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Dynamical properties of Au from tight-binding molecular-dynamics simulations
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We studied the dynamical properties of Au using our previously developed tight-binding method. Phonon-
dispersion and density-of-states curves atT50 K were determined by computing the dynamical matrix using
a supercell approach. In addition, we performed molecular-dynamics simulations at various temperatures to
obtain the temperature dependence of the lattice constant and of the atomic mean-square displacement, as well
as the phonon density-of-states and phonon-dispersion curves at finite temperature. We further tested the
transferability of the model to different atomic environments by simulating liquid gold. Whenever possible, we
compared these results to experimental values.
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I. INTRODUCTION

Over the last two decades, atomistic simulations have
come an increasingly important tool for modeling in ma
areas of condensed-matter physics and material science
most challenging problem in computer-based nano-s
simulations of real materials is to find an accurate and tra
ferable model for the atomic interactions that reproduces
energetic and electronic properties of the material. A wh
hierarchy of models for atomic interactions have been de
oped, ranging from simple empirical potentials to sophis
cated first-principles calculations based on density functio
theory~DFT!. Although DFT methods are very accurate a
have been successfully applied to the study of a broad ra
of materials and systems, they are computationally very
manding. Even with today’s state-of-the-art computers, D
simulations with more than 100 atoms are challenging. E
pirical potentials, on the other hand, are less demanding
have been used to simulate systems with millions of ato
This advantage is, however, to be weighed against a los
accuracy and transferability.

Several empirical potential methods have been used in
past to simulate metallic systems: the embedded-a
method, the effective-medium theory, Finnis-Sinclair pote
tials, and the second-moment approximation to the tig
binding model.1 The decade has seen the emergence o
method that lies between first principles and empirical pot
tials: the so-called tight-binding~TB! molecular-dynamics
method. It is more accurate than the empirical poten
methods because it explicitly describes the electronic st
ture of the system. TB is roughly three orders of magnitu
faster than DFT-based methods due to the much smaller
of the secular equation, which makes the N3 issue more tol-
erable. The TB method has been used to study a broad r
of materials.2

Recently, the NRL group proposed an alternative form
lation of the TB method, which was shown to work well fo
transition metals,3 simple metals,4 and semiconductors.5 This
approach has been successful in determining static prope
such as structural energy differences, elastic constants
cancy formation energies, and surface energies.
0163-1829/2001/63~19!/195101~7!/$20.00 63 1951
e-

he
le
s-
e
e
l-
-
al

ge
e-
T
-

nd
s.
in

he
m
-
t-
a
-

l
c-
e
ize

ge

-

ies
a-

Although static calculations are very useful for determ
ing many fundamental properties of materials, such calcu
tions are limited to properties atT50 K. Most problems in
real materials involve processes that occur at finite temp
tures. The purpose of the present work is to demonstrate
our TB model can successfully be applied to the study of
dynamical and finite temperature properties of a represe
tive material, gold. Our previous TB parametrization of gol3

was highly successful in predicting structural properties. W
have improved upon this parametrization in this paper. T
provides us with an ideal test case for demonstrating
power of the method.

We tested our TB parameters by calculating the ela
properties and comparing to first-principles calculations a
experiment. We also found the phonon-dispersion curves
density of states~DOS! at T50 K by calculating the dy-
namical matrix using a supercell method.6 In addition, we
performed molecular-dynamics~MD! simulations at various
temperatures to obtain the temperature dependence o
lattice constant and of the atomic mean-square displacem
as well as the electronic and phonon DOS and the phon
dispersion curves at finite temperatures and a simulation
the liquid phase. Whenever possible, we compare these
sults to experimental data.

II. TECHNICAL DETAILS

A. Fitting procedure for Au

Details about our TB model can be found in Ref. 3. In th
paper we used a new TB parametrization for Au,7 which
works well even at very small interatomic distances. T
parameters of the model are fitted to reproduce data f
DFT calculations: band structures and total energy as a fu
tion of volume for fcc, bcc, and simple cubic~sc! structures.
In the present case the database included ten~10! fcc struc-
tures, six~6! bcc structures, and five~5! sc structures. The
calculations were performed using the general potential
earized augmented plane-wave~LAPW! method,8,9 using the
Perdew-Wang10 parametrization of the local densit
approximation.11 In addition, care was taken to include ene
gies at very small volumes~down to 60% of the equilibrium
©2001 The American Physical Society01-1
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volume! in the fitting database. This turned out to be ve
important in order to have parameters that could be use
the wide range of interatomic distances that occur dur
MD simulations. Finally, it should be stressed that no exp
mental data is used to determine the parameters of the m

