84 I COUNTERS

20 42.08% by James Grosjean and Previn Mankodi

So we know we've got an Ace coming. Now eomes the hard part: How much do we bet? Begging the
question of how mmch to bet, how wonld we play the hand? If we bet a large chunk of our bankroll,
and then receive a hand such as A4 v. 4, would we double? Fxpectation-maximizing basic strategy
does not, take into account how risky this play is. The risk-averse among us would merely hit the

hand. After we determine the playing strategy, we can then return to the question of how much to
bet.

One way to model risk aversion is to imagine that instead of maximizing the expected return of
a gamble, the player maximizes the expected logarithm of his total wealth afier the gamble-the
so-called Kelly Criterion. Because log{0) = —o0, husting out is an absolute catastrophe, and a Kelly
player will never allow that possibility. With a bit of hand waving, the Kelly-optimal bet size is a
fraction f of the player’s bankroll, such that f = E/V, where FE and V are the expectation and
variance of the gamble. The derivation of this rule of thumb can be found elsewhere.

Doubling

In the example of our player faced with a double down, we need to compute the decision using
backwards induction. First, assuming the player will double, what is the optimal doubling amount
(since he can double for less)? Stepping back, we now consider whethier hitting or standing is better
than optimal doubling.

Let’s solve for the optimal doubling amount first. Assume that the player already has a bankroll
fraction f riding on the hand, and & normalized bankroll of 1. Then he has to choose the doubling
amount f by solving this equation, where w, I, and ¢ are the probabilities of winning, losing, and
pushing the double down:

max; wlog(l+f + f) +1log(l — f ~ f) + tlog(1)
st. fef0]
f+f<1

The constraints say that doubling is up to the amount of the original wager f, and that the total
amount of money on the hand f + f cannot exceed the bankroll of 1. Sinee log(1) = 0, the last term
drops out of the equation. Taking an unconstrained maximization, the first-order-condition gives
us:
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This last expression shows that the total amount of money we want riding on the hand, f' + f, will
be equal to a constant, (w — [})/(w +1). This constant is familiar. The numerator w — [ is just our
edge on the total money. The denominator w1 is a scaling factor to take into account the variance.
I there were no chance of a tie, then w4 I = 1, and we will receive only even payofis on our total
money. Then we see that we just want to have a fraction of our bankroll equal to our edge out there.

Recalling the constraints, if the original wager f already exceeds the target amount (w-+1)/(w—1),
we wonid not be able to double, because f > 0 is required. Also, if the target amount of money is
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negative, (w — I}/(w+ 1} < 0, we would not double. This is equivalent to w — I < 0, which means
that we will not. double if doubling is a losing proposition. Finally, because we cannot double for
more, if the original wager f is less than half the target amount f < 0.5(w— 1)/(w +1}, we will have
to settle for doubling in full f = J.

Now, backing up our decigion tres, we have to compare optimal doubling to the alternative action
A, which would be hitting out for A2-A6, and standing for AT-AT. In this step, we refrain from
doubling if:

wplog(l+ f)+ Lalog(l — f) +Lrlog(l) = wlog(l+ £+ f) + Hog(l — f — f) +tlog(1)

After cranking the numbers, we arrive at the charts below. The result is that if f is already a large
fraction of the bankroll, the Kelly player will not make any soft doubles.

Look at the entries for A6 v. 4-6. These hands are special because the restriction to take only
cne card on a double down does not change the play of the cards. Even if we do not double, basic
strategy dictates that we will take only one hit card. These hands are strictly an issue of money.
The chart shows that for A6 v. 5 in 6-deck 517, we would double in full if the original wager f is
5.33489% of the bankroll or less. The target amount of money f + f must be twice this fraction, or
about 10.67% of the bankroll. If the original fraction f is above that amount, we would not double
at all, becanse we already have too much money out there. Within the range [0.0533489,0.1066976),
we double for less, always so that f + f is s constant 10.67% of the bankroll.

For some hands, there is only a critical point for full doubling or not at all (because the double-
for-less range got “chopped off” by the alternative action of hitting/standing).

