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Abstract - In this work we introduce another class of normal operator which is (K-N) quasi h normal operator and
given some basic properties. The relation between these operators with another types of normal operators are
discussed. Here the results are given by using the conditions of (K-N) quasi hormal operators.
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I. INTRODUCTION
Let H be complex Hilbert Space and L(H) be the algebra of all bounded linear operators. The quasi normal operator was
introduced by A. Brown [2] in 1953 and given some properties. The Generalization of the quasi normal operators were
introduced by the researchers D. Senthil kumar called K-quasi normal operators. In 2011 O. Ahmed [4], extended it to n-
power quasi normal operator. Also in 2015 D. M. Salim and M.K. Ahmed [5], introduced the another class of operator

called (K-N) quasi normal operator. In this article we introduce the generalization of the above operator called the (K-N)
quasi n normal operator and study some basic properties.

Il. DEFINITIONS
A) Normal Operators:

An Operator T on H is said to be normal if TT* = T*T and is said to be n-power normal if T*T™ = T™T" where
ne N. The class of n-power normal operators is denoted by [nN].

B )Quasi Normal operators:

Te B(H) is called Quasinormal if T(T*T) = (T*T)T and is called n-power Quasinormal if T"(T*T) =
(T*T)T™ for some positive integer n.
p g
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C) Quasi n normal Operators:
An Operator T on H is called Quasi n normal if T(T*T™) = (T*T™)T for some positive integer n.
D) K-Quasi-Normal Operators:

An Operator T on H is said to be K-Quasi-normal if it commutes with (T*T)* thatis T (T*T)* = (T*T)*T . If
K=1 then K-Quasi-normal becomes Quasi-normal.

E) (K-N) Quasi-Normal Operators:

An Operator T on H is said to be (K-N) Quasi-normal Operator if satisfy the condition T*(T*T) = N(T*T)T* ,
where K is positive integer and N is bounded Operator from a complex Hilbert Space. If N=I, K=1 then T is Quasi-
normal.

F) (K-N) Quasi h Normal Operators:

An Operator T on H is said to be (K-N) Quasi n normal Operator if satisfy the condition T*(T*T™) =
N(T*T™T* where K is positive integer and N is bounded Operator from a complex Hilbert Space. If N=I, K=1 then T is
Quasi n normal.

111. MAIN RESULT
Theorem
A power of (K-N) quasi n normal operator is again a (K-N) quasi n normal operator.
Proof:

Let T be a (K-N) quasi n normal operator. We prove the assertion by using mathematical induction. Therefore T
is (K-N) quasi n normal the result is true form = 1

That is, T*(T*T™) = N(T*T™)T* (1)
Now we assume that the result is true for m = n
that is (TH(T*T™)* = (N(T*T™)T*)" )
Let us prove the result form =n + 1
That is (TR(T*T™)™+1 = (N(T*T™)Tk)n+1

(Tk(T*Tn))n+1 — (Tk(T*Tn))n TR(T*T™)

= (N(T*TMT"N(T*T™)T*[by (1) and (2)]
(TR(T*T™)™*t = (N(T*T™)Tk)n+

Thus the result is true for m = n + 1. Therefore T™ is also (K-N) quasi n normal operator for each n.
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IV. PROPERTIES OF (K-N) QUASI n NORMAL OPERATORS

The following theorem give some Properties of (K-N) Quasi n normal Operators.
Theorem 4.1

Let T € B(H) is an Operator if C is commutes with U and V, and C2T* = NC?T* then T is

T+T* T-T*

(K-N) quasi-normal. Where, B2 = TT*,C2 = T*T,U = ReT = ,V =ImT =

Proof:
Since CU = UC,BV = VB so, C2U = UC?,B%V = VB?by [1]
Thus C2U* = U*C?,B*V* = V¥B? then
C2T* + C2(T*)* = T*C? + (T*)*C?
C2Tk — C2(T*)* = TkC? — (Tk)*CZ
This gives TkC? = C2T* , T*(T*T) = (T*T)T*
And by using the condition B2T* = NB2T* so we get:
TR(T*T) = N(T*T)T* then, T is (K-N) quasi-normal.
Theorem 4.2
Let T € B(H) is an Operator if C is commutes with U and V, and C*T* = NC"T* then T is
(K-N) quasi n normal.

