3. The Carlitz Module

We present here the details of the Carlitz module. This is the simplest of all
Drinfeld modules and may be given in a concrete, elementary fashion. At
the same time, most essential ideas about Drinfeld modules appear in the
theory of the Carlitz module. Thus it is an excellent example for the reader
to master and keep in mind when reading the more abstract general theory.
Our basic reference is [C1], but see also [Go2].

3.1. Background

Let A = F.[T], » = p™, and put k = F,(T). Let voo:k — R U {o0} be
the valuation associated to 1/T as in our last section; so v (1/T) = 1. We
denote the associated completion (“ks.”) of k by K. The field K is, therefore,
complete and is easily seen to be locally compact in the 1/T-topology.

The reader will note that k is the field of functions on P!/F,., while A is
the subring of those functions regular outside oo.

Proposition 3.1.1. The ring A is a discrete subring of K. Moreover, K/A
is compact (i.e., A is “co-compact” in K).

Proof. Let a € A with ve(a) > 0. Then a = 0. Indeed, if vo(a) > 0, then
a has a zero at co € P'; thus a is regular everywhere. Therefore, it is a
constant function with zeros at co. The fact that A is discrete in K follows
immediately.

To see the co-compactness of A, one has but to observe that the “polar-
part” of a Laurent series in 1/T is precisely a polynomial in 7. Thus K/A
is isomorphic to %F,[[%]] The ring F,.[[1/T]] is the inverse limit of the finite
rings F,.[[1/T]]/(I~™), as n — oo, and is compact. Thus so is 1/TF,[[1/T]].

|

Remark. 3.1.2. Henceforth, the reader should be aware of the following basic
analogy:
A~7Z, k~Q, and K~R.
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Indeed, both A and Z possess division algorithms and Z is discrete inside R
(= “Qs”). Moreover, R/Z ~ S* is compact. This analogy is at the heart of
the theory presented in this book.

Thus A will be the “bottom ring” of the theory described here and k will
be the “bottom field.” Of course, in the classical approach to function fields
there is no bottom.

Let K be a fixed algebraic closure of K equipped with the canonical
extension of vs. One thinks of K as being analogous to C in that it is
algebraically closed. However, it is neither locally compact nor complete. We
let C be the completion of K. By Proposition 2.1, Co is also algebraically
closed and will be used in those occasions where a complete and algebraically
closed field is needed.

For d > 0, we let A(d) := {&@ € A | deg(a) < d}; thus A(d) is the
d-dimensional F,.-vector space of polynomials of degree < d. Clearly

A=]JA(d).
Definition 3.1.3. We set, eg(x) = z, and for d > 0

eqd(x) = H (x—a)= H (x+a).

a€A(d) aEA(d)

By Corollary 1.2.2, one sees that e4(z) is an F,-linear polynomial. Thus,
in the notation of Section 1,

eq(T) € A{r}.

We now want to give a closed form expression for the coefficients of eq4(z).

Definition 3.1.4.
1. Let 7 > 0. We set .

[i] =T" —TeA.
2. We set Dy = 1, and for i > 0,

i—1

D= [illi — 1)+ [1]
3. Weset Lo =1, and for ¢ > 0,
L;:=[][i-1]---[1].

The numbers [¢], D; and L; are fundamental for the arithmetic of F,.[T]].
Their properties will be discussed at various points in this book. We note that
degli] = r*, deg D; = ir* and deg L; = r - ((T;:ll)) and that their valuations at

oo are the negatives of these numbers.
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Let L be some field extension of k containing an indeterminate x. Let
{wo,...,wq} be d+ 1 elements of L which are linearly independent over F,..
As in Section 1, we set

wo Wy
T T
wh e wh

Awg, ..., wq) = det
d d
T T
wh e wh

By Moore’s formula (Corollary 1.3.7) we see that

Awg, ..., w
A(L - " d)) = [ (wa+Bowo+- -+ Ba-1war).
05+ Wd—1 (8)1CF,
We now substitute 2 for wg and T¢ for w;, i = 0,...,d — 1. We obtain
A, T )
[[ @+a)= AT 1)

acA(d)
Write
d .
AL, T ) = (1) My,
=0

J
where M; is the determinant of the minor obtained by crossing out the last

column and j* row. The reader will readily see that M; is a determinant of
Vandermonde type. Therefore,

