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Abstract—In-vivo wireless nanosensor networks (iWNSNs)
consist of nanosized communicating devices, which can operate
inside the human body in real time. iWNSNs are at the basis
of transformative healthcare techniques, ranging from intra-
body health-monitoring systems to drug-delivery applications.
Plasmonic nano-antennas are expected to enable the commu-
nication among nanosensors in the near infrared and optical
transmission window. This result motivates the analysis of the
phenomena affecting the propagation of such electromagnetic
(EM) signals inside the human body. In this paper, a channel
model for intra-body optical communication among nanosensors
is developed. The total path loss is computed by taking into
account the absorption from different types of molecules and
the scattering by different types of cells. In particular, first,
the impact of a single cell on the propagation of an optical
wave is analytically obtained, by modeling a cell as a multi-
layer sphere with complex permittivity. Then, the impact of
having a large number of cells with different properties arranged
in layered tissues is analyzed. The analytical channel model is
validated by means of electromagnetic simulations and extensive
numerical results are provided to understand the behavior of
the intra-body optical wireless channel. The result shows that,
at optical frequencies, the scattering loss introduced by cells is
much larger than the absorption loss from the medium. This
result motivates the utilization of the lower frequencies of the
near-infrared window for communication in iWNSNs.

Index Terms—Intra-body channel modeling; wireless nanosen-
sor networks; plasmonic nano-antenna; nanonetworks

I. Introduction
Nanotechnology is enabling the development of novel

nanosensors, which are able to detect new types of events at
the nanoscale with unprecedented accuracy. In-vivo nanosens-
ing systems [1], which can operate inside the human body in
real time, have been recently proposed as a way to provide
faster and more accurate disease diagnosis and treatment than
traditional technologies based on in-vitro medical devices.
Unfortunately, the sensing range of each nanosensor is limited
to its close nano-environment and, thus, many nanosensors are
needed to cover significant volumes. Moreover, an external
device and the user interaction are necessary to read the actual
measurement. By means of communication, nanosensors will
be able to autonomously transmit their sensing information in
a multi-hop fashion to a common sink, react to instructions
from a command center, or coordinate joint actions when
needed. The resulting in-vivo Wireless Nanosensor Networks
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(iWNSNs) will enable smart health-monitoring and drug-
delivery systems, among many others [2].

For the time being, there are several wireless technologies
that could enable the communication between nanosensors.
Among others, molecular communication, which is based on
the exchange of molecules to transmit information, is currently
being thoroughly investigated [3]. This mechanism is naturally
used by cells to exchange information and coordinate their
actions, and could be enabled by means of synthetic biology.
However, the very low achievable data rates in molecular
communications [4] could drastically limit the usefulness of
nanosensor networks. At the same time, information-carrying
molecules could result in interference with the naturally-
occurring processes to be sensed. Another very relevant tech-
nology is the utilization of ultrasonic communication, based
on the utilization of very high frequency acoustic waves [5].
However, for the time being, the size and power limitations of
ultrasonic acoustic transducers pose a major challenge in their
integration with biological nanosensors.

From the electromagnetic (EM) perspective, the miniatur-
ization of a conventional metallic antenna to meet the size
requirements of a nanosensor results in very high resonant
frequencies, in the order of several hundreds of Terahertz (THz
or 1012 Hz). At such frequencies, metals do not behave as
perfect electric conductors, but exhibit a complex conductivity.
This enables the propagation of confined electromagnetic
modes at the surface of the antenna, which commonly re-
ferred to as Surface Plasmon Polariton (SPP) waves. Start-
ing from this phenomenon, novel plasmonic nano-antennas
for wireless communication among nano-devices have been
recently proposed. Among others, in [6], [7], the concept of
graphene-based plasmonic nano-antennas for Terahertz-band
(0.1-10 THz) communication was first introduced. Similarly,
in [8], [9], the concept of plasmonic nano-antennas for near
infrared and optical frequencies based on noble metals and
metamaterials is thoroughly discussed.

