Introduction to gauge gravity duality

Johanna Erdmenger

typed by Oliver Schlotterer

January 22, 2010






Contents

1 Introduction

2 Preparations

2.1

2.2

2.3

Conformal field theory in d dimensions . . . . . . . .. ... ... ... .....
2.1.1 Conformal coordinate transformations . . . . . . . . ... ... ... ..
2.1.2  Conformal fields and correlation functions . . . . . . .. ... ... ...
2.1.3 The energy momentum tensor ina CFT . . .. ... ... ... ... ..
N =4 super Yang Mills theory . . . . . .. .. ... ... ... ... ...,
2.2.1 Non-abelian gauge theories . . . . . . . . . . .. ... ...
222 The 1/N expansion . . . . . . . . . .
2.2.3  Supersymmetry . ...
2.2.4 Field content of N' = 4 supersymmetric field theory . . . . ... ... ..
2.2.5 The superconformal algebra and its representations . . . . . . ... ...

Anti-de Sitter space . . . . . . . ..

3 Introduction to superstring theory

3.1

3.2

3.3

3.4

Bosonic strings in Minkowski spacetime . . . . . . . .. ... 00000 L
3.1.1 Closed strings in Minkowski spacetime . . . . . .. ... ... ... ...
3.1.2  Open strings in Minkowski spacetime . . . . . . . . . .. ... ... ...
Bosonic string theory in background fields . . . . . ... .. ... .. ... ...
3.2.1 Background fields of the closed string sector . . . . . .. ... ... ...
3.2.2  Background fields of the open string sector . . . . . . .. .. .. ... ..
Superstring theory . . . . . ..o
3.3.1 Open superstrings . . . . . . . . ..
3.3.2 Closed superstrings . . . . . . . . .. .. o

11
12
13
13
15
16
18
19
20



4 CONTENTS
3.4.2 D branes in supergravity . . . . ... ..o 33

4 The AdS/CFT correspondence 35
4.1 Maldacena’s original argument . . . . . . .. ..o oL 35
4.1.1 D3 branes from the open string point of view . . . . . ... ... .. .. 35

4.1.2 D3 branes from the closed string point of view . . . . . . .. ... .. .. 36

4.1.3 Different forms of the AdS/CFT correspondence . . . . . ... ... ... 37

4.2 Field operator map . . . . . . ... 38
4.2.1 CFT correlation functions . . . . . . .. . ... ... ... ... 38

4.2.2 The dual fields of supergravity . . . . . . . . ... ... 39

4.2.3 AdS propagators . . . ... 41

5 Tests of the correspondence 45
5.1 Three point function of 1/2 BPS operators . . . . . .. ... ... ... ... .. 45
5.1.1  Correlation functions of 1/2 BPS operators . . . . . . .. ... ... ... 45

5.1.2  The non-renormalization theorem . . . . . . .. .. ... .. ... .. .. 47

5.1.3 The three point function on the gravity side . . . . . .. ... ... ... 48

5.2 The conformal anomaly . . . . . . . .. ... 52
5.2.1 The conformal anomaly on the field theory side . . . . . .. .. ... .. 53

5.2.2  The conformal anomaly on the gravity side . . . . . . . . ... ... ... 54

6 Generalizations of AdS/CFT 57
6.1 Holographic renormalization group flows . . . . .. .. ... ... ... ... .. o7
6.1.1 Renormalization group flow in supergravity . . . . . .. .. .. ... .. 58

6.1.2 Leigh Strassler flow . . . . . . . .. ... L 60

6.1.3 Holographic flows in supergravity . . . . . . .. .. ... ... ... ... 62

6.2 The holographic ¢ theorem . . . . . . . . . ... ... Lo 64
6.3 Last lecture of 2009 . . . . . . . .. 64
6.4 Applications 1: Field Theories at finite temperature . . . . . . . .. ... .. .. 64
6.5 Gauge gravity duality at finite temperature and density . . . . . . . .. .. . .. 66
6.5.1 Finite density . . . . . . ... 67

6.5.2 Chemical potential in quantum field theory . . . . . . . . ... ... ... 67

6.6 Dissipative dynamics close to equilibrium . . . . . . .. ... ... 69
6.6.1 Retarded Green functions in QFT . . . . . . ... ... ... ... .... 69

6.6.2 The gravity side of Green functions . . . . . .. .. ... ... ... .. 70

6.6.3 Example: Holographic computation of Ohm’s law . . . . . ... ... .. 72



CONTENTS 5

6.7 Hydrodynamics and shear viscosity in AAS/CFT . . . . ... ... .. ... ... 73
6.7.1 Relativistic hydrodynamics . . . . . . .. .. ... 0oL 73
6.7.2 Kubo formula from linear response theory . . . . . ... ... ... ... 74
6.7.3 Shear modes and sound modes . . . . . . .. ... L. 75

6.7.4 AdS/CFT calculation of the shear viscosity . . . ... ... ... .... 76



CONTENTS



Chapter 1
Introduction

Let us start by giving the (rough) statement of gauge gravity duality:
e Some quantum field theories are equivalent to (quantum) gravity theories.

e In particular limits, the gravity theory becomes classical and the corresponding quantum

field theory (QFT) strongly coupled.

The second point makes the duality particularly useful since by other methods, dynamical
processes are inaccessible in the strongly coupled regime of QFTs: Normally, QFT calculations
are done by means of perturbation theory, but this only works at weak coupling. Lattice
gauge theory might be a powerful way out of this dilemma, but it is hard to use for capturing
dynamics. Also, for technical reasons, it is problematic at high temperature or large density
and chemical potential.

The purpose of this lecture is the following:
e explain how and for which QFTs the gauge gravity duality works
e work out the details of the subtle limit
e give nice examples and applications

Gauge gravity duality originates from string theory. (However, there is a limit of the duality
in which string theory reduces to classical gravity, i.e. general relativity (GR).) The duality
generalizes the so-called AdS/CFT correspondence,

e AdS = anti deSitter spacetime, a solution of Einstein’s equations
e CFT = conformal field theory

a conjecture for equivalence between
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e string theory on certain ten dimensional backgrounds involving AdS spacetime
e four dimensional QFT with conformal symmetry (supersymmetric SU(N) Yang Mills)

There is no mathematical proof for the AdS/CFT correspondence but overwhelming evidence
of its correctness. The conjecture states that these two theories are equivalent including ob-
servables, states, correlation functions and dynamics. It is interesting to ask in which way the
conformal symmetry could be dropped in order to cover non-conformal theories such as QCD.
The ten dimensional spacetime of the string theory side contains a five dimensional anti deSitter
spacetime with a four dimensional boundary. The four dimensional QFT can be regarded as
living on this four dimensional boundary. In analogy to conventional holograms (which encode
three dimensional information on a lower dimensional surface), the AdS/CFT correspondence
is said to realize the holographic principle.

As in any field theory, symmetrie are of central importance for gauge gravity duality. The
two equivalent theories have the same symmetries. Moreover, the correspondence provides a
one-to-one map between classical gravity fields and quantum operators of the field theory, i.e.
some sort of holographic dictionary. This map then identifies representations of the common
symmetry group.

As to the literature to this subject, there are (at present) no textbooks available. Let us
instead refer to the original papers [1], [2], [3], [4] which marked the birth of the AdS/CFT
correspondence. Several review articles followed [5], [6], [7] which assume lots of background
knowledge and usually emphasize particular aspects of the duality. Finally, at later stages of

this course, [10], [11] are helpful references for applications.



arations

Chapter 2

Preparations

In this section we elucidate the several subject areas which will be connected by the correspon-

dence.

2.1 Conformal field theory in d dimensions

2.1.1 Conformal coordinate transformations

Conformal coordinate transformations are defined as those local transformations x# — z'*(x)

that leave angles invariant. In a Euclidean d-dimensional space R? we therefore can write

dz, dz" = Q7*(z) daf, dz'. (2.1.1) |eq:metri

The corresponding infinitesimal coordinate transformation from old coordinates x to new ones
2’ looks like
o=t 4+ v(x) (2.1.2)
and we have
1
Q = 1 - = =0- . 2.1.3) 12,3
(«) olr), ole) = 30-vlx) (213)
Equivalently to (2.1.1) we can formulate an equation for the vector v, the conformal Killing
equation,

o, + O, = 20@) N, (2.1.4) |eq:confK

taking its trace yields the expression (2.1.3) for o(x). We will work in d dimensional Euclidean
space where 7, = J,,. Solutions v to (2.1.4) are referred to as conformal Killing vectors, the

most general one reads

v, = a, + wur’ + Az, + bt — 2(0b-2)1,, Wy = —Wyy - (2.1.5) |eq:solut

9
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This Killing vector leads to the scale factor o(z) = A — 2(b- x). Equation (2.1.5) is valid for
any d. Note that in the special case of d = 2 the conformal Killing equation (2.1.4) is nothing

but the Cauchy-Riemann equations
811)1 = 827)2 s 811}2 = —821)1 . (216)

Thus, in d = 2 all holomorphic functions v(z) are solutions and generate conformal coordi-
nate transformations. In this case we have an infinite number of functions solving (2.1.5),
accompanied by an infinite number of associated conserved quantities.

However, we will mostly consider theories in d = 4 dimensions, for example in Minkowski space
or on the boundary of Ads;. Here we have a finite amount of conserved quantities. Counting
the independent components of the factors in the solutions (2.1.5) amounts to a total number

of 15:

Ay
Wy +
A + 1
b + 4
total 15

The general conformal Killing vector (2.1.5) may be viewed as the combination of elementary
transformations. The group of "large” conformal transformation is generated by infinitesimal
elements of the conformal algebra. We define locally orthogonal tranformations R correspond-

ing to a group element g of the conformal group as

oz
Ri(x) = Q(z) =% . (2.1.7)

dxe
One can easily show that R € O(d), i.e. that R, (z)R{,(r) = d,,. The group multiplication

and the inverse are given as follows:

1

RY(gr)RI(x) = RY9x), (Rx)™ = R (gx) (2.1.8)

With these we can construct translations and rotations as

, = Ruwr, + ay, Q) = 1. (2.1.9)

Scale transformations (« \) and special conformal transformations (< b,) involve a non-trivial

Q) factor:

T, = Ay, Qx) = A (2.1.10)
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x, + b,2? 2
A N U R @.111)

Together, these transformations form a group isomorphic to SO(d + 1,1) (or SO(d,2) in
Minkowski spacetime). All transformations belonging to this group can be constructed by

performing translations, rotations, and inversions; the latter are given by

: x i
o, = (ir), = I—g Q) = 2° (2.1.12)

i . TuTy

Ru(r) = L,(x) = 0 — 2 o (2.1.13)

Special conformal transformations can be composed by concatenating inversion + translation +

mversion.

2.1.2 Conformal fields and correlation functions

So far we examined coordinate transformations. Now we will investigate the behaviour of fields.
For instance, the N = 4 super Yang Mills theory (SYM) mentioned in the introduction only
contains fields transforming covariantly under the conformal group. In general QFTs (such as
QED or QCD), conformal symmetry is generically broken by quantum effects (anomalies).
Necessary condition for a field theory to be conformally symmetric is a vanishing 3-function.
The latter describes the change of a coupling g with energy scales u, i.e.
99

Blg) = e (2.1.14)

so ((g) = 0 rephrases scale invariance.
A conformally covariant operator O of a conformal field theory (CFT) transforms as follows

under infinitesimal conformal transformations (with Killing vector v and ¢ = 0 - v/d):
1
5,0 = —(L,0), L, = v()-0 4+ Ao(z) — B Ov () Sy (2.1.15)

Here, A denotes the scaling dimension of the operator O and S,, a generator of O(d) in an

appropriate representation. It only affects spinor-, vector- and tensor fields but no scalars ¢:
bop = —(v(x)-0 + Ao(z)) ¢ (2.1.16)

In general QFTs, correlation functions are defined as time ordered vacuum expectation values,

e.g. a two point function of some field ¢ is given by

(p(z)o(y)) = (O[T p(z)p(y)0) , (2.1.17)

three-, four- and higher point functions by analogous expressions. Generically, their computa-

tion is quite involved and possible only in the framework of perturbation theory.
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Let us also give the path integral analogue of the definition (2.1.17) in the operator approach. In
a scalar field theory governed by action S[y], the partition function Z and a general correlation

function (O) is defined by the path integrals

Z = /Dgp eS| (O) = %/Dgp Oe Skl (2.1.18)

In CFTs, conformal symmetry is so strong that it determines the form of the two- and three
point correlation functions up to a managable number of parameters. In the notation (z—y)? =

(x —y)u(z — y)*, the two- and three point functions of scalars ¢; with scale dimensions A; are

given by
(o)) = R (2.1.19)
(or@) el es=)) = S AR (y Z)IZHrAerAg G s aes (2120

with constants ¢, k determined by the field content.

Four point correlators (1(z)p2(y)ps(2)ps(w)) are less constraint by the symmetry since they

. . . . —_— 2 —_— 2
involve dimensionless cross ratios =40 (;7 2)

E=nE and w0

2.1.3 The energy momentum tensor in a CFT

The symmetric energy momentum tensor T, subject to the conservation law 9,7*" = 0 (or
rather V, 7" = 0 in curved spacetime) generates the Noether currents associated with confor-
mal symmetry. The infinitesimal transformations with conformal Killing vector v* gives rise to

the conserved current

o= T, (2.1.21)

In this subsection, we will now show an important property of the energy momentum tensor in
a conformal field theory, namely its tracelessness 7%, = 0.

It is a common method in QFT to introduce sources for operators in a QFT’s action, and then
express the operator (in correlation functions) as the functional derivative of the generating
functional. To do so, the action Sy of our theory is modified by an additive term which couples

the operator to its source. For instance consider some scalar operator ¢ and its source J,

Sle, J| = Soly] + /ddx o(x) J(x) . (2.1.22)
Correlation function of that operator ¢ may now be calculated as the functional derivative of
the generating functional W[J]| := —In Z[J] of the theory with respect to the source J, e.g.
oW|J
(p(x)) ] (2.1.23)

6J(x)
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One can also apply this procedure to vector- and tensor operators,
S = & + /dda: (pJ + V, A" + T,,¢") . (2.1.24)

It can be shown that the source of the energy momentum tensor is exactly the quantity that
has the properties of the metric. So the energy momentum tensor is obtained by calculating
oW 1g]

2
T, (x) = — . 2.1.25) [eq:defEN
% ( ) \detg| 5g“”(x) ( ) €q:ae

The metric transforms under conformal coordinate transformations induced by a vector field v

as 0,g" = 20", so requiring invariance of W implies

0 = &6,Wlg = /ddx ;gll/}i[(?j) dpgt(x) = /ddx (— w> (20¢"™)

= - /dda: VIdetg| T, "o . (2.1.26)

Since T, # vanishes upon integration against an arbitrary function o, one can conclude the

announced tracelessness of the energy momentum tensor

T» = 0. (2.1.27)

2.2 N =4 super Yang Mills theory
maxiSusy

In this section we want to develop the field theory side of the AdS/CFT correspondence — the
maximally supersymmetric SU(N) gauge theory. This N' = 4 super Yang Mills theory is an
example for a d = 4 dimensional CF'T. In the following, the ingredients will be introduced step

by step.

2.2.1 Non-abelian gauge theories

Super Yang Mills theory is a non-abelian gauge theory, i.e. its fields take values in the algebra
of a non-abelian gauge group. QED, on the other hand, is associated with the abelian gauge
group U(1). Let us take it as an introductory example for the necessity of a gauge field:

Consider a complex scalar field ¢(x) transforming under local U(1) transformations as

o@) = o), dple) — %(Pp@) £ MO dp@).  (22)

The derivative d,¢p obviously does not transform like the field ¢ itself, so a connection A, is

required in order to define a gauge covariant derivative:

Dyp(z) = (0, + iA,) p(z) — Do) e A, — A, — 90 (2.2.2)
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With A, transforming like that, we can use the covariant derivative D, to construct gauge

invariant objects (e.g. kinetic terms in the action). Furthermore, the field strength tensor
F, = 0,A, — 0,A, (2.2.3)
is unaffected by gauge transformations of A, since 9,0, = 0.

