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ABSTRACT

Recent solutions to the curve-fitting problem, described in Forster and Sober ([1994]),
trade off the simplicity and fit of hypotheses by defining simplicity as the paucity of
adjustable parameters. Scott De Vito ([1997]) charges that these solutions are ‘conven-
tional’ because he thinks that the number of adjustable parameters may change when the
hypotheses are described differently. This he believes is exactly what is illustrated in
Goodman’s new riddle of induction, otherwise known as the grue problem. However,
the ‘number of adjustable parameters’ is actually a loose way of referring to a quantity
that isnot language dependent. The quantity arises out of Akaike’s theorem in a way
that ensures its language invariance.
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1 Introduction

Five years ago Elliott Sober and | published an article on the general problem
of selecting from amongst a set of quantitative models (Forster and Sober
[1994]). The article described a solution to the problem first worked out in
detail by Akaike ([1973]). The idea has not been widely publicized even
amongst statisticians, until recently. Since then, there has been a growing
interest in the subject, especially on the part of scientists themselefor-
tunately, there is a certain amount of misinformation surrounding the merits of
Akaike’s approach. Some common misconceptions held by statisticians are
addressed in Forster ([to appear]), whereas this paper is directed at mistakes
made by philosophers, especially De Vito ([1997]).

| will start from the beginning by first describing how the problem arises in

! This interest is reflected in the proceedings of an econometrics conference held in Tilburg, The
Netherlands on 9—11 January 1997, and in a forthcoming special issue on model selection in the
Journal of Mathematical Psychology
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well-known episodes in the history of science (Sec#pi\t the same time, the
standard philosopher’s understanding of the ‘curve-fitting problem’ does not fit
this example. Philosophy may not provide all the answers, but it can help you
ask the right question. The right questions about curve-fitting are asked in
Section3. There is also a common contention that Goodman’s new riddle of
induction, also known as the grue problem, is the same as the curve-fitting
problem. This is critically examined in Sectidnwhere | conclude that it is not

the same problem as the problem solved by Akaike. De Vito ([1997]) is right to
say that Akaike does not solve the grue problem, but the limitations of
Akaike’s solution do not undermine its positive achievements in the cases to
which it does apply. However, the central question remains. Is Akaike’s
solution language dependent? The final section lays the foundations of the
Akaike framework in way that is manifestly language invariant.

2 A methodological puzzle redescribed

Suppose that we want to accurately predict the future positions of the planets
relative to the fixed stars. That is the goal. Copernicus, like his predecessor
Ptolemy, was an astronomer who appeared to have an foolproof method for
achieving this goal. He modelled the planetary motions as being the result of a
compounded series of uniform circular motions, which is mathematically
similar to representing a function as a Fourier series. There are mathematical
theorems to show that for a sufficient number of circles on circles, or epicycles
upon epicycles, the true trajectories of the planets can be matched to an
arbitrary degree of accuracy. So, why was Copernicus’s theory superseded
by the more modern theories of Kepler, Newton, and Einstein? One reason is
that Newton’s and Einstein’s theories have important implications in areas of
physics beyond the motion of planets. But is this timy reason?

Kepler's laws$ pose this question in a particularly poignant way because the
scope of Kepler's laws is limited to planetary motion. Kepler did not super-
sede Copernicus because his model had greater scope. Moreover, Kepler's
laws do not predict planetary positions extremely well, partly because the sun
is not quite at the focus of the Kepler's ellipses, partly because of the
disturbances of other planets when they pass close by, and partly because of
the slow rotation of the ellipses (the precession of the perihelia), which we
know today is a relativistic effect. In contrast, Copernicus’s theory is able, in
principle, to account for all of these effects. So, if Newton and Einstein never
came along, would we have to say that Copernicus’s theory is better than
Kepler's laws? One popular response is to say that Kepler is preferable to
2 There are three laws. The first says that all the planets revolve in ellipses with the sun at one

focus. The second says that the radius from the sun to a planet sweeps out equal areas in equal

times. The third says that the ratio of the mean radius cubed to the period (the time for a complete
revolution) squared is the same for all planets.
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Copernicus because it is simpler. But what does that mean, and why is
simplicity important?

To deepen the puzzle, notice that &weaempiricist rule of ‘choosing the
best-fitting curve’ has to favour Copernicus over Kepler. For Copernicus’s
theory of planetary astronomy can always add enough circles to fit any set of
observations better than Kepler's laws. In fact, it can even fit better than
Einstein’s theory of gravitation, which is the best theory currently available.

One reaction to the puzzle is to say that the accuracy predictions is not the
goal of science. While | agree that there are other goals of science besides
predictive accuracy, | dispute the idea that the pufateesthis conclusion
upon us. What it really shows is that the theory that fits the observed data best is
not necessarily the one that makes the most accurate predictions. Case in point:
Copernicus’s theory fitted the data better than Kepler's laws, but Kepler’s laws
made more accurate predictions. Théveaempiricist tacitly assumes that a
precise fit of old data is the best way of guaranteeing an accurate fit of new data.
This view is so well entrenched that even those who do not think of themselves
as empiricists automatically conflate accuracy-in-fitting-old-data with accu-
racy-in-fitting-new-data without a second thought.