The possibility to wirelessly interconnect nanosensors de-
ployed inside and over the human body using plasmonic nano-
antennas enables many bio-nanosensing applications but, at
the same time, introduces multiple challenges. For example,
the propagation of THz-band waves inside the human body
is drastically impacted by the absorption of liquid water
molecules [10], [11]. THz-band radiation is not ionizing, i.e., it
cannot damage the molecular structure of any biological entity.
However, it can induce internal vibrations in different types
of molecules, including liquid water molecules. The friction
resulting from this vibration generates heat, which could
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eventually result in biological tissue damage due to thermal
effects. Alternatively, it is well known that the absorption
from liquid water molecules is minimal in the so-called optical
window, roughly between 400 THz and 750 THz [12]. In fact,
plasmonic nano-devices at optical frequencies have already
been utilized in several in-vivo applications [13], [14].

Motivated by this result, we advocate for the use of the
optical window for intra-body wireless communication among
nanosensors with plasmonic nano-antennas. Besides water,
however, there are multiple phenomena that affect the intra-
body propagation of EM waves, which cannot be captured
with traditional channel models for lower frequency commu-
nication. For example, in classical channel models, the human
body is modeled as a layered material with different perme-
abilities and permittivities [15]. However, from the nanosensor
perspective, the body is a collection of different types of
elements, such as cells, organelles, proteins and molecules,
with different geometry and arrangement as well as different
electromagnetic properties. While the optical properties of
some of these elements have been broadly analyzed [16]–[18],
these studies are mostly valid only when a large area (in terms
of the wavelength) is illuminated. Unfortunately, this is not the
case when plasmonic nano-antennas are utilized.

In this paper, we develop a channel model for intra-body
optical communication in iWNSNs. In particular, we derive
a mathematical framework to compute the channel path loss
by taking into account the absorption from different types of
molecules and the scattering by different types of cells. First,
we analyze the impact of a single cell on the propagation of
an optical wave generated by an electric nano-dipole. For this,
we model a cell as a multi-layer sphere with different complex
permittivities. The scattered field coefficients are derived and
a new T-matrix for the multi-layer cell is found. After that,
several important properties of the cell is discussed, such
as forward scattering, absorption cross section and scattering
cross section, among others. Then, we analyze the impact
of having a very large number of cells with different elec-
tromagnetic properties arranged in layered tissues. Based on
the characteristics of the cell, a simplified multiple scattering
model is applied to find the electric field intensity. Finally, the
channel performance in terms of path loss is discussed.

The reminder of this paper is organized as follows. The de-
tails on the single cell analytical model are provided in Sec. II.
Numerical results are then provided to understand the impact
of different biological entities on the signal propagation. Next,
the multiple scattering model is developed and validated in
Sec. III. After that, the intra-body channel path loss derivation
and channel performance analysis are provided in Sec. IV.
Finally, this paper is concluded in Sec. V.

II. Radiation Source and Single CellModel
For our frequency range of interest, i.e., the near-infrared

and optical transmission window, the wavelength is in the
order of several hundred nanometers. As a result, on the one
hand, the impact of molecules, proteins and other nanometric
entities is well captured by global or macroscopic magnitudes,
such as the complex permittivity, which results in the well-
known absorption loss [16]–[18]. However, on the other hand,

the impact of relatively large entities, such as different types
of cells, needs special consideration. Compared to existing
works on optical signal propagation in biological tissues [16]–
[18], the illumination area from a single nano-antenna is much
smaller than that of an external macroscopic laser. Therefore,
we need to take into account the impact of individual cells. In
this section, we first investigate the influence of a single cell
on the propagation of an optical wave radiated by an electric
nano-dipole [9], [19]. Then, the developed model is validated
by FEM simulation and electromagnetic properties of a cell
are discussed.

A. Spherical Wave Expansion of Plasmonic Nano-Antenna

The radiation source is an optical plasmonic nano-antenna,
which is modeled as an electric dipole [8]. The radiated
electromagnetic fields by the antenna can be written as [20],

er =
ηI0l cos θ

2πr2

[
1 + 1

jkr

]
e− jkr r̂;

eθ =
jηkI0l sin θ

4πr

[
1 + 1

jkr −
1

(kr)2

]
e− jkr θ̂; eφ = 0;

hφ =
jkI0l sin θ

4πr

[
1 + 1

jkr

]
e− jkrφ̂; hr = 0; hθ = 0,

(1)

where I0 is the input current, l is the antenna length, η =

√
µ
ε
,

µ is the permeability, ε is the permittivity, k = ω
√
µε, ω

is the angular frequency, j =
√
−1, and r is the distance

from the origin. Time-dependent e jωt is assumed in this paper.
The radiated fields by an electric dipole antenna is TM01
mode which can also be expressed in Vector Spherical Wave
Functions (VSWFs). By using the spherical wave expansion
in Appendix, (1) can be rewritten as,

