
3. WGS 84 ELLIPSOID 

3.1 General 

I n  geode t i c  a p p l i c a t i o n s ,  t h r e e  d i f f e r e n t  su r faces  o r  e a r t h  

f i g u r e s  a r e  no rma l l y  invo lved .  I n  a d d i t i o n  t o  t h e  e a r t h ' s  n a t u r a l  o r  

p h y s i c a l  sur face,  these  i n c l u d e  a  geometr ic  o r  mathematical  r e f e rence  

sur face,  t h e  e l l i p s o i d ,  and an e q u i p o t e n t i a l  su r f ace  c a l l e d  t h e  geo id  

(Chapter 6) .  I n  de te rmin ing  t h e  WGS 84 E l l i p s o i d  and assoc ia ted  para- 

meters, t h e  WGS 84 Development Committee, i n  keeping w i t h  DMA guidance, 

dec ided q u i t e  e a r l y  t o  c l o s e l y  adhere t o  t h e  though ts  and approach used 

by  t h e  I n t e r n a t i o n a l  Union o f  Geodesy and Geophysics (IUGG) when t h e  

l a t t e r  e s t a b l  i shed and adopted Geodet ic Reference System 1980 (GRS 80) 

E3.11. Accord ing ly ,  a  geocen t r i c  e q u i p o t e n t i a l  e l  1  i p s o i d  o f  r e v o l u t i o n  

was taken  as t h e  fo rm f o r  t h e  WGS 84 E l l i p s o i d .  The parameters se l ec ted  

t o  d e f i n e  t h e  WGS 84 E l l i p s o i d  a re  t h e  semimajor a x i s  (a ) ,  t h e  e a r t h ' s  

g r a v i t a t i o n a l  cons tan t  (GM), t h e  normal ized second degree zona 1  

g r a v i t a t i o n a l  c o e f f i c i e n t  ( r  ), and t h e  angu la r  v e l o c i t y  ( w )  o f  t h e  
2,o 

e a r t h  (Tab le  3.1). These parameters a re  i d e n t i c a l  t o  those f o r  t h e  GRS 80 

E l l i p s o i d  w i t h  one minor except ion.  The c o e f f i c i e n t  form used f o r  t h e  

second degree zonal  i s  t h a t  o f  t h e  WGS 84 Ea r t h  G r a v i t a t i o n a l  Model r a t h e r  

than  t h e  n o t a t i o n  J2 used w i t h  GRS 80. Accuracy es t imates  (one sigma) a re  

a l s o  g i ven  i n  Table 3.1 f o r  t h e  d e f i n i n g  parameters. C i t e d  re fe rences  

t r e a t i n g  GRS 80 have been borrowed f rom f r e e l y  i n  p repa r i ng  t h i s  Chapter. 

3.2 The E a ~ i D o t e n t i a l  E l l i ~ s o i d  

An e q u i p o t e n t i a l  e l l i p s o i d ,  o r  l e v e l  e l l i p s o i d ,  i s  an e l l i p s o i d  

d e f i n e d  t o  be an e q u i p o t e n t i a l  su r face .  I f  an e l l i p s o i d  o f  r e v o l u t i o n  

( w i t h  semimajor a x i s  a and semiminor a x i s  b )  i s  given, then  it can be made 

an e q u i p o t e n t i a l  su r f ace  

U = Uo = Constant 

o f  a  c e r t a i n  p o t e n t i a l  f u n c t i o n  U, c a l l e d  t h e  normal ( t h e o r e t i c a l )  g r a v i t y  



potential. This function is uniquely determined by means of the ellipsoid 

surface (semiaxes a, b), the enclosed mass (MI, and the angular velocity 

(a), according to a theorem of Stokes-Poincare, quite independently of the 

internal density distribution. Instead of the four constants, a, b, My 

and w , any other system of four independent parameters may be used as 

defining constants. However, as noted in Section 3.1, above, the defining 

parameters of the WGS 84 El lipsoid are the semimajor axis (a), the earth's 

gravitational constant (GM), the earth's angular velocity (w), and the 

normalized second degree zonal harmonic coefficient (7: ) of the gravita- 
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tional potential. With this choice of parameters, the equipotential 

ellipsoid furnishes a simple, consistent, and uniform reference system for 

all purposes of geodesy - the ellipsoid as a reference surface for 

geometric use (mapping, charting, etc.) , and a normal (theoretical) 

gravity field at the earth's surface and in space, defined in terms of 

closed formulas, as a reference for gravimetry and satellite geodesy. 

The standard theory of the equipotential ellipsoid regards the 

normal (theoretical ) gravitational potential as a harmonic function 

outside the ellipsoid, which implies the absence of an atmosphere. Thus, 

the computations are based on the theory of an equipotential ellipsoid 

without an atmosphere. The reference ellipsoid is defined to enclose the 

whole mass of the earth, including the atmosphere. As a visualization, 

the atmosphere can be considered to be condensed as a surface layer on the 

el 1 ipsoid. The normal (theoretical) gravity field at the earth's surface 

and in space can therefore be computed without any need for.considering 

the variation of atmospheric density. 

If atmospheric effects must be considered, this can be done by 

applying corrections to the measured values. This is the standard pro- 

cedure in the case of the effect of atmospheric refraction on angle and 

electronic distance measurements. A similar procedure is used for gravity 

data, where atmospheric corrections are applied to measured values of 

gravity. A table of atmospheric corrections for gravity measurements was 



i n c l u d e d  as an i n t e g r a l  p a r t  o f  t h e  r e p o r t  on G R S  80 [3.1]. A s i m i l a r  

t a b l e  p e r t a i n i n g  t o  WGS 84 i s  i n c l u d e d  i n  Chapter  4. Due t o  t h e  impor -  

t a n c e  o f  t h i s  a p p l i c a t i o n ,  a d d i t i o n a l  d e t a i l s  a r e  a l s o  g i v e n  i n  r3.21. 

It i s  i m p o r t a n t  t o  n o t e  t h a t  d e f i n i n g  t h e  r e f e r e n c e  e l l i p s o i d  

( t h e  WGS 84 E l l i p s o i d )  t o  e n c l o s e  t h e  mass of t h e  e a r t h ,  i n c l u d i n g  t h e  

atmosphere, d i f f e r s  f r o m  t h e  d e f i n i t i o n  adopted f o r  p r e v i o u s  WGS 

E l l i p s o i d s .  (The WGS 72 and e a r l i e r  WGS E l l i p s o i d s  d i d  n o t  i n c l u d e  t h e  

mass o f  t h e  atmosphere.)  T h i s  change i n  d e f i n i t i o n  a f f e c t s  t h e o r e t i c a l  

g r a v i t y  and must be c o n s i d e r e d  i n  t h e  c a l c u l a t i o n  o f  g r a v i t y  anomal ies.  

More d i s c u s s i o n  on t h i s  t o p i c  w i l l  occu r  l a t e r  i n  t h i s  Chapter ,  as w e l l  as 

i n  Chapter  4. 

3.3 D e f i n i n g  Parameters 

3.3.1 Semimajor A x i s  ( a )  

The v a l u e  adopted f o r  t h e  semimajor  a x i s  ( a )  o f  t h e  WGS 84 

E l l i p s o i d ,  a  d e f i n i n g  parameter ,  and i t s  one-sigma accu racy  e s t i m a t e  a r e :  

a  = (6378137 22) meters.  