As expected, several “close” doubles, such as A2 v. 5 and A4 v. 4 in 6-deck, are not worth the
risk for a Kelly player who has even s small piece of his bankroll on the table.
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Critical Fraetions for Doubling
| B-deck
Player Dealer Upcard
Hand Z 3 4 [ T [}
817
A2 H H H 0017647 0176260
543206,105963 557791,305119
519647,442721 524874,430011
A3 i1 ki H DIBRAST i3
534431 418705 548334,408110
512504, 443990 524762431575
Ad ) a OO0FH BIT4684 150063
507T318,447024 525728431377 B3DE34,420632
492670461476 511621, 444767 523824 432365
AS k H BI34761 [6337373,0380394] | [0484669,0613555]
498005, 450542 517223 442615 532202 430686
491884,46257] 510078, 445857 524967 A32179
AG i 0157437, 0230055] | [0335054,0,067 1906] 33489, 1066976] | [OTO4305,1
473652,443590 A92743,430696 512878 413084 523425,304172
£74970,445972 492743 430696 S12878,412084 523425,304172
AT 3 4200509 D4E75090 717083 07 70488
5100011,350082 598071, 347783 54(1269,337141 586793,306305
505679 416014 524444, 400045 539261387218 560084,360580
(11K}
A (] H H 0023760 0262863
543372,405753 BEBT50,352265
512988,442472 5295890, 427472
A3 H H H 0183085 0356426
534584.418425 550380,404269
512845443030 520467,427980
Ad B ji R OFTO08T 061
507869447112 525060,43108% 542165,415803
403486, 460847 511971,444510 528664 428871
A5 R H 0143750 (540552 OBOISTE] | (0527141, D684468]
499589 458610 BI7505,442217 536006,425268
492692 461945 5107 14,445580 529544 428536
A6 & [0154850,0248535) | (0533048 0666004] | [0531858,1063714] | (0677534, 1365067
474307 445085 493579,431931 513235,414545 52R2I8, 402155
475838,447250 49357943103} 513235,414546 YR8 402155
A7 0022413 30069 GEZANG [iExI L] 052079
48853575425 | 504777,363193 522781,351753 53A7930,338933 553906,331308
48B3 AS0500 | 504608 417001 H23400,401002 538787,387656 554219,375766
AB g § g g RB5715
BER467, 216246
5R0625,349580

Leading vero and decimal

point have boen omitted from all entries for space.

I the baskroll fraction [ is below the range specified, doubling is for the full fraction.
H the bankroll fraction is above the range, then do ot double.
Within the range, the Kelly bettor doubles for a lesser fraction f* =~ 24 - f,

whoere w and { are the probabilities of winning and Josing the double down, respectively.
When » single number is shown, not a range, double in full when the betting fraction

in Jems than or oqual 1o the nomber; otherwise, do nat double.
The second line gives win and Joss prebabilities for banic strategy.
The third line gives win and loss probabilities for doubling.
When act doubling, hit A2-A6 always, stand on AS-AT always, hit A7 v. 8-A, and stand on A7 v. 28.
If splitting AA is not an option, double in full v. 6 i § < 0.0019036 (817) or [ < 0.0116616 (H17).
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Critical Fractions for Doubling
Player
Hand 5 [
AZ 073565 430678
555527, 306796 561688,363193
531478,425330 535049,4920843
A3 DaB6I01 519306
546092, 410427 553157405994
530623,428834 535380, 424460
Ad [0454791,04656207 I30724,0564434] |
536052,428105 541550,421302
. | 825331 437838 520R94,420533
AB T SRR DARTTE] | 10561437, 0TT017) |
1 BIBAOT, 441204 541817,425899
30 | . 51T993,443866 5365657,428225
As TH Ty PTE5N6,1511010] | [0725150, 1450208
: ; £1,44, 533120303313 525986,392743
46608 456037 ATYTIL 42762 _533320,393313 525086,302743
A7 g OIGTEIS (271 876493
B17450,360634 544704340730 549046 326751 B75674,313500
608019,413562 54081 1,384470 549416,374869 550982 367552
AB 5 5 8 o 0601921
686051,203697
585919,354606
HIT
AZ H H 0044078 0376581 DE02981
K30223,419117 555635, 306641 563743,389044
50651 2,447800 531680425183 540813, 417531
Al 7] " YR 65156 0580002
526138 432680 SATI3R,410220 556102401717
508301 459374 530828 428652 530069,420349
Ak b i GiT7602 | [OABGIEA,04B87C]] | [060GPD37,0628691)
S1ITAG448186 [ 53626647962 B45826,416184
501248 ASBTTS 525568 437666 535189 A25664
AS B P 71} T8 | | 338, ] | (0604297, 0857 785]
{  50T644,461447 HIR500,441047 545415420811
_ AVBT40,463310 5181834436834 | 540484 423026
A6  [TOBIRSAT,0077080] | [020 ‘ 04107138 OB3ATTS] | 0755122, 1510047] | [0707153, 1414305] |
4622RI ABSLT ATRIND, 442344 HO1942 424208 533578,303858 530975,350393
464043, 456944 AB0680,443425 HOL942 424208 533578,393558 5300975,300393
AT g B’Iﬁ’rsa 0B06ETT oI008 Li
S14174,303278 540644,343003 548004,327649 540844,334678
507510,414154 540117,386213 540215 375005 554340373205
AB ] g £ 3 GI3RG72
6647T78,217813
! . N 581224,347964
Leading 2ero and decimal polnt dnve been omitled from all entries for space.
IF the bankioll Baction [ i bdow the range specified, doubling is for the fell fraction.
I the bankroll: fisétion i above the range, then do not double.
Within the rapge, the Kelly hettor doubles for a lesser fraction [* = 251 - 7,
where w and { are the probabilities of winning and loging the deible down, respectively,
When » single siumber is shown, not a range, double i full when the betting fimction
is lews than or egual to the number; otherwise, do nol. double.
*Phe seactd line givoes win 'and loss probabilities for basic strategy.
When not doubling, hit A2-A6 slways, sland oo AB-AT always, hit A7 v. 9-A, and stand on A7 v. 2-8.
If splitting AA is not an apkion, dovble in full v. 8 if £ < D.0336806 (S17) or £ < B.0393804 (H17),
and double i full v. 5.if < G:0234032 (817) or J < 0.0236057 (HIT).
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e Kelly player who does not want to put more money
playst would be forced 10 violate conventional basic
pore of his bankroll. At a wager of “only” 25% of his
qﬂn} to four hands.
ng 8 more complicated because our maximization
r&tmg, and splitting to two, three, or four hands.