Forster and Sober ([1994]) explain why théveempiricist assumption is
false. The basic point is that the in-principle ability of a theory to represent
reality is quite different from its in-practice ability to do so. The difference
between principle and practice arises because modelling in science introduces
adjustable parameters whose values have to be estimated from the data. In the
case of Copernican astronomy, each circle introduces a radius, period of
motion, and initial positions. It takes many circles to overtake Kepler's laws,
and with a large number of circles, there are a large number of adjustable
parameters. The problem is that the precision of the parameter estimates goes
down as the total number of parameters goes up, and this decrease in the
precision of the parameter estimation reduces the accuracy of the predictions.

I will review the details of the explanation in the Sectighand6. In the
meantime, in SectioB, | want to describe the sense in which this explanation
provides a solution to the curve-fitting problem, while in Secohreply to
De Vito's charge that Goodman’s famous grue problem shows that this
solution is ‘conventional’ because the number of adjustable parameters
depends on our language.

3 The curve-fitting problem redefined

Traditionally, in the philosophy of science, the curve-fitting problem is under-
stood as follows: We are interested is representing some vanabe a
function of a variablex. For exampley might be the position of a planet
andx might be time. Suppose that we have a number of observationfoof
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different values ok. These may be plotted as a set of points or-girliagram,

and for that reason one often refers to the data as data points. Curve-fitting is
the procedure by which we fit a curve to the points inxtfyeplane, from which

we may predict the values gffor new values ok. Many curves can be drawn
through any finite set of points, so the points do not determine which curve
should be used to represent them. So how do we determine a curve from a finite
set of data points?

The traditional answer to the question is to say, in addition to the require-
ment that the curve passes through the points, that the curve should be simple.
The problem with this solution is threefold: (1) The notion of simplicity is left
vague. (2) We cannot rely on our intuitions about which curves look simple
because that depends on how we represent the curves. For as Priest ([1976])
pointed out, a curve that looks simple in they diagram will look complex if
its represented on af-y diagram, wherg is some complex transformation of
the variablex. Similarly, a complex-looking curve can be made to look simple.
(3) Even if we solve these problems, then itis still mysterious why simplicity is
valuable. The usual story—that we kn@awpriori that the world is simple—
seems plainly wrong in light of the fact that we knayosteriorithat the world
is complex, especially at the curve-fitting level. For example, the true trajec-
tories of the planets are chaotic to some degree, and therefore extremely
complex.

Forster and Sober ([1994]) do not propose a solution to the traditional curve-
fitting problem. They reject the traditional problem because itis ill posed. First,
it buys into the nale empiricist assumption that curves should fit the seen data
perfectly. Second, it misdescribes the problem as it arises in science. For
instance, in Copernican astronomy, one always fixes the number of circles
before attempting to fit the theory to the data. Only a bouridely of curves,
or trajectories, is ever fitted to the observations. | will refer to such a family as a
model Within the context of a fixed model, there is no problem of the under-
determination of a curve from data. In fact, the problem is quite the opposite.
There is usuallyno curve that passes through all the data points! Therefore,
curve-fitting in science selects the curve thastfits the data, where ‘best’ is
defined in terms of a statistical measure of fit, such as in the method of least
squares. Under most conditions (known as conditionsleftifiability), the
best-fitting curve in a family is unique. The parameters values associated with
this best fitting curve are the parametstimates That is how statistical
estimation works.

There is a problem here, but it takes a different form. The problem is that there
are many competing models, each yielding a different best-fitting curve. How do
we choose from amongst these? It is a problem of underdetermination, but it
occurs at the level of models, not curves. Forster and Sober ([1994]) discuss this
problem, and describe a solution based on the work of Akaike ([1973]).
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The Akaike solution is similar to the solution of the traditional problem. It
says that the competing best-fitting curves should be chosen on the basis of
their fit with the data as well as the simpliciof modelfrom which it was
selected. However, this solution is not subject to any of the three objections listed
above. (1) The notion of simplicity used is not vague. Under the previously
mentioned condition of identifiability, it is adequately defined as the paucity of
adjustable parameters. (2) It is not subject to Priest's problem because the
simplicity of a single curve is never defined. (3) The reason why simplicity is
valuable is that tends to increase the precision by which parameters may be
estimated, which has a positive effect on the accuracy of predictions.

The precision of parameter estimation is not the only factor that affects
predictive accuracy. For example, suppose we model planetary orbits as
squares centered at the sun. Even if we could estimate the parameters of this
model with infinite precision, the model would not make accurate predictions
because there is no curve in the family which fits the true orbit very well. It
cannot predict the phenomena accurataly principle. The discrepancy
between the best in-principle curve in a family and true curve is known as
themodel biaor theapproximation discrepanayf the model. Any model that
contains the true curve has zero model bias, whereas modelling planetary
orbits as squares introduces a large model bias.

So the accuracy of the predictions made by a model depends on two factors:
the error in estimating the parameters and the model bias. Simple Copernican
models compare favourably with Kepler's laws with respect to estimation
error, because they have about the same number of adjustable parameters. But
Kepler provides a better in-principle approximation to the true motion than a
simple Copernican model. On balance, Kepler has an advantage over simple
Copernican models.

