium t h e  
r a d i a t i v e  t ime s c a l e  o f  t h e  atmosphere i s  about 30 days f o r  example, whereas 
t h a t  f o r  t u rbu len t  convect ion may be orders-of-magnitude s h o r t e r .  And t h e  upper 
atmosphere has a number of ' e x o t i c '  time s c a l e s ,  such a s  i n  i n t e r n a l  cyc l e  of 
26 months. 

The oceans compound t h e s e  d i f f i c u l t i e s .  Sur face  phenomena have s c a l e s  i n  
yea r s ,  compared t o  hundreds of years  f o r  t h e  deep ocean. 

The u n s e t t l i n g  p o s s i b i l i t y  of t h e  atmosphere being a nonunique func t ion  of 
i t s  ex t e rna l  parameters may a l s o  be considered,  bu t  w i l l  be avoided he re .  

Sha l l  we inc lude  seasonal  dependencies,  o r  average over longer  pe r iods?  
(For i n s t ance ,  i c e  ages may be dependent on warmer summers t o  i n h i b i t  annual i c e  
accumulation.) This  ques t ion  t o o  w i l l  be avoided; hencefor th  only  annual aver -  
ages w i l l  be  considered.  

Three t o p i c s  now p resen t  themselves:  why i s  t h e  atmosphere a s  it i s  a t  
p resent  (and can our  i n s i g h t s  be incorpora ted  i n t o  t h e  modeling)? how a r e  i t s  
hea t  and momentum budgeted (and those  of t h e  ocean, about which we know l i t t l e ) ? ,  
and how can t h e s e  be e f f e c t i v e l y  modeled? 

Diagnost ic  approaches t o  t h e s e  problems a r e  u s u a l l y  d ivorced  from t h e o r e t -  
i c a l  t r ea tmen t s .  One common methodology i s  t o  r e l a t e  t h e  s t a t i s t i c a l  budgets t o  
ex t e rna l  parameters .  Another, which may g ive  l e s s  ambiguous r e s u l t s ,  i s  t o  s t a r t  
with t h e  equat ions of motion and ' b u i l d  u p t ,  a t tempt ing  t o  deduce a c i r c u l a t i o n .  
In t h i s  l a t t e r  ca tegory  a r e  t h e  general  c i r c u l a t i o n  models (GCMts), which e n t a i l  
a sequence of 'doable '  c a l c u l a t i o n s .  I t  i s  a l s o  p o s s i b l e  t o  d e s c r i b e  hydrodynam- 
i c a l  s t a t e s ,  pe r tu rb  them, and s tudy t h e i r  s t a b i l i t y .  

In genera l ,  we no te  t h a t  t h e  more comprehensive t h e  model ( t h e  more physi-  
c a l  e f f e c t s  it encompasses), t h e  more compromises must be made t o  so lve  i t .  

2 .  A ZONALLY SYMMETRIC MODEL 

The remainder of t h i s  l e c t u r e  concerns t h e  axisymmetric c i r c u l a t i o n  of  t h e  
atmosphere. 

The c ros s  s e c t i o n  of  zona l ly  averaged temperature below r e v e a l s  c e r t a i n  
b a s i c  phenomena which a symmetric model should seek t o  reproduce:  t h e  l a p s e  r a t e  
i n  t h e  t roposphere i s  uniformly about 6 K/km, al though t h e r e  i s  an inve r s ion  over  
t h e  winter  po le ;  t h e  equator - to-pole  temperature d i f f e r e n c e  i s  about 40  K a t  t h e  
su r f ace ;  a t  t h e  t r o p i c a l  t ropopause (-100 mb) t h e  temperature begins i nc reas ing  



with h e i g h t ,  while  a t  t h e  mid la t i t ude  tropopause ( -200  mb) t h e  temperature 
becomes i so thermal ,  t h e  n e t  e f f e c t  being a r e v e r s a l  i n  pole- to-equator  g rad ien t  i n  
t h e  upper atmosphere. 

The t ime-and-longi tude averaged temperature (T) i n  January a s  
es t imated  by palm& and Newton (1967). Values a r e  i n  degrees K .  

The next  f i g u r e  i s  a c ros s  s ec t ion  of  t h e  J u l y  zonal wind. Because t h i s  
i s  a time average o f  a meandering j e t  whose ins tan taneous  magnitude i s  s e v e r a l  
t imes t h e  average,  t h e  s t r e n g t h  of t h e  winds shown v a r i e s  - 5-10 m/sec between 
yea r s .  

Symmetric models i n  general  overes t imate  t h e  su r f ace  w e s t e r l i e s .  Consider- 
a t i o n  of any of t h e s e  models b r ings  us  back t o  a b a s i c  d i scuss ion  of  what processes  
maintain t h e  symmetric c i r c u l a t i o n .  The so -ca l l ed  'convent ional  wisdomf o f  t he  
p a s t  twenty years  d a t e s  t o  J e f f r eys .  He es t imated  t h e  h o r i z o n t a l  momentum t r a n s -  
p o r t  due t o  mean meridional  winds ( P  G? ) us ing  s u r f a c e  va lues ,  E m u 1 &  V I  NN 10 mlsec, 
(he was unaware of  t h e  e x i s t e n c e  of t h e  j e t  stream wi th  u-100 m/sec) and hence 
concluded t h a t  eddy f luxes  from t h e  asymmetric c i r c u l a t i o n  were necessary  t o  
achieve a balanced angular  momentum budget i n  a l a t i t u d e  b e l t .  Nor was he aware of 
any mechanism f o r  l a r g e - s c a l e  v e r t i c a l  t r a n s p o r t  o f  momentum. 

I t  i s  t h e s e  d e f i c i e n c i e s  t h a t  motivate  Ed S c h n e i d e r f s  model o f  t h e  s t eady  
symmetric c i r c u l a t i o n ,  which w i l l  now be considered.  The r e l e v a n t  governing equa- 
t i o n s  a r e :  



The t ime-and-longi tude averaged zonal wind (A) i n  January a s  es t imated  by 
Heas t i e  and Stephenson (1958) . Values a r e  i n  m/sec-l . 

The time-and-longitude averaged zonal  wind (E) i n  J u l y  a s  es t imated  by 
Heas t ie  and Stephenson (1958) . Values a r e  i n  m/sec-l .  

a4 - RT h y d r o s t a t i c  ba lance :  - - - 
a t  H 0 

where f 5 - H, ( n ($,, . 
0 



The f r i c t i o n a l  and d i a b a t i c  hea t ing  terms, Fx, F , and Q, a r e  i n  r e a l i t y  
t h e  'playmakers ' f o r  t h i s  problem. This precludes our $ol loving t r a d i t i o n a l  GFD 
modeling approaches ( i . e . ,  neglec t ing  these  terms t o  f i r s t  o rde r ,  o r  r ep lac ing  them 
by eddy d i f f u s i v i t i e s )  s i n c e  t h e  physics contained i n  them i s  c r u c i a l  t o  t h e  n a t u r e  
of t h e  so lu t ions .  I n  p a r t i c u l a r ,  s o l a r  energy goes l a r g e l y  i n t o  evaporat ion of  
su r face  water ,  and much of t h e  hea t ing  of t h e  atmosphere i s  due t o  t h e  r e s u l t a n t  
l a t e n t  hea t  r e l e a s e ,  a process which c l e a r l y  is  not  d i f f u s i v e .  - 

Let us consider  two types o f  clouds i n  t h e  t r o p i c s  and sub t rop ics .  F i r s t  
a r e  t h e  cumulonimbus which r i s e  from cloud base c l e a r  t o  t h e  tropopause. Second 
a re  t h e  shallow ' t r a d e  cumulus', extending from t h e  top  of t h e  mixed l a y e r  (-600 m) 
t o  t h e  top  of t h e  ' t r ade - inve r s ion '  ( N  2 km). 

The l a t e n t  hea t  r e l e a s e  due t o  cumulus w i l l  be parameterized by t h e  follow- 
ing scheme. Presuming t h e  v e r t i c a l  v e l o c i t y  i n  t h e  clouds i s  l a r g e r  than  t h a t  of 
t h e  ambient a i r ,  and t h a t  t h e  a rea  of cloud coverage i s  small ( t y p i c a l l y  aboug I % ) ,  

we can wr i t e  (following Arakawa 4 Shubert,  1 9 7 4 ) $ = f i ( z + r l ) w h e r e  Mc i s  t h e  
P a 3  T- 

v e r t i c a l  mass f l u x  i n  t h e  cloud. Also W ~ G J + \ N ~ ~ ~ ~ ~  SO t h a t  pw=pG+ M ,  where W i s  

t h e  ambient v e r t i c a l  v e l o c i t y .  Shown below i s  a r e p r e s e n t a t i v e  p r o f i l e  o f M c ( z ) .  

- entrainment region 

1 convergence 
The water-vapor budget a t  t h e  cloud base is  expressed by Mc = P f o f  moisture 3 
were E is  t h e  s u r f a c e  evaporat ion (per u n i t  a rea  pe r  u n i t  t ime) and q i s  t h e  mix- 

convergence 
ing  r a t i o  (mass water vapor/mass a i r ) ;  (of moisture) = %,owtrade- invers ion .  

Latent hea t  adds t o  t h e  clouds1 buoyancy: t h e  a i r  i n  t h e  cloud appears t o  r i s e  
without cooling a d i a b a t i c a l l y .  

Boundary l aye r  f r i c t i o n  i s  expressed using an eddy d i f f u s i o n  c o e f f i c i e n t :  

$=$% (fi%), where = 50 cmZ/sec a t  t h e  su r face  and l o 4  a t  1.1 km, which 

should adequately model mixed-layer turbulence .  Above 1.1 km, t h e  mixed-layer 
f r i c t i o n  i s  s e t  t o  zero,  and momentum exchange due t o  cumulus takes  over .  This 
i s  expressed by 

where uc i s  a t y p i c a l  v e l o c i t y  i n  t h e  cloud, which as  a crude approximation, i s  
taken equal t o  u a t  t h e  cloud base.  

Las t ly ,  t h e  por t ion  of  Q due t o  r a d i a t i v e  hea t ing  i s  given by 



&cd * where Ti?) is a relaxation time and Te is 
c~ 'i: CS 

the radiational equilibrium temperature. 

3. FINAL COMMENTS FOR LECTURE #1. 

A number of approaches have been taken to solving the problem just outlined, 
and these will be considered in more detail in the subsequent lectures. 

Initially Q from latent heat release is derived from observed precipitation 
(note that although the ITCZ is about 200 km wide, it migrates, and its time-aver- 
aged effect shows up as a band of precipitation about 1000 km wide centered near 
the equator). Using this Q, Mc is derived, and hence F,, the overall goal being 

37 aT which will be compared to observations. to compute and - 2J  

The Processes which Maintain the Circulation 
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PROBLEMS OF CLIMATE MODELING: STEADY AXIALLY SYMMETRIC ATMOSPHERIC MOTIONS 

Richard S. Lindzen 

We continue our study of steady axially symmetric atmospheric motions. The 
bulk of the results here are based on and treated comprehensively in Schneider and 
Lindzen 1976C, hereinafter referenced as SL, and Schneider 1976. 

Define a meridional stream function y such that 

where a = earth's radius, = latitude and a - h .% . In the viscosity 
terms we assume poc .-*he ; elsewhere we do not restrlct p ( g )  . 

We nondimensionalize the equations by assigning the following scales: 

J-Ho ~ s ~ ~ @ Q ~ T > T . ~ ( A T ) , = A T  /U =&ruj./ace=V 

Mc- $ 'Y E U H, where   AT^ is a vertical temperature con- 

trast imposed by the boundary condition and $ is the eddy viscosity at the sur- 
IJ ' the Ekmannumber; R,= - face. The nondimensional parameters are & 2 ~ 2 .  

252~2' 
I the Rossby number; h = - InEt a radiative-diffusive number. 

This yields the equations: 
av a a~-%]- --= ' a v  

~@$R+(M,w-~) ay B J  a . 85 - -  - - I - -  



We s e t  t h e  r a d i a t i v e  equi l ibr ium temperature ~ ~ = f  I(~()~)-Ps)+ 1 (Y ) -  r f 0 
where we have sca l ed  t h e  temperature down by 200' K,  so  t h a t  t h e  s t r a t i s p h e r i c  
temperature i s  O O .  This  f i e l d  i s  shown i n  F i g . 3 ~  of  SL. I t  becomes i so thermal  a t  
s u f f i c i e n t l y  high a l t i t u d e .  

In  t h e  l i n e a r i z e d  model we drop a l l  (underl ined)  nonl inear  terms,  s e t  
r + f - 3  P O ,  and s p e c i f y  Mc from observed p r e c i p i t a t i o n .  a - Z e  To 

For t h e  boundary cond i t i ons  we s e t  zero motion ac ros s  t h e  top ,  bottom and 
po le s :  

The t o p  i s  s t r e s s - f r e e :  1 

T= 0 a t  f = f . The s u r f a c e  temperature i s  s e t .  

We apply t h e  geophysical boundary cond i t i on ,  t h a t  t h e  tu rbu len t  momentum f l u x  
i s  p ropor t iona l  t o  and i n  t h e  same d i r e c t i o n  a s  t h e  s u r f a c e  s t r e s s :  

where C g  i s  a  drag c o e f f i c i e n t .  This  cond i t i on  i s  l i n e a r i z e d  by s e t t i n g  1.y) 
const  a n t .  

This  i s  an e i g h t h  o rde r  equat ion i n  f , a  non-separable p a r t i a l  d i f f e r e n -  
t i a l  equat ion i n  f and y . To so lve ,  it was w r i t t e n  i n  f i n i t e  d i f f e r e n c e s  and 
solved by Gaussian e l imina t ion .  Motion occurs  because of  t h e  l a t i t u d i n a l  depen- 
dence of hea t ing  through Tc (y ,?) and M,(y, 5 ) . (The s o l u t i o n  is non-singular  
a t  t h e  equator  d e s p i t e  Ekman-layer type  dynamics.) 

Case 1 omits Mc s o  t h a t  t h e  system i s  d r iven  by v a r i a t i o n s  i n T e  only .  I f  
6 i s  taken  a s  observed then  T i s  c l o s e  t o  Te and t h e  zonal wind i s  c l o s e  t o  

t h e  thermal wind (maximum of  30 m/sec near  20°N) (See F i g s .  3a, b ,  c  i n  SL). The 
meridional  wind i s  s l i g h t ;  it a r i s e s  because of  thermal wind v e r t i c a l  shear  i n  t h e  
su r f ace  f r i c t i o n  l a y e r  (below 800 mb). I t  becomes important  when you inc lude  
moisture and boundary l a y e r  convergence. The s t a t i c  s t a b i l i t y  computed is  much 
l e s s  t han  t h a t  which was s p e c i f i e d  - -  an i n t e r n a l  incons is tency .  

Case 2  puts  i n  t h e  cumulus hea t ing  term due t o  Mc bu t  l eaves  ou t  cumulus 
f r i c t i o n .  (The Mc curve  used fo l lows  t h e  p r e c i p i t a t i o n  curve i n  F ig .1  of  SL ex- 
cept  t h a t  it drops c o n t i n u a l l y  from i t s  va lue  a t  30°N t o  zero a t  90°N. Also 
Mc = 0 a t  900 mb and has i t s  maximum a t  800 mb.) You g e t  very  l a r g e  and U 
reaching 300 m/sec a t  200N (see  F igs .7a ,  b  i n  SL).  This  v i o l a t e s  angular  momentum 
conservat ion;  t h e  l i n e a r  equat ions  cannot t r a n s p o r t  angu la r  momentum l a t i t u d i n a l l y .  

Case 3  r e s t o r e s  cumulus f r i c t i o n  t o  Case 2 .  The s o l u t i o n  i s  i n  F ig .8  a-c  
o f  SL. Note t h a t  t h e  maximum zonal  wind speed i s  140 m/sec a t  3S0N (mu~h  more 
r e a l i s t i c ! )  and t h e  upper l e v e l  temperature g r a d i e n t s  a r e  almost zero below ~ o O N ,  
but  then  become s t e e p ;  t h e  t ropopause i s  d iscont inuous  between 30-40O~. Although 
k i s  s t i l l  too  l a r g e ,  i t s  maximum value  i s  sma l l e r  t han  i n  Case 2 because cumu- 

l u s  f r i c t i o n  l i m i t s  U a t  low l a t i t u d e s  and t h e  C o r i o l i s  parameter i s  g r e a t e r  a t  





PROBLEMS OF CLIMATE MODELLING 

Richard S. Lindzen 

This l e c t u r e :  

(1) reviews t h e  motivat ion f o r  t h i s  s tudy  o f  zona l ly  symmetric models; 

(2) reviews f e a t u r e s  o f  t h e  l i n e a r i z e d  and non- l inear ized  model r e s u l t s ;  

(3)  presen t s  a  simple one-dimensional a n a l y s i s  f o r  t h e  t r o p i c a l  s t a t i c  
s t a b i l i t y  and he ight  o f  t h e  t r o p i c a l  t ropopause a s  a  func t ion  of t h e  
s u r f a c e  evaporat ion r a t e ;  

(4)  p re sen t s  a  simple two-dimensional a n a l y s i s  f o r  t h e  l a t e r a l  ex t en t  of 
t h e  Hadley c e l l  a s  a  func t ion  o f  t h e  cumulus convec t ive  hea t ing .  

( 1  The mot iva t ion  f o r  t h i s  s tudy  i s  t o  s e e  t o  what ex t en t  a  t ime indepen- 
dent  zonal ly  symmetric model can s imu la t e  t h e  atmosphere's observed ( t ime and 
long i tud ina l  mean) flows; t h i s  s t eady  s t a t e  can then  be regarded a s  t h e  b a s i c  
s t a t e  upon which (time and/or  l o n g i t u d i n a l l y  dependent) eddies  occur ,  ( e .g . ,  baro- 
c l i n i c  i n s t a b i l i t i e s  and s t a t i o n a r y  o rog raph ica l ly  forced  e d d i e s ) .  This  i s  con- 
t r a r y  t o  t h e  more accepted concept t h a t  t h e  b a r o c l i n i c  eddies  themselves t r a n s p o r t  
momentum up-gradient  t o  main t h e  mean j e t  stream; however, it may be t h a t  much of 
t h e  observed ' t r a n s i e n t  eddy' and ' s t a t i o n a r y  eddy' t r a n s p o r t s  ( r f .  O o r t ' s  l e c -  
t u r e s )  i s  r e a l l y  due t o  e s s e n t i a l l y  s t eady  symmetric c i r c u l a t i o n s  which meander 
s l i g h t l y  over t h e  t ime per iod  o r  l ong i tud ina l  ex t en t  o f  t h e  obse rva t ions .  

(2) Linearized Model: (Schneider and Lindzen, 1976) 

Although t h e  l i n e a r i z e d  r e s u l t s  a r e  f a i r l y  c l o s e  t o  t h e  non l inea r  r e s u l t s ,  
( s ince  t h e  nonl inear  terms remain small  i n  t h e  non l inea r  a n a l y s i s ) ,  t h e  l i n e a r i z e d  
model has  a  few drawbacks. 

The v e l o c i t y  of  t h e  l i n e a r i z e d  zonal j e t  i s  t o o  l a r g e  (105 m / s  a t  35' 1 s t . ) .  
This  l a r g e  a  v e l o c i t y  imp l i e s  t h a t  t h e  t o t a l  zonal angular  m o m e n t w n , ( ~ + n ~ ~ d ) a ~ # ~  
has a  l o c a l  maximum i n  t h e  i n t e r i o r  o f  t h e  f l u i d ,  (near  t h e  c e n t e r  o f  t h e  zonal j e t )  
This  i s  impossible  i n  non l inea r  t heo ry  (Hide (1969), Schneider  (1976)) and occurs  
here  because t h e  l i n e a r i z e d  theory  n e g l e c t s  advec t ion  of r e l a t i v e  angular  momentum 
by t h e  meridional  c i r c u l a t i o n .  

Also, t h e  l i n e a r i z e d  model cannot p r e d i c t  t h e  s u r f a c e  zonal wind v e l o c i t i e s .  
These must be zero s i n c e  t h e r e  can be no n e t  advec t ion  of  p l a n e t a r y  angu la r  momen- 
tum i n t o  a  v e r t i c a l l y  i n t e g r a t e d  column t o  ba lance  any f r i c t i o n a l  to rque  a t  t h e  
su r f ace .  

Nonlinear Model: (Schneider,  1976) 

The temperature f i e l d s  a r e  much t h e  same a s  t h e  l i n e a r i z e d  case ;  n e a r l y  f l a t  
from 0  - 35O l a t  . with  a  sha rp  t r a n s i t i o n  t o  r a d i a t i v e  equ i l i b r ium a t  40' l a t  . How- 
ever ,  t h e  nonl inear  r e s u l t s  show t h e  e f f e c t  of advec t ive  mer id iona l  t r a n s p o r t s  
which now must s a t i s f y  conserva t ion  o f  zonal angular  momentum and produce a  tempera- 
t u r e  f i e l d  i n  geos t rophic  ba lance  wi th  t h e  zonal wind. 

The Hadley c e l l  i s  s l i g h t l y  broader  and t h e  zonal j e t  i s  pushed s l i g h t l y  
poleward t o  400 l a t . ,  wi th  a  zonal v e l o c i t y  of 120 m/s. Sur face  winds a r e  e a s t e r l y ,  
5  m / s ,  from O0 - 30' l a t .  and wes t e r ly ,  10  m / s ,  a t  m i d l a t i t u d e s .  The Hadley c e l l  
i s  centered  a t  - 15O l a t . ,  wi th  a  t o t a l  mass f l u x  o f  -70% of  t h e  observed annual 



mean. A weak F e r r e l  c e l l  occurs  i n  t h e  model, f r i c t i o n a l l y  d r iven  by t h e  high l a t -  
i t u d e  s u r f a c e  w e s t e r l i e s .  

(3)  In  t h e  equat ions ,  t h e  va lue  of t h e  s t a t i c  s t a b i l i t y  i s  s p e c i f i e d  
a priori and t h e  r e s u l t s  a r e  only considered v a l i d  if t h e  computed temperature 
f i e l d  has a s t a t i c  s t a b i l i t y  of approximately t h e  s p e c i f i e d  va lue .  I t  i s  an impor- 
t a n t  c l ima to log ica l  problem t o  t h e o r e t i c a l l y  p r e d i c t  t h e  atmospheric s t a t i c  s t a -  
b i l i t y .  We can do t h i s  f o r  Hadley c e l l  reg ions  wi th  a  simple one-dimensional c a l -  
c u l a t i o n ,  us ing  concepts and approximations borne ou t  by t h e  p re sen t  numerical 
r e s u l t s .  

In  t h e  Hadley c e l l ,  r a d i a t i v e  cool ing  i s  balanced by downwelling due t o  
cumulus hea t ing ,  and meridional  g rad ien t s  and ho r i zon ta l  advect ion a r e  small. Thus 
we can cons ider  a  one-dimensional v e r t i c a l  model i n  which: 

where (m~) i s  t h e  v e r t i c a l  mass f l u x  of  t h e  cumulus hea t ing ,  a t  any l e v e l ,  horizon-  
t a l l y  averaged over  t h e  Hadley c e l l  

<QR) i s  t h e  r a d i a t i v e  cool ing ,  h o r i z o n t a l l y  averaged 
1 as -- 

c p  a =  i s  t h e  s t a t i c  s t a b i l i t y  

p . ~  p, e" d e n s i t y  a t  l e v e l  f . 
A 1  so,  

where 7- i s  t h e  temperature 

12 i s  t h e  r a d i a t i v e  equi l ibr ium temperature 

x(z) i s  a  r a d i a t i v e  t ime cons tan t  

The cumulus c louds  r i s e  t h ~ o u g h  a  he ight  A 2 such t h a t  t h e  inc rease  i n  ambient 
p o t e n t i a l  temperature A $  i s  equal t o  t h e  l a t e n t  hea t  gained by condensat ion of  
water vapor.  This  i s  known s i n c e  t h e  evaporat ion r a t e  from t h e  ocean i s  s p e c i f i e d .  
With t h i s  c o n s t r a i n t ,  we can s u b s t i t u t e  (2) i n t o  ( l ) ,  i n t e g r a t e  v e r t i c a l l y ,  and 

I f i n d  Q S  and A 't , and thus  t h e  s t a t i c  s t a b i l i t y  - ,? . The r e s u l t s  a r e  

(4) The numerical r e s u l t s  show t h a t  t h e  Hadley c e l l  smears t h e  cumulus 
hea t ing  and f l a t t e n s  out  t h e  ho r i zon ta l  temperature f i e l d  t o  40° l a t .  where t h e  
temperature suddenly a d j u s t s  t o  r a d i a t i v e  equi l ibr ium.  

The non l inea r  numerical method o f  s o l u t i o n  used could no t  so lve  t h e  c a s e  o f  
a  very l a t i t u d i n a l l y  narrow cumulus h e a t  source ,  bu t  it i s  f e l t  t h a t  t h e  l a t e r a l  
ex ten t  o f  t h e  Hadley c e l l  depends only on t h e  t o t a l  amount of  cumulus h e a t i n g ,  and 
not  on i t s  l a t i t u d i n a l  d i s t r i b u t i o n .  This  i s  shown by t h e  fol lowing c a l c u l a t i o n :  - 

Since f r i c t i o n  i s  small ,  and t h e  e q u a t o r i a l  zonal v e l o c i t y  i s  n e a r l y  zero ,  
t h e  zonal wind f i e l d  i n  t h e  upper t roposphere  i s  approximately t h a t  o f  a  r i n g  moved 
f r i c t i o n l e s s l y  from r e s t  a t  t h e  equator :  



where 

y = s i n  ( l a t i t u d e )  

Rd= a  g loba l  Rossby number 

This  v e l o c i t y  occurs  a t  a  he ight  A ?  , t h e  v e r t i c a l  ex t en t  of  t h e  Hadley 
c e l l  (here i n  u n i t s  of s c a l e  h e i g h t s ) ,  which i s  found from t h e  s p e c i f i e d  n e t  cumu- 
l u s  hea t ing  a s  i n  s e c t i o n  (3)  above. 

The h e a t  equat ion,  when i n t e g r a t e d  l a t i t u d i n a l l y  from t h e  equator  t o  t h e  
o u t e r  edge of  t h e  Hadley c e l l  a t  y = y l  , gives  

-7 
e, ~ ' b e . d ~  = T.(I) ("j% (3 )  - T(LJJI)* d 7 

0 0 

where & (y ,<) i s  t h e  s p e c i f i e d  hea t  source  due t o  cumulus convect ion (o ther  sym- 
b o l s  def ined  above) .  Assuming U v a r i e s  l i n e a r l y  wi th  he ight  everywhere, equat ion  
(3)  and t h e  thermal wind r e l a t i o n  g ive  t h e  ho r i zon ta l  v a r i a t i o n  of  tempera ture .  
The temperature f i e l d  i s  then  obta ined  us ing  t h e  boundary cond i t i on  t h a t  T=TP (r)., 
t h e  r a d i a t i v e  equi l ibr ium temperature,  a t  4 = Y , *  

V " 

S u b s t i t u t i n g  f o r  T-L i n  Eq. (4) ,  we f i n d  

Thus t h e  l a t i t u d i n a l  ex t en t  of  t h e  Hadley c e l l ,  Lj, , depends only on t h e  
i n t e g r a t e d  cumulus hea t ing  Qc and not  on i t s  l a t i t u d i n a l  d i s t r i b u t i o n .  
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PROBLEMS I N  CLIMATE MODELING: CLIMATE MODELS 

Richard S. Lindzen 

We have d iscussed  a t e n t a t i v e  reassessment of t h e  genera l  c i r c u l a t i o n .  Con- 
t i n u i n g  on an ad hoe plane ,  we w i l l  now t a l k  about c l ima te  models, e s p e c i a l l y  t h e  
so-cal led ' s imple albedo feedback models ' .  The albedo feedback mechanism i s  impor- 
t a n t  due t o  t h e  l a r g e  c o n t r a s t  i n  albedo between ice-covered and i c e - f r e e  a r e a s .  
Small changes i n  t h e  s o l a r  cons tan t  might induce a l a r g e  change i n  g loba l  c l ima te  
due t o  t h i s  feedback. 

Hereaf te r  we adopt t h e  fol lowing assumptions: 

1 )  t h e  su r f ace  temperature T depends on l a t i t u d e  9 and t ime ta  
2) t h e  l a t i t u d e  o f  snow l i n e  eS depends on t h e  s u r f a c e  temperature on ly ,  

3 )  t h e  albedo oC has t h e  s t e p  func t ion  form: 

, ice-covered)  

i c e - f r e e )  

The va lue  i n  cons ider ing  t h e s e  s imp l i f i ed  models i s  t o  develop an  i n t u i t i v e  under- 
s tanding  f o r  use  i n  t h e  more complex models. Our next  assumptions a r e :  

a )  a l l  elements i n  t h e  energy budget can be expressed i n  terms of s u r f a c e  
temperature T (although t h i s  i s  obviously wrong), 

b) t h e  atmosphere (with a time s c a l e  of  one month), oceans (with t ime s c a l e s  
from 5 t o  1000 years )  and cryosphere (with a t ime s c a l e  o f  10,000 years )  a r e  i n  
equi l ibr ium with each o t h e r  and t h e  sun. 

For albedo feedback, n o t i c e  t h a t  t h e  snow and sea  i c e  a r e  more important 
t han  g l a c i e r s  because t h e  former has a much s h o r t e r  t ime cons t an t  than  t h e  l a t t e r .  

In  a time-dependent form, t h e  energy balance equat ion may be w r i t t e n  a s  
fo l lows:  

where C denotes  t h e  h e a t  capac i ty ,  Q denotes  t h e  s o l a r  cons t an t  d iv ided  by f o u r .  
S(B)  denotes  t h e  normalized mean annual meridional  d i s t r i b u t i o n  of  s o l a r  r a d i a -  

t ion .  

a[T) denotes  t h e  abso rp t ion  func t ion  def ined  a s  1 - oC (8) , I denotes  t h e  ou t -  
going i n f r a r e d  r a d i a t i o n  f l u x  and F means t h e  poleward h e a t  f l u x  i n  both atmos- 
phere and oceans. 

Adopting t h e  empir ica l  formula: I = A BT s t e a d y - s t a t e  equi l ibr ium impl ies :  



Q * S @ ) * ~ ( I ) - I + ~ = O .  
a (I) 

The model becomes complete by spec i fy ing  how t h e  ice-shee t  edge & o r & ( = h @ , )  
i s  determined. As t h e  p r e s c r i p t i o n  f o r  t h i s ,  we adopt t h e  cond i t i on  

T> - l o t ,  no i c e  p re sen t  

T - l 0% , i c e  present .  

In  terms of t h e  r a d i a t i o n  f l u x  I , 1 1 0 ~ ~  i s  expressed a s  

r a)= rs 
which i n  t u r n  g ives  t h e  ice-shee t  edge eS (or  XS ) ,  

I n  o rde r  t o  so lve  t h e  problem, we choose Xs f i r s t  and s p e c i f y  ~ L ( x ) X ~ )  then  
so lve  f o r  Q . 

When we p l o t  t h e  r e s u l t s  on a  (a /&,  &) plane ,  t h e  c l ima te  t h a t  has a  
p o s i t i v e  s lope  i s  s t a b l e  (and i n t u i t i v e l y  what one would expect)  and t h e  one t h a t  
has a  nega t ive  s l o p e  i s  u n s t a b l e  (and no t  what one would expec t ) .  These s i t u a t i o n s  
a r e  shown i n  t h e  f i g u r e  schemat ica l ly .  

1 
Q /I= 

Next we review t h e  r e s u l t s  o f  some e a r l i e r  models. 

i )  No hea t  f l u x :  >= 0. 
In t h i s  model Q *S IX= 1 . We have two curves corresponding t o  t h e  upper 

and lower l i m i t s  on albedo:  

A l l  p o s s i b l e  c l ima te s  l i e  i n  between t h e  two curves .  We f i n d  t h i s  model i s  s t a b l e .  

i i )  Budyko's model: 9 =8(1-z)  
The r e s u l t  i s  shown i n  t h e  f i g u r e .  

This  model i s  uns t ab le  because hea t  i s  t r anspor t ed  l a t i t u d i n a l l y ;  a s  t h e  i c e  cap 
advances,  t h e  reg ion  it covers  absorbs l e s s  s u n l i g h t ,  hence t h e  r e s t  o f  t h e  e a r t h  
l o s e s  more heat  by ho r i zon ta l  t r a n s f e r  t o  t h e  poles  and coo l s ,  hence t h e  i c e  ad- 
vances f u r t h e r .  This  model informs u s  of  t h e  n e c e s s i t y  of l a t i t u d i n a l  hea t  t r a n s -  
p o r t  f o r  i n s t a b i l i t y  . 



i i i )  S e l l e r s 1  model : 3 =- - 
Now t h e r e  i s  only  one curve because t h e  temperature i s  cont inuous a c r o s s  

t h e  snow l i n e  i n  t h i s  model. The r e s u l t  i s  shown i n  t h e  f i g u r e .  
& 

There i s  an uns t ab le  reg ion  f o r  1 . 0 )  Xs > 0.95, bu t  t h i s  has no p h y s i ~ a l  meaning. 
According t o  t h e  f i g u r e ,  we a r e  now i n  d e l i c a t e  equi l ibr ium,  on ly  2% away from 
d i s a s t e r ,  a completely ice-covered e a r t h  ! !  

How c ~ u l d  we inco rpora t e  t h e  Hadley c e l l  i n t o  t h e s e  models? 

Recal l  from Lecture #3  t h a t  t h e  Hadley c e l l  homogenizes temperature between 
o0 and 30' l a t i t u d e .  Therefore r ep l ace  t h e  r a d i a t i o n  f o r c i n g  between t h e  l a t i -  
tudes o0 t o  30° wi th  i t s  average.  Otherwise, we use  Budyko's model. The r e s u l t  
i s  shown i n  t h e  f i g u r e .  

S p e c i f i c a l l y  al lowing f o r  t h e  Hadley c e l l  enhances s t a b i l i t y .  Making t h i s  assump- 
t i o n  i n  S e l l e r s '  model g ives  l i t t l e  change from S e l l e r s 1  r e s u l t s ,  because h i s  d i f -  
f u s i v e  t r a n s p o r t  dehomogenizes t h e  temperature i n  t h e  t r o p i c s .  

F i n a l l y  we can  use  t h e s e  t o  d i scuss  t h e  p a s t  i c e  age.  A t  18,000 years  B.P. 
t h e  i c e  l i n e  was 60° l a t .  i n s t e a d  of  72O, ye t  t h e  t r o p i c a l  tempera tures  were almost 
t h e  same a s  t oday ' s .  I f  we l e t  t h e  hea t  t r a n s f e r  c o e f f i c i e n t  ( 'd i n  Budyko's 



4 

model) go almost t o  zero poleward of  t h e  pack i c e  l i m i t  (because f may be due t o  
oceans,  not  atmosphere),  then  t h e  equator  maintains  i t s  p re sen t  temperature.  Then 
we must r e - d e f i n e  such t h a t  t h e  i n t e g r a l  o f  d i v .  i s  s t i l l  zero over  whole 
e a r t h .  The system becomes much more s t a b l e ,  because t h e r e  i s  l i t t l e  t r a n s p o r t  of 
hea t  i n t o  t h e  po la r  reg ion  no r th  of  t h e  i c e  l i n e .  I t  now t a k e s  a  20% dec rease  i n  
t h e  s o l a r  cons t an t  t o  have an ice-covered e a r t h .  

Notes submit ted by 
Toshio Yamagata and 

Glenn H. White 

PALEOCLIMATIC DATA 

Wallace S. Broecker 

In t h e  next  100 yea r s ,  it is  expected t h a t  t h e  C02 content  of  t h e  atmos- 
phere w i l l  double.  According t o  Manabe and Wetherald, t h i s  w i l l  r a i s e  t h e  E a r t h ' s  
average temperature (Tav) by 2 . 5 ' ~ .  Eleven thousand (11K) yea r s  ago, i n  t h e  most 
r ecen t  g l a c i a l  age, Tav was only 5OC co lde r ,  so  a 2.50C i n c r e a s e  could have a b i g  
e f f e c t ,  The n a t u r e  of t h i s  e f f e c t  i s  not  known - t h e  e f f e c t s  of c louds ,  a lbedo 
and o t h e r  feedback mechanisms a r e  unknown. 

There i s  one known fo rc ing  func t ion  - changes i n  t h e  E a r t h ' s  o r b i t a l  para-  
meters .  The E a r t h ' s  o r b i t  i s  p reces s ing  wi th  a 22K per iod  (years )  ( c u r r e n t l y  
nor thern  summers occur a t  g r e a t e s t  sun-ear th  s e p a r a t i o n ) ,  t h e  E a r t h ' s  tilt has  a  
40K per iod  (which a f f e c t s  seasonal  c o n t r a s t s  i n  amount a f  r a d i a t i o n  rece ived  a t  a  
p o i n t  on t h e  E a r t h ' s  s u r f a c e ) ,  and t h e  e c c e n t r i c i t y  o f t h e  o r b i t  has a  90K per iod .  
Milankovitch (1958) produced a  theory  r e l a t i n g  changes i n  c l i m a t e  t o  t h e s e  para-  
meters .  

Measurements of t h e  ' ex t en t  of g l a c i a t i o n '  i n  t h e  p a s t  show a  l O O K  pe r iod  

4LT =5'c 

Thousand years  before  p re sen t  
Diagram 1. 

(see  Diagram ( 1 ) ) .  (The change i s  measured by &018 - s e e  l a t e r . )  There was 
l i t t l e  g l a c i a t i o n  up t o  2500K years  ago, s i n c e  then  t h e r e  has  been a  quas i -  
pe r iod ic  f l u c t u a t i o n .  

Temperature change from g l a c i a l  t o  i n t e r g l a c i a l  pe r iods  - ( a i r  t empera tures)  

g loba l  av. 5Oc p o l a r  icecaps  6' 

ocean 3Oc c o n t i n e n t s  1 o0 ( i n f e r r e d )  



Continental  ice-coverage evidence i n  t h e  United S t a t e s  of  America i n d i c a t e s  
t h a t  success ive  g l a c i a t i o n s  were comparable i n  e x t e n t .  About 3 - 5% of Ear th  was 
ice-covered, wi th  corresponding sea - l eve l  decrease  of  100 m.  There i s  evidence of  
g l a c i a t i o n  i n  South America and New Zealand, probably synchronous wi th  Northern 
Hemisphere g l a c i a t i o n  ( F l i n t ,  1947). 

Isotope methods appl ied  t o  deep-sea sedimentat ion c o r e s  a r e  used t o  f i n d  
temperatures  i n  t h e  pas t  (Emil iani ,  1955).  

The r a t i o  018/016 i n  oxygen, depos i ted  i n  CaC03 i n  f o s s i l s  found i n  co re s ,  
f o r  example, can be measured. The change i n  t h e  r a t i o  i s  caused by changes i n  t h e  
g loba l  i c e  volume. In H20, t h e  l i g h t e r  i so tope  evaporates  s l i g h t l y  f a s t e r  than  
t h e  h e a r i e r  one, lead ing  t o  p r e c i p i t a t i o n  over t h e  po le s  which i s  dep le t ed  i n  0 18 

by about 30 O/oo. I f  more i c e  forms, then  t h e  ocean r a t i o  of  018/016 i n c r e a s e s .  

F luc tua t ions  i n  t h e  r a t i o  i f  1 . 6  O/oo a r e  observed [see Diagram 2 ) .  The 
i c e  s to rage  e f f e c t  accounts  f o r  about 1 O/oo of t h i s .  A temperature e f f e c t  of 
- 2  O/oo/Oc a l s o  has t o  be taken i n t o  account.  

0 
Naw + 

Diagram 2. 



F o s s i l s  of  both su r f ace  and benth ic  o r i g i n  a r e  analyzed, and t h e  same 
change i s  observed i n  both.  The deep ocean can only  cool  by about  3 ' ~  (or it 
would f r e e z e ) ,  hence t h e  t r o p i c a l  ocean su r f ace  was no more than  3' co lde r  i n  a  
g l a c i a l  per iod  than  now. (Shackleton 1967) 

The use fu lnes s  o f  t h i s  method i s  t h a t  many deep-sea co re s  show t h e  same 
e f f e c t s .  

To i n t e r p r e t  t h e  r eco rds ,  a  means of  da t ing  t h e  cores  i s  needed. 

(a)  c14 da t ing  i s  accu ra t e  f o r  about 25K years ;  

(b) can r e l i a b l y  spot  t h e  magnetic r e v e r s a l  700K yea r s  ago, and i n t e r -  
p o l a t e  by assuming cons t an t  sedimentat ion r a t e s ;  

(c) u~~~ and u~~~ s e r i e s  can be used, 

has 34K years  h a l f - l i f e ,  

~h~~~ has 75K h a l f - l i f e ,  

U content  o f  ocean cons t an t ;  

(d) can  f i x  lowest i c e  volume times by d a t e s  of  h ighes t  s t and  o f  
oceans, a t  82, 103 and 124K yea r s .  

Models have been produced t o  account f o r  t h e  l O O K  cyc l e  i n  terms of  o r b i t a l  
parameters  by us ing  assumptions about g l a c i e r  growth and mel t ing .  However, no r th -  
e rn  and southern  hemisphere g l a c i a l  pe r iods  appa ren t ly  occur  a t  t h e  same t ime,  
which c o n f l i c t s  wi th  s easona l - con t r a s t - in - in so la t ion  t h e o r i e s .  Broecker t h i n k s  
t h a t  t h e r e  i s  no good explana t ion  of t h e  c y c l e  a t  p r e s e n t .  
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PALEOCLIMATIC DATA 

Wallace S. Broecker 

ESTIMATES OF PAST I C E  VOLUMES AND SEA LEVELS 

The i c e  which makes up t h e  i c e  s h e e t s  of  t h e  e a r t h  has been formed from 
water vapour which has been evaporated from t h e  sea  su r f ace .  Of t h e  two i s o t o p e s  
of oxygen, 018 and 016, t h e  l i g h t e r  016 i f  favoured by t h e  process  of  evapora t ion  
and so t h e r e  should be a  d i r e c t  c o r r e l a t i o n  between t h e  018/016 r a t i o  of  t h e  sea ,  
and t h e  degree of  g l a c i a t i o n  (or  s e a - l e v e l ) .  The b e s t  record o f  t h e  018/016 r a t i o  
i s  t h a t  due t o  Shackleton wpo has analyzed t h i s  r a t i o  i n  t h e  s h e l l s  o f  l i t t l e  o r -  
ganisms which have l i v e d  on t h e  sea  bed (see Figure below). These organisms appro- 
p r i a t e  d i f f e r e n t  amounts of  018 and 016, depending on t h e  r a t i o  p re sen t  i n  t h e  sea  
water ,  and a l s o  on t h e  temperature of  t h e i r  environment. 

I t  i s  assumed t h a t  t h e  temperature o f  t h e  water on t h e  s e a  bed has only  
changed by -1 + 2 ' ~  over t h e  l a s t  150,000 years  and t h i s  leads  t o  an u n c e r t a i n t y  
i n  t h e  &018 va lues  of  on ly  -0 .2  O/oo k 0.4 O/oo. A t o t a l  v a r i a t i o n  of 1 . 5  O/oo 
i s  observed over t h i s  per iod ,  s o  t h i s  l eaves  1 . 3  O/oo + 0.4 O/oo which i s  due t o  
t h e  g loba l  change i n  i c e  volume. The curve which i s  shown above i s  r ep ro -  
duc ib l e  f o r  many samples taken  from t h e  wor ld ' s  oceans.  

The peaks i n  t h e  cf 018 curve a t  82,  103 and 124 thousand years ,  a r e  a l s o  
ev ident  i n  t h e  l e v e l s  of p a s t  c o r a l  r e e f s  on i s l a n d s  which have been t e c t o n i c a l l y  
u p l i f t e d  (e .g ,  Barbados, Timor and New Guinea). When allowance i s  made f o r  t h e  
amount of  u p l i f t i n g  of t h e s e  i s l a n d s  ( - 0 . 3  m/year),  t h e  e s t ima te s  of  s ea  l e v e l  
a r e  a s  fo l lows:  

Sea l e v e l  ( r e l o t o  p r e s e n t )  Years before  p re sen t  

The sea  l e v e l  18,000 years  ago can  be est imated by seve ra l  d i f f e r e n t  
methods. I f  it i s  assumed t h a t  t h e  measured SoJ8 i s  equal t o  t h e  p re sen t  d i f -  
f e r ence  i n  018 concen t r a t ion  upon evapora t ion ,  mu l t ip l i ed  by t h e  volume o f  t h e  
i c e ,  then  a  sea  l e v e l  o f  -70 m i s  obta ined .  I f  a  d i r e c t  p r o p o r t i o n a l i t y  between 
t h e  sea  l e v e l  and t h e  &0l8 curve i s  assumed, then  us ing  t h e  va lues  i n  t h e  above 
t a b l e  a  s ea  l e v e l  of  -150 m i s  obta ined .  The sea  l e v e l  can a l s o  be deduced by a  



d i r e c t  e s t ima te  of  t h e  ex t en t  and depth of t h e  ice-cover a t  t h e  t ime.  In t h i s  
ca se ,  t h e  i c e  t h i ckness  i s  h a r t  t o  es t imate ,  bu t  a s ea  l e v e l  of  -120 m i s  ob ta ined .  

OTHER WAYS OF ESTIMATING PAST CLIMATE 

The remains of p a s t  v e g i t a t i o n  provide a good i n d i c a t i o n  of t h e  l o c a l  c l i -  
mate, providing t h e  samples can be r e l i a b l y  da ted .  D i f f e ren t  types  of  t r e e s  and 
p l a n t s  f l o u r i s h  i n  d i f f e r e n t  environments and a knowledge of  t h i s  i s  u s e f u l  i n  
i n t e r p r e t i n g  t h e  d a t a  obta ined  from po l l en  samples. 

Imbrie has analyzed plankton which l i v e d  a t  t h e  ocean su r f ace ,  and he has 
obta ined  t h e  ocean sea - su r f ace  temperatures  i n  t h e  p a s t  ( see  l e c t u r e  by Imbrie) .  

The 018/016 r a t i o  i n  Greenland i c e  co re s  a l s o  con ta ins  informat ion  on t h e  
average sea-sur face  temperature,  

LONG AND SHORT TIME SCALES 

The a n a l y s i s  of  ben th i c  forams shows t h a t  70 m i l l i o n  years  ago, t h e  deep 
s e a  was lS°C warmer than  it i s  today.  The imp l i ca t ions  o f  t h i s  a r e  complicated by 
t h e  f a c t  t h a t  t h e  ocean bas ins  were d r a s t i c a l l y  d i f f e r e n t  t o  what t hey  a r e  today.  

On s h o r t e r  t ime s c a l e s ,  a n a l y s i s  of Greenland i c e  co re s  shows t h a t  t h e r e  
have been no dramatic  c l i m a t i c  t r e n d s  i n  t h e  l a s t  7,000 y e a r s .  

Notes submit ted by 
Trevor J .  McDougall 

THE FLUID TRANSPORTS 

Abraham H .  Oort 

1 . INTRODUCTION 

The c e n t r a l  theme of  t h e  t h r e e  l e c t u r e s  w i l l  be t h e  r o l e  of  t h e  atmosphere 
and oceans i n  t r a n s p o r t i n g  angular  momentum, water  vapor and energy."  The c l i -  
matic  p i c t u r e  may be descr ibed  and t o  some e x t e n t  "understood" through t h e  s tudy  
o f  t h e  balance equat ions  f o r  t h e s e  t h r e e  b a s i c  q u a n t i t i e s .  From r e a l  d a t a  a s  wel l  
a s  from model generated d a t a  we may diagnose t h e  p re sen t  c l i m a t e .  We s h a l l  con- 
c e n t r a t e  i n  t h e s e  l e c t u r e s  on t h e  zonal ly  averaged p i c t u r e  o f  t h e  c l i m a t e  f o r  t h e  
p r e s e n t ,  while not  d i s r ega rd ing  t h e  zonal anomalies so  f a r  a s  t hey  a r e  important 
i n  maintaining t h e  zonal mean s t a t e .  The s t a t i o n a r y  east-west  asymmetries gener-  
a l l y  a r e  thought t o  be o f  secondary importance, wi th  t h e  no tab le  except ion  of t h e  
Asian summer monsoon c i r c u l a t i o n .  I  i n t end  t o  d i scuss  i n  t h e  t h r e e  l e c t u r e s :  

(1) t h e  n a t u r e  of  t h e  l a r g e - s c a l e  atmospheric and oceanographic d a t a  
a v a i l a b l e  t o  u s ;  

(2) t h e  hemispheric angular  momentum, and t h e  water  vapor ba lance  a s  de r ived  
from obse rva t ions ;  

(3)  t h e  g loba l  energy balance a s  der ived  from obse rva t ions .  
* 

General r e f e rences  a r e  Lorenz (1967), Newel1 e t  aZ.(1972, 1974),  Oort and 
Rasmusson (1971), and S t a r r  (1968). 



2,  NATURE OF LARGE-SCALE ATMOSPHERIC AND OCEANOGRAPHIC DATA 

2.1 Atmosphere 

I t  may be o f  i n t e r e s t  t o  first  i n v e s t i g a t e  t h e  dominant s c a l e s  of  motion i n  
t h e  atmosphere a s  revea led  by s p e c t r a  taken both  i n  time and space.  Kine t ic  
energy time s p e c t r a  near  t h e  ground a r e  t h e  e a s i e s t  t o  o b t a i n  s i n c e  they  only r e -  
q u i r e  prolonged measurements a t  one l o c a t i o n .  They (Vander Hoven, 1957; Oort and 
Taylor ,  1969; Hwang, 1970) g ive  t h e  fol lowing r e s u l t s :  

(1) Most energy i s  contained i n  waves of two t o  t e n  days ( b a r o c l i n i c  and 
long p l ane ta ry  waves). 

( 2 )  There i s  o f t e n  a  s p e c t r a l  gap between 20 minutes and s e v e r a l  hours .  

(3) There a r e  l a r g e  d i u r n a l  and weaker bu t  s t i l l  important annual c y c l e s .  
(The l a t t e r  a r e  dominant i n  t h e  case  of  temperature s p e c t r a . )  

I n  t h e  f r e e  atmosphere (above 3  km) cyclone waves a r e  much more dominant 
(Vinnichenko (1970)) .  The high frequency ( - f i v e  minutes) maximum gene ra l ly  p re -  
s e n t  near  t h e  ground only occurs  i n t e r m i t t e n t l y  ( e . g .  dur ing  c l e a r  a i r  t u rbu lence ) .  

S p a t i a l  s p e c t r a  a r e  more d i f f i c u l t  t o  o b t a i n  i n  general  because of t h e  
obse rva t iona l  network requirements .  From hemisphere ana lyses  (Kao and Wendell, 
1970; Kao and Sagendorf, 1970; Kao e t  aZ.,1970) t h e  importance of  t h e  b a r o c l i n i c  
and long p l ane ta ry  waves (-2000 km. and longer)  becomes very c l e a r .  T rans i en t  
eddies  seem t o  have g r e a t e r  importance than  s t a t i o n a r y  eddies  i n  t h e  hea t  and 
momentum f l u x e s ,  

I n  genera l  c i r c u l a t i o n  s t u d i e s  t o t a l  t r a n s p o r t s  o f ,  e . g . ,  s e n s i b l e  h e a t  a r e  
f r equ  n t l y  broken down i n t o  those  due t o  mean meridional  over turn ings  (MMC), t r a n -  
s i e n t  e d d i e s - l a s t i n g  a  few minutes t o  t h e  longes t  i n t e r v a l  s tud ied  (TE), and 
s tanding  o r  q u a s i s t a t i o n a r y  eddies  (SE). (Here t h e  word "eddyM means a  depa r tu re  
from a  zonal,  v e r t i c a l  o r  time mean). 

The t ime mean of  nor th-south  s e n s i b l e  hea t  t r a n s p o r t  i s  given by: 

where denotes  t h e  depa r tu re  of  t h e  ins tan taneous  va lue  of  a  q u a n t i t y  from t h e  
time average o f  t h a t  q u a n t i t y .  

The zonal mean hea t  t r a n s p o r t  i s  given by: 

where * denotes  t h e  depa r tu re  of  t h e  l o c a l  va lue  of a  q u a n t i t y  from i t s  zonal  
mean. 

The v e r t i c a l  mean hea t  t r a n s p o r t  i s  given by: 

where denotes  t h e  depar ture  of  a  q u a n t i t y  from i t s  v e r t i c a l  mean. 

Combining t h e s e  t h r e e  ope ra t ions  g ives  us  t h e  t o t a l  nor th-south  s e n s i b l e  



The f i r s t  term on t h e  r i g h t  i s  t h e  hea t  t r a n s p o r t  due t o  t h e  n e t  mass flow ac ros s  
t h e  l a t i t u d e ,  which i s  gene ra l ly  ve ry ,  very smal l .  

A hemispheric p i c t u r e  o f  t h e  r e l a t i v e  i n t e n s i t y  of zonal mean flow, t r a n -  
s i e n t  and s tanding  eddies  i n  t h e  k i n e t i c  energy of  t h e  atmosphere i s  given i n  F i g .  
1 a s  a  func t ion  of l a t i t u d e  and p re s su re .  The Mean Kine t ic  Energy (MKE) i s ,  of 
course,  concentrated near  t h e  s teady  sub t rop ica l  j e t  s t ream while  t h e  Trans ien t  
Eddy Kine t ic  Energy (TEKE) i s  more uniformly d i s t r i b u t e d  with r e spec t  t o  l a t i t u d e  
and dominates away from t h e  mean j e t .  

Let us now cons ider  t h e  g loba l  d i s t r i b u t i o n  of  radiosonde s t a t i o n s  where 
the  a c t u a l  atmospheric observa t ions  a r e  taken.  There a r e  more than 700 s t a t i o n s  
i n  t h e  Northern Hemisphere and only about 120 i n  t h e  Southern Hemisphere. Con- 
s i d e r i n g  zonal averages,  t h e  hemisphere mid la t i t udes  a r e  well-covered, bu t  
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F i g .  1 .  The mean, t r a n s i e n t  eddy and s tanding (or  s t a t i o n a r y )  eddy 
k i n e t i c  energy f o r  January and J u l y .  (Oort 6 Rasmusson, 1971).  



coverage i s  much poorer  near  t h e  equator  and throughout t h e  Southern Hemisphere. 
There a r e  no s t a t i o n s  i n  t h e  l a t i t u d e  band from 5S0S t o  65's. Longi tudina l ly ,  t h e r e  
a r e  very c l e a r  gaps over t h e  oceans. The e r r o r  i n  our  c a l c u l a t i o n s  due t o  t h e s e  
s p a t i a l  gaps i s  worse than any due t o  ins t rumenta t ion  e r r o r  i n  measuring t h e  quan- 
t i t i e s .  

To e s t ima te  t h e  e f f e c t  of  t h e s e  e r r o r s  on t h e  genera l  c i r c u l a t i o n  s t a t i s t i c s ,  
we used Manabe1s ZODIAC general  c i r c u l a t i o n  model, which g ives  r e s u l t s  f a i r l y  l i k e  
t h e  r e a l  atmosphere (except i n  An ta rc t i ca ) .  We compared t h e  r e s u l t s  o f  c a l c u l a t i n g  
genera l  c i r c u l a t i o n  s t a t i s t i c s  from t h e  model u s ing  each g r i d  po in t  and from t h e  
model us ing  only g r i d  p o i n t s  near  each radiosonde s t a t i o n  while  employing t h e  ob- 
j e c t i v e  a n a l y s i s  scheme used on r e a l  d a t a ,  t o  f i l l  i n .  (Hayashi and Golder, 1976; 
Oort,  1976) . 

The mean zonal wind i s  reproduced f a i r l y  we l l ,  wi th  some d i sc repanc ie s  i n  
January i n  t h e  Southern Hemisphere, between t h e  two cases .  F igure  2 shows one o f  
t h e  worst ca ses ,  t h e  var iance  i n  t h e  east-west  s t a t i o n a r y  wind component. Ove ra l l ,  
one may conclude t h a t  t h e  radiosonde network i s  gene ra l ly  adequate  i n  t h e  Northern 
Hemisphere, except f o r  c e r t a i n  parameters near  t h e  equator ,  and f a i r  i n  t h e  South- 
e rn  Hemisphere, except f o r  t h e  mean meridional  c i r c u l a t i o n  and s t and ing  eddies ,  
which cannot be  measured with t h e  cu r r en t  network. 

We have t o  cons ider  o the r  d a t a  systems e s p e c i a l l y  i n  t h e  Southern Hemisphere, 
f o r  example s a t e l l i t e  soundings of temperature,  humidity,  and cloud winds. These 
have t h e i r  own p~ob lems  due t o  l e s s  accuracy. 

2.2 Oceans 

Time s p e c t r a  i n  t h e  oceans look q u i t e  d i f f e r e n t  from those  i n  t h e  atmosphere 
with a  l a r g e  peak nea r  t h e  i n e r t i a l  frequency. Long term subsur face  r eco rds  a r e  
a v a i l a b l e  only  nea r  t h e  coas t s  and a t  t h e  ocean s t a t i o n  v e s s e l s  f o r  t h e  cons t ruc-  
t i o n  of t h e  low frequency p a r t  o f  t h e  spectrum. Thus t h e  d a t a  s i t u a t i o n  i s  q u i t e  
d i f f e r e n t  from t h e  one i n  t h e  atmosphere. The ocean i s  i n f r equen t ly  being sampled, 
and only f o r  temperature,  s a l i n i t y ,  oxygen and some o t h e r  chemical c o n s t i t u t u e n t s .  

Not only a r e  s p a t i a l  gaps between d a t a  p o i n t s  a  problem, but  so i s  t h e  un- 
r ep re sen ta t iveness  o f  t h e  d a t a  p o i n t s  themselves.  In  many one-degree squares  one 
f i n d s  none, o r  only one o r  two observa t ions .  Moreover, because o f  t h e  ex i s t ence  
of so -ca l l ed  MODE eddies  a s  wel l  a s  of  i n e r t i a l  g r a v i t y  waves, t h e  long-term aver-  
age may no t  be measured c o r r e c t l y  by a  few observa t ions .  Thus even t h e  mean 
f i e l d s  of  temperature,  s a l i n i t y ,  and oxygen a r e  not  known well  over  t h e  globe.  The 
s i t u a t i o n  i s  much worse f o r  t h e  va r i ances  i n  t ime and t h e  f l u x e s .  Near t h e  s u r -  
face many s h i p  d r i f t  r e p o r t s  show t h a t  t h e  bulk o f  t h e  k i n e t i c  energy, i n  F i g s . 3  
and 4 ,  i s  i n  t h e  edd ie s ,  20 t o  40 t imes  t h e  mean over t h e  open ocean and two times 
i n  t h e  western boundary c u r r e n t s ,  (Wyrtki, 1976).  Below t h e  s u r f a c e  c u r r e n t  d a t a  
a r e  p r a c t i c a l l y  non-ex i s t en t .  Transpor t s  have t o  be i n f e r r e d  by geos t rophic  c a l -  
c u l a t i o n s  o r  from models. This  i s  a  very s e r i o u s  problem, because a s  we w i l l  show 
i n  the  t h i r d  l e c t u r e ,  h e a t  balance cons ide ra t ions  lead  t o  t h e  expec ta t ion  o f  a  
very important meridional  hea t  f l u x  i n  t h e  oceans, e s p e c i a l l y  a t  low l a t i t u d e s .  
This  f l u x  could be accomplished by mean meridional  over turn ings ,  t r a n s i e n t  o r  s t a -  
t i o n a r y  eddies  o r  any combination of  them. One of  t h e  unanswered, bu t  c r u c i a l  
c l i m a t i c  ques t ions  i s  what a r e  t h e  a c t u a l  magnitude and predominant modes o f  
t r a n s f e r  o f  energy by t h e  oceans. 





Fig .3  Kine t ic  energy per  u n i t  mass of  t h e  mean su r f ace  flow f o r  
t h e  North A t l a n t i c  Ocean based on lo averages (Wyrtki, 1976). 

Fig.4 Eddy k i n e t i c  energy a t  t h e  su r f ace  per  u n i t  mass f o r  t h e  
North A t l a n t i c  Ocean based on l o  averages (Wyrtki, 1976).  
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GLOBAL ANGULAR MOMENTUM AND WATER VAPOR BALANCES 

Abraham H. Oort 

3. ANGULAR MOMENTUM BALANCE 

The angular  momentum (M) around t h e  e a r t h ' s  a x i s  of  r o t a t i o n  i s  t h e  sum of 
t h e  r e l a t i v e  and p l ane ta ry  components: 

where Mr i s  t h e  r e l a t i v e  component and Me i s  t h e  p l a n e t a r y  component. 4 i s  l a t i -  
tude ,  d i s  t h e  e a r t h ' s  r a d i u s ,  and LC i s  t h e  zonal v e l o c i t y .  I n t e g r a t e d  va lues  f o r  
t h e  angular  momentum a r e :  

s o l  i d  e a r t h  : 591,000 x 1 oJ5 gm cm2 s e c - l  

atmosphere ( s o l i d  body r o t a t i o n ) :  1 .01  x 1035 gm cm2 s e c - I  

atmosphere ( r e l a t i v e ,  annual mean): 0.01 x 1035 gm cm2 s e c - l .  

For t h e  nor thern  hemisphere atmosphere, t h e  r e l a t i v e  angu la r  momentum i s  

1 . 0  x gm cm2 sec - I  i n  w in te r  and--1 x 1033 gm cm2 sec-1 i n  summer. The south-  
e rn  hemisphere has very  l i t t l e  seasonal  v a r i a t i o n ,  main ta in ing  a  cons t an t  va lue  of 

about gm cm2 s e c - l .  The e f f e c t  o f  t h e  momentum v a r i a t i o n  on t h e  s o l i d  e a r t h  

i s  t y p i c a l l y  a  0 .5  x s e c  change i n  t h e  l eng th  of  t h e  day p e r  day, a  q u a n t i t y  
which i s  measurable by astronomers.  

The balance equat ions  f o r  angular  momentum can be developed, fol lowing 
S t a r r  (1948, 1968).  The s ta tement  i s  t h a t  t h e  t o t a l  t ime d e r i v a t i v e  of t h e  angular  
momentum i s  equal t o  t h e  sum of  t h e  torques :  

%am+, 

where t h e  f i r s t  term on t h e  r igh t -hand s i d e  i s  t h e  p re s su re  t o rque  and t h e  second 
term r e p r e s e n t s  t h e  f r i c t i o n a l  to rque .  h i s  t h e  long i tude .  Making use  of t h e  
equat ion of  mass c o n t i n u i t y ,  t h e  express ion  can be r e w r i t t e n :  

3 
where U i s  t h e  three-dimensional  v e l o c i t y .  I f  t h e  equat ion  i s  i n t e g r a t e d  over  
t h e  e n t i r e  volume o f  t h e  atmosphere, t h e  divergence term w i l l  d i s appea r ,  and t h e  
p re s su re  term w i l l  g ene ra l ly  g ive  zero c o n t r i b u t i o n ,  except  when topography i s  
considered.  I f  t h i s  so -ca l l ed  mountain torque  i s  p r e s e n t ,  t h e  zonal i n t e g r a l  o f  
t h e  p re s su re  term can have d i s c o n t i n u i t i e s ,  g iv ing  r i s e  t o  a  c o n t r i b u t i o n .  

Since t h e  long time average of t h e  change i n  t h e  angular  momentum w i l l  
presumably be zero,  t h e  f r i c t i o n a l  and mountain torque  must ba lance .  In  a  gen- 
e r a l  sense ,  t h i s  impl ies  t h a t  t h e  a r e a  o f  t h e  s u r f a c e  e a s t e r l i e s  must be comparable 
t o  t h e  a r e a  o f  t h e  s u r f a c e  w e s t e r l i e s .  The mountain to rque ,  which i s  g e n e r a l l y  
wi th in  10% of  t h e  f r i c t i o n a l  t o rque ,  can work e i t h e r  i n  t h e  same sense  a s  t h e  
f r i c t i o n a l  e f f e c t  ( t h e  usual  ca se )  o r  a g a i n s t  i t .  The p re s su re  torque  i s  most ly 
a s soc i a t ed  with synopt ic  s c a l e s  o f  motion, while  t h e  f r i c t i o n a l  to rque  i s  a s soc i a -  
t e d  wi th  smal le r  s c a l e s  of  motion, such a s  t u r b u l e n t  f l u x e s  of momentum. 



The transport of angular momentum in the atmosphere can be decomposed to 
examine the various processes. Using the same notation as last time: 

net mass mean meridional stationary transient 
flow circulation eddies eddies 

(seasonal) MMC S E TE 

The earth's angular momentum can become important for the first term on 
the right-hand side, while the remaining terms involve only relative angular 
momentum transport. Transient eddies are defined to have time scales of less 
than the period of record studied. 

Graphs of annual flux of angular momentum (Fig.5) show a poleward flux 
across 300-40° north latitude, mainly due to TE. The mechanism of angular momen- 
tum transport by eddy processes is tilting of the streamlines, giving rise to 

F i g . 5 .  Mechanisms of poleward flux of momentum for annual 
mean conditions. 



u l v '  c o r r e l a t i o n s .  A t  h igh l a t i t u d e s ,  t h e r e  i s  some southward t r a n s p o r t  due t o  TE 
and SE. Most of  t h e  t r a n s p o r t  i s  accomplished by TE. However, t h i s  does no t  i n -  
c lude  only  cyclones,  a s  permanent eddies  t h a t  vary  seasona l ly  a r e  included i n  TE 
( i . e . ,  v a r i a t i o n s  i n  t h e  Hadley c e l l ,  o r  monsoons). Some o f  t h e s e  seasonal  p a t -  
t e r n s  would be included i n  SE on a w in te r  o r  summer curve.  

Angular momentum can a l s o  be t r a n s p o r t e d  v e r t i c a l l y  a t  c e r t a i n  l a t i t u d e s ,  - 

when terms l i k e  [ p u ] [ f i a c c & ' q ]  a r e  l a r g e  i n  t h e  MMC, o r  when t h e r e  a r e [pd lu ] '  
c o r r e l a t i o n s .  Examples of  t h e s e  processes  a r e  mean over turn ing  o r  g r a v i t y  waves. 

General ly ,  a t  low l a t i t u d e s ,  angular  momentum i s  added t o  t h e  atmosphere 
due t o  t h e  f r i c t i o n a l  to rque  on t h e  s u r f a c e  e a s t e r l i e s .  A t  h igh  l a t i t u d e s ,  angu- 
l a r  momentum i s  l o s t  by f r i c t i o n a l  to rque  on t h e  su r f ace  w e s t e r l i e s .  There i s  a 
corresponding poleward t r a n s p o r t  a t  30° no r th .  

4 .  WATER BALANCE 

On t h e  average,  t h e r e  a r e  2-3 gm/cm2 of  water i n  an atmospheric  column. The 
amount i s  g r e a t e s t  between ? l o 0  l a t i t u d e ,  reaching a minimum over  t h e  land d e s e r t s  
and over  t h e  po le s .  

Water balance equat ions can be formulated f o r  both water  vapor and f o r  
l i q u i d  water  p lus  i c e  ( see  ~ e i x 6 t 0 ,  1973).  For water  vapor,  t h e  ba lance  i s :  

= source of  water vapor = e - c  

where 9 i s  t h e  s p e c i f i c  humidity,  e i s  t h e  evaporat ion,  and i s  t h e  condensat ion.  

For i c e  and l i q u i d  water ,  t h e  equat ion i s  

p .%-= c-e 

I f  t h e  
r e s u l t  

t o t a l  d e r i v a t i v e s  a r e  expanded and t h e  two equat ions a r e  added, t h e  
i s  : 

where 3 i s  t h e  ho r i zon ta l  divergence,  Lcrl i s  t h e  v e r t i c a l  v e l o c i t y  of  f a l l i n g  
condensat ion,  and t h e  equat ion o f  mass con t inu i ty  has  been used.  This  equat ion 
can be i n t e g r a t e d  v e r t i c a l l y ,  from t h e  su r f ace  t o  t h e  t o p  of  t h e  water vapor:  

where W Z ~  8dq.a water vapor i n  a column, E and P a r e  t h e  evapo t r ansp i r a t ion  

and p r e c i p i t a t i o n  a t  t h e  su r f ace ,  and ?a *fl and * PC a r e  t h e  v e r t i c a l l y  aver-  
aged h o r i z o n t a l  f l uxes  of  water vapor and l i q u i d  water p lus  i c e ,  r e s p e c t i v e l y ,  
W, , t h e  t o t a l  amount of  l i q u i d  water and i c e  i n  a v e r t i c a l  column, i s  very  

2 small  (W,& 0.1-0.3 gm/cm ), and t h e  ho r i zon ta l  divergence o f  l i q u i d  water  f l u x  
i s  very smal l ,  so  we can approximate t h e  balance by 

This  is  t h e  atmospheric branch of  t h e  hydrologic  cyc l e .  

The t e r r e s t r i a l  branch o f  t h e  hydrologic  cyc le  can be represented  by 



where S i s  t h e  r a t e  of ground water s to rage .  The f i r s t  divergence term r e p r e s e n t s  
t h e  divergence o f  t h e  runoff  (due t o  r i v e r s  e t c . ) ,  and t h e  second divergence term 
rep resen t s  t h e  divergence of t h e  subsurface runof f .  This  l a s t  term i s  usua l ly  
small  and i s  gene ra l ly  neglec ted .  

The term (E-P) i s  t h e  l i n k  between t h e  atmospheric and t e r r e s t r i a l  branches 
of t h e  hydrologic cyc l e .  I t  i s  d i f f i c u l t  t o  measure (E-P) d i r e c t l y .  I t  i s  o f t e n  
computed a s  a  r e s i d u a l  a f t e r  measurements o f  and $ *  a a r e  made. 

4 at aw Maps of g h , ? )  and a* ()\,@) , from ~ e i x 6 t t o  (1970) show t h a t  i s  very 
smal l ,  and t h a t ,  f o r  t h e  annual mean, s t rong  convergence o f  water vapor occurs  over  
t h e  equa to r i a l  region i n  t h e  I n t e r t r o p i c a l  Convergence Zone, over B r a z i l ,  I nd ia ,  
and over t h e  cyclone b e l t s  o f  t h e  A t l a n t i c  and P a c i f i c  Oceans. Divergences occur  
over  t h e  po la r  reg ions ,  i n  t h e  sub t rop ic s ,  and over t h e  land d e s e r t s .  The f a c t  
t h a t v a v  > 0 over d e s e r t s  implies  t h a t  t h e r e  should be an excess  of  evaporat ion 
over  p r e c i p i t a t i o n  i n  t hose  a r e a s .  Subsurface convergences can be invoked t o  main- 
t a i n  a  water balance i n  d e s e r t  reg ions .  