The most important examples of non-abelian gauge groups in these lectures are SU(N) with
N > 2. One has to distinguish two transformation properties of fields under the non-abelian

SU(N):

e Fields transforming in the fundamental representation of the gauge group are elements of

an N dimensional vector space:

g(z) — (77T T g;(x) i,j=12..,N (2.2.4)

The SU(N) generators T are traceless hermitian N x N matrices and ensure that V7"

is unitary. If the parameters 9*(x) are infinitesimal, the field ¢; is shifted by an algebra

element

g(z) — qz) + W0*(x) (T*):7 ¢;(z) (2.2.5)

e Fields transforming in the adjoint representation of the gauge group are aligned into the

N? — 1 dimensional algebra su(N),

¢l = ¢t ()7 —  (e7T) F o (1), (e7T7) (2.2.6)

Infinitesimally, conjugation by a group element ¢®’"7" involves the commutator [T¢, T?] =

i foTe of the su(N) generators:
¢aTa N ¢aTa 4 i(ﬂbTb¢aTa o ¢aTa19bTb)
— ¢aTa _ iﬁbea [Ta’ Tb]
= ¢°T" + [P T (2.2.7)

Non-abelian gauge fields A, = AJT“ give rise to a non-abelian field strength tensor in the

adjoint representation

F. = 0,A — 0,4, + ig|A,, A
= (0,45 — 9,AL — g fC AL AT (2.2.8)
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The transformation properties of F},, can be deduced from its alternative definition as a com-

mutator of (non-abelian) gauge covariant derivatives (with ¢ denoting the gauge coupling)

(Dp)i? == 870, + igAS(T™)7,  Fu = —g[DM,DV}. (2.2.9)

One can thus form a gauge invariant action for the field strength by taking a trace over the i, j
indices of the generators:

S[A] ~ /d4a: Te{F" F,} (2.2.10)

The non-linear contribution to F},, gives rise to interactions with the vertices
PICTURE: 3 vertex ~ g, 4 vertex ~ g2
Later, we will discuss QCD, an SU(3) Yang Mills theory of gluons together with fundamental

quarks. It has two essential features following from the negative sign of the 3 function
o asymptotic freedom, attenuation of the coupling in the UV region, i.e. lim, .. g(p) =0

e confinement, the coupling g grows rapidly in the IR regime yu — 0

2.2.2 The 1/N expansion

It was suggested by Gerald t"Hooft that non-abelian gauge theories may simplify when SU(N)
is studied in the limit N — oco. The diagrammatic expansion of SU(N) field theory suggests
that it is a free string theory in the N — oo limit with string coupling 1/N.

To understand this, let us consider a toy model: let ¢$ denote a set of fields with an adjoint
index ¢ and a label , for spin- or flavour degrees of freedom. We assume that the interaction
vertices mimic Yang Mills theory — a three point vertex ~ ¢ and a four point vertex ~ g2. The

toy model’s Lagrangian then reads
L ~ Tr{dgxdpr} + g A Tr{¢. dv 01} + ¢° " Tr{ ¢ dv dr 0, } - (2.2.11)
A rescaling go, — ¢, turns it into
L ~ % (Tr{dgbA dor} + M Tel{d, 0, 00} + &V Te{o, ¢, dx ¢p}) L (2.212)
To have a well-defined N — oo limit, it is convenient to introduce the t’Hooft coupling
A = ¢*N. (2.2.13)

If we send N — oo at constant A, the coefficient of (2.2.12) diverges but the number N? — 1

of components in the fields diverges as well. This point becomes clearer after an analysis of

2,20



16 CHAPTER 2. PREPARATIONS

Feynman graphs in the t'Hooft limit. The propagator will have the following SU(N) index

structure to ensure tracelessness,

(7 (x) o1 () ~ (6/5,# - %&jékl) : (2.2.14)

regardless of the spacetime dependence. In the N — oo limit, the second term can be safely
ignored, this suggests double line notation

PICTURE of a i-k over j-1 double line

Feynman diagrams then become networks of double lines. Vertices scale as %, propagators
as %, and the sum over indices in a trace contributes a factor of N for each closed loop. If
we introduce shorthands (V) E, F') for the numbers of vertices, propagators (edges) and loops

(faces) respectively, diagrams are proportional to
diagram(V, E,F) ~ NV FFEXEZV — NX)\E-V (2.2.15)
The power of the expansion parameter N is precisely the Fuler characteristic
x =V -FE+F = 2 - 12¢g, (2.2.16)

related to the surface’s number of handels (the genus) g.

Any physical quantity in this theory is given by a perturbative expansion of type

D ONTEN e M= Y ONT (N (2.2.17)
g=0 i=0 9=0

with f;(A) a polynomial in the t’Hooft coupling. For large N, the series is clearly dominated by
surfaces of minimal genus, the so-called planar diagrams. As an example, compare the following
vacuum amplitudes

(—) with N? and non-planar (X) with N°

The form of this expansion is the same as in a perturbative theory of closed oriented strings
with string coupling % The propagator and the interaction vertex of a closed string is depicted
below.

PIC: Zylinder und Hose

In this simple toy model, one cannot say which string theory fits to the perturbative series.
For N =4 SYM, however, the AdS/CFT correspondence tells us which string theory leads to

the correct expansion: ten dimensional type IIB superstring theory on AdSs x S°.

2.2.3 Supersymmetry

We know to have Poincaré symmetry in the flat Minkowski spacetime, which is equipped with

a "mostly positive” metric of signature n = diag(—, +,+,+). Generators of translations and
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Lorentz transformations will be denoted as P, and L, respectively. Supersymmetry now

enlarges the Poincaré algebra

[L,ul/7 PA} = —i (nu)\ P, — UDN Py) (2218)
|:L,u,l/7 L)\p} = —1 (77/,L)\ Lup - nup Ly)\ + nyp LN/\ — Tux LHP) (2219)

by including spinor supercharges (). In so-called Weyl notation we have aleft-handed spinor Q%
and its right-handed counterpart Quq = (Q%)" where the SL(2,C) indices «, ¢ take values 1,2
and a counts the number of independent supersymmetries a = 1,...,N. The Q’s transform as
Weyl spinors of SO(1,3) = SL(2,C)/Zs.
The two-component Weyl spinor notation is related to the Dirac four-spinor notation by
a 0 O"LL .
QY = ?? , A= . af | (2.2.20)
Qaa 5.uaﬁ 0
where o = (—1,0%) and o = (=1, —0") are four vectors of 2 X 2 matrices with the standard
Pauli matrices o’ as their spatial entries.

The supercharges commute with the generators of translations but otherwise obey the algebra

{Q0, Qut = —208,P.0%, {Q4, Q% = 2e452%. (2.2.21)

Here the operators Z are referred to as central charges. They commute with all the Poincaré-
and supersymmetry generators Q¢ and need to by antisymmetric Z% = —Z%® in order to respect
the anticommutator’s symmetry. Therefore, for ' = 1 supersymmetry, we have Z = 0.

The supersymmetry algebra (2.2.21) is invariant under global phase rotations of the super-
charges Qf , into each other. This forms an R symmetry group denoted as U(1)r. In addition,
when N > 1, the different supercharges may be rotated into one another under the unitary
group SU(N)gr which extends the R symmetry.

The field theory in the AdS/CFT dictionary has N' = 4 supersymmetries. Let us briefly
explain why this is the maximal supersymmetry for a pure gauge theory without gravity: Each
supercharge Q%, Q.4 changes the spin of the state it acts on by 1/2. In absence of gravity,
helicities between -1 and +1 occur, hence no spin modification greater than 2 = Ny, - 1/2 is
allowed.

In the A/ = 4 theory we have R symmetry SU(4) = SO(6). Exactly this is the isometry group
of the sphere in the AdSs x S° background of the string theory side of the correspondence.
The AdS; factor has the symmetries encoded by SO(4,2) in Minkowski space or SO(5,1)
in a Euclidean formulation. These groups are isomorphic to the conformal group in d = 4

dimensions according to our analysis in subsection 2.1.1.

eq:susyA
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field | range representation of SU(4)g
vector | A, (1) singlet
Weyl fermions | A2, A%, | a =1,2,3,4 (4) fundamental
real scalars | X% |i=1,2,...,6 (6) adjoint

Table 2.1: The field content of the N/ = 4 supersymmetry multiplet and the representation in
which these fields transform with respect to the R symmetry group SU(4)gr = SO(6)r tab:n4co

2.2.4 Field content of N = 4 supersymmetric field theory

Representations of the supersymmetry algebra make up the SUSY multiplets. Their com-
1

ponents are spin 1 vector fields, spin 5 fermion fields and spin 0 scalar fields. In N =4
supersymmetry we encounter maximal supersymmetry if s = 1 is the highest spin in a SUSY-
multiplet. This implies that we cannot describe gravity with this theory, because the graviton
is supposed to have spin 2.

For any N with 1 < A < 4 we encounter one gauge multiplet, which is a multiplet transforming
in the adjoint representation of the gauge group (while we are used to have matter fields in
the fundamental representation in non-supersymmetric theories). For N' = 4 this is the only
possible multiplet.

Lower symmetry N' =1 and A/ = 2 also admits matter multiplets which we will not discuss
here, though. (But to make you familiar with the names, the multiplet in the fundamental
representation in N' = 1 SUSY is called chiral multiplet, and the multiplet in the fundamental
representation in AV = 2 SUSY is called the hypermultiplet). The content of the NV = 4 multiplet

is given in table 2.1. Note that this theory is non-chiral. The Lagrangian may be written as

1 , o1 S Nt
L= Tr{—Q—QQFWF“ + g P B = i A" Dy,

=D DXTDIXT 4 gy O [XT A (2.2.22) [eq:N4Lag

a,b,i

~ ya [yi b 9_2 i 312
+ g%qam (X7, 0]+ 2%:[)( , X7] }
Here the trace is summing over gauge indices &, 3 which are suppressed in the expression above.
They appear if we rewrite the adjoint fields correctly as linear combinations of the generators
T4 of the gauge group, e.g. X' =X Z'ATAQB . The symbol #! denotes the instanton number and
E,, = TeunpF.

The C%, are the structure constants of SU(4)g. Note that there is only one coupling constant

g. On the classical level this theory is conformal with engeneering dimensions of the fields as
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[A,] =1, [\] = 3/2, [X] =1 and therefore [g] = 0. The dimensionless coupling and absence of
any mass term are necessary for conformal invariance.

The Lagrangian (2.2.22) is invariant under SUSY-transformations given by

(06X = [Q%.X'] = C" X\,

(OAge)"a = {Q% A} = Fi(0"€)apd’y + [X', X']eas (Ciy)" (2.2.23)
62 = {Q%, N3} = C%ol DX

(6AM)°, = [Q%, A" = ol A

Note that F}, is the self-dual part 3(F}, + F,,) of the field strength, and the constants (Cj;)%,
are related to bilinears in Clifford Dirac matrices of SO(6)g.

Upon quantization of this theory, one finds that the §-function vanishes to all orders of pertu-
bation theory (and even non-perturbatively), therefore we are left with a CFT even at quantum

level.

2.2.5 The superconformal algebra and its representations

The concept of supersymmetry together with the conformal group form the superconformal
group SU(2,2|4). The SU(2,2) part represents the symmetry of the Weyl spinors while the
SU(4) refers to the R symmetry group SU(4)r of the N’ = 4 supersymmetry.

The AdS/CFT map will provide a direct one to one mapping between operators on both sides
of the correspondence. This relies heavily on the fact that on both sides the operators fall into
representations of the same symmetry groups.

The generators of the superconformal group are given by

e Conformal symmetry with generators P,, L, D, K,: In addition to the Poincaré algebra

2

(2.2.18) and (2.2.19), the conformal algebra involves commutators

.R) = -if,
D.K] - iK,

[L.,,D] = 0 (2.2.24)
(L, K] = =i Ky — nu, K)

[P., K] = 2iL, — 2in,D

e R symmetry SO(6)r = SU(4)g with generators T4, A =1,2,...,15. The SO(4,2)- and
SU(4)gr subgroups commute.

e Poincaré supersymmetry with generators Q%, Q%, a = 1,2, 3,4 subject to (2.2.21).



20

CHAPTER 2. PREPARATIONS

e Conformal supersymmetry generators Sn, and S% which introduce the following anti-

commutation relations:

{Q. Q%) = {Saa Sw} = {@, 8} = 0
{Qa, Qs) = 2(0")a3Pudh

_ (2.2.25)
{86, 84} = 2(0"),; Kb}

{QZ ) Sﬁb}

1
€ap (SgD + 5 (5;} L/U/ (U’MV E)ag

Central charges are assumed to vanish throughout the rest of these lectures.

The fields A, (z), A% (x), A% (x) and X(x) of the SUSY multiplet (a = 1,2,3,4and i = 1,2, ...,6)
can be used to construct composite operators of N' = 4 SYM. Some regularization prescription
is needed when multiplying fields at the same spacetime point.

We define a superconformal primary operator O by

[S,0] = o0,

(2.2.26)

i.e. the O’s are the lowest dimensional operators in a representation of SU(2,2|4). This is the
generalization of the primary operator condition [K,, O] = 0 in bosonic conformal field theory
(which is in fact implied by (2.2.26) since two S generators anticommute to K’s).

An operator O is a superconformal descendant of O if

o = 1Q,0], (2.2.27)

O and O’ then belong to the same superconformal multiplet, i.e. the same representation of
SU(2,2[4). The scale dimension is shifted as Apr = Ap + 3.

Of central importance are single trace operators (taking a trace is necessary to ensure gauge
invariance)

O = Tr{Xx? . X"} = sTr{X"X"? . X"} (2.2.28)

They are also referred to as half BPS states since they are annihilated by half the spinorial
generators S (but not by the other half Q).

2.3 Anti-de Sitter space

In this section we will examine the Anti-de Sitter spacetime and compare it to flat Minkowski
spacetime. As mentioned earlier, one side of the AdS/CFT correspondence is so-called type

IIB string theory formulated on the spacetime AdSs x S°. We will not discuss string theory
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now. Instead we want to get familiar with the spacetime and see how it may be connected to
the more familiar Minkowski spacetime R3.

The most important facts about AdSs; x S° spacetime for us are of geometrical nature. We
already stated that the isometry group of this spacetime is the same as the symmetry group of
the quantum field theory on the other side of the correspondence.

The key result of this section will be that the boundary of the Euclidian compactification
of AdSs spacetime is equal to compactified R*, which is the Euclidean compactification of
the Minkowski spacetime we live in. To see this equivalence we will make use of so called
conformal diagrams which enable us to draw an image of the entire spacetime on a single sheet
of paper making the causal structure of the spacetime visible. A short introduction to conformal
diagrams is for example given in appendix H of [§].

The (p + 2)-dimensional version AdS, s of this spacetime can be defined as the embedding of
a hyperboloid (with AdS radius L)

p+1
X+ X2, = > XP =L (2.3.1)
=1

into a flat (p + 3)-dimensional space RP*3 with metric

p+1

ds? = —dXZ — dXZ, + > dX?. (2.3.2)
=1

The AdS radius is a measure for the constant curvature: Riemann tensor and cosmological

constant are given by

1 d(d-1
Ry,l/)\p = _ﬁ (gu)\gzxp - gupgu)\) ) A = — % < 0 (233)

where d is the dimension of the boundary.

One possible parametrization of this spacetime is given by

Xo = L coshpcost
p+2 = L coshpsint (2.34)
X; = L, sinhp

with angular coordinates €;, ¢ = 1,...,p+1such that >, Q2? = 1 and ranges 0 < p, 0 < 7 < 27
for the remaining coordinates.

Inserted into (2.3.2), this yields the metric

ds* = L*(- cosh? pdr? + dp? + sinh?p ng) : (2.3.5)

eq:adsEm

eq:adsPa

eq:adsMe
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It features a timelike killing vector 0, on the whole manifold, so 7 may be called the global
time coordinate. The isometry group SO(2,p+ 1) of AdS,;2 has a maximal compact subgroup
SO(2) x SO(p + 1), the former generating translations in 7, the latter rotating the X;’s.
picture of AdS as hyperboloid?
Near p = 0 we have cosh p ~ 1 and sinh p = p, so in this environment the metric of AdSs

looks like
ds* ~ L*(—dr* + dp* + p°dQ3) (2.3.6)

and thus is seen to be topologically S* x R*. The S' parametrized by the time coordinate
7 represents closed timelike curves. To prevent inconsistencies concerning causality, AdSs
is therefore regarded as the causal spacetime obtained by unwrapping these circles, taking
—00 < T < oo without any identification.