What about complex Copernican models? They are better at approximating
the true motion in principle, but this advantage is outweighed by the impreci-
sion of the parameter estimates. So in either case, Kepler does better than
Copernicus.

4 Akaike's theorem revisited

Akaike ([1973]) provides a precise quantitative way of correcting the metho-
dology of ndve empiricism. Naie empiricism, remember, operates under the
false assumption that the fit of a modelgeendata is the best estimate of its
predictive accuracy. It fails to take account of the estimation error. If there
were no estimation error, then the waiempiricist assumption would be
correct. So, if we could estimate the estimation error, then maybe we could
combine this information with the observed fit to provide an improved estimate
of predictive accuracy. This is what Akaike succeeded in doing.
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First, let me introduce some terminology. Consider any family of cukyes
and denote the best in-principle curveédby F *. The discrepancy betwedtr
and the true curve is the model bias. The curve that best fits the seen data is
Fand the discrepancy betweEandF* is the estimation error. The predictive
accuracy of is maximized by minimizing the discrepancy betwéeand the
true curve. The discrepancy betwerand the true curve is the sum of the
estimation error and the model bias.

This very simple analysis of the problem leads to some deep and insightful
consequences. Consider two families of cureandG, such thaf is nested
in G. That is to say, all the curves khare also inG. This subset relation arises
frequently in real examples of model selection. For example, if LIN is the
family of all straight lines in thex—y plane, and PAR is the family of all
parabolas, then LIN is nested in PAR because straight lines are special cases of
a parabola (with the coefficient of thé term put to zero). Or consider two
Copernican models in which the second is obtained from the first by the
addition of one circle. The first is nested in the second because it is a special
case of the second with the radius of the added circle equal to zero. In these
cases, two important facts about discrepancies.

Proposition 1: If F is nested irnG, then the model bias &fis greater than or
equal to the model bias @.

Proof: By definition F* is the curve inF with the smallest discrepancy.
SinceF* is also in G, the curve inG with the least discrepanc{*, cannot
have a greater discrepancy thah

Inthe Copernicus example, this tells us that we can never increase the bias of
a Copernican model when we add an epicycle. Fourier's theorem goes one step
further. It implies that we can reduce the bias of a Copernican model to an
arbitrary amount by adding a sufficient number of epicycles.

Proposition 2: If F is nested irG, then the estimation error kis less than
or equal to the estimation error (B.

Informal Proof: Unfortunately, this property is not as general. But in the
Akaike framework, the property follows from the choice of discrepancy
measure and the particular assumptions made in the proof of Akaike’s theo-
rem. The proof rests on the fact that there is a geometrical representation of the
families in which each member is a point in Euclidean space, and the dis-
crepancy between any two curves is the square of the distance between them
(see Figure 1). Moreover, the displacement frérto F* is the (orthogonal)
projection of the displacement fro@ito G*. The projection of a displacement
can never have a greater length than the original displacement, so the estima-
tion error inF can never be greater than the estimation errd@s.in
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Fig 1. The familyF is represented by points on the line, while famByincludes all
points in the plane.

All of this proves that there is a kind of dilemma involved in the choice
betweerf andG. By choosing the more complicated mod@|,we may reduce
the model bias, which is good. But we will also increase the estimation error,
which is bad. Whether the move to greater complexity is good or bad depends
on whether the reduction in bias outweighs the increased estimation error. This
is commonly known as the bias/variance dilemma (e.g. Geshah [1992]).

Akaike ([1973]) uses the Kullback—Leibler ([1951]) information measure to
define the discrepancy, which is why he calls his model selection criterion an
information criterion. Note that the concepts of ‘discrepancy’ and ‘fit’ are two
sides of the same coin. The less the discrepancy between two curves the greater
their mutual fit. This definition of discrepancy defines the fit between a
hypothesis and a data set as the logarithm of the likelihood, where the like-
lihood of a hypothesis is a technical term that refers to the probability (density)
of the data given the hypothesis. Do not confuse this with the Bayesian notion of
the probability of a hypothesis given the data. The log-likelihood of a family
of curvesF is undefined So when one speaks of the fit of the famfiiyto a
set of data, one is referring to tineaximumog-likelihood. A hypothesis is a
particular curve, or trajectory in this cagegether with an error distribution

3 In logical terms, a family or modé¥ is a huge disjunction of hypotheses, each of which does
have a well-defined likelihood. The laws of probability show that the likelihood of a model is an
average of the likelihood of its members. Therefore, each hypothesis would need to have a
probability (density) in order for the likelihood of the model to be well defined. Only Bayesians
assume that such probabilities exist.
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(for a curve by itself does not assign a probability to data). This will play an
important role in Sectio®.

Akaike ([1973]) shows that if fit is defined is that way, then under quite
general circumstancés/e may expedE* to fit the true curve by an amouk#2
betterthanF, wherek is standardly equal to the number adjustable parameters.
In other words, the estimated parameter valudsane less accurate than those
for F* and this translates into a lower predictive accuracy by an average
amount ofk/2. But how do we use this information to estimate the predictive
accuracy? That is the next question.