T h i s  a-va lue,  wh ich  i s  t h e  same as t h a t  f o r  t h e  G R S  80 E l  l i p s o i d ,  i s  two 

me te rs  (m) l a r g e r  t h a n  t h e  v a l u e  o f  6378135 m adopted f o r  t h e  WGS 72 

E l l i p s o i d  [3.3].  As s t a t e d  i n  [3.4], t h e  GRS 80 (and thus  t h e  WGS 84)  

a - v a l u e  i s  based on e s t i m a t e s  f r o m  t h e  1976-1979 t i m e  p e r i o d ,  de te rm ined  

u s i n g  l a s e r ,  Dopp ler ,  r a d a r  a l t i m e t e r ,  l a s e r  p l u s  r a d a r  a l t i m e t e r ,  and 

Dopp le r  p l u s  r a d a r  a l t i m e t e r  d a t a / t e c h n i q u e s .  These e f f o r t s  y i e l d e d  

v a l u e s  f r o m  6378134.5 m t o  6378140 m. The b e s t  e s t i m a t e  was c o n s i d e r e d  t o  

1  i e  between 6378135 m  and 6378140 m y  w i t h  a r e p r e s e n t a t i v e  v a l u e  b e i n g  

F o r  compar ison purposes,  Tab le  3.2 c o n t a i n s  t h e  semimajor  a x i s  and 



ellipticity (flattening) of the WGS 84 Ellipsoid and other well-known 

reference ellipsoids. 

Since 1979, estimates of the semimajor axis have been made 

using satellite radar altimeter data, satellite laser ranging data, and 

Doppler satellite data. Results from these determinations, summarized in 

C3.51, range from 6378134.9 to 6378137.0 meters. Therefore, a = 6378137 

meters and oa = +2 meters are good choices for the semimajor axis of the 

WGS 84 Ellipsoid and its accuracy. 

Two viewpoints exist with respect to the accuracy of the 

semimajor axis of the WGS 84 Ellipsoid (or any ellipsoid). From one 

perspective, the WGS 84 Ellipsoid is a mathematical figure adopted for the 

earth, and since it is an adopted figure having a selected (adopted) 

a-value, the assignment of an accuracy to "a" is not required and should 

not be done. However, when attempting to adopt a geocentric ellipsoid 

that best fits the figure (mean sea level surface) of the earth, an ac- 

curacy value for the semimajor axis has merit since it is a measure of how 

well such a fit has been accomplished. It is in this context that oa = 22 

meters is stated for the semimajor axis of the WGS 84 Ellipsoid, and that 

is its primary, if not sole, use. For example, oa should not be used in 

any error analysis treating the accuracy of WGS 84 geodetic latitude and 

geodetic longitude values determined from WGS 84 rectangular ( X , Y , Z )  

coordinates. 

3.3.2 Earth's Gravitational Constant (GMI 

3.3.2.1 GM (With Earth's Atmosphere Included) 

The value of the earth's gravitational constant 

adopted as one of the four defining parameters of the WGS 84 Ellipsoid and 

its one-sigma accuracy estimate are: 



T h i s  v a l u e  i n c l u d e s  t h e  mass o f  t h e  atmosphere and i s  based on s e v e r a l  

t y p e s  o f  space measurements. These measurement t y p e s  and t h e  a s s o c i a t e d  

e s t i m a t e s  f o r  GM a r e  E3.11: 

8  3 -2 S p a c e c r a f t  r a d i o  t r a c k i n g  ...............( 3986005.0 f 0.5) x 10 m s  
8  3  -2 Lunar l a s e r  d a t a  a n a l y s i s  ............... (3986004.6 f 0.3) x 10 m s  

3  -2 .... Sate1 1  i t e  l a s e r  range measurements.. (3986004.4 f 0.2) x 10 th, s  

From t h e s e  r e s u l t s ,  a  r e p r e s e n t a t i v e  v a l u e  f o r  GM i s  

o r ,  when rounded 

A l though  more r e c e n t  e s t i m a t e s  o f  GM [3.6]  

p r o v i d e  a  r e p r e s e n t a t i v e  v a l u e  o f  

i t  i s  n o t  s u f f i c i e n t l y  d i f f e r e n t  f r o m  t h e  i n t e r n a t i o n a l l y  adopted GRS 80 

v a l u e  f o r  GM t o  w a r r a n t  i t s  a d o p t i o n  f o r  use w i t h  WGS 84. 

3.3.2.2 GMA o f  t h e  E a r t h ' s  Atmosphere 

3.3.2.2.1 C a l c u l a t e d  as a P roduc t  of G and MA 

F o r  some a p p l i c a t i o n s ,  i t i s  necessary  

t o  e i t h e r  have a  GM v a l u e  f o r  t h e  e a r t h  wh ich  does n o t  i n c l u d e  t h e  mass o f  

t h e  e a r t h ' s  atmosphere, o r  have a  GM v a l u e  f o r  t h e  e a r t h ' s  atmosphere 

i t s e l f .  Fo r  t h i s ,  i t i s  necessary  t o  know b o t h  t h e  mass of t h e  e a r t h ' s  

atmosphere, MA , and t h e  u n i v e r s a l  g r a v i t a t i o n a l  c o n s t a n t ,  G. 



The values of G and MA adopted for 

WGS 72, as well as recent International Association of Geodesy (IAG) and 

Internat iona 1 Astronomical Union (IAU) recommended values for these 

parameters, are listed in Table 3.3. Using the value recommended for G 

[3.71 by the IAG, and the more recent value for MA r3.81, the 

product GMA to two significant digits is 

which is the value currently recommended by the IAG for this product 

C3.71. 

This product is necessary to obtain a 

value for GM that excludes the mass of the earth's atmosphere, given a GM 

value that includes it (Section 3.3.2.1). This value of GMA, with a more 

conservative accuracy value assigned, was adopted for use with WGS 84; 

i .e. : 

3.3.2.2.2 Implied by Atmospheric Correction to 

Gravity Values 

As alluded to earlier, an atmospheric 

correction to observed gravity (g) is required for gravity anomaly ( ng ) 

determination when theoretical gravity ( y ) in the equation 

~g = g - y + gravity reduction terms (3-3 

is for an ellipsoid that includes the mass of the earth's atmosphere, as 

is the case with the WGS 84 Ellipsoid. A value for GMA is implied by the 

corresponding atmospheric correction that must be applied to observed 

gravity in this situation. 



A method for determining the GMA value 

implied by a given set of atmospheric corrections to gravity is to compare 

theoretical gravity values determined from a GM that includes the mass of 

the earth's atmosphere with theoretical gravity values determined from a 

GM that excludes the mass of the atmosphere. This was done for the three 

quantities 7, ye, up, where 

- 
Y = average value of theoretical gravity 

= theoretical gravity at the equator 

y = theoretical gravity at the poles 
P 

- GM m e's;, , - -  (1 + - -  
Yp 2 a qo 

2 and e , el2, k, m, qo, qol are derived constants for which equations will 
be given later in this Chapter. Comparisons were made between values of 
- - 1  

Y, Ye, Yp and Y , Y;, Y; , respectively, where 7'. Y;, Y' were computed P 
using values of GMA ranging from 



The results are shown in Table 3.4. It is noted that a GMA value of 

produces a difference of approximately 0.87 milligal (mgal) in theoretical 

gravity. 

An alternative approach for deter- 

mining which value of GMA is implied by the atmospheric corrections to 

observed gravity, is to solve for GMA, utilizing the above equations 

for ye and y in the form: 
P 

Replacing ye and y in Equations (3-7) and (3-8), rspectively, by the 
P 

atmospheric correction of 0.87 mgal, the derived values for GMA are: 

Thus, it is seen that a GMA value of 

approximately 

is implied by the atmospheric correction to observed gravity. The 

preceding value, when rounded to two significant digits, is 



wh ich  agrees w i t h  

E q u a t i o n  (3 -2 ) .  

between t h e  v a r i o u s  

( i s )  t h e  v a l u e  o f  GMA adopted f o r  use w i t h  WGS 

These r e s u l t s  i l l u s t r a t e  t h e  c o n s i s t e n c y  t h a t  ex 

WGS 84 parameters,  c o r r e c t i o n  terms, e t c .  