Ea(oa, r) = −
ωµI0lk

4π
n3

01(oa, r)

= −
ωµI0lk

4π
I︸      ︷︷      ︸

coefficients

[
M3

mn(oa, r)
N3

mn(oa, r)

]
= Ea

[
M3

mn(oa, r)
N3

mn(oa, r)

]
, (2)

where n is from 1 to infinity, m is from −n to n, Nstop is
the maximum value of the order n and the way to find the
optimal Nstop will be discussed in next subsection, M3

mn(oa, r)
is expressed in (3) where T stands for transpose, (oa, r) denotes
that oa is the origin of the spherical coordinates, and r is the
radial vector from the origin oa to a point. For instance, in
Fig. 1, we have two sets of spherical coordinate system: for
the antenna, oa is the origin; for the cell, oc is the origin.
To denote an observation point ob, we can either use (oc, r),
where r = ob−oc, or (oa, r), where r = ob−oa. By substituting
m3

mn(oa, r) with n3
mn(oa, r) in (3), we can obtain the expression

of N3
mn(oa, r). Note that n3

01(oa, r) is a row vector with three
elements: [er, eθ, eφ]. Since M3

mn(oa, r) and N3
mn(oa, r) are

only determined by the coordinates, if in the same coordinate
system, in mathematical deductions we can neglect them and
only keep the coefficients (Ea). The superscript 3 in N3

mn(oa, r)
and M3

mn(oa, r) stands for the traveling wave radiated from the
antenna, and I is a row vector with 2(Nstop +1)2−2 elements,
where the [(Nstop+1)2+1]th element is 1 and all other elements
are 0.
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Fig. 1. Illustration of the dipole antenna and spherical cell with three layers.

B. Single Cell Model

In this part, we look at the impact of a single cell on the
wave propagation. The cell is modeled as a spherical shell (the
cell membrane) filled with cytoplasm. Although the spherical-
cell model is widely used in biomedical research [16]–[18], the
shape of the cell is not necessarily spherical and the position
of its nucleus may not be the cell center [21]. In this paper,
we consider the simplified spherical cell model to provide a
tractable and analytical solution to focus on more critical intra-
body channel parameters, including size, density, and complex
permittivity of each type of cells as well as the surrounding
medium.

According to classical scattering theory, the scattered field
by a sphere can be derived by using Mie scattering theory [22].
The scattered field can be expressed by the product of T-matrix
T and the incident field Ein, i.e., ET

sca = T ·ET
in. However, since

we consider the cell is multi-layer, the conventional T-matrix,
which only considers a single layer sphere, does not work here.
Thus, the T-matrix should be rederived. Firstly, we express the
antenna radiated field in the cell’s spherical coordinate. Then,
considering it as the incident field, we find the scattered field
by enforcing boundary conditions. As a result, the T-matrix
can be derived.

1) Incident Field: Equation (2) is formulated in the coor-
dinate whose origin oa is the center of the antenna. When we
derive the T-matrix for a sphere, we should move the origin to
the center of the sphere oc. The translational addition theorem
for vector spherical wave functions [23] is utilized to do so.
According to [23], [24],

M3
mn(oa, r) = A3

mnM1
mn(oc, r) + B3

mnN1
mn(oc, r); (4a)

N3
mn(oa, r) = A3

mnN1
mn(oc, r) + B3

mnM1
mn(oc, r); (4b)

where A3
mn and B3

mn are translational matrices with dimension
[(Nstop + 1)2 − 1] × [(Nstop + 1)2 − 1], Nstop is related to kdoaoc ,
where doaoc is the distance between oa and oc. If kdoaoc is
large, we have to use higher Nstop to maintain the accuracy
[25]. The detailed expression for A3

mn and B3
mn can be found

by referring to [24]. Ideally, n should be from 1 to infinity to
exactly express the field at a point. However, due to the high
computation burden, we have to truncate n at a certain order
where the result can converge to the precise value. Nstop can
be approximated by kdoaoc . In this paper, the cell size is around

2 times larger than the wavelength and the distance between
cells and the antenna can be several thousands of wavelength.
As a result, a large truncation order Nstop should be applied.