*'z+f)+rglog(1 2) + 1 log(1 — [) +t log(1)

We have mtmdnoed pmbaba}m for wmnmg ‘and hsmg two bets {denoted by the 2 subseript), in
sddition to the probabilities for winning and k:smg ene bet, tying, and losing to a dealer blackjack {p).
The problem: gets messier, because these probabilities are not generally known. Most combinatorial
analyzers (including ours) are originally designed to prodiice only the expectation for pair splitting,
noi: the- exact payoff dxstnbntmn Meeﬁs ana;lym da not enumamte all pm’bﬂmes of the mu}t.z-hsmd

prodnce these statmtm, but ﬁle mcuracy would be msuﬁemut for wr.naeds

Our approach was to rewrite the combinatorial analyzer to play out the full multi-way split. This
can be done in the case of Aces, even under RSA, because of the convenient restriction to one card
per split Ace.

Armed with the payofl probabilities for splitting to two, three, or four hands, we then compute
the optimal insurance. We do the same for the fourth option, hitting out the AA. Then we select the
best option. For once, we won™t bore you with the output, except for the optimal insurance amount
at the end of this article.

In deciding how far to keep splitting, we have computed s “pre-committed strategy.” We counld
also call this a zero-memeory or basic strategy. Our decision is based only on the initial wager size
and upeard, not intermediate resulls on the earlier hands of the split. For instance, our Kelly basic
strategist would never split to four hands if his initial wager were 25% of his bankroll, regardless of

., theupcara) pecamds he,wour shgfiMiave’ ivlive 61 bis Sanikroll at nisk, thus allowing tor tatastbophic . -

loss. In practice, if the player receivod a Ten on his first Ace, that 25% of the bankroll would no
longer be at risk, and he could then consider additional splits. Such complicated decision-making
borders on card counting, and we do not consider such possibilities in our basic-strategy analysis.

As expected, we split all the way if the initial wager is small, but st high wagering froctions, we
would forgo splitting to hit the AA. In the case of AA v. A, the chart gives the critical fractions for
the recomputed bankroll after the insurance bet is lost.
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Critical Fractions for Splitting

Game Dealer Upcard
Rules | 2 | 3 [ 4 ] & 6 ] 7 ] 817 9 7T TTA
NoHSA

6-deck S17 | 3786 | 3903 | 4033 | 4118 | 4227 | 3519 | 3108 | 2795 | 2795 | 2007
G-deck H17 | 3784 | 3901 | 4023 ;1 4100 | 4173 | 3519 | 3108 | 2795 | 2795 | 2206
1-deck S17 | 4190 ] 4265 | 4382 | 4467 | 4484 | 4028 | 3550 | 3272 | 2777 | 3617
I-deck HIT | 4188 | 4263 | 4377 | 4466 | 4455 | 4028 | 3560 | 3272 | 2777 | 3256
RSA
6-deck S17 | 2469 | 2471 | 2473 | 2475 | 2483 | 2496 | 2493 | 2478 | 2456 | 2477
3240 | 3246 | 3251 | 3257 § 3276 | 3312 | 3262 | 3094 | 3031 | 2692
3786 | 3903 | 4033 | 4113 | 4227 | 3519 - -
6-deck HIT | 2467 | 2470 | 2472 | 2475 | 2475 | 2496 | 2493 | 2478 | 2456 | 2457
3236 | 3242 | 3248 | 3255 | 3258 | 3312 { 3262 | 3094 | 3031 | 2760
3784 | 3901 | 4023 | 4109 | 4173 | 3519 - -
I-deck S17 | 2494 | 2495 | 2495 | 2496 | 2495 | 2499 | 2499 | 2495 | 2477
3297 | 3300 | 3301 | 3308 | 3304 | 3327 ; 3318 | 3284 | 2085 | 3221
4190 | 4265 | 4382 | 4467 | 4484 | 4028 | I550 - -
I-deck HIT | 2494 | 24005 | 2495 | 2496 | 2495 | 2499 | 2499 | 2495 | 2477
3297 | 3300 | 3301 | 3308 | 3301 | 3327 [ 3318 | 3284 | 2085 | 3270
A188 1 4263 | 4377 | 4466 | 4455 | 4028 | 3550 - -
Leading zero and decimal point have boen omitted for space.
For NoRSA games, split if bet is at or below the critical fraction shown. FExample:
Split AA v. 4 in 6-deck 517 game if initial wager is 40.33% or less of bankroll.
For RSA games, split to four hands if initial bet is at or below the critical fraction
ahown on the first line, Lo three hands if bet is at or below the second number
shown, to two hands if bet is st or below the third number; otherwise hit.
I a dash is shown, then hit. Fxample: With a bet of 24.95% or less in a
1-deck game against a dealer 9, split all the way up to four hands. I the
bet is 28%, split up to three hands. With 33%, do not split at all; just hit.