Assume that the seen data are representative of the data generated by the true
curve. However, it does not follow that the degree to whicfits the current
data is representative of how wéllwill fit other data generated by the true
curve. The reason is th&t has the special status of being the curvé ithat
bestfits the current data. That introduces a selection bias, which mearfs that
has special features that fit éxcidentalfeatures of this particular data set.
That is, we know thaE overfitsthe current data. Overfitting is dramatically
illustrated by the fact that fits the current data better th&t even though it
will usually do worse tharr* on other data sets. In faét* will do better, on
average, thaany other curve irF because it is by definition the curve that is
closest to the true curve.

If we knew which curve=* was, we would use it, but we do not. In fact, we
have no direct information about wheffé is relative toF. All we ‘see’ isF.

So, what can we do? This is where Akaike’s theorem introduces a clever trick.
If we have a number of competing models of different complexities, each with
a differentF, then maybe we can correct for overfitting, and choose thefbest
from the competing models. That is, we may compare the competing curves by
their estimated fit with unseen data rather than their fit with seen data. Since
predictive accuracy is defined as the expected fit with unseen data, this
idea amounts to comparing competing models by their estimated predictive
accuracy.

Despite that fact that we cannot ‘see’ the differéhtthey play an important
role in the second part of Akaike’s theorem which says that, on averadies
the current data by an amou® worse thart-. Therefore, we may estimate the
fit of F* with the current data as equal to the fifofinusk/2. This is useful to us

4 The circumstance goes by the name ofrthemality condition The normality condition speaks
of the way in which repeated parameter estimates would be probabilistically distributed, and is
exactly the condition guaranteed by the various versions of the Central Limit Theorem. It does
not require that observational errors are normal (Gaussian), although there is a regularity
requirement here (see Cranj&946] for details). It is also worth noting that the theorem does
not require that the equation fgris linear in the parameters, although it is true that the
assumptions are harder to satisfy when the equation is nonlinear. Note that if the number of data
is large, then the multinormal distribution may be concentrated in a narrow region of parameter
space in which the function foy is closely approximated by a function that is linear in its
parameters.
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becausé* is not subject to a selection bias. It is defined independently of the
particular data set at hand, and so its fit with the seen data is representative of its
fit with any data set generated by the true curve (assuming that it is sampled
from the same region of the curve). So we now have a way of estimating the
predictive accuracy df*, or, equivalently, the discrepancy betweehand

the true curve (modulo a constant that is the same for every model, which can
be ignored in making comparisons). Remember that this discrepancy is also
called the model bias, or the approximation discrepancy.

Remember that the discrepancy betwéeand the true curve is the sum of
the estimation discrepancy and the approximation discrepancy. Therefore the
estimated discrepancy betweeand the true curve is given by its discrepancy
with the current data plus or equivalently, the estimated predictive accuracy
of F is equal to its fit with the current data minksThis corrects the riae
empiricist estimate of predictive accuracy by taking account of the complexity
of the model, as measured ky

In summary: if one is interested in predictive accuracy, one should compare
the best fitting curves fromompetingamilies by their fit with seen datater it
is corrected for overfittingThis leads to a precise rule for trading off simplicity
and goodness-of-fit, known as Akaike’s Information Criterion, or AIC (pro-
nounced A-I-C).

Itis a quirk of the way statistical fit is defined that it increases as the number
of data,n, increases. It has been tacitly assumed that the novel data set has the
same number of data as the current data set, so this has not mattered. But it is
best to remove this assumption by defining predictive accuracy as the expected
per datunfit with novel data, which is then estimated by the per datum fit with
current data minu&/n. Sincen is constant for all models, this modification
makes no practical difference in model selection. Nevertheless, it shows that
the estimation error, like aBamplingerrors, tends to zero as the number of
data increases.

AIC makes one important correction to a very weimethodology of
science—nate empiricism—Dby using some background information about
the tendency of complex models to overfit the data. In cases where there is
other relevant information available, we should expect that AIC will have to be
amended.

5 The grue problem as a curve-fitting problem

There is one claim in De Vito’s paper that is correct. He’s right that this
explanation of the relevance of simplicity to curve-fitting does not solve

5 See Forster ([to appear]) for further discussion of this point as a response to the common
allegation that AIC is statistically inconsistent.
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Goodman’s new riddle of induction (also known as the grue problem). He's
also right that the grue problem is a curve-fitting problem. So, it follows that
the Akaike solution does not solve all problems commonly included under the
title of ‘curve-fitting problem’® But he’s wrong about thevay in which the
grue problem is represented as a curve-fitting problem, and this mistake leads
to a mistaken charge of language variance. | will begin by explaining the sense
in which the grue problem is a curve-fitting problem, and show why the
example does not justify De Vito’s charge of language variance.

First, define ‘grue’

DEFINITION: Obijectxis grue at time if and only if x is green at tim& and
t < 2100, orx s blue at timet andt = 2100.