M]:H(Trh—Trl)v hal:]'?’d’ hié]’ Z#]
h>i

[ -17)
h>i

[1a@" -7 1T —1r)

h>j i<j

d .
= (Ha) / D;Ly
=1

In a similar fashion, one finds

d—1
A, 7Y =] Di-
=1

Thus, we obtain the following results of Carlitz.
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Theorem 3.1.5 (Carlitz). We have

d

eca@)= [[ @+a)=> (-1 " Da_ O

a€A(d) i=0 DiLy_;

The reader should immediately note that the coefficients D/ DiLgi_i are
actually integral, i.e., € A. Indeed, this is a trivial consequence of the product

. . . d
expansion for eq(xr). We sometimes denote these coefficients by “[@.]” or

“d »
ila

Theorem 3.1.5 is so basic that we present a rather different derivation of
it without using the Moore Determinant.

We begin by presenting some properties of D; and L; that are “factorial-
like;” for more such formulas we refer the reader to Subsection 9.1.

Proposition 3.1.6.

L= I f

f monic prime

deg(f)li
2. D; =[i|DT_,
g gmi

4. L; is the least common multiple of all polynomials of degree i.

Proof. 1. Note that
d

o7 [i]=-1.
Thus [7] is a separable polynomial. Part 1 is now an elementary exercise in
the use of finite fields. Part 2 follows immediately from the definition. Parts
3 and 4 follow from Part 1 upon counting the number of times a given monic
prime f divides the product of all monic polynomials of degree i (or, for Part
4, their least common multiplier). |

Corollary 3.1.7. eq(h) = Dy for any monic polynomial h of degree d.

Proof. A monic g of degree d can be uniquely written as ¢ = h+a, dega < d.
Thus the result follows from 3.1.6.3. ]

Second Proof of Theorem 3.1.5. We claim that eyq(z) may be written as

ea(x) = ey (x) — Dj”jeq1(x). (*)
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Both sides of the above equation are monic of the same degree. Thus we
need only establish that they have the same set of roots = A(d). Thus let
a € A(d). If @ € A(d — 1), then clearly « is a root of *. Thus assume that

a=Ch,
with ¢ € F}, and degh = d — 1. By 3.1.7, the right hand side of * is
("Dy_y = Dy 1¢Da-—1 =0,

as (" = (. The result now follows by using induction and the properties of
Di and Li. O

3.2. The Carlitz Exponential

In this subsection, we “pass to the limit” (as d — o0) in the formula we have
obtained for eq(z) to obtain the Carlitz exponential.
From Theorem 3.1.5, we have

d D
[T o=y 20
— D;L" .
acA(d) j=0 JHd—j
By 3.1.6.3, we have
I s
deg g:'i
g monic
Thus
Il 9= II o7 (1I¢
deg g=1 deg g=i CEF:
g monic
_ H _grfl _ (_l)rI H grfl
deg g:.i deg g:.i
g monic g monic
—_pr1
Consequently,
[I o=E0'Do D)™
0£aCA(d)
= (-1)Dy/Ly.
We now divide the formula of Theorem 3.1.5 by  [[ «a. We obtain
0#acA(d)
¢ x’"j L
d
T 1+z/a — .
L[ (efo)=2 20757 o
0#acA(d) j= J
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Let us put

rd_1

&g = [1] rt

d = L
Lemma 3.2.1. We have
d—1
&= —=0/G+1)
j=1

ﬁ(l— 1/l7+1]) H( }>

But 27‘3
7=0

O

Thus we see that the sequence {{4}5°, has a limit in K which we denote

by &.. By Lemma 3.2.1 we see that

«=I(1-54)

j=1

Note that &, is clearly a l-unit in K (i.e., it is a unit in the ring Rk

{z € K | veo(x) > 0} and is congruent to 1 modulo the maximal ideal

Mk = {z € K| vso(z) > 0}). In particular, v (§+) = 0.
Let d > 0.

Lemma 3.2.2.
1. voo(&a41 — &a) = T‘d(T‘ —1).
2. Set dq:=&q—&. Then

Voo (04) = rd(r -1).

Proof. Note that

a1 — &1 = _[d[_(f_]l]fd-
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Thus

Voo (Eag1 — &a) = 74 — 1

giving Part 1.
To see Part 2, note that

—0a = (av1 — &a) + (a2 — Eay1) + -

Thus, Part 2 follows from Part 1.
L _ B
Set G := [1] and so §g = %
Lemma 3.2.3.