Hitting and Standing

In the previous sections we saw that the addilional double-down or split money on the table increases
our risk. Therefore, Kelly analysis required us to weigh that risk against the increased expectation
of doubling or splitting. Now let’s backtrack to consider that even hitting and standing decisions
can be affected by rigk. The reason is that there are three possible outcomes in & blackjack hand--
winning, losing, and pushing. Twe choices could have equal expectations, but if one choice has
a higher tie probability, it will have correspondingly lower vaniance, and would be preferred by «
risk-averse player. If we bust out {or stand on & stiff total), we cannot push.
Stending would be better then hitting if:

wolog{l + f) + b log{1 ~ f) + talog{l) = wylog{l+ f)+ bilog(l — f) + Ly log(1)
wylog({l + f} + L log(l — f) = wylog(l + f) + telog(l ~ f)

Conveniently, the push term drops out because log(l) = 0. Scouring the numbers, we find two
jnberesting ceses: A6 v. 7, and A7 v. A. Basic strategy for the former case is to hil out until a hard
17 or higher is reached. By doing so, we improve our expectation by about 15%, but our variance is
increased by reducing the push probability:
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—

Player
Action

A6 v T
Pmbability of

Winning

]

Tosing

| Pushing

Expectation

Variance

6~dock: Stand above Critical Fraction=0.9961947

Stand
Hit

0.2626345847
0.4436218369

0.3664601662
0.38891 54072

0.3709052491
0.1674627559

11038255814
0547064297

0.6183149996
0.8205444507

I-deck: Stand above

Critical Fraction=0.9782317

Stand
Hit

02637118122
0.4453779090

0.3533510149
0.3857323998

0.3829371730
0.1688896913

-0.0896392027
(.0556455002

0.6080276403
0.8275527220

As it turns out, if, for some inexplicable reason, we had wagered a monstrous percentage of our
bankrol}, and then received this hand, Kellv analysis would tell us to stand on the hand. We'd
have an excellent chance of pushing immediately with a Ten in the hole, and still other hitting
combinsations that could generate the zero-variance push outcome. The critical fraction at which a
Kelly player would stand instead of hil is shown in the table. Why anyone would bave bet nearly

100% of the bankroll is a mystery, but, you know, stuff happens.
For the hand A7 v. A, the theory might actually have practical effects:

ATv. A

Player
Action

Probahility of

Winning

|

Losing

{  Pushing

Expectation

Variance

6-deck S17 (BS=h): Stand above Critical Fraction=().1943554

Stand
Hit

0.3568569808
(1.3845466601

0.4571351856
0.4798912462

0.1860078336
0.1355620936

-0.1002782048
-0.0953445861

0.8039364430
08553473163

6-deck 117 (BS=h)

Stand
Hit

0.2858067365
0.3514698262

0.5111724669
0.5124149114

0.2030207967
0.1356252624

32253657304
-0.1604550852

0.7461894509
0.8386289033

T-deck 517 (B5=s)

Stand
Hit

0.3644252855

| 0.3807731952

0.4654398872
0.4891587997

0.1701348273
(. 1300680051

-0.1050146016
-0.1083856045

0.8196612230
0.8581845557

T-deck H17 (BS=h)

Staned
Hit

0.2969145159
0.3450178802

0.5208236628
.5224049937

0.1822618213
0.1285771261

-0.2239091470
-0.1733871135

0.7676028726
{1.8413597828

In a B-dock 517 game, the basic strategy of hitting s Kelly-inferior to standing if the wager is greater
than or equal to 19.43554% of the bankroll, which, skipping ahend, woulkd be the case for a Kelly
player who knew he had an Ace coming before he had to place his wager.

Surrender

With a soft hand, basic strategy provides an expectation far higher than the -50% return from
surrender; however, surrender is a zero-variance option. An Ace as first card warrants a large bet,
but if the player does noi receive a natural, he can be in trouble, and the Kelly player may then
consider surrendering. The mathematical condition is to surrender if:

1
log(l~2f} 2 walog(l+/f)+islog(l~ 1) +1alog(1)
wy log(l + f) + log{1— f)
The win, loas, and tie probabilities are for the best Alternative sction. That could include count-
based deviations in play, or even Kelly-based deviations as given in the previous section.

For any hand with a chance of losing {i.c., 2 non-natural}, there will be some critical fraction
of the bankroll above which the player will surrender. To see this, imagine a player with his entire
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0 hand. T‘im ngianﬂ side of the equation is wlog(2) + Ilog(0) + tlog(l) =
becanse log(0) = —oo (and ! > 0). To avoid any chance of that bad
der by ludc in: a utility payoff of log(l - )} = log(1/2) =