The reason that | relativize the colour predicates to a specific time is that,
otherwise, they are not observational predicates. | can observe that a tomato is
green now, but I am not thereby observing that it will be green next week. | may
be able to infer that, but | cannot observe it. Curve-fitting has to begin with
what is observed, so the point is important. In the grue example, the data are
that all the emeralds observed to date have been green, which also implies, by
the definition, that they have all been observed to be grue (at the time of
observation). There are now two competing hypotheses capable of explaining
the data: the Green hypotheses says that ‘All emeralds are green (at all times)’
and the Grue hypothesis says that ‘All emeralds are grue (at all times)’. Note
that, while they fit all the observations of emeralds to date equally well, they
make different predictions. The Grue hypothesis predicts that all emeralds
observed after 2100 will be grue, and therefore blue at that time, while the
Green hypothesis predicts that they will be green.

The grueproblemis that the Green hypothesis and Grue hypothesis fit all the
observations of emeralds equally well, so fit is not what tells us that we should
use the Green hypothesis in favor of the Grue hypothesis. Yet we seem to have
no hesitation in preferring the Green hypothesis. It is yet another demonstra-
tion that ndve empiricism is wrong. The problem is to say what else marks the
difference between the hypotheses. Many people are inclined to say that the
Green hypothesis is better because it is simpler. But what is ‘simplicity’ and
why does it matter? There is no doubt that the problem is similar to Akaike’s
problem in many ways, but that does not imply that it is the same problem.

It is not obvious that the grue problem can be understood as a curve-fitting
problem at all. A curve represents a function of some dependent vayiable
an independent variable where a function is a many-to-one mapping frem
values in a set (called the domain) intwalues (called the range). The Grue or

6 Forster and Sober ([1994]) do not claim to have solved the grue problem. It is not mentioned
there for exactly this reason. See also Sober ([1994]).
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Fig 2. The grue problem as a curve-fitting problem.

the Green hypothesis can be thought of as mapping time values into colour
values. Thug,is the independent variable, and 'colour’ is the dependent variable.
The Grue and the Green hypothesis are each represented as a single curve
(Figure 2). Each hypothesis is represented lsjngle ‘curve’ because it gives

a unique prediction for any specification of the independent varitibie)(

Does the concept of ‘adjustable parameter’ apply to this example? Here it is
important to understand the difference between ‘adjustable’ and ‘adjusted’.
The time 2100 AD is a parameter in the Grue hypothesis, but it is an adjusted
parameter. In fact, all the parameters associated with an individual curve are
adjusted because they have particular numerical values. It is only when
parameters are free to take on a range of possible values that they are
adjustable, and that occurs only within the context édmily of curves. We
could place the Green hypothesis and the Grue hypothesis in singleton families
in which they are the only member. Then thdaeilies would have zero
adjustable parameters, so the answer is the sdimere are no adjustable
parameters in this example

Therefore, the Green and the Grue hypotheses do not differ in simplicity in
the sense relevant to standard model-selection criteria, including Akaike’s
solution to the curve-fitting problem. Therefore Akaike’s criterion must go by
fit alone in this example.

Does the relevant concept of fit apply to this example? The concept of fit in
Akaike’s theorem is derived from the Kullback—Leibler discrepancy, which
requires that the competing hypotheses are probabilistic (so that likelihoods are
well defined). The Green and Grue hypotheses are not probabilistic, but that
may be fixed by associating them with the same assumption about the prob-
ability of observational errors. The bottom line is that the Green and Grue
hypotheses both fit the current observations equally well. None of the usual
model-selection criteria provide any reason to favour the Green hypothesis
over the Grue hypothesis, either by differences of simplicity, or by differences
in fit, and Akaike’s criterion is no exception.

This makes perfect sense in light of what the Akaike criterion aims to do. Its
purpose is to use simplicity to correct for the difference between the in-practice
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and in-principle application of a model. When a model has only one member,
there is no difference between its in-practice and in-principle application.
There is no estimation of parameter values, and therefore no need to use
simplicity to correct for estimation error. The only factor involved is model
bias, and all standard model-selection criteria assume that fit is the best way of
estimating this.

I do not dispute the idea that Akaike’s criterion gives the wrong answer. But
what follows from that? Some may say that the number of adjustable para-
meters is not the correct measure of simplicity. But it was never presented as
the measure of simplicity. It isne measure of simplicity, and it is a kind of
simplicity that is relevant in the curve-fitting problem because it quantifies
estimation error. If other kinds of simplicity are relevant to curve-fitting, then
this does not undermine the fact Akaike simplicity is relevant to curve-fitting.
Akaike’s criterion says that there is no correction for estimation error required, and
here it is correct even if it does not provide a complete solution to the problem.