In our scattering model, we define that the near region is
where we can use the exact model to calculate the radiated
field, and the far region is where we consider the radiated field
from the antenna (scatter) is a plane wave. The exact model
using translational addition theorem considers all the modes
of the wave. On the contrary, by considering the propagating
wave in the far region is a plane wave, we reduce the mode
number by eliminating some unimportant modes. The longer
the distance between the source and the scatter, the fewer
dominant modes. In this way, the computation burden can be
significantly reduced. The boundary between the near region
and far region is set as a variable dt. If we need high accuracy,
the boundary should be far away from the source. In contrast,
if we want to sacrifice the accuracy to reduce the computation
time, this boundary can be relatively close to the antenna.

a) Near region transform: In order to make our analysis
more succinct, (4) can be written in matrix form, which is[

M3
mn(oa, r)

N3
mn(oa, r)

]
=

[
A3

mn B3
mn

B3
mn A3

mn

] [
M1

mn(oc, r)
N1

mn(oc, r)

]
= Hoa→oc

[
M1

mn(oc, r)
N1

mn(oc, r)

]
(5)

where the matrix Hoa→oc consists of the translational coeffi-
cients. Note that the left most item in (5) is the same as the
right most item in (2). Therefore, (2) can be rewritten as

Ea(oa, r) = −
ωµI0lk

4π
IHoa→oc

[
M1

mn(oc, r)
N1

mn(oc, r)

]
. (6)

In this way, we formally transform the radiated spherical wave
from the antenna’s coordinate (origin oa) to a cell’s coordinate
(origin oc).

b) Far region transform: Intuitively, the wave front of
the spherical wave in the far field can be regarded as a plane
wave. Both M3

nm(oc, r) and N3
nm(oc, r) consist of the second

kind of spherical Hankel function h2
n(kr) (see Appendix). In

the far field, h2
n(kr) ' ( j)n+1e− jkr/kr. If kr is large, within a

small range (much smaller than r) the spherical wave can be
regarded as a plane wave. Suppose that the distance between
the antenna and a cell is larger than the threshold distance dt

and the incoming wave can be regarded as a plane wave. The
electric field at the center of a cell can be calculated by using
(2). Then we can obtain the magnitude of the electric field
and decompose it into Cartesian coordinates, i.e., Ea(oa, r) =

Ex x̂ + Eyŷ + Ezẑ, where the origin of the Cartesian coordinates
is the center of the cell.

Once we have the magnitude of the plane wave, the next
step is to find the propagation direction of the equivalent plane
wave. The direction is perpendicular to the plane formed by
electric field and magnetic field. The direction of the electric
field (ê) can be found from (2), while the magnetic field
is linked with electric field by Maxwell equations. Finally,
the direction of the plane wave is k̂in = sin θin cos φin x̂ +
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sin θin sin φinŷ + cos θinẑ, where θin and φin denote the direc-
tion of the incoming wave. By rearranging the plane wave’s
expression in [22], we can obtain

Ea(oa, r) =
[
Eθin , Eφin

] [
Cmn(θin, φin),Dmn(θin, φin)

] [M1
nm(oc, r)

N1
nm(oc, r)

]
;

(7)

where Eθin and Eφin are the components of Ein in direction
θ̂in and φ̂in; the dimension of Cmn(θin, φin) and Dmn(θin, φin) is
(Nstop + 1)2 − 1 columns and 2 rows, and a column with order
(m, n) can be written as

Cmn(θin, φin) =
(−1)m jn(2n + 1)

n(n + 1)

 − jm
sin θin

P−m
n (cos θin)e− jmφin

−d
dθin

P−m
n (cos θin)e− jmφin

 (8)

Dmn(θin, φin) =
(−1)m jn(2n + 1)

n(n + 1)