e ’:'; # Kelly plaver would surrender would be if he held
B7% or more of his bankroll riding. The bankroll fraction
‘sirrender 4 soft hand, but, for completeness, the chart
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0 Critionl Fractions for Surrender
Band 2 [ T 17 4 [ &7 8% [ 77 ® [ T | A
G-deck 317
AA 9260095 | 9267865 | 9000439 | S419996 | 7887147 | BI720531
A2 7. 19149894 | 9058737 | 8744V | £146064 | 7530600 | 78517101
A3 10034102 | 8814391 | B4OUGHT | T7U6G14 | T144340 | THORHO4I
Ad i 8913067 | 85575667 | 8150610 | 7388350 | 6609910 | 7iTvI04!
AS 2. | 8B107T62 | 8230362 | T7R4181 | 6047180 | 6IDIYH | 6713269!
A6 4| 0089044 | 8951316 | 7833857 | TOGI0M8 | 6466775 | 67243481
AT CR5407 S683076 | Y576TIB | 7111768 | TRT24661
A8 9698248 | 0064858 | 8B56SAT | 0200906
AS 999090* | D00099* | S09L09* | 0909990
AR KT} 9000130 | §410095 | 7BRTIAT | 7003605 |
A2 1 o058 BTA4TT2 | 8146064 | 7530600 | 7551213
A% 1 5814301 | R40D697 | 7TO6614 | 7144340 | 7168708
M1 BIS0G10 | TSR83560 | 6BU90I0 | 67ITORT
AS 1°823008% | Y7R4181 | 6947180 | 6191728 | 6215356
Ag 37406 ;1 8051316 | TRIIRST | TOG1948 | 8486775 | GUS3230
AT : 4 1'9aK1795 | 0 1 9538468 | 021550 | 0683076 | 7576718 | 7111768 | 7008300
A 2 025611 | & 7] 0050066 1 0006726 | 9908248 | 0064858 | 885587 | 0613810
AR | 9008658 | : X 2000814 ;| 900000* | 090000* | 099009* | 000009* | 0990950
_ _— _I-deck 817
AA | 5885414 [ GOIBI00 | OUIGI60 | OIATHED | 0314275 | 9I4087 | BOO0GOA | BA0B047 | BOSITOR | 8215611
A2 | BSG3380 1 S68THG0 | B8UDUSR | O1334GR | OI1TORGL | ROABTAD | BGESSIT | 8304054 | TEE52UT | TREOGRG
A3 LBaRIYEA |EBI0M3L | S7GALTE | 0013229 | 0DGDIAY | BT0I304 | BE20000 | TOLIUT? | TINES0 | 7544383
T B30T | 8578704 | 8842009 | 8HI3512 | BHSGIIS | BOO3LOT | 7349128 | 6720086 | 6942655
© A5 ] TOBDRY | B133673 | BAIZ183 | 8601047 | SBTSRSY | BORVABI | 7645191 | 676565) | SU37558 | 6260803
A8 8550520 | 8291771 | 9115611 | 9105052 | 8983311 | TBO3071 | 7215680 | 6560832 | 6467560
AT QIBORTS | VATETTE | 9556455 | 06ASG9Z | DOZIS34 | 9743145 | TGESETS | 715691) | 7TOTI8Y
Ag P031057 | 9025206 | 005TTRE | 0967060 | 0006694 | DOORTY | 0973106 | sKaBE9s | g7RSSAL
A 9000730 | GO007TT0 | 8000010 | 9099055 | D09909* | 900000* | 999009% | 909990 | 900900*
T-deck HAT
AKX 2025113 | 9078192 | 9247709 | 9325316 | 9234037 [ B0006G4 | 8400047 | ROBA70B | TRAT2HT
A2 | B508508 | 8691030 | 8904587 | 9134800 | 0197350 | BORETAY2 | 8665337 | 8304054 | 7665207 | 7472496
A3 | 8341570 | 8514901 | 774666 | 0015004 | SOSR501 | 2701304 | 8620992 | 7911572 | 7288520 | 7117454
A4 1 8104473 | 8450000 ] SAO2713 | 8B44600 | SU65045 | 8530115 | SO03907 | 7340128 | 6720086 | 6489187
A5 | 7925613 | 8145418 | 8428031 | B6R4740 | 8026621 | 8OBTI8L | 7645191 | 6765651 | HO3THEE | 5VI2L8T
A6 | B3IBSOGB | 8544690 | 8787523 | 9114275 | 9064600 | 8083311 | 7RO3071 | 7215680 | 6560032 | 5021748
A7 | 9220525 | Sa50241 | 9453076 | 9350723 | 95160TE | 9021834 | 0743145 | 7OG5ETS | 7156911 | 6819910
AB | 0013820 | 9DITIVG | 9920610 | 9U569TT | UU48374 | 0006694 | 0088IVH | DUT3I0S | 8842698 | 0601565
A9 | 9095838 | 9999701 | 0090744 | 0000007 | 9000801 | 909000* | 000090* | 9vLDOG* | 900mNYr | 50099T4

Leading 2evo and decimal point have been omitted for space.
¥ These indices are greater than 0.9999960.
{ At these bet levels, the Kelly player stands on soft. 13 against nr Ace in 6-deck 517,
Example: With A4 v. 8 in 6-dedk S17 game, swirender if betting fraction i greater than

or egual to G.8813057, or 89.13057% of the bankroll.
Do not surrender AT {natural).
‘When smrrender 3 indicated, alternative is hitting er standing, not doubling.

