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Abstract

The mutual inductance of two parallel coils is a simple combination of
complete elliptic integrals. This note walks through this calculation using
MKS units.

Flux & and the Vector Potential A
For a general loop of wire, the flux encompassed by that wire is
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where s is length along the curve and S is area enclosed by the curve.
If the field A is due to a current [ flowing in path t, we have the flux cutting

path s as
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*1 appreciate Clifford Curry pointing out a missing divisor of 4.



Mutual Inductance

Mutual inductance and flux are related by ® = M. We thus have the Neumann

formula
M o= g f 7{ dt - ds
Ji Amr

For this exercise, separate the two coils along the z axis, at +I/2. For
generality, let the left green coil have radius L (for Left), and angle parameter
¢, while the right orange coil has radius R (for Right) and angle parameter 6.

‘We have

ds = L(—singa, + cosga,)dp
dt = R(—sinfa, + cosfa,)dl
ds - dt LR (sin ¢sin 0 + cos ¢ cos 0) dopdf
LR (cos (¢ —0)) dpdb



The positions and separations are

rere = Lcosga, + Lsinga, — §az
Iright = JHRcosfa, + Rsinfa, + %az
Ar = (Lcos¢ — Rcosf)a, + (Lsing — Rsinf)a, — la,
r2 = L*+ R?>41? — 2LR(cos ¢ cos f + sin ¢sin 0)
= L*+R*+1*>—2LRcos (¢ —0)
r = /L2+ R2+12—-2LRcos(¢—0)

We now can write our expression for the mutual inductance.

dt-ds dt - ds
M= M?{% drr .7{%
_ f% LR (cos (¢ — 9)) dode
VL2 + R?+12 —2LRcos (¢ — 0)
_ (% LR (cos (¢ — 0)) db >d¢
VL2 + R2+12 —2LRcos (¢ — 0)

_ % LR (cos (6 —¢))db d
VL2 + R2+12 —2LRcos (6 — ¢)

where the last step uses the even nature of the cosine to absorb a minus sign.
During the inner integration over 6, ¢ is kept constant. We now do a change
of variable,

vy = 0-9¢
dy = df inside the 6 integral

We can simplify the mutual inductance expression.

L
vo- M ]{ R cosydy do
dm Jo \Jy /L2 + R2 +12 — 2LRcosy

o LR cos~ydy
= = ¢ ds
dm Jg v/ L2+ R2+12 —2LRcos~y

B 7}{ LR cos~ydy
2Jy /L2 + R2+12 —2LRcosy

This integral is known in terms of the complete elliptic functions K and FE.
The reference integral is

cos 0d0 4Va+b [(1 _ 5;) K(8) - E(ﬁ)}

va—bcosd b
20
where 3 = A



We thus have

. - L%;QR};H?
b= a%fb
YR “jb[(l—ﬂ;) K(5) - B(9)

Sample calculation with two 1 meter diameter coils, 1 meter apart.

L = 05
R = 05
I = 1.0
L2+ R+ 12
@« = —p A
2
b = _— =
LR 8
2b
= = =0.7071
A a+b
nw = 4A4E-T7
K(0.7071) = 1.8541
E(0.7071) = 1.3506
M = T7.1041E —8

Comparison to Simple Integrator

A comparison of closed formula to numerically summed piecewise modelling
follows.

#include <stdio.h>
#include <math.h>

// calculated mutual inductance of two parallel coils,

// 1 meter in diameter, 1 meter apart, 1 turn

#define nseg 10
#define pi 3.1415925



typedef struct {
double x;
double y;
double z;
} vector;

double dot(vector a, vector b)
{
return (a.x*b.x + a.y*b.y + a.z*b.z);

}

double mu_prime(vector sensor_coord, vector sensor_tangent)
{

double theta; // angle along path, cylindrical coordinates
double dtheta; // differential angle along path

double r=0.5; // radius of loop = 1 m diameter

double z_source= 0.5; // position of source loop

double z_sensor=-0.5; // position of sensor loop

double s; // path length along coil

double ds; // differential path length

double mag_deltar; // difference between source and sensor
double mu; // mu_prime

double d_mu; // incremental mu_prime

vector source_coord, source_tangent,deltar;

int nturns = 1; // number of turns

long i,j;
s = 0.0;
mu = 0.0;

for (i=0; i<nseg#*nturns; i++) { // integrate along source path
dtheta = 2.0*pi/nseg;

theta = dthetax*i;

ds = r*dtheta;

s += ds;

// do the contribution from inner radius of trace
source_coord.x = r*cos(theta);

source_coord.y = r*sin(theta);
source_coord.z = 0.5; // plane

-sin(theta);
cos(theta);

source_tangent.x
source_tangent.y
source_tangent.

N
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deltar.x source_coord.x - sensor_coord.Xx;
deltar.y = source_coord.y — sensor_coord.y;
deltar.z = source_coord.z - sensor_coord.z;

mag_deltar = sqrt(dot(deltar,deltar));
d_mu = dot(source_tangent, sensor_tangent)/mag_deltar;
mu += d_muxds;

}

return (mu);

3

double mu(void) // get mutual inductance

{

double theta; // angle along path, cylindrical coordinates
double dtheta; // differential angle along path

double r=0.5; // radius of loop = 1 m diameter

double z_source= 0.5; // position of source loop

double z_sensor=-0.5; // position of sensor loop

double s; // path length along coil

double ds; // differential path length

double mag_deltar; // difference between source and sensor
double mu; // mu_prime

double d_mu; // incremental mu_prime

vector source_coord, source_tangent,deltar;

vector sensor_coord, sensor_tangent;

int nturns = 1; // number of turns

long 1i,j;
s = 0.0;
mu = 0.0;

for (i=0; i<nseg#*nturns; i++) { // integrate along sensor path
dtheta = 2.0*pi/nseg;

theta = dthetaxi;

r = 0.5;

sensor_coord.x = r*cos(theta);
sensor_coord.y = r*sin(theta);

sensor_coord.z = -0.5; // plane
sensor_tangent.x = -sin(theta);
sensor_tangent.y = cos(theta);



sensor_tangent.z = 0;

printf("."); if((i%80) == 0) printf("\n"); // activity
ds = r*dtheta;

mu += ds*mu_prime(sensor_coord, sensor_tangent);

s += ds;

}

printf("\ns = %g\n",s);

mu *= 1.0e-7; // scale by mu_0/(4 pi)

return (mu);

}

int main(void)
{

double M;

M=muQ;
printf ("M = %e\n\n",M);

double L,R,1,a,b,beta,mu,K,E,M;

L =0.5;

R = 0.5;

1=1.0;

a = (LxL + R*R + 1x1)/(L*xL*R*R);
b = 2.0/(L*R);

beta = sqrt(2.0%b/(a+b));
mu = 4.0e-7*pi;

K = 1.8541;
E = 1.3506;
M = 2.0*mu*(sqrt(a+b)/b)*((1.0 - 0.5*beta*beta)*K - E);

printf("a = %f\n",a);
printf("b = %f\n",b);
printf("beta = %f\n",beta);

printf ("M = %e\n\n",M);
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Run time results

s = 3.14159



=
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7.092998e-08

a = 24.000000
b = 8.000000
beta = 0.707107
M = 7.104169e-08

Nice Agreement.
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