ANNUAL FLUX OF WATER VAPOR 

Mechanisms of poleward f lux  of  water  vapor f o r  
mean condi t ions .  



Graphs of the annual flux of water vapor (Fig.6) indicate that the MMC is 
important at low latitudes, relative to TE. The water vapor is transported toward 
the equator by the MMC at low latitudes, and toward the poles by TE at high lati- 
tudes. 

Graphs of (P-E) (Sellers, 1965, p.84) show: 

(P - E) > 0 -5's to 10'~ 

(P - E) > 0 poleward of +40° 

Global-scale variations in (P - E) may account for the observed differences 
in salinity between the Atlantic and Pacific Oceans. 
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THE FLUID TRANSPORTS 

Abraham H. Oort 

5 .  ATMOSPHERIC ENERGY CYCLE AND BUDGETS 

Due to the sparsity of data in the Southern Hemisphere, only Northern Hemi- 
sphere statistics will be considered. 

5.1 Atmospheric energy amounts. 

Let us first look at various energy variations over a year: 



N .  Hemisphere Surface - 75 mb l a y e r  

Summer Winter 

1 .0  Kine t ic  Energy [% v2) 
L a t e n t H e a t  ( ~ 4 )  
P o t e n t i a l  Energy (2 a)  

I n t e r n a l  Energy (c~T)  
Tota l  

For v e r t i c a l l y  i n t e g r a t e d  q u a n t i t i e s  t h e  p o t e n t i a l  and i n t e r n a l  ene rg i e s  above a r e  
p ropor t iona l ,  and may be combined i n t o  a  t o t a l  p o t e n t i a l  energy. However, a s  
shown by Lorenz, on ly  a  small  po r t ion  o f  t h i s  t o t a l  p o t e n t i a l  energy i s  a v a i l a b l e  
f o r  conversion i n t o  k i n e t i c  energy. This a v a i l a b l e  p o t e n t i a l  energy (A.P.E.) i s  
t h e  d i f f e r e n c e  between t h e  t o t a l  p o t e n t i a l  energy of  t h e  atmosphere a t  any time, 
and t h e  lowest t o t a l  p o t e n t i a l  energy which could be achieved by an a d i a b a t i c  
r e d i s t r i b u t i o n  of  i t s  mass. This  may be approximated by t h e  va r i ance  o f  p o t e n t i a l  
temperature on i s o b a r i c  s u r f a c e s .  For f u r t h e r  d i scuss ion  s e e  Lorenz (1967). 

5.2 Atmospheric energy cyc le .  

Let u s  cons ider  p r e s e n t l y  t h e  n e t  flow of energy necessary  t o  d r i v e  atmos- 
phe r i c  motions through t h e  cyc l e :  

Generation- A.P.E.+ Conversion -+ K . E . +  D i s s ipa t ion  

Using f i v e  years  o f  d a i l y  radiosonde d a t a  (1958-1963) a t  600 s t a t i o n s  i n  
t h e  Northern Hemisphere, a v a i l a b l e  p o t e n t i a l  energy (P) and k i n e t i c  energy ( K )  
were subdivided i n t o  mean and eddy con t r ibu t ions .  These "eddyl1 con t r ibu t ions  i n -  
c lude  both s t a t i o n a r y  eas t -wes t ,  and time v a r i a t i o n s .  

I n  F ig .7  we no te :  

i )  Quan t i t i e s  i n t o  o r  out  o f  tops  and bottoms of  boxes a r e  i n f l u x  from 
Southern Hemisphere t o  Northern Hemisphere. 

i i )  Energy r e s e r v o i r s  i n  boxes a r e  i n  l o 5  ~ / m ~  i npu t ,  and t ransformat ion  
r a t e s  i n  watts/m2. 

i i i )  &- (P,, Pe, K e ,  Km) due t o  seasonal  cyc le  a r e  n e g l i g i b l e  f o r  t h e s e  
two months o f  t h e  yea r .  

i v )  Values i n  parentheses  a r e  not  d i r e c t l y  c a l c u l a t e d .  

v) Only l a r g e  s c a l e  motion i s  e x p l i c i t l y  descr ibed .  

I t  i s  c l e a r  t h a t  f o r  t h e  Northern Hemisphere i n  January t h e  dominant input  
o f  mean A.P.E. i s  no t  d i a b a t i c  hea t ing  but i n f l u x  from t h e  Southern Hemisphere. 
The l a r g e s t  por t ion  o f  t h e  genera t ion  term seems due t o  l a t e n t  hea t  r e l e a s e  which 
v a r i e s  t h e  most with l a t i t u d e .  F r i c t i o n a l  d i s s i p a t i o n  occurs  dominantly i n  t h e  
eddy k i n e t i c  energy term, and g ives  a  d i s s i p a t i o n  t ime o f  approximately t h r e e  days. 

The c i r c u l a t i o n  i s  c l e a r l y  l e s s  e n e r g e t i c  i n  J u l y ,  and e x h i b i t s  a  s i g n i f i -  
c a n t l y  sma l l e r  c ros s -equa to r i a l  flow of  Pm. In  both months we f i n d  a  small  con- 
vers ion  o f  Km t o  Pm and a  somewhat l a r g e r  conversion o f  & t o  Km (nega t ive  v i s -  
c o s i t y ,  s e e  S t a r r ,  1968).  This  l a s t  term i s  t h e  only source o f  mean k i n e t i c  energy 
i n  t h e  cyc l e .  For f u r t h e r  d i scuss ion  s e e  Oort 6 ~ e i x d t o  (1974 a ,b)  . 
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5.3  Annual v a r i a t i o n  o f  t h e  ocean-atmosphere energy balance i n  l a t i t u d e  bands. 

Let u s  consider  a l a t i t u d e  band t h a t  extends i n  t h e  v e r t i c a l  from t h e  bottom 
o f  t h e  ocean t o  t h e  t o p  of t h e  atmosphere. I f  E denotes t h e  t o t a l  energy i n  t h e  
band : 

a E 
(1) dt = (ne t  r ad . )  Flux - d i v  ( T r a n s p ~ r t ) ~ ~ ~  - d i v  (T)ocean 

t o p  
where geothermal hea t  f l u x ,  t r a n s p o r t  o f  icebergs ,  and h o r i z o n t a l  r a d i a t i v e  
f l u x  a r e  neglec ted .  The energy r e s e r v o i r s  considered a r e  ocean, land ,  atmos- 
phere,  and snow and i c e .  

The atmospheric and oceanic  energy f luxes  a r e :  

The da t a  used a r e :  

i )  Flux a t  t h e  t o p  of  t h e  atmosphere: s a t e l l i t e s  (1964-1971) 

i i )  Atmosphere t r a n s p o r t  and s to rage :  radiosonde (1958-1963) 

i i i )  Ocean s to rage :  a l l  hydrographic and BT d a t a  a s  of  1973 a v a i l a b l e  a t  
Nat ional  Oceanographic Data Center f o r  t h e  upper 275 m .  

E r ro r  l i m i t s  were est imated us ing  d a t a  subse t s .  See Oort and Vonder Haar (1976) 
f o r  f u r t h e r  d e t a i l s .  

Let u s  consider  p r e s e n t l y  t h e  d i f f e r e n t  terms i n  Eq.2. The l a r g e s t  s t o r a g e  
r a t e s  (see F igs .  9a and 9b) a r e  found i n  t h e  ocean (maximum of 100 watts /meter2)  
centered  a t  40°N i n  June and December and i n  t h e  atmosphere (maximum o f  20 wat t s /  
mete$) no r th  o f  6 0 ' ~  i n  May and t h e  beginning o f  October. With t h e s e  r a t e s  an 

3 E  es t ima te  o f  can be made. 

U t i l i z i n g  E q . ( l ) ,  and c a l c u l a t i n g  t h e  n e t  r a d i a t i o n  input  from s a t e l l i t e  
d a t a  (see Fig.81, and t h e  atmospheric t r a n s p o r t  from t h e  radiosonde d a t a  (see 
Fig. lOa) ,  r e s i d u a l  e s t ima te  can be made of  t h e  northward f l u x  o f  hea t  i n  t h e  
oceans (Fig.lOb).  One then  f inds  a s t r o n g  c ros s -equa to r i a l  t r a n s f e r  o f  h e a t  i n  
genera l  from t h e  summer t o  t h e  win te r  hemisphere. Fur ther ,  south  o f  250N t h e  
computed ocean heat  t r a n s p o r t  i s  s e v e r a l  t imes l a r g e r  than  t h e  atmospheric t r a n s -  
p o r t .  North o f  40°N, t h e  r eve r se  i s  t r u e .  For comparison, t h e s e  e s t ima te s  of  
ocean hea t  t r a n s p o r t ,  a t  200N, a r e  tw ice  a s  l a r g e  a s  Budyko's e s t ima te ,  and f o u r  
t imes a s  l a r g e  a s  Kirk Bryan's r ecen t  numerical ocean model e s t ima te s .  
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Fig.8.  Net incoming r a d i a t i o n  f l u x  a t  t h e  top  of t h e  atmosphere 
IFTA) based on s a t e l l i t e  d a t a  a s  a func t ion  of l a t i t u d e  and month 
of t h e  year .  Annual mean 95% confidence limits a r e  shown on t h e  
r ight-hand s i d e  of  t h e  diagram (Oort and Vonder Haar, 1976). 



Fig.9a.  Rate of heat  s to rage  i n  t h e  atmosphere (SA) based on radiosonde 
d a t a  a s  a  func t ion  of l a t i t u d e  and month of t h e  year  (Oort and Vonder Haar, 
1976) . 
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Fig.9b.  Rate of heat s to rage  i n  t h e  oceans (So) based on hydrographic 
s t a t i o n s ,  MBT and XBT d a t a  a s  a  func t ion  of l a t i t u d e  and month of t h e  
yea r .  To ob ta in  t y p i c a l  oceanic  va lues  d iv ide  by t h e  percentage of t h e  
ho r i zon ta l  a r e a  covered by oceans ( f a c t o r  - 0.61 f o r  t h e  Northern Hemi- 
sphere a s  a  whole). 
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Fig.lOa. Northward t r a n s p o r t  o f  energy due t o  atmospheric motions 
(T*) based on radiosonde d a t a .  (Oort and Vonder Haar, 1976).  

90 1 NORTHWARD FLUX OF HEAT IN OCEANS (10'~wott) 
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Fig. l ob .  Northward t r a n s p o r t  o f  hea t  due t o  oceanic  motions (TO) 
computed a s  a r e s i d u a l  term i n  t h e  e a r t h ' s  hea t  balance.  
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PALEOCLIMATIC DATA 

John Imbrie 

1. Trans fe r  func t ions  

We d e r i v e  empir ica l  r eg re s s ion  equat ions  which e s t ima te  compositions from 
t h e  percentage of f o s s i l  spec i e s  i n  sediments taken from t h e  s e a  bed, t h e  s u r f a c e  
temperature a t  t h e  t ime when t h e  spec i e s  was a l i v e .  This  i s  p o s s i b l e  s i n c e  t h e  
spec i e s  when they  a r e  a l i v e  a r e  found i n  t h e  upper 60 m of  t h e  ocean. When they  
d i e  t h e y  s ink  r a p i d l y  t o  t h e  bottom and a r e  moved only a very  l i t t l e  ex t en t  by ocean 
c u r r e n t s ,  e t c .  (Even t h e  Gulf Stream d i s p l a c e s  t h e  spec i e s  only s l i g h t l y . )  

Each s p e c i e s  has i t s  own optimum value  of  temperature,  s a l i n i t y  and seasonal  
change i n  temperature i n  which i t  t h r i v e s  (Fig.1)  when o t h e r  eco log ica l  f a c t o r s  a r e  
held cons t an t .  

A 

Knowing t h e  abundance o f  two o r  more spec i e s  i s ,  t h e r e f o r e ,  normally s u f f i c i e n t  
t o  determine t h e  temperature (F ig ,2)  i f  o t h e r  f a c t o r s  were known. I f  t h r e e  spe-  
c i e s  a r e  responding t o  two c o n t r o l l i n g  parameters  (F ig .3) ,  then  equat ions  s p e c i f y -  
ing  e i t h e r  parameter a s  a func t ion  of spec i e s  abundance can be w r i t t e n .  The 
CLIMAP t r a n s f e r - f u n c t i o n  procedure gene ra l i ze s  t h i s  t o  n-dimensions, and uses  
t y p i c a l l y  s i x  s t a t i s t i c a l l y - i n d e p e n d e n t  s p e c i e s  groups 70 es t ima te  summer s u r f a c e  
temperature,  w in te r  s u r f a c e  temperature,  and s a l i n i t y .  The response func t ion  o f  
t h e  spec i e s  can be measured from recen t  ( l o3  y r s )  sediments,  i f  we assume no change 
i n  t h e  func t ion  over  t h e  l a s t  500 K y r s . ,  i . e .  no evolu t ion  of fo ramin i f e ra .  These 



Fig 

The p o l a r  assemblage (now n o r t h  of Iceland)  occupied t h e  whole r eg ion  down 
t o  t h e  l a t i t u d e  of Spain 18,000 B.P. (years  before  p r e s e n t ) ,  whereas t h e  t r o p i c a l  
assemblage changed very  l i t t l e .  Thus t h e  temperate assemblages had a narrower 
range of  l a t i t u d e  18,000 B . P .  t han  they  have today.  

measurements r evea l  t h a t  temper- 

A a t u r e  and s a l i n i t y  a r e  somewhat 

2. The geologica l  r e c o n s t r u c t i o n  

s a, 

In  order  t o  provide inpu t  f o r  genera l  c i r c u l a t i o n  models o f  t h e  atmosphere 
18,000 B.P. such a s  t h e  GFDL model (1) and Rand (2) t h r e e  boundary cond i t i ons  a r e  
r equ i r ed .  These a r e ,  t h e  ex t en t  and e l e v a t i o n  of  permanent i c e ,  t h e  g loba l  p a t -  
t e r n  of s e a  su r f ace  temperature and t h e  c o n t i n e n t a l  geography. Furthermore, some 
models r e q u i r e  t h e  land albedo t o  be s p e c i f i e d .  

separa ted .  Moreover, s i n c e  t h e  
animals bloom a t  d i f f e r e n t  sea-  
sons of t h e  year  depending on 
spec i e s ,  it i s  p o s s i b l e  t o  
s epa ra t e  between Tsumer and 
Twinter - 

The l abo ra to ry  p r e c i -  

The procedure descr ibed  i n  (1) provides  t h e  s e a  s u r f a c e  tempera ture .  Age 
d a t i n g  of  cover is  done by 1 4 ~ .  The r e s u l t s  f o r  18,000 B.P, a r e  publ i shed  i n  
Science ( 3 ) .  The main f e a t u r e s  a r e ,  (1) t h e  extension of s ea  i c e  i n  southern  hemi- 
sphere around A n t a r t i c a ,  (2) t h e  e a s t e r n  edges of oceans was much c o l d e r  t han  t o -  
day, p o s s i b l y  due t o  increased  upwelling e s p e c i a l l y  on t h e  western c o a s t  of Afr ica  
and (3 )  t h e  Gulf Stream i n  t h e  North A t l a n t i c  s h i f t e d  i t s  p o s i t i o n  and swept almost 
d i r e c t l y  eastward ac ros s  t h e  A t l a n t i c ,  which l e f t  t h e  l a t i t u d e s  40°-60°N substan-  
t i a l l y  co lde r  a t  18,000 B.P. (about 10°C). 

- s i o n  i n  t h e  temperature e s t i -  
3 Numbers r e f e r  t o  a h u n d a ~ c e  (of spec i e s .  mate i s  20 .3 '~ .  The s tandard  

e r r o r  o f  t h e  accuracy i s  51.3%. 

Defining AT = TAugust (18,000 B.  P.) - Tkugust (today), a t a b l e  may be con- 

s t r u c t e d  f o r  t h e  oceans: 

I Ocean I Northern Hemis~he re  1 Southern Hemis~he re  1 

Indian  -0.8 -1 .3  

A t l a n t i c  

P a c i f i c  

1 Average - 2 . 6  -2.0 1 

-3.8 

-2 .3  

Table 1. 

- 

- 1 . 2  

-2.6 

Global Average 

Resu l t s  of numerical models r e v e a l  t h a t  t h e  average a i r  temperature change over  
land (AT)  i s  -6.6OC, which agrees  wi th  r eco rds  from po l l en  i n  l ake  sediments .  

-2 .3 
.- - 1 



Thus t h e r e  appears  t o  be a  three- to-one ampl i f i ca t ion  i . e .  ATland = 3ATocean. 
However, t h e  August r a i n f a l l  appears  t o  be l e s s  by 15% a t  18,000 B.P., according 
t o  GFDL model. 

3 .  Time s e r i e s  a n a l y s i s  o f  a  s i n g l e  core  

The c l ima te  changes a r e  r e l a t e d  t o  t h e  changes i n  E a r t h ' s  o r b i t .  These a r e  
t he  e c c e n t r i c i t y  which changes from . O 1  t o  .06 i n  approximately 100,000 y r s . ,  t h e  
o b l i q u i t y  wi th  per iod  of 41,000 y r s .  and precess ion ,  per iod  26,000 y r s ,  wi th  a  
c l imate  e f f e c t ,  however, o f  22,000 y r s . ,  because of  precess ion  o f  p e r i h e l i o n  of 
o r b i t .  Net e f f e c t  due t o  precess ion ,  P ,  i s  

p ,  ~ ( e h t n )  
where P  means change i n  ear th-sun  d i s t ance  i n  June with r e spec t  t o  1950 va lue  of 
half-major a x i s  of o r b i t ,  e t h e  e c c e n t r i c i t y  and T l ong i tude  of  p e r i h e l i o n  of  
o r b i t  wi th  r e spec t  t o  The moving verna l  p o i n t .  Thus t h e  main e f f e c t  of t h e  ec-  
c e n t r i c i t y  i s  t o  modulate t h e  amplitude of precess ion  (F ig .4) .  The system i s  

assumed t o  be l i n e a r  , i . e .  t h e  f r equenc ie s  of  
t h e  fo rc ing  should show up i n  t h e  power spec-  

?? 

trum and t h e  phase s h i f t  o f  t h e  response r e l a -  
t i v e  t o  t h e  fo rc ing  should be cons tan t  i n  t ime 
f o r  each fo rc ing  frequency. The power spectrum 

t; 
of  t h e  astronomical f o r c i n g  i s  sketched i n  

F I G ,  4 Fig .5 .  The e c c e n t r i c i t y  produces s i d e  lobes  
on t h e  precess ion  e f f e c t  bu t  i t  has  no peak of  
i t s  own. Thus i f  t h e  e a r t h ' s  response is  

l i n e a r ,  t hen  we expect no peak a t  100,000 y r s .  Now, t a k e  co res  468,000 y r s  long 
and compute t h e  power spectrum. The c o r e s  a r e  
analyzed f o r  (1) s 0 1 8 ,  (2) Tsurface (from 
t r a n s f e r  func t ion  a s  descr ibed  i n  s e c t i o n  (1) 
and (3) %C. dav i s i ana ,  a  r a d i o l a r i a n  spec i e s  
(whose abundance i s  r e l a t e d  t o  t h e  s u r f a c e  
s a l i n i t y  of  An ta rc t i c  water ) .  The a n a l y s i s  
produces t h e  fol lowing peaks (Table 2 ) :  

Three out of  f i v e  of t h e  peaks i n  B and C a r e  s i g n i f i c a n t  a t  5% l e v e l  com- 
pared with t h e  p red ic t ed  peaks.  The 41,000 y r s .  component l a g s  ob l ique ly  by 

3  8,000 y r s .  whereas t h e  23,000 y r s .  l a g  is  only  2 o r  3  . 10 y r s .  These va lues  
a r e  c m s t a n t  t o  350,000 yea r s .  

Analysis of 

Tsur f ac  e  

01 8  

% C.d 

Predic ted  peaks from 
Astronomical theory  

Table 2. 

A ( l o3  y r s . )  

9  4  

106 

122 

105 

B ( l o3  y r s . )  

4  2 

4  3  

42 

41.1 

c ( lo3  y r s . )  

24 

24 

24 

23.1 
'L 

19.5  

19 .5  

19 .5  

18.8 



For ty  thousnad yea r s  and 23,000 years  a r e  25% and l o % ,  r e s p e c t i v e l y ,  o f  t h e  
va r i ance .  The 100,000-year e f f e c t  i s  50% of va r i ance .  This  peak may be due t o  a  
nonl inear  response o f  e a r t h  t o  e c c e n t r i c i t y .  Wertmann (1964) has Tgrowth of  i c e  
s h e e t s  l a r g e r  t h a n Z  me l t ing  of i c e  s h e e t s .  

References 

Gates,  W.L. 1976 Modeling t h e  Ice-Age Climate.  Science - 191: 1138-1144. 

Holloway, J.L.Jr. and S .  Manabe 1971 Mon.Weather Rev. - 99: 335. 

CLIMAP p r o j e c t  members 1976 Science - 191: 1131-1132. 

Notes submit ted by 
Lars P. Rded 

MODELING ICE CAPS 

Gene E .  B i r ch f i e ld  

An e s s e n t i a l  a spec t  of t h e  s tudy  of c l ima te  i s  t h e  dynamics o f  i c e  caps .  
On t h e  s u r f a c e  of t h e  e a r t h ,  t h e  two major i c e  s h e e t s  a r e  t h e  A n t a r c t i c  i c e  cap ,  
and t h e  Laurent ian i c e  s h e e t ,  which, 18,000 yea r s  ago, extended southward wel l  
onto t h e  North American con t inen t .  With t h e  prospect  of inc luding  t h e s e  i c e  caps 
more r e a l i s t i c a l l y  i n t o  c l imate  models, t h e i r  morphology and dynamics should be 
s tud ied  more c a r e f u l l y .  

A t  p r e s e n t  A n t a r c t i c  i c e  cap i s  about 4  Km. h igh ,  c o n s i s t i n g  of  a  massive 
c e n t r a l  s h e e t ,  which i s  t h i c k e s t  on t h e  e a s t e r n  s i d e ,  and a  secondary western 
shee t .  The mean annual temperature i s  -57OC a t  t h e  c e n t e r  of t h e  i c e  cap,  which 
i s  s i g n i f i c a n t  because t h e  tropopause i s  on t h e  ground. The i c e  accumulation i s  
5  - 60 cm/year, with a  low p r e c i p i t a t i o n  r a t e  (10 - 15 cm/year; 1 / 3  t h a t  of  t h e  
no r th  p o l e ) .  There i s  no a b l a t i o n  zone, and t h e  l o s s  of mass i s  presumably due 
e n t i r e l y  t o  flow ou t  onto t h e  i c e  she lves .  The t o t a l  volume of i c e  i s  es t imated  
t o  be 2.8 x l o 7  ~ m ~ .  The r a t e  of l o s s  of  mass around t h e  edge of  t h e  i c e  cap 
g ives  a  decay r a t e  ( A V / b  t )  of 2.34 x 103 ~ m ~ / ~ e a r ,  i n d i c a t i n g  a  l i f e t i m e  f o r  t h e  
i c e  of 104 yea r s .  

The f igu res  a r e  s i m i l a r  f o r  t h e  Laurent ian i c e  cap a t  18,000 yea r s  be fo re  
t h e  p r e s e n t .  The he igh t  i s  es t imated  t o  have been 3 Km i n  t h e  c e n t e r  of  North 
America, and 3 .5  Km over  Greenland. The maximum i c e  volume i s  es t imated  a s :  
2.6 x l o 7  ~m~ a t  18 KBP thousand years  be fo re  t h e  p r e s e n t ) ,  1 .75  x 10' ~m~ a t  4 11 KBP, and 0 . 6  x l o 7  Km a t  8 . 5  KBP, i n d i c a t i n g  a  r a t e  of  decay of  3  x l o 3  ~ m ' / ~ r  
s i m i l a r  t o  t h e  p re sen t  An ta rc t i c  i c e  cap.  

Dynamics 

For t h e  s lugg i sh  flow of  a  g l a c i e r ,  t h e  governing equat ions  a r e  

where 3 i s  t h e  s t r e s s  t enso r ,  P i s  t h e  p re s su re  a t  mid-level ,  and t h e  i n e r t i a l  
and c o r i o l i s  terms have been neg lec t ed .  The balance is  between t h e  g r a v i t y ,  p re s -  
su re ,  and s t r e s s  f o r c e s .  Assuming h y d r o s t a t i c  equi l ibr ium,  t o  a  good approxima- 



t i o n  t h e  shear  s t r e s s  a c t i n g  a t  t h e  bottom o f  t h e  i c e  shee t  i s  

A s t r e s s  r a t e - o f - s t r a i n  law f o r  a  p e r f e c t  p l a s t i c  i s  assumed. No deforma- 
t i o n  w i l l  occur  u n t i l  a  y i e l d  s t r e s s  TO is  reached,  a f t e r  which t h e r e  i s  an  i n -  
f i n i t e  amount o f  displacement .  I f  we assume T = r e  a t  t h e  bottom, a  one-dimensional 
model can be i n t e g r a t e d  t o  g ive  t h e  quadra t i c  p r o f i l e  

h r i ) =  d - p  , 

Weertmanls (1964) model uses t h e  p r o f i l e  and inco rpora t e s  both accumulation 
and a b l a t i o n  (F ig .1 . )  . 

h,(d i s  t h e  snow l i n e ,  which sepa ra t e s  t h e  two r eg ions .  The no r the rn  edge o f  t h e  
i c e  cap i s  assumed f i x e d  by t h e  A n t a r c t i c  Ocean. L ,  t h e  h a l f  width of  t h e  i c e  cap,  
v a r i e s  i n  response t o  changes i n  h, (&) . The model assumes an a b l a t i o n  r a t e  of 
1 m/year i n  t h e  a b l a t i o n  zone. 

When app l i ed  t o  t h e  An ta rc t i c  i c e  cap,  t h e  r e s u l t s  a r e  very  s e n s i t i v e  t o  
t h e  va lue  of  ( a / a l ) ,  where a  i s  t h e  average accumulation r a t e  i n  t h e  r eg ion  of 
accumulation, and a t  i s  t h e  average a b l a t i o n  r a t e  i n  t he  zone of  a b l a t i o n .  Using 
an empi r i ca l ly  der ived  va lue  f o r  a / a l  o f  113, t h e  model i n d i c a t e s  t h a t  t h e  growth 
of t h e  i c e  cap i s  l i m i t e d  only  by t h e  s i z e  of t h e  con t inen t .  

There i s  a  phase l a g  of  l o 4  years  between f l u c t u a t i o n s  i n  t h e  snow l i n e  and 
t h e  response o f  t h e  i c e  s h e e t .  I f  t h e  model i s  forced  wi th  no r the rn  hemisphere 
astronomical  f o r c i n g ,  t h e  e f f e c t  i s  ve ry  smal l .  The time cons t an t  f o r  t h e  i c e  cap 
i s  g r e a t e r  than  100,000 yea r s ,  much longer  than t h e  two lowest  astronomical  f o r c i n g  
modes. 

I f  a s i m i l a r  a n a l y s i s  i s  done on t h e  Laurent ia l  i c e  s h e e t ,  t h e  t ime s c a l e  
i s  found t o  be 10  - 40 x l o 3  yea r s ,  much c l o s e r  t o  t h e  t ime s c a l e  of t h e  a s t r o -  
nomical fo rc ing .  The i c e  cap w i l l  o s c i l l a t e  about a  mean p o s i t i o n ,  implying p e r i -  
od ic  i c e  ages,  wi th  pe r iods  o f  very l i t t l e  i c e  coverage. 
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THE EARTH'S RADIATION BALANCE 

Thomas Vonder Haar 

The r a d i a t i v e  fo rc ing  of t h e  atmosphere, which is  amenable t o  being 
measured by s a t e l l i t e s ,  i s  c l e a r l y  an important c l i m a t i c  parameter .  

S tud ie s  of  t h e  earth-atmosphere r a d i a t i o n  budget by s a t e l l i t e s  span a  l a r g e  
range of t ime and space s c a l e s ,  from l o c a l  events  on a  s c a l e  of days t o  g loba l  
phenomena wi th  a  per iod of yea r s .  Radiat ion begins t o  dominate t h e  o t h e r  d i a b a t i c  
hea t ing  processes  ( e .g . ,  l a t e n t  hea t )  a s  a  space-time s c a l e  i n c r e a s e s .  

There a r e  two b a s i c  approaches t o  t h e  ins t rumenta t ian  f o r  s a t e l l i t e  observa- 
t i o n s :  I )  use  o f  a  broad d e t e c t o r  ' s ee ing1  horizon t o  horizon,  and 11) use  of a  
t e l e scope  which r a p i d l y  scans a  narrow f i e l d  of  view. - 

For Type I ,  t h e  power a t  t h e  dec t ec to r ,  6 i s  given by GsAJMp fi* 
where A, i s  t h e  d e t e c t o r  a r e a ,  Ne i s  t h e  average rad iance  i n  wrn- 's teradian-l  
and fie i s  t h e  in t e rcep ted  s o l i d  angle  of t h e  e a r t h .  a i s  t h e  rad iance  l eav ing  
t h e  ' t o p  of t h e  atmosphere' ,  which f o r  t h e  wave l eng ths  under cons ide ra t ion  ( s o l a r  a = 0 . 2 - 3 . 5 ~  m, i n f r a r e d  -h ) 3.5,~ m) i s  about 30 km. The d e t e c t o r  used i s  a  
t he rmis t e r  bolometer,  whose response i s  given by -. -r 

where TD i s  t h e  d e t e c t o r  temperature,  6 i s  t h e  ~ t ' c f a n - ~ o l t z m a n  cons t an t ,  7, i s  
t h e  temperature o f  t h e  d e t e c t o r  mount, and K 1  and K, a r e  c o r r e c t i o n  cons t an t s  
f o r  thermal conduct iv i ty  t o  t h e  mount and response l a g ,  r e s p e c t i v e l y .  The t y p i c a l  
i n t e r c e p t  a r e a  i s  lo0  t o  20° GCA (Great C i r c l e  Arc) .  D i f f e r e n t i a t i o n  between 
' s o l a r 1  and ' i n f r a r e d '  r a d i a t i o n s  i s  achieved by use  of matched black and white  
d e t e c t o r s .  

For Type I I  arrangement, NfeR = / P  ( e, I,y)fl; 3 3 where w r e + ~  i s  
t h e  energy r e f l e c t e d  from t h e  e a r t h  i n  wat t  Wm"s te rad ian -1 ;  /V;f i s  t h e  i n c i -  
dent  s o l a r  r a d i a t i o n  a t  z e n i t h  angle  ; 6 and U/ a r e  t h e  z e n i t h  and azimuth 
angles  r e s p e c t i v e l y  of t h e  s a t e l l i t e ;  and p , t h e  r e f l e c t i v i t y  of  t h e  s u r f a c e ,  i s  
a  complicated func t ion  of  t h e  t h r e e  ang le s .  The i n t e r c e p t  s o l i d  angle i s  u s u a l l y  
s u f f i c i e n t l y  small  so  t h a t  &p (9.7, [Y)  ss p (Q, 3 ,  q )  A/; m f an. 

The energy emi t ted  by t h e  e a r t h  i s  i n f r a r e d  and i s  given by 

where Hz, i s  t h e  energy l eav ing  t h e  ' t o p '  o f  t h e  atmosphere. The f i r s t  term on 
t h e  r i g h t  accounts f o r  s u r f a c e  emission (B i s  t h e  Planck func t ion  of , t h e  s u r -  
f a c e  temperature,  and To i s  a  su r f ace  t ransmiss ion  term).  The second term on t h e  
r i g h t  accounts  f o r  energy processes  occurr ing  a t  var ious  he igh t s  t . 

The d a t a s e t  of  r a d i a t i o n  observa t ions  begins i n  t h e  e a r l y  1960's  wi th  t h e  
ESSA, TIROS and NIMBUS s a t e l l i t e s .  The e a r l y  s a t e l l i t e s  had Type I  ( f l a t  p l a t e )  
d e t e c t o r s ,  s t a b i l i z a t i o n  d i f f i c u l t i e s ,  and o r b i t s  t h a t  prevented cont iguous sam- 
p l i n g  over an e n t i r e  hemisphere. La ter  ones have had t e l e s c o p i c  d e t e c t o r s  wi th  
100 km f i e l d s  o f  view (Type 11 ) ,  improved Type I  d e t e c t o r s  such a s  thermopiles  
and have overcome t h e  aforementioned d i f f i c u l t i e s .  The observa t iona l  record  a s  a  
whole, however, i s  s p o t t y ;  t h e  d a t a  a r e  more coherent  when seasona l ly  averaged. 



P r i o r  t o  s a t e l l i t e  observa t ions ,  it was thought t h a t  t h e  n e t  r e f l e c t i v i t y  
of  t h e  e a r t h  (p lane tary  albedo) was about 35%. Recent observa t ions  i n d i c a t e  a  
lower va lue  (-30%), t h e  discrepancy presumably due t o  t h e  t r o p i c s  being "darker" 
than  previous ly  assumed. 

The Type I  d e t e c t o r s  make albedo measurements i n  t h e  ' r a t i o '  sense  an i m -  
p o r t a n t  advantage; they  look a t  t h e  sun, then  t h e  e a r t h ,  and compute t h e  r a t i o .  
(The d e t e c t o r s  can r e so lve  t h e  + 3% change i n  s o l a r  r a d i a t i o n  due t o  t h e  e c c e n t r i -  
c i t y  of  t h e  e a r t h ' s  o r b i t ,  i n d i c a t i n g  s t a b i l i t y  t o  t h i s  l e v e l ,  a l though t h e  abso- 
l u t e  accuracy may be worse),  The most r ecen t  d a t a  from NIMBUS-6 us ing  a  s p e c i a l l y  
c a l i b r a t e d  instrument  (Hickey and Smith, unpublished) g ive  a  s o l a r  cons tan t  o f  
1390 f wm-%, where + 1 i n d i c a t e s  t he  v a r i a t i o n  over s eve ra l  months, not  t h e  abso- 
l u t e  accuracy. (This agrees  wi th  e a r l y  e s t ima te s  (19301s) ,  bu t  d i sag rees  wi th  c u r  
r e n t  measurements.)* 

The g loba l  r a d i a t i o n  budget may be w r i t t e n  

where Rnet i s  t h e  n e t  r a d i a t i o n ,  I  i s  t h e  r a d i a t i o n  i n c i d e n t ,  and W I ~  i s  t h e  i n f r a -  
red  ex i t ance  of t h e  e a r t h .  

The d i s t r i b u t i o n  of t h e  p l ane ta ry  albedo,  GC , i s  predominently zonal ,  
a l though some long i tud ina l  v a r i a t i o n s  a r e  apparent  i n  t h e  t r o p i c s ,  and t h e  in f luence  
of  t h e  con t inen t s  i s  r e so lvab le .  I t  ranges from L 20% i n  t h e  t r o p i c s  t o  7 60% 
a t  t h e  poles .  The annual p a t t e r n  of  absorbed s o l a r  r a d i a t i o n ,  1 ( 1  - S ) ,  peaks i n  
t h e  t r o p i c s  and drops zonal ly  t o  t h e  po le s .  There i s  an apparent  r e c i p r o c i t y  r e l a -  
t i o n :  f e a t u r e s  t h a t  absorb l e s s  s o l a r  r a d i a t i o n  emit l e s s  i n f r a r e d ,  except ,  f o r  
i n s t ance ,  d e s e r t s  which a r e  h i g h l y  r a d i a t i v e  i n  t h e  i n f r a r e d  bu t  ve ry  r e f l e c t i v e  
i n  t h e  v i s i b l e .  Departures from r e c i p r o c i t y  (as  occur with c i r r u s  o r  s t r a t u s  
clouds)  a r e  important f o r  c l i m a t e  s tudy .  The n e t  r a d i a t i o n  over t h e  globe averages 
t o  zero wi th in  t h e  limits of  observa t iona l  e r r o r s  ( -3%).  

The seasonal  n e t - r a d i a t i o n  d a t a  r evea l  s eve ra l  i n t e r e s t i n g  f e a t u r e s .  
1 )  There i s  a  r e v e r s a l  o f  t h e  zonal g rad ien t  i n  n e t  r a d i a t i o n  i n  t h e  An ta rc t i c  dur- 
i ng  win ter  (net  r a d i a t i o n  has a  minimum a t -  60% and begins i n c r e a s i n g  towards 
t h e  south  p o l e ) .  2) The southern  hemisphere shows a  gene ra l ly  g r e a t e r  excursion 
of  n e t - r a d i a t i o n  between seasons .  3) Winters ,  apa r t  from t h e  r e v e r s a l  mentioned 
above, a r e  f a i r l y  s i m i l a r  between hemispheres,  while  summers a r e  d i s s i m i l a r .  

Observational ana lyses  o f  t h e  coupl ing  between atmospheric v a r i a b l e s  and 
t h e  r a d i a t i o n  budget a r e  t o  d a t e  i nconc lus ive .  I t  i s  observed,  however, t h a t  A T  
t h e  equator- to-pole  temperature g rad ien t ,  i s  we l l - co r r e l a t ed  wi th  t h e  equator - to-  
po le  g rad ien t  of t h e  n e t  r a d i a t i o n ,  lagging it by about a  month. In te rannual  
v a r i a t i o n s  i n  n e t  r a d i a t i o n  ( f o r  a  given t ime of year)  a r e  not  i nconsequen t i a l ,  
and may be due t o  v a r i a b i l i t y  i n  c loud ines s .  
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THE EARTH'S RADIATION BALANCE (#2)  

Thomas H. Vonder Haar 

This  l e c t u r e  desc r ibes  v a r i a t i o n s  of  t h e  e a r t h ' s  r a d i a t i o n  budget,  bo th  i n  
space and t ime,  a s  measured by s a t e l l i t e s .  

Recapping t h e  l a s t  l e c t u r e ,  (Vonder Haar Lecture # I ) ,  s a t e l l i t e  d a t a  h a s  
shown t h e  e a r t h ' s  mean albedo i s  approximately 30% lower than  previous  ground- 
based es t imates  of 35%. The d i f f e r e n c e  i s  due t o  more sun l igh t  being absorbed 
i n t o  t h e  t r o p i c a l  oceans.  Also, r e c a l l  t h a t  on an annual b a s i s ,  each hemisphere 
i s  i n  ne t  r a d i a t i v e  equi l ibr ium i n d i v i d u a l l y ,  i n  s p i t e  of t h e i r  l a r g e  d i f f e r e n c e  
i n  land-sea r a t i o .  This  impl ies  t h e r e  i s  no n e t  annual hea t  t r a n s p o r t  ac ros s  t h e  
equator .  

F luc tua t ions  i n  t ime and space 

The v q r i a b i l i t y  o f  albedo and I .R.  f l u x  a r e  important  f o r  c l ima to log ica l  
s t u d i e s ;  e . g .  a  v a r i a t i o n  i n  a  t y p i c a l l y  low v a r i a b l e  reg ion  may be more s i g n i f i -  
can t  than  a  v a r i a t i o n  i n  t y p i c a l l y  h ighly  v a r i a b l e  r eg ion .  Although c loud ines s  
seems t o  be t h e  main cause of  v a r i a t i o n s  i n  albedo and I . R .  Flux, t h e  s a t e l l i t e  
d a t a  base i s  r e l a t i v e l y  s h o r t  and spa r se  on cloud d a t a .  

Global maps o f  t h e  dev ia t ion  from t h e  zonal mean, (Vonder Haar and E l l i s  
(1974)) and of t h e  r e l a t i v e  d i spe r s ion  of a  seasonal  mean q u a n t i t y  from year  t o  
year ,  (Vonder Haar (1972)) have been made f o r  albedo and I .R.  f l u x  from s a t e l l i t e  
d a t a .  General ly ,  t h e  h ighes t  seasonal  r e l a t i v e  d i s p e r s i o n s  occur  over  land ( e . g .  
f .02 lylmin f o r  t h e  I.R. f l u x ,  approximately 20% of  t h e  mean. 

A c loud-f ree  albedo c h a r t  of t h e  e a r t h  can be made from minimum albedo 
va lues  a t  each p l ace  over a  pe r iod  of t ime.  Away from t h e  i c y  p o l e s ,  t h i s  mainly 
shows t h e  land-sea albedo d i f f e r e n c e .  The zonal ly  averaged p i c t u r e  i s :  



.b - mean annual albedo 

--- - 
albedo annual minimum albedo 

(zonal ly  - _ - _ -  -2 

l a t i t u d e  

Comparison with t h e  average albedo shows t h a t  t h e  r e l a t i v e  c o n t r i b u t i o n s  
t o  t h e  t o t a l  albedo of  .30 a r e  approximately: 

c louds ....... 45-50% 

. . . . . . .  oceans 15% 

c l e a r  atmosphere ....... 15% 

....... land 10% 

snow and i c e  . . . . . . .  10-15% 

Seasonal Trends 

The e a r t h  i s  not  i n  r a d i a t i v e  equi l ibr ium over  each month, on ly  on an annual 
average.  For t h e  e a r t h  a s  a  whole, t h e r e  i s  a  wave of n e t  r a d i a t i o n ,  ( E l l i s  and 
Vonder Haar (1 976) ) . 

--- mean n e t  r a d i a t i o n  
I b  -- 

\ 
(=235-235 0 / m 2  = 0) 

n e t  -. -----A n e t  r a d i a t i o n  observed - - -  
r a d i a t i o n  n e t  r a d i a t i o n  

-16 -- v' 

~ / m  \ + - - -  &-- co r rec t ed  f o r  t h e  vary- 
i n g  ear th-sun  d i s t a n c e .  

1 L 

Jan Jun 
1 Dec 

Approximately h a l f  o f  t h i s  wave can be explained by t h e  e c c e n t r i c i t y  of t h e  
e a r t h ' s  o r b i t .  However, t h e r e  i s  s t i l l  a  r e s i d u a l  wave, due t o  t h e  d i f f e r e n t  
r a d i a t i v e  p r o p e r t i e s  of no r the rn  hemispheric con t inen t s  and southern hemispheric 
oceans. Such c o r r e l a t i o n s  and t h e i r  long term v a r i a t i o n s  could be important  f o r  
c l ima te  s t u d i e s .  

Climate S tudies  

Glenn White, us ing  s a t e l l i t e  d a t a ,  has  looked f o r  c o r r e l a t i o n s  between 
zonal ly  averaged su r f ace  temperature,  T, and albedo and I.R. f l u x ,  t o  t e s t  t h e  
r e l a t i o n s  used i n  simple c l ima te  models. He took 12  monthly mean va lues  of t h e s e  
t h r e e  q u a n t i t i e s  f o r  each l o 0  l a t i t u d e  s t r i p ,  and f i t t e d  (by l e a s t  squares)  t h e  
albedo and I . R .  f l u x  a s  a  func t ion  o f  T  by s t r a i g h t  l i n e s  A + BT ( a t  each s t r i p ,  
s o  t h a t  t h e  A's and B's vary  w i  h  l a t i t u d e ) .  Away from t h e  t r o p i c s ,  above 30° 

d l a t i t u d e ,  t h e  f i t  i s  good and albedo 4 0,  I .R. > 0 ) , probably due t o  i c e  
and snow cover .  In  t h e  t r o p i c s ,  t h e  f i t  i s  no t  a s  good; however, t h e  weak cor -  



r e l a t i o n s  have t h e  oppos i t e  s i g n .  Presumably t h e  main e f f e c t  he re  i s  due t o  c loudi -  
nes s .  

Oort and Vonder Haar (197'6) made l a t i t u d e  v s .  month c h a r t s  of t h e  zonal 
mean n e t  r a d i a t i o n  balance f o r  t h e  nor thern  hemisphere over one year ,  from s a t e l -  
l i t e  d a t a .  Combining t h i s  with t h e  same type of c h a r t s  f o r  ocean temperature and 
atmospheric hea t  t r a n s p o r t ,  they  found t h a t  t h e  oceans must be t r a n s p o r t i n g  l a rge  
amounts of  hea t  northwards i n  t h e  win ter  season (maximum 5 x 1015 wa t t s ,  approxi-  
mately double t h e  previous  e s t ima te  o f  S e l l e r s  (1965)).  Two s t r o n g  northward 
pulses  were noted i n  November and Apr i l .  The o v e r a l l  f i nd ings  a r e  c o n s i s t e n t  with 
t h e  s a t e l l i t e  measurements mentioned above, of more sun l igh t  being absorbed i n t o  
t h e  t r o p i c a l  oceans than  had previous ly  been es t imated .  
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ANALYTICAL BEHAVIOR OF CLIMATE MODELS 

Gerald North 

Types of c l ima te  models, i nc reas ing  i n  complexity: 

a )  g loba l  average 

b) zonal and annual averages ,  wi th  l a t i t u d e  dependence, a s  done by 
Budyko (1969) and S e l l e r s  (1969) 

c )  in te rmedia te  

d) g loba l  c i r c u l a t i o n  models. 

The type (b) models i n v e s t i g a t e  how t h e  c l ima te  changes a s  t h e  s o l a r  con- 
s t a n t  Q v a r i e s .  Recent models have been produced by North (1975 ( a ) ,  (b) ) and 
Held and Suarez (1974). 



X .  = s i n e  of l a t i t u d e  of  i ce /no - i ce  d i v i s i o n .  

A t  p r e s e n t ,  XA = ,95 

The models a r e  based on energy balance - f o r  each zonal s t r i p ,  t r a n s p o r t  o f  energy 
out  + outgoing i n f r a r e d  r a d i a t i o n  f l u x  = absorbed s o l a r  hea t ing  r a t e .  In  p simple 
model, each of t h e s e  components is  parameter ized i n  terms of t h e  s u r f a c e  tempera- 
t u r e  T ( X  ) .  ( X = s i n e  o f  l a t i t u d e )  . 

Outgoing r a d i a t i o n  I = A + BT, where A and B a r e  cons t an t s  eva lua ted  from 
s a t e l l i t e  d a t a .  (The l i n e a r  r e l a t i o n  g ives  very good c o r r e l a t i o n s  between I and T, 
t e s t e d  by Cess and White and Vonder Haar.) .  

Absorbed s o l a r  hea t ing  r a t e  = QS ( 3 ~ )  a  (X ,K.) 

S ( X )  = d i s t r i b u t i o n  of  hea t  over t h e  e a r t h  

s 1  + S2 P 2 ( X ) ,  P2 i s  second Legendre polynomial.  

(Note - t h e s e  models have symmetric no r the rn  and southern hemispheres,  so  only  
symmetric func t ions  of X appear ) ;  Q = s o l a r  cons t an t /4 ;  

a ( x  ,XA) = f r a c t i o n  of  hea t  absorbed = 1 - albedo 
.4 ,  x >Xb 

= {. 7 , x 4  X* - 
I 

Divergence of hea t  from a  s t r i p  i s  r ep re sen ted  by a  d i f f u s i o n  t e r m , - B V  1, This  
i s  equ iva l en t  t o  random t r a n s p o r t  by atmospheric motions which f l u c t u a t e  r a p i d l y  
compared t o  t h e  c l ima te  response time s c a l e .  Resul t ing  equat ion  i s  

with boundary cond i t i ons  VT = 0 a t  Y s 0 and 1 and T(x,) s e t  a t  -loOc. 
Solu t ion  by e i t h e r  so lv ing  above and below i c e - l i n e  and matching, o r  by 

expansions us ing  Legendre polynomials,  (which a r e  e igenfunct ions  of  t h e  d i f f u s i o n  
ope ra to r :  

( f o r  l a t i t u d e  dependent d i f f u s i o n  c o e f f i c i e n t ,  app ropr i a t e  e igenfunct ions  should 
be used) .  

I(x) = A + BT(x)  i s  used a s  t h e  independent v a r i a b l e .  



Put I ( x )  = L L  (x) , then  us ing  o r thogona l i t y  t h e  balance equat ion leads  t o  

4 
The func t ion  q (x,) i s  shown i n  the  f i r s t  f i g u r e .  Climate d e s c r i p t i o n s  i n  terms 
of t h e  f i r s t  two modes a r e  considered.  Using present-day va lues  of Xb and Q, D 
i s  determined and hence T ( x )  found. Good agreement with observed T ( X )  i s  found. 

The two-mode s y s t e a  l eads  t o  a  simple express ion  f o r  hea t  c r o s s i n g  a l a t i -  
t ude  c i r c l e  

WMT,X(I-P)D i7.r. +T,P,@-)) 

Again f ind  good comparison wi th  obse rva t ions .  A comparison o f  energy absorbed a s  
given by observa t ions ,  t h e  t o t a l  model i npu t ,  and t h e  model input  a s  seen  by t h e  
two-mode approximations shows t h a t  t h e  two-mode curve  g ives  t h e  b e s t  f i t  -- because 
t h e  i c e - l i n e  d i s c o n t i n u i t y  i s  smoothed ou t .  

The budyko model u s e s  an  empir ica l  t r a n s p o r t  term 'd (T-T), where 7 i s  
mean temperature.  

For t h e  two-mode model, 

- D ~ ' T =  6D>P,(x)= 6 D  (T (X)-T~), 

s o  t h e  d i f f u s i o n  term i s  l i k e  Budyko's f l u x  term. The models d i f f e r  though i n  t h a t  
Budykols model r e t a i n s  t h e  d i s c o n t i n u i t y  i n  energy absorbed, whereas it i s  smoothed 
i n  a two-mode t r u n c a t i o n .  

The two-mode a n a l y s i s  can a l s o  handle some v a r i a t i o n s  t o  t h e  model (see 
North, 1975b f o r  d e t a i l s ) :  

(1) la t i tude-dependence d i f f u s i o n ,  D = D o ( X ) .  This i s  formal ly  equiva len t  
t o  t h e  cons tan t  D case ;  

( 2 )  add a  t r a n s p o r t  v ( r )QT(x )  wi th  given d~). This  can be absorbed i n  
t h e  d i f f u s i o n  term,  (Any t r a n s p o r t  by a  d ivergence- f ree  f i e l d  cannot be d i s -  
t inguished  from d i f f u s i o n  i n  t h e  two-mode model); 

(3)  D r e l a t e d  t o  t h e  T  g r a d i e n t .  A quadra t ic  equat ion f o r  Q (given XA ) i s  
found. One s e t  o f  s o l u t i o n s  i s  p h y s i c a l l y  u n r e a l i s t i c ,  t h e  o t h e r  i s  very  c l o s e  
t o  t h e  s o l u t i o n  wi th  cons tan t  D;  

(4) e f f e c t s  of inhomogeneous c loud ines s  

Find t h a t  formula f o r  outgoing r a d i a t i o n  can be modified t o  f i t  t h e  d a t a  more 
c l o s e l y ,  but t h e  modi f ica t ion  has very l i t t l e  e f f e c t  on t h e  two-mode r e s u l t s .  

(5) D i s  a  func t ion  of  XA and K 

a. a* 



( t r anspor t  suppressed i n  i c e  reg ions  t o  s imula te  e f f e c t  o f  i c e  cover  on ocean 
t r a n s p o r t s ) .  

Find t h a t  two-mode r e s u l t s  a r e  not  a f f e c t e d  much if t h e  change i n  d i f f u s i o n  
value i s  smal l .  

I f  t h e  ice-age  c l imate  i s  inves t iga t ed  by p u t t i n g  X A =  .85, ( t h i s  c o r r e s -  
ponds t o  a  decrease  i n  Q of 1.3%), one f i n d s  

observed two-mode model 

d-& (mean) -6OC 

A T  (equator)  - -3 

AT (pole) ---20 

(observat ions from F l i n t ,  1971) 

(note - t h e  t r u n c a t i o n  e r r o r  involved i n  t h e  two-mode model i s  g r e a t e s t ' a t  t h e  
p o l e s ) .  

Poss ib l e  ex tens ions  of t h e  model: 

(a) add long i tud ina l  v a r i a t i o n  

(b) a l low f o r  north-south asymmetry, and add seasonal  v a r i a t i o n s  ( the  Milan- 
kovich theory  could be s tud ied  t h e n ) .  An explana t ion  of  why t h e  two-mode works so  
well i s  t h a t  t h e  g loba l  mean annual c l ima te  has s c a l e  o f  10,000 km (so only two 
modes r equ i r ed  f o r  d e s c r i p t i o n )  and corresponding 50-day time s c a l e ,  whereas hea t  
t r a n s p o r t  i s  a s soc i a t ed  with motions with 1000 km and three-day s c a l e s .  The r e l a -  
t i v e l y  s h o r t  s c a l e  motions then  have a  d i f f u s i v e  e f f e c t  on t h e  l a r g e  s c a l e s .  

d 1  The s t a b i l i t y  of t h e  model i s  analyzed by adding a  term CT t o  t h e  energy 
budget and pe r tu rb ing  t h e  s teady  s o l u t i o n .  (C i s  a  cons t an t  h e a t  c a p a c i t y . )  I t  i s  
found t h a t  t h e  system i s  s t a b l e  i f  2 0 , and uns t ab le  i f  dQ L 0 (see North 
1976 f o r  d e t a i l s ) .  I t  i s  p o s s i b l e  t h a t  t h i s  r e s u l t  i s  a  genera l  one, so  it may be 
p o s s i b l e  t o  prove it us ing  some general  t'thermodynamic't p roper ty?  
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ANALYTICAL BEHAVIOR OF CLIMATE MODELS (#2) 

Gerald North 

I .  Waste Heat Green 's  Function 

Consider t h e  thermal response o f  a  s imple energy balance c l i m a t e  model t o  a  
l o c a l i z e d  hea t  source ,  yg(x-x,). One w r i t e s  t he  o r i g i n a l  energy balance equat ion  
wi th  t h e  added term: 

-JIIIY(X)+I(X~ = Q S ( X ) U  (r,r.\+ 9J ( x - x , ) ,  

1 @J= L 
where a l l  symbols were def ined  i n  t h e  previous  l e c t u r e .  A s  usual  we expand i n  
modes (1 (%) = z Lm Px (z)) and ge t  

LJ, = QH, ix&+ (a+ I ) $  Pn ( x , ) ,  
5 I n  PQ (rs) =IAe 

(Lo+ n ( n + ~ ) p + ~ )  
0 

Now cons ide r  In, X ,  t o  correspond t o  t h e  s o l u t i o n  when g = 0 s o  t h a t  depa r tu re s  
can be represented  a s  i n  t h e  s t a b i l i t y  a n a l y s i s :  

I,,=T;+ &, , 
x s = = 2 C s + E  

& and t h e  &, a r e  r e l a t e d  by: 

The l i n e a r i z e d  p e r t u r b a t i o n  equat ions a r e :  

I n s e r t i n g  t h e  r e l a t i o n  between E and t h e  & we have 

This  l a s t  i s  a  ma t r ix  ope ra t ing  on t h e  v e c t o r  &, t o  g ive  t h e  r igh t -hand s i d e .  
We may r ep resen t  t h e  ma t r ix  by e ( x i )  & &(ffnm+6~m) 'm=(1h+l)g  Ln 

The problem i s  t o  i n v e r t  t h e  ma t r ix .  This  i s  p o s s i b l e  i n  t h e  p re sen t  c a s e  because 
of  t h e  way t h e  71 and rvl dependence f a c t o r s .  Expanding i n  a  geometric s e r i e s :  

Note t h a t  t h e  P*Fis j u s t  a  number: 
P Q I$ 

P * F = F  L,izre p,) 
rn M r n  



The f i n a l  r e s u l t  f o r  & i s  now given by 

The f i r s t  term rep resen t s  t h e  "d i rec t"  o r  l t f a s t f l  response o f  t h e  c l ima te  while t h e  
second incorpora tes  t h e  i c e  feedba k  p a r t .  The denominator of  t h e  second term can 

dki be shown t o  be propor t iona l  t o  ; i n  o t h e r  words, t h e  response d iverges  if t h e  
equi l ibr ium s o l u t i o n  i s  nea r  a  b i f u r c a t i o n  p o i n t .  The summation i s  a  cusp-shaped 
func t ion  of I , f o r  f i xed  ?Ca , peaked a t  ; C o  -- X I .  Since we have l i n e a r i z e d  t h e  
system, we can f i n d  t h e  response t o  any hea t ing  d i s t r i b u t i o n  simply by i n t e g r a t i n g  
t h e  l a s t  equat ion over X I ,  weighted by the  hea t  d i s t r i b u t i o n .  

Another way of  approaching t h i s  problem i s  not  t o  l i n e a r i z e  but  t o  dea l  
d i r e c t l y  with t h e  non l inea r  system. Consider a  hea t ing  d i s t r i b u t i o n : # +  (x). f l E  fq Po 
Now one proceeds i n  e x a c t l y  t h e  same way a s  f i nd ing  the  Q (Y,) curve f  t h e  l a s t  l e c -  
t u r e ,  only t h i s  t ime keep Q f i xed  and ask f o r  q (%,I. The r e s u l t  i s  

11. Seasonal Climate Model 

a )  S o l a r  Radiat ion 

The s o l a r  r a d i a t i o n  reaching t h e  top  of t h e  atmosphere per  u n i t  a r e a  per  u n i t  
t ime averaged over a  day i s  given i n  S e l l e r ' s  book: 

S (zit) : S. (+r(r H d(t) +m i f r ~  H S(t) (1 I 
where H i s  t h e  ha l f -day  l eng th  (24  hours = 2T ) and is  given by t h e  r o o t  of  

q t ) ,  mH= ,, H 3 0- ( 2 )  

For c l ima te  models us ing  Legendre polynomials a s  a  b a s i s  s e t ,  i t  is  convenient t o  
expand S (~,t) i n t o  such a  s e r i e s  a s  wel l :  

5 (0) n P, (4 Sn It) (3 )  

By de f in ing  a  func t ion  H-T/z , i t  i s  poss ib l e  t o  show t h a t  n  = 1 i s  t h e  only  
odd term i n  t h e  s e r i e s  ( 3 ) .  V i r t u a l l y  a l l  o f  t h e  seasonal  information i s  c a r r i e d  
by t h i s  antisymmetric term. This c o e f f i c i e n t  may be c a l c u l a t e d  a n a l y t i c a l l y :  

By elementary o r b i t a l  mechanics one can a l s o  show ;hat ,&I S~*)=dmd, ~~t~ 
where $0 i s  t he  e a r t h ' s  o b l i q u i t y  and A ( t ) i s  t h e  longi tude  of  t h e  e a r t h  about t h e  
sun. For a  c i r c u l a r  o r b i t  x ( k ) s  2 T-k , with order  C c o r r e c t i o n s  f o r  an e l l i p t i -  
c a l  o r b i t .  The reason f o r  t h i s  excursion i s  t o  show t h a t  t h e  e a r t h ' s  o r b i t a l  
v a r i a t i o n s  may be e a s i l y  incorpora ted  i n  such a  formalism. 

b) Observed Seasonal Temperatures 
(Coakley 6 North, unpublished) .  

One may t ake  zonally-averaged temperature da t a  and expand: 



To compare wi th  simple models we u t i l i z e  d a t a  from only one hemisphere, by con- 
s i d e r i n g  t h e  southern  hemisphere t o  be t h e  same a s  t h e  no r the rn  but  lagged by s i x  
months. I t  t u r n s  out  t h a t  very  good f i t s  a r e  obtained wi th  r a t h e r  d r a s t i c  t runca-  
t i o n s .  For example, t r u n c a t i n g  t h e  s e r i e s  a t  4 = 4,  = 2 l e a d s  t o  an R.M.S. 
e r r o r  o f  on ly  ,8S°C. 

Data: - 

From t h e  above we s e e  t h a t  v i r t u a l l y  a l l  o f  t h e  seasonal  information i s  
c a r r i e d  by t h e  4 = 1, n = 1 mode. Calcu la t ion  of t h i s  mode should be p o s s i b l e  by 
a simple c l i m a t e  model. 

c)  Models 

The seasonal  models presented he re  a r e  t h e  s imples t  p o s s i b l e  ex tens ion  o f  
t h e  mean annual models d i scussed  i n  t h e  l a s t  l e c t u r e .  A s  before  we cons ider  a 
l a r g e  p a r t  o f  I,(+), I*, t h e  annual mean, and a small depa r tu re  8, (t) which 
r e p r e s e n t s  seasonal  e f f e c t s .  

(minus a mean anneal p a r t )  

C = a h e a t  capac i ty  per  u n i t  a r e a  t o  be ad jus t ed  a s  a phenomenological cons t an t .  
Resu l t s ;  This  model indeed f i l t e r s  a l l  o f  t h e  response i n t o  t h e  8 mode. 

Small semiannual harmonics appear i n  4 2 Sz which i s  encouraging. The 
problem is  t h a t  6( i s  t oo  l a r g e  by a f a c t o r  o f  10 .  

Model 2 ,  -- 
This  model d iv ides  t h e  hemisphere i n t o  decoupled l and  (40%) and ocean (60%) 

equat ions ,  The va lues  o f  CL and CH/ a r e  taken  t o  be 30 days and about f o u r  y e a r s .  
This t ime t h e  amplitude i s  reduced because of t h e  low thermal response o f  t h e  
oveans but  i s  s t i l l  too  l a r g e  by a f a c t o r  of f o u r .  

Model 3 .  
- 7  

This model i s  a s imple e x t e n s i ~ n  of  Model 2 but  al lows hea t  t o  pass  from 



land t o  water  by a term 

which couples  t h e  land and water equat ions toge the r .  One can now ob ta in  t h e  
observed va lue  of 6; by merely a d j u s t i n g  J . 

Another i n t e r e s t i n g  e f f e c t  which can be s tud ied  is t h e  snow feedback. I f  
a ( ~ , 7 1 , )  i s  allowed t o  vary  by l e t t i n g  XS fol low some isotherm a s  i n  t h e  mean an- 
nual  models, t h e  hea t ing  has an add i t i ona l  term 

s, (t) T, (t), 
which when averaged through t h e  year g ives  a con t r ibu t ion  t o  Tb , t h e  g loba l  aver -  
age temperature.  In  t h i s  c a s e  one f i n d s  t h a t  07 due t o  t h i s  e f f e c t  i s  about  + 2 . 5 O ~ .  

111. S tochas t i c  Climate Equation 

The s imple c l ima te  models d i scussed  here  seem t o  i m i t a t e  r e a l i t y  enough t o  
ask why. In  t h i s  s e c t i o n  we examine a s t o c h a s t i c  analogy which under t h e  r i g h t  
cond i t i ons  has a s  i t s  ensemble average t h e  d i f f u s i v e  c l ima te  model. 

Consider t h e  system: C% + c+v&+G = H ( x , t ) ,  

where G ( ~ , t ) i s  t h e  outgoing r a d i a t i o n  func t ion ;  C i s  a h e a t  capac i ty / a rea ,  
H (K, k) i s  a given nonrandom hea t ing  func t ion ;  ( X ,  t) i s  a g iven  random v a r i a b l e  

with zero mean and normally d i s t r i b u t e d ;  it i s  a l s o  d ivergence- f ree ,  Furthermore, 
assume t h a t  3 ( x , t )  i s  homogeneous and i s o t r o p i c .  Thus i n  two dimensions 

<v(x,Vv(x', t ' l )  )- vap(w+t')fl, 
( v ) =  0 

This  l a s t  a proper ty  of  m u l t i v a r i a t e  normal s t a t i s t i c s .  

Now Four ie r  Transform us ing  p e r i o d i c  boundary cond i t i ons  (dropping f a c t o r s  
of 2 7  ) L ( K - &  + w t )  

v ( x , t ) = t  - V e - 
W K,d where 

By analogy, def ine  

The mass c o n t i n u i t y  equat ion 'F;7.v=O - l e a d s  t o  I(-Y,, = 0 and t h e  i d e n t i t y  



For t h e  r a d i a t i o n  equat ion 
C ~ - + ~ ~ ~ ~ ~ t ~  = H a t  

C V0VG 
we d e f i n e ,  by analogy t o  turbulence ,  t h e  "Radiation Reynolds Number" Rs -/V G 
i n  cl imatology.  This i s  t h e  r a t i o  of  advected t o  outgoing r a d i a t i o n .  Using a  
r ec t ang le  wi th  pe r iod ic  boundary condi t ions  i n  x and y,  we Four ie r  t ransform:  

i w c g K w + $ j w ~ l m , $ ) ,  %.tfll'+ % K W  =hKg 
where 

In  mat r ix  form 

o r  i m p l i c i t l y  

I t e r a t e  t h e  i m p l i c i t  equat ion t o  genera te  an e x p l i c i t  s e r i e s :  

We can use  a  shorthand symbolic form 

This is  a  power s e r i e s  i n  R which always d iverges  so  can only be summed i n  a  
s e r i e s  of i n f i n i t e  subse t s .  We extend our  graphologica l  n o t a t i o n  t o  denote ensemble 
averages;  us ing  normal s t a t i s t i c s  f o r  t h e  random V and 9 : 

I These graphs a r e  c a l l e d  propagators .  . m b  i s  a  b a r e  propagator .  Note t h a t  it 
i s  a  nonrandom ope ra to r  on t h e  i n d i c e s  of  m . 

e m - -  

We demonstrate t h e  eva lua t ion  of  & r *  . 
I (m ,+,,,m);gl,= - Z .%P(%-~.w-~. &&-F~N~-w'  

?P 
} c? 

After  t ed ious  manipulat ion t h i s  becomes 

=-&)pL)~w v W .-&. 
The w"summation can be performed by contour i n t e g r a t i o n  t o  g ive  

a0 



~f ~(o,T)falls off rapidly compared to C and 'h , the integral is just the auto- 
correlation time of the velocity field,yv . In general, 

Cm i+iub M)XP = -SKIP 'W~LU' K*PO(M)* 

ww' 
Examination of higher graphs such as the sequence (linked bubbles) 

shows that each term factors into products of individual bubbles 

We have resumed an infinite sequence of the graphs (leaving out many of the more 
complicated ones) to get a closed form for (3,,,,), 

Now consider the diffusion equation: 
a <a c --Dv%<G> + <G> = H a  

Fourier transforming we find 

In other words, the summation of the bubble subset is eqU"ivalent to the diffusion 
approximation, provided the autocorrelation time of the velocity field is short 
compared to the response time of the system (C ) and the driving period (LO"). 
In fact, under these circumstances D is given by the classical form D d C  V a y v  
This last res It is not quite correct since some higher graphs also have pieces 
which go as kY so that 

D - c$ Y + higher corrections. 

These latter are called renormalization corrections. They are small for small 
"radiation Reynolds number1', but could be large otherwise. In any case the diffu- 
sion coefficient is determined phenomenologically in a climate model and need not 
be calculated from first principles. 

Finally, we can ask about summing larger subsets of graphs. Kraichnan has 
provided a prescription called the direct interaction approximation to a nonlinear 
integral equation for ( 9 )  . For low !'radiation Reynolds numbers" as seem to be 
the case in climate, this may not be necessary. 
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WATER MASS ANALYSIS AND THE DEEP OCEAN CIRCULATION 

Claes Rooth 

I .  General Background 

The main e f f e c t  o f  t h e  ocean ,on t h e  atmosphere i s  due t o  t h e  s e a  s u r f a c e  
temperature because t h e  s a l i n i t y  v a r i a t i o n s  a r e  too  small  t o  s i g n i f i c a n t l y  a f f e c t  
t h e  water vapor p re s su re ,  and t h e  roughness of  t h e  s e a  su r f ace  i s  a l s o  r e l a t i v e l y  
unimportant.  The sea  s u r f a c e  temperature a f f e c t s  t h e  atmosphere p r imar i ly  by 
c o n t r o l l i n g  t h e  evaporat ion r a t e  ( t he  water vapor p re s su re  doubles f o r  every ~ O O C  

r i s e ) ,  and a l s o  by a sma l l e r  s e n s i b l e  h e a t  t r a n s f e r .  

Most of bhe ocean does not  move very f a r  i n  one yea r .  A simple a n a l y s i s  
shows t h a t  t h e  r e t u r n  flow of t h e  Gulf Stream t akes  approximately t h r e e  and one- 
h a l f  yea r s ,  even though t h e  flow i n  t h e  Gulf Stream i t s e l f  may move 30° of  l a t i -  
tude  i n  30 days. Because of t h i s  slow movement, t h e  seasonal  atmospheric v a r i a -  
t i o n s  a f f e c t  t h e  ocean s u r f a c e  mainly i n  a l o c a l  way and so  t h e  advect ion processes  
a r e  l e s s  important on t h e  seasonal  t ime s c a l e .  The r e l a t i v e  slowness of i n t e r i m  
advect ion allows t h e  development of  r eg iona l  responses t o  atmospheric c i r c u l a t i o n ,  
e .g .  t h e  formation of lSO water  i n  t h e  Sargasso Sea. 

Cold d ry  a i r  comes o f f  t h e  North American con t inen t  i n  t h e  win te r  and coo l s  
t h e  su r f ace  o f  t h e  Sargasso Sea. The i n i t i a l  thermal response i s  followed by a 
l a r g e  s c a l e  adjustment which can be understood i n  terms o f  p o t e n t i a l  v o r t i c i t y  
modi f ica t ions .  

Consider t h e  p o t e n t i a l  v o r t i c i t y  def ined  by f where P can  be regarded * 
a s  t h e  p o t e n t i a l  d e n s i t y  and so  dt/dp de f ines  an e f f e c t i v e  s c a l e  h e i g h t .  Because 

d t  o f  t h e  i n t e n s e  cool ing  ;ris increased  and so t h e  p o t e n t i a l  v o r t i c i t y  i s  decreased .  
P 

Due t o  p - e f f e c t ; ,  t h i s  low p o t e n t i a l  v o r t i c i t y  water t ends  t o  spread  
southward, developing a b a r o c l i n i c  c i r c u l a t i o n  p e r t u r b a t i o n  which i s  superimposed 
on t h e  sub t rop ica l  Sverdrup d r i f t .  Tracer  observa t ions  i n d i c a t e  a r e c i r c u l a t i o n  
t ime s c a l e  s i g n i f i c a n t l y  l e s s  than  t h e  roughly three-year  t ime of t h e  mean gyre .  
The volume of  t h i s  low p o t e n t i a l  v o r t i c i t y  water i s  l a r g e  enough t o  smooth out  
in te rannual  hea t  f l u x  v a r i a t i o n s .  I t s  mean temperature has  been q u i t e  s t a b l e  n e a r  
18OC during t h e  e r a  of  modern oceanographic observa t ions ,  but  i n  r e c e n t  years  a 
poss ib ly  s i g n i f i c a n t  warming tendency has been observed. The a s s o c i a t e d  i n f l i c t i o n  
of t h e  v e r t i c a l  temperature p r o f i l e s  i s  so  s t r i k i n g  t h a t  a s p e c i a l  name, Eighteen 
Degree Water (EDW) has been coined.  