T+T* T-T*

Where, B" = T"T*,C" =T*T™", U = ReT = ,V =ImT =

Proof:
Since CU = UC,BV = VB so, C*U = UC? B?V = VB?
Thus C"U* = Ukc™, B"Vk = V¥B™ then
CTk + C™(TH)* = TRC™ + (TX)*C™
CT* — C(TK)* = TkC™ — (T*)*Cn
This gives TkC™ = Cc*"T* and TK(T*T") = (T*T™)T*
And by using the condition B"T* = NC"T* so we get:
TR(T*T™) = N(T*T™)T* then T is (K-N) quasi n normal.
Theorem 4.3
If T € B(H) is an Operator such that C*U* = %UKC", Chk = %V"C" then T is (K-N) quasi n normal.
Proof:

Since chUk = %U"C", C"Vk = %V"C" then we have
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C(U + iV)k = %(U + iV)kC™ and we have
CT* = %T"C" therefore,
(T*Tn)Tk — %TR(T*Tn)
T*(T*T™) = N(T*T™)T*
Then T is (K-N) quasi n normal.

Theorem 4.4

Let T, T, be two (K-N) quasi n normal from H to H, such that T,*T, = T,* 1, = T,"T," =
T,"T,™ = 0 then T; + T, is (K-N) quasi n normal.

Proof:
(Ty + T[Ty + T) (Ty + T)"] = (Ty + T[Ty + T, + T,
= (T, + )TV T + TV T, + T, T + T, T,
= (Ty + T)(Ty' T, + T, T,™)
= (le + Tzk)( T,'T," + T,"T,")
= (T* T T + T T, T, + TL,5T T + 1,57, T,™)
= (T1kT1*T1n + Tszz*Tzn)
= N[(T\"T, )T ] + NI(T," T2 )T, ]
(T, + Tz)k[(T1 + T)"(Ty + Tz)n] = N[(Ty + T)"(Ty + T)" (T, + Tz)k
Hence T; + T, is (K-N) Quasi n normal.
Theorem 4.5

Let T; be (K-N) quasi n normal Operator and T, (K-power) quasi n nhormal Operator. Then their product T; T, is (K-
N) quasi n normal Operator if the following conditions are satisfied

o (IT)" = (T,T)"

b (T1T2) = (T,T)

e TT, =TTy

Proof:
(Tsz)k(T1T2)*(T1T2)n = (T1kT2k)(T2*T1*)(T2nT1n)

= (T1kT2k)(T1*T2*) (T,"T")

= T1k(T2kT1*) (Tz*Tzn)T1n
= T1k(T1*T2k) (TznTz*) T1n

= leT1*(T2kT2n) Tz* T1n
= (T1kT1*T2 n) (Tszz* T1n)

* * k
= N(Ty' T, T, T™MT,
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=N(T, Tzn(T1kT2*) T1nT2k)
= N(T," TznTz*T1kT1nT2k)

= N[T1*(T2nT2*) (leTln)Tzk]

= N(T,"T,") (T,"Ty™) (T,*T,*)
= N[(Tle)*(Tle)"(Tsz)k]
= N[(T,T,)* (T, T,)" (T, T,)*

(T (T T) (T T)" = N[(TyT)* (Ty To)"(T1T2)"

Hence, the product T; T, is (K-N) Quasi n normal.

V. CONCLUSION

In this paper we conclude that the class of (K-N) quasi n normal operators are satisfied the conditions of (K-N)
quasi normal operators. We further extend it to any other operator by giving some other conditions.

ACKNOWLEDGEMENT

The authors would like to thank the referee for the valuable comments which helped us to improve this
manuscript.

REFERENCES
[1] Arun Bala, A note on quasi normal operators, University of Delhi, June 1976.
[2] A. Brown, On a class of Operators, Proc. Amer. Math. Soc, 4(1953), 723-728

[3] D. SenthilKumar and others, K-Quasi-Normal Operators, International Journal of Math. And comp., Vol. 15,
issue No. 2, 2012.

[4] Ould Ahmed Mahmoud Sid Ahmed, On the class of n-power Quasi normal Operators on Hilbert Space, Bull.
Math. Anal. Appl.3(2)(2011), 213-228.

[5] Dr. D.M. Salim and M.K. Ahmed, On the Class of (K-N) Quasi-Normal Operators on Hilbert Space,
Mathematical Theory and Modelling, Vol 5 no 10 2015.

© 2016, IJARIIT All Rights Reserved Page | 5