 − jd
dθin

P−m
n (cos θin)e− jmφin

−m
sin θin

P−m
n (cos θin)e− jmφin

 (9)

2) T-matrix for Single Sphere: By taking a close look at
(6) and (7), we can find that both the near region and far
region expressions have the same right most item which is only
determined by the cell’s spherical coordinate. All other items
can be regarded as coefficients which are determined by the
relative position of the cell and the antenna. Therefore, when
deriving the T-matrix, we can consider the near region’s and
far region’s incoming field have the same format but different
coefficients. The spherical cell shown in Fig. 1 is considered
as a typical red blood cell, which consists of three layers: the
first layer corresponds to the cytoplasm in cell with complex
permittivity ε1 and radius r1; the second layer is the cell
hemoglobin with permittivity ε2 and radius r2; and the third
layer is the cell membrane (primarily fat) with permittivity ε3
and radius r3. The propagation medium surrounding the cells is
the intercell cytoplasm with permittivity ε4. Since biological
cells are not magnetic, the permeability of the cell and the
medium are set as the same as vacuum which is µ0 [26].
Therefore, the corresponding wavenumbers k1, k2, k3 and k4
are solely determined by the complex permittivity of each layer
and the propagation medium.

Generally, the solution to Maxwell equations in spherical
structure are the spherical Bessel function, spherical Neumann
function, and spherical Hankel function. The former two
functions can represent standing waves and the last one can
denote propagating waves. Also, due to the singularity of
spherical Neumann functions, at the origin of the coordinates,
the standing waves can only be expressed by spherical Bessel
functions. Thus, the electric fields in each layer of the cell
(center is oc) are summarized as follows:

El1(oc, r) =
[
AM AN

] [M1
mn(oc, r)

N1
mn(oc, r)

]
(10a)

El2(oc, r) =
[
BM BN

] [M1
mn(oc, r)

N1
mn(oc, r)

]
+

[
CM CN

] [M2
mn(oc, r)

N2
mn(oc, r)

]
(10b)

El3(oc, r) =
[
DM DN

] [M1
mn(oc, r)

N1
mn(oc, r)

]
+

[
EM EN

] [M2
mn(oc, r)

N2
mn(oc, r)

]
(10c)

Esca(oc, r) =
[
FM FN

] [M3
mn(oc, r)

N3
mn(oc, r)

]
, (10d)

where Eli stands for the electric field in the ith layer and Esca

is the scattered electric field. The row vectors from AM to
FN contains the unknown coefficients for the wave functions
which need to be found by enforcing boundary conditions.
The dimension of each unknown vector is (Nstop + 1)2 − 1.

For a cell we have 3 boundaries and 12 unknown vectors.
The T-matrix is formed by FM and FN . We can find the
unknown coefficients by enforcing boundary conditions which
are the continuity of r̂ × E and r̂ × ∇ × E [22]. Specifically,
on each boundary, we need to guarantee the continuity of
Mmn(oc, r) and Nmn(oc, r) for both electric field and magnetic
field. As a result, we have 4 equations for each boundary and
totally 12 equations to find those unknown vectors.

Fortunately, the electric field expansion in (10) can be
further simplified since it can be written in a general form:
E = f (r) f (θ) f (φ), where f (r) is the spherical Bessel, Neum-
man, or Hankel functions, which depends on the layer, f (θ) is
the associated Legendre function, and f (φ) is e jmφ. Due to the
symmetrical structure of the sphere, for a point on a boundary,
f (θ) and f (φ) are the same in the two layers. As a result, the
boundary conditions are only determined by f (r). Referring
to Appendix, the spherical Bessel, Neumman, or Hankel
functions are only determined by order n. Therefore, only
order n is considered when calculate the unknown coefficients.
Since n is from 1 to Nstop, we have 12Nstop equations for
boundary conditions.

