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Abstract: This paper define a new wavelet transform that is based on basic scaling function , fractional B-spline . This
paper also shows the development of fractional discrete spline transform and describes a new family of scaling
functions, the (a, 7)-fractional splines , which generate valid multiresolution analyses. These functions are
characterized by two real parameters: a, which controls the width of the scaling functions; and t, which specifies their
position with respect to the grid (shift parameter).
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I INTRODUCTION

Fractional splines have been investigated by Unser and Blu [1], which provide a new direction to spline based signal
processing. Fractional discrete cosine transform and fractional sine transform have been proposed by different
researchers in recent years [2,3] and have found suitable for different signal processing applications. This has motivated
us to develop the fractional discrete spline transform (FRDSPLT). An orthogonal discrete spline transform (DSPLT) has
been proposed in [4] for processing of signals using harmonic spline basis functions. In this Section, we introduce the
concept of the fractional discrete spline transform (FRDSPLT) and propose an efficient scheme for harmonic analysis of
a signal in scale-frequency domain. The proposed FRDSPLT has been considered for discrete-time periodic signals.
Classification of harmonic components and percentage harmonic in a discrete-time periodic signal has been considered as
an application. Results produced reveal the suitability of the proposed scheme. Although the complexity of the proposed
transform is O (N log N), it provide us a precise scale-frequency analysis. In addition, the proposed transform can be
used to obtain all levels of an MRA that might justify the expense.

Il. DEVELOPMENT OF THE FRDSPLT
Fractional symmetrical B-splines are defined as [1]
a-1 a-1

pi=p2*p2. @
where '@’ is the fractional degree and ,Bf is the causal fractional B-spline defined as

a 1 i a+1 Na
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for all @ > 0.The noncausal fractional B-spline 3% can be obtained by using the relation 2 (X) = 82 (—X) . Note

a-+
that I'(a) denotes the gamma function and ( ) Jrepresents the generalized binomial coefficients as explained in

[151]. The Fourier transform of the fractional symmetrical B-spline is given by

B (w){—sma(ff; 2)] - )

Let us consider the space of periodic functions f € L, [0, N]. Let 3 be the subspace of N-periodic fractional B-

splines of order ‘a@’. Let S®denote the corresponding interpolation matrix. Let A® be the diagonal matrix of
corresponding eigenvalues /If(a) . Let the family of modified fractional spline basis functions be

a)() \/Wkaﬂ(X)

where B3 (x) = By (x—m).

for k=0,1,2,....N-1 4)

Then the FRDSPLT is defined as:
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D:L, [0,N]—>R"

Dg(k)=(g,7) . fork=0,12,..N-1 )
These modified fractional spline harmonic basis functions may also be described in Fourier domain as given below

75(0)=a, (6)
. 2 (a+1)
UN—l(ﬂ):aN—l - (M

T

and for 1 <n < (N/2)-1, we have
a+l

sin(w,m/2)
~a n
772n( n) Zn( a)nm/2

a+l
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where * M’ is the resolution factor and the coefficients ¢, are numerical values depending on k, N and the eigenvalues

l(2a+l)

K .

. APPLICATION EXAMPLE

An efficient scheme for harmonic analysis of discrete-time periodic signals using the FRDSPLT. From the above
discussions (Egs.6-to 9) , that the spectral information of the proposed transform is finite while keeping modulating
sinusoids fixed along the time axis. This property enables the present technique attractive for analyzing harmonic
components of discrete-time periodic signals. The proposed technique has been explained below. In this scheme, the
resolution factor ‘M ’has been considered to be an inverse function of the constituent frequency of the discrete-time
periodic signal under consideration and is given by m = (1/ f ) . This feature of the proposed scheme makes it attractive
for harmonic analysis of a periodic signal. Compute the transform matrix D. It is noteworthy to mention here that each
row of the transform matrix represents a constituent frequency. The corresponding contour values help us to compute the
Standard Deviation, which are used for classification of harmonics (component type and percentage). Simulation results
are produced to convince the readers about the power of the present technique.

The proposed scheme can be used for harmonic analysis by using the following algorithm.

Algorithm :
Step 1 : Evaluate the Fourier transform of the modified fractional B-spline ..

Step 2 : Evaluate the Fourier Transform of the given discrete-time periodic signal {g(k)} by using FFT.

Step 3 : Shift the fractional B-spline spectrum with index | and then multiply  with the Fourier °
Transform of the given discrete-time periodic signal.