84, 
i s t s  

3.3.2.3 GM Wi th  E a r t h ' s  Atmosphere Exc luded (GM' ) 

The e a r t h ' s  g r a v i t a t i o n a l  c o n s t a n t ,  w i t h  t h e  mass 

o f  t h e  e a r t h ' s  atmosphere exc luded  (GM') ,  was o b t a i n e d  b y  s u b t r a c t i n g  GMA, 

E q u a t i o n  (3 -2 ) ,  f r o m  GM, Equa t ion  (3-1) ;  i.e.: 

8 3  2  GM' = (3986005 x  10 m  s-  ) - (3.5 x  1 0 ~ m ~ s - ~ )  

GM'  = (3986001.5 f 0.6) x  (3 -9 )  

The f a c t  t h a t  t h e  WGS 84 v a l u e  f o r  GM' ,  E q u a t i o n  (3-91, i s  g i v e n  t o  one 

more d i g i t  t h a n  t h e  WGS 84 v a l u e  f o r  GM, E q u a t i o n  (3-11, does n o t  i m p l y  

t h a t  GM' i s  known more a c c u r a t e l y  t h a n  GM. The a d d i t i o n a l  d i g i t  used w i t h  

GM' o n l y  r e f l e c t s  a  d e s i r e  t o  m a i n t a i n  c o n s i s t e n c y  between t h e  v a r i o u s  

WGS 84 pa ramete rs  and c o r r e c t i o n  terms. I n  f a c t ,  G M '  i s  known l e s s  w e l l ,  

due t o  t h e  u n c e r t a i n t y  i n t r o d u c e d  v i a  GMA. The l a c k  o f  a  more r e a l i s t i c  

accu racy  v a l u e  f o r  GMA p r e v e n t s  acknowledgment of t h i s  i n  t h e  above one- 

sigma a c c u r a c y  e s t i m a t e  f o r  GM' . 

3.3.3 Norma l i zed  Second Degree Zona l  G r a v i t a t i o n a l  C o e f f i c i e n t  

(T2,o) 

Ano the r  d e f i n i n g  parameter  o f  t h e  WGS 84 E l l i p s o i d  i s  t h e  

normal  i z e d  second degree zona l  g r a v i t a t i o n a l  c o e f f i c i e n t ,  r2,0, which has 

t h e  f o l l o w i n g  v a l u e  and ass igned  accu racy  (one s igma) :  



This iT2yo value was obtained from the adopted GRS 80 value for J2 [3.1], 
(J2=J2y0). 

by using the mathematical relationship 

and truncating the result to eight significant digits. 

The GRS 80 value for J2 is representative of the second 

degree zonal gravitational coefficient of several earth gravitational 

model (EGM) solutions. These EGMs and their respective J2 values are 

listed in Table 3.5. Since earth gravitational models are usually 

expressed in cny,, S form, the second degree zonal gravitational n,m 
coefficient is expressed as (as well as J2) in Table 3.5. 
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In keeping with the GRS 80 value for J2, the €2 value 

for the WGS 84 El lipsoid also does not include the permanent tidal defor- 

mation. This effect, usually represented by 6J2, is due to the attraction 

of the earth by the sun and moon. It has the magnitude 13.51: 

or, equivalently 

This quantity would be added to € 
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, Equation (3-lo), if it were 

des ired to have 7: 
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include the permanent tidal deformation. 

The question of whether to include the permanent tidal 

deformation is discussed in some detail in the Appendix to E3.41. In that 



d i scuss ion ,  i t  i s  s t a t e d  t h a t :  

"Ne i t he r  J2 nor  t h e  geo id  as determined i n  

geodesy should  c o n t a i n  t h e  permanent t i d a l  

de fo rmat ion  un less  e x p l i c i t l y  s t a t e d  otherwise. "  

The reason i s  t h a t  Stokes '  fo rmu la  presupposes t h e  g r a v i t a t i o n a l  p o t e n t i a l  

t o  be everywhere harmonic o u t s i d e  t h e  ear th .  However, t h i s  does n o t  h o l d  

t r u e  f o r  t h e  t i d a l  p o t e n t i a l ,  which i s  n o t  everywhere harmonic, because it 

has a  s i n g u l a r i t y  a t  i n f i n i t y .  

3.3.4 Angular V e l o c i t y  o f  t h e  E a r t h  

The va lue  o f  o used as one o f  t h e  d e f i n i n g  parameters o f  

t h e  WGS 84 (and GRS 80) E l l i p s o i d  and i t s  accuracy es t ima te  (one sigma) 

are:  

Th i s  value, f o r  a  s tandard  e a r t h  r o t a t i n g  w i t h  a  cons tan t  angu la r  ve l o -  

c i t y ,  i s  an I A G  adopted va lue  f o r  t h e  t r u e  angular  v e l o c i t y  o f  t h e  e a r t h  

which f l u c t u a t e s  w i t h  t ime. However, f o r  most geode t i c  a p p l i c a t i o n s  which 

r e q u i r e  angu la r  v e l o c i t y ,  these f l u c t u a t i o n s  do n o t  have t o  be cons idered.  

A l though  s u i t a b l e  f o r  use w i t h  a  s tandard 

WGS 84 E l l i p s o i d ,  it i s  t h e  I A U  ve r s i on  o f  t h i s  va lue  ( o ' )  

t h a t  i s  c o n s i s t e n t  w i t h  t h e  new d e f i n i t i o n  o f  t ime  [3.17]. 

d e r i v e d  i n  [3.181 u s i n g  t h e  fo rmu la  

e a r t h  and t h e  

(3-16) 

Th is  va lue  was 



where 

s = 31556925.9747 

2 u = p cos E - 12.473" sin E 

p = 5025.64" 

E = 23O27'08.26' = 84428.26'. 

Inserting these values for p and E in Equation (3-171, the resultant 

equation is, to 12 significant digits, 

,,,' = 2 .rr 164.098904r = 7292115.14667 x 10-l1 radians/second 

or, when rounded: 

w' = 7292115.1467 x 10-l1 radianslsecond. (3-19) 

Historically, by virtue of the values used in the ca 

consistent with the System of Astronomical Constants 

For 

earth's angular ve 

formula 

lculation, w '  

adopted by the 

precise satellite applications, the 

locity ( w '  ), rather than w, shou 

is also 

IAU in 

IAU value of the 
Id be used in the 

to obtain the angular velocity of the earth in a precessing reference 

frame ( w* ). In the above equation r3.91 [3.17]: 

m = new precession rate in right ascension 



TU = Julian Centuries from Epoch J2000.0 

dU = Number of days of Universal Time (UT) from Julian 

Date (JD) 2451545.0 UT1, taking on values of + 0.5, 
f 1.5, f 2.5 ,... 

Therefore, the angular velocity of the earth in a pre- 

cessing reference frame, applicable for precise satellite applications, 

may be written: 

As stated earlier, the earth's angular velocity fluctuates 

with time. This fluctuation is rather significant, as is apparent from 

Table 3.6 and Figure 3.1, which show the high, low, and yearly average 

values of the earth's angular velocity for years 1967 through 1985. 

During this time span, the lowest and highest angular velocities (averaged 

over a five-day period) were: 

u (lowest) = 7292114.832 x 10-l1 radians/second 

w (highest) = 7292115 . O W  x 10-l1 radians/second. 



T h i s  d a t a  was t a k e n  f r o m  t h e  Annual Repor ts  o f  t h e  B I H  13.191. 

The a n g u l a r  v e l o c i t y  va lues  adopted f o r  WGS 72 and WGS 84 

a r e  a l s o  shown i n  F i g u r e  3.1. Note t h a t  t h e  w v a l u e  adopted f o r  use w i t h  

t h e  WGS 84 E l l i p s o i d  (Equa t ion  3-15) agrees more c l o s e l y  w i t h  r e c e n t  

va lues  o f  w t h a n  does t h e  v a l u e  adopted f o r  use w i t h  t h e  WGS 72 E l l i p s o i d .  