Ld _ Bj 52]_]

Proof. The right hand side of the statement of the lemma is equal to

052 L] (=)

[~

But 0 =77 — 1477 (r47 — 1) — (r¢ - 1).

ST
—
Ly,

Thus from Lemma 3.2.3, we see that

x H (1+z/a)==x H (1—2/a)

0#acA(d) 0#acA(d)
d J
~ Y (it L
ri
=0 D; Ldfj
d 7’] rj
- d—
= —1y=_p, 221
Z( ) D ﬂj fd
j=0 J
1 d z"
== > (-1 -pE
€d Jgo D] J J

49
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Lemma 3.2.4. For any x € C,, as d —
d i _
S (1) g, =0
. D; I
=0
in Cus.
Proof. Note that ‘
Uoo(Dj) = —j’f"7

and

Uoo(Bj) = =7
Thus, by Lemma 3.2.2; we find

(7 - 1)
1

U°°<( ) @(5 >_TUOO()+jTj—7° +Tde_j(r—1)

(Voo () +j+ 7¢I (r = 1))(r —1) —7) +7
r—1 '

We now split
d

.erj i
D (1P G B0

=0

into two sums, >3, +3,, where 3, =37, and } 5y = > 5., With a
little thought, one checks that both >°, and ), tend to 0 as d — oo. This
gives the lemma. O

Lemma 3.2.5. For any = € C,, the series

oS} rd
> (-
j=0
converges in Cs
Proof. This follows as in the proof of Lemma 3.2.4. ]

Corollary 3.2.6. Let x € Co,. Then

rd

x H (1—-2/a)= glsz__ ) B;Er

0#acA 7=0 J

Proof. This follows from Lemma 3.2.4 and 3.2.5 and the expression for the
left hand side given above. |



3.2. The Carlitz Exponential 51

Definition 3.2.7. 1. Let A be any (r — 1)-st root of —[1] in K. Then we set

§ =28 = N«
2. Let x € C. Then we set

rd

ec(x) = Z xD .
=0

J

(This sum converges to an element of C,, as in the proof of Lemma 3.2.5.)
The function ec(x) is the Carlitz exponential.

Summarizing, we have the following result due to Carlitz.

Theorem 3.2.8. Let x € C,,. Then

1 £y
x H (1:6/04)62(1)1

0#a€cA

= éec(f:ﬂ). O

Corollary 3.2.9. Put L :=¢A € K. Then for all x € Cy, we have

x H (1-—z/a)=-cc(z).

0#a€L

Proof. If we substitute x/¢ for x in 3.2.8, we obtain

1 x
EGC(x) =t O;él;[eL(l —z/a),

which is equivalent to the statement of the corollary. ]

Remarks. 3.2.10. 1. Note that Corollary 3.2.9 gives the factorization of ec(x)
guaranteed by Theorem 2.14.
2. Let 0 £ a e L,ae L=EA. As &, € K, we see that

K(a) =K(}),

and K()) is separable over K. This is in keeping with 2.10.3.

3. By using the binomial theorem, for instance, we can choose an (r — 1)-st
root 6 of (1—T177") in K which is a 1-unit. It is simple to see that 6 is unique.
We set

Eu = 95*,

the element &, is a 1-unit. Thus

£: ’ri\l/_—j-‘r'gu~
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The reader will immediately see the analogy with
2mi = i .

For more properties of £ we refer the reader to Subsection 9.4.

4. We have normalized ec(x) in a slightly different fashion than in Carlitz’s
original paper. We do this in order to have a simpler time using ec(x) to
describe abelian extensions.

5. The element & was shown to be transcendental over k by L.I Wade [Wadl1].

3.3. The Carlitz Module

We now use ec(z) to describe a new module action of A = F,.[T] on Co. This
action is called the Carlitz module. It is the simplest example of a Drinfeld
module.

Proposition 3.3.1. Let v € C,,. Then

ec(Tx) =Tec(x) + ec(x)".

Proof. We have

OOLE
=25

i=0 v
So - .
i $r
ec(Tz) = ZT D
=0
or )
> i .%‘Tl
ec(Tx) = Tec(z) = (T" —T)—.

i=0 i

But D; = (T" —T)D!_,; so

ec(Tz) — Tec(x Z < %) . O

=0

Let a € A with a = ijo a;T7, {a;} CFy, aqg # 0.