The EDW i s  found i n  win ter  t ime a t  t h e  s u r f a c e  i n  t h e  northwestern p o i n t  of  
t h e  sub t rop ica l  gyre.  A s  i t  moves southward it  encounters  a smal le r  f .  I n  o rde r  
t o  conserve p o t e n t i a l  v o r t i c i t y  t h e  th i ckness  of  t h e  l a y e r  decreases ,  forming a 
southward-pointing wedge of  minimum s t a b i l i t y  which is  recognizable  a l l  over  t h e  
Western A t l a n t i c  Basin, a s  f a r  down a s  t h e  Caribbean I s l a n d s .  

Conventional wisdom says  t h a t  deep water i s  formed by s ink ing  i n  a few 
small a r e a s  of  t h e  ocean and t h i s  is  balanced by a small  upwelling over  t h e  v a s t  
a r e a  of  t h e  r e s t  o f  t h e  ocean. The hea t  pu t  i n t o  t h e  s u r f a c e  thermocline tends  t o  
s t a b i l i z e  it and s o  t h e  upwelling of co ld  water would have t o  be balanced by t h e  
downward d i f f u s i o n  o f  h e a t .  



Neither  t h e  upwelling v e l o c i t y  W nor t h e  d i f f u s i o n  cons tan t  K can be measured 
d i r e c t l y .  The c i r c u l a t i o n  time of t h e  deep ocean i s  about 1,000 yea r s  and us ing  
t h i s  and t h e  average depth of t h e  ocean g ives  an e s t ima te  f o r  kr= = 

For a va lue  of k s l cm'/lsee , a d e n s i t y  s c a l e  he ight  of 1000 m ( =  %\)  i s  ob ta ined ,  
and t h i s  agrees  roughly with t h e  thermocline depth.  More r ecen t  measurements o f  k 
however, suggest  t h a t  i t  i s  a t  most about 0.2 cm2/sec and a s  a new mechanism i s  
requi red  t o  expla in  t h e  upwelling of co ld  deep water .  

I t  i s  proposed, i n  t h e s e  l e c t u r e s ,  t h a t  it i s  more reasonable  t o  assume 
t h a t  water  masses i n  t h e  oceans move mainly along l i n e s  of cons tan t  p o t e n t i a l  
d e n s i t y ,  and hence t h a t  water mass modi f ica t ion  occurs  mainly i n  upper and s i d e -  
wall  boundary l a y e r s .  

P r o f i l e s  o f  p o t e n t i a l  temperature i n  t h e  ocean have a minimum depth  a t  t h e  
equator  and t h e  l i n e s  of cons tan t  p o t e n t i a l  temperature su r f ace  near  t h e  p o l e s .  
S a l i n i t y  p r o f i l e s  show tongues o f  l e s s  s a l i n e  water p r o j e c t i n g  from t h e  su r f ace  
near  t h e  po le s  t o  mid-depth e q u a t o r i a l  r eg ions ,  and t h e s e  tongues a r e  normally 
assumed t o  i n d i c a t e  t h e  water mass motions. (see Reid and Lynn, Deep - Sea Research, 
1971, - 18: 1063). 

To support f u r t h e r  arguments, i t  i s  necessary  t o  b r i e f l y  d i scuss  t h e  equa- 
t i o n  of s t a t e  of s e a  water .  

The d e n s i t y  o f  s e a  water i s  a func t ion  of t h r e e  v a r i a b l e s ,  temperature,  
s a l i n i t y  and p re s su re .  cr i s  def ined  by c = - I )  where p is d e n s i t y .  Two 
d e f i n i t i o n s  o f r  a r e  widely used. ry i s  t h e  va lue  of T which t h e  water  would 
have i f  i t  were brought t o  t h e  s u r f a c e  p re s su re  with i t s  i n  s i tu  temperature and 
s a l i n i t y .  6 6  i s  t h e  va lue  of  Cr which t h e  water would have i f  it were brought t o  
t h e  s u r f a c e  a d i a b a t i c a l l y .  Neutral  s u r f a c e s  along which f l u i d  p a r t i c l e s  have t h e  
same d e n s i t y  a r e  harder  t o  d e f i n e  because o f  t h e  dependence of d e n s i t y  on p r e s s u r e .  
This i s  very  complicated because of  a s u b s t a n t i a l  i n f luence  of  s a l i n i t y  on t h e  
compres s ib i l i t y .  Another complexity which i s  s i g n i f i c a n t  f o r  many t h e o r i e s  of 
c l ima te  feedback, the ex i s t ence  o f  a d e n s i t y  extremum ( a t  +40C f o r  f r e s h  water  and 
about -4OC f o r  s ea  w a t e r ) .  The thermal expansion c o e f f i c i e n t  of  s e a  water a t  t h e  
f r eez ing  p o i n t  i s  p o s i t i v e ,  but extremely smal l ,  so t h a t  t h e  d e n s i t y  v a r i a t i o n s  i n  
high l a t i t u d e  oceans a r e  dominated by small s a l i n i t y  f l u c t u a t i o n s ,  whereas i n  
t r o p i c a l  reg ions  temperature e f f e c t s  overwhelm t h e  v a r i a t i o n s  i n  s a l i n i t y .  

Notes submit ted by 
Trevor J .  McDougall 



11. INFORMATION FROM SOME CHEMICAL TRACERS. 

Claes Rooth 

The oxygen which i s  pu t  i n t o  su r f ace  waters ,  and which i s  consumed by r e s -  
p i r a t i o n  and decay i n  deep water ,  has long been used a s  a  t r a c e r  i n  oceanography. 

A t y p i c a l  p i c t u r e  from t h e  western A t l a n t i c  
Ocean i s  shown i n  F ig .1 .  The s imple motion of 
a  broad spreading tongue a s s o c i a t e d  wi th  a  
meridional  over-timing, ignores  boundary cur -  

\ r e n t s  l i k e  t h e  Gulf Stream, which may d ive rge  
t o  t h e  i n t e r i o r  and which may a l s o  cause i n -  
t e n s e  mixing near  c o n t i n e n t a l  boundaries .  Quan- 
t i t a t i v e  i n t e r p r e t a t i o n  of t h e  d i s t r i b u t i o n s  of 
d i s so lved  oxygen i s  s e v e r e l y  hampered by t h e  

Fly .  1 -  f a c t  t h a t  t h e  consum~t ion  r a t e  i s  an unknown u I 

func t ion  of  b i o l o g i c a l  parameters .  Radioac t ive  
t r a c e r s  a r e  much more powerful d i agnos t i c  t o o l s ,  s i n c e  t h e i r  decay r a t e s  a r e  p re -  
c i s e l y  known. We w i l l  h e re  cons ider  some imp l i ca t ions  of  observed d i s t r i b u t i o n s  
o f  t h r e e  such subs t anc ie s ,  i .  e .  Radon ( 2 2 2 ~ n ) ,  Tri t ium ( 3 ~ )  and r a d i o  carbon (14c) ,  
wi th  h a l f  l i v e s  of  approximately f o u r  days,  1 2  years ,  and 5000 yea r s ,  r e s p e c t i v e l y .  

The deep ocean c i r c u l a t i o n ,  which i s  (bel ieved t o  be) on t h e  s c a l e  of  l o 3  
yea r s ,  needs t r a c e r s  wi th  l i f e t i m e  on t h e  s c a l e  o f  100 ' s  of  y e a r s .  14c i s  use fu l  
only on t h e  l a r g e  s c a l e  mean c i r c u l a t i o n  (time r e s o l u t i o n -  50 y e a r s )  and i s  com- 
p l i c a t e d  now by a  mixture  of t r a n s i e n t s  superimposed on t h e  n a t u r a l  background. 
Tr i t ium c3H) i s  promising f o r  many bas in  s c a l e  phenomena, e s p e c i a l l y  s i n c e  t h e  
bomb t e s t s  of  t h e  1960 ' s  provided an ampl i f i ca t ion  of t h e  t r i t i u m  con ten t  t o  an 
amount 300-400 t imes  t h e  n a t u r a l  back round i n  t h e  e n t i r e  hydrosphere.  Fur ther -  % more, s i n c e  t r i t i u m  i s  found i n  3H1H1 0  it s t a y s  wi th  t h e  water  mass i t s e l f .  
(The concent ra t ion ,  expressed a s  t h e  r a t i o  between 3~ and IH ( 3 ~ / 1 ~ ) ,  c u r r e n t l y  
ranges from 1 - 10 x  10-18 i n  oceanic  s u r f a c e  waters .  The e f f e c t i v e  d e t e c t i o n  
l i m i t  i s  about 10-19. A concen t r a t ion  of  10-18 i s  one t r i t i u m  u n i t  (T.U.) i . e .  
10- l8  3 ~ / 1 ~  = 1 T.U.).  

14c and t r i t i u m  a r e  both formed i n  t h e  atmosphere by H-bombs. As mentioned 
above, t h e  n a t u r a l  background f o r  tritium is n e g l i g i b l e ,  whi le  14c has  a  l a r g e  
cosmic r ay  r e l a t e d  n a t u r a l  abundance. Radiocarbon has a l s o  been d i l u t e d  by burn- 
i ng  of  f o s s i l  f u e l s ,  so  t h a t  t h e  n e t  fo rc ing  func t ion  i s  extremely complicated.  
Tr i t ium r a i n s  out a t  l a t i t u d e s  of t h e  bomb t e s t s ,  i . e .  i n  t h e  no r the rn  hemisphere, 
whereas 1 4 ~  occurs  i n  carbon d iox ide  and i s  only s l i g h t l y  s o l u b l e  i n  water ,  and 
t h e r e f o r e  takes  s e v e r a l  yea r s  t o  g e t  i n t o  t h e  seasonal  thermocl ine .  Hence bomb 
14c reached t h e  oceans more uniformly i n  both  no r the rn  and southern  hemispheres. 

E a r l i e r  measurements and s t u d i e s  of  t r i t i u m  (Suess,  Munnich and Roether) i n  
t h e  mid-1960's i n d i c a t e d  t h a t  t o  t h e  f i r s t  o r d e r  it i s  c o r r e l a t e d  wi th  h igh  su r -  
f ace  temperatures ,  i . e .  h igher  va lues  i n  s u r f a c e  water ,  whereas deep water has  low 
t r i t i u m  and low tempera tures .  ( F i g . 2 ) .  Recent ly,  however, tritium is  beginning 
t o  appear i n  deep water ,  which may be a s s o c i a t e d  with t h e  v a r i o u s  zones of w in te r  
convection and water mass formation.  

Measurements i n  t h e  Sargasso Sea ( c f .  Lecture I )  show t h a t  from Bermuda t o  
Puerto Rico, t h e  t r i t i u m  concen t r a t ion ,  which i s  i r r e g u l a r l y  d i s t r i b u t e d  wi th  
depth,  i s  s y s t e m a t i c a l l y  r e l a t e d  t o  t h e  p o t e n t i a l  temperature.  From t h e  s u r f a c e  



t o  t h e  1 2 O ~  isotherm, t r i t i u m  and d isso lved  02 a r e  both  func- 
t i o n s  of  p o t e n t i a l  dens i ty  only .  Below t h i s  isotherm t r i t i u m  
inc reases  t o  t h e  n o r t h  (Fig.3)  whereas oxygen i s  a  func t ion  of 
p o t e n t i a l  dens i ty  down t o  t h e  bottom. [This i s  seven y e a r s  
a f t e r  bombs, ) 

Assume t h a t  mixing t a k e s  p l ace ,  a long P = c o a s t  su r -  
faces  ( e .g .  near  b a r o c l i n i c  r e g i o n s ) .  I f  t h i s  mixing i s  due 
t o  l a r g e  s c a l e  eddies  any a t tempt  t o  measure mixing along 
v e r t i c a l  o r  ho r i zon ta l  s u r f a c e s  w i l l  g ive  

Here K, and a r e  v e r t i c a l  and ho r i zon ta l  c o e f f i c i e n t s ,  r e s p e c t i v e l y ,  whereas S 
2 i s  t h e  s lope  of d e n s i t y  su r f aces  (F ig ,5 ) .  Typica l ly  one f i n d s  q- 1 cm / s e c ,  

PefcntlkI bpsins (-) K U  -' 107 cm2/sec and s  = .3 x  which 
26-7 I 

I - ,I i n d i c a t e s  t h a t  mixing does t ake  p l a c e  along 

d e n s i t y  s u r f a c e s  

/ 2~&o th r  mn - 

I f  t h i s  i s  t r u e  t h i s  may be used t o  exp la in  t h e  
(poi. temp9 f e a t u r e  of  F i g , 4 .  On t h e  boundary of  t h e  gyre t h e  su r -  

20 * 
n+uro f a c e s  o f  cons t an t  p o t e n t i a l  d e n s i t y  do not  co inc ide ,  

I 7 t h e r e f o r e  t h e r e  w i l l  be mixing ac ros s  su r f aces  of  con- 
s t a n t  p o t e n t i a l  d e n s i t y  due t o  mixing along P = con- 
s t a n t  s u r f a c e s .  The l a t e r a l  mixing ( i . e .  a long y = con- 
s t a n t )  may a l s o  be used t o  expla in  t h e  observed tritium 
below lQO ( F i g o S ) .  To account f o r  t h e  observed mixing 
o f  t r i t i u m  down t o  t h i s  g r e a t  depth i n  t h i s  s h o r t  t ime 
( f i v e  years )  a v e r t i c a l  eddy d i f f u s i o n  wi th  K 1 cm2/s 
i s  too  sma l l ,  Thus l a t e r a l  mixing by mesoscale eddies  
(300 km) ( i , e .  a long /o = cons tan t  su r f aces )  i s  needed 
t o  expla in  t h e  observed t r i t i u m .  

The abyssa l  radiocarbon d i s t k i b u t i o n s  have been 
modeled by Veronis and Kuo, and r e c e n t l y  by F iade i ro ,  
and found t o  be reasonably r a t i o n a l i z e d  by assuming 
/3 - con t ro l l ed  cu r r en t  kinematics  and v e r t i c a l  and h o r i -  
zon ta l  d i f f u s i v i t i e s  of  approximately one and 107cm2sec. 
S ince  107cm2 gfves a  l a t e r a l  d i f f u s i o n  t ime s c a l e  i n  a  
t y p i c a l  ocean bas in  (D/T - 2000 km) o f  approximately 

 TI'^ 5 100 yea r s ,  t h e  p o s s i b i l i t y  remains t h a t  t he  I1ve r t i ca l t1  
mixing i s  everywhere l i m i t e d  t o  such wall  l a y e r s  and 
s u r f a c e  f r o n t s  



Enhanced v e r t i c a l  mixing i n  s i d e  wall boundary l a y e r s  has been ind ica t ed  by 
Biscaye and E t t r e im  on t h e  b a s i s  of  radon p r o f i l e s .  They c la im l o c a l  va lues  of Xv 
of s eve ra l  hundred c .  g.  s .  u n i t s ,  which would provide an average )C, of  one u n i t  
i f  app l i ed  t o  an  edge s t r i p  amounting t o  a  few t e n t h s  of one pe rcen t  o f  t h e  ocean 
s u r f a c e .  Thei r  i n t e r p r e t a t i o n  of t h e  radon p r o f i l e s  must be accepted wi th  c a u t i o n ,  
however, s i n c e  t h e  observed t r a c e r  d i s t r i b u t i o n s  could a l s o  be due t o  l a t e r a l  d i f f u r  
s i o n  from s i d e  s lopes .  

I n  summary, t h e r e  remains a  cons ide rab le  u n c e r t a i n t y  regard ing  t h e  e x t e n t  
t o  which i n t e r i o r  v e r t i c a l  mixing in f luences  abyssa l  waters .  The upper main t h e r -  
mocline i s  t o  f i r s t  o rde r  l a t e r a l  advec t ive ,  however, and it appears  s a f e  t o  assume, 
i n  t h e  cons t ruc t ion  of c l i m a t i c  feedback models, t h a t  t h e  s u b t r o p i c a l  and e q u a t o r i a l  
su r f ace  waters  a r e  e f f e c t i v e l y  i s o l a t e d  from t h e  abyssa l  c i r c u l a t i o n .  

Notes submit ted by 
Lars P .  RBed 

WATER MASS ANALYSIS AND THE DEEP OCEAN CIRCULATION (111) 

Claes Rooth 

F i r s t  we s h a l l  cons ider  some more evidence f o r  t h e  conclus ion  made l a s t  t ime,  
t h a t  most o f  t h e  oceanic  mixing t akes  p l a c e  on cons tan t  d e n s i t y  s u r f a c e s .  

Let c  be t h e  d i s t r i b u t i o n  of a  s c a l a r  q u a n t i t y  ( i n  t h i s  c a s e ,  t h e  concentra-  
t i o n  of  a  t r a c e r ,  such a s  oxygen o r  t r i t i u m ) ,  9 be  t h e  d i f f u s i v e  f l u x  of t h e  
s c a l a r  ac ros s  a  cons tan t  d e n s i t y  s u r f a c e ,  and % be t h e  d i f f u s i v e  f l u x  of  buoyancy 
ac ros s  t h e  cons tan t  d e n s i t y  su r f ace .  We can w r i t e ,  employing d e n s i t y  a s  t h e  v e r t i -  
c a l  coord ina te :  q = <+', 

ql = <w'e') 

d p  where W =  -;n r e p r e s e n t s  dev ia t ions  from t h e  mean va lue ,  and < ) r e p r e s e n t s  
t h e  time-averaged va lue .  

We can w r i t e  t h e  equat ion  f o r  t r a c e r  mixing i n  d e n s i t y  coo rd ina t e s ,  u s ing  
t h e  Boussinesq approximation: 

2 a ct+(uc,*v~y)Cj+~$+ h c =  + 9 a t  2. a~ D (k)), 
2P 

where t h e  s u b s c r i p t  p i n d i c a t e s  a  q u a n t i t y  o r  ope ra t ion  on cons t an t  d e n s i t y  su r -  
f a c e s ,  hC i s  a  term r e p r e s e n t i n g  i n  situ decay, J r e p r e s e n t s  i n t e r i o r  sources  and 
D i s  t h e  c o e f f i c i e n t  of l a t e r a l  d i f f u s i o n  

Assuming mixing s i m i l a r i t y ,  we can write 2 - .L 
3 c  
a z 

- ap a ;e 



We can t h e r e f o r e  w r i t e :  

The equat ion  f o r  t r a c e r  mixing can then be w r i t t e n :  

I f  we now regard  t h e  r a t i o  o f  t h e  d i f f u s i v e  f l u x  of  buoyancy t o  i t s  mean 
g rad ien t  i n  t h e  z - d i r e c t i o n  a s  a  cons tan t  K ,  we can r e w r i t e  t h e  l a s t  term on t h e  
r ight-hand s i d e  a s  : 

Since )\ a 0, any regime where v e r t i c a l  t r a n s p o r t  p rocesses  dominate w i l l  
a'c 0 ( L t  - a dchc).  Therefore any negat ive  cu rva tu re  i n  a  p l o t  o f  c  show - 
apa 2 
- I  

a g a i n s t  d e n s i t y  must be due t o  h o r i z ~ n t a l  advect ion,  o r  t o  i n t e r i o r  source te rms .  

We now cons ider  t r i t i u m  and oxygen d i s t r i b u t i o n s  i n  t h e  Pac i f i c .ObSerua t ims  
show. concent ra t ions  o f  t h e  t r a c e r s  p l o t t e d  a g a i n s t r e  ( the  d e n s i t y  t h a t  s ea  
water  would have a t  t h e  ocean su r f ace )  from four  s t a t i o n s  over l o 0  of  l a t i t u d e  and 
30° of  longi tude .  We f i n d  t h a t  f o r  each t r a c e r  t h e  s t a t i o n ' s  va lues  form a s i n g l e  
curve,  and t h a t  t h e  curves f o r  oxygen and t r i t i u m  a r e  e s s e n t i a l l y  p a r a l l e l  above 
t h e  oxygen minimum, wi th  v i r t u a l l y  no t r i t i u m  below t h e  oxygen minimum. The 
oxygen and t r i t i u m  concent ra t ion  d i s t r i b u t i o n s  between fie 26 and 27 - c o r r e s -  
ponding t o  t h e  upper main thermocline - show c l e a r  i n d i c a t i o n s  of  dominance by 
ho r i zon ta l  t r a n s p o r t s ,  based on t h e  curva ture  c r i t e r i o n .  The sharp  l i m i t a t i o n  of 
t h e  tritium d i s t r i b u t i o n  c o n t r a s t s  with t h e  A t l a n t i c ,  where s u b s t a n t i a l  t r i t i u m  
i s  found below t h e  oxygen minimum l e v e l .  This  i s  p a r t i c u l a r l y  i n t e r e s t i n g  s i n c e  
t h e  su r f ace  concen t r a t ion  of t r i t i u m  i s  h igher  i n  t h e  P a c i f i c  t han  i n  t h e  Atlan-  
t i c .  The d i f f e r e n c e  can be explained by t h e  lack  i n  t h e  North P a c i f i c  of  a  s t r o n g  
convect ive zone a t  high l a t i t u d e s ,  and a t  h igh  mean d e n s i t y ,  while  t h e  North A t -  
l a n t i c  has such a  zone. This c o n t r a s t  suppor ts  t h e  i d e a  t h a t  mixing between deep 
waters  and t h e  s u r f a c e  occurs  mainly along cons tan t  d e n s i t y  su r f aces  between t h e  
i n t e r i o r  p o i n t s  and t h e  winter- t ime convect ion zones. Fur ther  confirmation of  
t h i s  motion can be found i n  t h e  abyssal  radiocarbon d i s t r i b u t i o n s  i n  t h e  P a c i f i c .  

I t  fol lows t h a t  oceanic  cool ing  i n  p o l a r  r eg ions  would not  a f f e c t  s u r f a c e  
condi t iovs  i n  t h e  t r o p i c a l  and sub t rop ica l  r eg ions ,  s i n c e  t h e  p o l e s  would commu- 
n i c a t e  p r i n c i p a l l y  with each o t h e r  by t r a n s p o r t  i n  t h e  deep water .  

The sub t rop ica l  and t r o p i c a l  waters above t h e  10°C su r f ace  i n t e r a c t  wi th  
t h e  su r f ace  l a y e r s  i n  t h e  convect ive regimes, mainly loca t ed  poleward of 30' l a t i -  
tude ,  and i n  t h e  e q u a t o r i a l  upwell ing regimes. 

There i s  a  s u b s t a n t i a l  amount of  i n d i r e c t  evidence and modeling r e s u l t s  
which i n d i c a t e s  t h a t  upwelling o f  cold water i s  an important element of t h e  t r o p i -  
c a l  su r f ace  regime. If t h e  p o l a r  bottom waters  a r e  no t  t h e  source f o r  t h e  up- 
wel l ing  water,  we rhust look t o  mid la t i t ude  sources ,  and hence t o  t h e  dynamics of 
t h e  sub t rop ica l  gy res .  The s t u d i e s  by Vonder Haar and Oort of t h e  p a r t i t i o n  o f  
g loba l  hea t  f l u x  between atmosphere and ocean ( c f .  l e c t u r e  by Oort)  independent ly 
confirm t h e  importance o f  oceanic  hea t  t r a n s p o r t  i n  t h e  100-20° l a t i t u d e  band. 

The key t o  understanding t h i s  reg ion  l i e s  i n  de te rmina t ion  of t h e  depth  
d i s t r i b u t i o n  of t h e  geos t rophic  p a r t  o f  t h e  Sverdrup t r a n s p o r t .  Pedlosky (1968) 



discussed  t h e  p a r t i t i o n  of  t h e  l a t t e r  between Ekman d r i f t  and geos t rophic  motion, 
The Ekman d r i f t  i s  maximal near  t h e  l a t i t u d e s  of maximum wind s t r e s s ,  where t h e  
Sverdrup t r a n s p o r t  vanishes .  With T, $-I about 104~ /cm s e c ,  a  10°C d i f f e r e n c e  i n  
temperature between t h e  Ekman d r i f t  and t h e  mean geostrophic d r i f t  would c a r r y  
l o 5  cal/cm s e c .  D i s t r i bu ted  over 20 of l a t i t u d e ,  t h e  a s soc i a t ed  upwell ing cool ing  
of t h e  su r f ace  amounts t o  400Ly/day,  or, about h a l f  of t h e  d a i l y  i n s o l a t i o n .  

A pronounced feedback on atmospheric dynamics by such upwellfng cool ing  was 
demonstrated i n  a  model of t h e  I n t e r t r o p i c a l  Convergence Zone by Pike (1971). He 
showed t h a t  t h e  upwelling induced by t h e  wind p a t t e r n s  a long  a  zonal ITCZ was suf-  
f i c i e n t  t o  cause t h e  zone t o  be d i sp l aced  from t h e  equator ,  even wi th  symmetric i n -  
s o l a t i o n .  To produce r e a l i s t i c  s ea  s u r f a c e  temperatures ,  he had t o  choose an e f f ec -  
t i v e  source  temperature o f  t h e  upwelling water  of 150C. This  i s  q u i t e  c o n s i s t e n t  
with t h e  t r a c e r  i n d i c a t i o n s  t h a t  t h e  d i r e c t l y  wind-driven Sverdrup regime i s  l imi t ed  
t o  temperatures  above loOc. 

P i k e ' s  model involves  another  element which i s  important t o  t h e  understanding 
of long t ime s c a l e  a i r - s e a  i n t e r a c t i o n .  This  i s  t h e  no t ion  t h a t  t h e  s u r f a c e  coo l -  
i ng  by upwell ing,  i s  i n s e n s i t i v e  t o  t h e  mechanics of  t h e  t u r b u l e n t  mixing pro-  
c e s s e s .  When sus t a ined  upwelling occurs ,  it becomes necessary  f o r  t h e  l a r g e  s c a l e  
c i r c u l a t i o n  t o  supply t h e  upwelling water by geos t rophic  c u r r e n t s .  The e f f e c t i v e  
source temperature f o r  t h e  upwelling water  i s  t h e r e f o r e  c o n t r o l l e d  by a  g loba l  ad- 
justment p roces s ,  and u l t i m a t e l y  by t h e  in f luence  of  t h e  convect ive zones on t h e  
p o t e n t i a l  v o r t i c i t y  d i s t r i b u t i o n  with r e s p e c t  t o  t h e  d e n s i t y  f i e l d .  To understand 
t h e  long t ime s c a l e  hea t  budget of  t h e  t r o p i c a l  upwell ing,  we must t h e r e f o r e  s tudy  
t h e  convect ion regimes i n  t h e  poleward h a l f  o f  t h e  sub t rop ica l  gy res .  The mixing 
mechanics i n  t h e  upwelling zones i s  only s i g n i f i c a n t  f o r  t h e  t r a n s i e n t  response 
problem on seasonal  and s h o r t e r  t ime s c a l e s .  

Let u s  now cons ider  how one might go about cons t ruc t ing  a  model f o r  a  sub- 
t r o p i c a l  gyre a s  an element i n  a  c l ima te  model of  i n t e rmed ia t e  complexity between 
t h e  General C i r c u l a t i o n  Models (GCM) and t h e  S e l l e r s  type  ( c . f .  l e c t u r e  by North) .  

An i d e a l i z e d  Gulf Stream gyre  
combines a t  l e a s t  f o u r ,  perhaps f i v e  
d i s t i n c t  dynamic regimes - each wi th  
a  c h a r a c t e r i s t i c  dominant element i n  
i t s  mechanics (Fig.1) f i v e  regimes, 
a s  shown i n  F ig .1 .  

Region 1 i s  t h e  f a s t  western 
boundary c u r r e n t  c a r r y i n g  s e n s i b l e  
hea t  northward, while  Region 2 i s  t h e  
reg ion  o f  i n t e n s i v e  h e a t  exchange 
where convect ive mixing occurs  i n  

1 .  win te r .  I n  Region 2 t h e r e  i s  subs tan-  
t i a l  v e r t i c a l  mixing o f  water .  Region 

3 i s  t h e  reg ion  o f  quas igeos t rophic  t r a n s p o r t  a long cons t an t  d e n s i t y  s u r f a c e s .  - 
There t h e  hea t ing  regime i s  l i m i t e d  t o  t h e  s u r f a c e  water .  V e r t i c a l  mixing h e r e  
can be neglec ted  on t h e  t ime s c a l e  of t h e  g y r e ' s  c i r c u l a t i o n .  Region 4 i s  a  narrow 
zone o f  upwelling, t h e  hea t  source  f o r  t h e  gyre .  Region 5 i s  t h e  p a t h  o f  t h e  Gulf 
Stream a f t e r  it sepa ra t e s  from t h e  western boundary. Here l a t e r a l  eddy dynamics 
dominate and t h e  s u r f a c e  water c o o l s  a s  it c r o s s e s  t h e  A t l a n t i c .  Regions 1 and 2 
a r e  cha rac t e r i zed  by a  ba lance  between a  l a t e r a l  advec t ion  and s u r f a c e  coo l ing  wi th  



+? convect ive adjustment .  Such a regime 
i s  amenable t o  a p a r t i a l  a n a l y s i s  of 

4 ) t h e  su r f ace  temperature d i s t r i b u t i o n ,  
i f  t h e  approximation i s  accepted t h a t  
no s i g n i f i c a n t  mixing occurs  below t h e  
convection adjustment depth (no cor-  
r e c t i v e  en t ra inment ) .  

Fie.2 
Consider a channel o f  f i x e d  

c ros s  s e c t i o n  and v a r i a b l e  depth a s  i n  F ig .2 .  A mass of  water M (mass/unit  t ime) 
moves through t h e  channel ,  having been heated a t  some po in t  upstream. The hea t  
r e l ea sed  a t  t h e  s u r f a c e  of  t h e  f l u i d  by t h e  water mass can be w r i t t e n :  4 

where T i s  t h e  water temperature and x i s  t h e  d i s t a n c e  along t h e  channel .  S ince ,  i n  
a s t e a d y - s t a t e  s i t u a t i o n ,  t h e  d ischarge  M i s  t h e  same f o r  any c r o s s  s e c t i o n  of the 
channel ,  we can w r i t e :  

We can s i m i l a r l y  cons ider  a source of  hea t  i n  an ocean having, a s  i n  F ig .3 ,  
i n s t e a d  o f  assuming a source  of uniform temperature,  we now d e f i n e  a mass t r a n s p o r t  - func t ion  r e l a t i v e  t o  temperature,  M(T). 

M (q (""%(TMJ 
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where Tmax i s  t h e  su r f ace  temperature i n  t h e  source r e -  
gion,  and M(T) i s  t h e  mass f l u x  p e r  u n i t  temperature 
i n t e r v a l  ac ros s  t h e  v e r t i c a l  s u r f a c e  through t h e  i s o -  
therm T = Tmax. 

I f  we now assume t h a t  i n t e r i o r  mixing below t h e  
convect ive adjustment depth a s s o c i a t e d  wi th-sur face  

T u ,  3 cool ing  i s  n e g l i g i b l e ,  then it i s  e a s i l y  seen  t h a t  t h e  
hea t  l o s s  t o  t h e  atmosphere between t h e  s u r f a c e  isotherms T1 and T I - S T  i s  

6 ~ = / ~ ( s , ' i 6 T  
Thus, i f  t h e  hea t  l o s s  pe r  u n i t  a r e a  is  Q(T) - dependent on t h e  temperature - then  
t h e  a r e a  bA between t h e s e  isotherms i s  given by 

QJA = &I --M(T;)ST 

This  expression should be seasona l ly  app l i cab le  i n  Region 1, and a p p l i c a b l e  
t o  t h e  win te r  temperature d i s t r i b u t i o n  i n  Region 2 ,  provided allowance i s  made f o r  
l o c a l  seasonal  hea t  s t o r a g e  e f f e c t s ,  i . e .  Q has t o  be t h e  mean annual hea t  l o s s  a s  
a func t ion  of t h e  minimum win te r  temperature.  

The equatorward gyre s e c t i o n  i s  t h e  s imples t  regime, wi th  seasonal  s u r f a c e  
hea t  s t o r a g e ,  and almost c e r t a i n l y  a main thermocline flow which conserves poten- 
t i a l  v o r t i c i t y .  Since t h e  geos t rophic  component of  t h e  Sverdrup t r a n s p o r t  i n -  
c r eases  along t h e  flow, s u r f a c e  water must be en t r a ined  from t h e  seasonal  thermo- 
c l i n e  regime i n t o  t h e  geos t rophic  gyre c i r c u l a t i o n .  This  i s  c l e a r l y  ev ident  i n  
t h e  North A t l a n t i c  i n  t h e  formation of a sharp  s a l i n i t y  maximum a t  about 100 m 
depth ,  which i s  t r a c e a b l e  i n t o  t h e  Caribbean, and t h e  Gulf of Mexico. The p e r s i s t e n c e  



of  t h i s  t h i n  (-50 m) s a l i n i t y  anomaly f o r  an advect ion t ime of a year  o r  so bea r s  
evidence t o  t h e  weakness of  t h e  v e r t i c a l  mixing even i n  t h e  nea r - su r f ace  l a y e r s .  

The outs tanding  dynamic problem i n  understanding t h e  gyre dynamics appears  
from t h i s  po in t  of  view t o  be t h e  response t o  s u r f a c e  cool ing  i n  t h e  poleward 
branch, modified by t h e  dynamic e f f e c t s  of Gulf Stream eddy processes ,  and t h e  s u r -  
f a c e  water  entrainment i n  Region 3, which must be l a r g e l y  r e spons ib l e  f o r  t h e  de- 
te rmina t ion  of t h e  t r a n s p o r t  func t ion  M(T). 

Turning f i n a l l y  t o  t h e  co ld  water  c i r c u l a t i o n ,  acceptance of  t h e  sub t rop i -  
c a l  gyre a s  e s s e n t i a l l y  i s o l a t e d  from underlying waters ,  impl ies  t h a t  t h e  p o l a r  
reg ions  communicate with each o t h e r  through t h e  abyssa l  and h igh  l a t i t u d e  su r f ace  
dynamics. 

Tracer  evidence,  a s  wel l  a s  es t imates  of c u r r e n t  r a t e s  of  deep water  forma- 
t i o n  sugges t  a t ime s c a l e  of o r d e r  103 yea r s  f o r  t h i s  process .  The mean v e r t i c a l  
mixing r a t e  i n  t h e  abyssa l  r eg ions  i s  p r e t t y  wel l  pegged a t  an equiva len t  v e r t i c a l  
eddy d i f f u s i v i t y  o f  about 1 cm L/sec, bu t  many i n d i c a t i o n s  e x i s t  t h a t  t h i s  mixing 
i s  not  h o r i z o n t a l l y  uniform i n  t h e  mean, bu t  v a r i e s  by seve ra l  o rde r s  of  magnitude. 
From t h e  po in t  of view o f  c l ima te  dynamics, it i s  important t o  r e a l i z e  t h a t  sub- 
s t a n t i a l  c l ima te  f l u c t u a t i o n s  occur  on t h e  t ime s c a l e  of t h e  abyssa l  c i r c u l a t i o n .  
The abyssa l  p rope r ty  d i s t r i b u t i o n s  a r e  t h e r e f o r e  no t  l i k e l y  t o  be i n  equi l ibr ium 
with t h e  s h o r t  term c l i m a t i c  s t a t e .  

Even more confounding i s  t h e  f a c t  t h a t  i c e  shee t  volumes have f l u c t u a t e d  
enough t o  provide a mean s a l i n i t y  f l u c t u a t i o n  of  c l o s e  t o  1 O/oo (1/40 of 35 O/oo). 
I f  such a f l u c t u a t i o n  occurs  over  104 yea r s ,  such a s  i n  t h e  major i c e  age decay 
phases,  a s a l i n i t y  adjustment l a g  of  about 0 .1  o/oo i n  t h e  deep waters  would be 
expected, i f  t h e  p re sen t  tu rnover  r a t e  were s t i l l  v a l i d .  Some melt water  supply 
a t  t h e  s u r f a c e  i s  l i k e l y  t o  s t a b i l i z e  t h e  ocean system, leading  t o  an ever  g r e a t e r  
adjustment l ag .  No c r e d i b l e  t h e o r i e s  e x i s t  a t  p re sen t  f o r  how t h e  high l a t i t u d e  
hea t  t r a n s p o r t s  would be modified by t h i s  e f f e c t  bu t  a reasonable  hypothesis  ap- 
pears  t o  be t h a t  t h e  formation of  i n t e rmed ia t e  water  of  low s a l i n i t y  and low tem- 
p e r a t u r e  would be enhanced a t  t h e  expense o f  deep water formation.  The implied 
cool ing  of t h e  main thermocline would l ead  t o  a t r a n s i e n t  h e a t  t r a n s f e r  from ocean 
t o  atmosphere which might a c t  a s  a p o s i t i v e  feedback on t h e  g l a c i e r  mel t ing  pro-  
c e s s .  Careful  s tudy  of  t h i s  problem appears  t o  be warranted.  

I n  summary, r e c e n t  developments i n  t r a c e r  chemistry have provided a s e t  of 
t o o l s  f o r  t h e  s tudy  of  long t ime s c a l e  t r a n s p o r t  p rocesses .  Avai lab le  d a t a  f o r c e  
a r eva lua t ion  of c u r r e n t  t h ink ing  about thermal c i r c u l a t i o n  i n  t h e  oceans.  To- 
ge ther  wi th  t h e  f a c t  t h a t  s t a t i o n a r y  ocean response i s  expected only  on t ime 
s c a l e s  o f  s e v e r a l  thousand yea r s  one must conclude t h a t  any ocean dynamics r e l e -  
vant t o  t h e  c l ima te  problem i s  n o t  a v a i l a b l e  a t  p r e s e n t ,  but  a l s o  t h a t  some pro-  
mising d i r e c t i o n s  of i nqu i ry  can be i d e n t i f i e d .  
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GENERAL CIRCULATION MODELS AND CLIMATE 

Richard C .  J .  Somervi l le  

I .  His tory  and Perspec t ive  

During World War I ,  L.F.Richardson formulated f i n i t e - d i f f e r e n c e  analogs t o  
t h e  equat ions of  motion of  t h e  atmosphere. H i s  a t tempt  (by hand c a l c u l a t i o n )  t o  
p r e d i c t  six-hour su r f ace  p re s su re  change, a t  a p o i n t  i n  no r the rn  Europe, f a i l e d ,  
due t o  both poor i n i t i a l  d a t a  and an uns t ab le  f i n i t e - d i f f e r e n c e  scheme. The 
f i r s t  succes s fu l  numerical weather p r e d i c t i o n  was achieved s h o r t l y  a f t e r  World 
War 11, u t i l i z i n g  t h e  quas igeos t rophic  approximation t o  t h e  equat ions  o f  motion. 
P h i l l i p s ,  i n  1956, publ ished t h e  f i r s t  numerical general  c i r c u l a t i o n  model (GCM), 
u s ing  a s i m i l a r  system o f  equat ions .  With t h e  v a s t  i nc rease  s i n c e  then  i n  com- 
p u t e r  speed and s to rage ,  modern GCM's now have re turned  t o  t h e  "primit ive" equa- 
t i o n s  t o  model atmospheric dynamics. These l a t e s t  and l a r g e s t  of t h e  numerical 



models w i l l  be  considered he re .  GCM modeling i s  most a c t i v e  i n  t h e  United S t a t e s ,  
wi th  r e sea rch  groups a t  GFDL, UCLA, NCAR, RAND, and GISS. We may w r i t e  t h e  equa- 
t i o n s  a s  : * 3 3 

& + $ ~ r  ~ + ~ $ + ~ o c v f i  = F  
d t 

2 

where: V - v  hor i zon ta l  veloci ty ,vc- .  2-dimensional g rad ien t  o p e r a t o r ,  b v e r t i -  
c a l  p re s su re  coord ina te  nsrmalized t o  ground e l e v a t i o n ,  P - atmospheric p re s su re ,  

= 8 top - f bottom , F - hor i zon ta l  f r i c t i o n  f o r c e ,  9 --- hea t ing  r a t e  p e r  u n i t  
mass, geopo ten t i a l ,  % -  water vapor mixing r a t i o ,  C -- r a t e  of  c o n d e n s a t i w ,  
E -  r a t e  of  evapora t ion ,  and t h e  remaining n o t a t i o n  i s  convent iona l .  

I f  t h e s e  equat ions  a r e  f i n i t e  d i f f e r enced  i n  space,  a  t y p i c a l  number of 
degrees  of freedom i n  a  g loba l  domain i s :  

102 b 102 w 10 w (6 + . . .) 4 v 106 

g r i d  p t s .  N -S v e r t i c a l  dependent 
i n  E-W g r i d  p t s .  l a y e r s  v a r i a b l e s  a t  

d i r e c t  i on  each p o i n t  

The above system may be i n t e g r a t e d  i n  f i n i t e  t ime i n t e r v a l s  of  approximately f i v e  
minutes.  This  l i m i t  i s  s e t  by computational s t a b i l i t y  c r i t e r i a ,  and w i l l  decrease  
wi th  decreas ing  h o r i z o n t a l  g r i d  spac ing .  Most modeks u t i l i z e  second-order e x p l i c i t  
f i n i t e - d i f f e r e n c e  schemes. The source /s ink  terms (F,  Q, C ,  and E),  a r e  parameter-  
i z e d  i n  terms of  t h e  model v a r i a b l e s ,  and s p e c i f i e d  boundary cond i t i ons  inc lude  i n -  
coming s o l a r  r a d i a t i o n ,  ground topography, and u s u a l l y  s e a  s u r f a c e  temperature.  
(See F ig .  1 )  . 

There a r e  b a s i c a l l y  two c l a s s e s  o f  u t i l i z a t i o n  of a  GCM: 

1 )  NUMERICAL WEATHER PREDICTION . . . Observed weather provides  i n i t i a l  con- 
d i t i o n s  f o r  t h e  GCM, which i s  i n t e g r a t e d  t o  p r e d i c t  f u t u r e  weather .  Forecast  s k i l l  
i s  most usefu l  i n  t h e  one- to- three  day range,  a l though s l i g h t  s k i l l  i s  n o t i c e a b l e  
o u t  t o  about 10 days. Curren t ly  ope ra t iona l  f o r e c a s t s  u s e  guidance from numerical 
models, a s  t h i s  procedure has proved s i g n i f i c a n t l y  more s k i l l f u l  than  pu re ly  sub- 
j e c t i v e  f o r e c a s t s .  

2) QUASI-EQUILIBRIUM STATISTICS, OR 'TLIMATE" . . . The model atmosphere i s  
spun-up from an  i r r e l e v a n t  i n i t i a l  s t a t e ,  and run  u n t i l  i t s  time-average s t a t i s t i c s  
can be determined. I t  should be noted t h a t  GCM o f f e r s  a  complete and c o n s i s t e n t  
g loba l  d a t a  s e t ,  even i f  no t  always a  completely r e a l i s t i c  one. Spin-up t imes a r e  
on t h e  o rde r  of  30 days of s imulated t ime,  whereupon t h e  model is  u s u a l l y  run  f o r  
another  month o r  more. A GCM may u s e  -1 hour of  l a r g e  computer t ime (CDC 7600) 
p e r  s imulated day. Runs much longer  than  a  few simulated months a r e  extremely 
c o s t l y .  
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Fig .1 .  Schematic diagram o f  i n t e r a c t i o n s  of  phys ica l  
processes  i n  a  t y p i c a l  atmospheric model. 

I1 Typical Monthly Mean F ie lds  from G C M ' s  

The va r ious  GCM's tend t o  g ive  s i m i l a r  r e s u l t s .  

1 )  Zonally averaged v e l o c i t y  f i e l d s .  The p r i n c i p a l  f e a t u r e s  of  t h e  zonal 
wind compare f a i r l y  well i n  both magnitude and p o s i t i o n  with obse rva t ions .  Merid- 
i ona l  and v e r t i c a l  v e l o c i t y  f i e l d s  a r e  harder  t o  observe and t h e r e f o r e  t o  compare, 
bu t  b a s i c  agreement of t h e  meriodinal c e l l s  i s  ev iden t .  

2)  The model energy cyc le s  proceed i n  t h e  same sense a s  t h a t  observed. How- 
ever ,  t h e  models tend  t o  e x h i b i t  mean a v a i l a b l e  p o t e n t i a l  and k i n e t i c  ene rg i e s  
which a r e  s i g n i f i c a n t l y  l a r g e r  than observed,  and eddy energ ies  which a r e  t o o  smal l .  

3)  The s p a t i a l  k i n e t i c  energy spectrum, while  exh ib i t i ng  c o n s i s t e n t l y  l e s s  
eddy k i n e t i c  energy than observed, i s  q u a l i t a t i v e l y  f a i t h f u l  t o  t h e  r e a l  atmos- 
phere.  

4 )  Meridional t r a n s p o r t s  of momentum and s e n s i b l e  heat r e f l e c t  t h e  above- 
mentioned tendency of t he  GCM's t o  underest imate eddy t r a n s p o r t  and over -es t imate  
mean t r a n s p o r t .  

5) The zonal mean d i a b a t i c  hea t ing  r a t e s  a r e  q u a l i t a t i v e l y  reasonable ,  a l -  
though t h e i r  e f f e c t s  a r e  l imi t ed  both by f i x i n g  sea  sur face  temperatures ,  and by 
cons t r a in ing  l apse  r a t e s .  

6) Zonal mean p r e c i p i t a t i o n  va lues  i n  GCM's a r e  within t h e  e r r o r  limits of 
t h e  observa t ions .  

7 )  Zonal mean temperature p r o f i l e s  a r e  reproduced we l l ,  except near  t h e  po le s .  

8 )  Geographical d i s t r i b u t i o n s  of  meteorological  f i e l d s  tend  t o  show t h e  
broad-scale  f e a t u r e s  of observed c l ima te ,  but a r e  l o c a l l y  erroneous i n  many d e t a i l s .  

I11 S e n s i t i v i t y ,  and t h e  P r e d i c t a b i l i t y  Problem 

I n  t h e  1960 ' s  Lorenz and o t h e r s  examined t h e  d e t a i l e d  p r e d i c t a b i l i t y  of 
weather,  and i t s  dependence on e r r o r s  i n  i n i t i a l  condi t ions  (assuming t h e  model i s  
p e r f e c t ) .  Three approaches were used: 



a )  s l i g h t l y  p e r t u r b  i n i t i a l  cond i t i ons  i n  a  GCM and ob,serve t h e  divergence 
of  t h e  so lu t ions ;  

b)  f i n d  two s i m i l a r  atmospheric s t a t e s  i n  t h e  d a t a  base and s tudy  t h e i r  ob- 
served subsequent evolu t ions ;  

c )  u t i l i z e  turbulence  theory .  A l l  t h r e e  methods gave an i n i t i a l  small  
e r r o r  doubling t ime of about two t o  t h r e e  days and a  l i m i t  t o  u s e f u l  p r e d i c t a b i l i t y  
of  a  few weeks. 

No such theory  e x i s t s  f o r  t h e  p r e d i c t i o n  of c l ima te  s t a t i s t i c s ,  however, 
and only  t h e  seasonal  c y c l e  i s  known by experience t o  be p r e d i c t a b l e  i n  some 
s t a t i s t i c a l  sense .  A c r i t i c a l  ques t ion  is  whether o r  no t  t h e  c l i m a t e  i s  a  func t ion  
only o f  ex t e rna l  cond i t i ons .  GCM c l ima te s  appear t o  be a  unique func t ion  of 
boundary cond i t i ons  and f o r c i n g .  

A b a s i c  concern, however, i n  i n t e r p r e t i n g  GCM r e s u l t s  i s  t h e  s e n s i t i v i t y  of 
t h e  models t o  t h e i r  parameter iza t ions .  We do not  know, i n  many c a s e s ,  how much of 
t h e  p re sen t  c l ima te  i s  parameter ized i n t o  t h e  models, and how much of  t h e i r  sen- 
s i t i v i t y  t o  varying parameter iza t ions  i s  phys i ca l ly  r e a l i s t i c .  

These ques t ions  of t h e  p r e d i c t a b i l i t y  of c l i m a t e  and i t s  s e n s i t i v i t y  t o  
"ex terna l"  and " in t e rna l "  f o r c i n g  a r e  c u r r e n t l y  being a c t i v e l y  i n v e s t i g a t e d  us ing  
G C M ' s  a s  wel l  a s  o the r  c l a s s e s  o f  c l i m a t e  models. Despi te  t h e  expense and t h e  
many imperfect ions of c u r r e n t  GCMts, i t  i s  l i k e l y  t h a t  many ques t ions  of  c l i m a t e  
theory  w i l l  u l t i m a t e l y  be answered, q u a n t i t a t i v e l y  and c r e d i b l y ,  only wi th  t h e  
a i d  of  t hese  complex and comprehensive models. 
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ENERGY EXCHANGE OVER THE NORTH AND SOUTH ATLANTIC OCEANS 

Andrew F ,  Bunker 

Charts  of c a l c u l a t e d  energy exchange ac ros s  t h e  s u r f a c e  o f  t h e  North and 
South A t l a n t i c  Oceans have been cons t ruc ted .  Wind and temperature obse rva t ions  
obtained from about n ine  m i l l i o n  sh ip  weather r e p o r t s  were en tered  i n d i v i d u a l l y  
i n t o  t h e  bulk aerodynamic equat ions with exchange c o e f f i c i e n t s  t h a t  v a r i e d  wi th  
wind speed and s t a b i l i t y .  The ind iv idua l  f l u x e s  were averaged t o  o b t a i n  monthly 
and annual means of l a t e n t  and s e n s i b l e  hea t  and momentum. Net r a d i a l  f l u x e s  
were c a l c u l a t e d  using Budyko's (1963) formulas.  Monthly and annual averages f o r  
32 years  have been formed f o r  740 subdiv is ions  of  t h e  ocean. Averages f o r  each 
month from 1941 through 1972 were computed f o r  114 100 squares  t o  s tudy  t h e  v a r i a -  
t i o n s  and anomalies of t h e  f l u x e s ,  meteorological  v a r i a b l e s  and sea  tempera ture .  
Charts  g iv ing  annual averages o f  t h e  n e t  h e a t  ga in  by t h e  ocean, evapora t ion ,  sen- 
s i b l e  and r a d i a t i o n a l  hea t  exchange, wind s t r e s s  components, and meteorological  
v a r i a b l e s  were presented .  A c h a r t  was cons t ruc ted  showing anomalies o f  t h e  n e t  
hea t  ga in  by t h e  oceans f o r  January 1965. One band o f  nega t ive  anomaly extended 
from t h e  Norwegian Sea ac ros s  t h e  equator  t o  3 5 O ~ .  

Numerous graphs of t h e  annual cyc l e s  o f  energy exchange and meteorological  
v a r i a b l e s  were presented  f o r  p a r t i c u l a r l y  i n t e r e s t i n g  a r e a s  of  t h e  North and South 
A t l a n t i c  Oceans. The n e t  annual hea t  l o s s  by t h e  fast-moving warm c o r e  of  t h e  
Gulf Stream i s  g r e a t e r  than  i n  any a r e a  of  t h e  ocean. This  hea t  l o s s  i s  t h e  r e -  
s u l t  o f  r a p i d  advect ion o f  warm water from t h e  sub t rop ica l  source reg ion  i n t o  an 
a rea  swept by cold dry con t inen ta l  a i r  masses much of t h e  yea r .  North o f  t h e  
Arc t i c  C i r c l e  a  major hea t - lo s s  a r e a  c u t s  ac ros s  p a r t s  of  t h e  Norwegian and Barents  
Seas.  I t  i s  i n  t h i s  a r e a  t h a t  t h e  North A t l a n t i c  Deep Water i s  formed by t h e  coo l -  
ing and s ink ing  of s u r f a c e  water advected from t h e  south .  One cause o f  t h e  coo l ing  
i s  t h e  nega t ive  r a d i a t i o n  exchange dur ing  f i v e  f a l l  and win te r  months. The Labra- 
dor  Current advec ts  cold water southeastward p a s t  Newfoundland. Af t e r  it c ros ses  
t h e  51s t  p a r a l l e l  it ga ins  hea t  through both r a d i a t i o n  and condensation of water  
vapor upon t h e  w a t e r ' s  su r f ace ,  In  t h e  t r o p i c s  t h e  water ga ins  much energy through 
s o l a r  r a d i a t i o n .  I n  t h e  t r a d e  wind reg ion  of t h e  North A t l a n t i c  evaporat ion i s  
l a r g e  and only a  moderate amount of  h e a t  i s  r e t a i n e d  by t h e  ocean. J u s t  south  o f  
t h e  equator  cold water upwells which l i m i t s  t h e  evaporat ion and over 100 W m-2 i s  
r e t a i n e d  by t h e  water .  S imi l a r ly ,  l a r g e  amounts of  heat  a r e  gained by t h e  co ld  
waters upwelling along t h e  west coas t  o f  Af r i ca  from G i b r a l t a r  t o  South Af r i ca .  
Because of  t h e  co ld  water  d r i f t i n g  northward ac ros s  500s t h e r e  i s  a  band of h e a t  
gain by t h e  water .  



RECYCLING ROTATING FLOW OVER VARYING BOTTOM TOPOGRAPHY 

Michael K .  Davey 

The An ta rc t i c  Circumpolar Current  flows westward i n  an annular  conf igura-  
t i o n . I t  i s  a deep c u r r e n t ,  and consequent ly i t s  course is inf luenced  by t h e  bottom 
topography. Previous t h e o r e t i c a l  work on flow over bottom topography r e l i e s  on 
e i t h e r  p re sc r ibed  upstream condi t ions  (e .g .  Boyer (1971), Huppert and S t e r n  (1974) 
o r  on O(1) 4 - e f f e c t  and 0 (1) topography v a r i a t i o n  (e .  g.  Kamenkovich ( l962) ,  John- 
son and H i l l  (1975)).  For a c ircumpolar  flow, t h e  l a t t e r  t h e o r i e s  r e q u i r e  co r r e s -  
ponding f/H contours  (f  = C o r i o l i s  parameter ,  H = f l u i d  dep th ) .  The aim of t h e  
theory  presented  he re  i s  t o  i n v e s t i g a t e  a s i t u a t i o n  f o r  which n e i t h e r  upstream con- 
d i t i o n s  nor  f/H contours  can be used. 

Steady homogeneous flow i n  a r o t a t i n g  annulus,  d r iven  by a p re sc r ibed  s u r -  
f ace  v e l o c i t y  (e .g .  a d i f f e r e n t i a l l y  r o t a t i n g  r i g i d  l i d  a s  i s  common f o r  l a b o r a t o r y  
experiments) ,  i s  cons idered .  The Ekman number E and t h e  Rossby number C a r e  both  
much l e s s  than  u n i t y ,  and t h e  r a t i o  h = topography h e i g h t / f l u i d  depth  i s  r e s t r i c t e d  
t o  O(max (E , E % ) ) ,  The r a t i o  & / E %  i s  a measure of t h e  d i s t a n c e  a v e r t i c a l  column 
of f l u i d  t r a v e l s  i n  t h e  t ime r equ i r ed  f o r  Ekman suc t ion  e f f e c t s  t o  be s i g n i f i c a n t .  
Varying t h e  s i z e  of  & / E %  g ives  d i f f e r e n t  parameter regimes t o  s tudy ,  ranging  from 
t h e  l i n e a r  viscous case  ( &  4 d E%) t o  t h e  case  of conserva t ion  of  p o t e n t i a l  vor-  
t i c i t y  t o  ze ro th  o r d e r  ( & 3 3  E%) . The case  & r> E% w i l l  be d i scussed  i n  d e t a i l .  

To ze ro th  o rde r  i n  E , 
v'y~ + - F N )  

where i s  t h e  s t reamfunct ion f o r  t h e  geos t rophic  flow. To f i n d  , both where 
F ( v )  and t h e  t o t a l  azi thmuthal  t r a n s p o r t  9 =v (y2)- q(q )a re  needed. ( and T, a r e  

t h e  inne r  and o u t e r  r a d i i  of t h e  annulus) .  The r ecyc l ing  n a t u r e  of  t h e  flow means 
t h a t  t h e  l a r g e  l eng th  s c a l e  E/E% i s  a v a i l a b l e ,  and h ighe r  o rde r  v i scous  e f f e c t s  
determine F and Q .  A c i r c u l a t i o n  cond i t i on  ( app l i cab le  t o  a l l  t h e  parameter  r e -  
gimes) was found - 

( f r ( ~ )  i s  t h e  c i r c u l a t i o n  around = cons t an t ,  us ing  p re sc r ibed  t o p  s u r f a c e  
v e l o c i t i e s ) .  An i m p l i c i t  express ion  f o r  F (,q) r e s u l t s ,  which involves  a r e f e r e n c e  
l e v e l  f o r  t h e  he ight  of  t h e  topography a s  seen by a f l u i d  c o l u ~ ~ n  fo l lowing  s tream- 
l i n e  y . Solu t ions  were obta ined  by i t e r a t i o n  f o r  t h e  s p e c i a l  case  o f  cons tan t  
su r f ace  v o r t i c i t y  and h vary ing  az imutha l ly  only .  Symmetric topography gave flow 
p a t t e r n s  with corresponding symmetry. I f  t h e  topography d i v e r t s  t h e  flow s i g n i f i -  
c a n t l y ,  then  Q i s  g r e a t l y  reduced, and t h e  s t r eaml ine  p a t t e r n  may d i f f e r  q u a l i t a -  
t i v e l y  from those  obta ined  by assuming cons t an t  
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UPWELLING NEAR AN I C E  EDGE 

Tor Gammelsrdd and Lars P .  R$ed 

I n  models of  t h e  atmosphere and oceans t h e  i c e  coverage sometimes p l a y s  
an important p a r t .  The s imples t  c l ima te  models Invoke t h e  changes i n  t h e  e a r t h ' s  
albedo due t o  t h e  i c e  coverage, while t h e  more d e t a i l e d  models a l s o  t ake  t h e  i n -  
s u l a t i n g  e f f e c t  of  t h e  i c e  i n t o  account .  

The model we p re sen t  he re  i n v e s t i g a t e s  another  e f f e c t  o f  t h e  i c e ,  namely t h e  
p o s s i b i l i t y  o f  a wind-driven, open-ocean upwelling near  an i c e  edge. The i c e  i s  
modeled a s  a t h i n  su r f ace  shee t  which p a r t i a l l y  covers  t h e  ocean. I t  i s  f r e e  t o  
move i n  t h e  v e r t i c a l ,  but has no ho r i zon ta l  motion, which e n t a i l s  t h a t  i n  t h e  i c e -  
covered reg ion  t h e  wind s t r e s s  has  no in f luence .  The s tudy  i s  confined t o  a l i n e a r  
cons tan t  d e n s i t y  model with no ho r i zon ta l  f r i c t i o n .  Both time-dependent and s teady-  
s t a t e  ca ses  a r e  cons idered .  

These assumptions e n t a i l  t h a t  i n  t h e  s teady  s t a t e  of  a two-dimensional model 
c i r c u l a t i o n  beneath t h e  i c e  i s  impossible .  Thus t h e  i c e  a c t s  almost a s  a c o a s t .  
In  t h e  time-dependent case  t h e  t ime s c a l e  of  t h e  f r i c t i o n ,  assumed t o  be propor-  
t i o n a l  t o  t h e  geos t rophic  v e l o c i t y ,  i s  found t o  be of order  10  days.  I t  i s  argued 
t h a t  t h i s  i s  a l s o  t h e  t ime s c a l e  f o r  t h e  onse t  of t h e  upwelling. 

We conclude t h a t  it i s  poss ib l e  t h a t  up- o r  down-welling phenomena occurs  
i n  t h e  v i c i n i t y  of an i c e  edge. This may be important i n  processes  such a s  bottom 
water formation and f r e e z i n g  (melting) of t h e  i c e .  Therefore t h e  problem deserves  
f u r t h e r  i n v e s t i g a t i o n  wi th  more s o p h i s t i c a t e d  models inc luding  s t r a t i f i c a t i o n ,  a s  
wel l  a s  l a t e r a l  d i f f u s i o n  of  momentum and v e r t i c a l  mixing of d e n s i t y .  

MARTIAN CLIMATOLOGY 

Pe te r  J .  Gierasch 

I f  Mars has permanent C02 po la r  caps ,  atmospheric hea t  t r a n s p o r t  may cause 
t h e  atmospheric p re s su re  t o  be extremely s e n s i t i v e  t o  v a r i a t i o n s  of s o l a r  h e a t i n g  
a t  t h e  po le s .  This could happen because atmospheric hea t ing  depends on d e n s i t y ,  
which depends s t r o n g l y  on t h e  po la r  temperature through t h e  vapor p re s su re  r e l a -  
t i o n .  A simple c l ima to log ica l  model f o r  po la r  hea t  balances i s  used t o  s tudy  t h e  
ques t ion ,  and it i s  found t h a t  a c l ima te  i n s t a b i l i t y  may be p o s s i b l e .  Complete 
evaporat ion of  t h e  p o l a r  caps may be t r i g g e r e d  i f  t h e  absorbed s o l a r  energy a t  t h e  
poles  i nc reases  by about 20%. 
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STABILITY OF THE JOVIAN GENERAL CIRCULATION 

P e t e r  J .  Gierasch 

I n g e r s o l l  and Cuzzi (1969) poin ted  out  t h a t  t h e  prograde and r e t r o g r a d e  j e t s  
a s soc i a t ed  wi th  b e l t s  and zones on J u p i t e r  must be thermal winds due t o  h o r i z o n t a l  
temperature g rad ien t s  beneath t h e  v i s i b l e  c louds .  The s t a b i l i t y  of such g rad ien t s  
i s  puzz l ing .  I t  i s  easy t o  show t h a t  i f  b a r o c l i n i c  i n s t a b i l i t y  occurs  t hen  t h e  r e -  
s u l t i n g  mixing should e f f e c t i v e l y  des t roy  t h e  temperature c o n t r a s t s .  I n  t h i s  l e c -  
t u r e ,  a progress  r e p o r t  i s  made on i n v e s t i g a t i o n  of b a r o c l i n i c  i n s t a b i l i t y  i n  an 
atmosphere which o v e r l i e s  a  deep motionless  l a y e r .  Eady's model, with uniform po- 
t e n t i a l  v o r t i c i t y  i n  t h e  bas i c  s t a t e ,  i s  t o  i n v e s t i g a t e  t h e  in f luence  of t h e  deep 
l a y e r  on growth r a t e s .  Both geos t rophic  and nongeostrophic models a r e  t r e a t e d .  
The r e s u l t s  show t h a t  growth of  i n s t a b i l i t i e s  i s  suppressed i f  t h e  under ly ing  l a y e r  
i s  weakly s t r a t i f i e d .  I n  t h e  l i m i t  o f  no s t r a t i f i c a t i o n  and i n f i n i t e  depth ,  i n s t a -  
b i l i t i e s  e x i s t  only i f  t h e  Richardson number i n  t h e  upper l a y e r  i s  l e s s  t h a n  u n i t y .  

e 
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VARIATIONS IN THE EARTH'S ORBIT: PACEMAKER OF THE ICE AGES 

John Imbrie 

(i) Three i n d i c e s  of  g loba l  c l ima te  have been monitored over  t h e  p a s t  
450,000 years  i n  Southern Hemisphere ocean f l o o r  sediments.  

( i i )  Over t h e  10-4 t o  10-5 cyc le s  p e r  year  frequency range ,  c l i m a t i c  v a r i -  
ance of  t h e s e  records  i s  concent ra ted  i n  t h r e e  d i s c r e t e  s p e c t r a l  peaks a t  23,000- 
yea r ,  42,000-year, and approximately 100,000-year pe r iods .  These peaks correspond 
t o  t h e  dominant pe r iods  o f  t h e  E a r t h ' s  s o l a r  o r b i t ,  and con ta in  r e s p e c t i v e l y  about 
10 pe rcen t ,  25 percent  and 50 percent  o f  t h e  c l i m a t i c  var iance .  

( i i i )  The 42,000-year c l i m a t i c  component has t h e  same per iod  a s  v a r i a t i o n s  
i n  t h e  o b l i q u i t y  of  t h e  E a r t h ' s  a x i s  and r e t a i n s  a  cons tan t  phase r e l a t i o n s h i p  with 
i t ,  

( i v )  The 23,000-year p o r t i o n  o f  t h e  va r i ance  d i s p l a y s  t h e  same pe r iods  of 
f requencies  (about 23,000 and 19,000 y e a r s )  a s  t h e  quas ipe r iod ic  precess ion  index.  

Cv) The dominant, 100,000-year c l i m a t i c  component has  an average pe r iod  
c l o s e  t o ,  and i s  i n  phase with,  o r b i t a l  e c c e n t r i c i t y .  Unlike t h e  c o r r e l a t i o n s  be- 
tween c l i m a t e  and t h e  higher-frequency o r b i t a l  v a r i a t i o n s  (which can be explained 
on t h e  assumption t h a t  t h e  c l ima te  system responds l i n e a r l y  t o  o r b i t a l  f o r c i n g ) ,  
an explana t ion  of t h e  c o r r e l a t i o n  between c l ima te  and e c c e n t r i c i t y  probably r e -  
q u i r e s  an assumption of  n o n l i n e a r i t y .  



DYNAMICS OF JUPITER'S ATMOSPHERE 

Andrew P .  I n g e r s o l l  

The presence of an i n t e r n a l  hea t  source,  t h e  lack  of a  s o l i d  su r f ace  and 
t h e  g r e a t  s i z e  of J u p i t e r  account f o r  many of t h e  d i f f e r e n c e s  between Jovian  and 
t e r r e s t r i a l  weather p a t t e r n s .  On both p l a n e t s ,  absorp t ion  of s u n l i g h t  a t  t h e  
equator  l e a d s  t o  poleward hea t  flow, but  on J u p i t e r  t h i s  flow t a k e s  p l a c e  i n  t h e  
i n t e r i o r ,  and i s  e s s e n t i a l l y  a  poleward r e d i s t r i b u t i o n  of i n t e r n a l  h e a t .  Atmos- 
phe r i c  motions a r e  mainly i n  t h e  east-west  d i r e c t i o n ,  and seem t o  t r a n s p o r t  very 
l i t t l e  energy ac ros s  l a t i t u d e  c i r c l e s .  Theories  of convection which p o s t u l a t e  a  
nea r - ad iaba t i c  i n t e r i o r  can exp la in  t h i s  poleward r e d i s t r i b u t i o n  o f  i n t e r n a l  h e a t .  
S p e c i f i c  d e t a i l s  a r e  worked out  f o r  mixing-length theory .  J u p i t e r ' s  banded cloud 
p a t t e r n s  a r e  thought t o  be d r iven  by moist convect ion,  i n  a  process  s i m i l a r  t o  
t h a t  which d r i v e s  t h e  e a r t h ' s  t r o p i c a l  Hadley c i r c u l a t i o n .  F r i c t i o n a l l y - d r i v e n  
convergence a t  t h e  base  of  t h e  clouds gives r i s e  t o  hea t ing  wi th in  t h e  c louds ,  
which powers a  s e l f - e x c i t e d  d i s tu rbance  c o n s i s t i n g  o f  zonally-symmetric c loud 
bands. The extreme s t a b i l i t y  of  t h e s e  Jovian  p a t t e r n s  may be c o n t r o l l e d  by t h e  
deep convect ing p o r t i o n  of  t h e  atmosphere below t h e  c louds .  

THE GLOBAL ENERGETICS OF ICE-AGE OSCILLATIONS: 

INFERENCES BASED ON A STATISTICAL-DYNAMICAL MODEL OF CLIMATE 

Barry S a l t  zman 

Conservation equat ions  f o r  water i n  a l l  forms and thermodynamic energy a r e  
developed f o r  t h e  complete atmosphere-hydrosphere-lithosphere-cryosphee system, 
al lowing t h e  p o s s i b i l i t y  f o r  temporal v a r i a t i o n s  of  a l l  s i g n i f i c a n t  components of 
t h e  system t h a t  may be involved i n  long term c l ima te  changes. Using t h e s e  equa- 
t i o n s  we f i n d  an i n t e g r a l  c o n s t r a i n t  on t h e  f l u c t u a t i o n s  o f  t h e  mean, mass- 
averaged ocean temperature t h a t  accompany g l a c i a l  f l u c t u a t i o n s .  Some p o s s i b l e  
i n fe rences  a r e  d iscussed  based on specu la t ions  concerning t h e  v a r i a t i o n s  o f  t h e  
ne t  r a d i a t i v e  f l u x  a t  t h e  t o p  o f  t h e  atmosphere. 

I f  we assume t h a t  " r a d i a t i v e  equi l ibr ium" always p r e v a i l s  we a r e  l e d  t o  
conclude t h a t  t h e  mean ocean temperature must reach i t s  maximum va lue  a t  ve ry  
n e a r l y  t h e  same t ime t h a t  t h e  i c e  volume reaches  a  maximum, mainly due t o  t h e  
r e l e a s e  of  l a t e n t  hea t  o f  f u s i o n  during t h e  i c e  formation.  However, i f  we assume 
t h a t  t h e  atmospheric c l ima te  tends  t o  achieve a  q u a s i s t a t i c  equi l ibr ium wi th  t h e  
lower boundary i c e  coverage and ocean s u r f a c e  temperature,  a t  l e a s t  when t h e  i c e  
volume i s  near  i t s  maximum o r  minimum, it fo l lows  t h a t  t h e r e  can be a  n e t  r a d i a -  
t i v e  f l u x  a t  t he  t o p  of  t h e  atmosphere equal  i n  both magnitude and d i r e c t i o n  t o  t h e  
n e t  f l u x  of hea t  a c r o s s  t h e  ocean s u r f a c e .  In  f a c t ,  from t h e  r e s u l t s  of a  s t a -  
t i s t i ca l -dynamica l  model o f  c l i m a t e  based on p re sc r ib ing  t h i s  atmospheric equi -  
l i b r ium (Saltzman and Vernekar, 1971, 1975) we f i n d  t h a t  t h e r e  should be a  n e t  
downward f l u x  of  r a d i a t i o n  (and, hence, of h e a t  i n t o  t h e  oceans) dur ing  a  g l a c i a l  
maximum and a  n e t  upward f l u x  dur ing  p r e s e n t ,  q u a s i - i n t e r g l a c i a l ,  cond i t i ons .  I f  
t h i s  f i n d i n g  i s  v a l i d  it fo l lows  t h a t  t h e  mean ocean temperature should inc rease  



during t h e  per iod  of  maximum i c e  formation and i c e  ex t en t  and r each  i t s  maximum 
a f t e r  t h e  maximum i c e  volume i s  achieved, a r e s u l t  t h a t  i s  i n  s u b s t a n t i a l  accord 
wi th  t h e  ice-age scena r io  r e c e n t l y  proposed by Newel1 (1974). 