After balancing the boundary conditions, we can obtain the
equation for the nth order

Sn
cell · U

n = In, (11)

where Sn
cell is the matrix provided on the top, Un is the nth

order unknown coefficients whose transpose is:

UnT
= [An

M ,A
n
N ,B

n
M ,B

n
N ,C

n
M ,C

n
N ,D

n
M ,D

n
N ,E

n
M ,E

n
N ,F

n
M ,F

n
N];

(13)

and In is the incident field. It should be noted that Sn
cell is only

determined by the cell. For a spherical function [bn(x)]∗ =

bn(x) + x · b′n(x), where the prime symbol denotes derivative.
According to our previous discussion, the incident field
In can be expressed in a general way. Here we remove the
coefficients and keep the spherical vectors. In other words, the
magnitude of the incident field has been normalized, i.e., only
M1

nm(oc, r) and N1
nm(oc, r) are considered and their coefficients

are normalized as 1. In the end, the removed coefficients
will be multiplied with the T-matrix to find the scattering
coefficients. As a result, the transpose of In can be written
as

I
nT

= { jn(k4r3), [ jn(k4r3)]∗, [ jn(k4r3)]∗, jn(k4r3), (14)
0, 0, 0, 0, 0, 0, 0, 0} .

Based on In, Sn
cell, and (11), we use Gaussian elimination to

find the unknown coefficients Un from n = 1 to n = Nstop. We
cannot use the inverse of Sn

cell to find the unknown coefficients,
since this matrix is almost singular (the value of spherical
Hankel function is much larger than that of spherical Bessel
function). Once we have FM and FN , the T-matrix can be
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−h2
n(k4r3) 0 jn(k3r3) yn(k3r3) 0 0 0 0 0 0 0 0

0 −[h2
n(k4r3)]∗ 0 0 [ jn(k3r3)]∗ k4

k3
[yn(k3r3)]∗ k4

k3
0 0 0 0 0 0

−[h2
n(k4r3)]∗ 0 [ jn(k3r3)]∗[yn(k3r3)]∗ 0 0 0 0 0 0 0 0

0 −h2
n(k4r3) 0 0 jn(k3r3) k3

k4
yn(k3r3) k3

k4
0 0 0 0 0 0

0 0 jn(k3r2) yn(k3r2) 0 0 − jn(k2r2) −yn(k2r2) 0 0 0 0
0 0 0 0 [ jn(k3r2)]∗ [yn(k3r2)]∗ 0 0 [ jn(k2r2)]∗ −k3

k2
[yn(k2r2)]∗ −k3

k2
0 0

0 0 [ jn(k3r2)]∗[yn(k3r2)]∗ 0 0 −[ jn(k2r2)]∗−[yn(k2r2)]∗ 0 0 0 0
0 0 0 0 jn(k3r2) yn(k3r2) 0 0 jn(k2r2) −k2

k3
yn(k2r2) −k2

k3
0 0

0 0 0 0 0 0 jn(k2r1) yn(k2r1) 0 0 jn(k1r1) 0
0 0 0 0 0 0 0 0 [ jn(k2r1)]∗ [yn(k2r1)]∗ 0 [ jn(k1r1)]∗ −k2

k1
0 0 0 0 0 0 [ jn(k2r1)]∗ [yn(k2r1)]∗ 0 0 −[ jn(k1r1)]∗ 0
0 0 0 0 0 0 0 0 jn(k2r1) yn(k2r1) 0 jn(k1r1) −k1

k2



(12)

written as

T = diag(FM ,FN). (15)

T is a diagonal block matrix with dimension 2(Nstop + 1)2−2.
3) Single Sphere Model: Consider the scenario illustrated

in Fig. 1, the electric field at any point outside of the cell can
be written as

Et = Ea(oa, r) + Esca(oc, r) = −
ωµI0lk

4π
I

[
M3

mn(oa, r)
N3

mn(oa, r)

]
+

{
T

[
−
ωµI0lk

4π IHoa→oc

]T
}T

[
M3

mn(oc, r)
N3

mn(oc, r)

]
, when doaoc < dt{

T
{[

Eθin , Eφin

] [
Cmn(θin, φin),Dmn(θin, φin)

]}T
}T

[
M3

mn(o, r)
N3

mn(o, r)

]
,

when doaoc ≥ dt.
(16)

where doaoc is the distance between oa and oc. Note that in
(16), since the expression for antenna and cell are in different
coordinates, their vector spherical wave functions are different.
In other words, vectors r̂, θ̂ and φ̂ are different directions in the
two coordinates. Therefore, we cannot simply add together the
spherical vector wave functions. In this paper, we first convert
the results into the same Cartesian coordinates, whose origin
is the observation point, then sum them up. The same method
is applied in the following analysis.