Insurance

Contrary to what numerous authors have argued, insurance is not a side-bet independent of your
main hand. Though usually negative-expectation, the insurance wager will indeed reduce overall
variance on the player’s “good” hands. For instance, buying insurance when holding a natural wiil
prodice a zero-variance payoff of I unit, hence the expression “even money.”

To determine the Kelly-optimal amount ¢ of insurance when holding & natural with a wagered

fraction [ of the bankroll, against a denler’'s Ace up with probability p of a natural:

mex{plog(1 + 2i) + (1~ p) log(1 + %f — )]st i€ 0, f/2]
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the m'm & natural, the payoffwﬁl be 2% = 3pf + 3p — 1, which, as a fraction of the

wagsr f would be (3pf +3p— 1)/f = 3p + 2L, which agrees with Griffin’s formuls in The ‘Theory

ofBiad:r

: f}ﬁ‘the‘éop of a d-deck game, the probability that the dealer also will have blackjack (conditional
111 38 1_

ing-an Ace up) is p= {

Kelly Criterion Insurance
Off-the-Top
Player Natural v. Ace Up
Namber Dealer Formula Critical
of Natural for Fraction for
Decks | Probability Insursnce i Smine Insurance

1 15749 (45/98) f — (4/98) 4/45 ~2 0.08889
2 31/101 (93/202) f ~ (8/202) 8/93 == 0.08602
8 957309 (285/618)f — (24/618) | 24/285 == 0.08421
8 127/413 | (381/826)f — (32/826) | 32/381 = 0.08399

Notice that when insurance is 8 negative bet, we will never buy full insurance:
. L
P s 3
v o< 1
i (1/2)Bpf + 3p - 1]
< (1/2)3pf
< (/2

The last column of the above table shows that above some critical fraction, we will buy partial
insurance (1 > 0). Since this critical fraction is less than 9% of the bankroll, the Kelly player will
be buying some insurance if his wager had been based on knowledge of the imminent Ace.

Now suppose we are considering insuring a hand other than a natural. H p is the probability
that the dealer has a natural, w, I, and ¢ are the win, loss, and push (“tie”) probabilities agsinst a
non-natural (p+ w+ I+t = 1), then we select the insurance amount :

i

max; [plog(l ~ f+2i) + wlog(l + f —4) +llog(l — f — i) + tlog(l — )]
st. €0, /2
f+ig]

Notice the additional constraint that f +i < 1. The player needs to have chips to insure. His initial
wager and additional insurance wager cannot exceed his bankroll. We did not have this constraint
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in the case of a player biadqad: beeame we assume the player can “mark” the hand. That is, he
takes a short-term marker to: wmpl‘se%a the hand. This is a common practice in old-schoo] Vegas
casinos in the case of double downs where the casino wishes to save the time of having an empty-
pcx?set;ed player fetch additional. money to complete the hand. In the case of a player blackjack, the
casino inewrs no. cre:h risk. A luy!er can take “even money” without having additional chips to buy

i I—pmw-l
7= A g

iwtequatzon will be the root of a cubic polynomial
; andiwe m}l have to resort to mrmern:al tactics.
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" Keliy Criterion Tnsurance, OIF the-Top
’ G-dedk

This amonet may not exceed f/2, nor may # exceed 1 — [ fix A2-A9, where f is the fraction

of the hankroll wagered on the hand (left column). Win {w), loes (1), and sie {£) probabilities

are alao provided {p F w14 1),

* With betting fractions § > 0.1943584, Kelly player stands on A7 v. A in 6-deck 517,
prostucing p = 3107, wr == (L2460, 1 - 0.31561, ¢ == 0.1282,