Step 4 : Compute the inverse Fourier transform of the product to generate the row
of the transform matrix D corresponding to a constituent frequency ‘n’.

Step 5 : Repeat steps 3 and 4 till one gets all rows of the matrix D.

Step 6 : Compute the Standard Deviation of the contour corresponding to each row of D. The Standard
Deviation provides us information about various harmonic components and their percentage harmonics
present in the given signal.

Step 7 : Peak values represent the percentage harmonic and their corresponding position in the frequency axis
provide us information about the harmonic component (1%, 2", 3 4™ etc) present in the signal
under consideration.

This algorithm has been implemented in MATLAB to find the transform matrix D for different signals. We consider two
different signals to highlight the power and usefulness of the proposed scheme. Fig.1 shows analysis of a periodic signal
contaminated with 2" and 5™ harmonics with 40% and 12%, respectively. Fig.2 shows analysis of a periodic signal
contaminated with 3™ and 4™ harmonics with 30% and 18%, respectively. Harmonic components and their
corresponding percentage harmonics are clearly observed from figures 1 and 2. Note that the fundamental frequency is

f =50Hz for this example.
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Fig.1. Analysis of a signal containing 2" and 5™ harmonic components with a = 2.7
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Fig.2. Analysis of a signal containing 3 and 4™ harmonic components with a = 2.7

V. CONCLUSIONS

The FRDSPLT has been proposed, which may be used for different signal processing applications . We have briefly
outlined one possible application. Results shown in figure 1 and figure 2 reveal the suitability and effectiveness of the
proposed technique for harmonic analysis of discrete-time periodic signals [7]. Since the transform derived can be used
for multiresolution analysis, we believe that the proposed transform will become useful signal processing tool for
different applications in the future.

REFERENCE

[1] M. Unser and T. Blu. Fractional splines and wavelets. SIAM Review, 42(1): 43-67, Jan. 2000.

[2] G. Cariolaro, T. Erseghe, and P. Kraniauskas . The fractional discrete cosine transform. IEEE Trans. on Signal
Processing, 50 (4), 902-911, April 2002.

[3] S.C. Pei and J.J. Ding, Fractional cosine, sine, and Hartley transform. IEEE Trans. on Signal Processing, 50(7)
1661-1680, July 2002.

[4] R. Panda and B.N. Chatterji. B-spline signal processing using harmonic basis functions. Signal
Processing(EURASIP), 72(3):147-166,February 1999.

[5] S.G. Mallat. A wavelet tour of signal processing. San Diego, CA: Academic, 1998.

[6] A. Pentland. Looking at people: Sensing for ubiquitous and wearable computing. IEEE Trans. Pattern Anal.
Machine Intell., 22:107-119, Jan. 2000.

[7] R. Panda and M. Dash. The Fractional Discrete Spline Transform. communicated to IEEE Signal Processing

Letters.

© 2014, IJARCSSE All Rights Reserved Page | 694



(8]
[°]

[10]
[11]

[12]
[13]

[14]
[15]

Dash et al., International Journal of Advanced Research in Computer Science and Software Engineering 4(10),
October - 2014, pp. 692-695

J.H. Ahlberg, E.N. Nilson, and J.L.Walsh. The theory of splines and their applications. Academic Press, New
York, 1967.
A. Aldroubi and M. Unser. Families of wavelet transforms in connection with Shannon’s sampling theory and
the Gabor transform. In C.K. Chui, editor, Wavelets: A Tutorial in Theory and Applications, pages 509-528.
Academic Press, New York, 1992.
A. Aldroubi and M. Unser. Families of multiresolution and wavelet spaces with optimal properties. Numer.
Function. Anal. Optimiz., 14:417-446, 1993.
A. Aldroubi and M. Unser. Sampling procedures in function spaces and asymptotic equivalence with
shannon’s sampling throry. Numer. Function. Anal. Optimiz., 15:1-21, 1994.
H.C. Andrews. Computer Techniques in Image Processing. Academic Press , New York, 1970.
B. Asker. The spline curve, a smooth interpolating function used in numerical design of shiplines. Nord Tidscar
Inform Bechanding, 2:76-82, 1962.
R.E. Barnhill and R.F. Rosenfeld. Computer Aided Geometric Design. Academic Press , New York, 1974.
T. Blu and M. Unser. Wavelets, Fractals and Radial Basis functions. IEEE Trans on Signal Processing, 50(3) :
543-553, March 2002 .

© 2014, IJARCSSE All Rights Reserved Page | 695