C. Numerical Analysis

In this subsection, the theoretical model is validated by
using COMSOL Multiphysis. The parameters utilized in FEM
simulation is the same as those in theoretical model. Despite
the model is general, we particularize it for the specific
case of having a nanosensor transmits to another nanosensor
inside a blood vessel. The blood vessel is modeled as a
medium containing cytoplasm and red blood cells. Since the
propagation medium is dispersive, with different frequency,
the relative permittivity are different for cytoplasm, fat and
hemoglobin. The detailed wavelength and corresponding per-
mittivity are provided in Table I. Also, in order to model
the inhomogeneous environment inside vessel, we consider
three different sizes since cells may change their size due to
biochemical process. The detailed size are presented in Table
II, and the superscripts s, m, and l stand for small size, medium
size and large size, respectively. Note that, in order to reduce
the computation burden, we consider relatively smaller size
than real red blood cells.

TABLE I
Relative Permittivity vsWavelength [12], [27], [28].

λ(nm) cytoplasm fat hemoglobin

450 1.79 − j2.73 · 10−9 2.13 − j6.68 · 10−7 2.04 − j3.46 · 10−3

500 1.78 − j2.68 · 10−9 2.13 − j2.20 · 10−7 2.03 − j1.26 · 10−3

550 1.78 − j5.22 · 10−9 2.13 − j9.89 · 10−8 2.01 − j2.86 · 10−3

600 1.77 − j2.87 · 10−8 2.13 − j6.47 · 10−8 1.99 − j2.50 · 10−4

650 1.77 − j4.37 · 10−8 2.13 − j7.12 · 10−8 1.99 − j2.87 · 10−5

700 1.77 − j8.88 · 10−8 2.13 − j5.26 · 10−8 1.99 − j2.43 · 10−5

750 1.77 − j4.15 · 10−7 2.13 − j1.70 · 10−7 1.99 − j4.68 · 10−5

800 1.77 − j3.33 · 10−7 2.13 − j7.45 · 10−8 1.99 − j7.83 · 10−5

850 1.77 − j7.81 · 10−7 2.13 − j1.26 · 10−7 1.99 − j1.08 · 10−4

900 1.76 − j1.29 · 10−6 2.13 − j9.66 · 10−7 1.99 − j1.29 · 10−4

950 1.76 − j7.69 · 10−6 2.13 − j8.69 · 10−7 1.99 − j1.37 · 10−4

1000 1.76 − j7.67 · 10−6 2.13 − j6.17 · 10−7 1.99 − j1.23 · 10−4

TABLE II
Simulation Parameters.

variable value variable value

ε0 8.854 · 10−12 F/m µ0 4π · 10−7 H/m
a 450 nm rs

1 0.87a
rs

2 0.99a rs
3 a

rm
1 1.32a rm

2 1.5a
rm

3 1.58a rl
1 1.74a

rl
2 1.98a rl

3 2a

1) FEM Simulation: In simulation, the distance between
the antenna and the cell is set as 1.5a + rm

3 . In the numerical
calculation, we set Nstop as 30. The antenna is considered
to be an unit dipole, i.e., I0l = 1, where I0 is the input
current and l is the antenna length. The single cell simulation
model in COMSOL Multiphysics is displayed in Fig. 2. The
cell is located at the center of the simulation space which is
enclosed by a Perfect Matched Layer (PML). The PML is
utilized to mimic the infinite environment and its thickness
is half wavelength. The simulation in Fig. 2 is conducted
with wavelength 450 nm and the cell is medium size. In the
following, without specified notation, we use the medium size
for the cell. In the numerical analysis, the wavelength is set as
450 nm, 500 nm, 800 nm and 850 nm and the field intensity is
provided in Fig. 3. The x axis is measured in scale a (450 nm)
in order to show the dimension more clearly. The electric field
is calculated along y-axis from the antenna to the observation
point. The developed model agrees with the FEM simulation
which proofs that the model is accurate enough. Note that,
450 nm has larger field intensity than 850 nm in Fig. 3.
The radiated power by a dipole antenna can be written as
Prad =

πη
3 |

I0l
λ
|2. Hence, since we provide them the same dipole

moment, the shorter wavelength has larger radiated power,
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Fig. 2. Electric field intensity (V/m) of
single cell: COMSOL Multiphysics simulation
model.
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which results in a strong field intensity. In order to make
a more fair comparison, we provide them the same radiated
power and plot the field intensity in Fig. 4. As we can see,
in-between the cell and the antenna, the curves are overlapped
and after the cell, 450 nm has relatively smaller electric field
intensity when compared with the field intensity in Fig. 3.