Corollary 3.3.2. Let x € C,. Then

ec(ax) = aec(x

H'M&

where {C’t(lj)} C A and CY =
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Proof. Note that for i > 1,
ec(T'z) = ec(T(T" 'x)).
Thus {C’(ji)} can be computed via recursion. For instance,

ec(T?z) = Tec(Tx) + ec(Tx)"
=T(Tec(z) +ec(@)") + (Tec(x) + ec(@)")"

2

=T?ec(x) + (T" + T)el(z) +ec(z) .

Thus the coefficients for ec(ax) can now be computed using F,-linearity. The
result follows easily. O

As in Section 1, let 7: Co, — Cq be the r*" power mapping, 7(z) = z”,
and, for any subfield M of C, we let M{7r} be the composition ring of
F,-linear polynomials.

Definition 3.3.3. Let {C((Lj)} be as in Corollary 3.3.2. Then we set
d
Ca(r) =ar®+> CP77
j=1
where d = dega.
Thus, we have the fundamental functional equation for ex(z)

ec(ax) = Cylec(x)).

Theorem 3.3.4. The mapping from A to k{r}, a — C,, is an injection of
F,.-algebras.

Proof. Tt is clear that the map a — C, is F,-linear and injective. Thus we
need only show that it is a mapping of algebras; i.e., for a,b € A

Cab:Ca'Cb7

where Cy,-C} is the multiplication in k{7} (and so is multiplication of additive
polynomials). But

Cap(ec(2)) = ec(abr) = ec(a(br)) = Culec (b)) = Ca(Colec(2))) ,

which gives the result. O

Definition 3.3.5. We call the mapping A — k{7}, a — C,, the Carlitz
module. It is denoted by “C.”
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Remarks. 3.3.6. 1. In fact, with the obvious definitions, C, € A{r} for all
a € A.

2. What is “really” going on with the Carlitz module is the following: from
Theorem 2.14, one knows that every non-constant entire function (in non-
Archimedean analysis) is surjective. Let L = A& be the zeros of ec(z); we

then have an isomorphism
Cw /L= Cx

via ec(x). Now the group on the left is obviously an A-module; thus by
transport of structure, we obtain a new A-action on C.,. This action is the
Carlitz module.

3. If one recalls that D; = [] g, one sees immediately that ec(z) is

g monic
deg g=1
analogous to the classical exponential function

o0
x xn
e:E—
n'

n=0

except that the expansion for ec(z) only involves the monomials {2 }. In
particular, the Carlitz module is an A-analog of the multiplicative group G,,
(as algebraic group) with the usual Z-action. This analogy will be used very
often in this work.

Definition 3.3.7. The division values (or division points) of the Carlitz mod-
ule (or exponential) are the values {ec(af) | a € k} C Cwo.

Let a = b/f € k, {b,f} € A with f # 0. Then ec(af) is a root of
Cy(z) = 0; thus it belongs to the algebraic closure of k in C.

For now, we establish the following weak, but very important, result. The
reader should immediately see the analogy with cyclotomic fields.

Proposition 3.3.8. Let L C C, be an extension of k. Let a € k and let

Ly = L(ec(af)) .

Then Ly is an abelian extension of L.

Proof. Let a = b/ f be an irreducible rational function. Then

b
cc (3€) = Cutecte/n):
thus L1 € L(ec(&/f)). Thus, by the standard arguments of Galois theory,
we may assume that L1 = L(ec(§/f)). Put p :=ec(&/f).

Since the coefficients of Cy(7) are in A for all g, we see immediately that
L contains all values
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ec (%f) :

i.e., L1 contains all f-division points. As an A-module, the Carlitz expo-
nential assures us that the A-module of f-division points is isomorphic to

A/(f)-

Since L; contains all f-division points, it is easy to see that it is Galois
over L. Let G be the Galois group. As Cy(7) € A{r} for all g, we see that the
action of G on the f-division points commutes with the action of A. Thus,
for o € G, we see that o(p) is also an A-module generator of the f-division
points. We, therefore, obtain an injection G — A/(f)* giving the result. O

Definition 3.3.9. Let g € A. We set

clo= {eo (%) s 4} c o

We call Clg] the module of g-division points. It is A-module isomorphic to
A/(g). A generator of Cg] as an A-module is called a primitive g-th division
point.