Unfortunately, De Vito ([1997]) reaches a different conclusion. He thinks
that there is a serious problem for Akaike in this example that goes well beyond
its incompleteness. He thinks that the parameter that appears in the definition
of ‘grue’ is anadjustableparameter. This time parameter, which | will denote
by 6, should not be confused with which is an independent variabkis a
parameter that gets assigned the value 2100 AD in the definition of grue. True,
there is an everyday sense in which it is a parameter, and it is adjustable in some
sense, but it is not adjustable in the relevant sense. But if one grants the mistaken
premise that it is an adjustable parameter, then one can see how everything goes
wrong. Define ‘bleen’ as: Objegts bleen at time if and only ifxis blue at time
andt < 2100, orx is green at time andt = 2100. Now we have a complete
‘grolour’ language in which the terms ‘grue’ and ‘bleen’ can replace the terms
‘green’ and ‘blue’ entirely. For example, objeds green at timeif and only if x
is grue at time andt < 2100, orx is bleen at time andt = 2100. Therefore, we
may redescribe the Green hypothesis as: All emesadals such that, if < 2100
thenx is grue at timet and if t = 2100 thenx is bleen at timet. The Grue
hypothesis makes no mention of the year 2100 in the grolour language, whereas
the Green hypothesis does. If we replotted the ‘curves’ in Figure 2 using grolour
values on the axis instead of colour values, then the Grue ‘curve’ would be the
simple one, and the Green ‘curve’ would look complicated. So in the grolour
language, the Grue hypothesis is simpler, while in the standard colour language,
the Green hypothesis is simpler. Therefore, simplicity is language dependent.

The trouble with this argument is that it uses the wrong notion of simplicity.
Akaike’s criterion depends on the numbeirgfjustablegparameters, and not on
the number ofdjustedoarameters. None of the parameters in this example is
adjustable in the relevant sense because adjusting the value of a parameter
should move us from one curve in the family to another. That is impossible
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when there is only one curve in the family. Therefore, the Akaike simplicity is
not language dependent because no re-description of the hypotheses can turn
one curve into many, or many curves into one.

In Section3, De Vito presents a different example, which he subjects to the
same confusion. In this example, De Vito compares the family of straight-line
curves (LIN) with the family of parabolas (PAR) in the-y plane. Then he
considers a transformation of the independent variabdea new independent
variable X'. Under this transformation, LIN transforms to LlMind PAR
transforms to PAR First, the transformation rule contains adjustable para-
meters, so there are many possible redescriptions involved. The main problem
is that transformations do not map a single member of PAR into a unique
member of PAR so there is no sense in which the transformed families are
equivalentrepresentations of the old families. De Vito thereby conjures up the
appearance that PARs simpler than LIN, thereby reversing the simplicity
ordering. Again, it is all smoke and mirrors.

In this example, the simplicity ordering is determined by the fact that LIN is
nestedn PAR. For any familie§ andG, if F is a subfamily ofG, thenF is not
more complex tha. Clearly, any one-to-one transformation of LIN and PAR
must preserve the subset relation. Therefore,’lifNa subfamily of PAR
which implies that LIN is not more complex than PAR the relevant sense.
Therefore, the Akaike simplicity cannot be reversed under a one-to-one
transformations of the families.

My argument assumes that the subfamily relation between families con-
strains their Akaike simplicity ordering. Unfortunately, the substantiation of
this premise requires a more detailed understanding of Akaike's theorem.
Suffice it to say that it follows from Proposition 2: i is nested inG, then
the estimation error ifr is less than or equal to the estimation errorGn
Akaike uses simplicity to estimate the estimation error, so it should respect the
same relationship. The next section of this paper provides more of the details
needed to prove this rigorously.

There is another way of setting up the Grue hypothesis so that it does use an
adjustable parameter in the Akaike sense. Instead of supposing that the date at
which emeralds change color is the year 2100, allow that time to vary. Again,
denote that time b§ so that it is not confused with the independent varialfle
is adjustable because there is a different curve corresponding to each value of
The Grue hypothesis is now a non-singleton family of curves, while the Green
hypothesis is still a singleton family. This is a different version of the grue
problem from the one De Vito describes, but it is worth considering in its own
right.

It may appear that Akaike’s criterion will now choose the Green hypothesis
in favor of the Grue hypothesis; after all, there is a sense in which the Green
hypothesis is nested in the Grue family as the special casgaes to infinity.
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The criterion does favour ‘All emeralds are green’ if it is taken at face value.
However, this application of the criterion is not appropriate. Remember that
Akaike’s notion of simplicity aims to quantify the sampling errors in the
parameter estimates. But in this example, there is stilaraplingerror in the
estimation of the grue parameteitt cannot be estimateat all in any principled

way because there is a large range of valuéstbat makes no difference to the
degree of fit. In the language of statistics, the grue model is unidentifiable in the
sense that there is no unique valud diat maximizes the fit with the seen data.
There is no overfitting or underfitting in the relevant sense. So Akaike’s criterion
does not solve the second version of the grue problem either.

There is another point here. You cannot estimhatgecause you cannot
sample from the future. Akaike’s theorem has to do with predictiegydata
from information onold data, where both come from the same distribution.
Past observations may tell us whéris not, but predictions require us to say
where# is. The grue problem (set up as problem in which one estinfatiss
like sampling from one urn and using the information to make predictions
about a different urn. Without assumptions about how the two urns are related,
this is an impossible task.

There are many curve-fitting problems that Akaiké‘'eoremdoes not
solve. The subfamily problem in Forster and Sober ([1994]) was one example,
and the reply of Forster ([1995]) to Kukla’s problem Kukla ([1995]) is another.
Kruse’s ([1997]) explanation of the value of evidential variety does not rest on
Akaike’s theorem, even though it is firmly situated within the Akaike frame-
work. None of the limitations in the scope of Akaike’'s theorem undermines the
positive insights it provides in a large class of cases to which it does apply. Itis
a precise theorem built upon precise assumptions, whose applicability or
inapplicability can be examined in particular circumstaric&sce the theo-
rem is properly understood, one can see why it is language invariant, and why it
does not solve the grue problem.