S ince  it i s  gene ra l ly  agreed t h a t  t h e  su r f ace  water temperatures  were i n  
f a c t  co lde r  dur ing  t h e  i c e  age than  a t  p r e s e n t  (CLIMAP, 1976),  we i n f e r  t h a t  t h e s e  
mass-averaged ocean temperature changes must r e f l e c t  cond i t i ons  of  t h e  deeper  water  
masses wi th  a t t endan t  changes i n  t h e  s t r e n g t h  and form o f  t h e  main thermocl ine .  
A mechanist ic ,  dynamical, theory  t h a t  can account f o r  t h e  implied o s c i l l a t i o n  be- 
tween ocean temperature and i c e  formation remains t o  be developed. 

/ 

INTERACTION OF A UNIFORM WIND STRESS WITH INERTIA-GRAVITY WAVES 

Melvin E .  S t e r n  

An i n e r t i a - g r a v i t y  wave which propagates  upwind and upwards i n  t h e  thermo; 
c l i n e  has a r e f l e c t i o n  c o e f f i c i e n t  Y which i s  g r e a t e r  t han  u n i t y  ("over - re f lec-  
t ion")  a s  a r e s u l t  o f  t h e  wave cu r ren t  i n t e r a c t i o n  i n  t h e  mixed l a y e r  which over-  
l i e s  t h e  thermocline.  The second o rde r  amplitude e f f e c t  of  t h e  wave i s  t o  produce 
a mixed l a y e r  t r a n s p o r t  having t h e  same d i r e c t i o n  a s  t h e  wind s t r e s s  , whereas 
t h e  undis turbed  (Ekman) t r a n s p o r t  i s  perpendicular  t o  . The a m p l i f i c a t i o n  
f a c t o r  l'rl-1 is  p ropor t iona l  t o  , and inc reases  a s  t h e  frequency of  t h e  i n c i -  
dent wave approaches t h e  coriol is-parameter  f . A p r e f e r r e d  l a t e r a l  s c a l e  i s  a l s o  
given, and it i s  suggested t h a t  t h e  s p e c t r a l  peak nea r  f. i n  t h e  ocean i s  main- 
t a ined  by success ive  ampl i f i ca t ion  of wave packets  e n t e r i n g  t h e  mixed l a y e r .  We 
a l s o  show t h a t  t h e  tu rbu len t  Ekman flow a t  t h e  upper boundary of  a two-layer den- 
s i t y  model, such a s  can be r e a l i z e d  i n  t he  l abo ra to ry ,  should become uns t ab le  with 
r e spec t  t o  lorig (hydros t a t i c )  i n t e r f a c i a l  waves. 

WORLD OCEAN CIRCULATION 

George Veronis 

Models of  world ocean c i r c u l a t i o n  f o r  a two-layer ocean driven by wind 
s t r e s s e s ,  by thermal fo rc ing  and by a combination of t h e  two has been developed. 
The wind-driven model focuses on t h e  dynamical balances respons ib le  f o r  t h e  sep-  
a r a t i o n  o f  western boundary c u r r e n t s  (Gulf Stream, Kuroshio, e t c . )  from t h e  coas t  
a t  temperate l a t i t u d e s  and on t h e  r o l e  played by poleward e a s t e r n  boundary cur -  
r e n t s  (Norwegian, Alaskan, e t c . )  on t h e  sepa ra t ion  mechanism. For t h e s e  analyses  
t h e  t r a n s p o r t s  and thermocline depths  a r e  ca l cu la t ed  once t h e  thermocline depth i s  
given nea; t h e  e a s t e r n  boundary. For t h e  second model t h e  thermal d r iv ing  i s  
parameter ized by an upwelling whereby lower- layer  water  i s  transformed t o  upper- 
l a y e r  water .  Various p o s s i b i l i t i e s  a r e  explored.  The behavior  of  t h e  system f o r  
d i f f e r e n t  p re sc r ibed  s inks  of  upper - layer  water  i n  t h e  po la r  reg ion  is  o u t l i n e d .  
The t h i r d  model involves  a r e l a t i v e l y  complex a n a l y s i s  f o r  t he  i n t e r i o r  dynamics 
even though t h e  b a s i c  balance i s  quasi-geostrophic.  Transports  a r e  aga in  der ived  



and t h e  d i s t r i b u t i o n  of t h e  upper- and lower- layer  water can be c a l c u l a t e d .  The 
s i g n i f i c a n t  r e s u l t s  of t h e  a n a l y s i s  a r e  based on spec i fy ing  t h e  s e p a r a t i o n  l a t i -  
t udes  ( s ince  t h e  mechanism f o r  s epa ra t ion  i s  understood from t h e  a n a l y s i s  o f  t h e  
wind-driven p a r t ) .  The magnitude o f  t h e  upwelling v e l o c i t y ,  deduced t o  be 
1 . 5  x  10-5 cm s e c - l ,  agrees  wi th  t h e  va lue  derived from t o t a l l y  d i f f e r e n t  phys i ca l  
cons ide ra t ions .  The d i s t r i b u t i o n  of t h e  s inking  reg ions  i n  t h e  p o l a r  r eg ions  a r e  
a l s o  deduced and they  y i e l d  e f f e c t i v e  h e a t  s inks  which $re t h e  same magnitudes a s  
t hose  es t imated  from observa t ions  and empir ica l  formulae. 

THERMAL OSCILLATIONS I N  A FLUID HEATED FROM BELOW 

AND COOLED TO FREEZING FROM ABOVE 

P i e r r e  Welander 

1 1  I I I 
& I 1  

Fig .1  Experimental appara tus .  

A t h e o r e t i c a l  d i scuss ion  i s  given of t h e  thermal t r a n s i e n t s  and s e l f - s u s -  
t a i n e d  o s c i l l a t i o n s  i n  a  f l u i d ,  heated a t  a  cons tan t  r a t e  below t h e  s u r f a c e ,  and 
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I cooled from t h e  top  s t r o n g l y  enough t o  al low f r e e z i n g .  
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Fig .2  Temperature measured i n  t h e  middle o f  t h e  water t ank .  

Assuming t h a t  t h e  f l u i d  i s  well-mixed and t h a t  t h e  t h i c k -  
&iy ness  of  t h e  i c e  i s  small compared t o  t h e  f l u i d  dep th ,  it 

i s  shown t h a t  t h e  system can have none, one ,  o r  two s teady  
s t a t e s .  The ice-covered s t eady  s t a t e  i s  s t a b l e  f o r  small  
p e r t u r b a t i o n s ,  however, t h e  i c e - f r e e  s teady  s t a t e  may be 
u n s t a b l e ,  adding a  t h i n  i c e  s h e e t .  Trans ien t  developments 

,,& may inc lude  both  ice-covered and i c e - f r e e  s t a t e s .  In  t h e  
case  where no s t eady  s t a t e  e x i s t s  t h e  system e x h i b i t s  
pe r iod ic  s e l f - s u s t a i n e d  o s c i l l a t i o n s .  An a p p l i c a t i o n  t o  

. 

h ea? t h e  Arc t i c  Ocean i s  being cons idered .  
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CIRCULATION INDUCED BY EDDIES AND WAVES 

P e t e r  B.  Rhines 

A review of Tay lo r ' s  formulat ion o f  t u rbu len t  d i f f u s i o n  ( s i n g l e  p a r t i c l e  
s t a t i s t i c s )  was followed by a d e s c r i p t i o n  of t h e  Lagrangian ensemble-mean flow, 
and d i spe r s ion  about t h e  mean, i n  geos t rophic  turbulence .  An express ion  f o r  t h e  
d i f f e r e n c e  between Lagrangian and Euler ian  (time-) mean flow was suggested,  f o r  
tu rbulence  o r  waves, t o  be xi = ak'tj/bxj , where K d j  i s  Tay lo r ' s  express ion  f o r  t h e  

t 
d i f f u s i v i t y ,  K lj sf Uj (t PJ a; (t+t x , )  d r .  

0 - 
The inescapable  r e s u l t  o f  Kelv in ' s  theorem i s  t h a t  eddy- o r  wave-motion 

induces mean Euler ian  c i r c u l a t i o n .  In  var ious  cases  of  i n t e r e s t  t h e  'mean1 r e f e r s  
t o  zonal- ,  t ime- o r  ensemble averaging.  For zonal averaging an i n v i s c i d  flow 
(with slowly varying s p a t i a l  s t a t i s t i c s )  y i e l d s  an exac t  express ion  f o r  t h e  change 
i n  t h e  Euler ian  c i r c u l a t i o n  s i n c e  t = 0: ~a,l= -&/3 ?, where is  t h e  y-dis-  
placement of f l u i d  p a r t i c l e s  s i n c e  t 0 and /3 i s  t h e  g rad ien t  of  mean p o t e n t i a l  
v o r t i c i t y .  This  westward flow holds f o r  l a t i t u d e s  f r e e  o f  f o r c i n g .  I f ,  i n  White- 
head ' s  (Te l lus  27, 1975) l abo ra to ry  experiment,  t h e  motion i s  d r iven  by a p lunger ,  
j e t - l i k e  e a s t w a x  flow w i l l  occur  a t  forced  l a t i t u d e s  t o  conserve t o t a l  angular  
momentum. This  problem has i n t e r e s t i n g  s t r u c t u r e :  when bottom f r i c t i o n  ( c o e f f i -  
c i e n t  D) i s  added, G, becomes exac t ly  twice  t h e  i n v i s c i d  va lue ,  f o r  motion wi th  
long coherence-memory and bounded displacements .  For s h o r t  memory ( r e l a t i v e  t o  

d 

t h e  spin-up t ime) ,  U & e q u a l s  t h e  i n v i s c i d  va lue .  But i f  t h e  flow i s  t u r b u l e n t  
r a t h e r  than  wavelike ( i n  t h e  sense  t h a t  \ria i nc reases  without  bound),'-,=-,#lcyy/~ 
i n s t e a d .  The Lagrangian mean flow he re  i s  c l o s e  t o  z A ,  i f  t h e  waves o r  tu rbulence  
a r e  s lowly varying i n  space ( r e l a t i v e  t o ' t h e  eddy s i z e ) .  But, it i s  amusing t h a t  
t h e  Kelvin c i r c u l a t i o n  $ g a d s  about a marked f l u i d  contour  i n i t i a l l y  l y ing  on a 
l a t i t u d e  c i r c l e ,  i s  oppos i t e  (eastward) ,  o f  equal magnitude t o  &. A l o c a l  ( i n  
space) formulat ion shows how turbulence  d r i v e s  Sverdrup flow, wi th  an e f f e c t i v e  
wind-s t ress  c u r l  of 2 / 3 x ;  ( ~ ~ ~ 3  Q / ~ x ~ )  where Q, i s  t h e  mean p o t e n t i a l  v o r t i c i t y .  

The r e l a t i o n s h i p  t o  e a r l i e r  work of Taylor ,  Dickinson, Welander, Green and S t e r n  
was descr ibed .  Numerical experiments showed t h e  growth of zonal j e t - l i k e  flows 
dur  t o  fo rc ing  o r  t o  energy r e l e a s e  by b a r o c l i n i c  i n s t a b i l i t y .  Gareth Williams 
has r e c e n t l y  invoked s i m i l a r  models t o  exp la in  J u p i t e r ' s  bands. 

ON TRAJECTORIES OF ROSSBY WAVE-PACKETS 

RELEASED IN A LATERAL SHEAR FLOW 

Toshio Yamagata 

In  geophysical  f l u i d  systems, it i s  of i n t e r e s t  t o  understand t h e  behavior  
of  Rossby waves i n  a l a t e r a l  shear  flow. Several works i n  meteorology s tud ied  t h e  
in f luences  o f  t h e  l a t e r a l  wind shear  on l a rge - sca l e  wave propagat ion i n t o  t h e  
Tropics  (Mak, 1969; Charney, 1969).  The b a s i c  phys ica l  mechanisms t h a t  u n d e r l i e  
t h e s e  works a r e  Rossby wave r e f l e x i o n  and absorp t ion  by t h e  zonal shear  flow. 
Bennett and Young (1971) and Dickinson (1970) d iscussed  t h e  development o f  a 
Rossby wave c r i t i c a l  " leve l"  a f t e r  t h e  switch-on of  a s t eady  fo rc ing  i n  t h i s  



con tex t .  I n  t h e  oceans, it i s  well-known t h a t  Rossby waves generated by t h e  l a r g e -  
s c a l e  wind systems p l ay  a  dominant r o l e  i n  e s t a b l i s h i n g  t h e  g loba l  ocean c i r c u l a -  
t i o n .  When we d i scuss  t h e  v a r i a b i l i t i e s  of  t h e  ocean c i r c u l a t i o n ,  it w i l l  b e  
necessary  t o  s tudy t h e  i n t e r a c t i o n  between Rossby waves and c u r r e n t s .  Here, wi th  a 
r a y - t r a c i n g  method, I cons ider  t h e  problem o f  r e f l ex ion  and c r i t i c a l  " leve l t '  ab- 
s o r p t i o n  o f  ba ro t rop ic  non-divergent Rossby waves i n  a ba ro t rop ic  ocean of cons t an t  
depth ,  where t h e  mean cu r ren t  flows i n  t h e  east-west  d i r e c t i o n  o r  i n  t h e  n o r t h -  
south d i r e c t i o n ,  wi th  a  r ay  t r a c i n g  method. 
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THE PLANETARY AND BENTHIC BOUNDARY LAYER SYMPOSIUM 

Abst rac ts  of  Seminars 

THE BOTTOM BOUNDARY LAYER OF THE DEEP OCEAN 

Laurence A r m i  and Robert C, Mi l l a rd ,  Jr. 

Some a s p e c t s  of t h e  bottom boundary l a y e r  of  t h e  deep ocean a r e  exh ib i t ed  
i n  p r o f i l e s  of  s a l i n i t y  and temperature made with a  Woods Hole Oceanographic 
Inst i tut ion/Brown CTD m i c r o p r o f i l e r .  P r o f i l e s  from t h e  c e n t e r  o f  t h e  Ha t t a r a s  
Abyssal P l a i n  have a  s i g n a t u r e  t h a t  i s  c h a r a c t e r i s t i c  of  mixing up a  uniformly 
s t r a t i f i e d  reg ion .  Over rough o r  s lop ing  topography, t o  t h e  East and West of  t h e  
abyssa l  p l a i n ,  t h e  p r o f i l e s  have more complicated s t r u c t u r e .  A l l  p r o f i l e s  show a  
well-mixed l a y e r  above t h e  bottom; t h e  p e n e t r a t i o n  he ight  of t h e  l a y e r  v a r i e s  from 
about 10 m t o  100 m and i s  c o r r e l a t e d  wi th  t h e  one-day mean v e l o c i t y ,  i n f e r r e d  
from c u r r e n t  meters  loca ted  above t h e  bottom boundary l a y e r .  Over t h e  H a t t e r a s  
Abyssal P l a i n  t h e  mixed l a y e r  extends above t h e  bottom about s i x  t imes t h e  tu rbu -  
l e n t  Ekman l a y e r  h e i g h t .  Over rough and s lop ing  topography t h e  p e n e t r a t i o n  he ight  
i s  between t h e  Ekman l a y e r  he igh t  and t h e  he ight  observed on t h e  f l a t  abyssa l  
p l a i n .  

A model of entrainment  and mixing f o r  a  f l a t  bottom boundary l aye r  i s  ou t -  
l i n e d .  This model is  incomplete because we f i n d  too  l i t t l e  known of t h e  s t r u c t u r e  
of  tu rbulence  above an Ekman l a y e r .  An a l t e r n a t e  model i s  suggested by t h e  e s t i -  
mate, from t h e  c o r r e l a t i o n  of pene t r a t ion  he ight  with v e l o c i t y ,  o f  t h e  i n t e r n a l  
Froude number o f  t h e  mixed l a y e r ,  F % 1 . 7 .  This  va lue  i n d i c a t e s  t h a t  t h e  l a r g e  
pene t r a t ion  he ight  may be due t o  t h e  i n s t a b i l i t y  of  t h e  well-mixed l a y e r  t o  t h e  
formation of  r o l l  waves. 

RADON AND RADIUM AS GEOCHEMICAL TRACERS OF ABYSSAL MIXING PROCESSES 

P i e r r e  E .  Biscaye and Jorge  L .  Sarmiento 

The noble gas radon-222 i s  a  chemical ly i n e r t  n a t u r a l l y  occurr ing  r a d i o -  
i so tope  wi th  a  four  day h a l f  l i f e .  I t  i s  s u i t a b l e  f o r  t h e  s tudy  o f  mixing i n  t h e  
bottom few hundred meters  of t h e  water column. I t s  u l t i m a t e  r a d i o a c t i v e  grand- 
p a r e n t s ,  uranium-238, -234 a r e  very  long l i v e d ,  s o l u b l e  and t h e r e f o r e  well-mixed 
i n  t h e  world oceans. I t s  l e s s - d i s t a n t  grandparent ,  thorium-230, i s  r a p i d l y  
removed from sea  water  and decays i n  t h e  sediments t o  radium-226, t h e  immediate 
parent  o f  radon-222. Because thorium-230 and radium-226 a r e  more abundant i n  t h e  
sediments than i n  t h e  over ly ing  sea  water ,  t h e r e  i s  a  s t rong  concen t r a t ion  gra-  
d i e n t  of  radon-222 ac ros s  t h e  sediment-water i n t e r f a c e .  I t  i s  t h e  d i f f u s i o n  of 
t h i s  "excess1' radon from t h e  sediment and i t s  d i s t r i b u t i o n  i n  t h e  over ly ing  water 
column which provides t h e  t r a c e r  f o r  mixing near  t h e  ocean f l o o r .  I n  t h e  two- 
t h r e e  weeks t h a t  it t a k e s  t h i s  radon t o  decay away t o  unde tec t ab le  q u a n t i t i e s ,  it 
gene ra l ly  i s  mixed up t o  h e i g h t s  of 50 t o  350 meters above t h e  sediment-water 
i n t e r f a c e  al though he igh t s  o f  up t o  1000 meters  a r e  occas iona l ly  observed i n  h igh  
energy environments such a s  deep ocean passages .  A s i m i l a r  concen t r a t ion  g r a d i e n t  



f o r  radium-228, an i so tope  i n  another  na tura l ly-occurr ing  r a d i o a c t i v e  decay s e r i e s ,  
permi ts  i t s  u s e  a s  another  t r a c e r  of benth ic  mixing processes .  I t s  h a l f  l i f e  of 
s i x  yea r s ,  however, permi ts  i t s  d i f fus ion  up t o  he igh t s  over 1 . 5  km above t h e  s e d i -  
ments and it thus  records  mixing processes  of  much longer  t ime s c a l e s .  

Measurements of excess  radon i n  t h e  waters  of t h e  c o n t i n e n t a l  s h e l f  and t h e  
upper c o n t i n e n t a l  s lope  i n  t h e  New York Bight i n d i c a t e ,  a t  t h i s  p o i n t  q u a l i t a t i v e l y ,  
s e v e r a l  problems i n ,  a s  wel l  a s  p o t e n t i a l  u ses  o f ,  t h e  excess  radon method. F i r s t  
i s  t h e  s p a t i a l l y  heterogeneous source func t ion  o f  excess  radon from t h e  sediments;  
t h e  p o t e n t i a l  excess  radon p r o d u c t i v i t y  of sediments i n  t h e  New York Bight v a r i e s  
by over  an o r d e r  o f  magnitude over  d i s t a n c e s  of  t e n s  of  k i lometers .  This  poses 
problems i n  t h e  assumption of no ho r i zon ta l  concent ra t ion  g rad ien t s  i n  one-dimen- 
s i o n a l  v e r t i c a l  mixing models, bu t  opens t h e  p o s s i b i l i t y  o f  measuring h o r i z o n t a l  
t r a n s p o r t s  from radon emanating from l o c a l  p o i n t  o r  l i n e  sources .  Th i s  h o r i z o n t a l  
he t e rogene i ty  i s  no t  l i k e l y  t o  be a s  marked i n  t h e  deep s e a  where most work on 
radon has been done (see below). An a d d i t i o n a l  f e a t u r e  t h a t  has  p e r s i s t e d  i n  New 
York Bight observa t ions  over almost two yea r s  i s  t h e  presence of  a  zone of  zero-  
to-low excess  radon immediately above t h e  sediments over a  water depth  range of 
from about 500 t o  2000 m on t h e  upper c o n t i n e n t a l  s lope .  The zone i s  co inc iden t  
wi th  a  minimum i n  suspended p a r t i c l e  concep t r a t ions  and t h e  two d i s t r i b u t i o n s  syg- 
g e s t  a c t i v e  mixing along isopycnal  su r f aces  between i n t e r i o r  ocean water  and water  
i n  c o n t a c t  wi th  t h e  upper c o n t i n e n t a l  s l o p e .  

A t ime s e r i e s  s tudy  of excess  radon, suspended p a r t i c u l a t e s ,  c u r r e n t  ve loc-  
i t y  and ST0 measurements was made i n  two ad jacen t  but  dynamically d i f f e r e n t  bottom 
mixing regimes i n  t h e  North American Basin. In  most c a s e s  on t h e  Blake Bahama 
Outer Ridge under t h e  Western Boundary Undercurrent ,  a  r e l a t i v e l y  t h i c k  (300-400 m) 
bottom mixed l a y e r  was cha rac t e r i zed  by a  well-mixed temperature p r o f i l e ,  h igh  
concen t r a t ions  o f  suspended p a r t i c l e s  and s t a t i s t i c a l l y  homogeneous concen t r a t ions  
of excess  radon.  The time-averaged v e r t i c a l  eddy d i f f u s i v i t i e s  c a l c u l a t e d  from a  
one-dimensional exponent ia l  model a t  two s i t e s  ranged from .r 300 t o  - 700 cm2/sec. 
By c o n t r a s t ,  most c a s t s  a t  a  s i n g l e  l o c a t i o n  on t h e  Ha t t e r a s  Abyssal P l a i n  r e -  
vea led  a  t h i n n e r  ( -50-80 m) bottom mixed l a y e r  cha rac t e r i zed  by a  well-mixed 
temperature p r o f i l e ,  lower bu t  l e s s  v a r i a b l e  concen t r a t ions  of  suspended p a r t i c l e s ,  
and a  more r e g u l a r  decrease  of  excess  radon concent ra t ions  above t h e  bottom. A 
t ime averaged model v e r t i c a l  eddy d i f f u s i v i t y  was 12 cm2/sec. Thus, f o r  t h e  two 
regimes t h e  i n d i c a t i o n s  of  v e r t i c a l  mixing given by excess  radon d i s t r i b u t i o n s  
accorded wel l  wi th  i n d i c a t i o n s  of  dynamic i n t e r a c t i o n  o f  t h e  water wi th  t h e  s e d i -  
ment s  . 

The excess  radon d a t a  from t h e  GEOSECS A t l a n t i c  and P a c i f i c  c r u i s e s  provide  
t h e  f i r s t  oppor tuni ty  t o  s tudy  t h e  behavior  of  t h i s  t r a c e r  over a  wide range of 
bottom mixing regimes i n  t h e  context  of  h igh  q u a l i t y  measurements o f  tempera ture ,  
s a l i n i t y  and o t h e r  water-mass c h a r a c t e r i s t i c s .  P r o f i l e s  wi th  bottom mixed l a y e r s  
were observed a t  over  two- th i rds  of  t h e  s t a t i o n s  where s u f f i c i e n t  d a t a  was ob- 
t a i n e d  t o  s tudy  them. They range i n  t h i c k n e s s  from 15 t o  160 meters  wi th  a  h ighe r  
average th i ckness  i n  t h e  P a c i f i c ,  Excess radon,  p o t e n t i a l  temperature and s a l i n -  
i t y  a r e  wel l  mixed wi th in  t h e  l a y e r s .  They a r e  capped by a  "thermocline" l a y e r  
cha rac t e r i zed  by a  g r e a t l y  reduced mixing r a t e  t h a t  u s u a l l y  p reven t s  measurable 
p e n e t r a t i o n  o f  excess  radon,  About 45% of t h e  p r o f i l e s  appear  t o  show coo l ing  o f  
t h e  boundary l a y e r  which sugges ts  t h a t  i n  many c a s e s  t h e s e  l a y e r s  a r e  advec t ive  
f e a t u r e s  t h a t  move independent ly of  t h e  ove r ly ing  water mass. The remaining 



l a y e r s  could have been formed by mixing up a  uniformly s t r a t i f i e d  r eg ion  of t h e  
water  column. 

A t  14 wide ly-sca t te red  l o c a t i o n s  we were a b l e  t o  c a l c u l a t e  model v e r t i c a l  
eddy d i f f u s i v i t i e s  from radon-222 p r o f i l e s .  These d i f f u s i v i t i e s  and those  obta ined  
from t h e  longer - l ived  radium-228 (ha l f  l i f e  s i x  years )  show an i n v e r s e  r e l a t i o n s h i p  
t o  buoyancy g rad ien t s  c a l c u l a t e d  from t h e  ST0 d a t a .  This  means t h a t  t h e  buoyancy 
f l u x  and, t h u s ,  t h e  t u r b u l e n t  energy d i s s i p a t i o n  i n t o  buoyancy a r e  r e l a t i v e l y  con- 
s t a n t  wi th  depth and from one l o c a t i o n  t o  another .  The buoyancy f l u x  has a  mean 
of  4  x cm2/sec3. Heat f l u x e s  c a l c u l a t e d  wi th  t h e  d i f f u s i v i t i e s  average 
33 *lcal/cm2/sec i n  t h e  A t l a n t i c  and 9pcal/cm2/sec i n  t h e  P a c i f i c .  

THE DYNAMICS OF SHEARED THERMOCLINES 

Gi l e s  M .  Corcos 

I t  i s  shown t h a t  t h e  dynamics of  a  f u l l y  t u rbu len t  f r e e  shea r  l a y e r  i n  
s t r a t i f i e d  o r  homogeneous f l u i d  e x h i b i t s  a  s u r p r i s i n g  degree of  coherence and two- 
d imens ional i ty .  The presence o f  sma l l e r  s c a l e  three-dimensional  and random motion 
does no t  seem t o  in f luence  t h e  evolu t ion  of  t h e s e  coherent  s t r u c t u r e s .  A d e t a i l e d  
d i s c u s s i o n  o f  t h e  two-dimensional dynamics of  t h e s e  motions d iv ides  t h e  evo lu t ion  
i n t o  a  pre l iminary  per iod  dur ing  which t h e  i n s t a b i l i t y  develops on a  s i n g l e  l e n g t h  
s c a l e  and a  second per iod  dur ing  which t h e  l a y e r  grows by t h e  sys t ema t i c  i n c r e a s e  
o f  t h e  l eng th  a s  wel l  a s  t h e  amplitude of t h e  t y p i c a l  waves. The i n s t a b i l i t y  i s  
i n t e r p r e t e d  a s  a  sys temat ic  i nc rease  i n  t h e  concent ra t ion  of v o r t i c i t y  i n t o  ever  
l a r g e r  and ever  more d i s t a n t  c e n t e r s .  For s t r a t i f i e d  flows t h e  p roces s  i s  a r r e s t e d  
by t h e  competing b a r o c l i n i c  genera t ion  of v o r t i c i t y  i n  o t h e r  r eg ions .  Models of 
t h e  process  p r e d i c t  t h e  maximum s c a l e  and amplitude of t h e  l a r g e r  waves which can 
develop i n  a  given thermocline.  From t h i s  p r e d i c t i o n  t h e  f i n a l  t h i c k n e s s  of t h e  
l a y e r  i s  deduced. I t  agrees  wi th  experimental observa t ions .  The s tudy  of f u l l y -  
d e t e r m i n i s t i c  non l inea r  u n s t a b i l i t y  sheds some l i g h t  on t h e  phenomenon of  tu rbu-  
l e n t  entrainment and expla ins  why it i s  i n s e n s i t i v e  t o  t h e  va lue  of t h e  Reynolds 
number. While entrainment  i s  n o t  a  r e s u l t  o f  l a r g e  s c a l e  dynamics, mixing i s  n o t ,  
and most l i k e l y  r e q u i r e s  three-dimensional  motion. 

Some new evidence i s  presented  about t h e  o r i g i n  of  th ree-d imens ional i ty .  

TURBULENT INTERFACE LAYERS 

Gabr ie l  T. Csanady 

Turbulent flow on e i t h e r  s i d e  o f  a  d e n s i t y  i n t e r f a c e  i s  s i m i l a r  t o  wa l l -  
l a y e r  flow, and e x h i b i t s ,  i n  p a r t i c u l a r ,  a  logar i thmic  o r  "buffer"  l a y e r .  The two 
parameters  d e f i n i n g  t h e  logar i thmic  v e l o c i t y  p r o f i l e ,  Karman's c o n s t a n t  and rough- 
ness  length ,  could t h e o r e t i c a l l y  be d i f f e r e n t .  Experimental evidence on a i r - w a t e r  
and s a l t - f r e s h w a t e r  i n t e r f a c e s  shows Karmanls cons tan t  t o  be t h e  same a s  over a  
s o l i d  p l a t e .  However, t h e  roughness length  v a r i e s  i n  a  complex way wi th  flow 



parameters .  The f a c t o r s  which determine roughness l eng th  a r e  not  wel l  explored,  
although t h e r e  a r e  i n d i c a t i o n s  t h a t  t h i s  parameter depends on t h e  energy balance 
of a  viscous o r  wavy sublayer  very c l o s e  t o  t h e  i n t e r f a c e .  There i s  a l s o  a  p o s s i -  
b i l i t y  t h a t  su r f ace  t ens ion  v a r i a t i o n s  in f luence  t h e  roughness of  t h e  a i r - s i d e  o f  
t h e  a i r -wa te r  i n t e r f a c e  by e x t r a c t i n g  energy from t h e  sublayer .  In  a  c e r t a i n  range 
of  parameter space t h e  roughness length  r of  a  s a l t - f r e s h w a t e r  i n t e r f a c e  depends 
only on a  c h a r a c t e r i s t i c  r e l a t i o n  v e l o c i t y  u ,  v i s c o s i t y  v and e f f e c t i v e  g r a v i t y  

. S i m i l a r i t y  o f  i n t e r f a c i a l  momentum t r a n s f e r  implies  a  cons tan t  r a t i o  of 
viscous t o  g r a v i t y  f o r c e s ,  which r e s u l t s  i n  t h e  formula f o r  t h e  roughness l eng th :  

d 

A t  t h e  i n t e r f a c e  a  maximum of t h e  v e l o c i t y  g rad ien t  occurs ,  which i s  o f t e n  
s u b s t a n t i a l l y  (by a  f a c t o r  of 2 - 8) l e s s  than  s t r e s s  d iv ided  by molecular v i s -  
c o s i t y ,  implying an e f f e c t i v e  v i s c o s i t y  s e v e r a l  t imes  t h e  molecular va lue .  This 
i s  not  "eddy" v i s c o s i t y ,  however, because t u r b u l e n t  eddies  a t  t h e  i n t e r f a c e  a r e  
suppressed by s t a b i l i t y .  

NEAR-BOTTOM CURRENTS AND THE GENESIS OF SEA-FLOOR WAVES AND FURROWS 

Roger D .  Flood 

Deep-ocean c u r r e n t s  p l a y  an important r o l e  i n  t h e  e ros ion ,  t r a n s p o r t a t i o n  
and depos i t i on  of  t h e  f ine -g ra ined ,  cohesive sediments found i n  t h e  deep s e a .  
These deep c u r r e n t s  a r e  c l o s e l y  r e l a t e d  t o  t h e  formation of  dense water  t ypes  i n  
t h e  p o l a r  r eg ions .  Deep c u r r e n t s  have been important  s i n c e  d r i f t i n g  con t inen t s  
opened t h e  ocean bas ins  t o  t h e  p o l a r  waters  about 40 m i l l i o n  yea r s  ago. The cur -  
r e n t s  t r a n s p o r t  and depos i t  sediment der ived  from nearby sources  t o  form a  s e r i e s  
of l a r g e  sediment d r i f t s ,  each i s  u s u a l l y  s e v e r a l  hundred meters  t h i c k  and extends 
over an a r e a  of  more than 104km2. As t h e  d r i f t s  have been b u i l t  up, s e v e r a l  types  
of bed forms have been developed by t h e  c u r r e n t s  on t h e  s u r f a c e  of  t h e  sediment 
d r i f t s .  These bed forms a r e  sugges t ive  of t h e  s t r u c t u r e  o f  t h e  water flow. Two 
bed forms have been s tud ied  i n  some d e t a i l  on t h e  Blake-Bahama Outer Ridge, a  f i n e -  
grained sediment d r i f t  complex o f f  t h e  Eas te rn  United S t a t e s  (water depth 3000- 
5000 m). Furrows (almost r e c t i l i n e a r  grooves 1 ' s - 1 0 ' s  m deep, 1 ' s - 1 0 0 ' s  m wide, 
spaced 10 ' s -100 ' s  m a p a r t  and o r i e n t e d  wi th  t h e  long a x i s  p a r a l l e l  t o  t h e  mean cu r -  
r e n t  flow) a r e  r e l a t e d  t o  secondary c i r c u l a t i o n s  developed wi th in  t h e  well-mixed 
benth ic  boundary l a y e r .  Large mud waves (2 km wavelength, 50 m ampli tude,  4S0 t o  
t h e  mean c u r r e n t  flow) may r e s u l t  from t h e  i n t e r a c t i o n  of  t h e  sediment s u r f a c e  and 
t h e  lower p a r t  o f  t h e  water column. These bed forms appear t o  be widespread i n  t h e  
deep s e a  where deep c u r r e n t s  a r e  important .  



TIME-DEPENDENT DEVELOPMENT OF FLOW OVER BOTTOM TOPOGRAPHY 

Herbert  E .  Huppert 

The i n t e r a c t i o n  between temporar i ly  varying c u r r e n t s  and v a r i a b l e  bottom 
topography was i n v e s t i g a t e d  by t h e  numerical ,  a n a l y t i c a l  and experimental  exqmina- 
t i o n  of t h e  fol lowing simple model. The flow of an  i n v i s c i d ,  s t r a t i f i e d  f l u i d  i s  
i n i t i a t e d  from r e l a t i v e  r e s t  i n  a  uniformly r o t a t i n g  system con ta in ing  an i s o l a t e d  
topographic f e a t u r e .  The evolu t ion  of t h e  flow d i s t r i b u t e s  v o r t i c i t y  and tempera- 
t u r e  i n  such a  way t h a t  r e l a t i v e l y  cold (heavy) f l u i d  wi th  a n t i c y c l o n i c  v o r t i c i t y  
e x i s t s  over  t h e  topographic f e a t u r e ,  whi le  f l u i d  o r i g i n a t i n g  from above t h e  topo- 
graphic  f e a t u r e  s i n k s ,  thereby  inducing a  warm ( l i g h t )  anomaly wi th  cyc lon ic  v o r t i -  
c i t y .  For s u f f i c i e n t l y  s t rong  oncoming f lows,  t h e  shed f l u i d  c o n t i n u a l l y  d r i f t s  
downstream i n  t h e  form o f  a  r e l a t i v e l y  warm eddy. I f  t h e  oncoming flow i s  r e l a -  
t i v e l y  weak, t h e  i n t e r a c t i o n  between t h e  an t i cyc lon ic  and cyc lonic  v o r t i c i t y  d i s -  
t r i b u t i o n  t r a p s  t h e  warm eddy and it remains i n  t h e  v i c i n i t y  o f  t h e  topographic 
f e a t u r e .  

The above mechanism may exp la in :  some r e c e n t  observa t ions  of  an eddy i n  t h e  
v i c i n i t y  o f  t h e  A t l a n t i s  I 1  Seamount; some observa t ions  of  a  warm p a t c h  nea r  Bron- 
tosaurus  Bump seen i n  t h e  second l e g  o f  t h e  1975 IOS Topographic Experiment; and 
t h e  occurrence of cyc logenes is  downstream of  t h e  l a r g e  mountain cha ins  of  t h e  
Ear th .  

The t a l k  combined a spec t s  of  work c a r r i e d  out  w i th  t h e  h e l p  of  K .  Bryan, A. 
McEwaneg, R .  Hendry and t h e  many s c i e n t i s t s  who con t r ibu ted  t o  t h e  IOS Topographic 
Experiment. 

KOLMOGOROV IN THE BOUNDARY LAYER 

Willem V . R .  Malkus 

I t  has o f t e n  been noted (e .g .  Kraichnan 1974) t h a t  Kolmogorov's 1941 theory  
f o r  t h e  energy l e v e l  i n  t h e  i n t e r i a l  sub-range has achieved "an embarassment of 
success".  For example, it appears  t o  apply q u i t e  wel l  t o  t h e  s t eady  s t a t e  tu rbu-  
l e n t  boundary l a y e r .  Another exces s ive ly  succes s fu l  r e s u l t  comes from requirement 
t h a t  t h e  mean v e l o c i t y  i n  a  shea r ing  f l ~ w  vary  loga r i thmica l ly  i n  an ove r l ap  
reg ion  of t h e  "law o f  t h e  wall"  and t h e  "ve loc i ty -de fec t  law" o f  t h e  i n t e r i o r  flow. 
An ex tens ive  logar i thmic  reg ion  i s  observed, y e t  t h e r e  i s  no l o g i c a l  o r  dynamic 
reason f o r  any over lap  of  t h e  two "laws1'. I t  i s  proposed he re  t h a t  bo th  t h e s e  
r e s u l t s  can be explained a s  p r o p e r t i e s  of  t h e  explos ive  s u b c r i t i c a l  i n s t a b i l i t i e s  
whose growth i n  s c a l e  and whose momentum-transfer p r o p e r t i e s  r e c e n t l y  have a t t r a c t e d  
much experimental and t h e o r e t i c a l  a t t e n t i o n  (e .g .  Landahl (1972)) .  Here t h e  view 
i s  o f f e r e d  t h a t  t h e  expanding r o l l - h a i r p i n  i n s t a b i l i t y  i s  t h e  flow element which 
produces t h e  513 range i n  t h e  energy spectrum, and t h a t  t h i s  i s  due t o  t h e  average 
u n i l a t e r a l  s p e c t r a l  flow of  energy even i n  ranges where t h e  o v e r a l l  f l u x  approaches 
zero.  In  t h i s  view t h e  u n i v e r s a l  Kolmogorov cons t an t  i s  t h e  square of  t h e  t r a n s i -  
t i o n  isange Reynolds number and, i n  t h e  shear  flow case ,  p ropor t iona l  t o  t h e  bound- 
a r y  Reynolds number. When, i n  a d d i t i o n ,  it i s  r equ i r ed  t h a t  t h e  flow r e s u l t i n g  
from t h e s e  explos ive  i n s t a b i l i t i e s  be both s t a b l e  i n  t h e  mean and r ep resen ted  by 



a "smooth" s p a t i a l  spectrum, one f i n d s  a  complete ve loc i ty -de fec t  law. This  r e s u l t  
r e q u i r e s  both  an ex tens ive  logar i thmic  reg ion  and ( for  P o i s e u i l l e  flow) a  p a r a b o l i c  
i n t e r i o r  independent of  a  wall  law. Addition of  a  smooth wall  cond i t i on  on t h e  
above r e q u i r e s  t h a t  t h e  von-~&m& cons tan t  be p ropor t iona l  t o  t h e  amplitude of 
t h e  explos ive  boundary i n s t a b i l i t i e s ,  and i n  t u r n  t o  t h e  boundary Reynolds number. 

TESTS OF NUMERICAL MODELS OF THE SEASONAL THERMOCLINE 

Pearn P .  N i i l e r  

Over l a r g e  a r e a s  of  t h e  oceans, hea t  i s  s t o r e d  i n  summer l o c a l l y  i n  t h e  su r -  
face  l a y e r s  and removed aga in  i n  w in te r .  The v e r t i c a l  temperature d i s t r i b u t i o n  and 
t h e  sea-sur face  temperature a r e  dependent upon how t h i s  thermal energy i s  d i s t r i b -  
u ted  v e r t i c a l l y  by t u r b u l e n t  exchange processes .  Conservation equat ions  f o r  l o c a l  
s to rage  of  momentum, hea t  and t u r b u l e n t  energy a r e  used t o  cons t ruc t  a  model of  t h e  
v e r t i c a l  exchange processes  i n  t h e  water  column. Active turbulence  f i l l s  t h e  mixed 
l a y e r  and a  weakly d i f f u s i v e  column e x i s t s  below t h e  mixed l a y e r .  The source f o r  
t h e  turbulence  i s  from energy sources  i n  t h e  atmosphere on t h e  ocean s u r f a c e  and 
wi th in  t h e  mixed l a y e r  t u r b u l e n t  energy i s  c r e a t e d  by a  shea r  of  t h e  mean flow. A 
f r a c t i o n a l  amount o f  each energy f l u x  from each source i s  made a v a i l a b l e  f o r  en- 
t ra inment  o f  dense f l u i d  i n t o  t h e  mixed l a y e r .  The parameters  o f  t h i s  f a c t i o n a l  
exchange a r e  s e l e c t e d  both from b e s t  l e a s t  square f i t s  t o  t h e  evolving d e n s i t y  pro-  
f i l e  i n  kntrainment experiments i n  t h e  l abo ra to ry  and ocean obse rva to r i e s  o f  i n -  
t e n s e ,  r a p i d  deepening events  under s t rong  mid-ocean s torms.  The parameters  which 
govern t h e  seasonal  (o r  long-term behavior)  o f  t h e  seasonal  thermocline a r e  s e -  
l e c t e d  by b e s t  f i t  t o  d a t a  a t  ocean s t a t i o n  Papa. With i d e n t i c a l  c o e f f i c i e n t s  t h e  
seasonal  thermocline nea r  Ocean S t a t i o n  November ( s u b a r c t i c  P a c i f i c ) .  The b e s t  
f i t  t o  t h e  p r o f i l e  i s  with var iance  of  ( 0 . 2 7 0 ~ ) ~  wi th in  8OC seasonal  temperature 
cyc le  ( sub t rop ica l  P a c i f i c ) ,  i s  p red ic t ed  t o  w i th in  a  va r i ance  o f  (0. 31°c) 2 ,  with-  
i n  a  seasonal  s u r f a c e  amplitude of  3.50C. The most g l a r i n g  weakness of t h e  model 
i s  t h a t  t h e  seasonal  ocean s u r f a c e  temperature cyc l e  i s  most s e n s i t i v e  t o  t h e  
na tu re  of t u r b u l e n t  d i f f u s i o n  below t h e  mixed l a y e r  and d i s s i p a t i o n  o f  energy du r ing  
deep convect ion i n  w in te r .  There a r e  mechanisms about which t h e r e  i s  a  d e a r t h  o f  
observa t ion  i n  t h e  oceans,  and which must be understood be fo re  a  s tudy  of  longer  
t ime s c a l e  ( c l ima t i c )  response o f  t h e  upper l a y e r  can be c a r r i e d  o u t .  

ONE-POINT AND TWO-POINT STATISTICS IN THE ATMOSPHERIC SURFACE LAYER 

Hans A .  Panofsky 

E f f e c t s  of mechanical tu rbulence  and h e a t  convect ion have been s u c c e s s f u l l y  
combined i n  t h e  atmospheric s u r f a c e  l a y e r  by Monin-Obukhov s c a l i n g .  I n  t h i s  
hypothesis  t h e r e  a r e  un ive r sa l  r e l a t i o n a h i p s  among q u a n t i t i e s  s c a l e d  by l eng th  

u:c,p 7- 
kg Hv 

and v e l o c i t y  U# , t h e  s u r f a c e  f r i c t i o n  v e l o c i t y .  This  scheme s a t i s f a c t o r i l y  



accounts f o r  s t a t i s t i c s  of  v e r t i c a l  v e l o c i t y  f l u c t u a t i o n s  and o t h e r  s t a t i s t i c s  
involv ing  v e r t i c a l  v e l o c i t i e s ,  inc luding  va r i ances ,  s p e c t r a  and cospec t r a .  

The theory  does not  hold f o r  s t a t i s t i c s  of h o r i z o n t a l  f l u c t u a t i o n s ;  f o r  
t h e s e ,  t h e  th i ckness  of t h e  boundary l a y e r  2; seems t o  be important ,  a s  it a f f e c t s  
eddy s i z e .  Thus, over  f l a t  s i t e s ,  t h e  s tandard  dev ia t ions  of  h o r i z o n t a l  v e l o c i t y  
components obey r e l a t i o n s  of  t h e  form 

independent of he igh t  Z , which a f f e c t s  v e r t i c a l ,  bu t  n o t  h o r i z o n t a l  eddy s i z e .  
$L' appears  t o  be u n i v e r s a l ,  a t  l e a s t  over f l a t  t e r r a i n .  

Models f o r  two-point s t a t i s t i c s  a r e  made most e a s i l y  f o r  coherence and phase 
de lay .  For coherence, Davenport 's  hypothes is  supp l i e s  an empir ica l  f i t  

where n  i s  frequency and V t h e  mean speed i n  t h e  l a y e r  A XL. Axl i s  a  s e p a r a t i o n  
i n  t h e  h o r i z o n t a l  o r  v e r t i c a l ,  a  i s  t h e  decay parameter which i s  gene ra l ly  small  
i n  uns t ab le  a i r  and over  smooth t e r r a i n  ( e . g . ,  water) and inc reases  wi th  ang le  
between anemomter  l i n e  and wind. "a" a l s o  inc reases  wi th  s e p a r a t i o n  i n  s t a b l e  a i r .  
Simple t h e o r i e s  e x i s t  t o  account f o r  a l l  t h e s e  e f f e c t s .  

Hor izonta l  phase de lay  i s  well  descr ibed  by Tay lo r ' s  hypothes is  f o r  small  

*In; f o r  small  n ,  eddies  t r a v e l  f a s t e r  than  t h e  wind. a t  
There i s  a l s o  a  small  phase de lay  i n  t h e  v e r t i c a l  depending on t h e  v e r t i c a l  

wind s h e a r .  

TRANSPORT PROCESSES I N  SLOPING SIDE WALL BOUNDARY LAYERS 

Claes Rooth 

The most profound in f luences  of  bottom and s i d e  wal l  boundary l a y e r s  on 
s t r a t i f i e d  f l u i d  motion occur when t h e s e  l a y e r s  ( B . L . )  a c t  a s  sources  o r  s i n k s  f o r  
f l u i d ,  r e l a t i v e  t o  t h e  i n t e r i o r  domain. 

I t  i s  e a s i l y  shown t h a t  a  cons tan t  d i f f u s i v i t y  ( M. ) f o r  hea t  (dens i ty)  
leads  t o  boundary l a y e r  flows along s lop ing  i n s u l a t i n g  w a l l s .  The f l u i d  volume 
t r a n s p o r t  induced i s  s - l p a r a l l e l  t o  t h e  w a l l ,  where s i d e  wal l  s u c t i o n  w i l l  t hus  
occur wherever t h e  wa l l s  a r e  curved.  ( 5 i s  t h e  s i d e  wa l l  s l o p e . )  

The main concern i n  t h i s  l e c t u r e  i s  w i th  t h e  case  where i n t e r i o r  d i f f u s i o n  
of  hea t  is  n e g l i g i b l e ,  while  hea t ing  o r  t u r b u l e n t  mixing occurs  i n  t h e  boundary 
l a y e r s .  

An e s p e c i a l l y  simple c l a s s  of  phenomena where t h i s  happens i s  found i n  t h e  
response o f  enclosed bas ins  t o  geothermal hea t ing .  The c r i t i c a l  parameter  o f  t h e  

as  , p e r  u n i t  h e i g h t  increment ,  problem i s  t h e  amount of  p e r i p h e r a l  h e a t  i n p u t ,  - 3 s  
div ided  by t h e  h o r i z o n t a l  a r e a ,  enclosed by t h e  corresponding depth contour(/.\(p)), 
Boundary l a y e r  s u c t i o n  due t o  t h e  i n c l i n e d  flow l eads  t o  convergent o r  d ive rgen t  



i n t e r i o r  v e r t i c a l  v e l o c i t y  which depends only on t h e  B . L .  f o r c i n g ,  and no t  on t h e  - 
i n t e r i o r  s t r a t i f i c a t i o n .  Asymptot ical ly ,  n e u t r a l l y  s t r a t i f i e d  l a y e r  3 with  s t a b l y  s t r a t i f i e d  ones w i l l  develop, according t o  t h e  s i g n  of A-' a* 

3~ 
If t u r b u l e n t  mixing of  hea t  i s  l imi t ed  t o  t h e  B . L . ,  a  s i m i l a r  s i t u a t i o n  

occurs ,  only now t h e r e  i s  no volume t r a n s p o r t  a long a  f l a t  s i d e  wall  - only a  hea t  
f l u x  determined by an appropr i a t e  Richardson o r  Monin-Obukhov s c a l i n g .  We have 
now a  s i t u a t i o n  where g rad ien t s  i n  s l o p e  normalized t u r b u l e n t  i n t e n s i t y  l ead  t o  a  
secondary B . L .  of t h e  same type a s  i n  t h e  geothermal hea t ing  case .  The main d i f -  
fe rence  i s  t h a t  cool ing  a s  wel l  as  hea t ing  occurs  i n  t h i s  secondary B . L .  The 
induced v e r t i c a l  v e l o c i t i e s  o f  t h e  i n t e r i o r  domain a r e  c o n t r o l l e d  e n t i r e l y  by t h e  
B . L .  hea t  f l u x  i n  such a  sense  t h a t  v e r t i c a l  advect ion r e d i s t r i b u t e s  t h e  l a t t e r  
over an appropr i a t e  adjustment a r e a .  

BOUNDARY LAYER AND LARGE SCALE DYNAMICS 

Edward S.  Sarachik 

We can g e t  some i d e a  of  t h e  in te rchanges  ac ros s  t h e  a i r - s e a  i n t e r f a c e  by 
looking a t  t h e  n e t  hea t  budgets of  t h e  earth-atmosphere system, t h e  atmosphere 
s e p a r a t e l y ,  and t h e  ocean s e p a r a t e l y .  The oceanic  hea t  f l u x  ( temporal ly  and 
zonal ly  averaged) i s  poleward and peaks i n  t h e  s u b t r o p i c s ,  i n d i c a t i n g  n e t  hea t ing  
a t  t h e  i n t e r f a c e  (by r a d i a t i o n ,  l a t e n t  and s e n s i b l e  hea t ing )  equatorwards o f  t h e  
peak, and n e t  cool ing  polewards of t h e  peak, t h e  n e t  f l u x  no t  exceeding 100 
langley lday .  Using t h e s e  su r f ace  f l u x e s ,  t h e  Monin-Obukhov lengths  a r e  c a l c u l a t e d  
f o r  ocean and atmosphere leading  t o  t h e  conclusion t h a t  t h e  t r o p i c a l  ocean bound- 
a r y  l a y e r  i s  convec t ive ly  d r iven ,  wi th  moisture p lay ing  t h e  dominant r o l e .  

I t  i s  poin ted  out  t h a t  cumulus convection i s  a  type  of  convect ion no t  gen- 
e r a l l y  encountered i n  o t h e r  branches of  Geophysical F lu id  Dynamics, "r convection", 
i n  which t h e  upward motion covers  a  f r a c t i o n a l  a r e a  cr small compared t o  u n i t y ,  
a l lows a  downward v e r t i c a l  v e l o c i t y  (almost everywhere) even when t h e  l a r g e  s c a l e  
v e r t i c a l  v e l o c i t y  i s  upward. This  permi ts  a  new mode of  e q u i l i b r a t i o n  of  boundary 
l a y e r  growth which i s  a c t u a l l y  r e a l i z e d  i n  t h e  t r o p i c a l  atmosphere. 

The r o l e  of water  vapor i n  convec t ive ly  d r i v i n g  t h e  t r o p i c a l  atmosphere i s  
descr ibed .  A model t r o p i c a l  atmosphere i s  descr ibed  which i s  layered  according t o  
t h e  t h r e e  p o s s i b l e  r o l e s  of  water  vapor:  

1. The subcloud l a y e r  i s  d r iven  by buoyancy produced by t h e  l i g h t  weight o f  
water vapor and i s  he ld  down by subsidence compensating deep and shal low c louds .  

2. The shal low cloud l a y e r  i s  d r iven  by t h e  buoyancy produced by condensa- 
t i o n  i n  t h e  shal low c louds  and is he ld  down by t h e  subsidence compensating t h e  
deep c louds .  

3. The deep (cumulonimbus) cloud l a y e r  which extends t o  t h e  t ropopause i n  
which t h e  n e t  hea t ing  produced by t h e  cumulonimbus i s  balanced by t h e  r a d i a t i v e  
cool ing .  The temperature and mois ture  s t r u c t u r e  o f  such an atmosphere i s  com- 
p l e t e l y  determined once t h e  evaporat ion i s  s p e c i f i e d ,  and c l o s e l y  resembles t h e  
a c t u a l  t r o p i c a l  atmosphere. 



ON THE IMPORTANCE OF DENSITY STRATIFICATION TO THE BOTTOM BOUNDARY LAYER 

ON THE WEST FLORIDA CONTINENTAL SHELF 

George Weatherly 

Observations i n  t h e  bottom boundary l a y e r  (BBL) o f  t h e  West F lo r ida  Continen- 
t a l  She l f  ob ta ined  over a  f ive-day per iod  i n  J u l y ,  1975, a t  100 m depth  a t  l a t i t u d e  
26ON revea l  cons iderable  veer ing  i n  t h e  cu r r en t  d i r e c t i o n  ( -  50' counterclockwise 
looking down) near  t h e  bottom ( 3  5 5-10 m) a s  t h e  bottom i s  approached and l o c a l -  
i zed  hea t ing  o r  cool ing  i n  t h e  BBL depending on t h e  d i r e c t i o n  and speed of t h e  cur -  
r e n t .  I t  i s  argued t h a t  t h e  observed d i r e c t i o n  veer ings  a r e  c o n s i s t e n t  i n  s ense ,  
magnitude, and reg ion  of  occurrence (very nea r  t h e  bottom) wi th  t h e  Ekman vee r ing  
occurr ing  i n  a  s t a b l y  s t r a t i f i e d  p l ane ta ry  boundary l a y e r .  Data i s  p resented  t o  
show t h a t  t h e  water column i s  s t a b l y  s t r a t i f i e d  wi th  t h e  g r e a t e s t  s t r a t i f i c a t i o n  
occurr ing  i n  t h e  BBL.  The loca l i zed  hea t ing  o r  cool ing  observed i n  t h e  BBL i s  
argued t o  be due t o  e i t h e r  downwelling o r  upwelling induced by Ekman t r a n s p o r t  down 
o r  up-slope i n  t h e  BBL.  Because of a  change i n  bottom s l o p e  a t  t h e  s i t e  o f  t h e  
experiment,  it is a l s o  argued t h a t  t h e  cool ing  r a t e  i n  t h e  BBL a s s o c i a t e d  wi th  a  
northward c u r r e n t  should be about 10 t imes l a r g e r  than  t h e  hea t ing  r a t e  a s s o c i a t e d  
with a  southward cu r ren t  o f  t h e  same s t r e n g t h .  Agreement with observa t ions  i s  good. 

AN ACOUSTIC SENSOR OF VELOCITY FOR BENTHIC BOUNDARY LAYER STUDIES 

Alber t  J .  Williams, 3rd and John S. Tochko 

The techniques of flow measurement which have been succes s fu l  i n  l abo ra to ry  
s t u d i e s  of  boundary l a y e r  tu rbulence  a r e  d i f f i c u l t  t o  use  i n  t h e  ocean; and t h e  
cu r r en t  meters gene ra l ly  used i n  t h e  ocean a r e  no t  s u i t e d  t o  measuring bottom 
boundary l a y e r  flow. A s u i t a b l e  sensor  f o r  bottom turbulence  measurements should 
measure v e c t o r  components, respond l i n e a r l y  t o  t h e s e  components, main ta in  an accu- 
r a t e  zero p o i n t ,  d i s t u r b  t h e  flow n e g l i g i b l y  o r  i n  a  wel l -pred ic ted  way, and sense  
a  small  enough volume t o  r ep re sen t  t h e  important  s c a l e s  o f  t h e  flow. We have con- 
s t r u c t e d  an a c o u s t i c  t r a v e l  t ime sensor  i n  a  con f igu ra t ion  t h a t  w i l l  a l low v e c t o r  
components o f  t h e  flow t o  be measured with s u f f i c i e n t  accuracy t o  compute Reynolds 
s t r e s s  a t  a po in t  50 cm above t h e  bottom, This  sensor  responds l i n e a r l y  t o  h o r i -  
zon ta l  and v e r t i c a l  flows i n  flume t e s t s .  When t h e  flow i s  n e i t h e r  h o r i z o n t a l  nor  
v e r t i c a l ,  t h e  wake from one a c o u s t i c  t r ansduce r  may i n t e r f e r e  with t h e  measurement 
along one sens ing  pa th  bu t  t h e r e  is  s u f f i c i e n t  redundancy i n  t h e  de te rmina t ion  t o  
r e j e c t  t h i s  pa th  and s t i l l  r e so lve  t h e  vec to r  v e l o c i t y .  An instrument  u s ing  f o u r  
of  t h e s e  senso r s  i s  being designed t o  measure Reynolds s t r e s s  i n  t h e  lower s i x  
meters of t h e  ocean. 



THE BENTHIC BOUNDARY LAYER AND ITS INTERACTION WITH THE BOTTOM SEDIMENT 

Mark Wimbush 

A decade ago, i n t e r e s t  i n  t h e  abyssal-benthic  boundary l a y e r  was genera ted  
by r epor t ed  measurements of  s u r p r i s i n g l y  t h i c k ,  s t rong ly  u n s t a b l e  thermal g rad ien t s  
over t h e  deep-sea f l o o r .  Much r ecen t  i n t e r e s t  i s  focused on measurements o f  s u r -  
p r i s i n g l y  t h i c k  bottom mixed l aye r s !  

Temperature and s a l i n i t y  measurements i n  t h e  lowest t h r e e  meters  o f  t h e  
deep ocean o f f  Southern C a l i f o r n i a  gave r e s u l t s  c o n s i s t e n t  w i th  t h e o r e t i c a l  expec- 
t a t i o n s .  'Typica l '  magnitudes of va r ious  s c a l e s  were compared with s u b l i t t o r a l  
and atmospheric boundary l a y e r  va lues :  

F r i c t i o n  v e l o c i t y  

Deep s e a  Cont inenta l  s h e l f  Atmosphere 

1 m m / s  1 cm/s 1 m / s  

Ekman l a y e r  t h i ckness  X% f 10 m (100 m) 1000 m 

Logarithmic l a y e r  t h i ckness  -1 m 10  m 100 m 

lo' 1 c m  Viscous sub- layer  t h i ckness  (1 mm) (1  cm) 

-c  p U$ 
Buoyancy s c a l e  bO= 

Diffus ion  s c a l e  
i n  upper log  l a y e r  

(-100 m*) 

(values i n  parentheses  a r e  probably meaningless because o t h e r  s c a l e s  dominate) 

X = Von Kcrm& ' s  cons t an t .  

Action o f  t h e  flow on t h e  sediment may r e s u l t  i n :  I )  bed-load t r a n s p o r t ,  
11) suspended load t r a n s p o r t ,  111) formation of sediment r i p p l e s .  These, i n  t u r n ,  
r e a c t  on t h e  flow r e s u l t i n g  i n :  1) u ( o ) > O  (so 2 0  i s  g r e a t l y  i nc reased ,  and 
energy i s  ex t r ac t ed  from t h e  flow by g ra in -g ra in  rubbing) ,  i i )  energy e x t r a c t e d  
from flow t o  maintain suspension,  i i i )  f r i c t i o n  drag  inc reased  and form d r a g  
introduced (so Ze i s  aga in  i n c r e a s e d ) .  These i n t e r a c t i o n s  do n o t  occur ,  un le s s  
c r i t i c a l  shear  s t r e s s e s  a r e  exceeded. To s tudy  t h e s e  i n t e r a c t i o n s  a  s e r i e s  of 
experiments i s  being conducted, combining water v e l o c i t y  and temperature record ings  
with t ime-lapse s tereophytography of  t h e  s e a  bed. 

* 
assuming H i s  t h e  upward geothermal h e a t  f l u x ;  however H may depend more on t h e  
p a s t  thermal h i s t o r y  of  t h e  water .  



TURBULENCE CONSTITUTIVE EQUATION AND BOUNDARY-LAYER MODELING 

John C .  Wyngaard 

Approximate forms of t h e  balance equat ions  f o r  Reynolds s t r e s s ,  h e a t  f l u x ,  
and o t h e r  second moments a r e  u se fu l  bo th  f o r  numerical models a s  wel l  a s  a i d s  i n  
i n t e r p r e t i n g  su r f ace - l aye r  d a t a .  As an example o f  t h e  l a t t e r ,  we show t h a t  mea- 
surements o f  t h e  s c i n t i l l a t i o n s  of a  l a s e r  beam over  a  h o r i z o n t a l  pa th  i n  t h e  s u r -  
f ace  l a y e r  can be used t o  i n f e r  t h e  v e r t i c a l  hea t  f l u x .  The l i n k  between t h e  s c i n -  
t i l l a t i o n s  and t h e  hea t  f l u x  i s  t h e  behavior  of  t h e  budgets o f  tu rbulence  energy 
and temperature va r i ance ,  both now very well-understood i n  t h e  s u r f a c e  l a y e r .  

While t h e s e  ba lance  equat ions ,  o r  budgets ,  a r e  l e s s  wel l-understood over  
t h e  boundary l a y e r  a s  a  whole, t h e r e  a r e  simple engineer ing  c l o s u r e  models of t h e  
budgets which can be used t o  s tudy  t h e  p r o p e r t i e s  of  i d e a l i z e d  cases .  In  t h i s  way 
t h e  broad f e a t u r e s  of  a  n e u t r a l  Ekman l a y e r  wi th  and without  a  capping inve r s ion ,  
a  convect ive l a y e r ,  and a  s t a b l y  s t r a t i f i e d  l a y e r  have been p r e d i c t e d  t o  be q u i t e  
d i s t i n c t .  The n e u t r a l  Ekman l a y e r  adopts  a s  he igh t  s c a l e  + / f ,  while  t h e  inver -  
sion-capped case  i s  forced  t o  s c a l e  wi th  Si , t h e  i nve r s ion  base h e i g h t .  Thus 
u6/fs ;  i s  a  key parameter i n  t h e  l a t t e r ,  and it i s  shown t h a t  a s  it g e t s  l a r g e  t h e  
flow adopts  a  two-layer  s t r u c t u r e :  channel flow below, and a  s h i f t  ( through a s  
much a s  900 i n  d i r e c t i o n )  t o  geos t rophic  flow above. 

The convect ive  l a y e r  a l s o  has t t  a s  t h e  v e r t i c a l  h e i g h t  s c a l e  whi le  t h e  
s t a b l y  s t r a t i f i e d  l a y e r  i s  p red ic t ed  t o  s c a l e  wi th  t h e  h a l f  power o f  t h e  product 
of u,/f and L ( t h e  Monin-Obukhov l e n g t h ) .  

Real atmospheric (and benth ic)  boundary l a y e r s  i n e v i t a b l y  a r e  h o r i z o n t a l l y  
inhomogeneous. The s imples t  such case  - flow over  a  l o c a l l y  inhomogeneous s u r f a c e  - 
i s  d iscussed .  I t  i s  shown t h a t  i f  t h e  mean s t a t e  i n  t h e  Reynolds decomposition i s  
def ined  through an - a r e a  average,  then  t h e  r e s u l t i n g  mean momentum equat ions  look 
j u s t  l i k e  t hose  f o r  t h e  i d e a l i z e d ,  h o r i z o n t a l l y  homogeneous case .  I n  t h e  l a t t e r  
case ,  however, t h e  mean i s  def ined through an ensemble average,  and thus  t h e  Rey- 
nolds s t r e s s  i n  t h i s  case  d i f f e r e n t .  There i s  a  c o n t r i b u t i o n  due t o  t h e  l o c a l  
inhomogeneity, and it i s  suggested t h a t  t h i s  can be understood through s o l u t i o n  
of  t h e  model equat ions  i n  t h e  usua l  (ensemble average) framework. 

I t  i s  shown t h a t  i f  t h e  locally-inhomogeneous problem i s  approached v i a  a  
p e r t u r b a t i o n  expansion, t h e  l i n e a r i z e d  d i s tu rbance  equat ion i s  much more gene ra l ,  
bu t  no more d i f f i c u l t  t o  so lve  numerical ly ,  than  t h e  Orr-Sommerfeld equat ion .  The 
new terms,  due t o  t h e  use  of  a  c o n s t i t u t i v e  equat ion  r a t h e r  t han  an eddy v i s c o s i t y ,  
a r e  i n t e r p r e t e d  a s  r ep re sen t ing  t h e  e f f e c t  of t h e  d i s tu rbance  on t h e  e f f e c t i v e  
v i s c o s i t y .  
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ON DYNAMIC FEEDBACK EFFECTS I N  AXIALLY ASYMMETRIC ATMOSPHERIC MODELS 

Steven M .  Ashe 

I .  INTRODUCTION 

This  r e sea rch  concerns t h e  theo ry  of  t h e  t ime-average motions of  t h e  atmos- 
phere i n  mid la t i t udes  a t  he ights  beneath t h e  t ropopause.  Although t h e  b a s i c  s t r u c -  
t u r e  of  t h e  e a r t h ' s  atmosphere i s  zonal ,  t h e  presence o f  con t inen t s  and oceans i n -  
t roduces  asymmetries which not  on ly  have a  probound e f f e c t  on t h e  zonal c i r c u l a -  
t i o n ,  bu t  have many f e a t u r e s  i n t e r e s t i n g  i n  t h e i r  own r i g h t .  

As an i l l u s t r a t i o n  o f  t h e  phenomena t h a t  make up t h e  time-average asymmet- 
r i c  c i r c u l a t i o n ,  cons ider  t h e  ins tan taneous  f i e l d  of  p re s su re  a t  some middle- 
t roposphere  he igh t .  Such a  d i s t r i b u t i o n  i s  i l l u s t r a t e d  d i ag rama t i ca l ly  i n  F ig .1 .  
The p re s su re  f i e l d  i s  b a s i c a l l y  zonal ,  wi th  wave numbers f i v e  M s i x  having t h e  
maximum amplitude. When a  sequence of  t hese  h ighly  t r a n s i e n t  snapshot views i s  

averaged over s eve ra l  synopt ic  pe r iods  ( e , g .  
a  month), t h e  high-frequency components a r e  
f i l t e r e d  o u t ,  and a  p a t t e r n  of  small  ampli- 
tude  wavelike s t r u c t u r e  of  low zonal wave 

E$uator n u m b e r p e r s i s t s .  

This  p e r s i s t e n t  p a t t e r n  i s  very  
s t rong ly  a  func t ion  of  season (due i n  p a r t  
t o  t h e  seasonal  change i n  t h e  thermodynamic 
p r o p e r t i e s  of land and ocean) and i s  some- 
t imes  c a l l e d  t h e  "global monsoontt. The p a t -  
t e r n  from year  t o  yea r ,  however, i s  n o t i c e -  

\ ab ly  uniform. 
*I 

V. ," *Im 
H I 

Since t h i s  asymmetric d i s t r i b u t i o n  i n  
t h e  p re s su re  f i e l d  (and l i k e w i s e  temperature,  
wind, e t c . )  looks  l i k e  a  small  p e r t u r b a t i o n  
on a  l a r g e  zonal flow, t h e  dynamics a r e  amen- 
a b l e  t o  l i n e a r i z e d  a n a l y s i s ,  and consequent ly 
t h i s  was one of  t h e  f i r s t  problems t ack led  
wi th  t h e  advent o f  quas igeos t rophic  t heo ry .  

A s  a  meteorological  problem, t h e  
theory  of  t h e  asymmetric motions has  n o t  been 
a s  simple a s  t h e  above comment would i n d i -  

GOO w b c a t e .  I t  i s ,  i n  f a c t ,  one where t h e r e  a r e  
a  mu l t i t ude  of  phys i ca l  e f f e c t s  a l l  con t r ibu -  

3 t i n g  t o  t h e  t o t a l  p i c t u r e ,  w i th  most depen- 
dent  no t  on ly  on each o t h e r ,  b u t  on t h e  

Fla. 1. asymmetric v a r i a b l e s  themselves.  
d Schematical ly ,  -&,T, V, - 9) =f (1) 

where p ,  T ,  and v  a r e  t h e  asymmetric p r e s s u r e ,  temperature and v e l o c i t y  f i e l d s ,  
and q  r ep re sen t s  t h e  asymmetric component of d i a b a t i c  hea t ing  which inc ludes  a l l  



t hose  processes  f i l t e r e d  out  o r  averaged over ( i . e .  whose phys ics  do not  appear 
e x p l i c i t l y  i n  t h e  equat ions of  motion).  The problem i s  complicated by t h e  f a c t  
t h a t  q  i s  - not  independent of  p,T,v ..., but e n t a i l s  c e r t a i n  processes  which a r e  
very  dependent on them. Some of t h e s e  w i l l  now be i n v e s t i g a t e d .  

The equat ions  o f  motion, when time-averaged and sca led  us ing  t h e  zonal flow, 
i n d i c a t e  t h r e e  formal mechanisms a s soc i a t ed  with t h e  asymmetric p e r t u r b a t i o n s :  

1) asymmetries i n  t h e  s t o c h a s t i c  p r o p e r t i e s  of  t h e  in s t an t aneous  f i e l d s  (con- 
vergencies  o f  s p a t i a l  and temporal Reynold's S t r e s s e s ) ,  

2 )  t h e  zonal d i s t r i b u t i o n  of hea t  sources and s i n k s  wi th in  t h e  atmosphere and 
a t  i t s  bottom boundary, and 

3) t h e  i n t e r a c t i o n  between t h e  flow f i e l d  and orography. 