3.4 D e r i v e d  Geometr ic  and P h y s i c a l  Constants  

3.4.1 General  

Many parameters  a s s o c i a t e d  w i t h  t h e  WGS 84 E l l i p s o i d ,  

o t h e r  t h a n  t h e  f o u r  d e f i n i n g  parameters (Tab le  3.1), a r e  needed f o r  geode- 

t i c  and g r a v i m e t r i c  a p p l i c a t i o n s .  Us ing t h e  f o u r  d e f i n i n g  parameters,  it 

i s  p o s s i b l e  t o  d e r i v e  these  a s s o c i a t e d  cons tan ts .  The more commonly used 

geomet r i c  and p h y s i c a l  c o n s t a n t s  a s s o c i a t e d  w i t h  t h e  WGS 84 E l l i p s o i d ,  and 

t h e  f o r m u l a s  used i n  t h e i r  d e r i v a t i o n ,  a r e  p resen ted  he re  f o r  use r  

conven ience and i n f o r m a t i o n .  Un less o t h e r w i s e  i n d i c a t e d ,  t h e  f o r m u l a s  

used i n  t h e  c a l c u l a t i o n  o f  t h e  c o n s t a n t s  a r e  f r o m  13.11 and C3.181. 

3.4.2 Fundamental D e r i v e d  Constant  

The fundamenta l  d e r i v e d  c o n s t a n t  i s  t h e  square o f  t h e  

f i r s t  e c c e n t r i c i t y ,  e2, n o r m a l l y  d e f i n e d  by t h e  e q u a t i o n  

where 

a  = semimajor a x i s  o f  t h e  e l l i p s o i d  

b = semiminor a x i s  o f  t h e  e l l i p s o i d .  

The b a s i c  e q u a t i o n  which r e l a t e s  e2 o f  t h e  WGS 84 E l l i p s o i d  t o  t h e  f o u r  



defining parameters (a, GM, iT2,0, and w ) is 

where 
- 3 2q0 - C1 + 51 arctan (el ) - F l  

e' = second eccentricity 

Equation (3-24) is solved iteratively for e2. 

3.4.3 Derived Geometric Constants 

Having the four defining parameters and knowing e2, it is 

possible to determine the other geometric constants for the WGS 84 

Ellipsoid. 

3.4.3.1 Semiminor Axis 

The semiminor axis b is defined by the Equation 

2 1/2 b = a ( l - e )  (3-27) 

b = a  ( 1 - f )  

where f is the flattening (ellipticity) of the ellipsoid. 



3.4.3.2 F l a t t e n i n g  

The fo rmu la  f o r  t h e  f l a t t e n i n g  i n  terms o f  e2 i s  

2  1/2 f = l - ( 1 - e )  . (3-29) 

A more f a m i l i a r  fo rmu la  f o r  f i s  

semiaxes a  and b: 

a - b  f = - .  a  

t h e  one expressed i n  terms o f  t h e  

3.4.3.3 L i nea r  E c c e n t r i c  

L i nea r  e c c e n t r i c i t y ,  E, can be determined us ing  

e i t h e r  t h e  fo rmu la  

E = a e .  

3.4.3.4 Po la r  Radius o f  Curvature 

The equat ion  f o r  t h e  p o l a r  r a d i u s  o f  cu rva tu re ,  

Expressed i n  terms o f  a  and eZ, t h i s  equa t ion  becomes 

2  -1/2 c = a ( l - e )  . (3-34) 

(Note t h a t  c  i s  a l s o  used i n  Sec t ion  3.4.5. and Table 3.9 t o  denote t h e  
v e l o c i t y  o f  l i g h t  i n  a  vacuum. ) 



3.4.3.5 Mer id ian  Arc Dis tances 

The leng th  o f  t h e  mer i d i an  a r c  f rom t h e  equator 

t o  t h e  po le  (mer i d i an  quadrant ) ,  Q, can be determined us ing  t h e  equat ion  

where 4 i s  t h e  geodet i c  l a t i t u d e .  Th is  i n t e g r a l  can be evaluated by t h e  

s e r i e s  expansion 

Knowing t h e  mer i d i an  quadrant,  Q, t h e  p o l e  t o  po le  mer id ian  a rc  d i s t ance  

i s  24. The t o t a l  me r i d i an  d i s tance  around t h e  e a r t h  i s  44. It i s  

impor tan t  t o  remember t h a t  me r i d i an  a r c  d is tances  w i l l  vary  f rom e l l i p s o i d  

t o  e l l i p s o i d ,  as a  f u n c t i o n  o f  c  and e ' ,  Equat ion (3-36). 

3.4.3.6 C.ircumference o f  t h e  Equator 

The c i rcumference o f  t h e  equator,  C, o f  t h e  

WGS 84 E l l i p s o i d  ( o r  any o the r  e l l i p s o i d  o f  r e v o l u t i o n )  i s  

(Note t h a t  C i s  a l s o  used i n  Sec t ion  3.4.6 and i n  Tables 3.10, 3.11, and 
3.12 t o  denote t h e  moment o f  i n e r t i a  o f  t h e  e a r t h  w i t h  respec t  t o  t h e  

Z-axis.  ) 

3.4.3.7 Mean Radius 

There a re  severa l  methods f o r  de te rmin ing  a  va lue 

f o r  t h e  mean r a d i u s  o f  t h e  e l l i p s o i d .  F i r s t ,  t h e r e  i s  t h e  a r i t h m e t i c  mean 



(R1) o f  t h e  t h r e e  semiaxes (a, a, b ) :  

2 When expressed i n  terms of a  and e  , Equat ion (3-38) becomes 

Second, t he  rad ius  of a  sphere (R2) hav ing t h e  

same su r face  area as t h e  WGS 84 E l l i p s o i d  i s :  

An a l t e r n a t i v e  fo rmu la  f o r  R2  i s  [3.20]: 

A t h i r d  method f o r  de te rmin ing  t h e  mean r a d i u s  o f  

t h e  WGS 84 E l l i p s o i d  i s  t o  f i n d  t he  rad ius  o f  a  sphere hav ing  t h e  same 

volume as t h e  e l l i p s o i d .  The equat ion  f o r  t h i s  rad ius ,  R3, i s  [3.20]: 

3.4.3.8 Sur face Area and Volume of t h e  WGS 84 E l l i p s o i d  

Occas ional ly ,  i t  i s  necessary t o  know e i t h e r  t h e  

sur face area o f  t h e  re fe rence  e l l i p s o i d  o r  i t s  volume. The su r f ace  area S 



of the reference ellipsoid can be calculated directly from the semimajor 

axis (a) and eccentricity ( e l  using the closed form Equation C3.201: 

The surface area can also be calculated from R2 using the expression 

The mathematical expression for the volume (V) of 

the reference ellipsoid, in terms of a and e, is 

An alternative method for determining V is the equation 

3.4.3.9 Other Derived Geometric Constants 

There are a few other derived geometric constants 

which sometimes appear in a listing of ellipsoid constants, or which are 
used in other equations. These constants, defined by their equations, 

are: 



3.4.3.10 Numerical  Resu l ts  

Using t h e  p reced ing  f o rmu la t i on ,  numer ica l  

values were computed f o r  t h e  above d iscussed geometr ic  cons tan ts  

assoc ia ted  w i t h  t h e  WGS 84 E l l i p s o i d .  These values a re  l i s t e d  i n  

Table 3.7. For ease o f  re ference,  t h e  f o u r  d e f i n i n g  parameters o f  t h e  

WGS 84 E l l i p s o i d  a re  a l s o  i nc l uded  i n  t h e  t ab le .  