Introducing a new coordinate 6, the metric (2.3.5) becomes that of the Einstein static universe
R x SP:

2

tanf = sinhp = ds* = (—dr® + d¢* + sin®0dQ3) . (2.3.7)

cos2 0

However, since 0 < 6 < 7, only half of R x SP. The causal structure remains unchanged

when scaling this metric to get rid of the overall factor. Further, adding the point § = 7

corresponding to spatial infinity results in the compactified spacetime

ds* = —dr* + df* + sin®0dQ; 0<6< — —00 < T <00 . (2.3.8)

b |

If we specify boundary conditions on R x S” at § = 7, then the Cauchy problem is well-posed.
As one can easily read off from (2.3.8), the § = 7 boundary of conformally compactified AdS, >
is identical to the conformal compactification of (p + 1) dimensional Minkowski spacetime.

Let us take a quick look at the special case of conformally compactified (1 4+ 1) dimensional

Minkowski spacetime. It is convenient to introduce light cone coordinates,
uy = t+az = ds* = —dt* + d2* = —du,du_. (2.3.9)

If we furthermore restrict the coordinates to a finite range, a useful choice is

T+ —dr? 4+ dv?
o B ~ _. = d 2 . 2.3.10
U anuy , Ut 2 5 4 cos? Uy cos? u_ ( )

Another neat parametrization of AdS,;, are the Poincaré coordinates which cover half of the

eq:adsCo
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hyperboloid. Introduce (y,t,Z) such that y > 0 and 7 € RP, then:

1
Xo = — (1 + (L7 + 2 —1%)
2y
1
X = — (1 = 2 L2 - 4 t2
Pl 2 (- g (F -7 ) (2.3.11)
Xp+2 - Lyt
The boundary at y — oo can be better analyzed in terms of a new variable u
‘ 1 9 9 du? 1 i1
u o= ; = ds* = L — + Emjdx da’ | . (2.3.12)

After a conformal rescaling by u?, we obtain the Minkowski metric by freezing u = 0.
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Chapter 3
Introduction to superstring theory

This chapter aims to give a brief introduction to selected aspects of superstring theory. Of
course, we cannot provide a self-contained course about this topic, the following sections will
shed light only on those aspects which are relevant for the AdS/CFT correspondence.

As we have emphasized before, the AdS/CFT map relates the N' = 4 SYM field theory to string
theory. Relations of that type have been known for some time, in fact the original motivation to
study string theory in the 1960’s was to describe mesons and hadrons (bound states of quarks).
This picture gives a relation between mass m and spin J of hadrons, m? = J/a’ + const. The
m?2(J) plot is known as Regge trajectory and the parameter o/ as Regge slope. Mass and angular

momentum are assumed to come from a rotating relativistic string.

3.1 Bosonic strings in Minkowski spacetime

The basic idea behind the bosonic string is to take one-dimensional strings as the fundamental
objects rather than point particles. Such a string sweeps out a 141 dimensional worldsheet (cf.
worldline of point particles). Strings can be closed or open — closed string will represent the
gravity side of the correspondence whereas open strings will cover the gauge sector.

The worldsheet is parametrized by two coordinates, proper time 7 and the spatial extent o of
the string. The embedding of the worldsheet of the fundamental string into the target spacetime
is defined by functions X*(7,0).

The string action is simply given by the worldsheet area (similar to the length of a point

particle’s worldline),
1

S = /d% V= det 0, X1 05X, , (3.1.1)

2o

where (0%, 01) = (7,0) and o is the inverse string tension.

25
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In order to get rid of the square root in view of quatization, a worldsheet metric hp(0) is
introduced as an auxiliary field subject to certain constraints. This gives rise to the Polyakov

action

S = d?c V—hh*? 0, X" 05X, . (3.1.2) [3,2

47ra
The equation of motion for X* is a relativistic wave equation. In the gauge with hag = 103 =

diag(—1, 1), it takes the particularly simple form
(0 — 0?)X*(r,0) = 0. (3.1.3) [3,3
This is supplemented by the Virasoro constraints

0.X"0,X, = 0,X"0,X, — 0,X"9,X, = 0. (3.1.4) [3,4

3.1.1 Closed strings in Minkowski spacetime

For AdS/CFT, it is essential to have two different types of strings, closed and open ones,
depending on the boundary conditions they satisfy. Closed strings are equivalent to a circle,

they do not have endpoints and satisfy periodic boundary conditions. With ¢ € [0, 27| we have

XH(1,0) = X*(1,2m), Oy X" (1,0) = 0,X"(7,2m) (3.1.5)

and also hag(7,0) = hap(7,27). The mode expansion for the closed string is governed by the

solutions to the wave equation (3.1.3) which split into left- and right movers

Xt (r,0) = X{(t+0) + Xi(t—0). (3.1.6)

The periodic boundary conditions give rise to a discrete Fourier expansion

I
0

X{(t+0) = % + o pf (T +0) \/ Z e~ to)

n#0
, \f (3.1.7)
0 Z —mT o)

Xi(r—0) = - a'pi (1 —o0)
n#0

The zfy and p" = p{’ = pi are center of mass positions and -momenta, the latter can be viewed
as the zero modes of the expansion via off = af = %’p“. The constraint p* = pf' = pf is
enforced by periodicity. Reality of X* requires o, = (a/)* and a*, = (&*)*.

In the quantization procedure, the a,, modes become creation- and annihilation operators, e.g.
the graviton as the lowest closed string excitation corresponds to the massless spin 2 state

o [@ 00,0, k).
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3.1.2 Open strings in Minkowski spacetime

Open strings have two endpoints. The usual convention is to delimit o € [0, 7| in this sector. In

each direction p of spacetime, either Neumann- or Dirichlet boundary conditions are possible:

e Neumann boundary conditions

0 Xu(7,0) = 9, X, (r,m) = 0 (3.1.8)

Momentum flow through the endpoints of the string is forbidden by Neumann boundary

conditions. This is reflected in the Neumann mode expansion
ak .
X*M(r,0) = af + 2d'p" 7T + V2 — e cos(no) . 3.1.9) 3,9
() =+ 20+ WA S S (o). (319

Left- and right movers are reflected into each other. Again, aff = v2a/pH.

e Dirichlet boundary conditions

Now the endpoints of the string are fixed

X*(1,0) = XHt(r,m) = b, (3.1.10)

which gives rise to the mode expansion

H )
XHMr,0) = xf + V2 Z%e’”” sin(no) . (3.1.11)
n

n#0

Open string boundary conditions (b.c.) can be interpreted as follows: Dirichlet b.c. define a
hyperplane in target space, so-called Dp branes, on which open strings can end. In p spatial
dimensions and in the time direction, Dirichlet b.c. are used whereas in the other directions
Neumann b.c. are imposed.

The quantization procedure naturally leads to a massless spin 1 state o]0, k), the photon.

3.2 Bosonic string theory in background fields

Up to now, we have considered the propagation of open and closed strings in Minkowski space-
time. By coupling the fundamental string to the massless closed string excitations (which in-
volve the graviton), strings propagating through curved background spacetime (such as AdSs5 x
S®) can be described. In particular, the symmetric traceless part of the state o' ;a”,|0,0, k) <

g can be identified with the metric of the target spacetime.
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3.2.1 Background fields of the closed string sector

Weyl invariance of string theory implies that spacetime has to satisfy the vacuum Einstein

equations. The Polyakov action becomes

1
S = /dch V—=hh*® 9, X" 95X" g (X) . (3.2.1)

Y fed

In addition, we have a Kalb Ramond field By, and a dilaton ¢ associated with the remaining

irreducibles ol*,6",0,0, k) and a”1a-1,]0,0, k). Their action reads

1
Spy = /an V=h (1% 9, X" 95 X" B (X) + o Rypp(X)) . (3.2.2)

4o’

By comparison with the string theory perturbative expansion, we find a string coupling g, = €¥.
To ensure Weyl invariance of the quantized theory, we have to impose tracelessness of the
worldsheet energy momentum tensor. In bosonic string theory, this is possible in D = 26
spacetime dimensions only. The critical dimension of superstring theory is D = 10. The

worldsheet energy momentum trace reads

a 1 « v i Q v 1
T = =5 B b7 0uX" 0pX" — o= 3,60 0. X1 05X — o B Ry (3.2.3)

where Rj, denotes the Ricci scalar on the worldsheet (with respect to the metric h,z) and the

[ functions are given as follows (to order o):
1
Y = = o ((RQ)#V + VuVip — 1 Hyxnp Hy Ap)

1

o= o <—§ V Hy + VAQOHAW,) (3.2.4)
1 1

ﬁ;fy = O{, (—EVQQD + VMQDVMQO — @HMV)\HMVA) .

(By the usual method of differential forms, one defines a field strength H = dB for the Kalb
Ramond field,

H/W)\ = 8”3,,,\ -+ &,BM -+ 8,\BW ) (325)

The theory is Weyl invariant if 34, = 8, = 0¥ = 0. Remarkably, the vanishing of the [

functions (3.2.4) may be derived as equations of motion from the target spacetime action

1 1
S = 2—/{0/(126)( \V/ |detg|6_2‘p (Rg + 4VM§0VMSD - E HMV)\ Hlﬂ/)\) : (326)

with spacetime Ricci scalar Ry built from the g, metric. This is the effective action for the
massless string states a”,a7,10,0, k) < g, By, ¢ of the closed string sector. From the form

of S, the g, field may be identified with the target spacetime metric.
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3.2.2 Background fields of the open string sector

Similarly, we may couple the open string to an abelian gauge field living on a D brane. This is

achieved via worldsheet action

Sy = / dr A, (X) 0, X" (3.2.7)
ox

where 0¥ is the boundary of the worldsheet. The effective spacetime action for the open string

sector (to leading order in o) is given by
S = —C/d%X e ¥ F,, F" . (3.2.8) [3,18

Therefore, the tree level open string physics is described by Yang Mills theory. Recall that
o' can be interpreted as the squared string length, so the o/ — 0 limit extracts the point
particle-like behaviour.

A single D brane gives rise to the gauge group U(1), but this can be generalized to non-abelian
symmetry by taking a stack of coinciding D branes. Superposition of branes introduces non-
dynamical degrees of freedom (from the worldsheet point of view) called Chan Paton factors.
They arise on a stack of N Dp branes and are therefore assigned to the endpoints of the string.
The Chan Paton factor \;; labels strings stretching from brane i to j where ¢,j = 1,2,..., N. The
matrix A is an element of some Lie algebra. It turns out that the only Lie algebras consistent
with open string scattering amplitudes is U(N). Note that the Chan Paton degrees of freedom
parametrize a global symmetry on the worldsheet but a local symmetry in target spacetime.
The theory of open strings ending on coincident Dp branes can effectively by described by a

non-abelian gauge theory.

3.3 Superstring theory

Bosonic string theory which we have described so far has two major shortcomings. Firstly,
it contains tachyons in both the open string- and the closed string sector which are states of
negative mass square. Secondly, the bosonic string lacks fermionic degrees of freedom necessary
to model particles observed in nature.
Let us give the supersymmetrized Polyakov action for the string position X* and its worldsheet
superpartner U#* in conformal gauge h,g(7,0) = e‘“(T"’)naﬁ:

S = ! /d% (0uX, 0°X" + iU'y*0,V,) (3.3.1) [3,19

Ve

The U#* are spacetime vectors of two components spinors on the worldsheet, U = (wﬁ, wi)T

with real entries ¥.. The v* denote worldsheet « matrices for which one possible representation
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is

T , o = : (3.3.2)

1 0 10

In terms of lightcone derivatives 0y := 8%{ with o0& = 7 £ o, the fermionic part of the action

(3.3.1) may be rewritten as

Sy = o [0 (0 + W00 (33.3)

2ma!

the equations of motion describe left- and right moving waves just like in the bosonic sector,

oot = ot = 0. (3.3.4)

The total action is invariant under the worldsheet supersymmetry transformations j. X# = eW#

and 0. U* = ~*0,X*"e where the parameter ¢ is an infinitesimal constant Majorana spinor.

3.3.1 Open superstrings

Upon integrating the action (3.3.3) by parts, one encounters the boundary term

5S; = 47:a, / dr (W o0, — v ovy,)|

(3.3.5)

In the open string sector, we have to impose that the contributions from ¢ = 0 and ¢ = 7

o=

vanish separately. This is equivalent to

= 0 (1/’+u) i

o=0,7

Wy = | = 0 e S

= 0. (33.6)

Since the overall sign of the spinor components can be chosen arbitrarily, we impose ¢4 (7,0) =

o=0,m

" (7,0), then the boundary condition at ¢ = 7 leaves two options corresponding to the Neveu

Schwarz and the Ramond sector of the theory:

R: ¢h(r,m) = +¢r7)
NS: i(r,m) = —¢2(1,7)

(33.7)
These boundary conditions give rise to the Fourier expansions

1 )
R: ¢f(r,m) = — Z dr e="moF
\/5 nez

. (3.3.8) 3,26
NS: (r,m) = —& Z bl e o

with Grassmann valued modes d,,,b,. The string states are created by acting on the ground

state of the NS- and R sectors with creation operators. The NS ground state is tachyonic and
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will be removed from the spectrum. The spectrum of both NS- and R sector can be truncated
in a specific way which eliminates the tachyons. This truncation prescription is called GSO
projection due to Gliozzi, Scherk and Olive. This projection leaves an equal number of fermions

and bosons at each mass level and therefore paves the way for spacetime supersymmetry.

3.3.2 Closed superstrings

The closed sector of superstring theory can be constructed in four different ways. Each of left-
and right movers may be taken from open string NS- or R sectors. From spacetime point of

view, we find the following statistics for the states:

e NS-NS, R-R sectors <« spacetime bosons

e NS-R, R-NS sectors <« spacetime fermions

The NS-NS sector contains the fields g, B, ¢ which we had already discussed in bosonic
string theory whereas the "mixed” NS-R, R-NS sectors contain SUSY superpartners such as
gravitino and dilatino.

The R-R sector is more complicated due to the degenerate ground state. There are two possible
inequivalent R-R ground states (which differ by chirality), corresponding to type ITA- and type
IT B superstring theory. In type IIB, left- and right moving sectors have the same chirality, this
leads to a scalar Cy and antisymmetric tensor fields Cy and C} of rank 2 and 4 at the massless
level. Type ITA (with R-R ground states of opposite chiralities) gives rise to C7, C5 tensor
fields.

The Dp branes to which the C), forms couple of course also differ between the two theories
type I B« D1, D3, D5, D7, D9 branes
type I A < DO, D2, D4, D6, D8 branes
where the D3 branes play a major role in the AdS/CFT correspondence. Although types IIA /B
are inequivalent theories, they are related by dualities.
As it was shown in the 90’s by Witten, there in fact three further consistent superstring theories
known as type I and heterotic string theories (with gauge groups SO(32) and Eg x Eg). They
are connected with each other and the type II models by a web of dualities. For AdS/CFT

purposes, however, it is sufficient to focus on type II.

3.4 D branes

D branes have a dual interpretation which is crucial for the AdS/CFT correspondence:
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e hyperplanes where open strings can end
To lowest order in o, massless excitations of D branes are described by supersymmetric
Yang Mills theory (with gauge group SU(N) in presence of N branes).

e solitonic solutions of type IIB supergravity in D = 10 dimensions
D branes are very massive and curve spacetime around them. The lowest energy closed

string excitations are gravitons.

The AdS/CFT is based on the identification of these two pictures in a particular limit!

3.4.1 Effective actions for D branes

Just as fundamental strings, D branes can couple to background fields, in particular to gravity.
We aim to find a world volume action describing their dynamics as a generalization of the
worldsheet action for strings. The background fields act as generalized couplings.

Let €% denote the coordinates for the world volume of a Dp brane (which reduces to £ = 7
and ¢! = o in case of the fundamental string). In direct analogy to the string worldsheet area

action, the bosonic part of the D brane action is given by

S](Dpél = —,up/de{ e ¥ \/det(gzb + B + 21/ ab) . (3.4.1)

The action (3.4.1) is known as Dirac Born Infeld action, or in short, DBI action. Its prefactor

t, = (2m)Pa/~(P+D/2 yelates to the (genuinely non-perturbative) brane tension T, = p,/gs,
and ¢* is the induced metric on the brane obtained via pullback of the spacetime metric to the

brane worldvolume,
oX" 0X"

Yab = D¢ pev Im - (3.4.2)

The same applies to the B field.
Expanding the DBI action in flat spacetime (with ¢}, = 7.,) by means of det(l + M) =
1— iTr{M 2} for antisymmetric matrices M, we see that the DBI action for D3 branes is a

generalization of Yang Mills theory

Su) ~ 0/_2/d4§ Tr{Fup F*} Fu = BlYy + 21md Fy . (3.4.3)

D branes also carry some charge under the R-R p form fields C,. The full action describing
a charged BPS brane (named after Bogomolnyi, Prasad and Sommerfeld) involves a Chern

Simons term, S = Sppr £ Scs,

Ses = m [ @7 3G AT} (3.4.4)
q
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it describes the interaction of the R-R fields C4; with the NS-NS field B. The exponential of
the two form F has to be understood in terms of the wedge product.