The above a r e  t h e  formal man i f e s t a t ions  of a  number of  phys i ca l  mechanisms, 
among which one might i s o l a t e  t h e  fol lowing:  

1 )  d e f l e c t i o n  of t h e  flow (predominantly t h e  zonal wind) by orography i n t r o -  
ducing a  v e r t i c a l  v e l o c i t y  a t  t h e  s u r f a c e ,  and t h e  f in i t e - ampl i tude  e f f e c t s  of 
topography blocking t h e  flow, (and depending on t h e  s t a t i c  s t a b i l i t y )  f o r c i n g  it 
around mountains; 

2)  l a t e n t  h e a t  r e l e a s e ,  which inc ludes  t h a t  a s s o c i a t e d  with r i s i n g  motion due 
t o  topography, t h a t  a s s o c i a t e d  with f r e e  t u rbu len t  convect ion,  and t h a t  a s soc i a -  
t e d  wi th  s t r a to fo rm clouds i n  storm systems; 

3) s e n s i b l e  hea t  f l u x ,  mainly i n  t h e  form of  convect ion over  c o n t i n e n t s  i n  
summer and r e c t i f i c a t i o n  by western oceanic  boundary c u r r e n t s  of  synop t i c - f r e -  
quency temperature o s c i l l a t i o n s  i n  w in te r ;  

4') r a d i a t i o n a l  asymmetries, which a r e  probably smal l .  

The above processes  a r e  e a s i l y  seen t o  depend on t h e  motion and temperature 
f i e l d s  themselves,  and so t h e i r  phys ics  must somehow be included i n  o rde r  t o  c l o s e  
t h e  problem. 

The c l a s s i c a l  t h e o r e t i c a l  approach involves  wr i t i ng  some appropr i a t e  sys-  
tem of  equat ions f o r  t h e  asymmetric motion f i e l d s ,  and t o  then  p r e s c r i b e  t h e  b a s i c  
zonal s t a t e ,  t h e  d i a b a t i c  hea t ing  f i e l d s  and t h e  eddy convergences,  us ing  obser -  
va t ions  (of ten  i n d i r e c t )  o f  t h e s e  q u a n t i t i e s  i n  o rde r  t o  s ee  what flow f i e l d  r e -  
s u l t s .  Even t h i s  problem i s  f a r  from complete. The e n t i r e  i n t e r a c t i v e  problem 
(with l i m i t s  on t h e  oceanic  r o l e )  has  been s imulated by GCM1s, but  any e luc ida -  
t i o n  of t h e  r e l a t i v e  importance of  t h e s e  processes  has no t  been forthcoming. A t -  
tempts t o  i nco rpora t e  t h e  physica o f  t h e s e  processes  dynamically i n t o  a n a l y t i c a l  
models s t a r t e d  with Doos (1962) and has  proceded slowly s i n c e  (see Saltzman 1968 
f o r  a  review of t h e s e ) .  Few s u b s t a n t i a l  improvements over  Doos' p r i m i t i v e  para-  
me te r i za t ion  of  d i a b a t i c  hea t ing  have appeared, a l though i n t e r e s t  i s  i nc reas ing  
(see  f o r  example Saltzman and Ashe 1976b).  

11. EQUATIONS OF MOTION 

I s h a l l  be using nondimensionalized quas igeos t rophic  equat ions  of  a  be t a -  
p l ane .  A l l  v a r i a b l e s  a r e  expanded i n  powers of t h e  Rossby number i n  t h e  fol low- 
ing  manner: There a r e  proscr ibed  O(1) v a r i a t i o n s  of t h e  p re s su re  and d e n s i t y  i n  
t h e  v e r t i c a l ,  t o g e t h e r  wi th  an O(Ro) v a r i a t i o n  of  t h e  temperature wi th  he ight  
(and hence of p  and p with h e i g h t ) ,  t h a t  c o n s t i t u t e  a  p re sc r ibed  s tandard  a t -  
mosphere, The h o r i z o n t a l  temporal and v e r t i c a l  v a r i a b i l i t i e s  of  t h e  motion 

2 ' f i e l d s ,  e t c .  a r e  a t  O(Ro ) .  I n  d e t a i l :  



n where a  prime denotes  a  dimensional quan t i t y ;  P*,P* and T a r e  dimensional s u r f a c e  
va lues  o f  t h e  s tandard  atmosphere d e n s i t y ,  p re s su re  and temperature;  L i s  t h e  
length  s c a l e ,  D t h e  tropopause he igh t  and U a  c h a r a c t e r i s t i c  v e l o c i t y ;  t h e  sub- 
s c r i p t  ' s '  denotes a  s tandard  atmosphere v a r i a b l e ;  Q' i s  t h e  dimensional topogra-  
phic  he ight  and a  c h a r a c t e r i s t i c  s c a l e  he ight  f o r  it; and 

b = -!d& where a  i s  t h e  r a d i u s  of t h e  e a r t h ,  and #e a  t y p i c a l  mid - l a t i t ude .  
a R b  

Ros 1L Rossby No. , L c- 

-FoL , 
O = (-&) Froude No. , Ce s 1 fi 5bn @ where fi i s  t h e  an- 

gular  frequency of r o t a t i o n  of t h e  e a r t h ,  y*'& t h e  Rossby r a d i u s ,  $= -&- where 
-k 

= i s  t h e  s c a l e  he ight  of  t h e  s tandard  atmosphere. Fu r the r ,  l e t t i n g  R P  IL 

$: R, e*yepT% , and not ing  t h a t  +:O(R~) , E = o ( R ~ )  I .2d = 0 0) 3 

2 = OCR.), ? ; 0 ( I )  and & = Q(R;), a f t e r  s u b s t i t u t i o n  i n  t h e  ' p r i m i t i v e '  
cu 

equati'ons of  motion and expanding u, v ,  w,  T ,  p , p ,  q and n i n  t h e  usua l  way, one 

o b t a i n s  : 

where a l l  v a r i a b l e s  u ,  v ,  w ,  and T a r e  t h e  l ead ing  terms i n  t h e  Rossby No. expan- 
s i o n s ,  and 

g.= 
26-& -TR. 

E 
i s  t h e  s t a t i c  s t a b i l i t y ,  



Note t h a t  on ly  t h e  O(1) component of  P, e n t e r s  he re ;  t h e  O(Ro) components 
e x a c t l y  cance l led  i n  formation of  t h e  v o r t i c i t y  equat ion .  

Typical values ( t he  ones t o  be used l a t e r )  a r e :  

I t  can be argued t h a t  t h e  asymmetric time-average flow induced by topography i s  
probably comparable t o  t h a t  due t o  hea t ing .  The r a t i o  CI of t h e  topographic s c a l e  
he ight  t o  t h e  depth  of  t h e  f l u i d  must be l e s s  than u n i t y  f o r  t h e  flow t o  be geo- 
s t r o p h i c  a t  t he  s u r f a c e .  But i t  must be g r e a t e r  than  0(k0) f o r  i t s  induced asym- 
me t r i e s  t o  be reso lved  by t h e  above quas igeos t rophic  equa t ions ,  Hence t h e  equa- 
t i o n s  a r e  formally l i n e a r i z e d  about t h e  zonal s t a t e  by s e t t i n g  a l l  v a r i a b l e s  5 

where (5) denotes t h e  zonal average va lue  ( t o  be prescr ibed  where necessary)  and xSC t h e  quas igeos t rophic  component o f  t h e  depar ture  from t h i s  average .  The f o l -  
lowing equat ions i n  t h e  zonal depa r tu re s  (asymmetric v a r i a b l e s )  r e s u l t s ,  wi th  a s -  
t e r i s k s  ignored:  

where U s(u)* 

I11  MODELING 

The fol lowing s imp l i fy ing  assumptions a r e  now made: 1)  t h e r e  i s  a  r i g i d  l i d  
a t  t h e  tropopause ( z  = 1 ) ;  2 )  t h e  zonal pe r tu rba t ions  and zonal wind a r e  uniform 
i n  y; 3)  t h e r e  i s  a  bottom Ekman l a y e r  t h a t  in t roduces  a  s u r f a c e  v e r t i c a l  v e l o c i t y  
propor t iona l  t o  t h e  v o r t i c i t y  a t  t he  s u r f a c e .  (S impl i f i ca t ions  1 )  and 2 )  cannot 
of course be j u s t i f i e d  f o r  s t u d i e s  aimed a t  reproducing observed p a t t e r n s .  In  f a c t ,  
they a r e  f a i r l y  e a s i l y  removed. However, t hey  in t roduce  no new phys ics  i n t o  t h e  
s o l u t i o n s  obtained h e r e ) .  

In  choosing U ,  a  v e r t i c a l  p r o f i l e  was wanted t h a t  rendered t h e  equat ions-  
i n t o  t r a c t a b l e  form and introduced no p o s s i b l e  i n s t a b i l i t i e s .  The choice was t o  

involv ing  t h e  p o t e n t i a l  v o r t i c i t y  o f  t h e  zonal s t a t e  

U 
)I t o  be a  uniform p o s i t i v e  cons t an t .  This c o n s t r a i n t ,  can 

g ive  a  q u i t e  ieasonkble-looking p r o f i l e .  However, f o r  two-level  models, which a l s o  
s h a l l  be considered,  imply a  U wi th  cons tan t  shear  i n  t h e  v e r t i c a l .  Hence f o r  t h i s  
summer's modeling U = cons t an t  was chosen, which i s  compatible wi th  both continuous 
and two-level models. Taking t h e  b a s i c  s t a t e  t o  be ba ro t rop ic  in t roduces  c e r t a i n  
c o n s t r a i n t s  on t h e  zonal pe r tu rba t ions  t h a t  can develop ( t h e r e  can be no l a t e r a l  



advection of heat, in particular), but the zonal perturbations are still baroclinic, 
and the analysis is facilitated. 

The continuous model is illustrated schematically in Fig.2. The two-level 
modeling is of the Phillipst type: there are two vertical modes allowed in the 
pressure (streamfunction) perturbation, and hence, by the thermal wind equation, 
there can be one in the temperature. That is, streamfunction is determined at two 
points in the vertical, and the temperature at one. The rigid lid condition is 
applied at level 4 (see Fig.21, the lower boundary condition (Ekman layer and oro- 
graphic w) at level 0, the vorticity equation at levels 1 and 3 and the thermody- 
namic equation at level 2. 

IV ZONAL TRANSFORM - 
The equations (1) - (4) are now put into spectral form (all variables are 

assumed to be periodic over a nondimensional length ). 
1 tll, 

Let IF, 7 ~ n ( ~ ) '  TJ' ~ c x , ~ ~ a , t ) e  C C ~ C  
-A12 

(51 

where PI = Y, n+o 
and likewise for Tn, %,Qn . Herein t will correspond to the 4S0 latitude cir- 
cle, i. e. C= z"\Cdl , so that K 3. The steady-state solution for a par- 

I 4 (a) = - avc tan  
$7 

The general solution is a sum over n . 
The spectral equations are: L f j  [P -R%(u-c\]'& (*)=w~c@) -2dW;, (2) (6) 



d where a  prime denotes z- . Qn remains t o  be  prescr ibed  o r  expressed i n  terms of 
?k/m and W~ . The ' e x t r a '  term -2 6 W n e x p e s s e s  the  f a c t  t h a t  t h e r e  can be a  

v e r t i c a l  convergence of mass by a  uniform v e r t i c a l  v e l o c i t y  through t h e  s t r a t i f i e d  
atmosphere ( r e c a l l  t h a t  i s  a  measure of t h e  s t r a t i f i c a t i o n ) .  

The upper boundary cond i t i on  takes  t h e  form 

LA (u-C)Q; (1) = Q, (1); 

t h e  lower boundary condi t ion  becomes 

i i i ( ~ - c ) g : ( ~ ) -  R a v ~ P p .  (0) = uH,+Q, (0) . . . (9) 

where W, i s  t h e  t ransform o f  t h e  dimensionless  topographic he ight  ( x ) .  

V. SIMPLE ANALYTIC EXPRESSIONS FOR Qn. 

R e a l i s t i c  parameter iza t ions  of t h e  phys ica l  processes  embodied i n  q  a r e  by 
na tu re  complex (see s e c t i o n  I ) .  The purpose of  t h i s  s tudy i s  t o  i n v e s t i g a t e  t h e  
p r o p e r t i e s  t h a t  such parameter iza t ions  may in t roduce  i n t o  t h e  s o l u t i o n s  f o r  our 
model atmosphere. In  t h e  at tempt  t o  gain some i n s i g h t  i n t o  t h i s  problem, only  t h e  
most s imple forms t h a t  t h e s e  parameter iza t ions  might t a k e  w i l l  be cons idered .  They 
a r e  of  t h e  general  form 

e -  f ( f )  or t y f - ( f ( ~ l )  P @  

where 5 i s  a  dependent v a r i a b l e  ( q T o r w )  and P(t) g ives  a  p r o f i l e  f o r  t h e  v e r t i -  
c a l  d i s t r i b u t i o n  o f  q  i n  t h e  c a s e  where t h e  v a r i a b l e  5 i s  eva lua ted  a t  some he ight  
L,. Three p a r t i c u l a r  forms w i l l  be i n v e s t i g a t e d :  

1 )  hea t ing  p ropor t iona l  t o  t h e  v e r t i c a l  v e l o c i t y  a t  some he ight  L, : 
Qn (@I = K Wn ( L O ' )  P(d 

2 )  Newtonian 'convect ion '  a t  t h e  su r f ace  due t o  some subsur face  'ground'  tem- 
p e r a t u r e , T y ;  qr = -K (T, ( 0 )  -~,(9') P (rl. 

3)  Newtonian cool ing  t o  an equi l ibr ium temperature,  (e) . 
~n (P)C -U(T%(~) - ~,(c'(r)). 

Steady- s t a t e  forced s o l u t i o n s  can (and w i l l )  be r e a d i l y  der ived  wi th  t h e  
aforementioned pa rame te r i za t ions .  The ques t ion  of  t h e  s t a b i l i t y  of  such s o l u t i o n s  
t o  i n f i n i t e s i m a l  pe r tu rba t ions  a r i s e s ,  i .  e .  i f  q(,,t) =e'LnC (t) where i s  t h e  
zonal Fo r i e r  t ransform of , w i l l  t h e  imaginary p a r t  o f  c  be nega t ive ,  t h a t  i s ,  
w i l l  t he  pe r tu rba t ion  damp ou t?  A l l  o f  t h e  problems he re in  considered a r e  of  a  

+ = , where f i s  o r  , 2 i s  a  l i n e a r  d i f j e r -  general  form a t  
and $ i s  a  f o r c i n g  func t ion  (e .g.~,,T:,,T$$, e n t i a l  opera tor  involving -& and =, 

Let be a  s teady s t a t e  s o l u t i o n  so t h a t  L ( f ) : f , and let_(' (t ) be . in f in i tes imal  
p e r t u r b a t i o n  (l. = r +  1'). Then + L ( f )  + ~ ( 5 ' )  :$ s i n c e %  10 a n d f ' z 0 .  
Subt rac t ing  t h e  s teady  s t a t e  equat lon  g ives  + L(J ) = O  which i s  t h e  genera l  
form of  t h e  s t a b i l i t y  problem; formation of  t h e  analogous equat ion f o r  p a r t i c u l a r  
cases  w i l l  be obvious. 

V I .  SOME GENERAL PROPERTIES. 

The equat ions (1) - ( 4 )  can be w r i t t e n  i n  ' t r a n s p o r t '  form by de f in ing  



/' v = p Y  
? = B Y *  
G-eg w 
Q - P . ~  

so t h a t  

V e r t i c a l l y  i n t e g r a t i n g ,  s o  t h a t  
a 1 

JE- J 0 p s v a = I?da o r e p r e s e n t s  t h e  t o t a l  meri-  

d iona l  mass f l u x  through a column, two well-known r e s u l t s  a r e  recovered:  i f  
&(b) * p(1) - 0 , t hen  i s  a ba ro t rop ic  Rossby waveAin )( , with  phase speed 
c = U- s, which independent of  any and a l l  hea t ing  q, with in  t h e  atmosphere.  

Since t h e s e  r ep re sen t  s o l u t i o n s  which a r e  not  uns t ab le ,  any i n s t a b i l i t i e s  
introduced through feedbacks i n  3 must grow ant i symmetr ica l ly  w i t h  he ight  (so t h a t  
t h e  mass-weighted v e r t i c a l  average i s  s t a b l e ) .  Second, f o r  s t eady  f o r c i n g  by 
topography wi th  q ,S  0, t h e  above equat ions  show t h a t  t h e  response w i l l  be i n  phase 
wi th  t h e  orography i n  t h e  f r i c t i o n l e s s  ca se  ( s ince  t h e  e igenvalues  of t h e  o p e r a t o r  

a r e  ha and a r e  a l l  r e a l ) ,  l ikewise ,  even i n  t h e  presence o f  s u r f a c e  f r i c t i o n ,  
t h e r e  w i l l  be  no phase s h i f t  w i th  he igh t .  

A genera l  s t a b i l i t y  theorem i s  r e a d i l y  obta ined .  Taking Eq. (6) ,  mu l t ip ly -  
ing  by ps , t ak ing  t h e  r e a l  p a r t ,  mu l t ip ly ing  by t h e  complex conjugate  o f  l & , ( ~ ~ * )  
and i n t e g r a t i n g  i n  t h e  v e r t i c a l  (by p a r t s  where necessary) ,  g ives  

Defining t h e  growth r a t e  by h=Acjwhere  Ci is t h e  imaginary component o f  t h e  
phase speed, and no t ing  t h a t  lfi Yn\*d+is p ropor t iona l  t o  t h e  t o t a l  zonal pe r -  
t u r b a t i o n  k i n e t i c  energy i n  a column ( i n  wave number space ) ,  t h e  above becomes 

A s i m i l a r  procedure app l i ed  t o  (7)  g ives  

Noting t h a t  -& q, is t h e  zonal p e r t u r b a t i o n  temperature,  &-'/ P I&y3)" dk 
d e f i n e s  t h e  a v a i l a b l e  p o t e n t i a l  energy i n  a 'column' of wavenumber space,  A,. So 

> A , = I R ~ ~ ~ ~ ~ T  ?L?;dr)+ R~{F',(~JQ~ $i q ~ d s ]  . . (12) 

Combining (11) and (12) gives 

h ( ~ n + - Q s ~ ~ @ f $ ~  Y;)I.,J+R~ 9.R . - ( lS)  



The lower boundary condi t ion  W n  \.., = -0 + fT  U *c, lmpl ies  

For unforced response of t h e  system 

. < 0 i . e .  t h e  system i s  uncond i t i ona l ly  s t a b l e .  
Am + K n  

I f  , however, Q i s  a  func t ion  of t h e  v a r i a b l e s x  ,T, o r  Wn (as  w i l l  be con- 
s i d e r e d )  t h e  s o l u l i o n s  must be investigated i n d i v i d u a l l y .  

Analogous equat ions  hold f o r  t h e  two-level model, except t h a t  now 

kh= fip$+ p + q  3. arnd &=r-'&p3-Ik,l** 
Applicat ion o f  t h e  lower boundary condi t ion  has almost always been of t h e  form 

= -fiaFy + i F  U]&,where $ i s  ex t r apo la t ed  us ing  3 and , i . e .  l e t  

qb =a*,*.(/- . S t r a i g h t  l i n e a r  e x t r a p o l a t i o n  g ives  a  = 1 . 5 ,  a l though one 
occas iona l ly  f i n d s  o the r  va lues  u sed ,  The unforced response is  however not  un- 
c o n d i t i o n a l l y  s t a b l e  a s  above. In  f a c t  

I f  a  = 1, one ob ta ins  t h e  cond i t i on  corresponding t o  t h a t  above, For o the r  va lues ,  
a s  a r e  almost i nva r i ab ly  used,  t h e  p o s s l b i l l t y  of  spur ious  i n s t a b i l i t i e s  a r i s e s ,  
depending on t h e  phase between y,  and q3 and on t h e i r  r e l a t i v e  ampli tudes.  This  
problem w i l l  be  i n v e s t f g a t e d  a s  it a r i s e s  subsequent ly.  

VII .  HEATING PROPORTIONAL TO THE VERTICAL VELOCITY AT SOME HEIGHT. 

There a r e  s i t u a t i o n s  i n  which it i s  p l a u s i b l e  t o  cons lder  a  component of  t h e  
d i a b a t i c  hea t ing  t o  be dependent on l a r g e  s c a l e  v e r t i c a l  u p l i f t  o r  subsidence.  

In t roduct ion  of a  d i a b a t i c  hea t ing  p ropor t iona l  t o  t h e  v e r t i c a l  v e l o c i t y  
everywhere corresponds t o  a  modl f ica t lon  of t h e  gross  s t a t i c  s t a b l l l t y  of t h e  a t -  
mosphere, a s  can be seen from t h e  thermodynamic Eq (Z), %+U$$-+ a W =  e ,  
l e t t m g  ~ K W .  9 

A more i n t e r e s t ~ n g  s l t u a t l a n  a r l s e s  I£  it i s  presumed t h a t  t h e  hea t lng  i s  
proportional t o  t h e  v e r t l c a l  v e l o c l t y  of some helght  L ,  (whlch might correspond 
t o  a  gross  ' l i f t i n g  condensation leve l  ' ) In particular, l e t  q = K p(.r) w(L) ,  and 
t ake  P ( i z ) = l  , so  t h a t  t h e  hea t fng  i s  d l s t r l b u t e d  uniformly In t h e  v e r t i c a l .  
Substitution i n  t h e  s p e c t r a l  equat ions ( 6 ) - ( 7 )  and e l imina t ion  of  y, gives 

d L  d 
7 P M m  - I d = % +  (g7-fiL)(&wh-k W, (L)) = 0 (15) 

Le t t i ng  w =&I& - k Wn (L) glves a  homogeneous equat lon  i n  w 

With a  f l a t ,  f r i c t i o n l e s s  lower boundary, Wn(a)=O. In  terms of t h e  boundary 
condltnons become - &w,, (L) 5 ~ ( 1 )  = - Y Wn (L) . But using t h e  d e f i n i t i o n  o f  

Lu , ~(L)Z(O--K)W C L )  SO t h a t  t he  boundary conditions can be w r i t t e n  



Solu t ions  t o  t h e  DE f o r  CI) a r e  

es*(~l e ~ a h  dt + c&nh cca) 

/3 4 Qb%IG where g<L I_ p+ f l l  - 
U- 6 

Note t h a t  c i s  complex, hence so  i s  OC*, and W involves  both c i r c u l a r  and hyper- 
b o l i c  t r i g  func t ions ,  From t h e  above one w r i t e s  express ions  f o r  w(o), w(L), and 
w 61, which when s u b s t i t u t e d  i n t o  t h e  boundary cond i t i ons  g ive  two homogeneous 
equat ions i n  c ,  and c s .  For n o n - t r i v i a l  s o l u t i o n s  t h e  determinant  must vanish ,  

This  t r anscenden ta l  equat ion determines o( , from which t h e  r e a l  and imaginary p a r t s  
of  c a r e  obta ined:  p(fi%f dr- a;) 

Cy = u -  
Cfia+6 6 OC~-H$)~+Y &$-2 

. For a growing o r  decaying mode, OCV and oC; must both be nonzero, Conversely, any 
mode wi th  e i t h e r d t = O o r  ~ C V '  0 i s  an o s c i l l a t o r y  s o l u t i o n .  

Consider t h e  ca se  L = k. The above t ranscendenta l  equat ion i n  oC (Eq.19) 
s i m p l i f i e s  t o  

There a r e  two c l a s s e s  of  s o l u t i o n :  

1 )  ~ i n h  9 = O which has s o l u t i o n s  d , ~  0,di :Ubwhere j i s  any i n t e g e r .  
I f  j = 0 then  d =  0 and t h e  genera l  s o l u t i o n  f o r  W C S )  used p rev ious ly  is  no longer  

dit v a l i d .  Now use (c, t. c S ~ )  . I t  can be shown t h a t  t h i s  corresponds t o  an os-  
K c i l l a t o r y  mode i f  w - - - ( ~ i n h  ; f o r  o t h e r  values of  K , b and 8 , 0 

does not  correspond t o  a mode o f  t h e  system. When 3 4 0 ,  t h e r e  a r e  s imple o s c i l l a -  
t o r y  s o l u t i o n s  

OL 

) = 0 which can be expressed a s  t h e  coupled 
r e a l  equat ions 6 

3 , s , K & z  a 

One s e t  of s o l u t i o n  i s  oC1 = 2jCj.T j t e v e n  



and 

While another  s e t  i s  

oc, 0 

Hence i f  I -&I Cd& -$ ( 1 , only  t h e  Iarccos ' s o l u t i o n  e x i s t s ,  d, SO , and a l l  - 
6 s o l u t i o n s  a r e  s t r i c t l y  o s c i l l a t o r y .  I f ,  however, I&cosh3 2 1 , only  t h e  

' a r ccosh '  s o l u t i o n s  e x i s t ,  and t h e r e  w i l l  be one growing and one decaying mode f o r  
each j . For K > 0, d, -, 1 , s o  a l l  s o l u t i o n s  ( f o r  a l l  wavenumbers) 
a r e  uns t ab le .  

The i n t u i t i v e l y  analogous model i n  t h e  two-level  ca se  i s  t h a t  w h e r e o , ~  KYli ,+ 
s i n c e  Wz i s  def ined  a s w  a t  t = & . This however corresponds only  t o  a  modif i -  
c a t i o n  of  t h e  s t a t i c  s t a b i l i t y ,  so  t h e r e  a r e  only  s t a b l e  modes, t h e  oppos i t e  
r e s u l t  from t h e  above. This sugges ts  caut ion  be used i n  making ana logies  c o r r e s -  
ponding t o  p a r t i c u l a r  h e i g h t s :  4% and \N, behave more l i k e  f i r s t  modes i n  t h e  
v e r t i c a l  s t r u c t u r e ,  r a t h e r  than  l i k e  and M/ a t  2.s k* 
VIII .  HEAT TRANSFER AT THE LOWER BOUNDARY 

Observations i n d i c a t e  t h a t  t h e  l a r g e s t  component of  t h e  asymmetric d i a b a t i c  
hea t ing  i n  mid la t i t udes  i s  t h e  combination of s e n s i b l e  p l u s  l a t e n t  h e a t  f l u x  
through the  boundary l a y e r .  Severa l  s t u d i e s  have used t h e  s imp les t  p o s s i b l e  para-  
me te r i za t ion  o f  t h e  convergence of  t h i s  f l u x ,  namely $ ;. -K C7(0) -Tg) P (+) where 
T(0 )  i s  t h e  a i r  temperature a t  z = 0 and T is t h e  temperature o f  t h e  ground o r  
s e a  below; P ( a )  i s  t h e  v e r t i c a l  p r o f i l e  o b  t h e  h e a t  f l u x  convergence, and K i s  
a  'Newtonian convect ion1 c o e f f i c i e n t .  

R e a l i s t i c a l l y ,  K i s  s t r o n g l y  dependent on t h e  n a t u r e  of t h e  under ly ing  
s u r f a c e  and should be a  func t ion  of  t h e  ho r i zon ta l  coo rd ina t e s ,  and it should a l s o  
depend on some s t a b i l i t y  c r i t e r i o n  such a s  t h e  s u r f a c e  s t a t i c  s t a b i l i t y ,  a  bound- 
a ry- layer  Richardson Number, o r  more simply on @ ( D )  - Tg ) i t s e l f .  

For t h e  p r e s e n t ,  however, K w i l l  be taken  t o  be a  p o s i t i v e  cons t an t ,  and 
P ( r ) = l  I t  i s  a l s o  presumed t h a t  Tg can be taken  a s  e x t e r n a l l y  p re sc r ibed .  

Denote t h e  t ransform of  5 a s  T (as  i n  s e c t i o n  IV) s o  t h a t  9 

In t he  absence o f  topography o r  f r i c t i o n ,  t h e  lower boundary cond i t i on  be- 
comes i?l ( U -c)T' (0) = +'& lo) f o r  t h e  s t a b i l i t y  problem. Taking r e a l  and ima- 
g inary  p a r t s  of  c , Ec; -K  , so  t h a t  a l l  modes a r e  s t a b l e  ( K > 0). 

For the  more genera l  ca se ,  prosede a s  fo l lows:  El imina t ion  o f  wn from ( 6 ) -  
( 7 1 ,  and s u b s t i t u t i o n  of  t h e  express ion  f o r  Q, gives a  p o t e n t i a l  v o r t i c i t y  equa- 
t i on  



t. - 2SK h d~ Im - J - & P ~ + @ [ ~ - ~ ~ ' ] I +  u-c il-wC~[-@(ojJ 

whose s o l u t i o n s  a r e  

where 

d* Appl ica t ion  of  t h e  boundary condi t ions  i r ~  (u -~1  [% ( I ) ]  = -K [-&'-(o)] 
and [I.( - ifi ( ~ - c j ) [ e  ( 0 ) ~  + J T9 (0) 0) give a f t e r  some manipula- 

t i o n s  t h e  requirement t h a t  

f o r  n o n - t r i v i a l  s o l u t i o n .  This  i s  a  complex, i r r a t i o n a l  t r anscenden ta l  equat ion  
i n  c ( r e c a l l  oC = f  W )  . For t h e  f r i c t i o n l e s s  ca se ,  one g e t s  t h e  o s c i l l a t o r y  so lu -  
t i o n s  implied by sinh oC -0 ( i n t e r n a l  Rossby modes) and t h a t  implied by = dC (on 
e x t e r n a l  Rossby mode), a s  well a s  t h e  r e s u l t  C = U- i 5: which gives t h e  decaying 
( s t a b l e )  s o l u t i o n  Yr C; =-K . For %# O , a t tempts  were made t o  o b t a i n  s o l u t i o n s  
numer ica l ly ,  but  I was unable t o  (wi th in  t h e  t ime and expense c o n s t r a i n t s  o f  t h e  
summer program) . 

Some information concerning t h e  forced  response wi th  Tg presc r ibed  can be 
obta ined  d i r e c t l y  from t h e  lower boundary cond i t i on  i n  t h e  f r i c t i o n l e s s  c a s e .  Sub- 
s t i t u t i o n  o f  &= - k [T, ( o ) - T s ]  P(%) i n t o  t h e  boundary cond i t i on  (9) g ives  

which, presuming TI1 i s  r e a l  (phase s h i f t  of 0 r e l a t i v e  t o  t h e  o r i g i n ) ,  g ives  
m 

and f o r  t h e  phase s h i f t  r e l a t i v e  t o  Tg I 

A U = arcfa* (rn) * 

Since K , P (0) , U , fj' =. 0 , $ i s  small f o r  long waves ( Yi s m a l l ) ,  and i n c r e a s e s  
towards f o r  s h o r t  waves (compare with F ig .  3) . 

The s o l u t i o n s  forced  by a  p re sc r ibed  T i n  t h e  presence o f  f r i c t i o n ,  a r e  
now cons idered .  In s t ead  of  (22) t h e r e  i s  9 , 

with  s o l u t i o n s  A 

implying 



Appl ica t ion  of t h e  boundary cond i t i ons  

g ive  t h e  fol lowing system f o r  C, and C 2  

The forced response f o r  TS K = 3 ,7= and t h e  o t h e r  parameters  a s  i n  
s e c t i o n  11, i s  shown i n  Fig.3,  f o r  n = 1,2 ,3 ,5 ,7 .  The le f t -hand  f i g u r e  shows t h e  
' r i d g e s f  ( s o l i d  l i n e s )  and ' t r oughs f  (dot ted  l i n e s )  of  ly , T  and W a s  a func t ion  
of  h e i g h t .  The r ight-hand f i g u r e s  a r e  amplitudes a s  func t ions  o f  h e i g h t .  I n  t h e  
f r i c t i o n l e s s  case  t h e r e  i s  a resonance a t  5 = K .  Even i n  t h e  f r i c t i o n a l  c a s e ,  
t h e r e  i s  a f i n i t e  'quasi-resonance '  a t  t h i s  p o i n t .  For t h e  given parameters ,  n = 4 
i s  t h e  resonant  wavenumber. The s h i f t s  i n  phase a s soc i a t ed  wi th  pas s ing  through 
n = 4 a r e  evident  i n  t h e  f i g u r e .  

Suppose t h e  underlying s u r f a c e  maintains  some temperature d i s t r i b u t i o n ,  bu t  
has  topographic v a r i a t i o n s .  The topography induces a zonal p e r t u r b a t i o n  i n  t h e  
v o r t i c i t y , a n d  a temperature p e r t u r b a t i o n  must accompany it t o  keep t h e  flow geo- 
s t r o p h i c .  The d i s t r i b u t i o n  of  s u r f a c e  a i r  temperature (T(o}) w i l l  i n t e r a c t  with 
t h e  ground d i s t r i b u t i o n  (3) i n t roduc ing  a hea t ing .  The forced  flow p a t t e r n  t h a t  
r e s u l t s  w i l l  now be cons idered .  

Figure 4 shows t h e  response of t h e  model equat ions  t o  topography a lone ,  wi th  
no feedback hea t ing  e f f e c t  ( j-[ = 1 ,, ,K= O ) . A t  low wavenumbers t h e  response o f  9 i s  
n e a r l y  1800 out of phase wi th  t h e  topographic h e i g h t ,  and a s  t h e  wavenumber i n -  
c r eases ,  f r i c t i o n  becomes i n c r e a s i n g l y  important  and t h e  phases change. There a r e  
o f  course no phase changes with h e i g h t .  The quasiresonance phenomena i s  apparent  
a t  n = 3 and 5. W(0) i nc reases  with inc reas ing  wavenumber, while  t h e  amplitudes 
of  y a n d T  go t o  0 a s  n - 4 ~ 0 .  

The next  f i g u r e  ( 5 )  shows t h e  same s i t u a t i o n ,  bu t  wi th  K and 5.0. The 
phase changes of ?I with  he ight  a r e  n o t i c e a b l e  a t  a l l  wavenumbers, whereas t h e  am- 
p l i t u d e  c h a r a c t e r i s t i c s  of  9 , T and W a r e  a l l  s i m i l a r  t o  t h e  previous  c a s e .  Ad- 
d i t i o n  ~f t h e  d i a b a t i c  hea t ing  feedback in t roduces  l i t t l e  change i n  t h e  phase of  yn 
and Wn r e l a t i v e  t o  H, , and f o r  l a r g e  n ( f r i c t i o n  becoming important)  t h e  o v e r a l l  
response i s  q u i t e  s i m i l a r .  
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IX. NEWTONIAN COOLING TO EQUILIBRIUM 

Suppose t h e r e  i s  some equi l ibr ium temperature,  Te, towards which t h e  atmos- 
phere t ends ,  i n  t h e  sense t h a t  a t  each po in t  t h e r e  i s  d i a b a t i c  cool ing  p ropor t iona l  
t o  how much warmer than Te t h e  f l u i d  i s  a t  t h a t  p o i n t .  This  process ,  known as  
'Newtonian Cooling' can be expressed a s  

9, = - ~ [ T ( u  -TP(?~,  

and w i l l  be t h e  next  hea t ing  form cons idered .  In  t h e  above formula, Te, which i s  
of  course ,  a func t ion  of  X , can a l s o  have he ight  dependence. In  t h e  fol lowing 
d i scuss ion ,  however, Te = cons t an t  i n  t , so  t h a t  

The s t a b i l i t y  of s t e a d y - s t a t e  s o l u t i o n s  fol lows immediately from t h e  i n t e -  
g r a l  c o n s t r a i n t  equat ion (14); which t a k e s  t h e  form 

A =  - n 2 ~ ( p ,  )*Q1a)Iz=o- +S p f / e J l i d s  
Ah + u, 

From t h e  above it i s  evident  t h a t  f o r  f r f c t i i n l e s ;  motion, Newtonian coo l ing  (14>0] 
corresponds t o  a decaying mode, hence t h e  s teady  s t a t e  s o l u t i o n  i s  s t a b l e .  I t  a l s o  
seems evident  t h a t  some s o l u t i o n s  wi th  K < O  might a l s o  be s t a b l e  i n  t h e  presence 
of  f r i c t i o n .  

More information about t h e  modes of t h e  f r i c t i o n l e s s  problem i s  now obta ined .  
D i f f e r e n t i a t i o n  of  t h e  v o r t i c i t y  equat ion  (6) wi th  r e spec t  t o  t g ives  an equat ion  

d2W dw 
i n  T, , and a Expressions f o r  t h e  l a t t e r  two Wn d e r i v a t i v e s  go t t en  

JQ by d i f f e r e n t i a t i o n  of t h e  thermocynamic equat ion.  Since + and dla0 r, 
my but  not  

Q,now appear ,  Ta , which i s  cons tan t  i n  P , w i l l  e n t e r  on ly  t h e  boundary condi- 
t i o n s .  Hence: 

whose s o l u t i o n  i s  

The upper and lower boundary cond i t i ons  r e q u i r e  tha t*Wn vanish ,  so  

To o b t a i n  t h e  modes of t h e  systems,  s e t  Tee- 0 ; t h e  determinant  o f  r e s u l t -  
ing  homogeneous equat ions (as  before)  must vdnish f o r  n o n t r i v i a l  s o l u t i o n s ,  Two 
p o s s i b i l i t i e s  a r i s e :  1)  i q  &/- c )  + k s  0 , f o r  wh ich  t h e  growth r a t e  i s  Lh =-k. Thi s  
agrees  wi th  t h e  i n t e g r a l  r e s u l t  t h a t  Newtonian cool ing  (k 70) corresponds t o  a  s t a -  
b l e  mode, 23 s h & ~  cc r 0, In  t h e  previous  cases ,  t h i s  mode corresponded t o  o sc i l -  
l a t o r y  s o l u t i o n s  exc lus ive ly  which were independent of  any feedback, I n  t h i s  



problem, however, appears  i n  d- and t h e  modes implied by o(: 0 must be i n -  
v e s t i g a t e d  anew. As before ,  t h e  s o l u t i o n s  a r e  

We f*\ = O 
L , q i h t e q e r  f 0. 

Solving f o r  C gives  

S'+J=T" The growth r a t e  i s  = - .+ 4d,+J*T1 K . Since dc+ j2f 7 1 f o r  a l l  j , 
t h e  mode of 1 )  above i s  t h e  most uns t ab le .  

Newtonian cool ing  w i l l  now be considered f o r  t h e  two-level model. I ts  form 
i s  qa = -1< (T'--T--) . F r i c t i o n  w i l l  be included,  and a s  t h e  two-level ' i n t e g r a l f  
c o n s t r a i n t  impl led ,  t h e  s t a b i l i t y  may depend on t h e  e x t r a p o l a t i o n  scheme used f o r  
ob ta in ing  t h e  s u r f a c e  v o r t i c i t y  ( i . e .  f o r  ob ta in ing  vv ) . The system becomes 

PI ( 6  [ p -  f l%(u-~)Jq ,  = -2-Ws 
p.9 

- ) = 1 p, w, + 2 +7$ ?ITe 
I 

,70< - ~.R(U-C)](?P~-JQ 
Let qe= r y = c  s YI, 
For n o n t r i v i a l  s o l u t i o n s ,  t h e  above system r e q u i r e s  

where i t  i s  presumed t h e  e x t r a p o l a t i o n  i s  l i n e a r  (-5 = 2 ) .  In t h e  f r i c t i o n l e s s  
c a s e ,  t h e  above g ives  

c ' u -  ' 

o r  C = IJ -#.. The two-layer model g ives  only  t h e  uns t ab le  mode corresponding t o  
j = 1 i n  t h e  cont inuous c a s e .  A s  was shown, t h i s  was no t  t h e  most u n s t a b l e  mode, 
so t h a t  t h e  two-level model has  underest imated t h e  growth r a t e  o f  t h e  l e a s t  s t a b l e  
mode. (Note, however, t h a t  i n  t h e  l i m i t  f i -+O, A = - k ,  which i s  t h e  ' t r u e f  most 
uns t ab le  mode.) 

Now f o r  t h e  f r i c t i o n a l  ca se .  In  t h e  l i m i t  R--0 , t h e  e f f e c t  of  f r i c t i o n  
goes t o  zero,  and t h e  growth r a t e  

~=-I(-t-o(Y'T) n'40. 

In t h e  sho r t  wave l i m i t ,  t h e  f a s t e s t  growing mode goes t o  zero a s  Yi + ca, 
The phase speeds were computed numerical ly  f o r  t h e  case  wi th  no ex t r apo la -  



t i o n  ( r  = 1, s = 0) which i s  s t a b l e  by i n t e g r a l  c o n s t r a i n t s ,  and t h e  case  r = 1 . 5 ,  
s  = -0 .5 .  For K > 0 , Newtonian cool ing ,  a l l  modes i n  both cases  where s t a b l e  
f o r  a1  1 wavenumber. Figure 6 shows t h e  growth r a t e  versus  wavenumber f o r  K = - 0.2 
and F = -Ole (Newtonian hea t ing)  i n  t he  nonextrapolated case ( s o l i d  l i n e )  and 
ex t r apo la t ed  (dot ted  l i n e )  , The longwave l i m i t  - I( a s  fi + O i s  ev iden t .  Whlle 
t h e  ex t r apo la t ion  introduced no ' e r r o r '  i n t o  t he  b a s i c  s t a b i l i t y ,  t h e  growth r a t e s  
do d i f f e r ,  and t h e r e  i s  a  suggest ion t h a t  f r i c t i o n  i s  s t a b i l i z i n g  a t  6 -115. Any 
e f f e c t s  due t o  ex t r apo la t ion  should be more evident  i n  a  model with a  b a r o c l i n i c  
zonal s t a t e .  

The forced response t o  a prescr ibed  Te i s  shown i n  F ig .7 .  The computations 
and d i s p l a y  a r e  exac t ly  analogous t o  those  f o r  t h e  response t o  prescr ibed  Tj shown 
i n  F ig .3 .  

X, CONCLUSIONS 

The inc lus ion  o f  simple dynamic feedback e f f e c t s  i n  a  zonal ly asymmetric 
model does not  apprec iab ly  a l t e r  t h e  general  response c h a r a c t e r i s t i c s  of  t h e  model 
atmosphere. In genera l ,  processes  t h a t  introduced some form o f  nega t ive  feedback 
a r e  s t a b l e ;  p o s i t i v e  feedback i s  d e s t a b i l i z i n g .  

Addi t iona l ly ,  t h e  two-level model should be approached c a u t i o u s l y  f o r  s tudy-  
ing  t h e  types  of parameter iza t ions  considered he re in .  The a s s o c i a t i o n  of  a  quan- 
t i t y  a t  some l e v e l  should not be taken too  l i t e r a l l y .  

F ig .  6 



F i g .  7 



Fur ther  i n v e s t i g a t i o n s  might cons ider  a  v a r i e t y  of re f inements .  For one, 
b e t t e r  dynamics: i nc lus ion  of a  b a r o c l i n i c  zonal s t a t e ,  merfdional v a r i a t i o n s ,  
s t r a t o s p h e r i c  coupling,  i n t e r a c t i o n  wi th  a  symmetric regime model, and abondonment 
of  t h e /  -plane ( i . e .  s c a l e  L-a r a t h e r  than  L/a = O(Ro)). Second, improved para-  
m e t e r i z a t i o n ~ :  u se  of  a  h o r i z o n t a l l y  inhomogeneous k  r e f l e c t i n g  t h e  d i f f e r e n t  t h e r -  
modynamic p r o p e r t i e s  of land  and ocean, t rea tment  of t h e  t r a n s i e n t  eddy convergences 
( s t o c h a s t i c  p r o p e r t i e s  of  weather systems) and t h e i r  i n t e r a c t i o n  wi th  t h e  d i a b a t i c  
hea t ing  processes ,  and i n c l u s i o n  o f  a  water-vapor cyc l e ,  f o r  i n s t a n c e .  Third a r e  
miscel laneous cons ide ra t ions :  what a r e  t h e  non l inea r  e f f e c t s ,  how can t h e  f i n i t e  
amplitude e f f e c t s  of  orography be included,  and how important a r e  t h e  v e r t i c a l  
d i s t r i b u t i o n s  of  t h e  d i a b a t i c  hea t ing  processes?  

XI References 

Doos, Bo 1962 The inf luence  o f  exchange o f  s e n s i b l e  hea t  wi th  t h e  e a r t h ' s  
s u r f a c e  on t h e  p l ane ta ry  flow. Tel lus  14 (2) : 133. - 

SaEtzman, B. 1968 Surface boundary e f f e c t s  on t h e  general  c i r c u l a t i o n  and 
macroclimate: a  review of t h e  theory  o f  t h e  q u a s i - s t a t i o n a r y  p e r t u r b a t i o n s  i n  t h e  
atmosphere. Met-Monogr. - 8(30) :  4-19. 

Saltzman, B.  and S.Ashe 1976 Parameter iza t ion  of t h e  monthly mean v e r t i c a l  
hea t  t r a n s f e r  a t  t h e  e a r t h ' s  su r f ace .  T e l l u s  28(4) .  - 
XI1 Acknowledgements 

My thanks t o  D r .  Andrew Inge r so l l  f o r  h i s  a s s i s t a n c e  and advice  dur ing  t h e  
summer, and t o  D r .  Barry Saltzman f o r  h i s  cont inuing  i n t e r e s t  and suppor t .  

GEOSTROPHIC BAROCLINIC INSTABILITY I N  A FLUID WITH THREE LAYERS 

Michael H. Davey 

Many a n a l y t i c a l  models have been developed t o  s tudy  t h e  phenomenon of  baro- 
c l i n i c  i n s t a b i l i t y ,  and t o  i n v e s t i g a t e  t h e  e f f e c t s  on it of cond i t i ons  such a s  
d i s s i p a t i o n ,  varying bottom topography and t h e  / 3 - e f f e c t .  The models t h a t  a r e  
a b l e  t o  r e s o l v e  t h e  s t r u c t u r e  of  t h e  uns t ab le  waves a n a l y t i c a l l y  r e q u i r e  t h e  use  
o f  e i t h e r  l i n e a r  v e r t i c a l  p r o f i l e s  o f  v e l o c i t y  and s t a t i c  s t a b i l i t y  (Eady (1969)) ,  
o r  a  two-layer system ( P h i l l i p s  (1954)) ,  The aim o f  t h e  t h r e e - l a y e r  system p re -  
sented here  i s  t o  look a t  t h e  e f f e c t  of  a l lowing cu rva tu re  i n  t h e  v e r t i c a l  ve lo -  
c i t y  p r o f i l e .  To s imp l i fy  t h e  necessary  a lgeb ra ,  and t o  i s o l a t e  t h e  cu rva tu re  
e f f e c t ,  a  simple b a s i c  s t a t e  i s  chosen, wi th  no d i s s i p a t i o n  and no - e f f e c t .  

First t h e  governing equat ions  a r e  e s t a b l i s h e d ,  then  t h e  l i n e a r  s t a b i l i t y  
a n a l y s i s  and i t s  f i n i t e - ampl i tude  ex tens ion  a r e  desc r ibed .  F i n a l l y ,  t h e  l i n e a r  
s t a b i l i t y  of  a  s p e c i a l  c a s e  with an i n f i n i t e l y  deep bottom l a y e r  i s  s t u d i e d .  

Descript ion o f  t h e  model 

The b a s i c  system i s  shown i n  diagram 1. The l a y e r s  a r e  s t a b l y  s t r a t i f i e d  
and immiscible,  and have equal depth H i n  t h e  absence o f  r e l a t i v e  motion, Each 
l a y e r  has cons tan t  d e n s i t y ,  ahd t h e  d e n s i t y  d i f f e r e n c e s  Pa-p, , and P3-,q, a r e  



Diagram 1. The b a s i c  t h ree - l aye r  system. 

both equal  t o  A p , with  A p  -C4 p, t h e r e  a r e  v e r t i c a l  s idewa l l s  a t  y  = 0,  L ,  and 
t h e  system is  unbounded i n  x . The b a s i c  s t a t e  has  cons tan t  v e l o c i t i e s  (ui, 0, 0 ) .  
(i = 1 ,  For geos t rophic  and h y d r o s t a t i c  balance,  t h e  fol lowing i n t e r f a c e  d i s -  
placements a r e  r equ i r ed ,  i n  t h e  b a s i c  s t a t e .  

f  i s  t h e  c o r i o l i s  parameter,  taken a s  cons t an t .  The Rossky number 5 -- U 
~ 4 4  2 ,  

where U i s  t h e  b a s i c  v e l o c i t y  s c a l e .  The i n t e r n a l  r o t a t i o n a l  Froude number 

F =  is  chosen t o  be 0 (1 ) ,  s o  t h e  l eng th  s c a l e  L i s  comparable t o  t h e  
( 9 1  8 

r a d i u s  b f  deformation. L under t hese  cond i t i ons ,  and 7T- a r e  O ( F ) ,  and ?, i s  
&2 

n e g l i g i b l y  small .  The Richardson number R; 3 %fP-3>1 i s  p re sc r ibed ,  s o  pe r -  u 
t u r b a t i o n s  t o  t h e  b a s i c  s t a t e  which have O(L=) l eng th  s c a l e  w i l l  be geos t roph ic .  

The p o t e n t i a l  v o r t i c i t y  i n  each l a y e r  i s  

'Ii i s  t he  v e r t i c a l  v o r t i c i t y  component. I n  t h e  absence of  d i s s i p a t i o n ,  p o t e n t i a l  
v o r t i c i t y  i s  conserved i n  each l aye r  



it is convenient to use 

where 6 = reduced pressure 
= hydrostatic pressure - pressure in absence of relative motion. 

The variables are then nondimensionalized as follows: ( *  denotes a dimensional 
quantity) 

( x ,  y 9  = L k y l  

t* - +st Cadvective time scale) 

$ ~ ~ * P L u L #  (geostmphic balance) 
The governing equations are 

&= v24 since the Pi are streamfunctions for the horizontal velocity in the 
respective layers. 

The boundary conditions to be used with these equations are 

p'tx = q 5 0 & y =  0,l (G) 

The latter condition is obtained by integrating 

& ( u * + u u , +  v u L j ) - ~ +  % = 0  

on the sidewalls (Phillips, (1956)). 

Linear Stability Analysis 

The stability of the system to small perturbations is investigated by sub- 
stituting 

into (11, and neglecting terms quadratic in @jt  . This gives 



For l a t e r  r e f e r e n c e ,  t h e  l i n e a r  ope ra to r s  a r e  denoted L , L2 and L3 r e s p e c t i v e l y ,  
( i . e .  ~ q s . ( 4 1  I ,  a r e  ~1 (+,,%I = 0, ~2 (4, ,k ,+J  I = 0,  and 
L 3  ( q , @I ) = 0 ) .  The shea r  U1 - U2 between t h e  upper l a y e r s  i s  denoted S1, and 
s i m i l a r l y  S 2  = U2 - Us. 

Wave s o l u t i o n s  s a t i s f y i n g  t h e  boundary condi t ions  a r e  

A ,  c ,  and ?ls may be complex. c ,  rs and ?f3 a r e  determined from (a ) ,  which l eads  t o  

where 

The c o e f f i c i e n t s  o f  (6) a r e  r e a l ,  s o  t h e r e  w i l l  be  an exponent ia l ly  growing wave 
and an exponent ia l ly  decaying wave i f  (b) has complex r o o t s .  The c r i t e r i o n  f o r  
complex r o o t s  i s  

(+ r2 20 f V  

where $ -(+%and r =  -& 2 - A -  ($Y. I f  q3 -h S e  0 , then  a l l  t h r e e  
r o o t s  a r e  r e a l  and t h e  corresponding waves a r e  n e u t r a l .  (Note t h a t  t h e r e  is  always 
a t  l e a s t  one n e u t r a l  s o l u t i o n . )  I f  f + rs = O  , then t h e r e  i s  a  double r o o t  and 
t h e  system i s  margina l ly  s t a b l e .  



To examine t h e  e f f e c t s  of vary ing  t h e  curva ture  3 , - S ,  , it was decided t o  
parameter ize t h e  b a s i c  s t a t e  by t h e  curva ture  and t h e  n e t  shear  5 ,  i s L  . Only 

( S  - and (S, + S,')% appear i n  (7)  , and p u t t i n g  / 5 ,  - 5,1 = h 15, r 5, ) l e ads  
t o  an equat ion involving j u s t  h and /M . The s t r u c t u r e  o f  t h e  marginal s t a b i l i t y  
curve can then  be expressed a s  two diagrams. 



Diagram 2 shows t h e  marginal s t a b i l i t y  curve wi th  S1 + S2 f i x e d  and S1 - S2 a n d a  
vary ing ,  and Diagram 3 has S1 - S2 f i x e d  wi th  S1 - S2 a n d ~ v a r y i n g ,  Four p o i n t s  
on t h e s e  diagrams were found a s  s p e c i a l  s imple c a s e s .  

( i )  S1 + S2 = 0 l eads  t o  = 2 J T  f o r  a l l  S i  - S2. 

( i i )  Is1 + S2 / = IS1 - S2 / gives a  cubic  equat ion  f o r p  c r i t ,  wi th  

one p o s i t i v e  r o o t  / U c r i t  = 10709. 

( i i i )  S1 - S2 = 0 leads  t o  /Jcrit = f i  - 1 f o r  a l l  S1 + S2. 

( i v )  Is1 - S2  I = 3 / s1 + S2 1 l eads  t o  /Acrit = 2. 

The diagrams show t h a t  t h e  system i s  uns t ab le  t o  condi t ions  wi th  s u f f i c i e n t l y  
small  ,U . The v e l o c i t y  p r o f i l e  with t h e  s m a l l e s t P c r i t  i s  t h e  one wi th  zero 

cu rva tu re .  The a d d i t i o n  of  any curva ture  i n c r e a s e s , U c r i t ,  s o  cu rva tu re  has  a  

d e s t a b i l i z i n g  e f f e c t  compared t o  zero cu rva tu re .  The unexpected f e a t u r e  of  t h e  
diagrams i s  t h e  appearance of  two branches.  A t  p r e s e n t ,  it has n o t  been d e t e r -  
mined whether t h e  two branches coa lesce  o r  n o t .  

Diagram 3 shows t h a t  t h e  e f f e c t  of curva ture  on s t a b i l i t y  i s  d i f f e r e n t  on 
t h e  two branches.  For small  cu rva tu re ,  on t h e  lower branch w i t h f l  L 2 ,  /1A c r i t  
i nc reases  a s  S1 - S2 i n c r e a s e s ;  bu t  f o r  l a r g e  S1 - S2, on t h e  upper branch, Acri t  
decreases  wi th  inc reas ing  cu rva tu re .  I t  i s  i n t e r e s t i n g  t o  no te  t h a t  t h e  peak i n  
Diagram 3 occurs  when poit = 2 (case ( iv )  above) ,  which i s  t h e  c r i t i c a l  va lue  

f o r  i n s t a b i l i t y  i f  on ly  two o f  t h e  t h r e e  l a y e r s  were p r e s e n t .  

The r e s u l t  f o r  zero  curva ture  (case  ( i i i )  can be compared wi th  t h e  s t a b i l -  
i t y  c r i t e r i a  f o r  t h e  equiva len t  twoclayer  and continuous ( l i n e a r  d e n s i t y  and ve lo-  
c i t y  p r o f i l e )  systems. Consider a  cont inuous system wi th  t o t a l  depth H, and den- 
s i t y  d i f f e r e n c e  bp, between t h e  top  and bottom s u r f a c e s .  The system i s - m a r g i n a l l y  

s t a b l e  f o r  ,U,= lL' = 5.76, where 6 = and K~ = k2 * m2 'l"f2. One p o s s i b l e  
6 $ -f He 

two-level  r e p r e s e n t a t i o n  of  t h i s  i s  a  model with two l a y e r s  o f  depth  and d e n s i t y  

4P. . In t h i s  case ,  ,U4 = d i f f e r e n c e  7 + 2 where F 2 r  +yF,6 

6 
The t h r e e - l a y e r  model has  l aye r s  of depth$ and d e n s i t y  d i f f e r e t c e s  . I t  

has been found t h a t  /CCgCrit = k =E + 1, where 5 s 4- 9 F, . Hence e a%? 3 
t h e  two-layer  approximation has c r i t i c a l  &- I- 8 , and t h e  t h r e e - l a y e r  model has  

I- F, 
c r i t i c a l  = 6 . 6 .  Thus, a s  one would expec t ,  t h e  t h r e e - l a y e r  -system g i v e s  a  

F, 
b e t t e r  r e p r e s e n t a t i o n .  

Finite-Amplitude Analysis  

The dynamics o f  a  d i s tu rbance  i n  a  two-layer system which i s  b a r e l y  uns t ab le  
(and hence i s  growing on a  t ime s c a l e  much l e s s  than  t h e  advec t ive  t ime s c a l e )  has  
been ex tens ive ly  s t u d i e d  by Pedlosky (1970, 1971).  The same type  o f  a n a l y s i s  can 
be appl ied  t o  t h e  t h r e e - l a y e r  f l u i d ;  t h e  p re sen t  s i t u a t i o n  wi th  no d i s s i p a t i o n  o r  
/ 3 - e f f e c t  i s  t h e  s i m p l e s t .  The development of one growing mode i s  fol lowed.  



Given K~ and F  = Fc + A . (Where K ~ / F ,  = bcrit and \ 0 )  tc , t h e  growth r a t e  

i s  o(161") . (The s i t u a t i o n  i s  comparable t o  t h a t  i n  t h e  two-layer  system - i n -  
c r eas ing  F from Rc causes two n e u t r a l  modes t o  change t o  one growing and one decay- 
ing  mode. ) A new t ime s c a l e  T= IA/" k i s  in t roduced ,  and t h e  d i s tu rbance  r$(x,y, l'7) 
i s  expanded a s  

4,. 1 n\'"+,"+ 1 A I  +j4+ . . . 
The v o r t i c i t y  equat ions  a r e  w r i t t e n  

J is  t h e  Jacobian o p e r a t o r ;  J (it, fi\ = A, A, - /,, . 
The terms i n  t h e  above equat ions r ep re sen t  p o t e n t i a l  v o r t i c i t y  (p .v . )  change 

due t o  advect ion o f  p e r t u r b a t i o n  p .v .  by t h e  bas i c  flow, advec t ion  o f  bas i c  p .v .  by 
t h e  pe r tu rba t ion ,  growth of p e r t u r b a t i o n  ampli tudes,  and s e l f - i n t e r a c t i o n  o f  t h e  
p e r t u r b a t i o n s .  

To O ( I A I & )  (8) g ives  

where t h e  Lit a r e  t h e  l i n e a r  o p e r a t o r s  L i  def ined  previous ly ,  w i th  F  = Fe. A s  be- 
f o r e ,  t h e s e  equat ions have wave s o l u t i o n s  

ik ( x - c t )  @? = RE A(T)e d m  mfi? 

where c ,  8% and 5 a r e  r e a l  and a r e  t h e  s o l u t i o n s  o f  t h e  l i n e a r  problem w i t h  
A c t  The o(IOl)problem g ives  



The Jacobian terms a r e  a l l  zero because t h e r e  a r e  no phase s h i f t s  between l a y e r s  t o  
a 0(plY). The [ *? inhomogeneities lead  t o  p a r t i c u l a r  s o l u t i o n s  of t h e  

form t k (PC t J  

$f'= 7%~:' ( ~ ) e  & m a y ,  
c1.1 

The amplitudes A l must s a t i s f y  t h e  mat r ix  equat ion 

(note  t h a t  c  - U 1 ,  c  - U and c  - U3 must be non-zero.. I f  one o f  t h e s e  i s  zero 
(e .g.  S1 = S2 -- c = u27 then  a  s e p a r a t e  a n a l y s i s  i s  r e q u i r e d ) .  The determinant  
of t h e  mat r ix  i s  zero,  so t h e  cond i t i on  f o r  a  s o l u t i o n  i s  

from t h e  l i n e a r  r e s u l t s .  (Equations (5))  

I t  i s  found t h a t ,  when /W = ,ucrif. 

Hence s o l u t i o n s  can be found, wi th  not  n e c e s s a r i l y  zero.  
a l l  

The q u a n t i t i e s  A (' determine t h e  phase s h i f t s  between t h e  l a y e r s .  f?:) i s  
a r b i t r a r i l y  s e t  t o  zero,  s o  t h e  s t r u c t u r e  of  t h e  phase s h i f t s  i s  i n  t h e  t o p  and 
bottom l a y e r s .  

c?) 
Homogeneous s o l u t i o n s  $: (q ,T) must a l s o  be included i n  . To determine t h e  

5; and ACT) t h e  0 1 1 ~ 1  x) a n a l y s i s  i s  needed. From (8) 



(s, ~s )  a D a 
Li&, . @+ )= - [P2+?+g (by- 4:")) - -(-+u, 14 at: &)(q'-o) y ) - 

+ s,-~[4~'~d+~)+~,(4~'-4:"~-~[6:",~~4:)+~~,4~-4b';')J +$j ":. 
The Jacobians conta in  some inhomogeneities which a r e  independent of  X and t , e . g .  

(* denotes  complex conjugate)  

A l l  t h e  inhomogeneities independent o f  a: and t must vanish ,  because t h e  L i C  a r e  
ope ra to r s  involv ing  X and 6 only .  This  requirement g ives  d i f f e r e n t i a l  equat ions  
f o r  t h e  g i  . 



Note t h a t  9,  * yL * $3 = 0, The f give  t h e  O(I P I )  cor rec t ions  t o  t h e  b a s i c  
flow induced by t h e  nonlinear  i n t e r a c t i o n s .  vib) = - acy 
The curvature  adjustment i s  

This means t h a t  where t h e  wave amplitude i s  l a r g e s t ,  curvature1 i s  decreased i f  
$Ak> 0 . This i s  a s t a b i l i z i n g  e f f e c t  f o r  small curvature ,  but a  d e s t a b i l i z i n g  

e f f e c t  f o r  l a r g e  ~ u r v a t u r e .  

The c o r r e c t i o n  t o  t h e  ne t  ,shear i s  

when t h e  wavelike inhomogeneities a r e  w r i t t e n  a s  a Fourier  s e r i e s  i n  & y ~  mr[d, 
l .k()r-eS) 

Terms of  t h e  form Re M i  r: he &wfl  appear.  T$e l i n e a r  opera tors  g ive  ' j, rr C r - c t ~ ~  
t he  usual  homogeneous so lu t ions  0:' = Re 6 e M T ~ *  
To prevent secu la r  terms appearing (which would make t h e  time sca l ing  i n v a l i d ) ,  
t h e  equation 

must have a s o l u t i o n .  This ~ e q u i r e s  

M, + E A  + & u i . ; O  
a- S, Q. Q+ J, 

An amplitude equation is  thus  found. 

= &?'A - k'NA (1 A 1"- I A ( e > l z )  
d7" 



Lf i s  t h e  growth r a t e  on t h e  t ime s c a l e  T which fo l lows  from l i n e a r  theory .  
Equation (10) has  t h e  same form a s  one given by Pedlosky (1970) f o r  two l a y e r s ,  and 
i t s  p r o p e r t i e s  a r e  d iscussed  i n  d e t a i l  i n  t h a t  paper .  I f  N > 0, t hen  non l inea r  
e f f e c t s  l i m i t  t h e  amplitude growth. I f  N C  0 however, t h e  growth i s  l i m i t e d  by n 
higher-order  i n t e r a c t i o n s .  Since $ - > 0 (% = F a~ 3 F) 

n?'L5TC+ % 

c -a& and as, S- \ 2-6, then  N i s  c e r t a i n l y  p o s i t i v e  i f  7 > 04 
St a . 

+ a, 
The s i g n  o f  can be found from t h e  cubic equat ion f o r  a , by us ing  Descar tes  
r u l e .  sb- $3 

Two p a r t i c u l a r  cases  a r e  used t o  i l l u s t r a t e  t h e s e  r e s u l t s ,  f o r  marginal 
s t a b i l i t y  po in t s  on each branch of  Diagram 3 .  

F i r s t  cons ider  S1 = 1 and S2 = 0. (Point A on Diagram 3) .0ne f i n d s  from 
t h e  l i n e a r  theory ,qmit = 1 . 7 ,  aCrit = a Y b  , & = . 8 5  and ZJ, = . 3 l .  

4 \ 

For a square wave, (k' tm'~ k'f ) t h e  b a s i c  flow changes a t  y = 4 a r e  

u," = - 5 ;.l &Aa 
~ 2 )  = 4.1 6As 
I,('\ 5 ,O &A1' 

3 

The cu rva tu re  decreases  and t h e  n e t  shea r  decreases .  For S2 = 0, N 7 0 so t h e  n e t  
e f f e c t  o f  t h e  i n t e r a c t i o n s  i s  t o  l i m i t  t h e  wave growth. Note t h a t  a shea r  between 
the  bottom two l a y e r s  has been induced. 

The second case  i s  S1 = 3  and S2 = -2 .  (Point  B on Diagram 3 . )  I n  t h i s  

case  L O S O  N 3 be nega t ive .  One f inds  ,U crit = 3  , I  , Qcr i t  = 1 .31 s,- -9s x2 = 2 . 3  and 'lf3 = . 8 3 .  The mid-channel b a s i c  v e l o c i t y  changes f o r  a square  
wave g ive  

7 

The eva lua t ion  o f  N y i e l d s  N = 1 . 2 ,  so  t h i s  case a l s o  has f i n i t e - ampl i tude  
s t a b i l i t y .  



In t h i s  f i n i t e - ampl i tude  a n a l y s i s ,  t h e  p o s s i b l e  presence of  a  n e u t r a l  mode 
was ignored.  I f  t h e  n e u t r a l  mode i s  included,  it is seen t h a t  i t s  chance v i a  i n t e r -  
a c t i o n s  i s  ve ry  slow compared t o  t h e  growing mode. 

I n f i n i t e  Depth Bottom Layer 

Consider a  system wi th  two Cayers o f  equal depth H and an i n f i n i t e l y  deep 

from d p l .  The lower shear  S2 i s  zero .  (A more general  system i s  easy  t o  e s t a -  
b l i s h ,  bu t  t h i s  s p e c i a l  case  g ives  simple a l g a b r a i c  s o l u t i o n s . )  Under t h e s e  con- 
d i t i o n s ,  t h e  v o r t i c i t y  equat ions  a r e  

where 

The l i n e a r i z e d  equat ions  have s o l u t i o n s  of  t h e  usua l  form 

I t  i s  found t h a t  $, = 0 o r  C s U3 . Hence t h e  i n t e r e s t i n g  uns t ab le  modes have 

$ 3 -  c, , The r e s u l t i n g  quadra t i c  equat ion f o r  a s C -  4 i s  

This  equat ion  has complex r o o t s  i f  

,U'+pr-(C < 0 - 
Y tlb Y The c r i t i c a l  value f o r  /U i s  = and t h e  system i s  u n s t a b l e  f o r  



f i  < & c ~ ; t  The e f f e c t  of varying t h e  d e n s i t y  d i f f e r e n c e s  can be seen .  I n t u i -  
t i v e l y  one might e & p e c t , U c r i t  t o  decrease  a s  'F dec reases ,  s i n c e  t h e  lower i n t e r -  

face  t i l t s  l e s s  a s  A/?, i s  increased .  However,, U, was s p e c i f i e d  so t h e  lower 

i n t e r f a c e  i s  always ho r i zon ta l  i n  t h e  l i n e a r  theory .  The s t a b i l i t y  c r i t e r i o n  shows 
t h a t / M c r i t  a c t u a l l y  i nc reases  a s  r dec reases .  In t h e  l i m i t  r+ O , correspond- 

ing  t o  Ap,+ W , "crit 9 2 ( t h e  two-layer r e s u l t ) .  The o t h e r  l i m i t ,  bfi-+ 0 

g i v e s / U C r i ~ j  0 . This  l i m i t  models a  two-layer  system wi th  i n f i n i t e l y  deep lower 

l a y e r ,  and such a  system is  always s t a b l e .  

Conclusions 

The e f f e c t  of  curva ture  i n  t h e  v e r t i c a l  v e l o c i t y  p r o f i l e  has been s t u d i e d .  
A l i n e a r  s t a b i l i t y  a n a l y s i s  showed t h a t  curva ture  has a  d e s t a b i l i z i n g  in f luence ,  
and a l s o  revea led  f e a t u r e s  t h a t  mer i t  f u r t h e r  s tudy  t o  f i n d  t h e i r  phys i ca l  s i g n i f i -  
cance. From t h e  a n a l y s i s  of f i n i t e - ampl i tude  e f f e c t s  it was found t h a t  t h e  b a s i c  
flow changes produced by nonl inear  i n t e r a c t i o n s  reduced t h e  magnitude o f  t h e  curva-  
t u r e .  An equat ion f o r  t h e  ampli tude of  t h e  uns t ab le  mode was de r ived ,  and i n  a l l  
cases  i n v e s t i g a t e d  nonl inear  e f f e c t s  l imi t ed  i t s  growth. 
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STOCHASTIC ANALOGIES TO DIFFUSIVE CLIMATE MODELS 

Lawrence C .  Ke l l s  

1. The Models 

In r e c e n t  years  much a t t e n t i o n  has been given t o  Budyko-Sellers t ype  
r a d i a t i v e - d i f f u s i v e  c l i m a t e  models involv ing  t h e  f i r s t  few s p e c t r a l  modes (Budyko 
1969, S e l l e r s  1969).  The p r o t o t y p i c a l  equat ion is 

where (1 ( x , ~ ) ) E  ~+b(n i s  t h e  r a d i a t i o n  ensemble averaged over  many r e a l i z a -  
t i o n s ;  H&,t)  t h e  s o l a r  h e a t  source ,  C t h e  c l i m a t i c  response t ime t o  s o l a r  
hea t ing  and 32 an empir ica l  d i f f u s i o n  c o e f f i c i e n t .  (We ignore  i c e  feedback and 
atmospheric-wean coupl ing . )  The s o l u t i o n  i n  Four ie r  components i s  

This  i s  found t o  g ive  a c c u r a t e  r e s u l t s  f o r  low-order s p e c t r a l  approximations but  
it i s  no t  improved when high-order  modes a r e  inc luded .  (North 1975).  There i s  no 
d i r e c t  phys ica l  b a s i s  f o r  assuming a d i f f u s i o n  process .  This  paper seeks  t o  d i s -  
cover a mathematical analogy t o  determine t h e  e x t e n t  of  v a l i d i t y  of  t h i s  approxi-  
mation. 