The d e f i n i n g  parameters a re  cons idered t o  be 

exact.  On t h e  o the r  hand, t h e  de r i ved  geometr ic  cons tan ts  a re  as s ta ted -  

der i ved .  Users a re  reminded t h a t  t he  de r i ved  geometr ic constants  cannot 

be a r b i t r a r i l y  t r u n c a t e d  i f  cons is tency  between t h e  magnitudes o f  t h e  

var ious  parameters i s  t o  be maintained. These cons tan ts  should always be 

c a l c u l a t e d  to ,  and used w i th ,  t h e  number o f  d i g i t s  r e q u i r e d  t o  ma in ta i n  

t h e  cons is tency  needed f o r  each s p e c i f i c  a p p l i c a t i o n .  

3.4.4 Der ived  Phys ica l  Constants 

Having t h e  f o u r  d e f i n i n g  parameters and knowing t h e  f i r s t  

e c c e n t r i c i t y  ( e l ,  it i s  p o s s i b l e  t o  determine var ious  phys i ca l  constants  

f o r  t h e  WGS 84 E l l i p s o i d .  

3.4.4.1 Theo re t i ca l  (Normal) P o t e n t i a l  o f  t h e  WGS 84 

E 11 i p s o i d  

As was s t a t e d  e a r l i e r ,  t h e  WGS 84 E l l i p s o i d  i s  

de f i ned  t o  be an e q u i p o t e n t i a l  e l l i p s o i d ,  a  sur face  o f  cons tan t  t h e o r e t i -  

c a l  g r a v i t y  p o t e n t i a l ,  U = Uo. Th is  constant ,  Uo, t h e  t h e o r e t i c a l  g r a v i t y  

p o t e n t i a l  o f  an e l l i p s o i d ,  i s  de f i ned  by t h e  express ion  

- GM a r c t a n  ( e l  ) + : u2a2 Uo -7' 



where 

GM = earth's gravitational constant 

E = linear eccentricity 

e' = second eccentricity 

w = earth's angular velocity 

a = semimajor axis 

b = semiminor axis 
2 2 m = w a b/GM. 

3.4.4.2 Zonal Gravitational (Spherical Harmonic) 

Coefficients 

The zonal gravitational coefficients, J2, J4, 

J6,..., are constants which appear in the spherical harmonic expansion for 
the theoretical (normal) gravitational potential (v' ) : 

where 

r = radius vector 

$ '=  geocentric latitude. 

The theoretical gravitational potential (V' ) represents the theoretical 

gravity potential ( U )  minus the potential of centrifugal force (of the 

earth ' s rotat ion 1. 

The coefficient J2 for WGS 84 is calculated from 

rZy0 using Equation (3-12) 



The general equation for the other coefficients expressed in terms of J2 
is 

Using this equation, the zonal harmonic coefficients through n = 5 are: 

If the normalized 
n, 0 

coefficients are desired, they can either be 

calculated from the Jn coefficients using the mathematical relationship 

or they can be calculated directly from using an expression analogous 
290 

to Equation (3-56): 

Equation (3-62) was derived from Equations (3-55), (3-56), and (3-61). 



3.4.4.3 Theoretical Gravity at the Equator and the Poles 

Theoretical gravity at the equator, ye, and 

theoretical gravity at the poles, 
y ~ '  

can be calculated using the 

expressions 

where 

1 ) (1 - arctan el ) - 1 
q O 1  = 3(1 + 7 

- 1 1 arctan e' - ill. qo - 7 + 7 

3.4.4.4 Gravity Flattening 

The expression for the constant f*, called 

gravity flattening, is 

3.4.4.5 Mean Value of Theoretical Gravity 

The general expression for the average or mean 



v a l u e  o f  t h e o r e t i c a l  g r a v i t y  ( 7 ) on ( a t )  t h e  s u r f a c e  o f  t h e  e l l i p s o i d  

i s :  

- 
Y = l  

.I2 Y C O S + d +  I 'I2 cosg d+ 2 .  (3-68) 
o (I - e2  s in2+) '  o (I - eL s i n L + )  

T rans fo rm ing  Equa t ion  (3-68) u s i n g  s e r i e s  expans i o n s  13.21, it becomes 

where 

3.4.4.6 Mass o f  t h e  E a r t h  

The mass o f  t h e  e a r t h  (M), o r  mass o f  t h e  WGS 84 

E 11 i p s o i d ,  can be de te rm ined  f r o m  t h e  e a r t h ' s  g r a v i t a t i o n a l  c o n s t a n t  (GM) , 
p r o v i d e d  a  v a l u e  f o r  t h e  u n i v e r s a l  c o n s t a n t  o f  g r a v i t a t i o n  ( G I  i s  known. 

The a p p r o p r i a t e  e q u a t i o n  i s  

The v a l u e  o f  G adopted f o r  use w i t h  WGS 84 i s  [3.7]: 

G = 6.673 x 10 -11 m3 s-2 -1 
kg 



More information on G is 

3.4.4.7 

available in Section 3.3.2.2.1 and Table 3.3. 

Numerical Results 

va 1 ues were computed for 

Using the preceding formulation, numerical 

the above discussed physical constants associated 

with the WGS 84 Ellipsoid. These values are listed in Table 3.8. For 

ease of reference, the four defining parameters of the WGS 84 Ellipsoid 

are also included in the table. 

3.4.5 Relevant Miscellaneous Constants/Conversion Factors 

In addition to the four defining parameters of the WGS 84 

El 1 ipsoid (Table 3.1 ), necessary for describing (representing) the el 1 ip- 

soid geometrically and gravimetrically, and the derived sets of commonly 

used geometric and physical constants associated with the WGS 84 Ellipsoid 

(Tables 3.7 and 3.81, two other important constants are an integral part 

of the definition of WGS 84. These constants are the velocity of light 

(c) and the dynamical ellipticity (H). 

Velocity of Light 

The currently accepted value for the velocity of 

light in a vacuum (c) is [3.21]: 

This value is officially recognized by both the IAG C3.71 and IAU [3.9], 

and has been adopted for use with WGS 84. 

3.4.5.2 Dynamical Ellipticity 

The dynamical ellipticity, H, is necessary for 

determining the principal moments of inertia of the earth, A, B, and C. 

In the literature, H is variously referred to as dynamical ellipticity, 

mechanical ellipticity, or precessional constant. It is a factor in the 



theoretical value of the rate of precession of the equinoxes, which is 

well known from observation. In a recent IAG report on fundamental 

geodetic constants l3.51, the following value for the reciprocal of H was 

given in the discussion of moments of inertia: 

For consistency, this value has been adopted for use with WGS 84. 

3.4.5.3 Numerical Values 

Values of the velocity of light in a vacuum and 

the dynamical ellipticity adopted for use with WGS 84 are listed in 

Table 3.9 along with other WGS 84 associated constants used in special 

applications; e.g., the earth's principal moments of inertia 

(Section 3.4.6.2 and Table 3.12, dynamic solution). Factors for effecting 

a conversion between meters, feet, and/or nautical and statute miles are 

also given in the table. 

3.4.6 Moments of Inertia 

The moments of inertia of the earth with respect to the X, 

Y, Z axes are defined by the Equations E3.221 

A = j j j (y12 + z ' ~ ) ~ M  
earth 

B = j 1 (z12 + x ' ~ ) ~ M  
earth 

c = 1 1 j (x" + y12)dM 
earth 

where 

A = moment of inertia with respect to the X axis 

B = moment of inertia with respect to the Y axis 

C = moment of inertia with respect to the Z axis 



XI, Y', Z' = rectangular coordinates of the variable mass element dM. 

The moments of inertia are related to the second degree 

gravitational coefficients JZy0 and J2,z by the formulas C3.231 

where 

a = semimajor axis of the ellipsoid 

M = mass of the earth. 

It is possible to determin 

cally, using only the defining parameters 

soid, or dynamically, using earth gravitat 

approaches are used here to determine the 

e A, By and C either geometri- 

(a, GM, 50y u) of an ellip- 
ional model coefficients. Both 

moments of inertia. Although 

normalized gravitational coefficients are usually used for most 

applications, it is easier to express the equations for the moments of 

inertia in terms of conventional (unnormalized) coefficients, either J,,, 

or CnYm. Therefore, gravitational coefficients in conventional form are 

used in the fo 1 lowing development. (However, equations expressed in terms 

of normalized coefficients are introduced at the end.) 