o Player Hland
AL AR T A6 | A7 ] A8 | A8 ] AT
: : ""‘?;
67500 ~ 0.31067961 0.3074
0.2514 | 0.2364 | 0.2651 | 03773 | 05079 | 08028
103701 | 0:3825 | 0.3308 | 01843 | DO532 o
4 40879 | 00004 | 0.0934 | 01985 | 0.1283 )
S @ o ] o t)
8 0 0 0.68 197 073
0.37 D.34 0.73 2.53 4.55 .m
1.36 133 1.86 4.2 7.04 5.34
2.2 2.19 2.84 5.76 .42 7.65
2.9% 291 3.69 742 187 9.95
3.49 150 4.39 827 18.77 12.26
3.04 .96 494 9.22 15.66 | 14.56
4,25 499 5.34 0.93 1798 | 1687
443 4.49 5 59 1038 | 1857 | 19.17
4.48 456 569 1957 | 1940 | Zi48
4£.41 450 563 | 148 | 1967 | W79
4,23 433 5.43 1010 | 1926 | .00
3.03 £.03 507 0.43 18.11 28.40
3.52 362 458 847 16.25 | 30.70
2.00 1,16 3.92 7.95 i13.7¢ | 3301
2.30 247 213 BT 1679 | 532
1.68 1.74 221 4.05 7.44 3762
0.88 092 117 2,12 3.82 39.93
0.18 0.19 0.24 0.44 078 41.77
HYI7
w 02717 | 02611 | 0.2500 | 02388 | 0.2332 ] 0.7426 | 09308 | 0.4830 | 0.6926
1 0.2400 | 6.3543 | 03686 | 03827 | 0.3868 | 0.36532 | 0.2091 | 0.0656 0
_ t 00768 | 0.0739 | 00707 | 0.0681 | 00703 | 00035 | O.1404 | 01407 0
6% g 0 1] 1 ] 0 0 ¢ 0
0% 0 3 1] o ] a .40 LT9 073
15% 0.69 .54 0.37 .2 0.18 045 2.10 4.96 308
20% 1.77 1.57 1.36 1.1% 1.00 .46 165 6.63 5.34
5% 2.71 2.47 2.21 1.96 1.80 2.35 5.05 .80 7.65
30% 3.50 3.22 2.9% 2.64 2.56 3.00 6.28 11.01 .95
5% 4.14 3.83 3.51 3.19 3.10 370 7.32 1296 | 12.26
0%, 1.64 4.30 .95 3.61 3.52 4.18 8.16 1468 | 14.56
45% 498 4,63 axr 1.9 382 4.5% 8.79 16.16 | 1687
50%. 5.19 1.82 4.45 409 3.99 4.72 9.20 17.20 | 117
56%, 5.24 488 4.51 1.15 405 4.79 9.36 18.00 | 248
60% 5.16 4.80 4.44 1.09 400 474 9.28 18.1 | 23,79
6% 4.94 4.60 4.95 392 284 4.56 895 1779 | 26.09
70% 459 4.97 .95 3.65 357 4.24 8.36 1674 | 28.40
5% 4.1l 3.83 am 3.7 320 3.81 7.52 15.06 | 30.70
R0% 3.51 397 3.0z 2.9 274 326 6.45 1281 | 3130
5% 2,79 2.60 2.4} 2.92 2.18 2.60 5.4 1008 | 35.32
20% 1.96 1.83 1.49 1.56 1.54 1.83 .62 699 | 37.62
95% 1.03 0.96 0.89 0.82 081 0.96 1.90 360 | 30m
9% a2 0.20 018 0.17 0.7 .20 0.39 0.74 4177
Table gives the percentage of the bankroll that a Kelly player wonld wager on fnsurance.

Exanple: A player- imidmg AP in a6-deck 517 game with B5% of his bankroll on the line woukd
wager an additional 10.79% for insurance. Roughly 31.07% of the time, hiz AD will lose to a
natural, 50.78% of the time he'll win, 12.83% posh, and 5.32% of the time he’ll Jose to a

non-natural (a molti-card 21).

9
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Kelly Criterion Issurance, Off-the-Top

I-dedck
Bet Prob- Player Hand
Size f | bty | A2 | A3 | A4 ] A5 | A6 | A7 | AR | Ab | AT
817
7 16740 = 0.32653061 6.3061

ur Q.2747 | ©.2658 | 0.2498 | 0.2339 | 0.2270 | 0.2454 | 03780 | 05085 | 0.6939
i 03203 | 63335 | 03535 | 0.3726 | 0.3616 | 0.3135 | 0.1828 | 0.0501 [ H
¢ 00785 | 0.0741 | 0.0702 | 0.0670 | 0.0B49 | 0.1146 | 0.1126 | 0.1149 0

1% 0 (4] L] o 1] 0 0 ] 0
5% 0.48 0.43 0.34 0.26 0.27 0.43 1.07 1.74 0
10% 1.83 1.73 1.58 1.39 1.42 1.75 3.03 4.44 0.51
15% 3.04 .88 2.63 2.30 2.44 2.92 485 7.05 2.81
20% 408 3.88 356 3.2 3.31 3.95 6.50 9.58 5.10
2% 497 4.72 4.33 3.96 405 4.83 7.97 11.98 .40
30% 5.70 5.41 4.96 4.54 4.5 556 9.24 14.25 9.69
35% 6.28 594 5.44 4.98 5.12 6.14 10.30 16.33 11.99
40% 6#.66 6.31 578 5,28 544 6.56 .12 18.19 14.29
A5% 6.90 6.53 5,98 5.46 5.64 6.83 11.69 19.74 16.58
50% 6.98 6.60 6.83 551 5.70 6.93 1199 | 2091 18.88
55% 6.90 6.52 506 543 564 6.89 12,00 | 21.56 | 2117
60% 6.67 6.30 5.75 5.24 545 6.68 1173 | 2157 | 2347
B85% £.20 5.93 5.41 4.93 5.14 6.33 10,16 | 2084 25.77
T0% 8.77 5.44 4.95 4.51 4.71 5.83 10.30 19.36 | 2.08
5% 511 4.81 438 3.99 1.18 5.18 817 1717 | 30.38
80% 4.32 4.07 2.70 337 3.53 4,40 .77 14.41 32.65
5% 3.40 120 2.92 2.65 2.79 3.48 6.14 11.21 34.95
0% 237 2.24 2.03 i.85 1.95 2.43 4.98 7.689 3.4
5% 1.24 117 1.06 0.97 102 1.27 2.23 393 39.54
99% 026 0.24 0.22 0.20 6.21 0.26 0.46 080 41.38