The model we w i l l  explore  assumes advect ion by a random atmospheric 
v e l o c i t y :  

V (~,k) i s  a Gaussian zero-mean s t a t i o n a r y ,  homogeneous f i e l d  wi th  au to -co r re l a -  
t i o n  time and length  s c a l e s  t y p i c a l  o f  ver t ica l ly-averaged  l a r g e  s c a l e  weather 
p a t t e r n s .  (The mean zonal wind v e l o c i t y  i s  sub t r ac t ed  o u t . )  I f  t h e s e  s c a l e s  a r e  
much sma l l e r  than  those  o f  t h e  source  and response terms,  t hen  advec t ive  t r a n s -  
p o r t  of I  by v i s  analogous t o  t r a n s p o r t  by molecular Brownian motion, lead ing  t o  
d i f f u s i v e  behavior .  The key ques t ion  i s ,  how small can t h e  s c a l e s  of  I become 
be fo re  - v no longer  behaves l i k e  d i f f u s i o n ?  

2 .  The Basic So lu t ion ,  1 

We Four ie r  ana lyze  Eq. (1) : 

The convolut ion i n  (2) prec ludes  a closed-form s o l u t i o n .  The t a s k  of  t h i s  
paper is  t o  expand t h e  s o l u t i o n  i n t o  a [d ivergent )  power s e r i e s  and t o  sum s u i t a -  

This  s e c t i o n  i s  a summary of  North (1976). 



b l e  subse t s  of t h i s  s e r i e s  t o  approximate t h e  s o l u t i o n  and compare it t o  t h e  so lu-  
t i o n  o f  (1) .  (For background from t h e  theory  of ord inary  tu rbu len t  d i f f u s i o n  s e e  
Kraichnan 1970a, b . )  

I t e r a t i n g  (3)  gives  

From now on we w i l l  be i n t e r e s t e d  only i n  ensemble averages,  n o t  i nd iv idua l  r e a l i z a -  
t i o n s ,  s o ,  u s ing  t h e  f a c t  t h a t  has  zero mean, - 

We can develop a  Feynman diagram n o t a t i o n  a s  fo l lows  (Orszag 1974): 

where - = So O=b m d  X = . We a l s o  in t roduce  (M) 3 C. 
By a  s tandard  p rope r ty  of Gaussian f i e l d s  then  

Our purpose i s  t o  sum s u b s e t s  o f  t h i s  s e r i e s  c o n s i s t i n g  of  terms which f a c t o r  i n t o  

t h e  terms shown he re  (as  h f a c t o r s  t o  ( z ) ~ ) .  

The f i r s t  s t e p  i s  t o  f i n d  5,s C L  f o r  a  twoOdimensional incompressible  
flow. In longhand 

where we have used t h e  i n c o m p r e s s i b i l i t y  cond i t i on  ( K - _ K , ) - ~ -  = 0. 
w - W J  

We must examine t h e  q u a n t i t y ( y c  gd,).  This  must be an i s o t r o p i c ,  incom- 
c" 

p r e s s i b l e ,  s t a t i o n a r y  homogeneous t e n s o r .  I t  can be shown from t h e  p r o p e r t i e s  o f  
% 

v t h a t  t h e  only  p o s s i b l e  form i s  Vy R K  6 (h r 5' ) d (w+ wl)($ij-  q) where i s  - 
ij 

t h e  r o o t  mean square  f l u c t u a t i n g  v e l o c i t y .  R$ i s  t h e  Four i e r  t ransform o f  

p (r, t \ which i s  an empir ica l  e s t ima te  of  t h e  magnitude o f  q($:g)y(n_+g,ttt')). 
Through Sec t ion  4 we w i l l  use  only a L j  i n  t h e  t e n s o r  p a r t  o f  8 , i n  o r d e r  

t o  s imp l i fy  t h e  c a l c u l a t i o n s ,  a s  d i d  North. This  w i l l  change t h e  r e s u l t s  by a  
numerical f a c t o r  which i s  inconsequent ia l  he re .  When we s p e c i f y R ,  e x p l i c i t l y  we 

KL K i  i3 w i l l  r e i n s t a t e  - kb i n  o r d e r  t o  g e t  t h e  c o r r e c t  numerical r e s u l t s .  

Thus 



(where A X  i s  shorthand f o r  d (zdy )) Y 
1 a -t(iw+lC;) 

, - K V, C d,, d W k  
--P 

d t  

This r e s u l t  permi ts  us  t o  sum t h e  "bubble subset"  

a  d i f f u s i o n - l i k e  ope ra to r  which i s  a  func t ion  of ch, Now suppose 
- A  

e v ~ J i c u + + l  cc 1 . 

Thus i f  t h e  a u t o c o r r e l a t i o n  t ime i s  small  enough, Do ((3) becomes t h e  c l a s s i c a l  
Taylor  d i f f u s i o n  c o e f f i c i e n t  D. 

3 .  Ond Dimensional Compressible Flow. 

Before proceeding f u r t h e r  down t h i s  l i n e  we s h a l l  g e n e r a l i z e  t h i s  r e s u l t  - 
f i r s t  t o  t hose  one-dimensional c l ima te  models, where t h e  i n c o m p r e s s i b i l i t y  assump- 
t i o n  would be  too  r e s t r i c t i v e .  So 

h .t d, d w ,  3, =-V, C d k K L  S W  MI/$ K I  RbK, tu -N1 K1 

The X i n t e g r a l  i s  - + ( a , t )  . I f  $$ e x i s t s  and i s  ,equal t o  zero a %  ,=, 
a t  x = 0 then  t h i s  reduces t o  t h e  incompressible  r e s u l t .  

4 .  Sphe r i ca l  Geometry 

Since most c l ima te  models a r e  framed i n  s p h e r i c a l  coo rd ina t e s ,  it is  
r e a s s u r i n g  t o  know+that  analogous r e s u l t s  can be found f o r  a  sphe re .  The coord i -  
n a t e s  a r e  (Y, e2 p), however, we w i l l  use  t h e  s u r f a c e  of  t h e  sphere  where Y = 1. 
9 is  t h e  c o l a t i t u d e  and t h e  long i tude .  We w i l l  expand i n  s p h e r i c a l  harmonics 

C'M q' Y: ( 8 ,  ?) = $ ( ~ e ) e  where 1 2 0, lm ( 6 4 , and p," i s  t h e  a s s o c i a t e d  Le- 
gendre func t ion .  These func t ions  have t h e  fol lowing use fu l  p r o p e r t i e s :  



I So expanding I and H i n  YT' , Four ie r  t ransforming i n  W , mul t ip ly ing  by ~ r * ( ~  )ebt 
and i n t e g r a t i n g  y i e l d s  

where d n = & @ d B d ( P  

and (again us ing  t h e  s i m p l i f i e d ,  incompressible  , 

From t h i s  r e s u l t  it seems reasonable  t h a t  a l l  computations i n  Ca r t e s i an  coord ina t e s  
have t h e i r  s p h e r i c a l  analogues through r ep lac ing  I(" by 4 (4-t-l) , and t h i s  assump- 
t i o n  i s  i m p l i c i t  a s  we r e t u r n  t o  t h e  s impler  r ec t angu la r  coo rd ina t e s  f o r  t h e  r e -  
mainder of t h i s  paper .  

(Note t h a t  keeping - * r e s u l t e d  i n  an e x t r a  f a c t o r  o f  L). Expanding i n  A,  
PZL 

 OW= v;C Frwl l -  + ~ + + 4 % +  . . .). 



I f  A i s  small  then  Do i s  r e l a t i v e l y  independent of  W , i n  accord wi th  t h e  remarks 
ending Sec t ion  2. 

6 ,  Fourth Order Cont r ibut ions .  

To inc lude  a  l a r g e r  subse t  of  t h e  s e r i e s  i n  our  sum, we may compute t h e  

f o u r t h  o rde r  c o n t r i b u t i o n s  Sq,,' and&,,:- and t h u s  t h e  s e r i e s  

c o n s i s t i n g  of a l l  p o s s i b l e  cha ins  formed from t h e s e  and S2. We w i l l  f i n d  a  r e -  

normal iza t ion  D2( ) t o  t h e  k2 term a s  wel l  a s  a  k4 term D ~ ) ( w )  . The r e s u l t  

w i l l  look l i k e  
C 

The fou r th  o rde r  graphs y i e l d  t o  t h e  same method a s  t h e  second o rde r ;  t h e  
manipulat ions a r e  s l i g h t l y  t r i c k i e r  and cons iderably  more t ed ious ,  bu t  r e q u i r e  
no new techniques .  The r e s u l t s :  

Note t h a t  t h e  e n t i r e  renormal iza t ion  t o  k2 comes from 

On a  s c a l e  where D,(o) = 1 

For d i f f u s i o n  t o  be v a l i d  t h e  f i r s t  requirement i s  t h a t  441 s o  t h a t  
1 ~ )  i s  cons t an t .  That is ,  t h e  a u t o c o r r e l a t i o n  time of  Y must be much s h o r t e r  

than  t h e  t ime s c a l e s  of t h e  fo rc ing  func t ion  H and c l i m a t i c  response C .  The 
I second requirement i s  t h a t  ?(->>~V!~'so t h a t  t h e  k4 form i s  smal l .  Phys ica l ly  

t h i s  means t h a t  t h e  s p e c t r a l  mode must have a  much l a r g e r  l eng th  s c a l e  than  t h e  
d i s t a n c e  t h e  r .m . s . -ve loc i ty  wind would t r a v e l  i n  one a u t o c o r r e l a t i o n  t ime.  I f  
t h i s  f a i l s  then t h e  d i f f u s i o n  equat ion  must have added terms such a s  v4<1), 

One might t a k e  i n t e r e s t  a s  t o  whether t h e  k2 remormalization i s  smal l ,  
R D:, Ce D,. This r e q u i r e s  VY<< - but  i n  f a c t  t h e r e  i s  no reason t h i s  should be - - 
La. 

t h e  ca se ;  it i s  much more p l a u s i b l e  t h a t  Vy ̂ -. -&. Thus Do i s  not  a  good ap- 
proximation t o  D .  (This i s  no t  a s  de t r imen ta l  a s  it seems, because i n  p r a c t i c e  



i s  determined empi r i ca l ly  t o  g ive  t h e  b e s t  f i t ,  au tomat ica l ly  i nc lud ing  every 
p o s s i b l e  renormal iza t ion  from graphs o f  a l l  o rde r s . )  Note t h a t  t h e  r a t i o  3 i s  
determined s o l e l y  by t h e  given p rope r t i e s  of _V , independent of  K , w and C . 
7 .  Geophysical S ign i f i cance .  

We now come t o  t h e  p l ace  of  i n s e r t i n g  a c t u a l  numbers i n t o  t h e  equat ions .  
Despi te  t he  s i m p l i f i c a t i o n s  and approximations, no t  t h e  l e a s t  o f  which i s  t r u n c a t -  
i ng  t h e  s e r i e s  a t  four th-order  graphs, we w i l l  ob t a in  a  r e s u l t  (using va lues )  
chosen a prior;) which corresponds i n  a s a t i s f y i n g  way wi th  obse rva t ions .  

We a r e  p r imar i ly  i n t e r e s t e d  i n  meridional  d i f f u s i o n  even i n  a  two-dimen- 
s iona l  model. This i s  t h e  b a s i s  f o r  ou r  choices :  

@-L = t h r e e  days (period of t y p i c a l  Rossby wave) 

@X = lo00 km (meridional ex t en t  of  t y p i c a l  Rossby wave) 

Vy = 10 m s e c - l  ( t y p i c a l  meridional  wind speed) 

C = 30 days (s tandard va lue)  

a"= 60 days (annual cyc le)  

This y i e l d s  )A 1 = I f  , t h e  f i r s t  d e s i r a b l e  r e s u l t .  Now t h e  va lue  o f  k  chosen 
should be t h e  l a r g e s t  considered i n  t h e  model, t o  g e t  t h e  l a r g e s t  c o n t r i b u t i o n  t o  
k4* I n  a  two-mode model, t h e  h ighes t  has  a  cyc le  corresponding t o  t h e  e a r t h ' s  
diameter ;  k-1 2 2000 km. In a  four-mode model, k - l  = 1000 km. In  t h e  f i r s t  case ,  

2 (3 with Do(0)scaled a s  u n i t y ,  D2(0) = 2.8 ,  K D, CO) = . 5 3  and t h e  c r u c i a l  r a t i o  
K1D C") 

. = .30. This  means t h a t  we s a t i s f y  t h e  cond i t i on  f o r  a  small  K' term,  
D, - D e  

but  no t  by much. I f  we use  I< from t h e  four-mode model, t h i s  r a t i o  becomes 1 . 2  and 
it i s  no longer  p o s s i b l e  t o  absorb t h e  k4 term i n t o  t h e  d i f f u s i o n  c o e f f i c i e n t ,  which 
i s  a l s o  observed t o  occur  i n  p r a c t i c e .  

I t  should be noted t h a t  t h i s  conclusion i s  h igh ly  specu la t ive  inasmuch a s  
t h e  renormal iza t ion  is  l a r g e r  than  t h e  o r i g i n a l  d i f f u s i o n ,  t hus  causing D t o  change 
s ign .  (Of course t h i s  does not  imply t h a t  t h e  s t o c h a s t i c  model is  equ iva l en t  t o  
backwards d i f f u s i o n ;  it merely says t h a t  it i s  not  u s e f u l  f o r  determining t h e  s i z e  
of D . )  One can however con jec tu re  t h a t  t h i s  order  of  magnitude e s t ima te  of  t h e  
r a t i o  of  t h e  k4 t o  k2 terms w i l l  s tand  up upon i n c l u s i o n  of  c o n t r i b u t i o n s  from 
higher-order  graphs,  and indeed t h e  e n t i r e  s e r i e s .  (Our choices  of  numbers were 
on t h e  p e s s i m i s t i c  s i d e  a l r eady ,  and renormal iza t ions  involve more d e r i v a t i v e s  of  

(Q - which a r e  l a r g e r  i n  magnitude - than  do higher  powers of  k . )  

8 .  Fur ther  Research. 

Besides t h e  endless  ref inements  which can be made i n  t h e s e  c a l c u l a t i o n s ,  
t h e r e  a r e  f u r t h e r  t o p i c s  which more time would make worthwhile i n v e s t i g a t i n g .  
F i r s t  would be an eva lua t ion  of t h e  Di rec t  I n t e r a c t i o n  Approximation f o r  t h i s  equa- 
t i o n .  (See Kraichnan 1970a, b ;  Orszag (1974)) .  This  would inc lude  every nes t ed  
bubble l i k e  S4,2 and p o s s i b l y  every c o n t r i b u t i o n  t o  k2. S t i l l  another  approach 
would be t o  add and s u b t r a c t  D P ' I  from Eq. (1) and expand t h e  p e r t u r b a t i o n  s e r i e s  
i n  D v11 + y * V I which would be a  sma l l e r  parameter than  bm_ , con ta in ing  only  t h e  
depa r tu re  from d i f f u s i o n .  - 



Another i n t e r e s t i n g  extension of  t h e  problem would be t o  eva lua t e  
<L (&t) Z(x't')> , and thus  t h e  var iance  of t h e  c l ima te ,  by us ing  s i m i l a r  methods 
on t h e  equat ion  f o r  a s  we Used f o r  I .  
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SOME ASPECTS OF ROTATING WEIR FLOWS 

Trevor J .  McDougall 

The behavior  of a  flow over  a  weir  i n  a  wide, r o t a t i n g  channel i s  examined 
and c r i t e r i a  a r e  developed f o r  ( i ) ,  s t a g n a t i o n  on e i t h e r  o f  t h e  wa l l s ,  and ( i i ) ,  
t h e  he ight  on t h e  l e f t  wal l  going t o  zero ( c a l l e d  Y 'bot t~ming '~) ,  The c o n d i t i o n s  
a r e  der ived  under which a  flow which wets both wa l l s  upstream, may develop i n t o  a  
bottomed flow downstream. These cond i t i ons  imply t h a t  bottoming cannot occur  be- 
f o r e  t h e  c r e s t  o f  t h e  wei r ,  and no t ing  t h i s  s o l u b i l i t y  a o n s t r a i n t ,  t o g e t h e r  wi th  
t h e  p r i n c i p l e  of  maximum discharge  g ives  an e x t r a  r e l a t i o n  between t h e  flow v a r i a -  
b l e s .  The n a t u r e  o f  " c r i t i c a l  flow" i n  a  very  narrow cHannel, and a l s o  over  a  
weir without boundaries  i s  a l s o  d i scussed .  

Flow over a  Weir i n  a  Wide Channel 

Let us  cons ider  t h e  flow o f  a  f l u i d  down a channel i n  which t h e  f l o o r  r i s e s  
t o  form a broad-cres ted  weir  a s  shown i n  F ig .1 .  (The f l u i d  comes from a r e s e r v o i r  
i n t o  t h e  channel i n  some complicated way a s  shown i n  Fig.1.  Fa r the r  down t h e  
channel cu -pos i t i on  (B), where t h e  c ross -s t ream v e l o c i t i e s  a r e  smal l ,  t h e  motion 
w i l l  be i n  geos t rophic  ba lance  ac ros s  t h e  channel . )  We w i l l  r e s t r i c t  our  concern 



t o  t h e  case  where t h e  channel width L i s  much l a r g e r  than  t h e  upstream r a d i u s  of  
deformation.  

In our  d i scuss ion  we w i l l  assume t h a t  a l l  t h e  flow has o r i g i n a t e d  from up- 
s t ream and t h a t  a t  no p o s i t i o n  do we have nega t ive  downchannel v e l o c i t i e s .  We 
f u r t h e r  assume t h a t  a l l  t h e  s t r eaml ines  have t h e  same p o t e n t i a l  v o r t i c i t y  and so  
t h e  equat ion o f  conserva t ion  of p o t e n t i a l  v o r t i c i t y  reduces t o  

We have neglec ted  t h e  V5 term i n  t h e  r e l a t i v e  v o r t i c i t y  he re  because we assume 
t h a t  t h e  channel depth v a r i e s  very  slowly i n  t h e  downstream d i r e c t i o n  ( i .  e . ~ x e l ) .  
Because of t h i s  t h e  c ross -s t ream momentum equat ion reduces t o  t h e  geos t rophic  
ba lance .  

u= 2 ( h + ~ ) ~  
f (2) 

where we r e s t r i c t  A t o  be a  func t ion  of x on ly .  

The volume flow r a t e ,  Q,  must be t h e  same a t  each c r o s s  s e c t i o n .  

d y  (+hm(J) 

Therefore 
h:-h", = - @ - z / - / ~  

9 Q 
where h, and hL a r e  t h e  he igh t s  above t h e  channel f l o o r  of  t h e  f l u i d  on t h e  
r i g h t  and l e f t  wal l s  r e s p e c t i v e l y ,  and we have introduced t h e  cons t an t  H, f o r  
convenience. 

The Bernoul l i  equa t ion  i s  u2+ 9 (h t A) = ( W) 
but  we in t roduce  a l t e r n a t e  Bernoul l i  cons t an t s  H, and He on t h e  r i g h t  and l e f t -  
hand wa l l s ,  r e s p e c t i v e l y ,  de f ined  by 



Now t h e  four  cons t an t s  Hy, He, H, and H p  which d e s c r i b e  t h e  f low a t  p o s i t i o n  (B)  
(Fig.1)  a r e  no t  independent.  Fofonoff (1974) has shown t h a t  i f  - II/ i s  t h e  mass 
f l u x  stream func t ion ,  B ( q )  i s  t h e  Benoulli  f unc t ion  and F ( Y )  i s  t h e  p o t e n t i a l  
v o r t i c i t y  (both of which a r e  conserved along s t r eaml ines ) ,  then  t h e s e  a r e  r e l a t e d  

In  our  c a s e  F ( y  ) = cons tan t  = and so  we can i n t e g r a t e  (5) t o  o b t a i n  w 0 

B(4'). $U)+B[~) uRwu l 3 ~ = ~ H y -  c 6 )  
Let v= 0 a t  3 $0 . From t h e  d e f i n i t i o n  o f  IC) , we have h u=- ; and 

i n t e g r a t i n g  t h i s  ac ros s  t h e  channel ,  we have 

Hence we have a  r e l a t i o n  between t h e  f o u r  cons t an t s ,  namely 

Now from (1) and ( 2 )  we have 

This  equat ion 

The cons t an t s  

has  s o l u t i o n s  

A and B can be 

h - H * = A  & ( + ) + ~ & ( f )  
found i n  terms of  h, and h, and we then  o b t a i n  

From ( 2 )  and (9) 

Now f o r  L ,)A, Eqs, (9)  and (10) desc r ibe  a  flow which i s  almost qu iescent  i n  
t h e  middle of t h e  channel ,  wi th  boundary l a y e r s  on t h e  l e f t  and r i g h t  w a l l s ,  From 
(10) we see  t h a t  f o r  L 7 7  h 

In t h i s  l i m i t  we can use  t h e s e  values f o r  t he  v e l o c i t y  i n  t h e  Benoull i  r e l a t i o n s  
t o  ob ta in  

Y P  

The complete s o l u t i o n s  f o r  hcY) and ~ ( 9 )  i n  terms o f  t h e  flow cons t an t s  and 
a r e  given by EqS. (9) and (10) i n  conjunct ion wi th  Eq. ( 2 ) .  



Consider now what happens a s  t h e  flow proceeds down the  channel from p o i n t  (B), 
and has  s t a r t e d  t o  r i s e  up t h e  bump. Equations (12) show t h a t  bo th  K, and Me de- 
c r e a s e  a s  A i nc reases ,  while  from (9)  and (10) we s e e  t h a t  i n  t h e  middle of  t h e  
channel ,  t h e  f l u i d ' s  he ight  i s  s t i l l  Ho and t h e  down-channel v e l o c i t y  i s  vanish-  
i n g l y  smal l .  Some of  t h e  s t reaml ines  t h a t  were i n  t h e  r i g h t  wa l l  boundary l aye r  
have now moved across  t h e  channel and t h i s  expla ins  how t h e  f l u i d  i n  t h e  middle of  
t h e  channel now has a  l a r g e r  Benou i l l i  head than  before  (by an  amount ) . This  
vee r ing  of  t h e  s t r eaml ines  t o  t h e  l e f t  a s  t h e  f l u i d  r i s e s  over  t h e  bump i s  shown 
diagrammatical ly  i n  F ig .2 .  

In  t h e  middle o f  t h e  channel ,  u ,  ux and uy a r e  a l l  very small  and s o  t h e  c ros s -  
s t ream v e l o c i t y  can be obta ined  by t h e  geos t rophic  r e l a t i o n  -f ~ n - j ( h + a ) ~  
and s i n c e  h r~ Ho = cons tan t  h e r e ,  t hen  V ;  3 AX. 
Conditions necessary  t o  have both w a l l s  wettbd. 

We r e q u i r e  t h a t  t h e r e  be no r e v e r s e  flow i n  t h e  down-channel d i r e c t i o n  and 
E q S .  (11) show t h a t  t h i s  impl ies  t h a t  hr)/  Ho and he & Ho. From (10) we can see  
t h a t  two c r i t e r i a  imply t h a t  u(y)  w i l l  no t  be nega t ive  a t  any y.  Those two con- 
d i t i o n s  g ive  (from (12)) 

A t h i r d  r e s t r i c t i o n  comes from r e q u i r i n g  both  wa l l s  t o  be wetted ( i . e . ,  r e q u i r i n g  
he 7, 0 ) .  From (3) t h i s  implies  t h a t  

The le f t -hand  s i d e s  of t h e  i n e q u a l i t i e s  i n  (13) have t o  apply a t  a l l  X , and s o  
t h e  most s t r i n g e n t  cond i t i on  t o  avoid r e v e r s e  flow on t h e  l e f t  wal l  occurs  up- 
s t ream where A =  0,  namely 

The most c r u c i a l  p o s i t i o n  f o r  s a t i s f y i n g  t h e  o t h e r  two cond i t i ons  w i l l  occur  a t  
t h e  t o p  of  t h e  we i r ,  where 4 =Am a I f  -* c 1 t hen  t h e  r igh t -hand i n e q u a l i t i e s  

a 
i n  (13) a r e  more s t r i n g e n t  than  (14) and v i c e  v e r s a  - and so  we have 



The l a s t  two i n e q u a l i t i e s  
thought experiment w&th a  
vary dm. Then i f  

can be i n t e r p r e t e d  i n  t h e  fol lowing way. Consider a  
channel flow wi th  f i x e d  Hr, Hq, and Ho i n  which we can 
1 t h e  flow a t  t h e  r i g h t  w a l t - w i l l  s t a g n a t e  a t  t h e  we i r  

c r e s t  when Ah = Hr - Ho before  t h e  flow can have he = 0,  bu t  i f  % > 1 , t hen  t h e  

he igh t  on t h e  l e f t -hand  wal l  w i l l  go t o  zero whenAw = He - &Ho be fo re  t h e  f l u i d  
s t agna te s  a t  t h e  r i g h t  w a l l .  

H I-r 
Let u s  cons ider  t h e  two cases  37 J and 3 1 s e p a r a t e l y ,  and combine t h e  

two appropr i a t e  , , i n e q u a l i t i e s  from (151, (16) and (17).  

I f  - 4 1  we have 
6 

(18) 

HQ I Therefore f o r  a  v a l i d  s o l u t i o n  we a t  l e a s t  need % L _  cNbFL -$ (191 

Therefore,  f o r  a v a l i d  s o l u t i o n  we must have 

Solu t ions  f o r  t h e  Flow wi th  he = 0. 

So f a r  we have on ly  considered t h e  r e s t r i c t i o n s  on t h e  flow which ensure  
t h a t  both wa l l s  a r e  wet ted and no r eve r se  flow occurs;  bu t  cons ider  what may hap- 
pen downstream of t h e  p o s i t i o n  where he f i r s t  equals  zero.  The flow w i l l  t end  t o  
s e p a r a t e  from t h e  l e f t  wal l  and t h e r e f o r e  t h e  width of  t h e  flow w i l l  no longer  be 
s e t  by t h e  channel width L .  

The a n a l y s i s  of t h e  previous s e c t i o n  is  v a l i d  he re  up t o  t h e  d e r i v a t i o n  o f  
Eq. ( 8 ) .  Solving t h i s  equat ion  i n  a  s i m i l a r  way we o b t a i n  (wr i t i ng  hr = HQ from 
(3) and he = 0) 

In p a r t i c u l a r ,  t h e  v e l o c i t y  on t h e  r igh t -hand wall  i s  

Now we w i l l  r e q u i r e  t h a t  t h e  v e l o c i t y ~ ~ 6  a t  a l l  O L y c  
M 

For -,$>I , we can s e e  from (23) t h a t  LL 2 0 f o r  a l l  0 C Y 4 W. 

For -%c 7 we now w r i t e  (23) a s  
Me 



This  w i l l  c e r t a i n l y  be p o s i t i v e  everywhere i f  t he  express ion  i n  square b racke t s  i s  
p o s i t i v e .  This  is  a l s o  t h e  condi t ion  t h a t U y  > 0 (from (24))  and a s  f o r  *% we 
have t h e  c o n s t r a i n t  t h a t  

C w h p  I (25) 
1 -  t 

Now s u b s t i t u t i n g  (24) i n  t h e  express ion  f o r  t h e  r i g h t  wa l l  Benoull i  f unc t ion ,  
we o b t a i n  

P u t t i n g  X +  c e ~ h  5-1 

A = 2 (h-'l<~) 
H* 

where A >, 0  (A = 0  impl ies  flow s t a g n a t i o n  a t  t h e  r i g h t  wal l)  

. P ( B ' - A ) + ~ x ( B ~ - A +  B)+ ( ~ t  I ) = ~ O  

with  s o l u t i o n  

Now l e t  me i n v e s t i g a t e  t h e  s o l u t i o n s  t o  t h i s  quadra t i c .  ( ~ + 1 )  w i l l  always 
be p o s i t i v e ,  but  t h e  c o e f f i c i e n t s  of  X and X.% i n  (26) can be of  e i t h e r  s i g n .  Now 
cosh Y Y ,  1 and so  must be p o s i t i v e ;  hence we a r e  looking f o r  t h e  p o s i t i v e  r o o t  

2 o f  Eq. (20) s u b j e c t  t o  t h e  r e s t r i c t i o n  (25) .  Desca r t e ' s  r u l e  can be used t o  o b t a i n  
t h e  
t h e  

numbers i n  t h e  t a b l e  below. (The e n t r i e s  i n  t h e  t a b l e  i n d i c a t e  t h e  s i g n  of 

From Eq.(27) we can s e e  t h a t  i n  o rde r  f o r  t h e  rad icand  t o  be p o s i t i v e  we need 
~ 2  - A 4 1, (or  He > A ) . With t h i s  r e s t r i c t i o n ,  c a s e  (a)  has two p o s i t i v e  so lu -  
t i o n s ,  but a  simple a n a l y s i s  based on (25) impl ies  t h a t  t h e  only  a l lowable  so lu -  
t i o n  i s  t h e  one with t h e  nega t ive  s i g n  i n  (27) .  Cases (b) and ( c )  a l s o  r e q u i r e  
t h e  nega t ive  s i  n  i n  (27) and cond i t i on  (25) i n  t h e i r  wet au toma t i ca l ly .  Case (d) 3 impl ies  both (B -A) and (B2-A+B) cannot both be p o s i t i v e .  Now we know t h a t  % > O  
i . e .  B >  -1 and s o  it can be shown t h a t  t h e  cond ' t i on  due t o  c a s e  (d) i s  on ly  
r e l e v a n t  f o r  B >  0  and i s  t h a t  B 2 - A C  0, o r  f o r  > 1, 

terms.  1 
No. of p o s i t i v e  s o l u t i o n s  

2 o r  more 

1 

1 - 
0  

Table 1. 

(B + 112 
+ 
+ 
+ 
+ 

B ~ - A + B  

- 

- 

+ 
+ 

(B* - A) 

case  (a )  

case  (b) 

ca se  (c) 

case  (d) 

+ 
- 

- 
+ 



The meaning o f  t h i s  r e s t r i c t i o n  can be seen from cons ider ing  t h e  case  whenW))h .  
A From (23) u,+ 5~~ and t h e  l e f t  -hand Bernoull i  equat ion (4) y i e l d s  - + - 
H, 0 2 

Therefore a s  t h e  i n e q u a l i t y  (28) becomes c l o s e r  and c l o s e r  t o  an e q u a l i t y ,  t h e  

r equ i r ed  becomes longer  and longer .  
h 

The r equ i r ed  parameter regime f o r  s o l u t i o n s  can be shown g r a p h i c a l l y ,  a s  
below: 

The Evolut ion of Bottomed Flow from a Flow which Wets Both Walls U ~ s t r e a m  

Consider a  flow which wets both wal l s  upstream, and which has he go t o  zero 
a t  some p o s i t i o n  on t h e  bump before  t h e  c r e s t .  This  impl ies  t h a t  5 2 1 be- 

* 
cause otherwise t h e  flow would have s tagnated  p rev ious ly  on t h e  r i g h t  wall  ( s ee  
t h e  d i scuss ion  fol lowing (16) and (17) ) .  A t  t h i s  p o s i t i o n  we have from (14) 
D H - = -A - Ls Now what can happen downstream o f  t h i s  p o s i t i o n  a s  D con- 
He H e  2 

t i n u e s  t o  i nc rease  towards t h e  weir c r e s t ?  The flow cannot rewet t h e  l e f t  wal l  
and so  we expect t h a t  t h e  flow may swing t o  t h e  r i g h t ,  l e av ing  a  p a r t  o f  t h e  

A channel f l o o r  d r y .  I f  t h i s  were t o  happen, then  (28) says  t h a t  - must be l e s s  
Y H , 

2 ,  but  i n  f a c t  than  - wL A w i l l  be g r e a t e r  than  t h i s ,  and so  we must draw t h e  
1% T 

conclusion t h a t  17,; 0 cannot occur upstream o f  t h e  weir  c r e s t .  Now, r e w r i t i n g  
Eq, (17) a s  

2. 
- 2  

we can s e e  t h a t  t h e  maximum discharge  r e c u r s  when he does equal zero a t  t h e  weir  
c r e s t  ( i . e . ,  t h e  e q u a l i t y  i n  (29)). I n  t h i s  way we see  t h a t  t h e  s o l u b i l i t y  condi-  
t i o n  on t h e  weir  c r e s t ,  t o g e t h e r  wi th  t h e  p r i n c i p l e  of  maximum d i scha rge  ( i f  t h i s  
i s  app l i cab le  i n  r o t a t i n g  h y d r a u l i c s ) ,  has given a  flow which i s  c o n t r o l l e d  by 
t h e  weir  c r e s t .  Of course ,  t he  complete channel flow i s  s t i l l  a  fo rced  problem, 
because t h e  d ischarge  which has been obta ined  above, i s  i n  terms o f  Hr a s  wel l  a s  
Ho, and t h i s  Benoull i  head must i n  p r a c t i c e  be s e t  i n  some complicated way by a  
combination of  t h e  flow upstream of  p o s i t i o n  ( B )  i n  F ig .1 .  Because B )  0 f o r  t h i s  
flow, we can have only c a s e s  (b) and (c )  of  Table 1, and so  we know t h a t  B ~ - A <  0 .  
Therefore 



and i t  i s  easy  t o  show t h a t  ' (A 3 )  4 0 .  Now a s  t h e  flow proceeds from t h e  
H i  0 aA 

c r e s t ,  A(s2 (*)) i nc reases  and from t h e  abave r e s u l t ,  we s e e  t h a t  w i l l  
decrease ,  as we mlght have expected. In  some way, t h e  flow must be s u p e r c r i t i c a 1  
and it may be p o s s i b l e  f o r  a hydro l i c  jump t o  occur ,  upon which t h e  flow would l o s e  
energy and would probably wet both wa l l s .  

H Now cons ider  t h e  evolu t ion  o f  t h e  flow over t h e  bump when -4 . u, 
I f  (16) becomes an e q u a l i t y  a t  some p o s i t i o n  then  t h e  flow w i l l  s t a g n a t e  a t  y = 0 ,  
and beyond t h i s  l o c a t i o n  t h e r e  would poss ib ly  be r e v e r s e  flow on t h e  r i g h t  w a l l .  
I f  Hr i s  such t h a t  t h i s  never occurs ,  then  i n  t h e  meaning of  t h i s  s e c t i o n ,  t h e  flow 
must be l ' s u b c r i t i c a l l l  everywhere. I t  seems impossible  then  t o  e s t a b l i s h  a flow 
wi th  dl and ha= 0 ,  from an upstream flow which has both wa l l s  wet ted,  and y e t  
t h e r e  a r e  s o l u t i o n s  f o r  !L i n  t h i s  ca se .  

A 
Flow over a Weir i n  a Narrow Channel 

Let u s  now cons ider  another  l i m i t i n g  case  o f  flow i n  a r o t a t i n g  channel ,  
namely a channel which has L L C  'h , i . e .  4" L~ c l  8 Ho . We can now approximate 
t h e  s i n h  and cosh func t ions  (9) by p u t t i n g  s i n h  x S T +  and c o s h x  E / t 2 
These equat ions then  become Z 

These approximate s o l u t i o n s  s a t i s f y  t h e  p o t e n t i a l  v o r t i c i t y  Eq. (1) and t h e  
L s Benoull i  r e l a t i o n  ( 7 ) ;  and a p a r t  from terms of  o r d e r  , t h e  he igh t  p r o f i l e  i s  

l i n e a r  and t h e  v e l o c i t y  uniform ac ros s  t h e  channel .  Let u s  s e e  t h e  cons t an t  p a r t  
0 h + h  

of t h e  v e l o c i t y  t o  be - (h,-h&) and t h e  mean he igh t  h,i +- , t hen  from 
Eq. (3) we have FL 

Q = U m h ,  L (33) 

S u b s t i t u t i n g  & from Eq. ( 3 2 )  i n t o  t h e  l e f t  wal l  Benoull i  r e l a t i o n  (4) ,  we o b t a i n  

Using Eq. (7) we can express  t h i s  cubic  f o r  L) i n  terms of t h e  average Benoull i  
d r i v i n g  head L{ H,-A) + (He' LI )] w 

As f -+ 0, t h i s  equat ion reduces t o  t h e  f a m i l i a r  cubic  which determines c r i t i c a l l y  
i n  t h e  non-ro ta t ing  channel problem, from which we o b t a i n  

u G = j  h, md h m = %  [C(H++~(H~-$) 

a t  t h e  c r i t i c a l  s e c t i o n .  Now a s  long a s  t h e  l a s t  term i n  (35) remains sma l l ,  t hen  



t h i s  s o l u t i o n  should be approximately t r u e .  Let us cons ider  t h e  extreme case  
where t h e  s lope  of t h e  c r i t i c a l  s e c t i o n  i s  s o  long t h a t  h,X 0 and (h,-h,)%2 h,-  
Then U, - * - 1 s  i . e .  hm +-$*L+ , and combining t h i s  w i th  t h e  cond i t i on  

+ L  
t h a t  4 % ~ ~  4 4  9 14, , we ob ta in  4 g h n t  He. Now t h e  r a t i o  of  t h e  l a s t  term i n  (35) t o  
t h e  o t h e r  terms i n  t h e  equat ion  i s  a t  most 

and s o  we can s e e  t h a t  t h e  nonro ta t ing  r e s u l t s  f o r  c r i t i c a l i t y  w i l l  be a p p l i c a b l e  
even f o r  l a r g e  s lopes  of  t h e  f r e e  su r f ace .  

Flow Over a  Wide, Broad C r ~ s t e d  Weir, with No Side Walls. 

Consider a l s o  flow from a  very deep r e s e r v o i r ,  o f  depth Ho, over  a  we i r ,  a s  
shown i n  t h e  f i g u r e .  

The weir  i s  assumed t o  be very long i n  t h e  y d i r e c t i o n  and because t h e r e  a r e  no 
s i d e  wa l l s  cons t r a in ing  t h e  flow, t h e  mass f l u x  pe r  u n i t  width = Q = hU) ,  must be 
independent of y ,  ( i . e .  we cannot have any boundary l a y e r s  i n  t h e  w a l l s ) .  Saunders 
and Whitehead (1976) have considered t h i s  problem, but  we w i l l  be  i n  a  phys i ca l  
i n t e r p r e t a t i o n  of t h e  c r i t i c a l  cond i t i on  i n  terms of  t h e  speed o f  small  d i s tu rbances .  
Imposing uni formi ty  i n  t h e  y  d i r e c t i o n  l eads  t o  t he  fol lowing form f o r  t h e  momen- 
tum and c o n t i n u i t y  equat ions .  

Assming v = O  o r  X; 0 Eq. (37) leads  t o  v ( x ) =  -$?c ( i  . e n  t h e  flow vee r s  t o  
t h e  r i g h t )  (39) 

Solving (36) and (38) f o r  U x  and h U ,  and us ing  (4) we ob ta in  
2 LC;Y =. u(-q&-F,x.  > h x =  h (!A%.r,+$%) 

CL"-~ k )  ( u - g h )  
B e r n o u l l i ' s  equat ion f o r  t h e  flow can be der ived  by i n t e g r a t i n g  (36) 



where we have assumed t h a t  u  i s  very small  a t  X = 0, where he, H o  . 
We a r e  i n t e r e s t e d  i n  i n v e s t i g a t i n g  what " can t ro l l ed  flowtt means i n  t h i s  

very s p e c i a l i z e d  r o t a t i n g  flow. The non-ro ta t ing  r e s u l t s  can be obta ined  from (41) 
by p u t t i n g  f  = 0 and i n t e g r a t i n g  Q with r e spec t  t o  h o r  u ,  whi le  coincidingH;Am 
a  cons t an t .  We thus  ob ta in  f o r  c r i t i c a l  flow a t  t h e  weir  q e s t  ~ : = ~ h , ~ h , = f  ( H ~ A ~ )  
Now i n  t h e  r o t a t i n g  case ,  (5) says t h a t  i f  L(:, and hx a r e  t o  be r e g u l a r  where u.* +yh, 
then D r  must be equal t o  - % X  . The c o n t r o l  p o i n t  [ 'XC?C) w i l l  aga in  be loca t ed  

f i %  

I n  non-ro ta t ing  flow, i n  t h e  group v e l o c i t y  of long g r a v i t y  waves 
and any small d i s tu rbance  which o r i g i n a t e s  i n  t h e  s p e c i f i e d  r eg ion  of  t h e  flow can 
now be f e l t  upstream. But what i n t e r p r e t a t i o n  can we g ive  t o  &: = 9 h, i n  t h i s  
r o t a t i n g  flow problem i n  t h e  absence of  wa l l s  a long which Kelvin waves would pro-  
pogate? 

The d i s p e r s i o n  r e l a t i o n  of  long i n e r t i a - g r a v i t y  waves i n  a  r o t a t i n g  system i s  

where w i s  t h e  c i r c u l a r  frequency of  t h e  d i s tu rbance ,  and & = (K, i s  i t s  wave- 
number vec to r .  Let % -, K2+ &', then  t h e  phase v e l o c i t y  i s  

and t h e  group v e l o c i t y  i s  - 

F h  ( K ,  l )  
d!+L?*- I rC (44 1 

* 3 
The group v e l o c i t y  approaches 6 * f o r  very l a r g e  wave numbers, i . e .  f o r  ve ry  

K;, small wavelengths.  This l i m i t  i s  app oached i f  4< I$% . Now t h e  cond i t i on  
f o r  t h e  shallow water  equat ions  (from which (7)  &s derived)  t o  be a p p l i c a b l e  i s  

> > h . Combining t h e s e  two i n e q u i t i e s  we o b t a i n  

4% < <  %%.=< A and so i f  he< 
9- 

= r a d i u s  of deformation then  
ha F 

a  range of  wavenumbers w i l l  e x i s t  which w i l l  g ive  r i s e  t o  group v e l o c i t i e s  ap- 
proaching m. This  g ives  a  p l a u s i b l e  explana t ion  f o r  t h i s  c r i t i c a l  cond i t i on  
i n  terms of  t h e  more f a m i l i a r  non-ro ta t ing  argument about d i s tu rbance  information 
speeds.  
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A FUNCTIONAL FOR ENERGY BALANCE CLIMATE MODELS 

David Pol la rd  

This paper  p re sen t s  some mathematical p r o p e r t i e s  of  t h e  energy balance 
equat ion  (Eq"(3)  below) used by North (1975) a s  a  simple c l ima te  model, In  pa r -  
t i c u l a r ,  p r o p e r t i e s  of a  Lagrangian-l ike func t iona l  which con ta ins  complete i n f o r -  
mation on s o l u t i o n s  t o  t h e  equat ion a r e  i n v e s t i g a t e d .  The hope i s  t h a t  t h e s e  pro-  
p e r t i e s  w i l l  t u r n  out t o  be common t o ,  and form u s e f u l  p r i n c i p l e s  f o r ,  whole 
c l a s s e s  of c l ima te  models, e . g ,  f o r  t h e o r i e s  of  t h e  i c e  ages.  F i r s t ,  a s  an i n t r o -  
duc t ion ,  we o u t l i n e  a  p o i n t  of view and attempt t o  de f ine  e x p l i c i t l y  t h e  assump- 
t i o n s  t h a t  must be t r u e  f o r  equat ions a s  simple a s  Eqs,(2)  and (3)  t o  be r e l e v a n t  
t o  t h e  r e a l  c l ima te .  

(11 observed s c a l i n g  of energy equat ion,  and approach t o  iqe-age t h e o r i e s .  

The energy equat ion f o r  t h e  whole atmosphere-ocean-land-ice system, i n t e -  
g ra t ed  over h e i g h t ,  averaged around l a t i t u d e  c i r c l e s ,  and averaged over  t ime i n t e r -  
v a l s  of-1000 years  and nor th-south  d i s t ances  of  - 1000 km, i s  of  t h e  form 

"ice-age- + divergence o f  poleward + I . R . r a d i a t i o n  = s u n l i g h t  
related1 '  terms energy t r a n s p o r t  emit ted absorbed (1) 

The ' i c e  ages '  a r e  t h e  g loba l  P l e i s tocene  i c e  ages t h a t  have caused major 
f l u c t u a t i o n s  on geologic  records  wi th  t ime s c a l e s  o f  d l 0  K yea r s  to-100 K years  
f o r  t h e  l a s t  few m i l l i o n  years  (Broecker and Von Donk (1970)) . One assumes t h a t  
t h e  sma l l e r  c l i m a t i c  f l u c t u a t i o n s  between 1000 years  and 10 K years  a r e  not  essen-  
t i a l  mechanisms f o r  t h e  main i c e  ages .  Typical  o rde r s  of magnitude of  t h e  i n d i v i -  
dua l  terms i n  (1) a r e  shown; t h e  .v , 1 w/m2 energy f l u x  a s soc i a t ed  wi th  t h e  i c e  ages 
i s  impIied both by a  PJ 2OK change i n  mean t o t a l  ocean temperature i n  10 K y e a r s ,  
and by t h e  mel t ing  of  enough i c e  cap t o  r a i s e  mean sea  l e v e l  by e l 0 0  m i n  19 K 
y e a r s .  Present  models, even general  c i r c u l a t i o n  models, o f  t h e  ' c u r r e n t  budget '  
( i . e .  t h e  l a s t  t h r e e  terms i n  Eq . ( l ) ) canno t  hope t o  g ive  t h e  r e s i d u a l  " i ce  age- 
r e l a t e d  terms' '  a s  a  func t ion  of  t h e  c u r r e n t  weather,  s ince  they  would have t o  be 
c o r r e c t  ( i n  t h e  above averages)  t o  one p a r t  i n  1000. 

Because o f  t h i s  ' s ca l e  s epa ra t ion '  i n  t h e  energy equat ion ,  t h e  energy- 
balance e f f e c t  of t h e  i c e  age - r e l a t ed  terms can (should?) be neg lec t ed .  There- 
f o r e ,  one approach t o  formulat ing an i c e  age theory  i s  a s  fo l lows: -  

Given values of va r ious  'long-term' land-ocean-ice parameters  [such a s  s u r -  
f a c e  albedo d#) a s  a  func t ion  of  l a t i t u d e  4 ) ,  t h e  c u r r e n t  budget equat ion  i s  
solved f o r  t h e  cu r r en t  weather parameters ,  ( e .  g .  t h e  su r f ace  tempera ture ,  T ( 4 )  , 
a s  a  func t ion  of l a t i t u d e ) .  Several  models have ind ica t ed  t h a t  any s i g n i f i c a n t  



depa r tu re  from t h i s  c u r r e n t  quas i -equi l ibr ium would decay wi th in  - 1000 yea r s .  
Then, ano the r  equat ion i s  used f o r  t h e  slow changes of  t h e  long term parameters ,  
(e .g .  -&as a  func t ion  of t h e  c u r r e n t  Q and 7 ) .  This equat ion  desc r ibed  mech- 
anisms wi th  i n s i g n i f i c a n t  energy flows (equiva len t  t o  ^/ .1 w/m2) bu t  which s lowly 
a l t e r  t h e  long term parameters "by o the r  means", (e .  g.  t h e  accumulation and ad- 
vance of  i c e  shee t s  a s  a  func t ion  of  t h e i r  c u r r e n t  shape and t h e  c u r r e n t  water  
c y c l e ) .  

The ' cu r r en t  energy budgetf used can inc lude  many mechanisms such a s  v a r i a -  
t i o n s  i n  c loudiness ,  seasonal  c o r r e l a t i o n s ,  land-ocean asymmetries, atmospheric 
s t a t i o n a r y  eddy p a t t e r n s ,  e t c . ;  i n  simple models, t h e s e  a r e  parameter ized a s  a  
func t ion  o f  t h e  c u r r e n t  I-($) and a(@). The c u r r e n t  energy equat ion used by North 
(1975), wi th  h i s  numerical va lues  f o r  r e f e rence ,  is : -  

where X i s  s i n  ( l a t i t u d e ) .  

I  i s  t h e  I  . R .  f l u x  emi t ted ;  I (w/m2) W 211.2 + 1.55 T; T i s  t h e  s u r f a c e  
temperature i n  O C .  

D i s  a  d i f f u s i o n  c o e f f i c i e n t  desc r ib ing  poleward h e a t  t r a n s p o r t .  

Q i s  t h e  s o l a r  cons t an t /4 ;  Q x 334.4 w/m2 .  

S ( X  ) i s  t h e  l a t i t u d i n a l  d i s t r i b u t i o n  o f  s u n l i g h t ;  S ( x  ) s 1 .0  - .482 P2 [ X  ) . 
a (1 )  i s  1 - s u r f a c e  albedo;  a ( I ) z . 6 9 7  - .0779 P 2 ( z )  i f  T>-10°C, f o r  

landlocean;  

a (1)  zs .38 i f  T ( - ~ O O C ,  f o r  i c e .  

P 2 ( x )  = % ( 3 ~ 2  - 1 ) .  

Many poss ib ly  important  mechanisms a r e  omit ted from t h i s  equat ion .  One 
mechanism, t h e  i c e - l i n e  feedback on t h e  s u r f a c e  albedo i s  thus  i s o l a t e d  f o r  s tudy .  
North 's  equat ion d e s c r i b e s  t h e  e a r t h ' s  dynamics a s  a  d i f f u s i o n  of  h e a t  polewards. 
This  keeps t h e  equat ion  simple enough t o  handle a n a l y t i c a l l y ,  p re se rv ing  i n t u i t i v e  
understanding of what i s  going on, ( i n  t h e  equat ion ,  a t  l e a s t )  which i s  u s u a l l y  
l o s t  i n  even s l i g h t l y  more complicated numerical models. Also Eq.(2) does pre-  
d i c t  t h e  gross  shape o f  t h e  e a r t h ' s  p re sen t  s u r f a c e  temperature d i s t r i b u t i o n  s u r -  
p r i s i n g l y  w e l l ,  us ing  a  cons tan t  D o f  0.382 (North (1975)).  

This  "cur ren t  balance" equat ion  can be used i n  s imple t h e o r i e s  of  t h e  i c e  
ages.  Because no asymmetric mechanisms a r e  included,  one would be s tudying  t h e  
hypothesis  t h a t  i c e  ages happen on b i l l i a r d - b a l l  p l a n e t s  with l o n g i t u d i n a l l y  un i -  
form d i s t r i b u t i o n s  of t h e i r  condensable subs tance  and t h a t  a l l  t h e  e a r t h ' s  asym- 
me t r i e s  (Robbins (1976)) only d i s t o r t  t h i s  p roces s .  However, according t o  t h e  
above Itone approachf1 scheme, one should now use  an a d d i t i o n a l  equat ion  f o r  t h e  
slow time v a r i a t i o n  of A due t o  o t h e r  p roces ses ,  so  t h a t  Q would n o t  r e a l l y  be 
an e x p l i c i t  f unc t ion  of I .  This  i s  being done and w i l l  be descr ibed ,  I  hope, i n  
a  l a t e r  paper .  

Apart from t h e  above phenomenological u ses  of Eq . (2) ,  i t s  mathematical 
p r o p e r t i e s  can be i n v e s t i g a t e d  f o r  p o s s i b l e  u s e f u l  g e n e r a l i z a t i o n s  and i n s i g h t s .  
In  t h i s  paper ,  p r o p e r t i e s  of  a  Lagrangian-l ike func t iona l  a r e  presented ,  and i t s  
u se  a s  a  p r a c t i c a l  d e s c r i p t i o n  of  s o l u t i o n s  t o  Eqs. (2) ,  ( 3 ) ,  (8) and (9) and a s  



a 'theoretical insight tool' are illustrated. Also, a stability criterion is de- 
rived for two types of additional time-dependent terms (see Eqs.(8] an 9)), which 9 ' bears out the generally unproven stability principle that the sign of 9 determines 
the stability of a climate model. (d = equilibrium mean temperature.) (c.f. Budyko 
(1972, Held and Suarez (l974).) 

( 2 )  l'Equilibrium" Property of the Functional 

Adding a time-dependent thermal inertia term, Eq.(2) becomes:- 

Boundary conditions are that 3% = 0 at 2: 0 and 1 . 
The time scale represented by the nondimensional t is probably on the order of 
-1000 years; this value does not affect the mathematics below. Here and in the 
next section, a(1)can be any function of I, and D can be any well-behaved func- 
tion of X . 

Equation (3) and the functional theory below can be written either in con- 
tinuous form I(x,t), or expanded in x in the eigenfunctions of the left-hand side 
of E q .  (2) , as 5 I, (ti , $, (2) (North (1975) ) . Both forms are mathematically equi- 
valent; one or the other may be more convenient for different applications. The 
section below is written in continuous form and a later section uses the spectral 
form. 

For small variations ~'I(~)from 1: ( ~ 3 ,  

- 
(Here, I, is an arbitrary constant) 

d r  (writing l r  = -) 
AX 

by the standard variational argument (e,g. Whitham (1974), p.391). In this step 
d x  an integration by parts uses -;;i-ii '0 at X = 0 and 2 , which are the boundary con- 

ditions of Eq. (3). 

Hence, 

i.e. I(x) is a solution to the equilibrium Eq.(2) if and only if it is an1 
extremum in "I-space" of the functional F(I ex)). 

Note that the functional does not contain the time dependence of Eq.(3) 
directly; it is a true 'Lagrangian' only for the steady state Eq.(2). We looked 
for a complete (x,t) functional for Eq.(3) without success; perhaps Lagrangian 



formulations are only possible for purely wave-like equations (which have constants 
of the motion), and not for combined wave-dissipative equations like (3). 

(3) Linear Stability Property of the Functional 

As well as "finding1' all the steady state solutions as its extrema in I-space, 
the form of the functional around each extremum determines whether that solution is 
linearly stable or unstable to infinitesimal perturbations obeying Eq.(3). This is 
shown as follows: - 

At an equilibrium point 1 = 4 (x ) ,  the variation F to a small perturbation 
ATlx) is zero to first order in AT , from above. 

To second order, the standard variational argument gives 

"173 =o  Cd x --oy1. (An integration by parts in this step requires 

For small perturbations V(2,t) from $ (x ) ,  Eq. (3) gives directly, to first 
order in l+T . 

Note that the expressions in curly brackets {. . .) in Eqs. (5) and (6) are the same. 
It is a Sturm-Liouville operator acting on A T  and ; thus, solutions to Eq.(6) 

A A 

are K(r)  e -a,t where the ?#,, (x) , ?t = l i  X v +, form a complete set of orthonormal 
eigenfunctions with correspondin eigenvalues A,. Therefore, all perturbations 
~IO()can be expressed as C,. -Ifh (x). Substituting this into (5), we get 

Therefore, all h ,  >/ 0 W O 2 0 for all small A 1 ( ~ 1  

If the I-space is parameterizzd somehow (e.g. as legendre polynomial modes; 
see below) then the eigenfunctions Vl,(x) can be regarded as eigenvectors in para- 
meter space. Then, because the same Sturm-Liouville operator occurs in Eqs.(5) and 
(6), these eigenvectors are the principal axes of the F surface at I = Cb(r) . a F a (c,'l for each principal axis Also, Eq. (7) shows that the radius of curvature 2% - 

i.e. 

is equal to l/the corresponding eigenvalue. This is illustrated for a particular 
case in a later section. 

F is a minimum at 5 : 4 ( X )  <=> 4 Cx) is stable to Eq. (3) 

F is a maximum or saddle I I 1 1  unstable 

(4) Spectral (in x) Form, Ice-line Lag Case; and General Stability Principle. 

For the rest of this paper we use the "step function" albedo; the ice-line 



x = xs i s  s p e c i f i e d  so  t h a t  t h e  albedos n o r t h  and sou th  o f  it correspond t o  i c e  
and land r e s p e c t i v e l y .  Equation (a), with t h i s  albedo, becomes f o r  t h e  n t h  mode 
(North (1975) ) : - 

I,,(t)+ L n s L n = Q h h n ( ~ s ) ,  n =  o,2,4, - t a3- (8 1 
where 

For D c o n s t a n t ,  t h e  f n  a r e  normalized legendre polynomials Ph (x) and t h e  Ln 
a r e  t h e i r  e igenvalues  n,(n+l),Dt 1 . (This s e c t i o n  gene ra l i ze s  immediately f o r  
D any given p o s i t i v e  func t ion '  of l a t i t u d e . )  

In  North (1975), t h e  i c e - l i n e  xs was f i x e d  t o  t h e  -loOc isotherm. In  t h i s  
s e c t i o n ,  we inco rpora t e  a  crude i c e - l i n e  l a g  t o  r ep re sen t  t h e  thermal i n e r t i a  o f  
t h e  l a t e n t  h e a t  a s soc i a t ed  wi th  t h e  icecaps  by:- 

cl 2. -&4t) = Lcx,, t ) - 1 5  (9) 

where I s  (watts/m2) = 2 1 1 . 2  + 1.55, 

The only  phys i ca l  b a s i s  f o r  Eq.(9) i s  t h e  genera l  i d e a  t h a t  t h e  i c e - l i n e  
w i l l  advance i f  t h e  weather i s  "too cold" i n  i t s  v i c i n i t y ,  and w i l l  r e t r e a t  i f  
"too warm". This  concept i s  i t s e l f  deba tab le ,  s i n c e  i c e  accumulation depends 
s t rong ly  on t h e  c u r r e n t  water  cyc l e .  However, Eqs.(8) and (9) do p r e s e n t  another  
p o s s i b l e  i n s t a b i l i t y  mechanism t o  which t h e  p re sen t  c l ima te  a s  descr ibed  by Eq.(2) 
should be s t a b l e .  Also, t h i s  s e c t i o n  i l l u s t r a t e s  how t h e  func t iona l  and t h e  gen- 
e r a l  s t a b i l i t y  p r i n c i p l e  mentioned above gene ra l i ze  n a t u r a l l y  t o  t h i s  two-equation 
scheme. 

The f u n c t i o n a l ,  a s  def ined  by Eq. (4) ,  t r a n s l a t e s  i n  t h e  s p e c t r a l  form t o : -  

I,, 12, . . . and xs a r e  a l l  independent v a r i a b l e s ,  where dy i s  t h e  i c e  albedo.  
As d iscussed  i n  North (1975), t h e  d e s c r i p t i o n  of  t h e  e a r t h ' s  dynamics a s  poleward 
d i f f u s i o n  i s  only meaningful f o r  t h e  f i r s t  two ( l a r g e s t  x  s c a l e )  modes I, and 12, 
so  i n  what fol lows we cons ider  j u s t  t h r e e  independent v a r i a b l e s  I,, I 2  and xs, 
(although t h e  mathematics gene ra l i ze s  n a t u r a l l y  t o  i n f i n i t e  modes). 

A s  be fo re ,  t h e  extreme of  F  i n  ( Io ,  12,  xs) space a r e  s t eady  s t a t e  s o l u t i o n s  
t o  (8) and (9), s i n c e  x. 0 ,  6 = 0,% i s  i d e n t i c a l  t o  Eq. (2 ) ,  and s i n c e  

3Xn 

aF = - Q %  [ h ' , ( x , ) . ~ , -  h : . L )  ax, 



For small  pe r tu rba t ions  ( ~ ~ ( b ) ~  &%(L-), & ( & I )  from a  s teady  s t a t e  ($o , X,), 
Eqs. (8) and (9) g ive  

where b ,  S, f n ,  hn, mean t h e i r  values a t  x  = xo. For t h e  same v a r i a t i o n  

( b O , d , )  &) , t h e  second o rde r  Taylor  expansion g ives : -  

Comparing t h e s e  two ma t r i ce s ,  one sees  t h a t  t h e  p r i n c i p a l  axes and r a d i i  
o f  cu rva tu re  of t h e  l o c a l  F  s 'urface no longer  co inc ide  wi th  t h e  e igenvec tors  and 
va lues  of  t h e  s t a b i l i t y  problem, un le s s  (/l =Q,b.S ( x , )  . But, s u r p r i s i n g l y  t h e  
previous  r e s u l t  t h a t  t h e  minimums of  F a r e  s t a b l e ,  and i t s  maxima and sadd le s  a r e  
u n s t a b l e ,  i s  s t i l l  t r u e .  To prove t h i s ,  cons ider  p e r t u r b a t i o n s  p ropor t iona l  t o  
e'X~C ; then Eq. (11) r e q u i r e s ,  f o r  n o n - t r i v i a l  s o l u t i o n s ,  t o  e x i s t ,  

Note t h e  eigenvalues from Eq. (12) obey t h i s  equat ion wi th  ,t! r ep l aced  by i/$.b.$txd), 
a  p o s i t i v e  number f o r  a l l  xo. I t  is  i n s t r u c t i v e  t o  r ea r r ange  (13) f u r t h e r ,  be- 
f o r e  cons ider ing  a c t u a l  s o l u t i o n s  f o r  31, . 

Consider t h e  l o c a l  s l o p e  o f  t h e  equi l ibr ium curve xo(Q) which i s  def ined  by 
the  s t eady  s t a t e  s o l u t i o n s  f o r  d i f f e r e n t  values o f  Q. This curve i s  shown i n  
Fig.  1 f o r  Nor th ' s  (1975) model. 

Several  o t h e r  models have given s i m i l a r  curves  wi th  t h e  same t y p i c a l  shape,  
and showing m u l t i p l e  va lues  of  xo f o r  some Q. (Budyko (1972); Held and Suarez 
(1974) 1 

Along t h i s  equi l ibr ium curve,  

Combining (13) and (14) we g e t  



Z 
Noting t h a t  b e 5  ( x . ) * $ ,  Cx.) and Ln a r e  always p o s i t i v e ,  one can ske t ch  

t h e  r ight-hand s i d e  of (15) a s  a  func t ion  of h :- 

LO-. 

0.6-• B I 

xs 

I 

The func t ion  looks q u a l i t a t i v e l y  t h e  same f o r  a l l  ( p o s i t i v e )  va lues  of 4 
due t o  t h e  s i n g u l a r i t i e s  under t h e  2 i n  (15) .  So lu t ions  t o  (15) a r e  given by 
i n t e r s e c t i o n s  ( c i r c l e d  i n  F ig ,2 )  of  t h e  r ight-hand s i d e  func t ion  wi th  $*Be0 
There i s  a  nega t ive  r o o t  of X (G, instability) i f  and only i f & . &  L O  whatever 

qa d%o 
(pos i t i ve )  va lue  of  A!.  Since from above, t h e  F-surface eigenvalues from Eq. (12) 
obey E q .  (15) with 4 rep laced  by , b, s (5) , we have : - 

o 

@*q6 olq8 /.'DO ' 0  I,& 4 / q e  11.3 
a/ao 

Fig.1 Xs versus  Q / Q  equi l ibr ium s o l u t i o n  curve,  f o r  t h e  two-mode case ,  2 from 
North (1975). Q, = presen t  mean s o l a r  r a d i a t i o n  S 334 .4  w/m . 
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The equi l ibr ium s o l u t i o n  i s  
s t a b l e  (uns tab le)  t o  small  

saddle)  pe r tu rba t ions  obeying (8) and (9) 

6 1 5 )  with I by Eq- (15) 
4? rep laced  by 1/QbS (xo) and Fig.  2. 
and Fig .  (2) 

Thus, p o i n t s  on t h e  p a r t  of t h e  equi l ibr ium curve xo[Q) from A t o  B i n  Fig 
uns t ab le ,  and p o i n t s  from B t o  C ,  (which inc lude  t h e  p re sen t  c l i m a t e ) ,  a r e  

.1 a r e  
s t a b l e .  

This  bears  out  t h e  general  s t a b i l i t y  p r i n c i p l e  d iscussed  by Budyko (1972). 
I t  i s  s u r p r i s i n g  t h a t  t h e  two d i f f e r e n t  i n s t a b i l i t y  mechanisms i n d i v i d u a l l y  lead  
t o  t h e  same p r i n c i p l e :  ( the  above a n a l y s i s  does go through omi t t ing  t h e  In  term i n  
( 8 ) ) .  The p r i n c i p l e  can be rephrased i n  t h e  p re sen t  model, s i n c e  

I t  becomes 

" I f  t h e  c l ima te  s e n s i t i v i t y  c o e f f i c i e n t  4. i s  p o s i t i v e ,  t h e  c l i m a t e  i s  
hQ 

s t a b l e  t o  i n t e r n a l  p e r t u r b a t i o n s ,  and i f  nega t ive  it i s  uns t ab le . "  

We have n o t  been a b l e  y e t  t o  prove it f o r  t h i s  pape r ' s  continuous a ( I ) c a s e ,  bu t  

have found no i n d i c a t i o n  t h a t  it i s  not  t r u e .  

Note t h a t  f o r  t h e  4 0 case ,  F ig .  2 i n d i c a t e s  s t a b i l i t y  i f  4 0 and 

Is e &  = 
IF d-xA1 ' 1 b.Sc~a.n n *$ 

This  corresponds t o  an e a r t h  wi th  i c e  equatorward of  xo, i c e - f r e e  poleward o f  xo, 
and with h e a t  d i f f u s i n g  equatorward from t h e  poles .  For  t h e  p re sen t  d i s t r i b u t i o n  
of  s u n l i g h t  S(x) and Nor th ' s  (1975) model parameter va lues ,  t h i s  i s  an imposs ib le  
equi l ibr ium s t a t e  s i n c e  #2 CX,) L O f o r  a l l  xo. ( S t r i c t l y ,  one needs t o  u se  t h i s  
f a c t  i n  t h e  rephras ing  of  t h e  s t a b i l i t y  p r i n c i p l e  above.) 

5 ,  I1Nonlinearised Behaviour" Proper ty  of  t h e  Funct ional  

So f a r ,  we have only  d e a l t  wi th  small  p e r t u r b a t i o n s  from equi l ibr ium s t a t e s .  
In  f a c t ,  t h e  func t iona l  F can be  used t o  desc r ibe  t h e  f u l l  non l inea r  t ime beha- 
v i o r  of s o l u t i o n s  ( I ( x , t ) .  We i l l u s t r a t e  t h i s  below f o r  t h e  two-mode case ,  Eqs. 
(8) and (9) , with A! = O ( i  . e .  no i c e - l i n e  l a g ;  t h e  North (1975) ca se )  . 

27 C l e a r l y ,  s u b s t i t u t i n g  - back i n t o  (8) , 
31, - a F  ,,0,2 - - -  

d t  a 3, 
(1 6) 

This means t h a t  t h e  s o l u t i o n  p o i n t s  t o  t h e  d i f f e r e n t i a l  equat ion  i n  (z6 ,I2*) space 
moves down-gradient wi th  r e s p e c t  t o  t h e  s u r f a c e F [ ~ o , L )  , fo l lowing  t h e  s t e e p e s t  
pa th  downwards and wi th  a  "speed" J+If equal  t o  t h e  magnitude o f  t h i s  gra-  
d i e n t .  0 

Using t h e  cha in  r u l e ,  (16) imp l i e s  



The continuous I ( x , t )  form can e a s i l y  be shown t o  be 

dl= - 
d-t 

This agrees i n t u i t i v e l y  with,  (but  is  not  a vigorous proof o f )  t h e  previous  r e s u l t  
t h a t  minimums;of F a r e  s t a b l e  s t a t e s ,  and wi th  t h e  concept t h a t  t h e  h ighe r  o rde r  
modes decay t o  equi l ibr ium f a s t e r .  

c 9 along s o l u t i o n  pa th  

Maps of F versus  (1,,12) f o r  d i f f e r e n t  va lues  o f  Q a r e  shown i n  F i g s ,  3 and 
4 ,  us ing  Nor th ' s  (1975) model parameter va lues .  Actual ly Eq.(lO) has  f i r s t  been 
non-dimensionalired by Q ~ ;  t h e  pl$ted quan t i t y  i s  

ho and h2 a r e  func t ions  of  I, and I 2  s i n c e  t h e  i c e - l i n e  i s  def ined  by I, and 12. 
Confours o f  xs a r e  a l s o  ind ica t ed  i n  t h e  f i g u r e s  a s  dashed s t r a i g h t  l i n e s .  

For t h e  p re sen t  va lue  of  Q ,  F ig .3  shows two minima M I  and M and a sadd le  
S. These correspond t o  t h e  t h r e e  equi l ibr ium s o l u t i o n s  i n  F ig .1 ,  TAdicated by t h e  
same l e t t e r s .  Larger r eg ions  o f  ( I o ,  12) and Q space,  no t  shown i n  F i g s .  3 o r  4 ,  
were searched (by computer) f o r  o t h e r  extrema, and none were found. A l l  r eg ions  
ou t s ide  t h e  f i g u r e s '  a r e a  j u s t  s l o p e  down i n t o  t h e  a r e a .  

A s  Q i s  reduced below t h e  p re sen t  va lue ,  t h e  F-surface a l t e r s  cont inuous ly .  
The ice-covered minimum M I  remains and t h e  ' p r e s e n t - e a r t h '  minimum 
and s t a r t s  t o  ge t  washed o u t ,  u n t i l ,  a t  Q/Qo cs .96 ,  t h e  M minimum a d t h e  sadd le  

P 2 S simultaneously coa l e sce  and j u s t  fade away (Fig.4)  i n t o  t h e  r eg iona l  s l o p e  com- 
ing  up from t h e  ice-covered minimum. This corresponds t o  po in t  B i n  F ig .1 .  

I f  Q i s  increased  above t h e  present  va lue ,  t h e  Mp minimum deepens and be- 
comes i c e  f r e e ,  and a t  Q/Q0%1.3, t h e  M I  minimum fades  away i n t o  t h e  s lope  com- 
ing  up from t h e  deepening Mp minimum. 

Whether t h e  depth  of MI changes o r  no t  (when s c a l e d  by 1 / ~ * )  as Q v a r i e s  
i s  determined by t h e  a r b i t r a r y  cons t an t  inzthe fq. term i n  t h e  d e f i n i t i o n  o f  F ,  , 
Eq. (4 ) .  F / Q ~  remains t h e  same a t  M I  f o r  ( O. (Il)&5' , a s  above; for(: u ( l ; ' ) d ~  , 

zs 
t h e  M I  dep th  changes and t h e  depth of Mp remains t h e  same once it becomes i c e - f r e e  
( i , e .  xo = 1 . 0 ) .  

The behavior of t h e  F s u r f a c e  as  Q v a r i e s  can be l 'explained'l  a s  fo l lows:  
S p l i t  F i n t o  two p a r t s ,  F = T - Q.J where 

z," T = * * I** + L,* - 
2 

(which i s  t h e  i n t e g r a t e d  o u t -  
going and i n t e r n a l  energy f l u x e s )  

J = he f, + he 1, - I, 9 (h; ax) (whicb i s  t h e  c o r r e l a t i o n  of t h e  
incoming energy f l u x  and t h e  
temperature,  p l u s  a term r e p r e -  
s en t ing  t h e  i c e  e f f e c t  shoehow), 

Sketches of T and J a r e  drawn i n  F ig .5 .  The J su r f ace  was found numer ica l ly ,  and 
i s  approximately p l a n a r  with a break i n  s l o p e  i n  t h e  r eg ion  between&~C,andX,--1. 