3.4.6.1 Geometric Solution 

In the geometric solution, the moments of 

inertia are calculated from the defining parameters of an ellipsoid, which 

for WGS 84 are a, GM, ~2,0, and w. Due to the symmetry of the rotational 

ellipsoid, 

A = By 

so that Equations (3-75) and (3-76) reduce to 

3-27 



where 

C = moment of inertia with respect to the axis of 

rotation CZ - axis) 

A = moment of inertia with respect to any axis in the 
equatorial plane. 

Thus, in the geometric solution, there are only two moments of inertia to 
be solved for, A and C. 

The geometric solution for C is C3.231: 

where, as before: 

f = ellipsoidal flattening 

w = earth's angular velocity 

b = semiminor axis 

GM = earth's gravitational constant. 



Knowing M, a, C, and J 2 y 0 y  Equa t ion  (3-78) can be used t o  o b t a i n  A, i.e.: 

Moments o f  i n e r t i a  a r e  o f t e n  g i v e n  i n  terms o f  t h e i r  

d i f f e r e n c e s  

r a t h e r  t h a n  i n  terms of t h e i r  i n d i v i d u a l  va lues  (A, B, and C). I n  t h e  

geomet r i c  s o l u t i o n ,  due t o  Equa t ion  (3-77),  t h e r e  i s  o n l y  one d i f f e r e n c e  

t o  be concerned w i t h :  

C - A .  

T h i s  d i f f e r e n c e  i s  r e a d i  l y  o b t a i n e d  f r o m  Equa t ion  (3-78), wh ich y i e l d s  

C - A = M ~ ~ J ~ , ~  (3-85) 

C-A - 2 - J2,0 

A l though  t h e  dynamica l  e l l i p t i c i t y  ( H I  i s  more 

a c c u r a t e l y  de te rm ined  u s i n g  o t h e r  techn iques,  as was d i scussed  i n  S e c t i o n  

3.4.5.2, it can a l s o  be s o l v e d  f o r  g e o m e t r i c a l l y  f r o m  A and C, u s i n g  t h e  

e q u a t i o n  [3.221: 



3.4.6.2 D-ynamic S o l u t i o n  

D i s c u s s i o n  o f  t h e  dynamic s o l u t i o n  f o r  t h e  

moments o f  i n e r t i a  a l s o  s t a r t s  w i t h  Equa t ions  (3-75) and (3-76) : 

( A - B ) .  J2,2 = 2 

These e q u a t i o n s  can be r e w r i t t e n  as: 

where 

It i s  assumed t h a t  t h e  C and C ( o r  J and J ) c o e f f i c i e n t s  a r e  
2,o 2,2 2,o 292 

f r o m  an e a r t h  g r a v i t a t i o n a l  model t h a t  i s  r e f e r e n c e d  t o  t h e  same r e f e r e n c e  

e l l i p s o i d  as t h a t  used f o r  t h e  geomet r i c  s o l u t i o n .  

S o l v i n g  Equa t ions  (3-90)  and (3-91) 

s i m u l t a n e o u s l y  f o r  t h e  moment o f  i n e r t i a  d i f f e r e n c e s ,  (C-A, C-B, B-A) : 

C - A -  

-KT - - [c2,0 - 2c2,2 j  



If a value is known for the moment of inertia C, 
then A and B can be obtained from Equations (3-90) and (3-91). Although 

it is possible to determine C using the geometric solution, Equation (3- 

8O), subsequent values obtained for A and B will differ significantly from 
the various values published for these constants, e.g., [3.5]. An 

alternative approach is to determine C from the dynamical ellipticity ( H ) ,  

Section 3.4.5.2. The mathematical relationship between C and H is: 

Inserting Equation (3-100) into Equations (3-96) 

and (3-97), the expressions obtained for A and B are: 



Since earth gravitational model coefficients are 

usually given in normalized form, it is convenient to also have the 

equations for the moments of inertia expressed in terms of normalized 

coefficients ($,0 and r2,2). The mathematical relationships between 

the conventional and normalized coefficients are: 

For convenience, the equations for calculating 

the moments of inertia are given in Tables 3.10 and 3.11, respectively, 

for both conventional and normalized gravitational coefficients. 

3.4.6.3 Numerical Results 

Numerical values are given in Table 3.12 for all 

the moment of inertia parameters. The geometrically determined 

parameters, considered to be less accurate than those determined from a 

dynamic solution, are included for comparison purposes only. For 

information and convenience, several of the constants needed for 

calculating moment of inertia parameters are also included in the table. 



3.4.7 Geocentric Radius and Radii of Curvature 

It is often helpful to have equations readily available 

for the geocentric radius (to the surface of the ellipsoid), the radius of 

curvature in the meridian, and the radius of curvature in the prime 

vertical (Figure 3.2). The equations for these parameters are r3.241: 

where 

r = geocentric radius to the surface of the ellipsoid 

R~ = radius of curvature in the meridian 
RN = radius of curvature in the prime vertical 

a = semimajor axis 

e = first eccentricity 

4 '  = geocentric latitude 

$ = geodetic latitude. 

and the mathematical relationship between the geocentric and geodetic 

latitudes is r3.201: 

4 '  = arctan [(I - e') tan 

The above equations have been used to compute values of r, 

RM, and RN at lo intervals of geodetic latitude from 0" to 90' for the 

WGS 84 El lipsoid. These quantities are given in [3.251. 



3.4.8 Ellipsoidal Arc Distances 

For user convenience, formulas and numerical values are 

given for arc distances along meridians and parallels of the WGS 84 

Ellipsoid. These arcs are depicted in Figure 3.2. 

3.4.8.1 Meridian Arc Distance 

Meridian arc distance, S 
0 ' for a small 

increment of latitude A $  (less than 45 kilometers in length), can be 

calculated using the equation [3.20]: 

where, as before: 

RM = radius of curvature in the meridian 

a = semimajor axis of the ellipsoid 

e = first eccentricity of the ellipsoid 

$ = geodetic latitude. 

3.4.8.2 Arc Distance Alona a Parallel of Latitude 

Arc distance along a para1 lel of latitude, S X  , 
for an increment of longitude A X  at latitude @ , can be calculated using 
the equation C3.201: 



where 

R N  = r a d i u s  o f  c u r v a t u r e  i n  t h e  pr ime v e r t i c a l  

3.4.8.3 Numerical  Values 

Mer i d i an  a r c  d is tances ,  
4, 

cor responding t o  one a r c  

second i n  l a t i t u d e  ( A+ = 1 " )  were c a l c u l a t e d  a t  l a t i t u d e  i n t e r v a l s  o f  5" f r om  

0"  t o  90" f o r  t h e  WGS 84 E l l i p s o i d  us i ng  Equat ion (3-111).  S i m i l a r l y ,  a r c  

d i s t ances  a long  a  p a r a l l e l  o f  l a t i t u d e ,  S, , corresponding t o  one a rc  second 

i n  l o n g i t u d e  ( A, = 1") were c a l c u l a t e d  a t  l a t i t u d e  i n t e r v a l s  o f  5 "  f rom 0" t o  

90" us i ng  Equat ion (3-113).  These S and S A  values, p rov i ded  i n  13.251, a re  
4  

t h e  number o f  meters i n  one a rc  second o f  geode t i c  l a t i t u d e  and geode t i c  

l ong i t ude ,  r e s p e c t i v e l y ,  on t h e  WGS 84 E l l i p s o i d .  The inc rease  i n  s4  
w i t h  

geode t i c  l a t i t u d e  r e f l e c t s  t h e  e f f e c t  o f  t h e  f l a t t e n i n g  o f  t h e  e l l i p s o i d .  The 

decrease i n  S, w i t h  geode t i c  l a t i t u d e  r e f l e c t s  t h e  e f f e c t  o f  t h e  convergence 

o f  t h e  me r i d i ans  towards t h e  po les.  