B. DoD-TBMD code

Except as noted, the results presented in this paper w
obtained using the DoD-parallel tight-binding molecula
dynamics~TBMD! code developed as part of the compu
tional chemistry and materials science~CCM! contribution to
the Common HPC Software Support Initiative~CHSSI!. This
program was written with the goal of performing molecula
dynamics simulations of metallic systems. Although initia
written to run with our TB Hamiltonian,3 this code is in fact
model independent.12 The electronic structure is calculate
using either an O(N3) method such as diagonalization, or b
using an O(N2) method called the kernel polynomial metho
~KPM!.13,14 The code has been written for both scalar a
parallel computers. The parallel parts of the code have b
written using a message-passing programming model rel
on the MPI library to deal with communications.15

C. Simulation details

To compute the dynamical matrix we used an fcc sup
cell of 1331 atoms, obtained by replicating a primitive f
cell 11 times along the three primitive lattice vectors. Pe
odic boundary conditions are applied throughout this wo
In the MD simulations, the system consists of an fcc sup
cell of 343 atoms, obtained by replicating a primitive fcc c
seven times along the three primitive lattice vectors. T
Brillouin zone ~BZ! is sampled using theG point. We
checked that this is a reasonable approximation even f
metal: the lattice constant, bulk modulus, and elastic c
stants obtained from the 343 atom supercell andG-point
sampling are within 10% of the values obtained using
primitive cell and a well-convergedk-point set. The MD
simulations were started with atoms arranged on an fcc
tice and random velocities drawn from a Boltzmann dis
bution for a temperature 2 T. The MD simulation was p
formed in the microcanonical ensemble, so at equilibrium
temperature of the lattice averaged toT, and the ‘‘potential
energy’’ of the system was raised by an amount 3/2NkBT,
whereN is the number of atoms andkB is Boltzmann’s con-
stant. The equations of motion were integrated using
Verlet algorithm and a time step ofDt52 fs, giving a total-
energy conservation withinDE/E51025. The system was
equilibrated at the desired temperature for 1500 time step~3
ps!. Typically, another 1500 additional steps were perform
to calculate time averages. The finite size of the simulat
cell and the finite number of time steps in the simulati
implies that the instantaneous temperature of the cell, c
puted from the kinetic energy, fluctuated around some a
age temperature, which was not necessarily the target
perature. For the simulations conducted at a tar
temperature of 300 K, we found that the average tempera
after the system reached equilibrium was 301 K, with a st
dard deviation of 8 K. At 600 K, we found the average te
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perature to be 604 K, with standard deviation 20 K, and
1200 K, we found 1212 and 113 K, respectively.

For the computation of the temperature dependence of
lattice constant, we used a 64 atom fcc supercell and sam
the BZ with fourk points. For each volume and temperatu
we ran a Langevin dynamics simulation16 for 2.5 ps, using a
time step of 5 fs and a friction parameterg50.05 fs21.

III. RESULTS AND DISCUSSION

A. Equation of state

In Fig. 1 we present the energy versus volume curves
a selection of crystal structures, calculated using the st
TB code.17 The LAPW total energies for the fcc, bcc, and
structures, which were used in the fit, are also plotted on
graphs. We find that the TB Hamiltonian predicts that t
equilibrium fcc structure has a lower energy than any ot
structure yet tested, consistent with experiment and fi
principles calculations, and confirming the robustness of
Hamiltonian.

B. Elastic properties

The elastic properties of bulk fcc Au were calculated u
ing our TB parameters by means of the standard finite-st
method18,19 and the static code. The results are shown
Table I, along with comparisons to experimental data20 and
the results of first-principles LAPW calculations. The latt
calculations were also performed using the Perdew-W
local-density approximation~LDA ! parametrization.10 The
TB calculations reproduce the LAPW results very well a
are in good agreement with the experimental data.