We have seen that, as A-module, C[g] ~ A/(g). Note also that if { € F7,
then

Clgl = Clcy].-
Thus, C[g] depends only on the ideal in A generated by g. Consequently let
I C A be an ideal. We set

C[I] = CJi],
for any generator ¢ of I.

Finally we finish this section with a formula for the coefficients {CL(LJ )}
of Cy(7) as in [Go3]. Our next section will present another formula due to
Carlitz.

Let a € A and, as above, put

d
Cu(1) = ar® + ZCL(lj)Tj .
j=1

For the moment and for the sake of simplicity let us put

aj = cW,

Proposition 3.3.10. Let a, a;, etc. be as above. Then we have

a" —a al —ay aj_q — a;—1

alzm, = T T yeee .

A2 = gm0y O =

T —-T"
Moreover, if a = (f, for ( € F: and f monic of degree d, then aqg = (.
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Before turning to the proof, we remark that once ay = (, then agy; =
Ggo =---=0.

Proof. Write C, = at® + x4, where x, € A{7}. Thus, xr = 7. Now C,Cr =
CrC, in k{7}. Therefore,

(am® 4+ x0)Cr = Cr(at® + xa)
or
Crat® — ar®°Cr = xoCr — CrXa - (%)
The result now follows upon equating coefficients of 77 on both sides of the

above equation. O

Remarks. 3.3.11. 1. One sees that a; # 0 for ¢ = 1,...,d. Moreover, deg(a;)
can be easily found from the proposition.
2. Let u,v € k{7} and set, as usual,

[u,v] = uv — vu.

One sees easily that, as [u,v] is the commutator, the map v — [u,v] is a
derivation of k{7}. (Indeed: u(v1ve)—(v1v2)u = (uvy —v1u)va+v1 (W2 —vau).)
Moreover, the equation (*) given just above can be written

[Cr,a7°] = —[Cr, Xa] -

One thinks of this equation as being a derivation equation which defines the
Carlitz module.

3. Proposition 3.3.10 is different from the one in [Go3] due to our normaliza-
tion of e¢(x).

3.4. The Carlitz Logarithm

Recall that

cole) =D
i=0 ~*

Dy = 1. Thus the derivative e (z) is identically 1. Consequently, we may
formally derive an inverse for ec(z) about the origin with a non-trivial radius
of convergence. We call this function “log~(x).” Tt is clearly F,-linear, as
ec(x) is.

By definition, as formal power series,

ec(loge(z)) =loge(ec(r)) = =,

(see, [C1], Theorem 6.1). Now, ec(z) has the functional equation,
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ec(Tz) =Tec(z) +ec(z)".

Thus
loge(ec(Tw)) = T = logo(Tec(z)) + loga(ec(x)") .

Substituting log-(z) for =, we obtain
Tloge(x) =loge(Tx) + loge (") -

As log () is also identically 1, one finds

loge(*) =+ —my + Iy T TayEE
=30

Recall that in Definition 2.3 we discussed the order of convergence of a
non-Archimedean power series — the order of convergence being the valuation
theoretic version of the standard radius of convergence.

Proposition 3.4.1. The order of convergence of loga(x), p(loga(x)), is
_.r _ _r
r—1 "~ 1-r"

Proof. This follows immediately once one notices that
(1-r)
-1

Voo (Li) =7

The reader should note that

Voo (§) = —

r
r—1"

Thus the logarithm converges “up to the smallest non-zero period of ec(x).”

3.5. The Polynomials E;(x)

In this subsection, we present another formula for the Carlitz module due to
Carlitz [C1]. Our exposition is modeled on that of [AT1].
Let log(x), e® be the usual complex-valued functions. Simple calculus
gives the identity
(1 +t)a: _ e:plog(1+t) ’

which one expands about ¢ = 0 as

(1+1)" = i (Z)t"

n=0
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Of course {( )} are the binomial polynomials

n (x) 2z —1)(w—n+1)

n n!

We now do a very similar thing with the Carlitz module. Let ec(z) and
log(z) be the Carlitz exponential and logarithm as in the previous subsec-
tions.

Definition 3.5.1. We set

cc(zloga(x) =Y Ej(2)a" .
j=0

Note that, as ec(z) is entire, ec(zlog(z)) converges (at least) for all

{(z,2)} with v (2) > 17 by Proposition 3.4.1.