BPS branes are stable due to charge conservation. In type ITA /B superstring theory, Dp branes
with p even/odd are BPS stable since R-R gauge potentials C,;; are present to which Dp branes
can couple. Unlike fundamental strings, D branes are non-perturbative objects since the tension

and therefore their energy scales as 1/gs, i.e. with the inverse string coupling.

3.4.2 D branes in supergravity

c:Dsugra

We have discussed in subsection 3.2.1 that to leading order in o/ (i.e. at low energies when
only massless excitations contribute), Weyl invariance of the string worldsheet action in curved
background is equivalent to certain field equations which can be derived from a gravity action.
In superstring theory, this effective target space action is precisely that of supergravity. For this
reason, the supergravity theories are referred to as type IIA /B although they can be motivated
independent of string theory.

In type IIB supergravity, the bosonic field consists of the massless closed string states, .., B
and ¢ from the NS-NS sector and the form the R-R form fields Cy, Cy and Cy. In addition,
there are fermions with an equal number of degrees of freedom as in the bosonic part.

Moreover, we define the axio-dilaton T and a complex 3 form Gj3 by
T = Cy + 1%, Gs = F3; — 7 H; (3.4.5) |3,31

where F3, H3 are the field strengths of Cy and Bs (in differential form notation Fy = dCs and
H3 = dBs,). The C; potential is more conveniently represented by the field strength

. 1 1
Fs = dCi + 5By A Fy — 5 Gy A Hg. (3.4.6) [3,32]

Let us finally introduce the rescalings g,, = ePo=9)/6 and k = Koe?® = /81Gy into the Einstein

frame, then the type IIB supergravity action is given by

1 - |OuTl? |Gs|” |F5)°
Sip = — [d% /-3 |R; — £ - —
e 2 K? / ’ g ( I 2 (Im7)? 12Im 7 45!

1 L/"Ca A Gs A Gy

8i k2 Im7 (34.7)

The field strength Fs has to be self-dual in the sense that

F)pros = Frropis (3.4.8)

where the Hodge dual (*w); of a k form w in D dimensions is defined by

| det g]

<*w)ﬂl~~-ﬂD—k = Tgvlml’k#lmqu wulmyka (3'4'9)
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| det g|
2

e.g. xF,, = 5W>\pF>\p in D = 4 dimensions.
Now let us look for solitonic solutions of the equations of motion due to (3.4.7). A Dp brane
is a BPS solution of 10 dimensional supergravity, i.e. it is annihilated by half the Poincaré
supercharges (),. It has a p + 1 dimensional flat hypersurface with Poincaré invariance group
R x SO(1,p). The transverse space is then of dimension D — p — 1.

Here, it would be nice to have a few more words about the 'BPS’ term and about the
relation between SUSY conditions and eq. of motion...

A p brane in 10 dimensions has symmetries R’ x SO(1,p) x SO(9 — p). An ansatz which

solves the equations of motion of type IIB supergravity is

1
= dz*dz, + /H(¥)dy-dg (3.4.10) [3,36

VH(Y)

where z# are the coordinates on the brane world volume and 3 denote the coordinates perpen-

dicular to the brane. It turns out by means of the supergravity equations of motion that

3—p

o

e?W) = [H(p] * H = harmonic function of y = /¢ -y . (3.4.11) |3,37

Far away from the brane, i.e. at y — oo, flat space has to be recovered, this boundary condition

uniquely fixes H to be
L

HE) = 1+ (—)D_H . (3.4.12)

)
L is a length scale related to the only dimensionful parameter o/. For a stack of N coincident

Dp branes, one finds
LPP=8 = Ng,(4m)5 P2 (I2) o/(Pr=3/2 (3.4.13)

Let us finally summarize the special features of D3 branes:

e its worldvolume has 143 dimensional Poincaré invariance

e axion- and dilaton fields (Cp, ¢) are constant with relation to the coupling g2, = gs = ¥

e it is a regular supergravity solution for y — 0

e it couples to a self-dual five form dCy = F5 = *Fj5

e string theory implies (since g2, = g,) that

L' = 4rg,Na? = 4dx)a?, A = ¢g.N = t'Hooft coupling  (3.4.14)



Chapter 4

The AdS/CFT correspondence

4.1 Maldacena’s original argument

Following the arguments of [5], let us consider type IIB string theory in 941 dimensional

spacetime with a stack of NV D3 branes. There are two kinds of excitations:
e closed strings: excitations of empty space with the graviton as the massless mode
e open strings ending on the D3 branes: 3 excitations of D branes

At energies below the string mass scale (a/)~'/2, only massless string states are excited:
e massless closed string states <« gravity multiplet of type IIB supergravity

e massless open strings states < N = 4 vector multiplet in 3+1 dimensions, SU(N) SYM

4.1.1 D3 branes from the open string point of view

The low energy effective action for the massless excitations of N D3 branes in flat ten dimen-

sional space has the schematic form

S = Spuk + Svrane + Sing

Spux = D = 10 supergravity including higher derivative terms, i.e. o’ corrections
Strane = DBI- and CS action defined on 3+1 dimensional brane world volume:
for small o/, we get SYM ~ Tr{F,, F*} plus interactions ~ o/ Tr{F*} + ...
St = bulk-brane interaction: leading term is appearance of the background

metric g in the brane action

35
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For o/ — 0, the bulk action becomes the Einstein Hilbert action with coupling k ~ gsa’?. In
the expansion g,,, = 1, + kh,, about flat space (with Minkowski metric ), the leading terms

are

Shue = 2%2 /dmx VIgIRy ~ /dl%: ((8h)2 + K (0h)*h + ) . (4.1.1)
In the low energy limit x ~ gsa’?> — 0, the interaction terms O(k) drop out, so gravity becomes
free at long distances. Similar behaviour can be observed in the Sjy sector. The term ”low
energy limit” should not be taken too literally: the relevant energies E are certainly kept fixed
but we send the dimensionful parameter o/ — 0, therefore various dimensionless quantities such

as o £? are suppressed.

4.1.2 D3 branes from the closed string point of view

In their solitonic interpretation, D branes are viewed as massive charged objects which act as
sources for the various supergravity fields. Specializing (3.4.12) to D3 branes in ten dimensions

(D =10 and p = 3) yields the metric

1
ds? = ——= n,dotd2” + VH@) (dy? + y*dQ?
VH® ( )
4
HG) = 1+ (S) | (11.2)

Let us discuss the limits of this metric: When y* > L* = 47g,Na'?, one recovers flat 10 D
space. When y < L, on the other hand, the metric appears to be singular as y — 0. To
examine this limit more carefully, let us define a new coordinate u := L?/y. In the limit of

large u (where H = 1 +u*/L* — u*/L*), the metric takes the asymptotic form

1 du?
o~ (E hodetde’ + L dgg) . (4.13)

In this near horizon limity — 0 < u > L, the geometry close to the brane is regular and highly
symmetrical (with isometry group SO(4,2) x SO(6)). Apart from the S° sphere represented
by dQ2, we rediscover the AdSs metric (2.3.12).

An important property of the metric (4.1.2) is its non-constant redshift factor (H (37))_1/ t o Jit

with an interesting near horizon limit:

B _ ~ 1 o1
m@) = () = o (.14

The energy £, of an object measured by an observer at constant position y differs from the

~ y/L : smally

energy F; of the same object, this time measured by an observer at infinity,

(H@) "E, = Ei. (4.1.5)
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When the object approaches y — 0, it appears to have lower and lower energy to the observer
at infinity. This gives another, geometric notion of low energy regime. We have to distinguish

two kinds of low energy excitations:
e particles approaching y — 0
e massless particles propagating in the bulk (away from y = 0)

Their excitations decouple from each other in the low energy limit: Bulk massless particles
decouple from the near horizon region around y — 0. Excitations close to y = 0 are trapped

by the gravitational potential to the AdSs x S® region.

4.1.3 Different forms of the AdS/CFT correspondence

Both from the point of view of open strings’ field theory limit and from the supergravity
point of view, there are two decoupled theories in the low energy regime. One of them is free
supergravity in flat space, and we are led to identify it with the supersymmetric gauge theory

which appears in both descriptions:

N =4 SYM with gauge group SU(N) PUN type 1IB supergravity

The (x) above the arrow indicates that the correspondence claimed in this AdS/CFT conjecture
holds in the N — oo limit at large and fixed t’Hooft coupling A = g;N. Maldacena generalized
this idea to conjecture that the duality goes beyond the supergravity approximation.

The strongest form of the AdS/CFT correspondence conjectures that the duality between the
supersymmetric SU(N) gauge theory and type IIB supergravity holds for any value of N and
gs. This implies that N =4 SYM is exactly equivalent to the full type IIB superstring theory
on AdSs x S°. However, it is at present not possible to test the strongest form since there is
no consistent non-perturbative quantization of string theory yet, in particular not in curved
spacetime.

In the (modestly) strong form of the AdS/CFT conjecture, one keeps A = g;N fixed while
sending N — oo. In this case the ground state is classical type IIB string theory on AdSs x
S5, The perturbative expansion parameter is g = A\/N < 1 on the string theory side, this
corresponds to a perturbative 1/N expansion on the field theory side.

Finally, there is the weak form of the AdS/CFT conjecture described above. It states that the
correspondence is only valid in the Maldacena limit N — oo and \ very large. It relates N' = 4

SYM at strong coupling and N — oo with classical supergravity. In contrast to previous forms,
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o’ is assumed to be small now, and the o expansion of supergravity is dual to a field theory

1/2

expansion in A~/ powers around the strong coupling limit.

A — 00 gs — 0
weak form of AdS/CFT correspondence : —
N — oo o — 0

The AdS/CFT map provides a weak/strong coupling duality:

e more complicated to test: only direct tests based on objects which are independent of the

coupling

e interesting predictive power: non-trivial prediction for strongly coupled gauge theories

4.2 Field operator map

The aim of this section is to work out the precise dictionary between objects of the two equiv-
alent theories,
N =4 SYM type IIB supergravity
N, A — o0 - on AdS; x S°

in particular between representations of the common symmetry groups. We will relate field
theory operators to supergravity fields which transform in the same representation of the su-
perconformal group SU(2,2[4) or its bosonic subgroup SO(6) x SO(4,2). This provides a
one-to-one map between gauge invariant operators in N' = 4 SYM and classical fields in 1IB

supergravity on AdSs x S°.

4.2.1 CFT correlation functions

A crucial role in testing the AdS/CFT correspondence is played by the computation and com-
parison of correlation functions. Correlators which obey non-renormalization theorems (i.e.
which are A independent) will be of particular interest. Let us give a brief review of correlation
functions in QFT.

Composite operators with coinciding arguments such as (go(x))2 require regularization, the
regularized version will be denoted by [gpz(x)] Consider an n point function of composite

regularized gauge invariant operators O(z),

(O1(x1) Oz(xg) ... Op(z)) .
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An important tool to compute this correlator is the generating functional Z[.J] (and its analogue

WJ] for connected diagrams) defined by

Z[J] = <eXp (—/d% £J)> = WU (4.2.1) [4,1

where L is the Lagrangian of a given QFT with added source term coupled to a basis {O;} of

gauge invariant local operators:

Ly = L+ J0; (4.2.2) [4,2

The n point function is then given by

5" In Z[J]
(O1(x1) Oz(x2) ... Op(z)) 8J1(x1) 0J5(z2) ... 0y () lai=0

To calculate correlation functions in AdSs; x S®, it is convenient to work in Euclidean AdSs

(4.2.3) 4,3

with Poincaré coordinates
H = {(zo,z), >0, 7€ R4} . OH = R'. (4.2.4) [4,a

The metric

ds? = ; (dzg + dZ_Q) (4.2.5) |4,5
diverges at the boundary z, — 0, but it is (inerely a coordinate singularity, not a curvature
singularity. The divergence may be removed by a Weyl rescaling. As we will see later, however,
sometimes it is necessary (and useful) to consider a cutoff at fixed zy = €. The UV cutoff A = £
is mapped to an IR cutoff € in AdS. It is natural to assume that N' = 4 SYM lives on the
boundary of AdSs.
Typical gauge invariant operators in SU(N) SYM with A" =4 in D =4 are

ia TH{X X2 XY (4.2.6)
Here, A denotes the conformal dimension of the operators, X? are the elementary scalar fields of

N =4 SYM transforming in the representation (6) of SO(6) = SU(4) and C;, ;, fall into the

Oa(z) = sTr{X"X"2.. X2} = NID2¢,

totally symmetric rank A tensor representation of SO(6). The trace is taken over color indices
(recall that all the fields transform in the adjoint representation of SU(N)). The normalization

is chosen such that all planar graphs scale with N2,

4.2.2 The dual fields of supergravity

On the AdS side, we decompose all fields into Kaluza Klein towers on S°, i.e. we expand the

fields in spherical harmonics Y (7) of S°:

o(2,9) = DY wal2) Ya(@) (4.2.7)
A=0
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The ten dimensional Klein Gordon equation implies a massive wave equation in the five dimen-

sional AdS sector,
(Os + mi) ealz) = 0, mi = A(A —4). (4.2.8)

It has two independent solutions which can be characterized by their asymptotics as zy — 0:

A .
2 : normalizable

palz0,2) ~ 3 L, _ (4.2.9)
2, = : non-normalizable

The non-normalizable fields define associated boundary fields [3] by virtue of

oa(Z) = lim pa(z0,2) 2577 . (4.2.10)

zo—0

We may identify the normalizable AdS modes pa as vacuum expectation values of the field

theory operators Oa and the non-normalizable modes @A as sources for these operators:

oa(20,2) ~ {(Oa) 25 + pazg ™ (4.2.11)

The mapping between correlation functions in SYM theory and the supergravity dynamics is
given as follows: The generating functional W[pa] for all correlators of single trace operators
Oa in SYM is given in terms of the source fields ¢. The boundary values of these supergravity

fields become the sources for the QFT. In other words, on the field theory side we have

e~Wleal <eXp (_/ d*z @a OA)> : (4.2.12)
OH

The AdS side is governed by an action in terms of the bulk fields S[pa] in the framework of type
[IB supergravity on AdSs x S°. The AdS/CFT conjecture for correlation functions says that
precisely this classical gravity action enters the generating functional for the subclass {Oa} of
operators in the N' = 4 QFT. The AdS boundary conditions have to be adjusted to meet the
field theory values of the source fields:
Wigal = Sleal| e (4.2.13)
limz,—0 pa(20,2) 25 =Pa(?)