The d e f i n i n g  parameters o f  t h e  WGS 84 E l l i p s o i d  a re  t h e  same as those  

o f  t h e  i n t e r n a t i o n a l l y  sanc t ioned  GRS 80 E l l i p s o i d  w i t h  one minor excep t ion .  

To m a i n t a i n  cons i s t ency  w i t h  t h e  c o e f f i c i e n t  fo rm used w i t h  t h e  WGS 84 EGM, 

t h e  d e f i n i n g  parameter J2 o f  t h e  GRS 80 E l l i p s o i d ,  g i ven  t o  s i x  s i g n i f i c a n t  

d i g i t s  i n  [3.1], was conver ted  t o  rZs0 , t r u n c a t e d  t o  e i g h t  s i g n i f i c a n t  

d i g i t s ,  and used w i t h  WGS 84. As such, t h i s  conver ted va lue ( Tzq0 ) i s  a  

d e f i n i n g  parameter o f  t h e  WGS 84 E l l i p s o i d  - and t h e  second degree zonal  

c o e f f i c i e n t  o f  t h e  WGS 84 EGM (Chapter 5 ) .  

E l l i p s o  

The f o u r  d e f i n i n g  parameters ( a, rZs0, w,  GM ) o f  t h e  WGS 

i d  were used t o  c a l c u l a t e  t h e  more commonly used geometr ic  and phys 

3 - 3 5  

84 

i c a l  



constants associated with the WGS 84 Ellipsoid. As a result of the use of 

r2,0 in the form described, the derived WGS 84 Ellipsoid parameters are 

slightly different from their GRS 80 Ellipsoid counterparts. Although these 

minute parameter differences and the conversion of the GRS 80 J2-value to F2,0 

are insignificant from a practical standpoint, it has been more appropriate to 

refer to the ellipsoid used with WGS 84 as the WGS 84 Ellipsoid. 

In contrast, since NAD 83 does not have an associated EGM, the J2 to 

€2,0 conversion does not arise and the ellipsoid used with NAD 83 by NGS is 

in name and in both defined - and derived parameters the GRS 80 Ellipsoid. 

Although it is important to know that these small undesirable inconsistencies 

exist between the WGS 84 and GRS 80 Ellipsoids, from a practical application 

standpoint the parameter differences are insignificant. This is especially 

true with respect to the defining parameters. Therefore, as long as the 

preceding is recognized, it can be stated that WGS 84 and NAD 83 are based on 

the same ellipsoid. 

With continuing research, new values will become available for the 

ellipsoid defining parameters discussed above. Although there is often a 

temptation to replace an existing parameter with a new ("improved") value when 

the latter appears, this should not be done with WGS 84. It is technically 

inappropriate to use such an "improved" value in the context of WGS 84 since 

the defining and derived parameters of the WGS 84 Ellipsoid form an internally 

consistent set of parameters. Since replacement of any of the defining 

parameters by an "improved" value has an effect on the derived parameters, 

disturbing this consistency, organizations involved in a DoD application that 

may require a WGS 84-related parameter of better accuracy than that presented 

in this Chapter should not substitute an "improved" parameter value but make 

the requirement known to the address provided in the PREFACE. 

It is anticipated that at some point in the future, DMA will need to 

address the time varying nature of and o [3.26] [3.27], the inclusion of 2,o 
additional significant digits in both, and the possible need for an improved 

GM (WGS 84 scale) for high altitude sate1 1 ite applications. The international 

geodetic community can assist in this endeavor by keeping these possible 

improvements in mind in any future update (replacement) of GRS 80. 
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Table 3.1 

D e f i n i n g  Parameters o f  t h e  WGS 84 E l l i p s o i d  
and The i r  Accuracy Est imates ( l a )  

Parameters 

Semimajor Ax i s  

Normal ized 

G r a v i t a t  

Second Degree Zonal 

i o n a l  C o e f f i c i e n t  

Angu l a r  V e l o c i t y  o f  t h e  Ea r th  

E a r t h ' s  G r a v i t a t i o n a l  Constant 

(Mass o f  E a r t h ' s  Atmosphere 

I nc l uded )  

Nota t  i o n  

7292115 x 10- l1  r a d  s'l 

(f0.1500 x 10- l1  r ad  s - l )  



Table  3.2 

Reference E l l i p s o i d  Constants 

Reference E l l i p s o i d s  

A i r y  

M o d i f i e d  A i r y  

A u s t r a l i a n  N a t i o n a l  

Bessel  1841 

C l a r k e  1866 

C l a r k e  1880 

Everes t  

M o d i f i e d  Everes t  

F i s c h e r  1960 (Mercury)  

M o d i f i e d  F i s c h e r  1960 (South A s i a )  

F i s c h e r  1968 

Geodet ic Reference System 1967 

Geodet ic  Reference System 1980 

Helmer t  1906 

Hough 

I n t e r n a t i o n a l  

Krassovsky 

South American 1969 

WGS 60 

WGS 66 

WGS 72 

WGS 84 

a  (Mete rs )  

* I n  Namibia, use a  = 6377483.865 meters f o r  t h e  Bessel  1841 E l l i p s o i d .  



Tab le  3.3 

E s t i m a t e d  Values f o r  t h e  U n i v e r s a l  G r a v i t a t i o n a l  

Cons tan t  (G) and Mass o f  t h e  E a r t h ' s  Atmosphere (MA) 

I References 

- 

v 

11 3 2 [Each t a b u l a r  e n t r y  f o r  G, above, must be m u l t i p l i e d  b y  10- m  s-  kg-'. 

Each t a b u l a r  e n t r y  f o r  MA, above, must  be m u l t i p l i e d  b y  1018kg.] 

- 
- 

I 



Table 3 . 4  

Effect of GMA on Theoretical Gravity 

-- - - -  -- 

Effect of GMA on Theoretical Gravity 

8 3  - 2  [Each GMA tabular value, above, must be multipled by 10 m s . 
'e = theoretical gravity at the equator; Yp = theoretical gravity at the - 
poles; Y = average value of theoretical gravity; all values based on the 

WGS 84 Ellipsoidal Gravity Formula; units = milligals for due, &up, 67 tabular 

values (above) . I  



Table 3.5 

Comparison o f  Second Degree Zonal G r a v i t a t i o n a l  C o e f f i c i e n t s  

WGS 72 13.31 

GRIM3-L1 C3.101 

GRIM3B C3.111 

GEM-T1 L3.121 

GEM-1-2 L3.131 

OSU 81 C3.141 

GEM 9 C3.41 

GEM 10C C3.151 

PGS-1331 L3.161 

WGS 84 - - - 
G R I M  2 C3.41 

SAO SE I 1 1  L3.41 



Year 

1967 

1968 

1969 

1970 

1971 

1972 

1973 

1974 

1975 

1976 

1977 

1978 

1979 

1980 

1981 

1982 

1983 

1984 

1985 

Table 3.6 

Yearly Angular Velocity Values of the Earth's Rotat ion 

Angu 1 

Highest* 

7292115.018 

114.999 

114.989 

114.998 

114.953 

114.946 

114.952 

114.982 

114.991 

114.961 

114.993 

114.995 

114.997 

115.018 

115.052 

115.031 

115.034 

115.096 

115.099 

Lowest* 

7292114.903 

114.894 

114.875 

114.870 

114.836 

114.845 

114.836 

114.852 

114.875 

114.855 

114.867 

114.832 

114.876 

114.909 

114.893 

114.918 

114.877 

114.975 

114.977 

* Averaged over a f ive-day period. 