C. Phonons atTÄ0 K

We determined the phonon dispersion curves and den
of states~DOS! of fcc Au by computing the dynamical ma

FIG. 1. Equation of state for selected crystal structures of g
using the tight-binding parameters discussed in the text. All co
dinates are relaxed at each volume. The points are the fi
principles LAPW energies used in the fit. From bottom to top,
ordering of the structures is fcc~LAPW symbol 1), hcp, bcc
~LAPW symbol 3), hexagonalv, A15, and simple cubic~sc,
LAPW symbol *!.
1-2
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DYNAMICAL PROPERTIES OF Au FROM TIGHT- . . . PHYSICAL REVIEW B 63 195101
trix. This was achieved by using a large supercell, in our c
containing 1331 atoms, and calculating the forces on all
oms in response to the displacement of the atom at the
gin. Provided this displacement is small enough it is poss
to construct the real-space dynamical matrix using finite
ferences and compute the dynamical matrix by a Fou
series.6

The high-symmetry direction phonon-dispersion curv
for Au at T50 K are shown in Fig. 2~a!, together with ex-
perimental data.21 The overall structure of the dispersio
curves is well reproduced. The low-frequency transve
modes are in excellent agreement with experiment. The
gitudinal higher-frequency modes, however, are system
cally too high close to the BZ edge.

The phonon DOS is presented in Fig. 2~b!, together with
experimental results. The DOS has two main peaks. Fro
to 3.5 THz, the theoretical DOS reproduces the experime
data very well. In contrast, in the region 4–5 THz, the po
tion of the high-frequency peak in the theoretical curve
overestimated by about 0.5 THz compared to experim
consistent with the discrepancy in the frequency of the hi
frequency longitudinal modes noted above.

We checked that the observed discrepancies are no
artifact of the supercell method used to calculate the dyna
cal matrix. In particular, we made sure that an 11311311
supercell is large enough to converge the dynamical ma
A first check is given by the slopes of the dispersion cur
ask→0, which are related to the elastic constants. We fou
that the slopes were consistent with our computed ela

TABLE I. Bulk modulus and elastic constants~in GPa! for Au
computed using our TB model compared to the results of LAP
calculations and experimental data. All calculations are perform
at the experimental room-temperature volume, the measured e
constants are taken from the compilation of Simmons and W
~Ref. 20!.

B C11-C12 C11 C12 C44

TB 181 21 195 174 40
LAPW 182 27 200 173 33
Exp. 169 30 189 159 42

FIG. 2. ~a! Phonon-dispersion curves for Au atT50 K, plotted
along high-symmetry directions in the BZ. Lines are spline fits
the theoretical TB data, open squares are experimental data p
~Ref. 21! ~b! Phonon density-of-states~DOS! for Au at T50 K.
The full line is the theory result using our TB model, while th
dotted line is a fit to the experimental values.~Ref. 21! The disper-
sion curves and DOS were calculated from the dynamical-ma
computed using an fcc supercell containing 1331 atoms.
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constants~see Table I!. Another check is to compute th
frequency of BZ-edge phonons using the frozen-phon
method22 for a two or four atom unit cell, using the stati
code to calculate the total energies. The computed BZ-e
phonon frequencies are shown in Table II. They are in p
fect agreement with the frequencies derived from the disp
sion curves obtained using the dynamical-matrix method~see
Fig. 2!, hence, confirming the accuracy of the latter a
proach. Finally, using the first-principles LAPW method, w
calculated the phonon frequencies atX andL and found very
good agreement with experiment as shown in Table II. W
therefore conclude that the overestimate of our calcula
longitudinal phonon frequencies near the BZ edge is a sh
coming of our TB parameters. An obvious approach to ov
come this problem and improve the agreement with exp
ment would be to include the LAPW frequencies atX andL
in our fitting database. Nevertheless, we note that our
results for the dispersion curves present a substantial
provement over results obtained using the second-mom
approximation to TB.1

D. Electronic density of states at finite temperature

The TBMD code computes all of the eigenvalues of t
system at each time step, making it simple to determine e
tronic properties such as the density of states as a functio
temperature. In Fig. 3 we show the electronic DOS at sev

d
tic
g

ts.

ix

TABLE II. Selected phonon frequencies~in THz! at high-
symmetry points in the Brillouin zone. The calculated TB a
LAPW frequencies were obtained with the frozen phonon meth
in cells with two or four atoms.

X~L! X~T! L~L! L~T! W~L! W~T!

TB 5.29 2.87 5.35 1.91 2.66 4.01
LAPW 4.43 4.53
Exp. ~Ref. 21! 4.60 2.72 4.69 1.85 2.63 3.62

FIG. 3. Temperature dependence of the electronic density
states of gold, calculated using the eigenvalues generated by
TBMD code, and averaged over ten time steps, as outlined in
text.
1-3
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F. KIRCHHOFFet al. PHYSICAL REVIEW B 63 195101
temperatures. For each temperature, we saved the eige
ues for ten different time steps. The DOS was then calcula
assuming a Fermi distribution, and the resulting DOS w
averaged. We see that the dominant effect of increasing t
perature is to reduce the peaks in the electronic DOS s
trum.