FBR O/WOa 1960 Figure 4 



The c ros s  s e c t i o n s ,  a l s o  i n  F f g 0 5 ,  show how t h e  two minfma and t h e  saddle  come 
about f o r  a  c e r t a i n  range o f  Q, and how, ou t s ide  t h i s  range, j u s t  one minimum oc- 
c u r s .  Perhaps it i s  s i g n i f i c a n t  t h a t  t h e  equi l ibr ium p o i n t s  occur  where t h e  gra-  
d i e n t  of  t h e  T(Io ,12)  s u r f a c e  is  equal t o  Q t imes t h e  J [ Io ,12 )  s u r f a c e ' s  g r a d i e n t ,  
wi th  T  and J i n t e r p r e t e d  a s  above, 

( 6 )  "Speculation inducing" Property o f  t h e  Funct iona l .  

For f i xed  s o l a r  cond i t i ons ,  t h e  e a r t h ' s  adjustment i n  F i g s . 3  and 4 t o  e q u i l -  
ibrium (with a  t ime s c a l e  perhaps of e l 0 0 0  years )  can be thought  o f  a s  a  f a s t  r e -  
l a x a t i o n ,  analogous t o  t h e  r e t u r n  of a  p a r c e l  of gas  molecules back t o  a  Bolzmann 
d i s t r i b u t i o n  a f t e r  encounter ing a  shock, (This maximizes a  c e r t a i n  q u a n t i t y : -  F 
f o r  t h e  e a r t h ,  entropy f o r  t h e  gas . )  Then, t h e  movement o f  t h e  e a r t h  a long  t h e  
xo[Q) equi l ibr ium curve of  F i g e l  due t o  changing s o l a r  input  [time s c a l e  1 0 ' s  K 
years )  can be thought of  a s  a  slow r e v e r s i b l e  change main ta in ing  equi l ibr ium,  a s  
i n  non-shock changes of a  gas p a r c e l ,  w i th  t h e  i n t e r n a l  energy f l u x e s  of  t h e  e a r t h  
being analogous t o  t h e  in te rmolecular  c o l l i s i o n s o  But a s  Malkus ( p r i v a t e  communi- 
c a t i o n )  po in t s  o u t ,  t h e r e  i s  a  d e f i n i t e  l a t i t u d i n a l  s t r u c t u r e  t o  t h e s e  supposedly 
random f l u x e s ,  and a l s o  t o  t h e i r  n e t  change i f  S2 v a r i e s ,  so  t h a t  perhaps a thermo- 
dynamic i n t e r p r e t a t i o n  i s  not  v a l i d ,  bu t  some non-equilibrium s t a t i s t i c a l  mechanical 
analogy, l i k e  a  minimum entropy p r i n c i p l e ,  ( P a l t r i d g e ,  (1975)) .  

Nevertheless ,  equat ions  desc r ib ing  t h e  v a r i a t i o n  o f  t h e  equi l ibr ium [M ) 
value  o f  F a long t h e  xo(Q) curve a r e  e a s i l y  de r ived : -  

P  

S ince ,  f o r  f ixed  S2, 
JF a~ A & @  = * + G x * w  

one can combine t h e s e  
t i o n s ,  f o r  i n s t ance : -  

' V 

, 0 or6ui\;biium cwve 

= -Js- Lq(h,#h ( ~ ) - & ( h .  C @ ) - C L ~ ~  
a 

= -&Uh-+.&A+ n ax\ 

express ions  with t h e  d e f i n i t i o n  of  F t o  d e r i v e  va r ious  equa- 



Perhaps these or similar equations have useful interpretations, thermody- 
namic or otherwise. 

(7) Concluding Remarks. 

The functional as written above applies only to the zonally averaged energy 
equations of this paper which do incorporate thermal storage, ice-line lag, albedo 
as a general function of temperature O-CI) ,  and a latitude-dependent diffusion coef- 
ficient, but which are limited to a diffusive description of the poleward energy 
transport. North (1975) shows that the form of Eq.(2) can cover systematic circula- 
tion effects V ( X ) .  a l / d X . ,  and specified non-homogeneous cloudiness, so these are 
easily incorporated into the functional. However, for the functional approach to 
be useful, it must be generalizable to other more complex forms of energy equa- 
tions, with, for instance, more complex transport terms than linear diffusion. 
(The present functional definition does extend immediately to the case where the 
I.R. flux is a general function of the lacal temperature, f(A + B.T). The corres- 
ponding functional term is then jZf LLt> 1' 

If a functional with the above properties could be defined for a complex 
model as a function ~(d,,oc,,* ., oc,) of N internal variables of the system, then 
the equilibrium problem becomes just a system of N algebraic equations fortX,*t+%:"* 

a F  - -  -0, n = ~ , .  h e  N 
2% 

As above, the form of the F surface would determine the linear stability 
and the nonlinear behavior too. This could be a useful systematic way of dealing 
with large numerical general circulation models with numerous independent internal 
variables. 
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SOME ASPECTS OF STEADY, ROTATING CHANNEL FLOW 

Lars Petter R4ed 

This study is motivated by observations of both actual stream configuration 
in the ocean and experiments of flow through a channel into an 'infinite' region 
(Porter, 1976). The ~ucatan'stream entering the Gulf of Mexico separates from the 
left bank and makes a swift movement into the.Gulf before heading for the Strait of 
Florida, as shown schematically in Fig. (1.1) : 

From the experiments are shown two pictures which have very different flow pat- 
terns, Fig.(1.2a) and (1,2b). The first, Fige(l.2a) shows a flow pattern similar 
to that drawn in Fig.(l.l) and is nice and smooth, whereas the second shows a form- 
ation of an anticyclonic gyre, The present model offers an explanation of the 
mechanisms involved in the two different flow patterns. Furthermore, the two pic- 
tures exhibit a downstream state in the form of a jet current along the wall. The 
dynamics of such a jet when the wall is curved, is therefore analyzed. 

2. Mathematical Setup 

To be considered is a non-viscous steady flow of a homogeneous, incompres- 
sible fluid down a channel of varying width on a rotating plane, Fig.(2.1). The 
hydrostatic approximation will be assumed to be valid. The equations of motion 
and continuity consistent with these assumptions are 

where f is Coriolis parameter, h the height of the free surface, V the horizontal 
component of the velocity and 9 the acceleration due to gravity. From these 
equations one may derive the potential vorticity equation 

- ~ = F P - U ,  (2 * 3) 

where$sk*vX $ is the vertical component of the vorticity and F is a function 



Fig.l.2a. Light fluid (dark) above heavy fluid (light), each fluid initially fitting 
the two halves of the tank. The reduced gravity g' 3-4cgs units,initial height 3cgs 
units, width of channel 2cgs units. Rotation rate ~ = 9 = 9 , 6 .  

Fig.l.2b. Same as Fig.l.2a but T= / , I 1 5  



Fig. 2. 
suppos 

1 Sketch of model shows chosen coordinate system.Note: x is downstream. Flow 
ed to be forced to left ( 7 ) ; flow downstream is marked (? )  . 

dependent on the stream-function, , only. Thus the potential vorticity (= the Y absolute vorticity divided by the eight) is conserved along streamlines. More- 
over, one may derive the Bernouilli equation: 

where the total head, B, is conserved along streamlines. The existence of the 
stream-function is assured by Eq.(2.2) and may be defined by 

hg z k_% TI /% (2.5) 

With this definition of the stream-function the relationship between F and B may 
be found to be 

Furthermore, the discharge, Q, or the volume flux becomes 

Here O- is the surface normal to the flow, v, is the value of the stream-function 
on a streamline to the right and v' the value on a streamline to the left, looking 
downstream. Now if the potential vorticity is assumed uniform and defined such 
that 

where Ho is dubbed the potential vorticity height, B becomes a linear function of 
the stream-function, viz: 

+ t B ( v ) = o  B h ) =  Tv (2 - 9 )  

Thus defining 

where, H, is dubbed the Bernouilli height, and putting y f = O  on the left bank of 
the channel, (yes 0 ) it follows that 

yT, =Q (2.11) 

and 

(Subscripts Y and 4 will be used throughout this analysis to denote evaluation on 
right and left bank looking downstream, respectively. 



Hence Hr i s  always g r e a t e r  than  o r  equal  t o  Hz. Only i n  two c a s e s  w i l l  Hr = HL, 
namely when f = 0 o r  H o - + a .  The f i r s t  corresponds t o  t h e  concomitant problem 
of a non-ro ta t ing  channel flow, whereas t h e  o t h e r  corresponds t o  a s p e c i a l  ca se  
wi th  zero p o t e n t i a l  v o r t i c i t y  a s  considered i n  Whitehead e t  aZ. (1974). 

3 .  One Aspect of Non-rotating Channel Flow 

There i s  one a spec t  of  non-ro ta t ing  channel flow which is  r e t a i n e d  i n  t h e  
r o t a t i n g  channel flow, which i s  worth d iscuss ing .  Neglect ing r o t a t i o n ,  t h e  equa- 
t i o n  f o r  t h e  he ight  of t h e  f r e e  su r f ace  i s  t h e  cubic  equat ion,  

where L i s  t h e  width of t h e  channel.  This  equat ion  t e l l s  us t h a t  h ,  bes ides  
being a func t ion  of t h e  geometry of t h e  channel ,  L, i s  a f t tnc t ion  of two param- 
e t e r s ,  t h e  d i scha rge ,  Q ,  and t h e  B e r n o u i l l i  he igh t  on t h e  l e f t  w a i l ,  H,. The 
dependency may be d isp layed  i n  graphs showing h ,  s c a l e d  by He, a s  a f u n c t i s n  of 
L s c a l e  by some t y p i c a l  width, Lo.  (F ig .3 .1 ) .  

h 
-% I'r Fig .3 .1  Height of  f r e e  su r f ace  a s  func t ion  o f  width.  Numbers 

on curves correspond t o  d i f f e r e n t  d i scha rges .  
p/l,H,Jg7;,:0.~,1*?* , 

FIG, 3 A  
Height a s  func t ion  o f  width. Numbers on curves r e f e r  t o  d i scha rges  s c a l e d  by 
LoHe 

As a thought experiment,  cons ider  an upstream flow forced  t o  correspond t o  
p o i n t  f i  of Fig.3.1.  Furthermore, cons ider  t h a t  t h e  channel width i s  monoton- 
i c a l l y  decreased downstream. Thus a s  t h e  f l u i d  flows down t h e  channel it reaches 
a t  some p o i n t  downstream t h e  p o i n t  B ,  where something is  bound t o  happen i f  t h e  
channel i s  con t r ac t ed  f u r t h e r  downstream. On t h e  o t h e r  hand, i f  t h e  minimum width 
of t h e  channel corresponds t o  p o i n t  B,  t h e  f l u i d  may, i f  t h e  channel i s  widened 
aga in ,  reach  t h e  p o i n t  C corresponding t o  a r a p i d  flow i n  c o n t r a s t  t o  t h e  t r a n q u i i  
flow o f  t h e  upwtream s t a t e .  In  t h i s  sense  and f o r  t h i s  reason t h e  p o i n t  B w i l l  be 
r e f e r r e d  t o  a s  a c r i t i c a l  p o i n t .  



4. Flow in a Rotatinn Channel? 

Consider a rotating channel flow with no flow across the channel (US 0 )  and 
2 no changes downstream (rn, = 0) . Moreover, if one scales as follows : 

the equation of section 2 may be written 

(Eq. of motion) (4 * 2) 

2 
h 3 y - ~ a ( k ) = h  = -(+) . CPot,vort.equation) (4.3) 

Here E== H: / H: is the nondimensional potential vorticity and A=@/$ 
is the radius of deformation. Now if L e / k 4 d l  it follows that to zero order there 
are no variations across the channel andl that the non-rotating cubic equation, 
Eq. (3.1) , its reproduced. On the other hand if L, / A  >> 1 the height is, apart from 
layers close to the walls where hyy might become large, governed by the equation, 

which simply entails that the height is equal to the potential vorticity height 
in the interior, and that the flow takes place in boundary layers along the walls 
of width equal to the radius of deformation, j\ . (c.f. McDougall (1976)). If 
the potential vorticity, E%,  is very small Eq. (4.3) reduces to 

which has been analyzed by Whitehead et aZ. (1974). 

In the present analysis, flows with Lo of order a will be considered and 
one may as we1 1 put Lo = A . Thus Eqs . (4.2) and (4.3) become 

Defining a nondimensional discharge height, H, , by 

Eq.(2.7) may be evaluated by means of Eq.(4.6) to give 

whereas the Bernouilli equation on the left wall takes the form 

*u:+ h c = l  (4.10) 

The solution to Eq.(4.7) is straightforward and expressed in terms of the height 
and the velocity on the left wall, hR and Uh , respectively, it may be written 

* In this and the next section, if not otherwise stated, starred quantities entail 
dimentional quantities. 



i s  a  func t ion  of h, through Eq. (4.10).  Thus E q .  (4.9) provides  an equat ion  
f o r  h, i n  terms of t h e  geometry, L, namely 

This  equat ion  i s  t h e  r o t a t i n g  vers ion  of t h e  non-ro ta t ing  cub ic  equat ion ,  Eq.13.1).  
D i f f e ren t  from t h e  non-ro ta t ing  case ,  hr depends, bes ides  t h e  geometry, n o t  on ly  
on M r  and Q* but  a l s o  on t h e  p o t e n t i a l  v o r t i c i t y  he ight  Hz . So, t o  s tudy  a  
forced  r o t a t i n g  channel flow, t h r e e  parameters  need to,be f i x e d .  Figures  (4.1) and 
( 4 . 2 )  show he a s  a  func t ion  of L f o r  G" = 1 . 0  and E = .5 ,  r e s p e c t i v e l y ,  and t h e  
curves drawn correspond t o  t h e  curves drawn on Fig . (3 .1)  f o r  d i f f e r e n t  d i scha rges .  
The aspec t  o f  non-ro ta t ing  channel flow d iscussed  i n  s e c t i o n  3 s t i l l  a p p l i e s  f o r  
p o i n t s  where b h,/at=o, although t h i s  l i n e  i s  changed from t h e  s t r a i g h t  l i n e  
he = i n  F ig .  (3.1) t o  a  curved one when r o t a t i o n  i s  p r e s e n t .  More important ,  
however, a r e  two o the r  a spec t s  of t h e  flow, namely: 

(1) t h e  p o s s i b i l i t y  of  s t agna t ion  (u = 0) a t  t h e  r i g h t  wal l  (y = 0) when 
E'c= 1 . 0  i n  t h e  t r a n q u i l  flow s t a t e  and 

( 2 )  t h e  p o s s i b i l i t y  t h a t  t h e  he igh t  on t h e  l e f t  wal l  may go t o  zero i n  t h e  
r a p i d  flow s t a t e .  

H~ :. Discharge Numbers on curve: - 
H! 

2, Ho Pot. vort. E: --=1.0 Hn 

0 
1 .O 2.0 3.0 L - 

b W/DW O f  CHANNEL - X 

Fig .4 .1  Same a s  F ig .3 .1 .  Note a d d i t i o n a l  f e a t u r e s  due t o  r o t a t i o n .  6 = 1 . 0 .  See t e x t .  



Numbers on curve: b:. Discharge 
H r  

pot. vort. e 2 =  3 = .5 
H, 

I e 
1.0 2.0 3.0 - L 

X 
)-- WIDTH OF CHANNEL - 

Fig.4.2,same a s  Fig.4.1.  ca=.5 Note l i n e  c a l l e d  s t agna t ion  corresponding t o  zero 
v e l o c i t y  on r i g h t  bank. See t e x t .  

These two a spec t s  of t h e  r o t a t i n g  flow may o f f e r  an explana t ion  o r  be t h e  main 
mechanism f o r  t h e  f e a t u r e s  shown by t h e  experiments.  The s t r i k i n g l y  d i f f e r e n t  flow 
p a t t e r n  i n  t h e  f i r s t  and second experiment may be achieved by l e t t i n g  t h e  param- 
e t e r s  be i n  favor  of e i t h e r  o f  t h e  two d i f f e r e n t  p o s s i b i l i t i e s .  Thus t h e  f i r s t  
p o s s i b i l i t y  with s t agna t ion  on t h e  r i g h t  wal l  n e c e s s a r i l y  e n t a i l s  t h a t  a  s t r eaml ine  
i s  leav ing  t h e  w a l l ,  i . e .  s epa ra t ion  occurs  on t h e  r i g h t  wal l  and may g ive  r i s e  t o  
t h e  an t i cyc lon ic  gyre,  whereas t h e  second p o s s i b i l i t y  e n t a i l s  t h a t  t h e  he igh t  of 
t h e  f l u i d  goes t o  zero on t h e  l e f t  wa l l ,  i . e .  t h e  flow s e p a r a t e s  from t h e  l e f t  wal l  
and may be turned around t h e  sharp  bend more e a s i l y .  

5 .  Separated Flow Along a  Curved Wall. 

Even i f  t h e  flow s t a g n a t e s  on t h e  r ight-hand wa l l ,  t h e  flow downstream i s  
seen t o  be a  j e t  a long t h e  wall  with a  f r e e  s t r eaml ine  on i t s  o u t e r  edge where 
h  = 0. However, i n  t h i s  c a s e  t h e  downstream s t a t e  cannot be connected wi th  t h e  up- 
s t ream s t a t e  by means of  conserva t ion  of  energy, which may be accomplished i f  t h e  
flow sepa ra t e s  on t h e  l e f t -hand  wa l l .  

I t  may t h e r e f o r e  be worthwhile t o  cons ider  t h e  problem o f  a  "free" j e t  a long 
a  curved wall  (F ig .5 .1 ) .  I t  i s  convenient t o  in t roduce  a  new system of coo rd ina t e s  
(S* ,n*) with S* always tangent  t o  t h e  w a l l ,  t hus  measuring t h e  a r c  l eng th ,  and n* 
t o  t h e  wall  ( see  F i g . ( 5 . 1 ) ) .  I f  a t  t h e  same t ime one s c a l e s  such t h a t  



Forced sepa ra t ed  flow along a  curved wa l l .  

and n o t e  t h a t  due t o  c o n t i n u i t y  
h@=G p*V 

where p, i s  t h e  minimum r a d i u s  of cu rva tu re ,  t h e  equat ions  o f  s e c t i o n  2 may be 
w r i t t e n  

L t U1 - U p p V + - -  % e P+CyIA) -€%=-.I ; P o t e n t i a l  v o r t i c i t y  (5.6) 

1 'n A new ~ a r a m e t e r , ~ ~ ~ ,  i s  introduced which i s  t h e  r a t i o  between t h e  r a d i u s  of  
deformation, A , and t h e  r a d i u s  of  cu rva tu re ,  ,Q, . The new terms i n  t h e  equa- 
t i o n s  due t o  t h e  cu rva tu re  a r e  t h e  terms wi th  + i n  f r o n t .  The nondimensional 
r ad ius  of  c u r v a t u r e , p C x )  , has  a  s i g n  a t t ached  t o  it such t h a t p  i s  nega t ive  on 
capes and p o s i t i v e  a t  bays. (F ig .5 .1) .  The p o s i t i o n  o f  t h e  f r e e  s t r eaml ine  where 
h = 0,  i s  def ined  by t h e  l i n e  

y = 4~) (5 .8)  

where t h e  dimensional width i s  sca l ed  by t h e  r a d i u s  o f  deformation, h , t o  f o r m d .  
Thus a t  t h e  f r e e  s t r eaml ine ,  y = W , 

I h = 0, i (b iS+ c'+v') = 1 (5.91 

whereas on t h e  wall  y = 0 
L J - ( d + T % ~ Q ) +  2. h z Hy . 

When t h e  r a d i u s  of  cu rva tu re  i s  very  l a r g e  compared t o  t h e  r ad ius  of  de fo r -  
mation, t h e  system i s  seen t o  zero o rde r  t o  be reduced t o  t h e  system discussed  i n  
s e c t i o n  4 .  However, t h e  i n t r o d u c t i o n  of  a  f r e e  s t r eaml ine  imposes a  new c o n s t r a i n t  
on t h e  flow. This  may be seen  by expanding t h e  dependent v a r i a b l e s  a s  fo l lows:  

where t o  zero o r d e r  t h e  equat ions  a r e  



with t h e  boundary condi t ions  
c , P  hw-0, *u- t I.; y s  ,,,, (a> (5.13) 

and 

The s o l u t i o n s  a r e  

where wt%s determined by E q .  (5.14) , v i z .  

l - o a k ~ w ' " ' + E E  h h € ~ ( " ) s  E*H,. ' (5.16) 

In  Fig.  5 .2 i s o l i n e s  a r e  shown f o r  wC0) i . e .  t h e  width of  t h e  j e t  s ca l ed  by 2 , i n  
t h e  parameter space made up by t h e  p o t e n t i a l  v o r t i c i t y ,  E * ,  and t h e  d ischarge  
h e i g h t ,  H, . The heavy drawn l i n e  c a l l e d  s t agna t ion  e n t a i l s  t h a t  t h o s e  i s o l i n e s  
ending on t h i s  curve have k'' r 0 at. t h e  r i g h t  wal l  f o r  t h i s  va lue  o f  En and ilq* 
I t  i s  i n t e r e s t i z g  t o  no te  t h a t  f o r  6 *Yx  a l l  he ight  p r o f i l e s  a r e  exponent ia l  
whereas f o r  = 0 a l l  he ight  p r o f i l e s  a r e  pa rabo l i c .  (Whitehead e t  a t .  , l o c  . c i t  .) . 

& PO TEN TA L VORT/CI rY - 
THE ZEROTH ORDER WIDTH AS FUNCTION OF a 2 , ~ ~ .  

Fig.  5 .2  I s o l i n e s  i n  E 2 ,  HQ space f o r  perpendicular  d i s t a n c e  from wa l l  o f  s t r eaml ine  
where h=O(w '"' ) t o  ze ro th  o rde r .  See t e x t .  



Also i t  i s  ev ident  t h a t  f o r  d i scharge  h e i g h t s  g r e a t e r  t han  two ( i . e .  HQ 2 2) E" 
has t o  be g r e a t e r  than  1 / 2  t o  have s o l u t i o n s ,  i . e .  t h e  p o t e n t i a l  v o r t i c i t y  h e i g h t  
has  t o  be l e s s  than  two t imes  t h e  Bernou i l l i  he igh t  on t h e  l e f t  wa l l  9 #),  which corresponds t o  l a r g e  widths compared t o  t h e  r a d i u s  o f  deformation.  

Furthermore, wCO) i s  a  cons tan t  once t h e  parameters  a r e  f i x e d  and i s  n o t  
changed when t h e  r a d i u s  of  cu rva tu re  is  changed. Thus t o  zero o r d e r  t h e  f r e e  
s t reamlfne  i s  p a r a l l e l  t o  t h e  wal l  F i g , ( 5 . 3 ) .  

To o b t a i n  information about t h e  e f f e c t  of  cu rva tu re  one has t o  s o l v e  t h e  
f i r s t  o rde r  problem. The governing equat ions t o  f i r s t  o r d e r  a r e  

wi th  t h e  boundary cond i t i ons  

0) Lo)- p h " ' - p ~  u - 0 ;  y - w  id , 

The s o l u t i o n  f o r  t h e  he igh t  t imes t h e  r a d i u s  of cu rva tu re  i s  

where use  has been made of  Eqs . (5,19) and (5.20) . Equation (5 21) t h u s  g ives  an 
equat ion f o r  t h e  c o r r e c t i o n  t o  f i r s t  o rde r  i n  t h e  width,vVc0, t imes t h e  r a d i u s  of  

where t h e  s u b s c r i p t  r e n t a i l s  eva lua t ion  a t  t h e  r i g h t  wal l  y  = 0. The func t ion  P 

The s o l u t i o n  f o r  P w"' may be presented  i n  t h e  same way a s  t h e  ze ro th  o rde r ,  w"! 
and i s  demonstrated i n  F ig .  (5 .4)  which shows i s o l i n e s  f o r  PW(') i n  t h e  6' , /-Ig 
space.  Dashed l i n e s  correspond t o  nega t ive  va lues  of  p w C I )  , 1f pwC') L 0 then  w O )  
i s  p o s i t i v e  a t  capes and nega t ive  a t  bays a s  shown i n  F i g . ( 5 . 5 ) .  
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ISOLINES FOR THE F I R S T  ORDER W I D T H  T IMES 
THE RADIUS O F  CURVATURE.  

Fig.5.4 I s o l i n e s  i n  E", HQspace f o r p  w(" i . e .  f i r s t  o rder  c o r r e c t i o n  t o  d i s t a n c e  
from wall  o f  s t r eaml ine  where h=O t imes r a d i u s  of cu rva tu re .  See t e x t .  

Heavy l i n e s :  =wc5)+ . Dashed l i n e ;  9 = w@. 



Howe 
have 
Note 

v e r ,  f o r  a  c e r t a i n  choice o f  parameters  / 3 \n / " ) a t t a in s  p o s i t i v e  va lues  which 
t h e  oppos i te  e f f e c t ,  i . e . ,  W(') i s  p o s i t i v e  a t  bays and nega t ive  a t  capes .  
t h a t  i n  t h i s  case  one i s  normally c l o s e  t o  s t agna t ion  on t h e  r i g h t  w a l l .  
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A STUDY OF THE FORMATION OF BOTTOM WATER I N  THE WESTERN MEDITERRANEAN SEA 

Richard D .  Romea 

In t roduc t ion  

The formation of  bottom waters  i n  t h e  world oceans has  been an e l u s i v e  
s u b j e c t  f o r  many yea r s .  Oceans a r e  gene ra l ly  s t r o n g l y  s t r a t i f i e d  and deep v e r t i -  
c a l  mixing r a r e l y  occurs .  The process  seems t o  be q u i t e  c a t a s t r o p h i c  and s h o r t -  
l i v e d ,  and could be e a s i l y  missed i n  many p l aces .  Recent ly,  much concent ra ted  
e f f o r t  has gone i n t o  observing t h e  process  i n  t h e  northwestern Mediterranean Sea, 
100 km south  of  t h e  c o a s t  of France. The a r e a  was a c c e s s i b l e  t o  r e sea rch  v e s s e l s  
and was observed i n  g r e a t  d e t a i l  dur ing  t h e  win ter  o f  1968-1969. Bottom water  
formation was observed only  i n  one p l ace  dur ing  t h i s  w in te r ,  i n  a  pa tch  about 
50 km wide and 100 km long .  D i r e c t l y  under t h i s  pa tch  i s  t h e  Rhone deep s e a  f an ,  
a  topographic f e a t u r e  wi th  a  s c a l e  o f  t h e  o rde r  of 50 km. 

The event was s h o r t - l i v e d ,  with v e r t i c a l  mixing l a s t i n g  only  two weeks, 
dur ing  t h e  M i s t r a l ,  a  co ld  wind which blows from t h e  no r th ,  between t h e  Alps and 
t h e  Pyranees.  Wind speeds dur ing  t h e  Mis t r a l  a r e  t y p i c a l l y  30 kno t s ,  wi th  50 knots  
recorded.  Temperatures of ~ O C  a r e  t y p i c a l .  

During t h e  win te r  o f  1968-1969, t h e  Mis t r a l  began on t h e  n i g h t  of  February 
3, and l a s t e d  about 10  days .  I t  was preceded by a  month of co ld  weather.  The 
cool ing  a t  t h e  su r f ace  was uniform over  t h e  whole reg ion  and was t y p i c a l l y  
100 joules/m2 sec .  f o r  t h e  M i s t r a l  pe r iod .  

The normal s t r a t i f i c a t i o n  of  t h e  northwest  Med i t e r r anean ' i s  weak, wi th  a  
c h a r a c t e r i s t i c  t h r e e - l a y e r  system. From t h e  s u r f a c e  t o  about 200 m,  t h e  water  i s  
o f  A t l a n t i c  o r i g i n ,  wi th  a  t y p i c a l  temperature o f  1 3 . 1 ~ ~  and s a l i n i t y  of  



38 - 38,4 Ojoo. The in te rmedia te  water ,  extendfng from 200 m t o  500 m,  has  h igh  
temperature ( >  13.1°C) and s a l i n i t y  (38.5 O/oo). Below 500 m i s  t h e  co ld  bottom 
water ,  with temperature 12.70C and s a l i n i t y  38,4 O/oo. 

A t h ree - s t age  process  was observed by t h e  MEDOC group; t h e  p recond i t i on ing  
phase,  l a s t i n g  about 30 days (January) ,  t h e  v i o l e n t  mixing phase,  which s t a r t s  
with t h e  onse t  o f  t h e  M i s t r a l ,  and t h e  s ink ing  and spreading phase,  which can l a s t  
u n t i l  t h e  middle o f  March. During t h e  beginning of  January,  a dense pa tch  of 
water i s  observed a t  t h e  su r f ace .  Sec t ions  ac ros s  t h i s  pa tch  i n d i c a t e  a doming of  
t h e  isopycnal  s u r f a c e s  towards t h e  su r f ace ,  and t h e  formation o f  f r o n t s  of  d e n s i t y  
and s a l i n i t y  s u r f a c e s .  A t  t h e  end of t h i s  precondi t ion ing  phase, h o r i z o n t a l  
v a r i a t i o n s  of  d e n s i t y ,  temperature,  and s a l i n i t y  a r e  of t h e  same o rde r  a s  v e r t i c a l  
v a r i a t i o n s .  

The v i o l e n t  mixing s t a g e  i s  marked by a s t rong  r educ t ion  o f  v e r t i c a l  d e n s i t y  
and s a l i n i t y  g r a d i e n t s ,  accompanied by deep v e r t i c a l  mixing almost t o  t h e  bottom. 

The remainder of t h i s  s tudy w i l l  be an at tempt  t o  understand t h e  p roces s  
t h a t  was observed by t h e  MEDOC group. In  p a r t i c u l a r ,  t h e  extreme l o c a l i t y  of  t h e  
reg ion  of  bottom water formation w i l l  Nave t o  be expla ined ,  given t h e  uniform 
meteorological  condi t ions  a t  t h e  su r f ace .  

Mixed Layer Dynamics 

We can look a t  t h e  hydrographic s i t u a t i o n  a s  a two-layer  system, wi th  an 
i n t e r f a c e  a t  500 m depth.  The t o t a l  depth of  t h e  s e a  i s  2.5 km. A t y p i c a l  va lue  
f o r  A e , t h e  dens i ty  d i f f e r e n c e  between t h e  two l a y e r s ,  i s  2 x 1 0 ~ .  A s imple 
c a l c u l a t i o n  shows t h a t  it would t ake  150-200 days t o  cool  t h e  upper l a y e r  so  t h a t  
A e s O . Even i n  t he  f i e r c e  Mis t r a l  cond i t i ons ,  t h e  process  would t a k e  about 

50 days.  Since t h e r e  a r e  only about 30 precondi t ion ing  days and 10 Mis t r a l  days ,  
simple s t a t i c  cool ing  of t h e  upper l a y e r  i s  not  s u f f i c i e n t  t o  cause s t r o n g  v e r t i -  
c a l  mixing. 

The next  obvious process  t o  cons ider  i s  t h e  deepening of a s u r f a c e  mixed 
l a y e r  by en t ra inment ,  There a r e  t h r e e  e f f e c t s  which may c o n t r i b u t e  t o  t h e  deepen- 
i ng  of  t h e  mixed l a y e r :  mechanical s t i r r i n g  by t h e  wind, cool ing ,  and evapora t ion .  
I f  t h e  l a t e n t  h e a t  a s soc i a t ed  with evaporat ion i s  included i n  t h e  cool ing  e f f e c t ,  
t h e  s a l i n i t y  change due t o  t h e  excess  of evaporat ion over p r e c i p i t a t i o n  i s  minimal 
and does not  c o n t r i b u t e  s i g n i f i s a n t l y  t o  t h e  mixed l a y e r  deepening. 

Mechanical s t i r r i n g  i s  unimportant below t h e  su r f ace  l a y e r s  (100 m) . The 
deepening goes l i k e  t '/J [Tbrner,  1373) and i s  a l s o  presumably l imi t ed  by r o t a -  
t i o n a l  e f f e c t s ,  whereas t h e  deepening due t o  cool ing  i s  n o t .  

Tu rne r ' s  model of  mixed l aye r  deepening i n  t h e  presence of a l i n e a r  s t a b l e  
s a l t  g r ad ien t  and a cons t an t  temperature,  wi th  a cons tan t  hea t  f l u x  from t h e  t o p ,  

ds 
/Vsa SB - 5 (3 a57 ( s a l t  g r ad ien t )  

(buoyancy f l u x )  



Where d  i s  t h e  depth of  t h e  mixed l a y e r ,  Q i s  t h e  hea t  f l u x ,  C i s  t h e  hea t  
c a p a c i t y ,  S i s  t h e  s a l i n i t y ,  and t h e  equat ion  o f  s t a t e  has  been used:  

Using t y p i c a l  values f o r  a s ,  AT,and  Q , it becomes c l e a r  t h a t  t h e  mixed 
l a y e r  a lone  w i l l  no t  ge t  much below 500 meters ,  even i n  M i s t r a l  c o n d i t i o n s .  A t  
500 meters ,  t h e  mixed l a y e r  deepens a t  a  r a t e  of  about one meter  p e r  day. 

Two: (withh,elf Model) 

A new mechanism which might be r e l e v a n t  t o  t h e  Mediterranean Sea i n  w in te r  
i s  t h e  non-adiaba t ic  geos t rophic  a d ~ u s t m e n t  process .  A s imple two-layer  model 
i l l u s t r a t e s  t h e  phys ics :  

r L 
9' 

In  t h i s  model, t h e  lower l a y e r ,  wi th  d e n s i t y :  P2= J: + b y ,  i s  i n f i n i t e l y  deep, and 
hence i s  dynamically p a s s i v e ,  The i n t e r f a c e  i s  assumed t o  behave so  t h a t  t h e r e  i s  
a  uniform p o t e n t i a l  v o r t i c i t y  i n  t h e  upper l a y e r .  Var i a t ions  i n  y  a r e  zero .  The 
r e l e v a n t  equat ions a r e :  - 

-L conserva t ion  of 
H h 3 p o t e n t i a l  v o r t i c i t y  

a h - .  
f w  = g" ar geos t rophic  r e l a t i o n  

> 
f i s  t h e  reduced g r a v i t y  : 

,A f 9%; 3 
V i s  t h e  geos t rophic  v e l o c i t y  In  t h e  y -d i r ec t ion .  

~ h e s e  equations can be combined t o  y i e l d :  

wi th  boundary cond i t i ons :  

H OA. X-5.00 

V(o) = V, ( v e l o c i t y  a t  t h e  coas t )  

The s o l u t i o n  i s :  

h(q  - H-v,@ e 



m The decay d i s t a n c e ,  o r  e- fo ld ing  t ime,  --- , i s  t h e  deformation r a d i u s .  
F 

I f  we vary  f* q u a s i - s t a t i c a l l y ,  by changing t h e  d e n s i t y  of  t h e  upper l a y e r  
uniformly and al lowing t h e  system t o  a d j u s t  geos t roph ica l ly  t o  t h e  new deformation 
r a d i u s ,  we can deduce t h e  e f f e c t  o f  cool ing  t h e  upper l a y e r  on t h e  i n t e r f a c e  h e i g h t .  
With 

t h e  i n t e r f a c e  w i l l  s u r f a c e  a t  X = O  when 
e, v.'. j p  ae- - 
9 

In  o t h e r  words, when t h e  d e n s i t y  of t h e  upper l a y e r  i s  lowered s l i g h t l y ,  t h e  
i n t e r f a c e  w i l l  r i s e  s l i g h t l y ,  u n t i l  t h e  i n t e r f a c e  even tua l ly  breaks t h e  s u r f a c e .  

A t  a  depth of 500 meters ,  with t y p i c a l  parameters (1/, - 10 cm/sec, A f? - 2 x 1 0 - ~ ) ,  
t h e  growth r a t e  of t h e  i n t e r f a c e  i s  1 - 5 m/day. This  means t h a t ,  dur ing  t h e  30-day 
precondi t ion ing  phase,  t h e  i n i t i a l  topographic d i s tu rbance  could amplify up t o  
100 meters upwards. 

Of course  t h i s  model i s  n o t  r e a l l y  r e l e v a n t  t o  t h e  Mediterranean problem, b u t  
it i s  an i n d i c a t i o n  t h a t  we should i n v e s t i g a t e  f u r t h e r .  In  f a c t ,  t h e  model might 
be r e l evan t  f o r  bottom water  product ion along c o a s t s  and on she lves .  

I s o l a t e d  Vortex 

The case  of  an i s o l a t e d  cyc lonic  vo r t ex  i s  more r e l a t e d  t o  our  problem. 
Obvious ques t ions  a r e :  W i l l  t h e  i n t e r f a c e  r i s e  wi th  cool ing  a t  t h e  su r f ace ,  and 
w i l l  t h e  i n t e r f a c e  break t h e  su r f ace?  

The p o t e n t i a l  v o r t i c i t y  equat ion i s :  
3 
a t  

44 When g --)O ( i . e . ,  t h e  d e n s i t y  o f  t h e  two l a y e r s  becomes t h e  same), V -> O i n  t h e  
upper l a y e r .  This imp l i e s :  

f + 9 ? h a , x  , - -  f 
I?, hF 

where t h e  s u b s c r i p t  o i n d i c a t e s  i n i t i a l  va lues ,  and t h e  s u b s c r i p t  f  i n d i c a t e s  
f i n a l  va lues .  The equat ion  can be r e w r i t t e n :  

This q u a n t i t y  i s  l e s s  than  one, f o r  an i n i t i a l l y  cyc lon ic  vo r t ex ,  i . e . ,  t h e  i n t e r -  
f a c e  r i s e s .  However, t h e  i n t e r f a c e  does no t  reach  t h e  s u r f a c e .  



Another way of  t h ink ing  about t h i s  p roces s  i s  t o  look a t  columns. A s  v 
goes t o  zero,  columns move outward from t h e  c e n t e r  of t h e  gyre t o  conserve angu la r  
momentum. The i n t e r f a c e  r i s e  fol lows a s  a  consequence of  t h e  conserva t ion  o f  mass. 
However, t h e  column which i s  s i t t i n g  d i r e c t l y  over t h e  c e n t e r  o f  t h e  gyre cannot  go 
anywhere, Hence t h e  l i m i t a t i o n  on h f .  

A non l inea r  p o t e n t i a l  v o r t i c i t y  equat ion  can be de r ived  us ing  t h e  geos t rophic  
r e l a t i o n ,  t h e  p o t e n t i a l  v o r t i c i t y  equat ion ,  and t h e  non l inea r  y-momentum equat ion:  

&+&++o j at- 

a a I f  - i s  expressed i n  terms of  -- ( t h e  two a r e  simply r e l a t e d )  and t h e  s u b s t i -  a * 
t u t i o n  = 9" 

I= 9" 

1s made. t h e  equat ion becomes: 

In  t h e  l i m i t  I  0 (g*+ 0) , t h e  equat ion  reduces t o  

This  i s  a  nega t ive  d i f f u s i o n  equat ion ,  and t e l l s  u s  s e v e r a l  t h i n g s .  

1. An i n i t i a l l y  f l a t  i n t e r f a c e  w i l l  no t  do anything.  

2, A s  h -+ 0 , t h e  r i s i n g  slows down; t h e  s i d e s  o f  t h e  bump w i l l  c a t c h  up t o  
t h e  c e n t e r .  

3 .  Fronts  may form, with l a r g e  h o r i z o n t a l  g r a d i e n t s .  

This  kind of  behavior  i s  very  sugges t ive  of some of  t h e  MEDOC s e c t i o n s .  

Two-Layer Model wi th  Uniform Cooling 

A l l  t h e  prev ious  models have assumed t h a t  t h e  d e n s i t y  changes uniformly i n  
t h e  upper l a y e r ,  a s  a  r e s u l t  of t h e  cool ing .  In  f a c t ,  t h i s  i s  no t  such a  bad 
assumption, bu t  one would l i k e  t o  be s u r e  t h a t  t h e  e f f e c t  of  non-uniform d e n s i t y  
v a r i a t i o n s  i n  t h e  upper l a y e r  s t i l l  y i e l d s  t h e  same q u a l i t a t i v e  r e s u l t s .  There i s  
reason t o  be l i eve  t h a t  a  more r e a l i s t i c  model would a c t u a l l y  i nc rease  t h e  a m p l i f i -  
c a t i o n  e f f e c t .  

The same two-layer formulat ion i s  used,  except t h a t  Q, t h e  h e a t  f l u x ,  i s  now 
s p e c i f i e d .  AT i s  t h e  temperature d i f f e r e n c e  between t h e  two l a y e r s :  t h e  lower 



layer is assumed infinite in depth and passive. 

A consistent model could be formulated when -$ <C 1 LI and TI;- << 1 . The equa- 
tions are: 

Momentum : 

Continuity: 

State: P-P. (]-KT) 

Heat : 

Pressure Condition: 2r ; -fij&T$ &ajt.--I4+y ax 
Boundary cV=b , & 3 5 0  
Conditions ' 

z at z = - I 4 + 1  

The temperature T can be written: 

where T' << bT 

In this representation, A T - F t  is the cooling of the layer with no motion, and T' 
is the perturbation due to the interface deformation. 

This formulation works if: (in the upper layer) 
U= U & , t - J t )  

v=  ~ C L ( , Z , ~ )  
w = w l w , t , t )  
"P = P (%,+,tb 
e = e Cx,t) 
7 = T  k,+)  
7 = r ( ( x , + )  



The l i n e a r i z e d  equat ions  become: 

momentum : I 8 P  f v s - j 6  ;T;i- 

&,pi =0 
B t 

c o n t i n u i t y :  

hea t  : Ql_'= - 5 
a t  H Q 

Boundary . 2 = -figd (AT-FC) & a dt a = -H 
Conditions ' 3~ 

N=-%c& r--H at. 
Of course ,  t h i s  model is  r e s t r i c t e d  t o  t h e  i n i t i a l  displacements  by t h e  l i n e a r i z a -  
t ion .  

The equat ions  can be combined t o  y i e l d  one (nondimensional) equat ion:  

The equat ion  can be Four ie r  transformed i n  K , wi th  t h e  r e s u l t  t h a t ,  i n i t i a l l y ,  
7 grows l i k e  t . 

I 
I f  an i n i t i a l  p e r t u r b a t i o n  

i s  assumed, A (k) can be found: 

For small  t ime:  

Typical  va lues  (a small  bump was used) g ive  an i n t e r f a c e  r i s e  on t h e  o r d e r  o f  two 
meters a day. This  i n i t i a l  growth r a t e  i s  sma l l e r  than  t h a t  f o r  t h e  s h e l f  model, 
but  t h e  growth w i l l  presumably speed up a s  t h e  feedback becomes important .  

T can be c a l c u l a t e d  from t h e  h e a t  equat ion .  For a small  bump (4- CXJ) 

When T goes t o  zero,  t h e r e  i s  no longer  a d i f f e r e n c e  between t h e  two l a y e r s .  
T = 0 when: 



Solving f o r  tc shows t h a t  t h e  e f f e c t  of  t h e  r i s i n g  i n t e r f a c e  is  t o  decrease  t h e  
v e r t i c a l  s t a b i l i t y  r i g h t  i n  t h e  c e n t e r  of t h e  gyre f a s t e r  than  it would decrease  
due t o  t h e  cool ing  a lone .  The e f f e c t  on t h e  reg ions  ou t s ide  t h e  c e n t e r  of  t h e  gyre 
i s  minimal. 

Conclusion 

In t h i s  s tudy ,  va r ious  models have been inves t iga t ed  t o  t r y  t o  understand 
t h e  mechanism o f  bottom water  formation. The bump, which has i t s  genes is  i n  t h e  
topographic r e l i e f  of  t h e  bottom, ampl i f i e s  due t o  t h e  non-adiaba t ic  geos t rophic  
adjustment of  pycnocl ines  t o  t h e  s u r f a c e  cool ing .  In  t h i s  r eg ion ,  t h e  topography, 
t h e  cool ing ,  and t h e  cyc lonic  c i r c u l a t i o n  a r e  e s s e n t i a l  i n g r e d i a n t s  i n  t h e  process  
The r i s i n g  i n t e r f a c e  prevents  t h e  deepening of  t h e  cool ing  l a y e r  due t o  e n t r a i n -  
ment. This mixed l a y e r  a lone  w i l l  no t  deepen f a s t  enough, even dur ing  M i s t r a l  
fo rc ing ,  t o  form bottom water .  The deepening process  w i l l  slow down as  t h e  s u r -  
f a c e  cool ing  a f f e c t s  a l a r g e r  body of  f l u i d .  

However, t h e r e  is  a r eg ion  which has  been precondi t ioned .  Here t h e  v e r t i -  
c a l  s t a b i l i t y  has been d r a s t i c a l l y  reduced, even though t h e  coo l ing  has  been uni -  
form a t  t h e  s u r f a c e .  A t  t h e  onse t  o f  t h e  M i s t r a l ,  t h e  mixed l a y e r  can break 
through i n  t h e  c e n t e r  of  t h e  gyre.  The v i o l e n t  mixing phase,  which involves  t h e  
mixing of t h e  in te rmedia te  water  wi th  t h e  su r f ace  water ,  a l lows v e r t i c a l  mixing 
a l l  t h e  way t o  t h e  bottom. 
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CLIMATIC FEEDBACKS CALCULATED FROM SATELLITE OBSERVATIONS 

Glenn H. White 

This work is dedicated to Dr. Grace Feng who informed me this spring that 
global climatology had nothing to do with geophysical fluid dynamics. This summer 
has proven her correct. 

1. Introduction 

Of the various types of climate models, energy balance models have received 
the widest attention due to the relative ease in understanding and interpreting 
them. They generally focus on the surface temperature's response to changes in 
the components of the Earth's radiation budget and commonly relate the outgoing 
infrared flux and albedo to the surface temperature by means of empirical formulas. 

Table 1. 

Parameterization of infrared flux and albedo in some energy balance climate models. 
(F is the outgoing infrared flux at the top of the atmosphere in watts/m2. T is 
the surface temperature in OC, n is the amount of cloudiness, m is an atmospheric 
attenuation coefficient, d is the albedo, and b(x) and c(x) are constants vary- 
ing only with latitude x.) 

Infrared flux 

Budyko (1969) 
n = . 5  + 
Sellers (1969) 
linearized by 
North (1975) 

Albedo 

F = 226.1 + 2.26T - (48.4 + 1.61T)n 
F = 201.9 + 1.46T 
F = 0- ~ ~ ( 1 - m  tanh (19 T~ x 10-16)) 

Budyko (1969) 

Sellers (1969) 

Faegre (1972) 

= .62 if T C -lo°C 
= .32 T > -10'~ 
= b(~)-.009T T+ T L  loOc 

OC = c (x) T > 10°C 
oC = .486-. OO9T 



Table 1 shows t h e  parameter iza t ion  of  albedo and temperature i n  some energy 
balance models. Budyko (1969) parameter ized t h e  outgoing i n f r a r e d  r a d i a t i o n  a s  a 
func t ion  of su r f ace  temperature and c loudiness  based on mean monthly d a t a  a t  s u r -  
f a c e  s t a t i o n s ,  bu t  i n  h i s  z c t u a l  model he ld  t h e  c loudiness  cons t an t .  He parame- 
t e r i z e d  t h e  albedo i n  terms of a temperature-dependent s t e p  func t ion ,  l e t t i n g  t h e  
edge o f  t h e  i c e  cap be represented  by t h e  - l O ° C  isotherm. S e l l e r s  (1969) used a 
more compPex i n f r a r e d  f l u x  involv ing  an atmospheric a t t e n u a t i o n  c o e f f i c i e n t .  North 
(1975) approximated S e l l e r s '  express ion  by a l i n e a r  func t ion  of  tempera ture .  Se l -  
l e r s  expressed t h e  albedo a s  a l i n e a r  func t ion  of temperature i n  l a t i t u d e s  where 
snow and i c e  would be p re sen t  a t  l e a s t  p a r t  o f  t h e  year  and a s  a l a t i t u d i n a l l y  
dependent cons tan t  elsewhere. Faegre (1972) expressed albedo a s  a l i n e a r  func t ion  
of  temperature everywhere. Schneider  and Gal-Chen (1973) i n v e s t i g a t e d  d i f f e r e n t  
parameter iaa t ions  employed i n  energy balance c l ima te  models and concluded t h a t  
t h e  albedo parameter iza t ion  i n  t h e  t r o p i c s  was p a r t i c u l a r l y  impor tan t .  A subse- 
quent paper  (Gal-Chen and Schneider ,  1976) concluded t h a t  d i f f e r e n t  a lbedo parame- 
t e r i z a t i o n ~  a f f e c t e d  t h e  r e s u l t s  of energy balance c l imate  models much more d ra s -  
t i c a l l y  than  d i d  d i f f e r e n t  pa rame te r i za t ions  of t h e  dynamics. 

This  paper a t tempts  t o  determine t h e  accuracy of t h e  above pa rame te r i za t ions  
o f  a lbedo and i n f r a r e d  f l u x  by c o r r e l a t i n g  s a t e l l i t e  observa t ions  of  mean monthly 
zonal ly  averaged i n f r a r e d  f l u x e s  and albedos ( E l l i s  and Vonder Haar, 1976) with 
mean monthly 1000 mb temperatures  (Van Loon, 1975) by means of  l i n e a r  l e a s t  
squares  f i t s .  The l i m i t e d  number and accuracy of  s a t e l l i t e  obse rva t ions  prec ludes  
f o r  many yea r s  t h e  use  sf mean annual va lues  f o r  such c o r r e l a t i o n s .  

11. The Data 

The twelve mean monthly s e t s  o f  zonal albedo and i n f r a r e d  f l u x  were com- 
p i l e d  by E l l i s  and Vonder Haar (1976) from 29 months of s a t e l l i t e  obse rva t ions  
by s i x  d i f f e r e n t  s a t e l l i t e s  dur ing  t h e  per iod  J u l y  1964 t o  May 1971. They e s t i -  
mated t h e  experimental e r r o r  a s  k 5% of  t h e  observed albedo o r  i n f r a r e d  f l u x .  

These 29 months inc lude  t h r e e  months of observa t ions  by ITOS 1 i n  A p r i l ,  
May, and June 1970 and one month by NOAA 1 i n  May 1971. Table 2 c o n t r a s t s  t h e  
t h e  observa t ions  of  g l o b a l l y  averaged albedo and i n f r a r e d  f l u x  by t h e s e  s a t e l l i t e s  
with o t h e r s  f o r  A p r i l ,  May, June i n  o t h e r  years  by o t h e r  s a t e l l i t e s .  Numbus 2 ' s  
g loba l  i n f r a r e d  f l u x  was c a l c u l a t e d  from Vonder Haar ' s  d a t a  and t h e  o t h e r  t h r e e  
s a t e l l i t e s '  observa t ions .  The v a r i a t i o n  may be p a r t l y  explained by t h e  t ime of  
observa t ion .  The i n f r a r e d  f l u x  observed by s a t e l l i t e s  i s  l a r g e r  i n  t h e  a f te rnoon 
and sma l l e r  i n  t h e  morning. Flanders  and Smith (1975) a t t r i b u t e  t h e  l a r g e  a lbe-  
dos observed by ITOS 1 and NOAA 1 t o  more convect ive c loudiness  i n  t h e  a f t e rnoon .  
There i s  a l s o  t h e  p o s s i b i l i t y  t h a t  some experimental  e r r o r  i s  p r e s e n t ,  a f f e c t i n g  
E l l i s  and Vonder Haar ' s  d a t a  f o r  A p r i l ,  May, and June.  

Mean monthly zonal c loud ines s  from 30°N t o  30°S was c a l c u l a t e d  from d a t a  
compiled by Sadles  (1969) f - ? m  nephanalyses  from TIROS IX and X and ESSA 1 and 3 
between February 1965 and January 1967. 

111. In f r a red  Flux 

Table 3 shows t h e  r e s u l t s  of  a t tempt ing  l i n e a r  l e a s t  square f i t s  o f  zonal 
mean monthly outgoing i n f r a r e d  r a d i a t i o n  f l u x e s  wi th  zonal mean monthly 1000 mb 
temperatures .  The c o r r e l a t i o n  c o e f f i c i e n t  used i s :  



Table 2 

Global ly averaged albedo and i n f r a r e d  r a d i a t i o n  a s  observed 
i n  Apr i l ,  May, and June o f  d i f f e r e n t  years  by d i f f e r e n t  s a t e l l i t e s .  

S a t e l l i t e  albedo TR - n e t  r a d i a t i o n  

ITOS 1 Apr i l  -348 254. 6 -26.2 
1970 May .341 254.5 -32.9 

observa t ion  time June ,333 254.1 -35.4 
15 : 00 

(Flanders  and Smith, 1975) 

NOAA 1 Feb.-March .351 247.1 
1971 

observa t ion  t ime June .344 246.9 
15 : 00 

(Flanders  and Smith,1975) 

NIMBUS 3 Apr i l  16-30 -288 241.4 
1969 May 1-15 .291 242.1 

observa t ion  t ime May 16-31 .298 244.2 
11:30 June 1-15 .296 244.9 

(Raschke e t  aZ.) June 16-30 .291 245.6 

NIMBUS 2 May 
1 66 observaPlon time June 

11.30 

236 '25 ( ca l cu la t ed )  
237.15 

where (r>lc);L' i s  t h e  e s t ima te  o f  t h e  va r i ance  of t h e  l i n e a r  l e a s t  squares  f i t  and 
(r\ '?-is t h e  va r i ance  of  t h e  observed i n f r a r e d  f l u x e s  about t h e i r  mean. Range i s  d t h e  i f f e r e n c e  between t h e  maximum and minimum monthly va lues  i n  t h e  twelve-month 

d a t a  s e t .  We have l i s t e d  t h e  r a t i o  of  range t o  t h e  mean annual zonal i n f r a r e d  f l u x  
i n  parentheses  when t h e  range i s  l e s s  t han  twice  t h e  experimental  u n c e r t a i n t y .  The 
numbers i n  parentheses  fo l lowing  t h e  l i n e a r  f i t  c o e f f i c i e n t s  a r e  e s t ima te s  of  t h e  
s tandard  dev ia t ions  of  t h e  c o e f f i c i e n t s .  These numbers r e f l e c t  u n c e r t a i n t y  only 
i n  t h e  s t a t i s t i c a l  f i t  and not  i n  t h e  o r i g i n a l  d a t a .  These two s tandard  devia-  
t i o n s  f o r  A(x) and B(x) a r e  no t  independent of  each o t h e r ,  bu t  any change i n  B(x) 
would l e a d  t o  a change i n  A(x) such t h a t  t h e  outgoing f l u x  a t  t h e  mean annual zonal 
temperature would remain t h e  same. 

We have a l s o  l i s t e d  t h e  es t imated  experimental u n c e r t a i n t y  ( 2  5% of  t h e  
zonal mean i n f r a r e d  f l u x )  and t h e  s tandard  dev ia t ion  of t h e  l e a s t  square  f i t .  The 
s tandard  dev ia t ion  o f  t h e  f i t  i s  sma l l e r  than  t h e  experimental  u n c e r t a i n t y  every-  
where except  i n  t h e  p o l a r  r eg ions .  A t  75OS and 850S, t h e  zonal 1000 mb tempera- 
t u r e  f a l l s  q u i t e  r a p i d l y  i n  t h e  f a l l  and much l e s s  r a p i d l y  i n  t h e  win te r ,  whi le  
t h e  i n f r a r e d  f l u x  drops  a t  an approximately cons tan t  r a t e  throughout t h e  f a l l  and 
win ter .  The i n f r a r e d  f l u x  observed from o u t e r  space comes o f  course  from some d f s -  





t a n c e  above t h e  ground and t h e r e  t h e  atmosphere may well  cool  more g radua l ly  over 
t h e  An ta rc t i c  than  t h e  ground does i n  t h e  f a l l ,  e s p e c i a l l y  s i n c e  a  s t r o n g  inve r s ion  
i s  o f t e n  p re sen t  i n  t h e  An ta rc t i c  dur ing  t h e  p o l a r  n igh t .  The same p a t t e r n  does 
n o t  seem t o  be present  i n  t h e  Northern Hemisphere po la r  r eg ions .  

We found t h a t  t h e  var iance  unexplained by t h e  l i n e a r  l e a s t  squares  f i t  could 
be reduced by a  f a c t o r  of  two on t h e  average by removing t h e  months Apr i l ,  May, and 
June and t h a t  t h i s  a l s o  reduced t h e  s tandard  dev ia t ion  an average o f  32%.  

watts 
(+Eq-) 

Fig .1 .  The s lope  o f  t h e  zonal i n f r a r e d  f l u x  - temperature r e l a t i o n  a s  a  
func t ion  of  l a t i t u d e .  

Figure 1 i s  a graphica l  p r e s e n t a t i o n  of  t h e  s lopes  o f  t h e  zonal i n f r a r e d -  
temperature r e l a t i o n s .  The e r r o r  b a r s  r ep re sen t  t h e  s tandard  d e v i a t i o n s  a s  given 
i n  Table 3 .  

Note t h a t  t h e  zonal i n f r a r e d  f l u x e s  i n c r e a s e  with temperature o u t s i d e  t h e  
t r o p i c s  and a r e  wel l  c o r r e l a t e d  wi th  t e m p e r a t ~ r e ~ w h i l e  i n  t h e  t r o p i c s  t h e  i n f r a r e d  



gene ra l ly  decreases  a s  t h e  temperature i nc reases  al though t h e  c o r r e l a t i o n s  a r e  
u s u a l l y  s o  poor a s  t o  be nonex i s t an t .  Note t h a t  a t  SON t h e  i n f r a r e d  f l u x  and s u r -  
f-ace temperature bo th  vary  by very  l i t t l e .  

The s lopes  o u t s i d e  t h e  t r o p i c s  seem t o  be lowest near  t h e  po le s  and h ighe r  
a t  lower l a t i t u d e s .  This  could be due t o  t h e  higher  temperatures  a t  lower l a t i -  
tudes and t h e r e f o r e  g r e a t e r  water vapor content  and v a r i a b i l i t y  i n  t h e  atmosphere.  

Fig.2.  Slope of t h e  r eg iona l  i n f r a r e d  - temperature r e l a t i o n  a s  a  func t ion  of  - 
l a t i t u d e .  ( -  - - s lope ,  s lope  + s tandard  dev ia t ion  of  s l o p e ) .  

Figure 2 i s  t h e  graphica l  r e p r e s e n t a t i o n  of t h e  s l o p e s  of t h e  r eg iona l  i n f r a -  
r e d  f lux- tempera ture .  The boxes r ep re sen t  t h e  s lope  ( the  dashed l i n e )  with t h e  
s tandard  dev ia t ion .  To c a l c u l a t e  t h e  r eg iona l  monthly i n f r a r e d  f l u x ,  we weighted 
t h e  zonal f l uxes  by t h e  cos ine  of  t h e  c e n t r a l  l a t i t u d e  o f  t h e  zone and then  summed. 
The t a b l e  shows good c o r r e l a t i o n s  o u t s i d e  t h e  t r o p i c s  wi th  p o s i t i v e  s l o p e s .  Note 
t h a t  while  t h e  mid la t i t udes  i n  t h e  two hemispheres have a  same s lope  t o  wi th in  t h e  
s tandard  d e v i a t i o n s ,  t h e  s lope  i n  t h e  An ta rc t i c  i s  twice  t h a t  i n  t h e  A r c t i c .  Nega- 
t i v e  s lopes  a r e  found i n  t h e  Northern and Southern Hemisphere t r o p i c s  s e p a r a t e l y ,  
with an apprec iab le  c o r r e l a t i o n  i n  t h e  Southern t r o p i c s .  However, i f  one looks a t  
t h e  e n t i r e  t r o p i c s  (lSON - l S O s ) ,  one f i n d s  a  p o s i t i v e  s l o p e .  This could mean 
t h a t  t h e  i n f r a r e d  f l u x  i s  g r e a t l y  inf luenced by t h e  I n t e r t r o p i c a l  Convergence Zone 
and perhaps o the r  bands of  c loudiness  moving ac ros s  t h e  equator .  I n  t h a t  case  t h e  
seasonal  zonal l i n e a r  f i t s  i n  t h e  t r o p i c s  (as  i n  Table 3)  would be q u i t e  d i f f e r e n t  
from t h e  case  of  a  change i n  t h e  mean annual temperature.  However, n o t e  t h e  very  
small  annual ranges i n  both i n f r a r e d  f l u x  and temperature i n  t h e  r eg ion  lSON - 15%" 
In a d d i t i o n ,  lSON - lSOS encompasses two r eg ions  i n  which t h e  change of  temperature 
i s  i n  oppos i t e  d i r e c t i o n s  dur ing  t h e  same season.  These two f a c t s  throw doubt on 
t h e  v a l i d i t y  of  t h e  c o r r e l a t i o n  i n  t h e  reg ion  1 5 ' ~  - lSOS. 

The poor c o r r e l a t i o n  f o r  t h e  Southern Hemisphere i s  p a r t l y  due t o  t h e  small  
change i n  i n f r a r e d  f l u x  dur ing  t h e  year  and p a r t l y  due t o  t h e  presence  of  two 



Fig .3  Global ly averaged mean monthly i n f r a r e d  f l u x  a s  a  func t ion  of  g l o b a l l y  aver -  
aged mean monthly temperature,  (x:  o r i g i n a l  d a t a ;  0 : i n f r a r e d  f l u x e s  a f t e r  r e -  
moving ITOS 1 and NOAA % d a t a )  Curve A i s  t h e  r e s u l t  o f  a  l e a s t  square f i t  of t h e  
o r i t i n a l  d a t a  (F = 200.3+2.510T; c o r r e l a t i o n  = . 24 ) ,  Curve B i s  t h e  l e a s t  squares  
f i t  when ITOS 1 and NOAA 1 d a t a  i s  e l imina ted  from Apr i l ,  May, and June;  (F = 205.9+ 
2.026T, c o r r e l a t i o n  = .34) .  Curve C i s  t h e  l e a s t  squares  f i t  when Apr i l ,  May and 
June a r e  e l imina ted  a l t o g e t h e r ,  (F = 213.1+lO393T, c o r r e l a t i o n  = . 45 ) .  

reg ions  which have oppos i t e  s lopes  (5% - 15"s and 2S0S - 85OS). 

Note t h a t  t h e  s tandard  d e v i a t i o n  of  t h e  l e a s t  squares  f i t  i s  s i g n i f i c a n t l y  
l e s s  than  t h e  est imated experimental u n c e r t a i n t y  f o r  a l l  except t h e  p o l a r  r eg ions .  

Removing t h e  months of Apr i l ,  May, and June reduces t h e  va r i ance  of  t h e  
i n f r a r e d  f l u x  unexplained by temperature by an average f a c t o r  of  almost t h r e e  f o r  
a l l  reg ions  except  1 5 O ~  - 15's (where t h e  s lope  changes s i g n  when t h e  t h r e e  months 
a r e  removed) while  t h e  s tandard  dev ia t ion  o f  t h e  l i n e a r  f i t  i n  a l l  r eg ions  i s  r e -  
duced on t h e  average by 44%, 

The dramatic  improvement i n  t h e  f i t  o f  a  l i n e a r  r e l a t i o n  t o  t h e  d a t a  by 
removing t h e  months A p r i l ,  May, and June encourages f u r t h e r  specu la t ion  about t h e  
p o s s i b i l i t y  o f  an experimental e r r o r  l a r g e r  t han  5% i n  those  t h r e e  months. F i g . 3  
i s  a  p l o t  o f  t h e  g l o b a l l y  averaged mean monthly i n f r a r e d  f l u x  a g a i n s t  t h e  g l o b a l l y  
averaged mean monthly tempera ture ,  We have computed, u s ing  Table 2 ,  t h e  g loba l  
mean i n f r a r e d  f l u x  i n  Apr i l ,  May, and June when t h e  ITOS 1 and NOAA 1 d a t a  i s  ex- 
cluded.  Figure 3 shows t h a t  excluding t h e  ITOS 1 and NOAA 1 (curve B) improves 
t h e  f i t ,  bu t  not  a s  much a s  i f  t h e  t h r e e  months a r e  l e f t  out  a l t o g e t h e r  (curve C),  
This  sugges ts  t h a t  t h e r e  i s  some reason o t h e r  than experimental e r r o r  why t h e  
i n f r a r e d  r a d i a t i o n  i s  h igher  i n  A p r i l ,  May, and June than  a l i n e a r  i n f r a r e d  - 
temperature r e l a t i o n  would i n d i c a t e  and t h a t  removing t h e  t h r e e  months a l t o g e t h e r  
may y i e l d  a  r e s u l t  f u r t h e r  from r e a l i t y  than  t h e  o r i g i n a l  c o r r e l a t i o n s .  

Table 5  shows t h e  co r r ePa t ion  of r e g i o n a l  mean monthly i n f r a r e d  r a d i a t i o n  
with r eg iona l  mean monthly c loudiness  i n  t h e  t r o p i c s ,  Note t h a t  t h e  c o r r e l a t i o n s  
a r e  cons iderably  h ighe r  t han  f o r  t h e  same r eg ions  i n  Table 4 and t h e  s tandard  de- 
v i a t i o n  i s  much l e s s ,  

Table 6  shows t h e  r e s u l t s  o f  a  m u l t i p l e  l i n e a r  r eg re s s ion  seeking  t o  r e l a t e  
i n f r a r e d  f l u x  t o  both  temperature and c loud ines s  i n  t h e  t r o p i c s ,  Note t h a t  f o r  
150N - 5ON t h e  c o r r e l a t i o n  and s tandard  d e v i a t i o n  have no t  s i g n i f i c a n t l y  improved 
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over  Table 5 ,  but  t h a t  t h e r e  has been improvement a t  5 ° ~ - 1 5 0 ~ ,  This  p l u s  Table 4 
sugges ts  t h a t  i n f r a r e d  f l u x  can be b e t t e r  c o r r e l a t e d  wi th  c loudiness  than  wi th  
temperature i n  t h e  t r o p i c s ,  e s p e c i a l l y  i n  t h e  t r o p i c s  n o r t h  of  t h e  equator .  

Table 6  a l s o  shows t h a t  i n  t h e  reg ion  SOS -lSOS an inc rease  i n  temperature 
would l ead  t o  a  decrease i n  i n f r a r e d  f l u x  even i f  t h e  c loudiness  d i d  not  vary .  An - 
i nc rease  i n  temperature could lead  t o  more water vapor i n  t h e  a i r  and thus  g r e a t e r  
i n f r a r e d  opac i ty  o r  t o  h igher  cloud t o p s .  The c loudiness  might no t  vary  i n  e i t h e r  
c a s e ,  but  t h e  i n f r a r e d  f l u x  would do so .  

Table 7 shows t h e  c o r r e l a t i o n  of  r eg iona l  c loudiness  and r eg iona l  tempera- 
t u r e .  This sugges ts  t h a t  c loudiness  cannot be accu ra t e ly  expressed a s  a  l i n e a r  
func t ion  of  temperature.  Figure 4 shows t h e  r eg iona l  c loudiness  f o r  ~ ~ s - 1 5 ~ ~  
p l o t t e d  a s  a  func t ion  of r eg iona l  temperature.  Note t h a t  t h e  va lues  f o r  A p r i l ,  May, 
and June again appear t o  be q u i t e  d i f f e r e n t  than  o the r  months and t h a t  one can s i g -  
n i f i c a n t l y  improve t h e  c o r r e l a t i o n  of  c loudiness  with temperature by removing 
A p r i l ,  May, and June*  Since  t h e  c loudiness  used he re  was observed by d i f f e r e n t  
s a t e l l i t e s  a t  l a r g e l y  d i f f e r e n t  t imes than  those  observing t h e  r a d i a t i o n  budget ,  
t h i s  would imply t h a t  t h e r e  may e x i s t  some atmospheric mechanism t h a t  produces 
l e s s  c loudiness  and g r e a t e r  i n f r a r e d  f l u x  i n  Apr i l ,  May, and June than  would be 
p red ic t ed  by l i n e a r  func t ions  of  temperature.  

Cloudiness a t  2 5 ' ~  and 25OS v a r i e s  by l e s s  than  fou r  percent  dur ing  t h e  yea r  
and good c o r r e l a t i o n s  with temperature were not  ob ta ined .  A nega t ive  s lope  was 
p re sen t  a t  both l a t i t u d e s .  

There appears  t o  be a  s t r o n g  p o s s i b i l i t y  t h a t  i n  t h e  t r o p i c s  an i n c r e a s e  i n  
s u r f a c e  temperature would lead  t o  a  decrease i n  i n f r a r e d  f l u x .  I n f r a r e d  f l u x  
appears  b e t t e r  c o r r e l a t e d  t o  c loudiness  i n  t h e  t r o p i c s  than  t o  s u r f a c e  tempera ture ,  
and c loudiness  may not be a  simple func t ion  of temperature.  This  would cons iderably  
complicate  t h e  energy balance c l ima te  models. I t  appears  t h a t  one cannot parame- 
t e r i z e  t h e  whole globe by one empir ica l  expression g iv ing  i n f r a r e d  a s  a  l i n e a r  
func t ion  of  temperature.  I t  a l s o  appears t h a t  some s a t e l l i t e  d a t a  employed by 
E l l i s  and Vonder Haar (1976) may be inaccu ra t e .  

I V .  Albedo 

Table 8 shows t h e  l i n e a r  l ea s t - squa re  f i t s  o f  zonal a lbedos wi th  zonal 
1000 mb temperatures .  F igure  5  i s  t h e  graphica l  r e p r e s e n t a t i o n  of  t h e  s l o p e s .  In  
t h e  p o l a r  l a t i t u d e s  we have l e f t  out  t h e  albedos est imated by E l l i s  and Vonder 
Haar (1976), t h e  albedo i n  months when t h e  i n c i d e n t  f l u x  was l e s s  than  17 watts/m2 
(5% of t h e  s o l a r  cons tan t  d iv ided  by f o u r ) ,  and t h e  albedo when t h e  e n t i r e  zone 
was no t  i l luminated  f o r  t h e  e n t i r e  month. The mean annual a lbedos l i s t e d  a r e  
simply the  means of t h e  monthly albedos and a r e  s l i g h t l y  d i f f e r e n t  from E l l i s  and 
Vonder Haar 's (1976) annual zonal a lbedos,  which a r e  weighted by t h e  monthly i l l u -  
minat ion .  