Proposition 3.5.2.

1. E;(z) is an F,-linear polynomial of degree r7.
2. Ej(a) =0 for all a € A(j).

3. E;(T7)=1.

Proof. Part 1 follows from the power series definition of E;(z). To see Part
2, put z =a € A(j). Then

ec(aloge(r)) = Calec(loge(w))) = Ca(x)

is a polynomial in x of degree r4°8(?) < -7 Thus E;(a) = 0. Now set a = 79,
Then the above formula and our knowledge of Cp; () imply that E;(77) = 1
giving Part 3. |

ej(2)

Corollary 3.5.3. We have E;(z) = D
J

Proof. The polynomial e;(z) has degree 7. Its zero set is A(j). Finally by
3.1.7 we see that )

(T7) _

D,

We therefore obtain the corollary. a

Corollary 3.5.4 (Carlitz). Let {C} be as in Definition 3.3.2. Then, for
all g,

Proof. We have seen that
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ec(aloga(z)) = Culx) = ZEj(a)xTJ .
j=0
Thus the result follows from 3.5.3. O

Corollary 3.5.5 (Carlitz). Let a € A. Then e;(a)/D; € A also.
Proof. The coefficients of C,(x) are in A. O

Corollary 3.5.4 gives another description of the coefficients of C,. It should
be compared with Proposition 3.3.10. In fact, it would be interesting to know
the exact relationship between the two. Moreover, Corollary 3.5.5 shows how

close the analogy between Fj;(z) and (f) really is.

3.6. The Carlitz Module over Arbitrary A-fields

We now want to study the Carlitz module over arbitrary fields, not just those
containing k. Let L be a field containing F,. As with k, it is reasonable to
expect that the Carlitz module over L will give rise to a map A to L{r}.
If we compose this map with the derivative map L{r} — L (i.e., the ring
homomorphism L{r} — L given by taking an F,-linear polynomial to its
coefficient of 70) we obtain our first definition.

Definition 3.6.1. Let L be a field. We say that L is an A-field if and only
if there is a morphism t: A — L. Let p = ker(¢). We call p the characteristic
of L. We say that L has generic characteristic if and only if p = (0).

Thus if L has generic characteristic, then L contains k as a subfield. Let
L be a fixed algebraic closure of L with the A-structure coming from ¢.
The procedure for considering the Carlitz module over L is now clear: One
simply applies ¢ to the coefficients of C,(7), for a € A — which are elements
of A — to obtain elements in L{7}.
Let a € A. Note that
Cl(x)=1(a).

Thus if a € g, then C,(x) is still a separable polynomial. Note also the
similarity between the above normalization and the standard normalization
in the theory of complex multiplication of elliptic curves.

Via C, the field L now becomes an A-module: Let @ € A and o € L.
Then we have

(a,a) — Cy(a).

One says that « is an “a-torsion point” if and only if Cy(a) = 0 and so on.
One sets Cla] C L to be the roots of C,(z) = the module of a-torsion points.
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As before, one sees that C[a] depends only on the ideal generated by a. And,
if I = (4) is an A-ideal, then we set

C[I] :=CJi].

In general, if K is any A-field, we will use the notation “C'(K)” to denote
K viewed as A-module via C.

Our main goal in this subsection is to describe the torsion points of C in
C(L) as A-modules. The reader will note the similarity between our argu-
ments and those standard ones used classically for roots of unity.

Theorem 3.6.2.
1. Let a ¢ o = ker(1). Then Cla] C C(L) is isomorphic to A/(a).
2. Let (f) = . Then C[f'] = {0} C L.

Proof. 1. We know that C[a] is a finite A-module of order r98(?). As A is a
principal ideal domain, we can decompose

Cla] = @A/ (f)"

where f; is prime and e; > 0. The elements in A which are prime to a act as
automorphisms of C[a]. Thus f; | a for all ¢ and so f; & p for all i. Moreover,
the number of elements in A/(f;) is r4°8fi. Thus by simply counting f;-
division points, one sees that f; # f; for ¢ # j implying that C[a] is cyclic.
One now sees easily that Cla] is A-module isomorphic to A/(a).

To see Part 2 look first at C[f] = roots of Cy(x). Since C%(z) = «(f) =

0+ (p), we see that C¢() is no longer separable. Thus it has < rdee(f) roots

in L. However, the arguments in Part 1 imply that C[f] must be A-module
isomorphic to A/(f?) for some i. Counting again implies that i = 0 or

Tdeg f

Cplz)=a" " (pAlz]).