E. Phonons at finite temperature

We determined the phonon-dispersion curves and spe
density of fcc Au at finite temperatures by performing M
simulations. In Fig. 4~a! we show the velocity-velocity auto
correlation functions~VACF! obtained from the MD simula-
tion at 300 and 1200 K. We see that increasing tempera
damps out the oscillations in the VACF.

The finite-temperature phonon spectral density~PSD! can
be obtained from the Fourier transform of the VACF,23 as
shown in Fig. 4~b!. The PSD has the two well-defined peak
consistent with the DOS atT50 K. The position of the
peaks is also in agreement with the theoretical data atT50
K. The limited resolution in the finite-temperature PSD, d
to the short length of the MD simulation, makes a detai
comparison with experiment difficult. It should also b
pointed out that the PSD is proportional to the phonon D
only in a harmonic solid; one should therefore be cautio
when comparing the PSD to the phonon DOS, in particula
high temperature. We believe this may explain the differe
in height between the two peaks in the PSD, in contras
the T50 K phonon DOS, where both peaks have about
same height. Comparison of the PSD at 300 and 120
clearly reveals the effect of temperature: a clear shift of p
non frequencies to lower values and a broadening of
peaks in the PSD.

To compute the phonon-dispersion curves we calcu
the PSD from the Fourier transform of the velocity- a
position-dependent auto-correlation function. Details of t
computational procedure can be found elsewhere.24 The dis-
persion curves along high-symmetry directions in the BZ
300 K are reproduced in Fig. 5. The comparison with exp
mental data reveals the same discrepancies as in theT50 K
dispersion curves: the high-frequency longitudinal modes
overestimated close to the BZ edge.

We determined the temperature dependence of pho
frequencies by performing MD simulations at 300, 600, 9
and 1200 K where for each temperature we fix the volum

FIG. 4. ~a! Velocity-velocity auto-correlation functions~VACF!
of Au calculated from molecular-dynamics simulations at 300 a
1200 K using our TB model.~b! Finite-temperature phonon
spectral-density~PSD! Z( f ) for Au at 300 and 1200 K. The PSD
was computed by Fourier-transform of the VACF shown in~a!.
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the experimental value. In Table III we show the frequen
of selected BZ-edge phonons as a function of temperat
These frequencies were calculated as described above fo
300 K case.

As expected, the frequency of phonons decreases
temperature. For the modes we computed the change wa
the order of 0.2–0.3 THz, the transverse mode atL exhibit-
ing the largest decrease. Part of this variation is probably
to an increase in volume as the temperature increase
should be noted that using MD to compute the phonon d
persion curves at finite temperature can be particularly us
in systems where a particular crystal structure is unstabl
T50 K ~bcc Ti is one example! and where the dynamical
matrix method will predict unstable phonon modes. M
simulation may also be useful to determine the vibratio
properties of systems for which an experimental study m
be difficult, e.g., clusters or nanocrystals.

F. Thermal expansion

To determine the theoretical thermal expansion coeffici
a we use the following definition fora:

a5
1

3B S ]P

]T D
V

. ~1!

This definition requires the calculation of the pressure a
function of temperature for a fixed volume. We perform M
simulations at 300, 600, 900, and 1200 K, keeping the v
ume fixed at the experimental value at room temperat
~lattice constanta54.08 Å!. For each temperature we se
lected ten independent configurations from the trajecto

d
FIG. 5. Finite-temperature phonon-dispersion curves along

high-symmetry directions in the BZ, for Au at 300 K calculate
using molecular-dynamics simulations based on our TB mo
Filled circles are theoretical data, lines are polynomial fits to th
retical data, open squares are experimental data points.~Ref. 21!
The dispersion curves were computed by Fourier transform of
time-dependent wave-dependent VACF~see text!.

TABLE III. Selected phonon frequencies~in THz! at high sym-
metry points in the Brillouin zone, calculated as a function of te
perature~T in Kelvin! from MD simulations using our TB model.

T ~K! X~T! X~L! L~T! L~L!

300 2.85 5.40 1.90 5.35
600 2.82 5.35 1.80 5.22
900 2.77 5.28 1.70 5.18
1200 2.65 5.20 1.60 5.15
1-4
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DYNAMICAL PROPERTIES OF Au FROM TIGHT- . . . PHYSICAL REVIEW B 63 195101
generated by the MD and computed the instantaneous p
sure. We found that ten configurations per temperature w
enough to get the average pressure with an error margi
;5%. If, in Eq. ~1!, we assume the pressure varies linea
as a function of temperature, and if forB we use the theo-
retical value of the bulk modulus atT50 K and at the ex-
perimental volume, we geta51131026K21. This underes-
timates the experimental value of 1431026K21 at 300 K.25

An alternative definition ofa is given by:

a5
1

3V S ]V

]TD
P

. ~2!