6 Language invariance restored

The previous section has established that De Vito’'s arguments are flawed.
However, this does not establish that his conclusion is false. So | need to delve
deeper into how the quantity emerges from Akaike’s theorem, fdr is
responsible for introducing the notion of simplicity into the equation. That is
the purpose of this section.

| owe this point to Elliott Sober (personal communication).

8 Kieseppa([1997]) denies that it is a rigorous theorem, possibly because it approximates
functions using truncated Taylor expansions. Almost alimbliedmathematics and statistics
fails this standard of rigour. The rule is: the greater the rigour, the less the applicability. Applied
mathematicians make the trade-off differently from pure mathematicians.
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The issue at stake is far greater than the health and well-being of Akaike’s
criterion. For if the charge were true, it would undermine all recent approaches
to model selection, including Schwarz’s ([1978]) Bayesian Information Cri-
terion (BIC), the Minimum Description Length (MDL) approach, the Mini-
mum Message Length (MML), and a number of others. They all measure
simplicity in exactly the same way.

If k were equal to the number of adjustable parameters, then on the surface,
there is a problem because the number of adjustable parameters can change
when a family of curves is differentlgescribed An example in Forster and
Sober ([1994], fn. 13) shows this: suppose that we have a family of curves
represented by the equatign= 0x, wheref is an adjustable parameter. The
same family of curves is equivalently represented by the equatiotw + G) X,
wherea andg are two adjustable parameters. This simple re-description of the
family changes the number of adjustable parameters from 1 to 2.

However, this does not prove that Akaikeisterion is language variant.
What it shows is that it is wrong to describe the quankiys the number of
adjustable parameters. It is only the comnd@scriptionof the criterion that is
wrong, and not the criterion itself. So, what is the true meaning of the quantity
k? Its meaning is determined by the role it plays in Akaikisieorem It is
important to understand the theorem in greater detail.

In the family of curvegy = x| — 0 < < w0}, the parametef takes on an
infinite range of possible values. For each numerical valug tbere corre-
sponds a curve (a straight line with sloppassing through the origin in this
example) in the family. Conversely, for each member of the family, there
corresponds a unigue value®fSo, if we represent the family in the parameter
space consisting of all values of the single paranttiren there is a one-to-one
correspondence between curves in the family and points in the parameter space.

Now consider the parameter space in which points determine an array value
assigned to the parametef8, ¢,n}, for example. Our family can still be
represented in this parameter space, except that there is no longer a one-to-
one correspondence between the family and the points in parameter space. A
point in the parameter space determines a unique member of the family, but a
member of the family no longer determines a unique point in the parameter
space. The mapping from the parameter space on to the family of curves is
many-to-one. Or consider the parameter space of possible value for
{a, 8, 0,1}, Wheref is equal tox + 5. Again, there is a many-to-one mapping
from points in the parameter space onto the family of curves.

Akaike's theorem begins by defining a discrepancy function between an
arbitrary curvey = 6x and the true curve, which we may denoteAy).® The

9 | am following the notation and terminology of Zucchini ([1999]) and Linhart and Zucchini
([1986]).
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function will induce a discrepancy function between points in the parameter
spaced b, ¢,n} and{«, B, ¢,n} as well, except that the induced function will
have a built-in redundancy. For examplegif- 8 = o’ 4 8, then

A(a, B, 9,m) = A, B',9',1))

The discrepancy used in Akaike’s theorem is the Kullback-Leibler distance
(Kullback and Leibler [1951]), but | will keep the account at the most general
level possible.

The purpose of Akaike’s theorem is to estimal(é), wheref denotes the
curve that best fits the observed datalso denotes the estimated value of the
parameter, and it is important to understand that a discrepancy function assigns
valuesto thecurvesand not to parameter values. Remember that a function is a
many-to-one mapping from one set, called the domain, into another set, called
the range. Each member of the domain must be mappedrmaemember of
the range. A discrepancy function maps a setfesnto a set of numbers. So
if the parameter is transformed so that a particular curve is associated with
a different parameter value, the curve will still be assigned the same
discrepancy.

What if we transform the& or they coordinates? The answer is the same. A
curve will be assigned the same discrepancy before the transformation as after
the transformation. The situation may seem a little more complicated than this.
After all, isn't it easy to transform thg andy coordinates to change which
curve is closer to the truth than another by the sum of squared deviations
(Miller ([21975]) makes this point)? Well, yes, but that just shows that the sum
of squared deviations does not define a discrepancy function.