Note t h e  negat ive  s lopes  everywhere but  i n  t h e  t r o p i c s ,  a l though t h e  only  
good c o r r e l a t i o n s  a r e  found i n  t h e  Northern Hemisphere mid la t i t udes  and i n  t h e  
p o l a r  reg ions .  There a r e  p o s i t i v e  s lopes  i n  t h e  t r o p i c s ,  a l though t h e  only non- 
n e g l i g i b l e  c o r r e l a t i o n  i s  a t  15OS. The observed albedos i n  Apr i l ,  May, and June ,  
p a r t i c u l a r l y  i n  t h e  Southern Hemisphere mid la t i t udes ,  seemed anomalously high,  
perhaps due t o  t h e  previous ly  mentioned b i a s  i n  observa t ion  t ime towards t h e  a f t e r  
noon when convect ive c loudiness  would be a  maximum (Flanders and Smith, 1975). 



Fig.4.  Regional mean monthly c loudiness  a s  a  func t ion  of  r eg iona l  mean monthly 
temperature f o r  t h e  reg ion  ~ O S - ~ ~ O S .  Curve A is t h e  l e a s t  square  f i t  f o r  1 2  
months of d a t a  (Ac = .185+.01259T, c o r r e l a t i o n  = .08).  Curve B i s  t h e  l e a s t  square 
f i t  excluding Apr i l ,  May, and June. (Ac = .130+.01526T, c o r r e l a t i o n  = . 54 ) .  

Fig.  5 .  Slope of t h e  zonal a lbedo - temperature r e l a t i o n  
a s  a  func t ion  of  l a t i t u d e .  
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The standard dev ia t ion  of t h e  l f n e a r  f i t  exceeds t h e  es t imated  experimental 
u n c e r t a i n t y  a t  7S0N-4S0~, lSON, and 35's - 6s0s,  sugges t ing  t h a t  a lbedo i s  depen- 
dent  on another  f a c t o r  than  temperature o r  t h a t  t h e  es t imated  experimental uncer- 
t a i n t y  i s  too  smal l .  Even i f  Apr i l ,  May, and June a r e  removed, t h e  s tandard  devia-  
t i o n  from 6 5 ' ~  t o  45ON and from 4 5 O ~  t o  65's s t i l l  exceed t h e  es t imated  experimental 
u n c e r t a i n t y .  

To ob ta in  Table 9 we weighted each monthly zonal albedo by t h e  mean annual 
r a t i o  of s o l a r  r a d i a t i o n  i n c i d e n t  a t  t h a t  l a t i t u d e  t o  t h e  s o l a r  cons tan t  d iv ided  by 
f o u r ,  a s  wel l  a s  by t h e  cos ine  o f  t h e  c e n t r a l  l a t i t u d e .  We wished t o  f i n d  albedo 
a s  a  func t ion  of  temperature and t h e r e f o r e  wanted t o  exclude changes i n  albedo 
which a r e  due t o  t h e  pu re ly  seasonal  e f f e c t  o f  changing s o l a r  z e n i t h  angle  a t  a  
p a r t i c u l a r  l a t i t u d e .  The changing s o l a r  z e n i t h  angle produces changes i n  t h e  r a t i o  
of  i l l u m i n a t i o n  of d i f f e r e n t  zones and changes i n  t h e  albedo and s u r f a c e  which a r e  
q u i t e  independent o f  any i n t e r n a l  change i n  t h e  Earth-atmosphere system. To avoid 
t h e  f i r s t ,  we used t h e  mean annual r a t i o  of l o c a l l y  i n c i d e n t  s o l a r  r a d i a t i o n  t o  
t h e  s o l a r  cons tan t  d iv ided  by f o u r .  We a l s o  f i l l e d  i n  t h e  months of  no albedo a t  
po la r  l a t i t u d e s  with t h e  mean annual zonal albedo from E l l i s  and Vonder Haar (1976). 
Figure 6 i s . t h e  graphica l  r e p r e s e n t a t i o n  of  t h e  s lopes .  

F ig .6 .  Slope o f  t h e  r eg iona l  albedo - temperature 
r e l a t i o n  a s  a  func t ion  o f  l a t i t u d e .  

Good c o r r e l a t i o n s  a r e  found only i n  t h e  Northern Hemisphere o u t s i d e  t h e  
t r o p i c s .  Note t h a t  t h e  same r eg ions  i n  oppos i t e  hemispheres have roughly t h e  same 
c o e f f i c i e n t s ,  sugges t ing  t h a t  t h e  d i f f e r e n c e s  between t h e  two hemispheres do not  
a f f e c t  t h e  albedo-temperature feedback. P o s i t i v e  s lopes  a r e  observed i n  t h e  t r o -  
p i c s  i n  each hemisphere s e p a r a t e l y ,  but  no t  f o r  t h e  t r o p i c s  a s  a  whole, sugges t ing  
again t h a t  t h e r e  may be clouds s h i f t i n g  back and f o r t h  ac ros s  t h e  equator ,  c r e a t i n g  
apparent  p o s i t i v e  s lopes  t h a t  a r e  pu re ly  due t o  seasonal  e f f e c t s .  

The s tandard  d e v i a t i o n  of  t h e  l e a s t  squares  f i t  exceeds t h e  es t imated  exper- 
imental u n c e r t a i n t y  i n  t h e  Southern Hemisphere mid la t i t udes  only .  I f  Apr i l ,  May, 
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and June a r e  removed, however, t h i s  s t anda rd  dev ia t ion  becomes l e s s  than  t h e  e s t i -  
mated experimental unce r t a in ty .  Removing Apr i l ,  May, and June reduces t h e  s t and -  
ard d e v i a t i o n  an average of  25% f o r  a l l  reg ions  except 1 5 ' ~  - 15Os. 

Table 10 shows t h e  r e s u l t  of a t tempt ing  a  c o r r e l a t i o n  of  r eg iona l  a lbedo 
and r eg iona l  c loudiness  i n  t h e  t r o p i c s .  A c o r r e l a t i o n  with p o s i t i v e  s lope  i s  
found everywhere and i s  e s p e c i a l l y  good a t  ~ S ~ N - S ~ N .  Apparently,  a lbedo can be 
b e t t e r  r e l a t e d  t o  c loudiness  than  t o  temperature,  s i n c e  t h e  c o r r e l a t i o n s  h e r e  a t  
~ S ~ N - S ~ N  and 5 ° ~ - 1 5 0 ~  a r e  b e t t e r  than  Table 8 .  

Table 11 shows t h e  r e s u l t s  of t r y i n g  t o  c o r r e l a t e  albedo wi th  both tempera- 
t u r e  and c loud ines s .  Note t h a t  t h e r e  i s  no improvement f n  c o r r e l a t i o n  over  Table 
10 f o r  1 5 0 ~ - 5 ' ~ ,  sugges t ing  t h a t  albedo i s  r e l a t e d  t o  c loudiness  bu t  no t  tempera- 
t u r e  t h e r e .  

The above sugges ts  t h a t  S e l l e r s  (1969) and Faegre (1972) overes t imated  t h e  
nega t ive  s l o p e  of  t h e  albedo-temperature r e l a t i o n  i n  mid - l a t i t ude  and p o l a r  reg ions  
and t h a t  a lbedo may inc rease  wi th  temperature i n  t h e  t r o p i c s .  Th i s  would a c t  t o  
o f f s e t  t h e  e f f e c t  o f  i c e  and snow i n  p o l a r  and mid - l a t i t udes  and t o  s t a b i l i z e  t h e  
E a r t h ' s  response t o  a  g loba l  cool ing  o r  warming. Albedo i n  t h e  t r o p i c s  appears  t o  
be b e t t e r  r e l a t e d  t o  c loudiness  than t o  temperature.  

V .  S o l a r  Zenith Angle E f fec t  on Albedo. 

The albedo o f  a  su r f ace  depends on t h e  angle wi th  which t h e  i n c i d e n t  r a d i a -  
t i o n  s t r i k e s  t h e  s u r f a c e .  A s  t h e  s o l a r  z e n i t h  angle  i n c r e a s e s ,  s o  does t h e  albedo.  
Thus, even i f  e x a c t l y  t h e  same cond i t i ons  p reva i l ed  a t  a  c e r t a i n  l a t i t u d e  through- 
out  t h e  yea r ,  t h e  albedo would s t i l l  change due t o  t h e  changing s o l a r  z e n i t h  angle .  
Since su r f ace  temperature gene ra l ly  i n c r e a s e s  when t h e  s o l a r  z e n i t h  angle  dec reases ,  
t h i s  can c r e a t e  an apparent  c o r r e l a t i o n  of  albedo wi th  su r f ace  temperature t h a t  
bea r s  no r e l a t i o n  t o  what would happen i f  t h e  s u r f a c e  temperature were t o  change 
over  a  pe r iod  of y e a r s .  We t h e r e f o r e  sought t o  change a l l  mean monthly zonal a lbe -  
dos t o  what they  would have been i f  t h e  sun had been a t  i t s  mean annual s o l a r  
z e n i t h  angle  t h a t  month. 

To do t h e  above we followed t h e  procedure used by Raschke e t  aZ. (1973b) t o  
conver t  t h e  Nimbus 3 observed albedos t o  what they  would have been i f  t h e  sun had 
been a t  i t s  mean d a i l y  s o l a r  z e n i t h  ang le .  They considered t h r e e  s u r f a c e s :  ocean, 
c loud-land,  and snow. In  t h e  t r o p i c s  we used S a d l e r ' s  (1969) monthly c loud ines s  
and assumed t h a t  t h e  c loudiness  was t h e  same over ocean and over  land .  We a l s o  
assumed t h a t  t h e  albedo o f  c loud-f ree  ocean a t  t h e  t o p  of  t h e  atmosphere would be 
0.10 i f  t h e  sun were d i r e c t l y  overhead. 

Outside t h e  t r o p i c s  we used t h e  mean annual c loudiness  given by Cess (1976) 
and assumed it was cons t an t  dur ing  t h e  yea r .  We assumed t h e  ocean was ice-covered 
year  around a t  85' and 75O i n  both hemispheres and i c e - f r e e  a t  6s0N. A t  65's we 
l e t  t h e  i c e  vary  wi th  t h e  month (Deacon, 1971).  A t  p o l a r  l a t i t u d e s  we used Cess '  
(1976) e s t ima te  of  c loud albedo which i s  based on t h e  assumption t h a t  s u r f a c e  a l -  
bedo i s  l e s s  than cloud albedo even i n  t h e  p o l a r  r eg ions .  

Thus we d iv ided  t h e  albedo i n  non-polar  r eg ions  i n t o  a  c loud- f r ee  ocean 
albedo and a  cloud-land albedo and m u l t i p l i e d  each by a  c o r r e c t i o n  f a c t o r  taken  
from F ig .5 ,  p .11,  Raschke e t  aZ. (1973b). In  t h e  p o l a r  r eg ions ,  a s  mentioned be- 
f o r e ,  i c e  albedo was included a s  we l l .  The e s t ima te  o f  i c e  albedo r e s u l t i n g  from 
our  c a l c u l a t i o n s  was no t  always reasonable ,  varying a t  6S0S from .284 i n  September 
t o  .839 i n  March. 
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Fig.7. Slopes of t h e  zonal a lbedo-temperature r e l a t i o n  p l o t t e d  a g a i n s t  
l a t i t u d e  when albedo has been co r rec t ed  f o r  s o l a r  z e n i t h  ang le .  

Table 1 2  shows t h e  r e s u l t i n g  c o r r e l a t i o n s  o f  zonal a lbedo and zonal tempera- 
t u r e .  Figure 7 i s  t h e  g raph ica l  r e p r e s e n t a t i o n  o f  t h e  s l o p e s .  Removing t h e  s o l a r  
zen i th  angle  v a r i a t i o n  has  decreased t h e  c o r r e l a t i o n  with temperature d r a s t i c a l l y  
i n  t h e  Northern Hemisphere while  i nc reas ing  it i n  t h e  Southern Hemisphere from SOS 
t o  45's. The s i g n  o f  t h e  s l o p e  has changed i n  t h e  Southern Hemisphere m i d l a t i t u d e s  , 
where albedo now i n c r e a s e s  wi th  temperature.  The d i f f e r e n c e  now apparent  between 
t h e  Northern Hemisphere and Southern Hemisphere mid la t i t udes  may be due t o  t h e  
d i f f e r i n g  r a t i o s  o f  land  and ocean. Note t h a t  t h e  s tandard  d e v i a t i o n  now exceeds 
t h e  es t imated  experimental  e r r o r  from 85ON t o  3 5 O ~ ,  a t  1 5 O ~ ,  and a t  65's. 

Table 1 3  shows t h e  c o r r e l a t i o n s  o f  r eg iona l  albedo wi th  r eg iona l  tempera- 
t u r e  when we c o r r e c t  f o r  s o l a r  z e n i t h  angle  dependence. F igure  8 i s  t h e  graphica l  
r e p r e s e n t a t i o n .  Cor re l a t ions  a r e  r a t h e r  poor everywhere. The asymmetry of  t h e  
hemisphere shows up now i n  t h e  mid- and p o l a r  l a t i t u d e s  where t h e  s ign  o f  t h e  s l o p e  
i s  not  d i f f e r e n t  i n  t h e  d i f f e r e n t  hemispheres.  Note t h a t  t h e  s tandard  d e v i a t i o n  
of  t h e  l i n e a r  f i t  exceeds t h e  es t imated  e r r o r  i n  t h e  Northern Hemisphere o u t s i d e  
t h e  t r o p i c s .  This  may suggest  t h a t  temperature a lone  may not  exp la in  t h e  albedo 
v a r i a t i o n ,  t h a t  perhaps t h e  albedo may l a g  t h e  temperature by a  few months. 
Figure 9 shows t h e  r e g i o n a l  a lbedo a s  a  func t ion  o f  r eg iona l  temperature f o r  t h e  
reg ion  from 85ON t o  25 '~ .  Note t h a t  t h e  albedo i s  h igher  i n  May than  any o t h e r  
month, which does n o t  seem r e a l i s t i c  f o r  t h e s e  l a t i t u d e s .  Omitting Apr i l ,  May, 
and June improves t h e  l e a s t - s q u a r e s  f i t  g r e a t l y .  There i s  a  s t r o n g  sugges t ion  i n  
t h e  f i g u r e  t h a t  t h e  albedo does l a g  t h e  s u r f a c e  temperature by about t w ~  months, 
which might be expected i f  i c e  and snow cover  were an important  p a r t  o f  t h e  albedo 
v a r i a t i o n .  
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Fig.8.  Slopes of  t h e  r eg iona l  albedo-temperature r e l a t i o n  p l o t t e d  a g a i n s t  
l a t i t u d e  when albedo has been co r rec t ed  f o r  s o l a r  z e n i t h  angle .  

F ig .9 .  Regional a lbedo co r rec t ed  f o r  s o l a r  z e n i t h  angle  a s  a  func t ion  of r eg iona l  
s u r f a c e  temperature f o r  t h e  reg ion  85O~-25ON. Curve A i s  t h e  l ea s t - squa re  
f i t  o f  a l l  twelve months. (bC = .365-.00140T, c o r r e l a t i o n  = . 16 ) .  Curve 
B i s  t h e  l e a s t - s q u a r e  f i t  when Apr i l ,  May, and June a r e  omi t ted .  
[oC = ,363-00206T, c o r r e l a t i o n  = .54) .  

Table 1 3  and Fig.8 a l s o  show t h a t  t h e  albedo-temperature r e l a t i o n  i s  t h e  
same t o  w i th in  t h e  s t anda rd  dev ia t ion  f o r  bo th  1 5 0 ~ - 5 ' ~  and 5%-15OS. The g loba l  
c o r r e l a t i o n  i l l u s t r a t e s  one p o t e n t i a l  f a l l a c y  o f  our  o r i g i n a l  l ea s t - squa re  f i t s .  
Global ly,  we have a  good c o r r e l a t i o n  wi th  a  nega t ive  s lope  t h a t  exceeds any nega- 
t i v e  s lope  i n  Table 12 .  This  i s  due t o  t h e  globe fol lowing t h e  Northern Hemisphere 
temperature p a t t e r n  while  t h e  l a r g e s t  albedo change i s  found i n  t h e  Southern Hemi- 
sphere ,  t hus  producing a  f a l s e  c o r r e l a t i o n .  The globe encompasses two r eg ions  
where i n  t h e  same season temperatures  a r e  changing i n  oppos i t e  d i r e c t i o n s .  The 



same type  of  f a l s e  c o r r e l a t i o n  may have occurred when we considered 15°N-150S. 

Removing Apr i l ,  May, and June improves t h e  c o r r e l a t i o n  i n  t h e  Northern Hemi- 
sphere and i n  t h e  t r o p i c s .  

Table 14 shows t h e  new c o r r e l a t i o n  of r eg iona l  albedo with r eg iona l  c loud i -  
ness  i n  t h e  t r o p i c s .  The c o r r e l a t i o n s  he re  a t  ~ ~ O N - ~ O N  and SOS-lSOS a r e  n e a r l y  
twice t h o s e  i n  Table 12 ,  suggest ing again t h a t  albedo i s  more r e l a t e d  t o  c loudiness  
than  t o  temperature.  The s lopes  he re  may be t o o  l a r g e  s i n c e  Cess (1976) g ives  t h e  
albedo of t h e  su r f ace  a s  .150 a t  5 ' ~  and . I42  a t  15ON and t h e  albedo of  c louds  a s  
.354 a t  SOON and .383 a t  15ON. Cess ' s  numbers suggest  a  s lope  of  .2  t o  .25. 

Table 15 shows t h e  c o r r e l a t i o n  of r eg iona l  albedo co r rec t ed  f o r  s o l a r  z e n i t h  
angle  with r eg iona l  c loudiness  and r eg iona l  temperature.  The c o r r e l a t i o n s  a r e  only  
s l i g h t l y  b e t t e r  than i n  Table 14 ,  sugges t ing  t h a t  c loudiness  i s  more important  than  
temperature i n  determining albedo.  

Our attempt t o  remove t h e  v a r i a t i o n  o f  albedo due t o  s o l a r  z e n i t h  ang le  
v a r i a t i o n  has c r e a t e d  a  v a s t l y  d i f f e r e n t  p i c t u r e ,  one i n  which albedo inc reas ing  
with temperature,  probably due t o  i nc reas ing  c loudiness ,  seems t o  be dominant. The 
nega t ive  s lope  i n  t h e  Northern Hemisphere mid - l a t i t udes  has been reduced by a  f a c -  
t o r  of t h r e e ,  while  albedo now appears  t o  i nc rease  wi th  temperature i n  t h e  South- 
e rn  Hemisphere mid - l a t i t udes .  The albedo-temperature response now appears  q u i t e  
asymmetric about t h e  equator ,  probably due t o  t h e  d i f f e r e n t  land-sea r a t i o s  i n  t h e  
two hemispheres.  Albedo now d e f i n i t e l y  appears  t o  i nc rease  wi th  temperature i n  t h e  
Northern Hemisphere t r o p i c s ,  bu t  albedo i n  t h e  t r o p i c s  appears  t o  be more r e l a t e d  
t o  c loud ines s  than t o  temperature.  

V I .  E f f e c t  o f  Cloudiness on t h e  Radiat ion Balance. 

Schneider (1972) s t a t e d  t h a t  an i n c r e a s e  i n  t h e  amount o f  g loba l  c loud cover 
can have two oppos i te  e f f e c t s  on t h e  g loba l  r a d i a t i o n  balance:  i) an inc rease  i n  
p l ane t a ry  albedo l ead ing  t o  l e s s  s o l a r  abso rp t ion ,  and i i )  a decrease  i n  t h e  i n f r a -  
red  r a d i a t i v e  l o s s  t o  space.  

I t  can be expressed i n  t h e  form: 

where 4 i s  t h e  n e t  f l u x  d i f f e r e n c e ,  A, i s  t h e  c loudiness ,  Q A b ,  i s  t h e  absorbed 
s o l a r  r a d i a t i o n ,  and Q(x) i s  t h e  l o c a l l y  i nc iden t  s o l a r  r a d i a t i o n .  We have calcu-  
l a t e d  c o r r e l a t i o n s  of  zonal albedo with zonal  c loudiness  and zonal i n f r a r e d  f l u x  
with zonal c loudiness  and can use  t h e s e  t o  c a l c u l a t e  t h e  n e t  f l u x  d i f f e r e n c e  i n  
t h e  t r o p i c s .  Table 16  shows t h e  r e s u l t ,  f o r  the  o r i g i n a l  albedo and f o r  t h e  albedo 
co r rec t ed  f o r  s o l a r  z e n i t h  angle  dependence. The numbers i n  parentheses  r e f l e c t  
t h e  u n c e r t a i n t y  i n  t h e  n e t  f l u x  d i f f e r e n c e  from t h e  u n c e r t a i n t y  i n  t h e  s lopes  of  
t h e  zonal in f ra red-c loudiness  and albedo-cloudiness  l i n e a r  l ea s t - squa re  f i t s .  Our 
r e s u l t s  a r e  not  accu ra t e  enough t o  determine even t h e  s i g n  of  t h e  e f f e c t  i n  some 
l a t i t u d e s ,  but  i n  t h e  southern t r o p i c s  t h e  dominant e f f e c t  of i nc reas ing  c loud i -  
ness  appears  t o  be a  decrease i n  t h e  i n f r a r e d  r a d i a t i v e  l o s s  t o  space.  This  i s  t h e  
oppos i te  o f  Schneider ' s  (1972) r e s u l t ,  where he assumed a f i ~ e d  cloud h e i g h t .  Our 
empir ica l  i n f r z r e d  f lux-c loudiness  r e l a t i o n  does no t  hold could he ight  f i x e d .  
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VII. Conclusion 

We have i m p l i c i t l y  assumed t h a t  albedo and i n f r a r e d  f l u x  respond immediately 
t o  any change i n  1000 mb temperature and t h a t  t h e r e f o r e  each month is  s t a t i s t i c a l l y  
independent o f  t h e  o t h e r  months. However, i n  r e a l i t y  l ags  between temperature and 
albedo and i n f r a r e d  f l u x  do occur ,  a s  a t  8S0S i n  t h e  i n f r a r e d  f l u x .  There i s  a l s o  
a l a g  between t h e  minimum temperature and t h e  maximum i c e  e x t e n t .  In  t h e  Northern 
Hemisphere t h e  maximum i c e  e x t e n t  occurs  i n  Apr i l  (Kukla and Kukla, 1974) and i n  
t h e  Southern Hemisphere i n  September (Deacon, 1971).  

One must a l s o  cons ider  t h e  p o s s i b i l i t y  t h a t  albedo, i n f r a r e d  f l u x ,  and 
e s p e c i a l l y  c loud ines s ,  respond q u i t e  d i f f e r e n t l y  t o  a gradual cool ing  o r  warming o f  
t h e  Ear th  over  s e v e r a l  years  than  they do t o  seasonal  temperature changes, and 
t h a t  t h e r e f o r e  t h e  r e s u l t s  he re  might no t  be app l i cab le  t o  t h e  parameter iza t ion  of  
energy - balance c l ima te  models. Cloudiness has been shown he re  t o  have a g r e a t  
i n f luence  on t h e  t r o p i c a l  r a d i a t i o n  balance and has not  been shown t o  be c o r r e l a t e d  
t o  any g rea t  e x t e n t  with su r f ace  temperature.  The seasonal  cyc l e  of  c loud ines s  
could be  q u i t e  d i f f e r e n t  from t h e  response of c loudiness  t o  a gradual  coo l ing  o r  
warming of t h e  Ear th  over s eve ra l  years  o r  t o  a change i n  s o l a r  cons t an t .  

But t h i s  work - has shown t h a t  t h e  observed response of i n f r a r e d  f l u x  and 
albedo t o  seasonal  changes i n  su r f ace  temperatures  do not  v e r i f y  t h e  parameter iza-  
t i o n s  used by Budyko (1969), S e l l e r s  (1969), Faegre (1972), and North (1975). The 
response of  i n f r a r e d  f l u x  and albedo t o  a uniform change i n  s u r f a c e  tempera ture  
appears  t o  vary  from region  t o  reg ion  over  t h e  globe and may even change s i g n  i n  
t h e  t r o p i c s .  Cloudiness appears  t o  be t h e  important  v a r i a b l e  i n  t h e  t r o p i c s '  
seasonal  r a d i a t i o n  budget and has not  been shown t o  be simply r e l a t e d  t o  s u r f a c e  
temperature.  This sugges ts  t h a t  v a r i a b l e  c loudiness  must be included i n  an energy- 
balance c l ima te  model and t h a t  parameter izing c loudiness  a s  a l i n e a r  func t ion  of  
temperature would no t  be adequate .  

Our crude c o r r e c t i o n  f o r  t h e  v a r i a t i o n  of  a lbedo with s o l a r  zen i th  angle  
has  shown t h a t  t h i s  c o r r e c t i o n  can cons iderably  a l t e r  t h e  e s t ima te s  of  albedo- 
temperature feedback. Our r e s u l t s  a l s o  seem t o  i n d i c a t e  t h a t  t h e  Earth can n o t  be 
t r e a t e d  a s  symmetric about t h e  equator ,  t h a t  even t h e  s ign  o f  t h e  albedo-temperature 
feedback i n  t h e  mid - l a t i t udes  i s  d i f f e r e n t  i n  t h e  two hemispheres. 

Our r e s u l t s  a l s o  s h o w  that c l o u d i ~ ~ e ; s s  changes, a t  l e a s t  on a seasonal  b a s i s ,  
may be more important than changes in ice and snow cover  and t h a t  i n  t h e  t r o p i c s  
and Southern Hemisphere mid- la t i tudes  albedo i n c r e a s e s  with temperature,  t h e r e f o r e  
a c t i n g  t o  s t a b i l i z e  t h e  c l i m a t i c  response t o  changes i n  temperature o r  s o l a r  
cons t an t .  
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CLOUDS AND CLIMATE 

Bruce A. Wielicki 

To date the most productive approaches to long-term climate have utilized 
some form of a global energy balance equation. On time scales much greater than 
the response time of the ocean heat reservoir ( ~ 1 0 0 0  yrs by most estimates) such 
a global energy balance would seem inescapable. Estimates of glacial climate 
oscillations over the last one million years indicate climate regime time scales 
of 10,000 to 100,000 yrs, comfortably above this limit. A single equation admits 
solution of only a single variable, so atmospheric transport, infrared flux, and 
any feedbacks are parameterized as functions of surface temperature. The major 



A generalized global energy balance equation might be written 

div (Atm Transport) + IR = Q 

climate variables which can affect such a parameterization are listed below: 

emitted 

clouds - 
Milankovich So(t) 

ground albedo (ice = G(T) incoming rad. * absorbed 
atm. absorbers and scatterers \ 
(co,, 03, volcanic dust) i 

The effects of Milankovich variations in solar constant, ice-albedo feedback, and 
specified variations of radiatively important atmospheric constituents for inc m- 
ing solar radiation, have received the lion's share of attention to date: mode f' s 
have been developed by Budyko (19691, Sellers (1969, 1973) and most recently Nprth 
(1975). Estimates of climate sensitivity (So & ) are increased three-fold by ice 
feedback but are still a factor of four or more below the sensitivity necessary to 
account for glacial oscillations by means of Milankovich forcing alone. Latest 
studies of paleontological data however are indicating significant response at 
these astronomical periods, maintaining interest in this mechanism. 

Of the remaining terms clouds seem the most likely candidate for strong 
climate feedback, The moisture-condensation process is extremely sensitive due to 
its step-function-like nature, and clouds interact with both outgoing infrared 
(greenhouse effect) and incoming solar (albedo change) radiation. These two pro- 
cesses moso often work in opposition, (whenever cloud albedo exceeds ground albedo, 
typically .5 : .1 for land or sea) but there exists no obvious physical mechanism 
to couple them in balance. As clouds presently cover-50% of the globe, and 
account for a large portion of the planetary albedo, it is not difficult to imagine 
large effects of mean cloudiness on the Earth's climate. The actual specification 
of such interactions however is extremely difficult, as a brief review of recent 
research on this problem will quickly show. 

To study the effect of cloud cover fraction (Ac) as a feedback mechanism, 
b ~ t h  

a& a radiation 
a climate and a Aa 



must be e s t a b l i s h e d .  (Since temperature i s  i n  a  very  r e a l  sense  t h e  "measure" aOA c l ima te  i n  energy balance models, t h e  f i r s t  of t h e s e  may then  be r e w r i t t e n  a s e - )  
A t  p r e sen t  even t h e  s i g n  of  t h e  above terms is i n  doubt .  

S.H.Schneider (1972), u t i l i z i n g  t h e  approach of  Manabe and Weatherald (1967), 
t r e a t e d  clouds a s  balck body r a d i a t o r s  a t  he ight  Zc wi th  temperature T(Zc). For ob- 
served T ( z )  and q @), he found t h a t  t h e  albedo e f f e c t  dominated t h e  i n f r a r e d  change 
due t o  c loudiness  i f  c loud he ight  i s  he ld  f ixed .  For t y p i c a l  c loud albedos of  0 .5 ,  
increased  c loudiness  w i l l  t h e r e f o r e  e f f e c t  a  n e t  cool ing  over land  ,and s e a  bu t  a  
warming over  i c e  o r  snow. Fur ther ,  s i n c e  temperature decreases  wi th  inc reas ing  a l t i -  
t ude ,  i n c r e a s i n g  cloud he ight  w i l l  a l s o  e x e r t  a  n e t  cool ing .  For t h e  p re sen t  g loba l  
averages,  Schneider  found t h a t  i nc reas ing  A, from .50 t o  .58 was equiva len t  t o  i n -  
c r eas ing  cloud he igh t  by 600 meters .  This  e s t a b l i s h e d  t h a t  - i s  undetermined 
(even i n  s ign )  a s  long a s  cloud he ight  remains e i t h e r  unspec i f i ed  o r  unknown. A t  
p r e sen t  cloud he igh t  can not  be determined from s a t e l l i t e  d a t a ,  bu t  may wel l  be i n  
t h e  not  t oo  d i s t a n t  f u t u r e .  General c i r c u l a t i o n  models would seem t o  l a c k  t h e  ve r -  
t i c a l  r e s o l u t i o n  t o  handle cloud he ight  changes, however t h e i r  changes i n  Ac might 
conceivably r e f l e c t  t h e  n e t  e f f e c t  of  Ac and Zc i n  t h e  atmosphere. One f i n a l  no te  
should be added: should t h e  temperature o r  moisture l a p s e  r a t e s  vary  wi th  c l ima te ,  

a NET will a lso  vary wi th  c l imate ,  and a  h igh ly  non l inea r  feedback may r e s u l t .  * 
Estimates  of t h e  change i n  cloud f r a c t i o n  wi th  c l ima te  a r e  i n  b a s i c  d i sag ree -  

ment. P a l t r i d g e  (1974), us ing  a  somewhat involved energy ba lance  approach, i n d i c a t e s  

$253%kc. Runs o f  an NCAR GCM (unpubli  ~ ; d  d a t a )  , spec i fy ing  + ~ O C  changes i n  

su r f ace  temperature,  f i n d  G= -~%/t. s i n c e  both of  t h e s e  u s e  e s s e n t i a l l y  f i x e d  

he ight  c loudiness ,  ( i  . e .  t y p i c a l l y  (0 )  t h e  P a l t r i d g e  r e s u l t  r e p r e s e n t s  a  
s t rong  nega t ive  feedback t o  h i m a t e  change, while  t h e  NCAR r e s u l t  r e f l e c t s  a  s t r o n g  
p o s i t i v e  o r  d e s t a b i l i z i n g  feedback. Weare and S n e l l  (1972) wi th  a  unique al though 
somewhat a b s t r a c t  " d i f f u s e  cloud11 model f i n d  a  s t a b i l i z i n g  e f f e c t  even l a r g e r  than  
t h a t  of P a l t r i d g e .  F i n a l l y ,  i n  an at tempt  t o  examine seasonal  and l a t i t u d i n a l  " c l i -  
mate" v a r i a t i o n s  Cess (1976 p r e p r i n t )  uses  s a t e l l i t  d a t a  t o  q o r r e l a t e  s u r f a c e  tem- 

aT 
m% 0 i . e ,  no n e t  e f -  p e r a t u r e ,  Ac, I . R . ,  and albedo,  and f i n d s  %--lkA and 

f e c t  on c l ima te  s e n s i t i v i t y .  

There e x i s t s  l i t t l e  o t h e r  than  personal  p re fe rence  t o  f avo r  one o f  t h e s e  r e -  
s u l t s  over  another ,  a s  a l l  inc lude  b a s i c  assumptions o r  cond i t i ons  which a r e  s t i l l  
i n  ques t ion .  However we can r e v e r s e  t h e  problem, ask ing  i f  a  given feedback i s  
hypothesized,  what e f f e c t  i s  then  implied.  U t i l i z i n g  our  g r e a t e r  f a i t h  i n  t h e  s imple 
energy balance equat ion ,  and p re sen t  knowledge of  p a s t  c l ima te ,  we can then  i n d i c a t e  
t h e  reasonableness  o f  any i n i t i a l l y  hypothesized feedback, whi le  gaining an ind ica -  
t i o n  of t h e  magnitude of c loud feedback s e n s i t i v i e y .  The most obvious c r i t e r i o n  
w i l l  r e q u i r e  t h a t  t h e  p re sen t  c l ima te  be s t a b l e  t o  small  p e r t u r b a t i o n s  from e q u i l i -  
brium. 

We w i l l  choose Nor th ' s  (1975) formulat ion o f  t h e  energy balance equat ion ,  
a s  it i s  mathematical ly  t h e  most genera l  and wel l -def ined  of  t h o s e  presented  t o  d a t e .  
A b a s i c  f a m i l i a r i t y  wi th  h i s  r e s u l t s  w i l l  be  assumed, and h i s  n o t a t i o n  w i l l  be  followed 
wherever p o s s i b l e .  C l e a r l y  t h e  u n c e r t a i n t i e s  i n  spec i fy ing  c loud-c l imate  feedbacks 
i n d i c a t e  t h a t  on ly  t h e  s imp les t  of formula t ions  be s t u d i e d ,  i . e .  



These terms a r e  exac t ly  a s  i n  North (1975) except f o r  t h e  a d d i t i o n  of  c'(%,x,)*~T 
and b 1 ( x , x 5 ) b b T  , which r ep resen t  t h e  i n f r a r e d  and albedo e f f e c t s  of  c louds r e s -  
p e c t i v e l y .  AT(%) = T ( x )  -T&)where TO(X) is t h e  p re sen t  c l ima te  s o l u t i o n  of t h e  
model f o r  i c e  l i n e  A,t.95. In  t h i s  sense  c('A,X*) i s  a l i n e a r i z a t i o n  of  

about t h e  p re sen t  c l imate ,  with a s i m i l a r  i n t e r p r e t a t i o n  fo+b((*,~r)* 

The p o s s i b l e  s t rong  dependence of such a feedback on x and xs a s  i n d i c a t e d  by 
Schne ide r ' s  (1972) r e s u l t s  sugges ts  t h e  l a t i t u d e  dependence of  c '  and b ' .  The 
equat ion  can be f u r t h e r  s i m p l i f i e d  t o  r e a l i z i n g  t h a t  t h e  s e n s i t i v i t y  parameter 

S 2 Q i s  t y p i c a l l y  o f  o rde r  100°C and i n  t h e  uns t ab le  reg ions  of  s p e c i a l  i n t e r -  
e s t  approaches i n f i n i t y ,  i n d i c a t i n g  t h a t  

/ ) 1 and t h e  albedo e f f e c t  of  c louds becomes: 

$5 ( x )  b'(x, *+) AT 

The parameter C now convenient ly denotes  t h e  n e t  r a d i a t i o n a l  e f f e c t  ( p o s i t i v e  f o r  
outgoing f l u x )  due t o  cloud change wi th  c l ima te .  To ob ta in  a phys i ca l  sense  o f  
i t s  magnitude, f o r  f i xed  cloud he igh t  

S A C  * ~ R N E T  c =  7 a Ac 
Schne ide r ' s  mean va lue  f o r  a*, i s  approximately + 1 w/mZ outgoing pe r  1% 

inc rease  i n  Ac, f o r  which C = 1 i f  = 1 TobC a T 
Such equat ions ,  a s  shown by North (1975), a r e  e s p e c i a l l y  amenable t o  so lu -  

t i o n  by Legendre polynomial expansion. Taking advantage o f  I(%) =A+G.T(x): 

-DV~I+  I + (C'(gX'YJ) n I = 4 s ( x )  . a, ( x ,  x , )  

Expanding i n  Legendre polynomials:  

then  



Mu1 tiplying ' Eq. (2) by Pn (x) 
principle leads to: 

L,I* + 

where L, = n(n+l)D + 1, and 

and integrating with liberal use of the orthogonality 

Eq.14) sets the ice line condition. These two equa- 
tions d'i'ffer from North's only by the term in brackets. This term introduces how- 
ever, a coupling of the linear algebraid equations in In. 

For the present climate (Im = 1,') the equation reduces to North's, which 
requires the diffusion coefficient D = . 382  remains unchanged. Once &.. is speci- 
fied, H, ( X s  ) and F , (xt )  are known, and the remaining Q and In are determined. 
Note however that & , the stability, and the sensitivity(~ $&) will depend on 

The stability analysis is quite straightforward (see North 1976). Consider 
the time-dependent equation: 

a - z ~ c ~ ) + I - ~ I ~ + [ z  a t  (1rn-1;) Fnm L X ~ ) ]  = Q*Hn ('9) (5) 

* 
let the perturbations from equilibrium and X be small: 

where primes denote-the obvious~derivatives. Substituting into Eq.(5) and dropping 
terms of order c?*d leads to : 

Similarly expanding the ice line condition E 5 ,  P, (2,)s Is leads to a relation 
between £ and : 

-3 t 
Now let &, (t) =on@ . Equation (6) then becomes a set of coupled linear 
homogeneous equations for the D, : 

for which a non-trivial solution exists only if the coefficient determinant = 0. 
This condition determines the stability parameters Rv . 





Regions of stability/instability in CO, C2 space 
for various values of DO. 

FIG,  y 



Solu t ion  w i l l  be determined f o r  t h e  two-mode case ,  f o r  which we w i l l  l e t  

Such a  s p e c i f i c a t i o n  g r e a t l y  a i d s  i n t e r p r e t a t i o n  of  t h e  r e s u l t s ;  i . e .  t h e  v a r i a -  
t i o n s  of  s t a b i l i t y  and s e n s i t i v i t y  o f  t h e  p re sen t  c l ima te  i n  c ( x , X S )  parameter  
space.  

The r e s u l t s  a r e  shown i n  Fig. 1-4 and may be summarized a s  fo l lows:  

1)  CO,  C2, o r  D O ?  0  i n d i c a t e  a  nega t ive  feedback, o r  s t a b i l i z i n g  in f luence  
o f  c loudiness  on c l imate .  For C) and D) t h i s  i s  obvious, and f o r  C 2  it can be 
shown by n o t i c i n g  t h a t  f o r  LC* + c, P, ( 2 )  2 ; [A T o  + a -J",y, c x )  , t h e  i n t e g r a t e d  

e f f e c t  (0 t o  Xs) i s  dominated by t h e  C .  O T, I:' P,()c)* t[x)dy term f o r  XI, n e a r  1. 

CO,Cz by DO 4 O i s  conversely d e s t a b i l i z i n g .  

2) One can by t h e  same reasoning show t h a t  f o r  t h e  p r e s e n t  c l ima te  a  given 
magnitude o f  CO w i l l  i n  some sense have roughly f i v e  t imes a s  much e f f e c t  on t h e  
s o l u t i o n  a s  a  s i m i l a r  C z  o r  D, . This  i s  shown i n  F igs .2  and 3 f o r  c l ima te  
s e n s i t i v i t y  by cons ider ing  t h e  r a t i o  of be ,  t o  AC,between two p o i n t s  of equal  
s e n s i t i v i t y  on two adjacent  C2  cu rves ,  

3) Although no t  r i go rous ly  proven, a l l  s o l u t i o n s  s t u d i e d  exh ib i t ed  a  s i m i l a r  
s t a b i l i t y  c r i t e r i o n  t o  Nor th ' s  e a r l i e r  model, i . e .  

s t a b l e  

u n s t a b l e  

4 )  F igure  1 shows t h e  t y p i c a l  Q(&) curves e x h i b i t i n g  t h e  s h i f t  of t h e  
uns t ab le  p o i n t  due t o  t h e  s t a b i l i z i n g  o r  d e s t a b i l i z i n g  e f f e c t  o f  Co . Note f o r  
C, = -1 a l l  s o l u t i o n s  inc luding  t h e  p re sen t  c l ima te  a r e  u n s t a b l e .  Noting t h a t  i n  

F igs .2  and 3 t h e  reg ion  t o  t h e  l e f t  o f  t h e  asymptotes of t h e  s t e e p l y  r i s i n g  s e n s i -  
t i v i t y  curves a r e  uns t ab le ,  a  s i m i l a r  e f f e c t  i s  seen  f o r  CZ , and D, a 

5) Using F i g s e 2  and 3 ,  Fig .  4 e s t a b l i s h e s  t h e  range o f  parameter  space f o r  
which t h e  c u r r e n t  c l ima te  i s  uns t ab le .  I t  does n o t  seem unreasonable t o  r e q u i r e  
any r e a l i s t i c  feedback t o  l i e  o u t s i d e  t h i s  r eg ion .  For f i x e d  he ight  c loud ines s  
t h i s  implies  

We immediately no te  t h a t  t h e  near  2 2 ' ~  O.S.T. experiment j u s t  v i o l a t e s  t h i s  con- 
s t r a i n t .  The reason of course  i s  t h a t  f i x i n g  ocean s u r f a c e  temperatures  t r e a t s  
t h e  ocean a s  an i n f i n i t e  hea t  source o r  s ink  which can c o n t r o l  i t s  own g lobal  equ i -  
l ib r ium - such f l u x e s  v i o l a t i n g  t h e  assumption o f  a  g loba l  energy balance a t  t h e  
t o p  o f  t h e  atmosphere. Such a  model i s  more u s e f u l  f o r  c l i m a t e  time s c a l e s  l e s s  
than  t h e  ocean response t ime of-1000 y r s .  I t  would seem necessary  t h a t  any 
f u t u r e  GCM s imula t ions  of g l a c i a l  t ime s c a l e  c l i m a t e  changes should apply a  n e t  
energy f l u x  ba lance  a t  t h e  su r f ace .  



(6) As Schneider (1972) i n d i c a t e d ,  t h e  e f f e c t  of c loud cover on n e t  r a d i a t i o n  
f luxes  should r e v e r s e  sense  over i c e  and snow ( f ixed  he igh t )  - could t h i s  be an 
important feedback t o  t h e  i c e - l i n e ?  Due t o  t h e  C o  dominance seen  e a r l i e r  such 
e f f e c t s  w i l l  no t  be ev ident  f o r  t h e  p re sen t  c l ima te .  

(7) P a l t r i d g e t s  (1974) r e s u l t  of +37%1°c g ives  a s e n s i t i v i t y  of  120, i . e ,  
h i s  c loudiness  change more than compensates f o r  t h e  p o s i t i v e  ice-a lbedo feedback. 

(8) I t  i s  c l e a r  t h a t  f o r  t h e  p re sen t  c l i m a t e ,  X,= .95, we can choose C o , C t o r  
B, such t h a t  Milandovich s e n s i t i v i t i e s  a r e  obta ined .  However such r e g i o n s  a r e  

irery narrow i n  C ( X , ' ) L ~ )  parameter space .  As it i s  more than  l i k e l y  t h a t  c l ima te  
feedback due t o  c loudiness  w i l l  change a t  l e a s t  s l i g h t l y  wi th  changing c l ima te ,  such 
a mechanism i s  t oo  r e s t r i c t e d  t o  supply  t h e  proper  s e n s i t i v i t y  over long per iods  o f  
t ime.  Cloudiness does no t  seem t o  be an  answer t o  t h e  Milankovich dilemma. 

In  conclusion,  two "pitches" aye c l e a r l y  app ropr i a t e .  F i r s t ,  d e s p i t e  i t s  
ques t ionab le  a p p l i c a t i o n  t o  long term c l ima te ,  improved seasonal  c loud ines s  d a t a  
i s  c a l l e d  f o r ,  wi th  cloud he igh t  i f  p o s s i b l e .  Second, GCM responses  should be 
s t u d i e d ,  hope fu l ly  with some r e s t r i c t i o n  on n e t  ocean hea t  f l u x e s .  

Acknowledgments 

I would l i k e  t o  thank D r .  Gerald North and 
guidance, f r i e n d s h i p  and encouragement. 

References 

Budyko, M.I. 1969 The E f f e c t  of  S o l a r  Radiat ion 
Ea r th .  Te l lu s  21: 611-619. - 

D r .  Richard Somervi l le  f o r  t h e i r  

Var i a t ions  on t h e  Climate of  t h e  

Manabe, S. and R.T.Wetherald 1967 Thermal Equil ibr ium o f  t h e  Atmosphere wi th  a 
Given D i s t r i b u t i o n  of Re la t ive  Humidity. J.A.S. - 24: 241-259. 

NCAR Data - unpublished, suppl ied  by Drs. R.Chervin and R .  Somervi l le  o f  t h e  
National  Center f o r  Atmospheric Research, sponsored by t h e  National  
Science Foundation. 

North, Gerald R .  1975 Theory of  Energy Balance Climate Models. J.A.S. - -  32:2033- 

North, Gerald R .  1976 S t a b i l i t y  Theorem f o r  Energy Balance Climate Models. 
Submitted f o r  p u b l i c a t i o n .  

Paltridge, 'G.W. 1974 Global Cloud Cover and Ea r th  Surface Temperature. J.A.S. 
31 : 1571-1576. - 

Schneider ,  S.H. 1972 Cloudiness a s  a Globa1,Climatic  Feedback Mechanism: The 
E f f e c t s  on t h e  Radiat ion Balance and Surface Temperature o f  Var i a t ions  
i n  Cloudiness.  J.A.S. - 29: 1413-1422. 

S e l l e r s ,  W.D.  1969 A Global C l ima t i c  Model Based on t h e  Energy Balance of t h e  
Earth-Atmosphere System. J . A . M .  - 8 :  392-400. 

S e l l e r s ,  W.D.  1973 A New Global Cl imat ic  Model. -+ J.A.M.12: 241-254. 

Cess,  R . D .  1976 Climate Change: An a p p r a i s a l  o f  Atmospheric Feedback Mechanisms 
Employing Zonal Climatology. Submitted f o r  p u b l i c a t i o n .  



Weare, B ,  and F.M.Snel1 1974 A Diffuse Thin Cloud Atmospheric S t r u c t u r e  a s  a  
Feedback Mechanism i n  Global Climate Modeling. J.A.S. 31: 1725-1734. - 

A PRELIMINARY STUDY OF FLOWS GENERATED BY A CYLINDER MOVING ON A BETA-PLANE 

Toshfo Yamagata 

1. In t roduc t ion  

A s tudy  of  a  flow, generated by an o b s t a c l e  moving s t e a d i l y  through a  f l u i d  
a t  r e s t ,  i s  one o f  t h e  most b a s i c  and c l a s s i c a l  problems i n  f l u i d  dynamics because 
i t  focuses on non l inea r  i n e r t i a l  f o r c e ,  However, we do not  ye t  have a  complete 
theory  t o  cover whole range of Reynolds numbers. Therefore ,  l a b o r a t o r y  experiments 
a r e  an important a i d  f o r  our  understanding of flow behavior ,  e s p e c i a l l y  i n  h igh  
Reynolds number f low,  

The problem has a l s o  been extended t o  s t r a t i f i e d  f l u i d ,  where new a s p e c t s  of  
t h e  o r i g i n a l  problem have been obtained concerning forward wakes, l e e  waves and 
r ecen t  t o p i c s  about waves and turbulence ,  

We s h a l l  be concerned he re  with a  r o t a t i n g  f l u i d  on t h e  be ta -p lane .  More 
than  20 years  ago, t h e  problem was i n v e s t i g a t e d  i n  a  l imi t ed  parameter range (mod- 
e r a t e  l o c a l  Rossby number) by Fu l t z  and Long (1951), Long (1952), and Fu l t z  and 
Frenzen (1955), u s ing  a hemispherical  annulus.  They showed some i n t e r e s t i n g  flow 
behaviors  such a s  Rossby l e e  waves i n  a  prograde flow (wester ly f low) ,  blocking i n  
a  r e t rog rade  flow ( e a s t e r l y  f low) ,  eddy formation n e a r  edges o f  blocking,  e t c .  
Thei r  motivat ion was t o  examine t h e  e f f e c t s  o f  l a r g e  s c a l e  mountain b a r r i e r s  such 
a s  Himalayas o r  t h e  e f f e c t  o f  blocking h igh  on t h e  zonal  cu r r en t  i n  t h e  atmosphere,  

Apparently,  t h e  problem has an i n t i m a t e  r e l a t i o n  t o  t h e  Taylor column problem 
on a be ta-p lane .  The l a t t e r  problem was i n v e s t i g a t e d  by I n g e r s o l l  (1969) i n  con- 
nec t ion  with J u p i t o r ' s  Great Red Spot ( i n v i s c i d ,  zero  l o c a l  Rossby number) and by 
McCartney (1975) i n  connect ion with oceanic  and atmospheric f lows over a  b a r r i e r  
( i n v i s c i d ,  moderate l o c a l  Rossby number), McCartney a l s o  performed a l abo ra to ry  
experiment u s ing  a  pa rabo lo ida l  f r e e  s u r f a c e  t o  s imu la t e  b e t a - e f f e c t  and confirmed 
t h e  ex i s t ence  o f  l e e  waves f o r  t h e  case  of a  prograde flow. For t h e  case  o f  a  
r e t r o g r a d e  flow around a  t a l l  o b s t a c l e ,  McCartney found blocking wi th  v o r t i c e s  a t  
t h e  edges. 

Here, a s  a  p re l imina ry  s tudy  f o r  a  f u t u r e  ex t ens ive  work covering wide ranges 
o f  Rossby number, Ekman number and p l a n e t a r y  v o r t i c i t y  f a c t o r ,  I show some drag  
c a l c u l a t i o n s  i n  4 2 ,  Because of  t h e  complexity of t h e  flow regime, and i t s  v a r i a -  
t i o n  over t h e  paramet r ic  regime, t he  drag  may provide  a  u s e f u l  means of organfz ing  
and d i scuss ing  t h e  r e s u l t s ,  I n  t h e  next  4 3 ,  a  b r i e f  d e s c r i p t i o n  of t h e  l a b o r a t o r y  
experiment performed w i l l  be g iven ,  paying s p e c i a l  a t t e n t i o n  t o  a  forward in f luence  
i n  a  prograde flow and a  wake i n  a  r e t r o g r a d e  flow. Some t h e o r e t i c a l  c a l c u l a t i o n  
f o r  a  forward in f luence  w i l l  be  shown i n  t h e  Appendix. 



2 .  Drag c a l c u l a t i o n s  

2 . 1  Basic equat ion 

The nondimensional v o r t i c i t y  equat ion  f o r  t h e  stream func t ion  on a  be t a -  
p lane  may be w r i t t e n  a s  

va7Vf + E J (v, B=V) + BYx Y - EJ ~ + E ' " ~ ~ ~ =  0 (2.1.1)  

A l l  v a r i a b l e s  i n  (2.1.1) a r e  nondimensionalized us ing  a  diameter  L of a c y l i n d e r  
a s  a  h o r i z o n t a l  l eng th  s c a l e ,  v e l o c i t y  U o f  a  moving cy l inde r  a s  a  v e l o c i t y  
s c a l e  and (2 S j '  a s  a  t ime s c a l e .  The f i r s t  term of  (2.1.1) means t h e  l o c a l  time 
chahge of  v o r t i c i t y ,  Second term means t h e  advect ion of v o r t i c i t y ,  t h i r d  term 
means t h e  b e t a - e f f e c t ,  f o u r t h  term means t h e  l a t e r a l  d i f f u s i o n  of  v o r t i c i t y  and 
t h e  l a s t  term means t h e  Ekman d i s s i p a t i o n  of v o r t i c i t y .  Nondimensi~nal  numbers 
a r e  def ined  a s  fo l lows:  

6 s u / ~  L : Rossby number 

L / 1  : p lane ta ry  v o r t i c i t y  f a c t o r  
(2.1.2) E : : Ekman number 

6 3  H/L : a s p e c t r a t i o  

The l a t e r a l  d i f f u s i o n  of v o r t i c i t y  i s  small  i n  our  experiment and, t h e r e f o r e ,  
neglec ted  throughout t h e  a n a l y s i s .  

2 .2 Steady flow on t h e  f -p lane  

In  t h i s  ca se ,  3 = 0 and t h e  v o r t i c i t y  equat ion i s  reduced t o  
Y* a & ~ ( ~ r , o ~ v ) t ~  o I - 0  (2.2.1)  

The boundary condi t ion  a t  t h e  cy l inde r  moving i n  t h e  x -d i r ec t ion  (east-west)  i s  
w r i t t e n  a s  

where no c i r c u l a t i o n  around t h e  c y l i n d e r  i s  assumed. This  system has the i n o -  
t a t i o n a l  s o l u t i o n :  

4w'? 
' f r =  2.r 

(2,2.3) 

The s imp les t  way t o  c a l c u l a t e  t h e  drag  i s  by means o f  the  conserva t ion  of  energy. 
This  s t a t e s  t h a t  t h e  r a t e  of  work done by t h e  e x t e r n a l  force  must equal  t h e  
d i s s i p a t i o n  r a t e  i n  t h e  Ekman l a y e r  (note  l a t e r a l  f r i c t i o n  has been neglec ted)  
and, t h u s ,  we have 

where * denotes  dimensional q u a n t i t i e s  . Using (2.2.3)  , D*c becomes 

(2.2.5)  



2 .3  Steady flow on t h e  beta-plane when G i s  smal l .  

The v o r t i c i t y  equat ion  is  reduced t o  

The s o l u t i o n  with t h e  boundary condi t ion  (2.2.2) i s  w r i t t e n  a s  

where Kndenotes  t h e  modified Bessel func t ion  of t h e  second kind and 
lc 

X,=T-'~K:'(B/,~ ( j / e ~ n  n ~ e  (2.3.3)  
-% 

h' 
The formula t o  c a l c u l a t e  Ekman d r a g D G  i s  r e a d i l y  seen t o  be t h e  same a s  

(2.2.4b3, so it i s  s u f f i c i e n t  f o r  our  pur  ose  t o  compute V ,7& a t  T = %. F i r s t ,  
l e t  u s  cons ider  t h e  l i m i t i n g  case  of  Evaya >> 1 . In t h i s  ca se ,  DE becomes, 
us ing  (2 .3 .2 ) ,  

- 
Y, 2 J * , ~ . ~ - ~ , ~ . ~ ' ~ . - - J  G XL(/+,&&Q(&). (2.3.4) 

To o b t a i n  t h e  drag i n  t h e  o t h e r  l i m i t i n g  case  of8/&'>3 7, ($..3.. 1) i s  no t  t r a c t a b l e ,  
so l e t  us  ob ta in  an approximate s o l u t i o n .  Af te r  r e w r i t i n g  (2.3.1) w i th  c y l i n d r i -  
c a l  coo rd ina t e s ,  we ge t  a  s o l u t i o n  v a l i d  f o r  X ) 0 and C63 8 - Q[t)as 

- -j& ( r -  k ) - w  e 
y ~ & e s e  (2.3.5) 

which i s  t h e  well-known Stommel boundary l a y e r  s o l u t i o n .  For X d 0 ,  we have 

except t h i n  f r e e  shea r  l a y e r s  a t  y  = f &. Near 6' = *  z/:, (2 .3 .5)  i s  not  v a l i d .  
Careful  examination shows t h e r e  i s  another  boundary l a y e r  whose width i s  
Q ( E  k B-*)in 8 - d i r e c t i o n  and 0 ( E  no%) i n  Y - d i r e c t i o  . However, t h e  con- 

t r i b u t i o n  t o  t h e  drag  from t h i s  boundary l a y e r  i s  D ( E  V ~ R ' * ) ~ m a l l e r  than  t h a t  
of t h e  Stommel boundary l a y e r  so n e g l i g i b l e  t o  t h e  f i r s t  o r d e r  of approximation. 
Thus, 9; becomes, t o  0 ( B / & ) ~  

Notice t h a t  Df i s  independent of Y t o  t h i s  o rde r  of approximation. I f  we move 
a  c y l i n d e r  i n  t h e  d i r e c t i o n  t h a t  makes angle  Cf, with t h e  x-axis ,  Q$ becomes 

L(/--j-c~s L O < ) , Q * ~  L'*H.U a+, - , (2.3.8)  

Therefore,  t h e  Ekman drag  i s  sma l l e s t  when a  c y l i n d e r  moves i n  t h e  eas t -wes t  
d i r e c t i o n .  

2.4 Steady i n v i s c i d  flow on t h e  be ta -p lane .  

The v o r t i c i t y  equat ion  becomes 

E TIV) W+ 3 V, = 0 

This i s  r e w r i t t e n  i n  t h e  form: 
T(V,  o'v* y )  0 



Therefore ,  p o t e n t i a l  v o r t i c i t y  pa v+ % i s  conserved a long  a  s t r eaml ine  : 

I f  we adopt Long's hypothes is  of  no upstream in f luences ,  we o b t a i n  i n  a  frame of a  
moving c y l i n d e r ,  

o'V- -0 (2.4.4)  

with boundary cond i t i ons  y , -&S &t T Z L  

y-30 a.2 Y+m 

f o r  a  r e t r o g r a d e  f low.  (No c i r c u l a t i o n  around t h e  cy l inde r  i s  assumed.) For a  
prograde flow, 

0 ' ~  + V /  = 0 (2.4.6) 

wi th  boundary cond i t i ons  y=& e et r=JI (2.4.7) 

r k y : ~ o  ~ u 0 0 & Z ~ E % ~ f n )  

where no c i r c u l a t i o n  around t h e  c y l i n d e r  i s  assumed. 

The s o l u t i o n  t o  (2.4.4)  and (2.4.5)  is  

y z -  k(@d, &, 0 (2.4.8) 

n l (ha!) 
This  s o l u t i o n  does no t  show blocking,  which i s  incompatible  wi th  observa t ions  (Long 
(1952)).  Apparently,  Long's hypothes is  i s  n o t  good i n  a  c i r c u l a r  channel flow of 
a  r e t rog rade  case .  Anyway, we have no wave drag  i n  a  s t eady  s t a t e  of t h e  r e t r o -  
grade case .  

The s o l u t i o n  t o  (2 .4 .6)  and (2 .4 .7)  was obta ined  by Miles and Huppert (1968).  
We have s t eady  l e e  waves on t h e  e a s t  s i d e  of t h e  c y l i n d e r .  Following t h e i r  p ro-  
cedure,  t h e  wave drag  93 i s  given by 

D*, L; + Z Z ~ U  L * H Y ; ' ( ~ ) ,  (2.4.9)  

approximately f o r  B/E C iq.4 

3. Pre l iminary  experiment 

3 .1  Apparatus 

The f l u i d  con f igu ra t ion  i s  shown schemat i ca l ly  i n  F ig .  3 .1 .  

The c y l i n d e r  was towed around t h e  bas in  by another  motor mounted on t h e  
t u r n t a b l e .  The b e t a  e f f e c t  was suppl ied  by t h e  pa rabo lo ida l  f r e e  s u r f a c e .  The 
flow was observed by us ing  Baker 's  thymol b l u e  technique ,  o r  by us ing  a potassium 
permangaeate dye. The d a t a  source  i s  l i s t e d  i n  Table 3 .1  

3 .2  Wind-driven c u r r e n t  due t o  r e s t i n g  a i r .  

A s  we have no cover over  t h e  r o t a t i n g  t ank ,  a  wind-driven c u r r e n t  always 
e x i s t s .  The v e l o c i t y  p r o f i l e  o f  t h i s  c u r r e n t  i s  shown i n  F ig .3 .2 .  The dashed 
l i n e  i s  a  t h e o r e t i c a l  p r e d i c t i o n  based on a  s imple s t r e s s  balance a t  an i n f i n i t e  



s u r f a c e  (Yamagata and Kimura, 1973).  The agreement between theory  and experiment 
i s  f a i r l y  good wi th in  VS 4 c m .  The discrepancy inc reases  toward t h e  per iphery  of 
t he  bas in  due t o  t h e  l a r g e  he ight  of  t h e  s i d e  w a l l .  Notice t h a t  t h i s  weak cu r ren t  
is  always e a s t e r l y  r e l a t i v e  t o  t h e  r o t a t i n g  tank.  In  3 . 4 ,  we measure t h e  v e l o c i t y  
f i e l d  of  t h i s  weak e a s t e r l y  flow around t h e  cy l inde r  i n s e r t e d  i n t o  t h e  con ta ine r .  

Fig. 3 . 2  

Velocity Profile of Wind -driven Current 
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Table 3.1 

(cm) 
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3.8 

3.8 

3.8 
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3.8 

3.8 

3.8 

3.8 

3.8 

3.8 

3.8 

For the experiment in this section, 

From a formal scaling viewpoint, the ratio of the advection term, the beta term and 
the Ekman friction term is f / ~  : 1: 1 , when x - ~(qfand y - 0 (1)). On the other 
hand, the aforementioned ratio is &$ : 1 : 1 when X- 06) and y - o (=h3) 'h . The 
data in Fig.3,32 correspond to ) X I  - 1.3 , which implies that the advection is not 
negligible. Nevertheless, the agreement between linear theory and experiment is 
good, in spite of the fact that the formal limit of validity of the linear theory 
has been exceeded. Apparently, the upstream influence is essentially due to the 
beta-effect and the Ekman effect. 

3.3 Weak westerly flow 

We towed a cylinder to the west faster than the wind-driven current to rea- 
lize a westerly flow in a frame of a moving cylinder. Our special attention was 
paid to a detection of a forward influence, Figure 3.3.1 (F27) shows a picture 
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of  a  forward in f luence  taken a t  40 sec  a f t e r  t h e  dye was r e l ea sed .  In  t h i s  p i c -  
t u r e ,  t h e  wires  t o  produce dye were f ixed  t o  t h e  frame of a  moving cy l inde r .  
Figure 3.3.2 shows perturbed v e l o c i t y  p r o f i l e s  ahead of  t h e  c y l i n d e r .  A dashed 
l i r ie  i s  a  t h e o r e t i c a l  p r e d i c t i o n  based on t h e  balance between b e t a - e f f e c t  and Ekman 
d i s s i p a t i o n  (see A - 5 ) .  Figure 3 .3 .3  shows t h e  decrease  of a  c e n t e r l i ~ v e l o c i t y  
ahead of  t h e  c y l i n d e r .  The absc i s sa  denotes  t h e  s t r e t c h e d  coord ina te  X (see A-5). 

3 .4 Weak e a s t e r l y  flow 

We u t i l i z e d  t h e  wind-driven cu r ren t  t o  r e a l i z e  a  weak e a s t e r l y  flow, s i n c e  
t h e  cy l inde r  was f ixed  t o  t h e  frame o f  r o t a t i n g  b a s i n .  Figure 3 .4 .1  i s  a  t y p i c a l  
p i c t u r e  taken a t  40 sec  a f t e r  t h e  dye was r e l e a s e d .  We can s e e  a  d e f i n i t e  blocking 
behind t h e  c y l i n d e r .  Figure 3 .4 .2  (F23) i s  another  i l l u s t r a t i o n  of blocking a t  
t h e  same cond i t i on .  This p i c t u r e  was taken a t  30 minutes a f t e r  a  potassium perman- 
ganate  dye was i n j e c t e d  behind t h e  c y l i n d e r .  We s e e  t h e  dye remains t rapped i n  a  
blocked reg ion  behind t h e  c y l i n d e r .  I t  should be noted t h a t  t h e  blocking a r e a  
begins a t  t h e  no r the rn  edge o f  t h e  cy l inde r ,  but  no t  a t  t h e  southern edge, a s  ob- 
served by Long (1952). This  might have some r e l a t i o n s  t o  t h e  n e t  c i r c u l a t i o n  ob- 
served around t h e  c y l i n d e r .  Figures  3 . 4 . 3  (F17) i s  t h e  per turbed  v e l o c i t y  p r o f i l e s  
behind t h e  c y l i n d e r .  D e f i n i t e  a l t e r n a t i n g  flows a r e  observed, and t h e  y - sca l e  of 
t hese  flows i s  sma l l e r  than  t h a t  of  a  forward wake i n  a  weak wes t e r ly  flow. We 
t r i e d  t o  apply t h e  same theory  with 3.3,  but  found i t  does not  work wel l .  Also, 
t h e  d a t a  showing t h e  decrease  o f  a  c e n t e r l i n e  v e l o c i t y  behind t h e  cy l inde r  were 

I 

highly  s c a t t e r e d  when we used t h e  s t r e t c h e d  coord ina te  X (F ig .3 .4 .4 ) .  The para-  
meters of  F17 d a t a  a r e :  



F i g .  3 . 4 . 1  @-17) 

F i g .  3 . 4 . 2  (F-23)  
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C/ f l  - 0.61 

For t h e s e  va lues ,  t he  advect ion i s  n e g l i g i b l e  when ~ " 0  b3$'d and Y 0(1). On t h e  
o t h e r  hand, t h e  advect ion i s  no t  n e g l i g i b l e  when X I -  0(1) and Y N ( ~ ~  )h , a s  
previous ly  mentioned. This  l a t t e r  reg ion  corresponds t o  t h e  do t t ed  l i n e  (F17) i n  
Fig. 3 .4 .4 .  But t h e  l i n e  approaches t h e  t h e o r e t i c a l  curve when lX I i s  l a r g e ,  a s  
a n t i c i p a t e d .  

3.5 Moderate wes t e r ly  flow. 

Figures  3 .5 .1  (F35), 3 .5 .2  (F36), 3 .5 .3  (F37) and 3.5.4 (F38) show t h e  
p i c t u r e s  of  s t r e a k  l i n e s  behind t h e  c y l i n d e r .  We see  Rossby lee-wave p a t t e r n s ,  a s  
observed by Long (1952)" As 6 i nc reases ,  t h e  wavelength becomes l a r g e ,  a s  pre-  
d i c t e d  by a  simple lee-wave theory .  But a t  t h e  same time, t h e  wake j u s t  behind 
t h e  cy l inde r  expands and f i n a l l y  l eads  t o  t h e  shedding of  eddies  (Fig.  3 .5 .4 ) .  
The c r i t i c a l  Rossby number f o r  t he  shedding of eddies  seems t o  l i e  between 
5.25 x  1 0 - ~ 4  & , < 7 . 0 9  x  10-2 when B = 6 . . 8  x  c= 6.06 x Figure 
3 .5 .4  shows a  pronounced cyclone, while  an an t icyc lone  seems t o  be suppressed.  
Also n o t i c e  t h a t  t h e  vo r t ex  s t r e e t  i s  very d i f f e r e n t  from t h e  non-ro ta t ing  ~&rma/n 
vo r t ex  s t r e e t * .  I t  w i l l  be i n t e r e s t i n g  t o  c o r r e l a t e  t h e  eddy-shedding process  
wi th  q u a n t i t a t i v e  measurements of d rag .  

3 .6  Moderate e a s t e r l y  flow 

Figures  3 .6 .1  (F39),  3 .6 .2  (F40), 3 .6 .3  (F4 l ) , and  3.6.4 (F42) show t h e  p i c -  
t u r e s  of s t r e a k  l i n e s  behind the  c y l i n d e r .  Figure 3 .6 .1  shows t h e  long wake be- 
hind t h e  c y l i n d e r .  The s t r u c t u r e ,  however, seems t o  be d i f f e r e n t  from t h a t  of 
3 , 4 ,  e s p e c i a l l y  j u s t  behind t h e  c y l i n d e r .  In  t h i s  e a s t e r l y  c a s e ,  t h e  c r i t i c a l  
Rossby number t o  shed eddies  (2.10 x  &cL 3.94 x  i s  apparent ly  smafl-  
e r  than  t h a t  of a  wes t e r ly  flow. The a r r a y  of shed v o r t i c e s  looks l i k e  a  ~a/rman 
vo r t ex  s t r e e t  i n  t h e  non-ro ta t ing  f l u i d  and shows q u i t e  a  d i f f e r e n c e  from 3 .5 .  
Thls might be due t o  t h e  ex i s t ence  o f  blocking a r e a ,  which w i l l  change t h e  form 
of  t h e  boundary l a y e r  s epa ra t ion .  We a l s o  in t end  t o  c o r r e l a t e  t hese  q u a l i t a t i v e  
observa t ions  with drag measurements. 

4. Conclusions 

The main r e s u l t s  of  t h i s  no te  a r e  t h e  fol lowing t h r e e  p o i n t s :  

a )  The forward in f luence  was observed f o r  a  weak wes t e r ly  flow and t h e  agree-  
ment between t h e  l i n e a r  t heo ry  and t h e  experiment i s  good. 

b) For a  downstream wake i n  a  weak e a s t e r l y  flow, t h e  theory  does no t  work 
nea r  t h e  c y l i n d e r ,  

c )  Rough c r i t i c a l  Rossby numbers f o r  shedding eddies  were found f o r  both 
e a s t e r l y  and wes ter ly  f lows .  

* 
The author  i s  indebted t o  D r .  R .  Hal l  and Prof .  G .  Veronis f o r  t he  information 

of  r ecen t  G .  Halikas ( S , I . O . ) ' s  s i m i l a r  experiment.  



We intend to 
various flow 

confirm these points by a more precise experiment and correlate the 
behaviours with quantitative drag measurements. 

Appendix 

If we consider a far-upstream region of the moving cylinder, the advection 
term and lateral diffusion term will be negligible. Then (2.1.1) becomes 

Adopting the boundary layer type approximation, (A-1) may be reduced to 

%yt ~ B V , + ~ ~ , , ~ ~ @  
and the boundary condition is 

L=-v3 s-' l y l  < t , x = o , t z o  

in y, we obtain the analytic solution as 

e $". 
( X L  0 )  

The final zonal velocity u is given by - - 
%=a - '%It=, 

= - -4+ Y 

where a stretched coordinate Xs 4 * ~  is adopted. Notice that the amplitude 
decrease of u ahead of the forcing region is nearly proportional to (-FIG except 
for a small value of (x) . 
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