The action S is the generating functional for tree diagrams on AdS space, i.e. for the classical
expansion of correlators. These tree level graphs in AdS are referred to as Witten diagrams [2],

let us give the corresponding Feynman rules:

—»

e Each external source pa(2) is located at the boundary.

e Propagators depart from the external sources either to another boundary point or to an

interior interaction point (in which case they are called bulk-to-boundary propagators)
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e The structure of the interior interaction points is governed by the interaction vertices of

the supergravity action. These are obtained from the Kaluza Klein reduction on S°.
e Two interior interaction points may be connected by bulk-to-bulk propagators.

picture of 2pt, 3pt and 2 times 4pt (1 or 2 vertices)

4.2.3 AdS propagators
:adsprop

In this section we will derive the scalar propagator in Euclidean AdS spacetime H as defined

n (4.2.4). For simplicity, the AdS radius is set to L = 1. The four vector 2’ in the metric

ds* = %(dz§ + dz®) parametrizes the boundary dH. The geodesic distance is obtained by
0

solving the geodesic equation (where the parameter ¢ is called chordal distance):

w

d(z,w) = /ds = ln<1 * ‘51_52) , &= = 2220w0ﬁ (4.2.14)

25 + wg + (Z— w)?

z

Let us start from the scalar part of the action which we obtain by Kaluza Klein reduction of

the ten dimensional IIB supergravity on S°. Schematically we get

m2
Sloal = [ &= /Id] ( " O s + 7B s + gm) (4.2.15)

where L;,; denotes higher order interaction terms from KK reduction. Now the propagators

are represented by integral kernels K, Ga subject to

oa(z) = / d*Z Ka(z,%) pa(Z) = bulk-to-boundary propagator (4.2.16)
oH

oa(z) = /d% Ga(z,z) J(z) = bulk-to-bulk propagator (4.2.17)
H

The scalar Green function satisfies

(O + mi) Galzx) = F(za) = H?ﬂf/(f_i'_%), mi = A(A—4) (42.18)
g

where the action of the Laplacian [J, on scalar fields is in general given by

1

Oy = ——= 0u/]9l9" Oy
’ N

and reduces to the following expression in the AdS metric (?7?):

(4.2.19)

AdS

d
0, = -0 + (d-1)z0d — 7Y 0 (4.2.20)
=1
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This turns (4.2.18) into a hypergeometric equation. The Green function which solves it is thus

given by a hypergeometric function in the argument ¢ from (4.2.14):

Ca

Galz,w) = Gal§) = 95 2A —d) R (582, A-1,8) (4.2.21)
_ I'(A)
Ca = 5 T'(A-2)

When =z is located at the boundary, Ga reduces to the bulk-to-boundary propagator

A
- 0

Calculation of the two point function requires careful treatment of potential divergences at the
boundary. We Fourier transform the boundary coordinates to momentum space. The d + 1

dimensional bulk action

1 m?
_ d+1 2
Slel = /d z /] (5 Qupdp + — ¢ ) (4.2.23)
gives rise to a boundary term after integration by parts,

]' = — .
I R L CO (1224) [.34]

it is regularized by cutting off the 2y integral at zy = . In the notation (e, p) = @¢(p)e? 2, we

Fourier transform
©(20,2) = /ddﬁei’ﬁ (20, D) (4.2.25)

in order to simplify the equations of motion:

(zg(?g — (d=1)200 — (%2 + mi)) p(20,0) = 0 (4.2.26)

This is a Bessel equation with solutions zg/QKl,(zOp) (where v = A —d/2 and p = /p- p). The
asymptotics is governed by lim,, . zg/QKu(z()p) =0 and K, (2 — 0) ~ 2072,

The normalized solutions of the boundary problem read

zg/z K, (20p)

_ 0 Srl\e0r) o d—A
p(20,0) = 7K, (2p) o(p) e = . (4.2.27)

The first term of the expansion of the supergravity action in correlation functions is

Slel = [ @52l n) '+ § o) dueled) (1.2.25)
This yields the following two point functions for the dual CFT operators:

PSlel __@oerd d

<0A(@0A(®>e = W - £28—d—1 de

<5d/2 Ky(sﬁ)) (4.2.29)
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The Bessel index v is a positive integer whenever the associated CFT operator O with A =
v + d/2 is a chiral primary. Bessel functions have an asymptotic © — 0 expansion of the

schematic form
K,(u) — u"(ag+ ayu® + agu + ...) + v’ Inu(by + byu® + byu' + ...), (4.2.30)

this translates as follows to the level of two point functions:

2m) 04 (P + @ d
(Oa(P) Oa(]): = ( )€2A(—]¢91 7 (—5 + vl +ce+e®p® + ace'pt + )
2vby 4, o 2.2
— —— & p?1 1 4.2.31) |4,31
o & P () (1t ety ) (4.2.31) [4,31]
Explicitly, we have % = % and % = 2274 such that

2,2 ’ 2(r—1) b
<OA<mOA(_ﬁ)>s _ 60 + 615 p ::_2Ad+ ﬁ (5]9) _ 2v 0p2y ln(ep) + 0(82).

(07
’ (42.32)

The field theory of the first terms is governed by scheme dependent contact terms ~ C0™§4(7—7))

and the second term gives the correct non-local result

2Vb0

(OA@) Oa(—7) = p* In(ep) (4.2.33)

Qo

independent on e. Transforming back to position space yields

(OsD O = [3 g7 S (12,30
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Chapter 5

Tests of the correspondence

5.1 Three point function of 1/2 BPS operators

An impressive test of the AdS/CFT correspondence is the agreement of the three point functions
of 1/2 BPS operators in N/ =4 SYM at large N with the corresponding fields in supergravity.

To demonstrate this result, we will proceed as follows:
e look at two point functions to fix the normalization
e calculate three point function in SYM to zeroth order in the coupling

e check that this is not normalized at higher orders, i.e. prove a non-renormalization

theorem to show independence of the correlator on the coupling

e calculate the correlation function on the gravity side (spacetime dependence from the

Green function and couplings from KK reduction)

5.1.1 Correlation functions of 1/2 BPS operators

For the purpose of this section, it is convenient to modify the notation: An 1/2 BPS operator

of N' =4 SYM will be denoted by

o, = C!

110k

Tr{X" .. X"} (5.1.1)

where k = A and the C? are totally symmetric traceless rank k tensors of SO(6).
The SYM action is normalized such that ¢2,; = 4mgs, and the normalization Tr{T%T%} =
§% /2 of the SU(N) generators T allows to recast it into the form

1
S = —- /d4a: Tr{FW F’””’} + SUSY completion
29vm

45

5,1
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1 4 a apv .
= Iz /d x g, P + SUSY completion (5.1.2) [5,2
Iym

this gives rise to the following scalar propagators:

9\2(1\/[ 04 5

(X'(2) X (y)) = 22 lr = g2 (5.1.3)

The two point function on the field theory side to lowest order in perturbation theory is therefore

given by

(Or@)O{(y)) = G\ 4, G5 5 (T{X" (@) .. X*(2) } To{ X7 (y) ... X7 () })

I J Nk g2k, (5i111 §iziz _ §ikic 4 cyclic permutations)
Cir i G i (2m)2F |z — y|*F
k )\k 5IJ

— 5.14) |5,4
@ |z = yF (5.1.4)

line notation diagram
The last equality only holds to leading order in N.

By an appropriate generalization, one can obtain a nice result for the three point function to

lowest order in perturbation theory and in the limit of large V:

A™/2 iy kg ks (CT C7 CF)
I J K 1 2 3
= 1.

Note that the spacetime dependence is completely determined by conformal invariance. We

have used shorthands

Z:/{/‘l—f—kg—f-k’g, OéiZE—k’i (516)
(such that e.g. a; = &2HE=h1) and (C'C7CX) denotes a uniquely defined SO(6) tensor con-
traction of indices determined by the Feynman graph.
anotherlinepicture

The notation can be streamlined by defining normalized operators O := /\53/7;)5% O!. Their two

point function is normalized to one,

5IJ

e (5.1.7)

(Oi(2) Ol(y)) =
and the three point function reads

~ ~ - / I ~J K
(Oi(2) O} (y) Of (2)) = fi Ry b (O O7 C7) . (5.1.8)

Nz = yPos Jy— s o = 2P

L

Nz arise.

This holds for large values of N, otherwise non-planar corrections of order
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5.1.2 The non-renormalization theorem

Next we demonstrate the absence of O(\) terms both in (OO) and in (OOQ). The argument
will hold for any N [9].

Define complex scalar fields Z? := X' + X3 making use of the embedding SU(3) C SU(4).
The Euclidean version of the N' =4, SU(N) SYM Lagrangian then reads

1 1- T B
L = Tr{Z L R+ EAﬂ))\ + D, Z' D7 + §WIZW

+ V201" (uZy Lt = BRI = S5 S e (DL AL + GRZ )

2 2
L R L B2+ G [ e B2 22 (5.19
where L, R denote the left- and right handed chirality projectors.

Due to supersymmetry, it is sufficient to consider

({2 @) T2 ) = ko) (51.10)
(472 |z — y])
with the following polynomial in N
Pero(N) = ) Te{T® 7% . T%} Te{T%0 T%@ _ T%®}

oSy,

N\ F
= k <§> + lower order in N . (5.1.11)

There are various effects to consider at leading order in the coupling:

e self energy corrections

a— —blob— —a' = 0§ N A(z,y) G(x,v) (5.1.12)

with A(z,y) = ao + a; In(p*(z — y)?) and the scalar propagator G(z,y) = ;=

- AmPfr—yl?

e two particle exchange interactions

(a tob) and (a' to V) + quartic vertex = (f"* fratt 4 ppab! fp“/b) B(z,y) G(z,y)?

(5.1.13)

B(x,y) = by + by In(p*(z — y)?)
The possible corrections to the rainbow graph at order g%,; schematically look like
sum up graphs

and it turns out that these three graphs cancel each other for all N and for all k. The proof

goes as follows:
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use a trace identity valid for any matrices N and M;:

Sore{ My My [Mi, N] Mis . My | (5.1.14)
i=1

combinatorics for color indices
insert (5.1.12) between all pairs of adjacent lines using [T, T?] = i fa*T®

result for all exchange graphs (with Sy permutation o):

k
(—2B) Te{T" ..T} > Tr{T%m [T TP] L [T%0), TP] ...T%<k>}

i#j=1

1
4
apply (5.1.14) to one of the two commutators to find

k
gTr{T“1 ...T“k} ;Tr{T%u) [[T%u) , Tp] 7 Tp} .“T%m}

N B :
= - m{rm.T) Some{reee o o | (5.1.15)

i=1

The last step follows from the fact that [[, TP, T p} is the Casimir operator of the adjoint
representation of SU(N) such that [[T?,T?]TP] = NT* and the sum over i yields k
identical terms. In the self energy corrections, one also gets a factor of &£ by similar

argument such that the overall contribution is

kN (B + 2A) o A
L D T{T LT T {T T} =

ocESE

kN (B+2A)Pyo(N)
5 .

(5.1.16)
It follows from the non-renormalization theorem that B + 2A = 0. The reason for that
is the following: The two point function Tr{X?} falls into the same SUSY multiplet as
the energy momentum tensor 7),,. It can be shown that the latter is not renormalized (in
agreement with momentum conservation), so by supersymmetry, Tr{ X?} is protected as

well.

On the other hand, it suffices to consider k = 2, i.e. to check explicitly that there are no
quantum corrections to (O (x)Ok(y)) at order O(g3y) = O(N).

5.1.3 The three point function on the gravity side

Having obtained an exact result for the three point function of 1/2 BPS operators on the

field theory side, we are ready to compare with a gravity counterpart. Let us consider three
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point functions of scalar fields in AdS spacetimes. Their Feynman diagram has the structure
of a Mercedes star. It is specified by three edge points 7, ¢, 2z, by three bulk-to-boundary
propagators and a coupling in the center determined by Kaluza-Klein reduction of S°.

Recall from section 4.2.3 that the bulk-to-boundary Green functions in AdS,,; is given by

L I'(A 20 A
Ka(2,2,7) = 7rd/2F((A)— 2) (zg - (5_5)2> (5.1.17)

Because of its defining property lim,, o [25"*Ka (20, 7, 7)] = 64(Z — ) we can express a bulk

field ¢ in terms of its values at the boundary

#(z0,7) = ﬁi)—%/d% (ﬁf do(T) . (5.1.18)

Now the Mercedes diagram of the gravity three point functions is evaluated as

AZ,5,7) = /dwddw ! wo N (wo NP w T (5.1.19) [5,20
= et \w-2) \w-92) \w-2 L

Here, we use the notation (w — Z)? := w3 + (@ — &)

The number of functions in denominator can be reduced using the trick of inversion: Reex-

/

w Z

press integration variable as w, = e and similarly set ¥ = |§,|2, y = é’% and 7 = Edek
Consequently, the propagators are affected as

Ka(w, %) = |7 Ka(w', 1) . (5.1.20)
The factor |#'|*2 is a first parallel to field theory since |7|*2 = mlm. Note that inversion is an

. . P . d+1 d+1,,/ .
isometry of AdS, so its volume element is invariant dwd = = (fu,);fl. This causes the Mercedes
0 0

integral to transform as
A@,g,2) = [@PA g PP AL, 2) (5.1.21)

To reduce the number of functions in the denominator of (5.1.19) from three to two, proceed

as follows:

e set one argument to zero 2’ — 0 using translation invariance,

AZ§,2) = AE@—72ij—720) = A(d7,0) (5.1.22)

This brings the third terms into the nice form ( (wfoz)Q)A:‘ = (%)A?’ = (w})As.

e apply an inversion to find

1 ddt ey wy, & wy, B2 A
- _ 1\As
A, 7,0) = ’ﬁ‘2A1’U|2A2/(w6)d+1 ((w/_ﬁ,y) (m) (wp) ™ (5.1.23)
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By translation invariance of the « integration variable, the integral can only depend on the

difference @ — #", and dimensional analysis fixes the power to be |@' — @'|*3~21=22_ Hence, we
have already found the spacetime dependence:
.. ‘,L—L’/ _ ,lj’l‘Ag—Al—AQ
A(u,v,0)  ~ TGRS
B 1
- ‘f _ ?j‘A1+A2*A3 |y_’_ _”A2+A3*A1 |2’_ f|A3+A1*A2
= f(@,v,2) (5.1.24)

(Note that good care has to be taken to restore the old variables before the inversion transfor-
mation. A useful formula is: (@' — )% = %)

An exact calculation of A(#@,7,0) can be done using Feynman parameter methods [4], the

— = =

prefactor in A(Z, v, 2) = a- f(&,y, Z) is found to be

F[%(A1 + Ay — Ay)] F[%(AQ + Az — Ay)] I‘[%(A3 + A —Ay)] FE(ZZ A, — d)]
_ 21T (A — g] I[A; — %l] T[A; — %] )

a =
(5.1.25)

The Gamma functions due to the Feynman parameter method have a number of poles.

Now need to consider coupling with which the Mercedes integral (5.1.19) enters the three point

function:

(0@ 0 () OF(2)) = NFA@Z 7,72 (5.1.26)

The A part was just calculated, we will next treat the cubic coupling A% coming from KK
reduction in supergravity [12].
Recall from section 3.4.2 that type IIB supergravity contains a self dual five form field F. It

enters the equations of motion for the graviton via

1 g
Ry = gijkan“’“’. (5.1.27)

In the flat AdSs x S® background solution, the five form takes particularly simple values. Denote

the AdSs indices by p;, i = 1,2, ...,5 and the S® indices by oy, i = 1,2, ..., 5, then the solution

reads
1
ds® = — (dé‘2 + dzg + ng) = Gmpdz™dz"
&)
FM1-~-I~L5 - gul.../.l,5 ) Fa1‘..a5 = E&oj..as (5128)

Note that the curvatures of the AdS; and S° factors cancel:

AdSs : Ru)\ua = _<gw/g)\a — Guo g)\z/) ) Ruu = _4gw/a RAdss = —20

Af1

Af2
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S°: Ravgs = +(9agfrs — Yas 9vs) » Rag = +49ap Res = +20
(5.1.29)

Observe that R = Raas, + Rss = 0.

Next we need to look at fluctuations ¢y about this background which couple to operators O in
the dual field theory via interaction terms Siy = [ d%@ ¢o(2)O(x). It was investigated in [13]
how to decompose the supergravity equations of motion and how to decouple them from the
fluctuations.

Starting point is the ansatz
Gon = Gmn + hom F = F + §F (5.1.30)

where the fluctiations h,  F' are organized as

ha

haﬁ == h(aﬂ) + E Gap gaﬁ h(aﬁ) = 0
i hy )
hf,uu = hl(l“’) + E Juv — ? Guv g" /(;w) = 0 (5131)
0Fikim = 5V Qjgim] (5.1.32)

It is convenient to work in de-Donder gauge (with respect to S°) where
vahaﬁ e Vah'/l/Oé — vaaaulu2u3 et O . (5133)

The KK programme requires to expand this ansatz in spherical harmonics Y/ on S°:

P = D V)" he = YT h
1 I
Garon = D VY Canianagon V' (5.1.34)
1
Auyops = Zyla{u---m
1

Inserting this ansatz into the ten dimensional equations of motion leads to diagonalization and

decoupling. The modes which couple to the field theory 1/2 BPS operators O! are given by

I _ 1 1 I
St = ICE) (hy — 10(k+4)b") . (5.1.35)

Note that & = A in the different notations of the original papers. These S® modes satisfy a

five dimensional equation of motion in AdS space

(V. V¥ — k(k—4))S" = X555k (5.1.36)
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where M/ is given by

1288 ((2/2)2 — 1) ((X/2)* — 4) arasas (CTCTCK)

A (k1 + 1) (ks + 1) (ks + 1)

- a(klu k?a k3)

(5.1.37)

We are using the usual shorthands > = ky 4+ ko + k3 and ay = w (as well as cyclic
variations thereof) and the numbers a(ki, ko, k3) relate S integrals of spherical harmonics with

the SO(6) tensors (C1C7CK) of (5.1.5),

/dQ Y)Y Q) YH(Q) = alks, ke, ks) (CTC7CF)
35

7T3 kllk'glkg'
(2/2)' 2d/2(%-2) 041! O./Q! 043!

a(k:l, k?g, k?g) (5138)

This gives rise to the following dimensionally reduced supergravity action for the S’ modes:

4 N? A 1
& = (2)5/:P$v§{§£O—VSﬂ2-—k(k—4ﬂ5ﬂ2+-gAUKsﬂys“ (5.1.39)
T
We can identify the lower dimensional gravitation coupling and the AdS radius as
1 4 N?
= Lass = 1 1.4
2 K2 (2m)> 7 AdS ’ (5.1.40)

and the constant A; is determined from IIB 10d SUGRA action to be

k(k—1) (k- 2)

A = 32
! k+1

Z(k) , /S5dQ YIQ)Y'(Q) = Z(k)§" . (5.1.41)

Let us now use the action § as given above to calculate the the two point function,
4N? 1 k(k—-1)2%(k-2)2 §7
(2m)" 2hT (k+1) (z —y)*

§1J

then define normalized operators O (z) ~ S’(z) such that (O!(2)0”(y)) = oy The three

(S'(z) S7(y)) (5.1.42)

point function is computed on the basis A’/% the operators’ normalization as given above and

the result (5.1.24), (5.1.25) for A(x,y, 2):
1 VEkiky ks (CTC7CK)

N Jo = yP= [y — 2P s — o]

<@f(x)@J(y)@K(z)> - (5.1.43)

Remarkably, this gravitational correlator coincides with the field theory result!