So how is a discrepancy function actually defined? In the Akaike frame-
work, one must first associate an error distribution with each curve. This will
then determine a conditional probability density of the foppiy/x). This
conditional density will be different for each curve, as | have indicated by
the subscriptd. 6 assigns numerical values to all adjustable parameters,
including those characterizing the error distribution if there are any. Then
we need to add a probability distribution for the independent variggie,
which defines the region of the curves from which the data is sampled. This
depends on thkind of sampled data that we aim to predict. There are many
predictive accuracies one could consider, depending on the chgite oBut
none of them is language dependent in any way. @uigs decided upon, it
usually disappears from the equations because it is the same for all curves and
all models. From these ingredients, we obtain a joint probability density
py(X,y) for each hypothesis. Lgi*(y/x) be the true conditional probability
density, from which we may obtajt (x, y) using the samp(x) as before. The
discrepancy of hypothes@is now defined as the Kullback—Leibler distance
Pe(X, y) between angh* (x, y). The Kullback—Leibler distance is the difference
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between two information or negentropy measures; namely:
A(B) = J p*(x. ) log py(x.y) — J p*(x. y) log p* (X, y).

Each term is transformationally invariant modulo a constant, but the constant
drops out when one substracts one from the other (Shannon and Weaver [1946]).
Therefore, once we represent the hypotheses as probability densities, we may
easily define a language invariant discrepancy function (Good ([1975]) made a
similar point in reply to Miller ([1975])). There are many other choices besides the
Kullback—Leibler distance (see Linhart and Zucchini [1986] or Zucchini [1999]).

Akaike’'s theorem estimates the discreparm(f?) in terms of A(6*) by
expandingA(@) as a Taylor series arourd:

OAD*) » . 10°A0%) ~

a0 Ty O
where 0A(0*)/06 is a shorthand notation fa@A(6)/06 evaluated ab*. The
discrepancy function is language invariant, because it assigns discrepancy
values to specificurves and not parameter values. ThuS(,@) and A(6*)
have the same values even if these curves are picked out by a different value of
arescaled parameter. Moreover, each term in the Taylor expansion is invariant.
Consider the second term, for example. It is true thatisf transformed t@’,
then the value off — 6*") will change. But the value GFA(6*")36’ will change
in a way to compensate exactly.

What if we expand the Taylor series in an extended parameter space? In that
case, we will have a multivariate Taylor expansion, but it will reduce to
something equivalent to the expression above because most of the terms will
be zero. For example, the term involviagd(6* )/0n would drop out because the
discrepancy function does not vary as a function.of

What if we define new parameter defined\osz 6 + #? TherdA(6* )/d\ is not
zero. But then by the chain rule for derivativea6*)/o\ = dA(6*)/06. Adding
the term for\ would be to count the dependencefotwice. So, again, the end
result is the same as before, provided that the calculation is done correctly.
Likewise, if « andB were used in place &, then there would be more terms in
the Taylor expansion, but the end result would be the same once we take account
of the fact that) = « + 3. The point is that language invariance is built into the
mathematical theory of functions from the ground up.

By taking the expected value of both sides, and dropping higher than
quadratic terms, we arrive at:

E[A0] = A(6*) + L/2QE[6 — 6%)?].

AB) = A(O%) +

where
9°A6*)

Q
9%0
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This introduces expected values, but these are also language invariant features
of a probability distributiort® Akaike then argues thd&( — 6*)? is equal to

1/(nQ) under the conditions assumed by the theorem. This step depends the
Keibler—Leibler discrepancy measure, and appeals to the Central Limit
Theorem. So he ends up with something equivalerit to:

~ " 1
E[A(0)] = A®G*) + n

If we were to change the example so that the discrepancy has a real
dependence ok parameters, instead of just one, then kigarameters could
be transformed so that Taylor expansion of the discrepancy would inkolve
quadratic terms, each of which look like the one above. By the same reasoning,
each term would contribute and expectation 4Pd), adding to a total of
k/(2n). This is the first part of Akaike’s theorem.

The point is that the value df is not simply the number of adjustable
parameters, but the number of parametidsat contribute to the expected
discrepancy in a certain wayGiven the fact that the Taylor expansion is
language invariant, and expected values are language invariant, there is no way
in which this number can change by any redescription of the families of curves.
It is convenient to describleas equal to the number of adjustable parameters
only because this equality holéls most cases

One could, in principle, encode the information containeklvariables in a
single variable:? However, if the discrepancy function were not a sufficiently
smooth function of that variable for the derivatives in the Taylor expansion to
be well defined, then the derivation would not go through in its present form. If
it can be made to work then the answer will be the same as before. There are no
tricks that are going to change the bottom line.

In summary, the property of language invariance is an important desider-
atum for any criterion of model selection. It is not acceptable for someone to
say that, in English, Newton’s theory of motion is true, but in French it is false
(or the other way around). It is equally unacceptable to say that a hypothesis is
closer to the truth in one language than it is in another. Fortunately, language
invariance is built in at the very beginning. The only problem is in explaining it
to a non-mathematical reader.

10 Not all features of a probability distribution are invariant. Forster ([1995]) criticizes some
Bayesians for failing to notice that probability densities are not language invariant. But expected
values of an invariant function are always invariant.

11 For those following the proof, it is important to note that the discrepancy assumed here is
defined in a way that does not dependoiihe expected value df(§) depends on because the
curved moves closer to the true curve as the number of data incres@&sdoes not depend on
nin any way.

12 | owe this point to an anonymous referee.
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