H17

w 0.2620 | 0.2541 | 0.2401 | 0.2225 | (.2269 | 0.2351 | 0.3405 | 04834 | 0.6930
g 0.3813 | 0.3518 | 0.2078 | 0.0624 0
00748 | GOTI4 | 0.0662 | 00651 | 0.0653 | 0.0866 | 0.1252 | 0.1276 ]

:
:
:
:

1% H G 0 bi] 0 ] 0 ] [H]

5% 0.42 036 0.29 0.20 0.22 .31 0.92 1.65 o

10% 1.70 161 1.45 1.28 1.32 151 273 4.24 0.51

15% 2.8% 2.70 2.47 2.23 229 256 4,38 6.74 2.81

W 383 3.64 3.35 3.m 311 3.47 5.88 8.13 5.10
25% 4.67 1.44 4.08 k%! 3.80 4.24 7.20 1}.40 7.40
% 5.356 5.08 4.67 4.25 4.36 487 8.3 13.561 9.69
as% 587 5.58 5.13 4.67 478 535 9.27 i5.44 1199
40% 6.24 593 B4 495 807 5.70 8.99 17.12 14,29
45% 6.46 6.13 5.62 5.11 5.24 5.90 10.48 1850 | 16.58
50% 6.53 6.19 5.67 5.16 5.28 5.97 10.73 | 19.5) i8.88
85% 6.45 6.11 5.59 5.09 5.21 5.90 10.73 20.03 21.17
0% 6.23 5.89 539 4.90 502 571 10.48 19.99 23.47
65%. 587 555 sA4¥ 4.61 .72 5.39 9.97 1930 | .77
™% 538 5.08 A4.64 4.22 4.32 4.94 8.21 17.94 28.08
5% 4.76 4.50 4.10 3.73 3.82 4.38 R.20 15.97 30.36
80% 4.02 3.80 347 3.15 3.23 +.71 6.96 13.46 32.65
85% 3.17 2.99 2.73 2.48 2.54 2.93 551 10.52 34.95
0% 2.21 2.09 1.80 1.73 1.77 2.04 3.85 24 3724
5% 1.15 1.0 0.99 0.90 0.92 1.07 2.01 3.72 39.51
99% 0.24 0.22 0.20 0.19 018 0.22 0.41 .76 41.38

fo gives the perceatage of the bankroll that a Kelly player would wager on insarance.
This amount may ot exceed f/2, nor may it exceed 1 - [ for A2-A8, where f ia the fraction
of the bankroll wagered oo the hand (left column). Win {w), loes (1), and tie {t) probabilities
are also provided (p+w 414 ¢ = 1)
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Strategy Summary

Since we have now described hﬁw t,o pi&y the Ace for any given wager size, a “simple” grid search
can tell us what the Kelly-optimal bet size is. As it turns out, the betting fraction is so high that
we-sphit Aces only once: &Mm the RSA rule is rendered 1rmievant Also, because we apply the
ring ouly one card:to each split Ace, the DAS rule is irrelevant. Even
any soft doubles at this betting fraction. The four game

‘in the final chart. To see that the Kelly player has a lower
vari‘imce; Jook at the siatistics for conventional basic strategy

N BetandShateQ Summary

Player | ~  DealeUpcard | . -~ Inserance Amount (%)

Haund | 2 T35 ] 6 78] 9T [ A | i-dek 817 | 1-deck H17 | 6-deck S17 | 6-deck H17
AA TH [P2|P2H | [ H] 7190 |

AA [P2lP2 (P2 H|H|H 1 870

AA [ HIH (P2 H|HH 5.5850

AA JHIH | H|IH|HIH 5.1640
A2 |H|H|H|H|H|H| 67819 6.3283 5.1966 4.7999
A3 |Hi{H|H{H|H |H| 64234 6.0045 4.8264 4.4550
A4 {H|H|(H|H| H|H 5.8806 5:5110 4.4436 4.0986
AS H{H|H|H| H|H| 5319 50163 4.0784 3.7532
A6 HIH|H|H | H]|H| 3530 5.1358 4.1059 3.6580
AT | 8151 S {8 H |—| 66001/8 | 57759/H | 50004/ | 4.3370/H
A8 | S| 8|88} s |s!| 11385 10.1701 9.5032 8.4523
A9 | S| S[SIsi s |s| 18874 17.5889 16.2809 15.3368
AT | S| s |8 s| 8 |s| 152422 15.0039 15,3992 15.5228

Tnitial Bel Size | A2.083 41.564 41813 42,081
Tapected Log | 0.100287 | 0.108297 | 0.101221 | 0.099911
Expectation £ | 0.506794 | 0.506004 | 0.480314 | 0.474827
Variance V | 1.054115 | 1063227 | 1.041375 | 1.036903
E/V | 0480777 | 0476844 | 0461230 | 0.457928

Basic Strategy DOA RSA
Expectation F | 0.531806 (.530418 0.516840 0.514730
Variance V 1.485439 1.497643 1.461095 1.498066

EfV | (.355619 0.354182 0.353735 0.343596
Insnrance and bet size are shown as a percentage of initial bankroll.
Player does not dounble down. Player does not surrender.
P2 means to split. once. Split Aces reccive one card only.