5.2 The conformal anomaly

As a second example of astonishing agreement between computations in AdS gravity and N' = 4
SYM, we will now compute the conformal anomaly using both approaches. The conformal

anomaly parametrizes the failure of the energy momentum tensor to remain traceless under
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quantum corrections in a clasically conformal field theory. Recall that the energy momentum

tensor’s expectation value can be derived from the effective action via

2 W
(T (z)) = - (5.2.1)

In this definition, we can regard g" as a classical background field, it does not propagate, but

is a source for T,

5.2.1 The conformal anomaly on the field theory side

Let us consider a classical field theory with conformal symmetry with action functional for the

matter fields ¢
Smat = /d4x VG Linat (5.2.2) |eq:1

Under variation of the metric g, — g + dg,, the chain rule implies

1
S = 3 [ 5 VGT" 59 (523)

by definition of the energy momentum tensor. In Poincaré invariant theories, it is symmetric
TH = T"F and satisfies the conservation law V,T*" = 0. In conformal theories, it is also
traceless 7,/ = 0. This can be seen from a Weyl transformation dg,, = —20g,, in (5.2.3).

Next we proceed to the quantized theory. Matter fields ¢ will be promoted to quantum fields
whereas the metric is still regarded as an external, classical field. The generating functional is

given by

Zlg] = e Wl = /D(b exp{—/d‘% \/§£mat} . (5.2.4)
Then the Weyl transformation gives rise to the following variation in the effective action:
1
Wlg = —3 / d'z /g (T") g = / diz /g (T,*) o (5.2.5)

Generically, one has (7),*) # 0 at the quantum level since counterterms needed for regularization
give finite contribution to (7},*). This phenomenon is referred to as conformal anomaly.

Generically in a d = 4 QFT, the conformal anomaly is of the form:

¢ opv a O ur (o
<T,U/M(I)> = 167‘(‘2 Cu p Cuo'p]/ - W Eaﬁ'y& SMVUPR 6“ R’Y(s p (526)

Here, C' is the Weyl tensor, obtained from the Riemann tensor by subtracting the traces such

that C,7?* = 0. The second contribution sam(;guwaaﬁ“”Rw"p is called the Euler density and

gives a topological term (Gauss-Bonnet-term) [ d*z /g eeRR = 4 proportional to the Euler

characteristic y of the manifold. The coefficients ¢ and a are model-dependent.
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Note that in two dimensions, the conformal anomaly is of purely topological nature, (7),*(x)) =
55- 2. The prefactor c is the Virasoro central charge. This affects the energy momentum tensor’s
two point functions with a trace involved: Taking @g;i(y) gives (T, (2)Tp(y)) = 5% 0,0,0% (z—
y) in d = 2 two dimensions. In d = 4, however, taking first g,, derivatives of (5.2.6) we get
zero in flat space (one curvature term remains in the derivative of the quadratic expression).
Nonzero results arise from second derivatives, i.e. the d = 4 conformal anomaly manifests itself
in the three point function (T,,*(x)T,,(y)Tus(2)).

We are particularly interested in the case of N' =4 SYM. Many explicit calculations methods
(for instance heat-kernel) have been developed prior to AdS/CFT. To lowest order in A one

finds that ¢ and a depend on the number of degrees of freedom (vectors, fermions, scalars) but

not on A:
1 oo 1
c = a = J(N*-1) "= S N7 (5.2.7)
4 4
In total, the agreement of ¢ and a yields the following conformal anomaly in N = 4:
c v 1 2 N—o0o N2 v 1 2
Tieh = o (Ru B = 3 0t ) RS (Ru B = 51 (5:28)

5.2.2 The conformal anomaly on the gravity side

The gravity counterpart, i.e. the conformal anomaly from AdS space, was computed in [14] for

the first time. Starting point is the action of d =5 AdS gravity,

B 1 . 12
= -E dz\/ﬁ(R+L2>. (5.2.9)

Recall that the metric for AdSs is given by ds? = L? [‘i—gj + %élwdm“da:”] as long as the p =0

boundary remains flat. If we allow for curvature terms at the boundary, this generalizes to

dp? 1 y . _
d52 = L2 4_p2 + ;guu<x>p) dz* dzx :| ) ng%g/w('rvp) = g;w(x) : (5210)
Fluctuations about the flat case are parametrized as g, (z) = 0., + hy (2), the energy momen-
tum is then obtained by (7). (x)) = —%Jmfy.

The metric’s coordinate singularty at p — 0 can be avoided by means of a cutoff at p = €. The
integration region in the action is then restricted to p > €. The induced metric at p = € will be

denoted by

V() = Mf_e). (5.2.11)

As usual, Weyl transformation of the metric gives the trace of the energy-momentum tensor.
Therefore, we need to translate a Weyl transformation in the boundary theory into a trans-

formation in the bulk, i.e. in d = 5 AdS. The task is to find a d = 5 diffeomorphism which

YManomal

AdSactio

eq:Equat
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reduces to a Weyl transformation on the boundary. The desired diffeomorphism is known as

the Penrose-Brown-Henneauz transformation:
p = (1 = 20()), = (@) + a2, p) (5.2.12)

One has to make sure that the form of the d = 5 metric (5.2.10) is covariant under this
transformation, i.e. that gi5 = gs5 and g5, = g5, (where 5 denotes the p index). This imposes
the constraints

LZ

Osat = ?g‘“’é’ya (5.2.13)

on the functions a* and o of (5.2.13). It follows that
p
L2
a(z,p) = ?/dﬁ g (z, p) O,o(x) . (5.2.14)
0

Under this diffeomorphism, the d = 4 part g,,(x, p) of the metric transforms as

a) Juv T Vp,a/y + VVCLM (5215)

Ju — Gu + 20 (1_pa_p

such that at the boundary (where p — 0) we have a, — 0 and pa%gm, — 0 and therefore

0y (€) = 20(2)Gpus ()
Inserting all that into action (5.2.9) yields

oW = /d4x (T 0 0w = 2009 . (5.2.16)

The divergence of § at the boundary is regularized by introducing the cutoff p > ¢, subtracting
counterterms make S, = S — S finite. To get the explicit form of S., we need some more
information about the form of g,,(x, p). This is provided by the Fefferman-Graham theorem:
If a metric of the form (5.2.10) satisfies the Einstein equations, then g, (x, p) may be expanded
as:

gur(,0) = Gulx) + pgl@) + p*gl)(x) + p* W(p) A + .. (5.2.17)

The coefficients g,([i) are built out of the curvature for the boundary metric g, (z). They are

calculated by inserting the expansion into the vacuum Einstein equation (RW — % gu,,R) = Aguw.
For example, the linear coefficient is found to be g,(fy) () = % (RW — %ng). The lowest order
divergent terms in § then lead to

1, 3 LR Ll [, R?
_ S LR YR, — 2.1
S = g )deVd <2L 8 32 (R R =5 (5:2.18)

in the minimal subtraction renormalization scheme. The action S we started with is diffeomor-

phism invariant, but the introduction of the counterterms spoils this symmetry. More precisely,
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the Penrose-Brown-Henneaux transformation of & — S is given by

0 L3 R?

(S —S8y) = 2 =84y = R R, — — | . 5.2.19

( 2 “ 9e 7 647G ( 8 3 ) (5:2.19)
The Weyl variation at the boundary gives rise to the energy momentum trace
L3 R R R? N? R?

ny T, — w27 — R* R y — — 5.2.20

9" (L) e ( 8 24) 3272 ( » 3> (5:2.20)

with d = 5 Newton constant G = % = % Again, the gravity result conincides with the

N — oo limit of the field theory pendant (5.2.8).



Chapter 6

Generalizations of AdS/CFT

6.1 Holographic renormalization group flows

In the context of the AdS/CFT correspondence, the term holography represents the fact that the
number of bulk degrees of freedom equals the number of boundary degrees of freedom. So far, we
have checked this phenomenon for N = 4 SYM theory with gauge group SU(N) and symmetry
group SO(4,2) x SO(6) C SU(2,2[4) and its gravity dual. However, this correspondence is far

away from reality because of the following points:
e correspondence valid in the N — oo limit
e conformal symmetry and supersymmetry
e fields in the adjoint representation of the gauge group

On the other hand, with QCD, we have the well-established theory of strong interactions which
differs from N = 4 SYM in several points:

e gauge group SU(3), i.e. small finite N

e 1o supersymmetry

e confinement incompatible with conformal symmetry

e quarks in the fundamental representation of the gauge group

Adapting the gauge group SU(N) — SU(3) in the AdS/CFT correspondence will probably not
be achieved in the near future. But looking at large N QCD and performing a 1/N expansion

is still a useful approximation.

o7
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As to the other features in the list: We may break conformal symmetry and supersymmetry in
a controlled way, and we may add quark degrees of freedom. To find a modest beginning, let
us first of all break some of supersymmetry (M =4 to N/ = 1) as well as conformal invariance.

On the field theory side, this is done by adding relevant operators to the Lagrangian:

L = Ly + W;J Tr{X' X7} + M;” Tr{y® "} + by Tr{X* X7 X"} (6.1.1) [6,1

This modification triggers renormalization group flows. In general QFTs, renormalization group
equations express the invariance of physics under difference choices of the renormalization scale
p. Let T' denote some vertex function (depending on couplings g;), then the RG equation

assumes the form

dF , g aF s Yi dz
0 - WSt B g arles]. A = B (612)

6.1.1 Renormalization group flow in supergravity

To find an AdS analogue of field theory RG equations we now look for a toy model of a
supergravity RG flow. The idea is to obtain equations like (6.1.2) as equations of motion in

extra dimensions. For that purpose, consider five dimensional gravity with a single scalar field:

o R 1. .
= 0 dx\/|g|< 1 +2 Mgof)go—kV(go)) (6.1.3)

For simplicity set 47G = 1 and split spacetime as d°z = d*zdr, then ¢ is dimensionless.
Moreover, choose the potential V() such that is has one or more critical points with V'(¢) = 0.

The equations of motion for ¢ and g, read

1
= 8, (V191 9" b)) — V'(p) = 0 (6.1.4) |6,4
as well as
R
Ruy = 5 0w = 20,00,0 — gurp@p + 2V(p) = 2T, (6.1.5)

At the critical points ;, there is a trivial solution of the scalar equation of motion ¢(r) = ¢;.

Here, the Einstein equation reduces to R,, — %g,w = —29¢,,V (p;). This is identical to the
Einstein equation of AdS space G, — Ag,,, = 0 if we identify A; =2V (y;) = —%. In other

words, constant scalar fields with AdS,,; geometry of scale L; are critical solutions.
A more general ansatz for solving the equations of motion to (6.1.3) involves a metric with

so-called warp factor A(r):

ds? = 0y, datde” + dr? (6.1.6)
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This is known as the domain wall ansatz for the metric, it reduces to another form of the AdS
metric if we make the linear choice A(r) = r/L. The idea is to identify the radial coordinate
with the RG scale r = %

The components of the Riemann tensor due to (6.1.6) read

Ry = —Ar)? (6,6 — 6 67)
R = —(A"(r) + A(r)*) ¢! (6.1.7)
Rs = 0

(where 4, 5, k,l € {0,1,2,3} and r = 5) and the resulting Ricci tensor is given by

Ry = —e(A"(r) + dA'(r)?) 6
Ry = —d(A"(r) + A(r) (6.1.8)
RiS = 0.

This gives rise to Einstein equations

‘ ‘ d .
G = (d—1)6 (A” + 5(A’)?) — 27",

d(d—1)

G’ = T(A’)2 = 2T%. (6.1.9)

By carefully considering the difference G*; — G°5 (without sum over 7), one can extract a bound

on the second derivative of the warp factor from (6.1.9):

AT = T (T =T = 5 () s A <0 (6.1.10)

This is consistent with the weak energy condition saying that every Poincaré invariant matter
distribution satisfies T% — T%5 < 0.

The d = 4 equations of motion in terms of A read
S0// + 4A/ S0/ —
(¢)? — 2V(p) = 6(A)*. (6.1.11)

Note that A(r) = - at critical points.

Our goal is to find a general solution of (6.1.11) which interpolates between two critical points.
In AdS;5 x S° language, we are looking for a domain wall solution interpolating between AdS of
radius L, for r — +o0o and AdS of radius Ly for r — —oo. This is dual to an RG flow between

two fixed points.
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6.1.2 Leigh Strassler flow

A very nice example is the Leigh Strassler flow which can be best described in superfield
language. It establishes a field operator map in particular for the relevant operators added
to Ly—4. We can describe the N = 4 theory in N/ = 1 notation by reorganizing the N' = 4

supermultiplet (one vector A, four fermions )\, and six real scalars X*) as follows
e one N =1 vector multiplet (A, \,—4)
e three AV = 1 chiral multiplets (A, o, = X?*71 4+ 1 X?%) with a = 1,2,3

Superspace is an 8 dimensional space spanned by four standard spacetime coordinates z#, u =
0,1,2,3 and two Weyl spinorial Grassmann variables 6,, 08 (where «, g =1, 2). Scalars and

three fermions of NV =4 SYM are aligned into N = 1 chiral superfields with theta expansion

® = ' + 6*X\, + higher order in 6 . (6.1.12)

Chiral superfields are annihilated by half the supercharges Qy® = 0. Clearly, the expansion
terminates after a 06 00 term.
In addition, a vector superfield V' captures the N' = 4 vector A, and the fourth fermion. One

can bring the theta expansion into the form

Vo= 00"0A, + (00)0,)) + (00)0% N (6.1.13)

Let us write down the Lagrangian of the N' = 4 theory in N/ = 1 superspace language:
3 _ —
Ly—y = Z/d% 4?0 Tr{e 9" ' e?" '}
i=1

+ (g/d29 Tr{®’ [®", %]} + 9—12/d29 Te{W*W,} + h.c.) (6.1.14)

In this formulation, £x—4 exhibits manifest N' = 1 supersymmetry with R symmetry group
SU(3) x U(1). The first d?¢ integrand ~ g®* [®!, ®?] is referred to as a superpotential. The
gauge kinetic term involves superfields W, which contain the non-abelian field strength F),,
derived from A,,.

The general relevant deformation which preserves A/ = 1 supersymmetry is obtained by adding

an additional superpotential contribution

Mg

U = hTx{®*[o', ®*]} + 5 Tr{®"* ®"} . (6.1.15)

What is left to show is the fact that this theory flows to a non-trivial fixed point in the IR.
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The Leigh Strassler flow is triggered by the deformation

Uis = hT{0*[0', @} + 2 Tr{(")} . (6.1.16) [6,15
Because of the scaling dimensions [h] = 0 and [m] = 1, the former term is referred to as

marginal, the mass term as relevant.

The deformation (6.1.16) leads to a reduced R symmetry SU(2) x U(1), the former acting on
the ®'2 fields. The U(1) charges of the chiral superfields ®23 are (1/2,1/2, —1).