To check the calculation ofa based on Eq.~1! we computed
a using this latter definition. This requires MD simulation
for several volumes~typically three or four! for a given tem-
perature. For each volumeV we compute the average pre
sureP. The equilibrium volume at each temperature is fou
by interpolatingP(V) to find the volume that gives zer
pressure. We performed this procedure at 300, 600, 900,
1200 K to findV(T).

In Fig. 6 we show the lattice constant as a function
temperature as derived from the simulations, compared
experimental results.26 The overall agreement with exper
ment is good, given that the theoretical data is well with
1% of experiment in the temperature range we simulated

From Fig. 6 we can see that it is reasonable to assume
the volume varies linearly as a function ofT. So by using Eq.
~2!, we geta51131026K21, in agreement with our previ
ous estimate based on Eq.~1!.

G. Mean-square displacement

We used the atomic positions generated by the MD sim
lations performed for several temperatures at the corresp
ing experimental lattice constants to compute the ato
mean-square displacement~MSD!. In Fig. 7 we compare the
temperature dependence of our computed MSD with exp
mental data.27 The agreement with experiment is excelle
up to 900 K, at higher temperatures the theoretical MSD g
larger than the experimental values. Again, it should
noted that the results of our calculation are in much be

FIG. 6. Lattice constant of Au as a function of temperature. T
black circles are the results of the molecular-dynamics simulat
using our TB model, open squares are the experimental data~Ref.
26!.
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agreement with experiment compared to previous work us
the second-moment approximation to TB.1

H. Liquid Au

To further test the transferability of our model to differe
atomic environments we studied the liquid phase of Au. T
simulation was performed with 200 atoms in a periodic f
unit cell. The density of the sample was chosen to be equa
the experimental value of 16.746 g cm23 at 1773 K.28 One
thousand~1,000! MD steps were used to equilibrate the sy
tem. Statistical averages of structural properties were c
puted from data collected from the next two thousa
~2,000! MD steps. The radial distribution functiong(r ) ob-
tained from our simulation~shown in Fig. 8! is found to be in
very good agreement with experimental data.29

We also calculated the electronic DOS of liquid gold
1773 K, using the same procedure as in the solid. The re
is shown in Fig. 9. While the overall shape of the DO
including the width, is similar to Fig. 3, the high temperatu
and loss of symmetry has destroyed most of the peak st
ture. However, two new peaks appear at low energies, p
ably due to the lack of periodicity in the liquid.

e
s FIG. 7. Mean-square displacement of Au as a function of te
perature. The filled circles are the results of the molecular-dynam
simulations using our TB model, empty squares are the experim
tal points~Ref. 27!.

FIG. 8. Pair-correlation functiong(r ) of liquid gold at 1773 K.
The dotted line is the result of molecular-dynamics simulations
ing our TB model, the full line is the experimental result~Ref. 29!.
1-5
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IV. CONCLUSION

We presented results of simulations of bulk fcc Au usi
our tight-binding model. Our TB Hamiltonian was used
compute the elastic constants of bulk Au, which were in v
good agreement with the results of LDA calculations a
experimental data. Using a supercell method to compute
dynamical matrix, we determined the phonon-dispers
curves and phonon density of states of Au atT50 K. Our
calculated dispersion curves are in good agreement with
perimental data, except for a tendency to overestimate

FIG. 9. Electronic density of states of liquid gold atT51773 K,
using the same method as in Fig. 3.
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frequency of longitudinal modes close to the Brillouin-zo
edge. We checked that this discrepancy is not a consequ
of the method used to calculate the phonon frequencies
addition, we performed molecular-dynamics simulations
various temperatures to compute the phonon density
states and phonon-dispersion curves at finite tempera
The molecular-dynamics simulation were also used to ob
the temperature dependence of the lattice constant and o
atomic mean-square displacement. Both quantities w
found to be in good agreement with experimental data.
nally, we performed an MD simulation of the liquid phase
Au and obtained a radial distribution function in very goo
agreement with experiment. We believe these results dem
strate that our TB model, using parameters generated by
same procedure,30 can successfully be applied to the study
dynamical- and finite-temperature properties of other met
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