** Averaged over a year. 



T a b l e  3.7 

WGS 84 E l  l i p s o i d  

- D e f i n i n g  Parameters and D e r i v e d  Geometr ic  Cons tan ts  - 
Parameter I Symbol I Numer ica l  Value 

D e f i n i n g  Parameters 

Semimajor a x i s  I a  1 6378137 m 

E a r t h ' s  g r a v i t a t i o n a l  c o n s t a n t  

Norma l i zed  second degree z o n a l  

g r a v i t a t i o n a l  c o e f f i c i e n t  

E a r t h ' s  a n g u l a r  v e l o c i t y  I w I 7292115 x  1 0 - ' b a d  s - l  

D e r i v e d  Geometr ic  Cons tan ts  

Semiminor a x i s  

L i n e a r  e c c e n t r i c i t y  

P o l a r  r a d i u s  o f  c u r v a t u r e  

F i r s t  e c c e n t r i c i t y  ( e )  squared 

Second e c c e n t r i c i t y  ( e '  ) squared 

F l a t t e n i n g  ( e l  l i p t i c i t y )  

R e c i p r o c a l  o f  t h e  f l a t t e n i n g  

A x i s  r a t i o  

M e r i d i a n  quadran t  

P o l e - t o - p o l e  m e r i d i a n  d i s t a n c e  

T o t a l  m e r i d i a n  d i s t a n c e  

C i r cumfe rence  o f  t h e  e q u a t o r  

Mean r a d i u s  o f  semiaxes 

Radius of sphere  of same su r face*  

Rad ius  o f  sphere  o f  same volume* 
# 

S u r f a c e  a r e a  o f  e l l i p s o i d  

Volume o f  e l  l i p s o i d  
2 2  2 2  mi  = (a  -b ) / ( a  +b 1 

n '  = (a -b ) / (a+b)  

* As t h e  WGS 84 E l l i p s o i d  



Table 3.8 

WGS 84 Ellipsoid 

Semimajor axis 

-Defining Parameters and Derived Physical Constants- 

Earth's gravitational constant 

Constant Symbo 1 

Normalized second degree zonal 
gravitational coefficient 

Numerical Value 

Earth's angular velocity 

Defining Parameters 

Derived Physical Constants 

Theoretical gravity potential of 
ellipsoid 

2 2 m = w a b/GM 

Theoretical gravity at the equator 

Theoretical gravity at the poles 

Gravity flattening 

k = (by -are)/ave P 
Mean value of theoretical gravity 

Mass of the earth (including the 
atmosphere) 

Geometrically Derived Gravitational Coefficients 

Degree (n) 'n,0 J n  



Table  3.9 
Re levan t  M isce l laneous  Constants  

and Convers ion F a c t o r s  

Constant  

V e l o c i t y  o f  l i g h t  
( i n  a  vacuum) 

Dynamical e l l i p t i c i t y  

E a r t h ' s  a n g u l a r  v e l o c i t y  [ f o r  
s a t e l l i t e  a p p l i c a t i o n s ;  see 
Equa t ion  (3-22).] 

U n i v e r s a l  c o n s t a n t  of g r a v i t a t i o ~  

GM o f  t h e  e a r t h ' s  atmosphere 

E a r t h ' s  g r a v i t a t i o n a l  c o n s t a n t  
( e x c l u d i n g  t h e  mass o f  t h e  
e a r t h  ' s  atmosphere) 

E a r t h ' s  p r i n c i p a l  
moments o f  i n e r t i a  
(dynamic s o l u t i o n )  

Symbo 1  Numerical  Value 

(7292115.8553 x  lo-' ' 

+ 4.3 x  1 0 - l 5  T,,) r a d  s  - 1 

Convers ion F a c t o r s  

1 Meter  = 3.28083333333 US Survey Fee t  
1 Meter  = 3.28083989501 I n t e r n a t i o n a l  Feet  
1 I n t e r n a t i o n a l  Foo t  = 0.3048 Meter (Exac t )  
1 US Survey Foo t  = 1200/3937 Meter ( E x a c t )  
1 US Survey Foo t  = 0.30480060960 Meter 

1 N a u t i c a l  M i l e  
= 1852 Meters  (Exac t )  
= 6076.10333333 US Survey Feet  
= 6076.11548556 I n t e r n a t i o n a l  Fee t  

1 S t a t u t e  M i l e  = 1609.344 Meters (Exac t )  
= 5280 I n t e r n a t i o n a l  Feet  ( E x a c t )  

TU = J u l i a n  C e n t u r i e s  f r o m  Epoch J2000.0 

3 - 4 8  



Table 3.10 

Principal Moments of Inertia Equations 
- Geometric Solution - 



Tab le  3.11 

P r i n c i p a l  Moments o f  I n e r t i a  Equa t ions  
- Dynamic S o l u t i o n  - 

Moment o f  
I n e r t i a  
Parameters 

2  (C-A)/Ma = 

(c-B)/Ma2 = 

2 (B-A)/Ma = 

C-A = 

C-B = 

B - A =  

c/Ma2 = 

A / M ~ ~  = 

B/Ma2 = 

C = 

A = 

B = 

- 

A, By  C = P r i n c i p a l  Moments o f  I n e r t i a  

C2,oJ2,2;~2,0J2,2 = Second Degree G r a v i t a t i o n a l  C o e f f i c i e n t s  

H = Dynamical  E l l i p t i c i t y  
a  = Semimajor A x i s  
M = E a r t h ' s  Mass 

Equa t ions  

Us ing  Conven t iona l  C o e f f i c i e n t s  

-(C2,0 - 2  C2,2) 

-(C2,0 + 2  C ) 
292 

4 C 2 y 2  

2  
-Ma (C2,0 - 2  C 2 y 2 )  

2  
-Ma ( C Z y 0  + 2  C2,2) 

4 ~ a ~ C  
292 

-C2,0/H 

(1 - 1/H) C 2 y 0  - 2  C 2 y 2  

( 1  - 1/H)C2y0 + 2 C 2 y 2  

2 -Ma CZYO/H 

Ma2[(1 - l /H )C  2,o - C2,21 

~ a ~ [ ( l  - l / H ) C 2 y 0  + 2  C 2 y 2 ]  

-- - - 

Using  Norma l i zed  C o e f f i c i e n t s  

-5 1 / 2 q 0  - r 2 , 2 / 3  1 /2)  

1 /2  1 /2 -5 ( 7 3 0  + €2,2/3 ) 

2 ( 5 / 3 1 ' / ~  rZy2 

1/2 2  1 /2  
-5 Ma n2,0 - r 2 y 2 / 3  

-5  1/2 Ma 2  ( r Z y 0  + r 2 y 2 / 3 1 / 2 )  

2 ( 5 / 3 ) ' I 2  ~a~ rZy2 

-51i2 r2 ,0 /H  

5 ' I 2 [ (  1 - 1 / ~ ) ~ ~ , ~  - r 2 y 2 / 3 1 / 2 ~  

5 1 / 2 [ ( 1 - 1 / ~ ) r 2 y 0  + r Z y 2 / 3  1 /2 1 

1/2 2 
-5 Ma r 2 y 0 / H  

5 l l 2Ma2 [  ( 1 - 1 / ~ ) ~ ~ , ~  - r 2 y 2 / 3 1 1 2 ~  

5 l l 2 ~ a 2 [  ( 1 - 1 / ~ ) ~ ~ , ~  + r 2 , 2 / 3  1 /2  1 

-- - - pp 



Table  3.12 

WGS 84 - R e l a t e d  

Moment o f  I n e r t i a  Values 

Parameters I Geometr ic S o l u t i o n  I Dynamic S o l u t i o n  

2 (C-A)/Ma = 

( c - B ) / M ~ '  = 

(B-n)/Ma2 = 

C-A = 

C-B = 

B-A = 

c/Ma2 = 

A / M ~ ~  = 

B/Ma2 = 

C = 

A = 

B = 

H = 

I n p u t  Dat t  

-484.16685 x 
--- 
--- 
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Figure 3.1. High, Low, and Yearly Average Angular Velocity (a) Values 
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