A necessary condition for an IR fixed point is 3* = 0, and luckily the beta function for the
gauge coupling 3(g) is well-known for A/ = 1 theories to all orders in perturbation theory. It is

given by the NSVZ beta function (named after Novikov, Shifman, Vainstein and Zakharov)

Here, 74 denotes the anomalous dimension of the superfield ®4 and the Dynkin index T'(R4)

of the representation R4 is defined by the normalizaton of the two-trace,

Tra{T*T"} = T(Ra)d™ . (6.1.18)

Here we are dealing with G = SU(N) and all the fields transform in the adjoint representation.
Therefore, T(R4) = T(G) = N and

Blg) ~ 2N(m+7+%). (6.1.19)

The g functions for matter fields are simple due to non-renormalization theorems in SUSY

theories. Hence, the running of the parameters h, m in (6.1.16) is governed by
B = m+rntyn, bn = 1 - 2. (6.1.20) [6,19
The condition 3(g) = fBn = PBm has a unique SU(2) invariant solution
o= Y = —— = ——. (6.1.21) 6,20

The IR fixed point theory with given values of the anomalous dimensions has N = 1 super-
conformal symmetry under SU(2,2|1). The engineering dimensions of the superfields are given
by Aq4 = 1+ v4. According to the field operator map, conformal primary operators O are
constructed from gauge invariant combinations of ®!, ®2 and the field strength superfield W,

(which contains F),,).

O ‘ Te{di 37} ‘ T {W, o'} \ Te{WeW,} \ Tr{®] (7%)7; &7} \ Tr{ W, Wy}
N 2 o

The ®=12 form an SU(2) doublet, and T denote the associated SU(2) generators.
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6.1.3 Holographic flows in supergravity

The next goal is to construct a gravity dual to the Leigh Strassler flow. For that purpose, let
us start with some general remarks about holographic flows in supergravity. Consider a metric

of domain wall type
ds? = 0y, datda” + dr? (6.1.22)

with boundary at r — oo. Recall that it reduces to an AdS spacetime if A(r) = ¥, i.e. these

I
cases are dual to conformal field theories. An RG flow between two CFTs can be mapped to
an A(r) solution which interpolates between two linear regimes of different slope.

As a simplest case, we put a single scalar field into the spacetime (6.1.22), the equations of
motion for this system have been given in (6.1.11). They can be simplified by introducing an

auxiliary function W (yp),

1 (dw\? 4,

namely they become a first order gradient flow (after using A’ = —%W)

dp dW

—_— = —. 6.1.24) |6,23

O i (6.1.24)
We look for solutions of the equations of motions which interpolate between two conformal

fixed points on the field theory side:

r r

lim A(r) = T lim A(r) = 1. (6.1.25)
1 2

r—00 rT——00

The two AdS radii L; lead to different central charges for the CFTs, say L, < cyy and Ly < crR.
Recall that in d = 4 SYM, the central charge is the prefactor relating T#, with R*R,,, — %2.
In quadratic approximation, the gravity potential V() in the neighbourhood of the UV critical
point ; is given by

2
m;
Vie) = Vie) + 972 W+ O(h). (6.1.26)

in terms of h := ¢ — ¢; with masses m? = L?V"(p;). The value at ¢; itself is the cosmological

constant,
d(d—1)

Vip:)) = — Y (6.1.27)
The fluctuation h(r, Z) can be viewed as the gravity dual to some operator Oa () where m? =
A(A —4).
The marginal operator £%Tlr{F w F*} for instance has dimension A = 4, so it must couple to
some massless field. A careful analysis of the d = 10 DBI action identifies the dilaton with
that scalar coupling to Tr{F?}. The dilaton being constant then leads to the vanishing of the

[ function.
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The asymptotic behaviour of h(r,Z) at the boundary of (d + 1) dimensional AdS space is
governed by

h(r,@) "= B (o + h(T)) , (6.1.28)
cf. the earlier interpretation o(r) ~ poe>~I" 4 (O) e=47,

As a generalization of the AdS/CFT generating functional, consider

<6XP (— Scrr + / A%z Oa(Z) (i + B(f))>> = e Sl (6.1.29)
The new piece AS := [ d?z Oa(p; + h) belongs to a non-conformal action S = Scpr + AS, i.e.
AS is an operator deformation of the CFT.

Correlation functions on the field theory side can be obtained from the gravitational action

Vi

<OA(':E1> OA<fn)> = 65(51) 6B(fn) Sgrav[goi + B] F=0 . (6130)

Negative mass squares occur if the critical point is a local maximum. If 0 > m? > —%, then

d>A > % and Op is a relevant deformation driving the field theory away from the fixed
point.

If V has a local minimum at the fixed point then m? > 0 and O has conformal dimension
A > d. This is an example for an irrelevant operator which drives the flow into an IR fixed
point. We look at interpolating flows, i.e. at solutions of the combined equations of motion (of
Einstein- and scalar type) for which the scalar field ¢(r) corresponds to a maximum of V(y)

in the UV (r — o0) and to a minimum in the IR (r — —00).

Let us revisit the expansion around the critical point, this time in the form
1

o(r) = ;i + h(r), A = 7 a(r) (6.1.31) 6,30
where a' = O(h?). The linearized equation of motion for the scalar fluctuation reads
d m?
" —h - = = .1.32 1
h+Lih L?h 0 (6.1.32) |6,3
with general solution
h(r) = Belidr/li 4 ¢ eAir/li m: = A (A — 4). (6.1.33) |6,32
In the limit » — +o00 we have
o(r — +o0) = ¢ + BieBrdr/ln 40 emtir/h
o(r — —00) = @y + Byelfemdr/lz o ) o=Rer/Lz (6.1.34) |6,33

One gets the impression that the domain wall flow sees the IR fixed point only in the deep
interior » — —oo. To establish the field operator map for CFT at the IR fixed point, we have
to extend the IR geometry to a complete AdS space with radius L = Lig. Note that the bound
A" < 0 implies Lyy > Lig.
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6.2 The holographic ¢ theorem

TO BE FILLED BY JOHANNA

6.3 Last lecture of 2009

Domain wall flow ds? = A0, dz'da? + dr?. Case A(r) = £ corresponds to AdS.

Other possibility: Confinement

Plots: - A(r) with pole at finite negative value of r, and linear for r — oo - Coupling in
QCD

Characterise confinement by calculating Wilson loop (area law)

What we also want to do: So far: N=4, all fields in adjoint rep of gauge group ¢ — e~ et
Need for QCD: Quarks are in fundamental rep. ¢ — e ¢

Also on gravity side, need more degrees of freedom. One possibility: Embedding of probe
D7 branes — flavour (global symmetry)

In the Maldacena limit, the gauge coupling on the D7 brane goes to zero — global symmetry.
In the probe limit (N D3-branes, N — oo, 1 or 2 D7-branes) we may ignore the backreaction of
the D7-branes on the D3-branes. Separation of D3, D7 in 8,9 directions corresponds to quark
mass.

New duality: 1) Standard AdS/CFT 2) N=2 SUSY hypermultiplet in fundamental rep of
gauge group < fluctuations of D7 in AdS5xS5 as described by the Dirac-Born-Infeld action for
the D7.

SUSY embeddings

D3|z x z /0 0 0 0 0 O

D3|z «x Olz 2 0 0 0 0| AdS; x5
Dz z  Olz 2 0 0 0| AdSs xS,y
Dile z  z|lz  x = 0 0| AdS; x S5

Black Hole in AdSs -, Field theory at finite temperature Hawking Temperature j-; temperature
in QFT

6.4 Applications 1: Field Theories at finite temperature

Switching on a temperature breaks all of the supersymmetry (still we keep the degrees of

freedom of N/ = 4, with possibly different masses, and the N — oo planar limit!). Simplest
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case: t — —ir, et — e PH 3 = ,CBLT, field theory in thermal equilibrium.

2nd step: consider black hole in Minkowski signature AdS space — dynamical processes
(transport, relaxation) near-equilibrium.

Quark-Gluon plasma: The to date most successful application of generalized AdS/CFT is to
descriptions of the QGP. This is a state of (QCD) matter at finite temperature and/or density.

Phase diagram of QCD: See plot

Perturbative QCD is not suited for describing the strongly coupled quark-gluon-plasma.
Lattice gauge theory is difficult at finite temperature and density, and not suited for describing
dynamical processes such as scattering.

AdS/CFT at finite temperature is well-suited for describing strongly coupled N' = 4 theory
in the planar limit, in particular dynamical processes. In some important examples, comparison

to QCD is possible.

Most famous example: (Shear viscosity / entropy density) ratio.

0= o [ e T ) (6.1

(Kubo formula)

AdS/CFT: 1 = L very small value, almost ideal fluid!

Perturbative QCD result: factor 10 larger

AdS/CFT result is in agreement with measurements at RHIC (Large experimental error,
however).

Review of Black Holes:

1) Flat space

Schwarzschild Metric

2GM 2GM
ds® = — (1 — > dt* + (1 — ) rdr? 4 r2dQ? (6.4.2)
r r
r =0 is a singularity (true curvature singularity), R*?’R,,,,, = 4807"#.

r = 2G M Schwarzschild radius

At the Schwarzschild radius, the curvature is finite. It corresponds to the event horizon of
the black hole. For an external observer, the light cone closes up as r — 2G M.

Other coordinates (Eddington-Finkelstein): Light cones tilt over

Hawking Temperature: Perform a Bogolubov transformation between states in coordinate

systems at and far away from the black hole.

2) Calculate number density — thermal spectrum. ng = m, Ty = k‘g‘f“ = gem K
kT gy

surface gravity: acceleration needed to keep an object at the horizon (Schwarzschild radius).
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6.5 Gauge gravity duality at finite temperature and den-
sity

At finite density and temperature: Let ¢* be a saddle point of some Euclidean action Sglg],
then we can approximate the generating functional semiclassically as

Z = /Dgp e~Seldl 7Sl (6.5.1) [8,1

According to the weak form of the AdS/CFT correspondence, the partition function of the
classical bulk theory with asymptotically AdS boundary conditions is equivalent to the partition

function of the large N QFT. The metric g then takes the role of the ¢ field above:
Zgrav = eisE[gﬂ (652) 8,2

The gravitational action contains a Gibbons Hawking boundary term required for finiteness,

Selg) = —2%2/@1%\/5 (R + d(dL; 1)) + 222/ d'z /g (—QIC - @) .
T (6.5.3) [8,3

Here, K denotes the trace of the extrinsic curvature,
K = +"V,n,, (6.5.4) |8,4

where v*” is the induced metric on the boundary at » — 0 and n* an outward pointing unit
normal vector on the boundary.

A saddle point, i.e. a solution to the equations of motion, is obtained by analytic continuation

of the AdS Schwarzschild metric

s = 2 (fmar + 4 ariar ) = 1- 5 (6.5.5) [6,5]
s = — r)dr — ' dx r) = - —. 5. ,
r2 f(r) ’ T
The periodicity requirement for regularity fixes the temperature to
d
T = . 6.5.6
— (656

We obtain further thermodynamic quantities by evaluating the partition function at the saddle
point e~el9"). The action as given in (6.5.3), evaluated at the Euclidean Schwarzschild metric,

is found to be il d rd1 d—1
Lt v, 4m) L Vg T

A VS R G d-1 (6.5.7) [8,7
2k2rd T 2 K2 d4

where V;_; is the spatial volume of the associated QFT.

Sg =

In order to be in the classical gravity regime, we need that the spacetime is weakly curved in
Planck units, i.e. that % < 1. The dual field theory analogue of % < 1is N — oo, recall
that L* = 4mrg,Na'.
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From the action given by (6.5.7) we obtain the free energy and entropy as

(47T)d Ldfl V;i—l Td

F = —ThZ = TSglg'] = — 52 g (6.5.8)
OF (4r)d L1V, T
S - a_T == 2/{/2 ddfl . (659)

The expression for the entropy is equal to the area of the event horizon divided by 4Gy = %

This area entropy relation is universally expected to be true for event horizons.

6.5.1 Finite density

Consider gravitational theories which are dual to a QFT with an additional global U(1) sym-
metry. What is the gravity dual of this symmetry? Generically, in gauge gravity duality, the

correspondence is

global symmetry of field local symmetry of gravity
& (6.5.10)
theory in d dimensions in d + 1 dimensions

The current J, of global U(1) symmetry in field theory is dual to a gauge field Ay in the d+1
dimensional gravity theory, more precisely to its pull back A, to the boundary.

To give another example of the global-local dictionary: A global SO(d — 1) rotation symmetry
in the spatial directions of a QFT becomes part of the diffeomorphisms of general relativity.
Gauge symmetries include subgroups of “large” gauge transformations which act non-trivially
as global symmetries on the boundary of spacetime. In the AdS/CFT correspondence, this is
precisely the global symmetry at the boundary.

To describe the physics of the global U(1) symmetry, we therefore have to add a Maxwell field to
the bulk spacetime. This leads to Einstein Maxwell theory (which for instance arises naturally

from the graviphoton in supersymmetric theories). In Minkowski signature, its action reads

1 d(d—1 1
Slg, 4] = —m/ddﬂx@(n + (LQ )) - 4g2/dd+1x VIF., F* . (65.11) [8,8

If the Einstein Maxwell action is derived from a supersymmetric theory, then the couplings

k and g are related. Moreover, the supercurrent of the four dimensional supergravity theory

contains both the R symmetry current R, and the energy momentum tensor in its 6 expansion:

Jo = Ry +0°Quu + 0:Q5 + 0°0",0°T,, (6.5.12)

6.5.2 Chemical potential in quantum field theory

Consider a QFT containing a scalar, fermion and a gauge field with Lagrangian

_ 1
L = (Dup) D'o + iy + 7 F,, F*™ (6.5.13)
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The U(1) gauge field A, enters the covariant derivative via D, = 0, +iA,,. Let us give its time
component a non-vanishing VEV of the form (Ag) = p such that

Ay = (Ay) + 04 . (6.5.14)

then a potential is generated of the form

Vo= -yt = pty (6.5.15)

This is an upside down mass term for the scalar causing instability, and the extra term for
the fermion can be interpreted as a density operator Ny = YT, The coefficient of the overall
potential —uN is interpreted as the chemical potential.

The corresponding thermodynamical potential of the grand canonical ensemble is the Gibbs

free energy
Q = E-TS — uN. (6.5.16)

A similar structure is present in the gravity dual. For this, we have to find a solution to the
equation of motion of Einstein Maxwell theory with A = A;(r)dt. The background Maxwell
potential of the field theory is read off from the boundary values of the bulk Maxwell field
A,(r) = A,(P) + ... as r — 0. The Einstein equations of motion involve the energy momentum

tensor of the field strength F),,

R d(d—1) K?

1
E gNV - W g;w — - (FM)\ F]/A - Z g/ﬂ/ F)\p F)\p) (6517)

R, — e
whereas the Maxwell equations remain in their standard form V,F* = 0.
A particular solution of the Maxwell field of the form A = A;(r)dt is the Reissner Nordstrém

AdS black hole

L2 2 ) )
ds* = = (— F(r)de? + % + dx’dx’)
WA S VA S
fir)y = 1 — (1 + 2 ) (E) + 2 (E) (6.5.18)
B (d—1)L?g?
7T Td-2)R?

This satisfies the boundary condition that A;(r) has to vanish at the horizon since J; is not

well-defined as a Killing vector there. Moreover we have

r

A(r) = [1 - (—)H] : (6.5.19)

TH



6.6. DISSIPATIVE DYNAMICS CLOSE TO EQUILIBRIUM 69

This identifies the p parameter in the solution (6.5.18) with the chemical potential. The

temperature is again fixed by analytic continuation to the Euclidean regime and is given by

1

T = (d - w) . (6.5.20)

A1 ry ~?

In the grand canonical ensemble, by evaluating the Euclidean action on the solution, we find
the following Gibbs free energy
Id-1 2 2

T T
Q = —ThZ = - (1 + if)le = ]—“(;) VT . (6.5.21)

2
2 KA Ty

From this, we may obtain the charge density (wlog in d = 3 dimensions)

1 09 2L%

L 6.5.22) [8,18
p o il (6.5.22)

6.6 Dissipative dynamics close to equilibrium

So far, we have considered time independent homogeneous backgrounds. A natural next step
is to include small space- and timedependent perturbations about equilibrium. The idea of
linear response theory will be implemented in the context of the AdS/CFT correspondence in
the following. This is particularly useful for describing experimentally relevant processes such
as transport coefficients and spectroscopy.

The basic object in the linear response theory is the so-call retarded Green function relating
linear sources to corresponding expectation values. The theory allows to relate two point

correlation functions to transport coefficients.