The result follows.
Alternatively, Part 2 can be seen directly through Proposition 3.3.10. O

Of course, C[f?], etc., should actually be viewed as a finite group scheme
with the induced A-action. In this case, C[f] is isomorphic to

Lla] /(@™ "),

Recall that Z/(p)* ~ Z/(p — 1) as abelian groups, etc. We now present
the analogous result for the Carlitz module. Let f be a monic prime of A. Set
p=(f)andF, = A/p. Let F,» be the unique (up to isomorphism) extension
of F,, of degree n. Thus F» is an A-field via the map A — A/p — Fgn,
and is an A-module via C.

Theorem 3.6.3. Via C, Fn is A-module isomorphic to A/(f™ —1).
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Proof. Fun is a finite A-module and must be cyclic by Theorem 3.6.2. Now
by Part 2 of Theorem 3.6.2 we see that

rm deg f

Cpn(z) =2 (pAlz]).

Thus Cyn_; annihilates F». A simple count now implies the result. |

Theorem 3.6.3 illustrates again the remarkable similarities between C' and
the multiplicative group G,,. One can try to push this similarity in a number
of directions and we present one such direction here.

Thus, let a be an integer # —1, 0 or 1. We assume that a is square free.
Let N,(x) be the number of primes p < x for which a is primitive modulo p,
i.e., a generates Z/p*. Then, in 1927, E. Artin conjectured that N, (z) had a
positive density (of a certain given form). This result is now known modulo
certain generalized Riemann Hypotheses. For a good reference, we refer the
reader to [Lel].

We now try to do an analogous thing with A, C, etc. For the moment,
let M be the set of all monic primes of A. Standard arguments on primes in
arithmetic progression imply that the greatest common divisor of

{f—1|f€M and deg f > 1}

is 1 unless r = 2 in which case it is easily seen to be T'(T + 1).

As will be seen in later sections, the classical proofs of cyclotomic theory
also work for division points of the Carlitz module. One finds that C(k) has
non-trivial A-torsion only when r = 2. In this case, the torsion submodule is

C[T(T +1)] = {0,T,T +1,1}.

The reader may profit by comparing what we have seen for T(T + 1) and
what happens classically for 2, the odd primes, and {£1}.

Thus let a € A be nonzero. If r = 2, we also require a ¢ {0, 7,7 + 1,1}
and a is not of the form Cpr(b) or Cry1(b) for some b € A. For example, a
might be a prime of degree > 1. Let N,(z) be the set of primes g of A where
the residue of a generates C(F,,). The analogy with classical theory leads one
to expect an analog of Artin’s conjecture for the Carlitz module and, in fact,
this has been established in [Hsul].

3.7. The Adjoint of the Carlitz Module

Let kPt € C,, be the perfection of k. Our goal in this short subsection is
to show how Section 1.7 allows us to deduce the existence of the “r-adjoint,”
or “adjoint,” to the Carlitz module C.
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Recall that
deg(a)

Cu(1) = a7® + Z CWrt e k{r}.
i=1

By using Definition 1.7.1, we are led to our next definition.

Definition 3.7.1. We set
deg(a) o
crr)y=1"+ Z (CONL/r =i g gperf =1y
i=1

where kPe {7711 is the ring of Frobenius polynomials in 771
Lemma 3.7.2. Cf, (1) = Ci(1)Ci (1) = Ci(1)Ck (1) = Cly (7).
Proof. We have

Cra(T) = Co(1)Co (1) = Co(17)Ch(1) = Cup(1) .

Thus the result follows by applying Lemma 1.7.3. |

Remarks. 3.7.3. 1. Just as C is generated by Cpr, so C}. is generated by
Cy =T7%4 771 Thus

o= (T + 77 )(Tr° + 77
=T + (T + )7t 4 772,

In general, one obtains C* for C, by formally treating r as a variable and
then replacing r* by r~*.

2. Proposition 3.3.10 can be adapted to C*. We leave this as an exercise for
the reader.

3. All the ideas of torsion points etc., make sense for C*. We note, however,
that the torsion points of C* are actually algebraic over k (just raise C to
the r?-th power for d = dega). By 1.7.11 we see that the I-torsion points of

C and C* generate the same extension of k.