6.6.1 Retarded Green functions in QFT

Consider the response of a system to the presence of weak external fields ¢; (with possible
Lorentz indices suppressed) coupled to a set of operators O(z). The Hamiltonian is the mod-

ified by a term of the form
H = — /dda: 0i(t,7) O'(t, ) . (6.6.1) [8,19

From time dependent perturbation theory, we know that these external fields will produce a

change in the expectation values of the operators,

50) = [y Gl ) + O (6.6.2)
Glay) = 100t —1,) ([0'(). O'()) | (6.63)
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where Gg (z,y) is the retarded Green function. It is nonvanishing only in the forward light cone

and therefore provides a causality structure. In Fourier space we have

5(O(k) = GHk)pi(k) + O,  Gik) = / Az e G (2,0) . (6.6.4)

To explain the relation between Green functions and transport coefficients, it is convenient
to start with the instructive example of Ohm’s law. It relates an electric source field FEj
representing a linear perturbation to the (electric) response current J¢ via conductivity matrix

J(w) = o0"(w)E;w) (6.6.5)

To make contact with the general notation, let us identify ¢; with the external vector potential
A, and the operator O" with the conserved current J#. Choosing temporal gauge with A; = 0,
the electric field becomes F; = —0,A;. In Fourier space, using A; ~ e~™!, we have E; = iwA;.
Comparing Ohm’s law with (6.6.4) we see that the conductivity and the current-current Green’s
function as defined by (6.6.3) are proportional:

oi(w) = Cri () (6.6.6) [8,23

w

6.6.2 The gravity side of Green functions

The AdS/CFT correspondence conjectures that the current-current correlation can be com-
puted from a higher dimensional gravity theory by varying its action with respect to boundary
values A,(lo) of a source field, i.e.
(52
0 0
DAL ()5 AT (y)

¢/Serar (6.6.7)

(Ju(x) o (y))
In general on the gravity side, taking operator mixing into account we have

5{Oa(w, k) = GRAO(w, k) sy (w, k) . (6.6.8)

The source is now the boundary value p(® of a field in curved space. Consider fluctuations of
the bulk fields of the form @a(r) — ©a(r) + dpa(r)e”“*k2 where p4 solves the equations of
motion in gravity dual space.

The equation of motion for dp,4 is obtained by substituting the perturbed solution into the
equations of motion and by then linearizing. Take boundary conditions at the AdS boundary

r=20
dpalr) = 200y + . =0, (6.6.9)
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Since we are interested in the field theory’s behaviour at finite temperature, we assume the
gravity dual to possess an AdS black hole background. The second boundary condition sup-
plementing (6.6.9) has to be imposed at the black hole’s horizon. As one can read off from the
conformal diagram below, there are two possibilities leading to retarded and advanced Green

functions:

conf diagram

Fluctuations of the time slice ending on the future event horizon are associated with the retarded
Green function. The future horizon at r = rg (where gy = 0) is a null surface beyond which
events cannot causally propagate to the asymptotically AdS region (the boundary region) any
more. On a future horizon, regularity requires that modes are ingoing (they can propagate into
the black hole but cannot escape from it). For the horizon at r = ry with nonzero temperature,
this implies

dpa(r) = (r—ry)e /T [const + } T =Ty . (6.6.10) |8,27

In all of the subsequent, we impose the given boundary conditions (6.6.9) and (6.6.10).
Given a mode dpy4 satisfying the required boundary conditions and linearized equations of
motion, we obtain from (6.6.8) that

oIl
GRA%P(w, k) = ——=5 = lim =5
5SDB dp=0 r—0 6903 6p=0

(6.6.11)

where I14 is obtained in the following way:

0 Zouk[P 0] Nooso . OSgrav] Y]

0py 0

Taking regularization at the boundary into account, we have

6Sgrav[0¥] , 6Sgrav[0¥] 6Shay [0 ] .
—= . ° = lim |- + 4 = lim 4[] . (6.6.13 -8 ,30
6 =0l 80 5y SR |

The boundary version of the action contains appropriate counterterms necessary to make Sgyay
finite when evaluated at the boundary. The underlying procedure is known as holographic

renormalization. For a scalar field, the boundary term is

A
_ d 2
Sbay = _/r—>od T\ (gon”vugo + 3L 90> . (6.6.14)

Inserting the near boundary value of the scalar field ...

HERE THE LAST LINES FROM LAST LECTURE ARE MISSING
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6.6.3 Example: Holographic computation of Ohm’s law

Consider the gravity dual for a strongly interacting 2+1 dimensional field theory, N =8, d =
3, SU(N) SYM theory in 241 dimensions. The coupling g%, has dimensions of mass in d = 3,
so it has to appear in the dimensionless ration %M with E denoting the energy scale considered.
We expect the field theory to be strongly coupled at low energies and to have an IR fixed point.
This field theory is conjectured to be dual to M theory on AdS, x S7. A certain sector of the

dual gravity theory is described by the four dimensional effective action

1 4 1 4 AB
S = P d'z v/]g| (R — 2A) — i d*z \/|g| Fap F (6.6.15)
with negative cosmological constant A = —3/L2.

Take A, to be the dual field to the current J, of a U(1) subgroup of the global SO(8) R
symmetry. The classical gravitational description is valid at large N where % ~ N3/ The
couplings k and g in the Einstein Maxwell action (6.6.15) are related by supersymmetry x* =
2¢%L2.

An important solution to the equations of motion for the action S is the dyonic black hole
(which is only possible in d = 4 on the gravity side), i.e. a black hole with both electric and
magnetic charge (g, h):

ds? 1 1 dr?
— = 5 (= fr)d? + e+ dP) + S
i =5 (- f)d® + d2® + dy’) + G
hx r
A = —dy — 1 — — ) dt 6.6.16) |8,33
- (1) ©6.16) (5,33
4 7”3
fr) = 1+ a@+¢) 5 = (L+al®+¢)) 5
H H

We have defined a := %. This solution is dual to the 2+1 dimensional field theory at finite

T, B and electric charge density n:

3 — (MP+¢°)a h

B = —, n = (J9Y (6.6.17)

T ;
41 ry TH

Now let us compute the current. Near the boundary, we may expand A, = a, +rb, + .... On

shell, the Maxwell part of the action reduces to a boundary term of the form

1
= E/d% " éa, b, . (6.6.18)

We use the radial gauge A, = 0. Then, the current takes the expectation value

0Smax = i/d?’x n" oA, 0, Ay

92

r=0

OSmas _ U

(JHy = = . (6.6.19)

day, g
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For the dyonic black hole, b, = % and a; = —q =: p such that

JH = () = —5— = . (6.6.20)

g*ru G*TH

On the way towards Ohm’s law, we define J, = J, £4J, and Fy = E, £ 1F,. The previous

calculation gave

L.

g
We can think of +i0, A+ as a bulk magnetic field B4 and of E. as the boundary limit of a bulk

electric field £&¢. From the gravity point of view, Ohm’s law may be written as

oL = % = lim gf:;—fgi) : (6.6.22)
In the Maxwell part of the action (6.6.15), either Fap or its dual Fag = %@;BCDFCD could
be the fundamental field strength. The action is classically invariant under switching the
electric and magnetic field. Note that this electric magnetic duality is a special feature of four
dimensional spacetime.

For the dyonic black hole, the duality transformation is

By — =&, . — By, (¢,h) +— (h,—q) . (6.6.23)

For the numerical computation of o4, see Hartnoll, Herzog. The result satisfies the constraints

from electric magnetic duality

ou(g,h) = lim o= g S0 1

oG S 6.6.24) [8,41
r—0g2&.(q, h) r—0 g% B (h, —q) gtoi(h, —q) ( )

6.7 Hydrodynamics and shear viscosity in AdS/CFT

6.7.1 Relativistic hydrodynamics

According to the work of Son and Starinets, we will work with a metric of signature n** =
(—,+,+,+). In hydrodynamics, one considers a system in equilibrium subject to small per-
turbations. This is a perfect framework for an effective theory describing dynamics at large
distances and time scales. It describes dissipation in thermal media.

In the simplest case, the hydrodynamic equations are just the laws of energy momentum conser-
vation 0,T"” = 0. The number of independent components of 7" is reduced by the assumption
of local thermal equilibrium: If perturbations have long wavelengths or small frequencies, then
the state of the system considered at a given time is determined by the temperature as a func-
tion of the coordinates, T'(x), and the local fluid four velocities u*(x). Because u,ut = —1,

only three components are actually independent.
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The number of variables is thus four (e.g. wuy,us,us,T'), equal to the number of independent
equations 0,T" = 0. To express T (z) in terms of T'(x), u#(z), it is convenient to expand in
powers of spatial derivatives. To zeroth order, we have an ideal fluid (without dissipation) for
which

™ = (¢ + P)u"u” + Pg¢g" + 0(0), (6.7.1) |8,42

€ and P denote the energy density and the pressure. From thermodynamic laws de = T'dS,
dP = sdT and e+ P = T's (with entropy density s), one can deduce conservation of the entropy

current
dy(su") = 0. (6.7.2)

To describe dissipation or entropy production, we have to proceed to the next order in the

derivative expansion,

™ = (¢ + P)u*u’ + Pg"™ — o™ + 0(9). (6.7.3) 8,44

For simplification, we go to a local rest frame in which u’(z) = 0. In this frame, 0% = ¢% =

0 equivalent to 7% = ¢ and T% = 0. The only nonzero entries of the dissipative energy

momentum contribution are
ogij = N (@uj + Oju; — ;5”» akuk> + (045 Opu® (6.7.4) |8,45
parametrized by shear viscosity n and bulk viscosity . In a general frame, this leads to
o = prepvs [77 ((%Ug + Opuq — géa/g (%u’\) + (0ap 0;@&} (6.7.5) |8,46

where P* := g + u*u” is the projector onto directions perpendicular to u*.

Charged fluids have an additional conserved U(1) current d,J" = 0 given by
j* = pu* — DP*"O,a. WHAT IS a 77? (6.7.6) |8,47

In the fluid’s rest frame, we rediscover Fick’s law of diffusion j = —Dﬁp.

6.7.2 Kubo formula from linear response theory

Let us now concentrate on the particular case when metric perturbatiions are time dependent

but homogeneous in space, i.e.

9i(t:T) = 0y + hy(t) . ha=0 (6.7.7)
goo(t,f) = —1 s goz(t,f) = 0. (678)
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The velocity vector hence depends on time only, u* = u’(¢). Consider the case where the fluid
remains at rest at all times, u* = (1,0,0,0).

In curved spacetime, equation (6.7.5) for the O(9) contributions to T generalizes to

g = prepvB n(Vau[g + Vgua) + (C — Q?U)gaﬁVAu’\] ) (6.7.9)

In the situation considered above, this simplifies to

0wy = 201°%,, = 1n0ohsy . (6.7.10)

By comparison with linear response theory, we find the zero spatial momentum, low frequency

limit of the retarded Green function of T,,:

-

Gy (@,0) = / dtd’z €' O(1) ( [Toy(t,7), Ty (0,0)]) = —inw + O@?) (6.7.11)

The associated Kubo formula is

n = - lim llm{Gﬁjy’xy(w,G)}. (6.7.12)

w—0 W

Let us now explain the notion of hydrodynamic modes, determined by the poles of the retarded
Green function. They also give for instance the poles in the spectral function. Poles of cor-
relators are obtained from solutions of the linearized hydrodynamic equations, i.e. from plane

wave solutions e~ wt+ik, Dissipation is described by complex w with negative imaginary part.
figure spectral function and w poles
Charge diffusion is governed by the following dispersion relation,

(& — DV)p = 0 = w = iDk*, (6.7.13)

which determines a pole in the current-current Green function (J,(p)J,(—p)).

6.7.3 Shear modes and sound modes

Shear modes correspond to fluctuations of pairs of components 7% and 73 where a = 1, 2.

a a Ui Oa
ot e+ pP?
AT = - o = 0 6114
For plane waves h ~ e~k we find w = —ink?

e+P
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Sound waves, on the other hand, are longitudinal fluctuations of 7%, T, T33 with speed

cs = % and frequency

1 (4n e
_ _ i (4 ' 71
w csk 2<3 —{—C) P (6.7.15) |8,56]

In weakly coupled theories, the viscosity is governed by the mean free path fyg, ~ (nov)™!

where n denotes the density, o the cross section for interactions and v a typical velocity. In
Ap* theory at finite temperature, one can derive perturbatively that n ~ T2 and o ~ (%)2
The viscosity is then obtained by multiplying with the energy density e (for which a Stefan

Boltzmann law & ~ T is assumed):

T3

n o~ elmyp ~ =z (6.7.16)

The entropy density scales in the same way with temperature, s ~ T3, so the quotient

L (6.7.17)

S

depends on A only and becomes large at weak coupling A\ < 1.

6.7.4 AdS/CFT calculation of the shear viscosity

In order to compute (17, T},) in the field theory, we have to examine the propagation of the dual
graviton hg, in AdS spacetime. For this purpose, let us start from the Einstein Hilbert action
in five dimensions. Consider a scalar metric fluctuation h,,, denote it by ¢ in the following.
The quadratic part of the Einstein Hilbert action in ¢ is given by

N2
82 L3

1
Squad [¢] /d4$ dr /—g (— 5 g"" Oup &,go) (6.7.18) [8,59

and gives rise to the linearized equation of motion 9,(v/—gg"*0,¢) = 0. Perform a Fourier
transformation of the boundary coordinates, then a boundary condition of type ¢(p,r = 0) =

@o(p) can be imposed. It is convenient to factorize

p0,r) = fp(r) po(p) (6.7.19)

where f, is called zero mode function and satisfies

AN
(r—é’ —3h =0, f0) =1 (6.7.20)
An exact solution in terms of a Bessel function K5 exists,

(pr)?

By = - Kalpr) = 1 - (pz)z = @124 n(pr) + O((pr)") . (6.7.21)
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The other solution (pr)%Iy(pr) is ruled out since it blows up for » — oo. The on shell action

for f, reads

Sunalel = s [ dte & e ar)
quad 2 - 1671'2 x 7/_3 p\r,r)e\r,r 0
dp
= | @ R FR ) eolp)| (6.7.22)
N2
]:(p, r) = W f,p(T) 8Tfp(7") . (6723)
It then follows that
: N?
(Toy(0) Ty (=p)) = —2lmF(pr) = p* Inp?. (6.7.24)
At nonzero temperature, the metric
a2 = D (Cpdf 4 a@®) + a4 rrao2 6.7.25
s_ﬁ(—f +x)+mr+ 5 (6.7.25)
gives rise to the Hawking temperature Ty = —-75. The entropy is given by the Bekenstein

Hawking formula S = ﬁ with A the area of the black hole horizon. For the density, one finds

2
s = g - %NQT?’. (6.7.26)

This is 3/4 of the entropy density in N' =4 SYM theory at vanishing t'Hooft coupling. Define
a new coordinate u = ;—’23, then the boundary is situated at v = 0, the horizon at u = 1. In

terms of u, the metric is

TL)? - L?
ds®* = —(W ) (— f(u)dt* + de) + T2 )

u2
In real time AdS/CFT, consider again the factorization (6.7.23), then the ¢ equation of motion
implies (HIER IST ETWAS UNGUENSTIG, DASS f DOPPELT VERGEBEN IST...)

du® + L*dQ2 . (6.7.27)

1+u? W2 - 7 -
uf(u) fp + qu(u) fp uf(u) fp = 0 (6.7.28)

with shorthands W = 5% and ¢ = % Near u = 0, the two solutions behave as f; ~ 1 and

fy =

f2 ~ u% In Minkowski space, there are two finite solutions near the horizon f, ~ (1 — u)~"/2
and fy ~ (1— u)™/2. Any linear combination is possible, the solution is not unique! This is a
problem in defining the Green function.

A thorough analysis of the real time formalism in AdS/CFT leads to the result that the retarded

Green function is related to F by the same formula that was found at zero temperature:

GR(p) = -2 lim 7 (p, u) (6.7.29)
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This has no contribution from the horizon, but to obtain f,, we need infalling boundary con-

ditions of course. The correlator (1%, (p)Ts,(—p)) comes from h,, = ¢ with

7 1+u2 ! W2_q2f

giving rise to the incoming wave solution f,(r) ~ (1 —u?)~"/2 + O(W?, ¢?). Using (6.7.29),
the resulting Green function is

- T2 N2T?

GRw, k) = - . (6.7.31)

This is the famous Kuba formula for the viscosity

U n
— Z NZ2TB = = .7.32) |8,67
N 8 ! A (673 )
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