2) Effect of Cell Position: In order to show the effects of
observation point, the total electric field intensity after the cell
is computed. The wavelength is continually increased from
450 nm to 1000 nm, i.e., the optical window. The antenna and
cell configuration is still the same as that in Fig. 3 and we
use the same dipole moment for all the wavelength. In Fig. 5,
the observation point is gradually moved from d = 1.5rm

3 to
d = 4.5rm

3 on the y-axis in Fig. 1, where d is the distance
to the center of the cell. The results can be interpreted from
two aspects. 1) for long wavelength, i.e., 700 nm to 1000 nm,
since the cell size is relatively small when compared with
the wavelength, the scatter has relatively weak influence on
field propagation which results in small fluctuation on field
magnitude. Therefore, the scattered field is not strong and
the dominant field is still from the antenna. 2) for short
wavelength, i.e., 450 nm to 650 nm, the size of the cell is
relatively large for the propagating field. Thus, the electric field
suffers from high scattering and the cell can greatly affect the
field propagation. If we change the observation point, the field
magnitude has high fluctuations. Another interesting finding
is that the short wavelength field decreases much faster than
the long wavelength field after the cell. The reason can be
attributed to the forward scattering which can significantly
change the field intensity. When d = 1.5rm

3 , the big drop at
500 nm for large cell is due to the strong scattering. As the
distance of the observation point increases, this fluctuation
disappears.

3) Forward Scattering: Referring to Fig. 2, below the cell
there is a strong field region. In order to elucidate the physics
better, we consider the electric field separately, i.e., the total
field consists of the antenna radiated field and the scattered
field from a cell. The electric field intensity is calculated on
y-z plane in Fig. 1 from θ = 0 to θ = 2π with doaoc = 1.5a+rm

3 .
As shown in Fig. 1, the antenna is located on the left side of the
cell (φ = 1.5π). We define the positive y-axis (φ = π/2) is the
forward direction. Without loss of generality, we consider the
short wavelength is 450 nm and long wavelength is 850 nm.
Also, the electric field is normalized by the largest total field

intensity, i.e., the maximum field intensity in each figure is
normalized to be 1, in order to show the relation better. As
depicted in Fig. 6, most of the electric fields are forwardly
scattered. Also, behind the cell, the total field is almost the
same as the field radiated from antenna which means the
cell does not affect the electric field intensity behind it. On
the contrary, the forward scattered field has either strong
constructive or destructive impacts on the field intensity.

In addition, according to Henyey-Greenstein Phase Func-
tion [30] p(θ) = 1

4π
1−g2

(1+g2−2g cos θ)
3
2

, where g ≈ 0.88 for the

considered cells, θ = 0 is the forward direction, and p(θ)
denotes the amount of photons travel in θ direction, when θ = 0
this function has the maximum value, i.e., forward scattering.
Referring back to Fig. 3 and Fig. 4, at the end of the cell there
are fluctuations, which are due to the forward scattering. On
one hand, the radiated field by the antenna decays gradually.
On the other hand, the forward scattering greatly increases the
field intensity at the end of the cell. Thus, there is a region
in-between where the field intensity is small. Outside the cell,
first the scattered field intensity is dominant. After that, the
radiated field from the antenna becomes significant. Therefore,
there is a transition which also causes fluctuations.

4) Effect of Cell Size: In Fig. 7, the effect of cell’s size is
investigated. The same as the discussion for medium size cell
in Fig. 5, the small size and large size cells are considered
and the observation point is changed continuously from 1.5rm

3
to 4.5rm

3 along y-axis from the center of the cell. For the
large cell, there is strong fluctuation on field magnitude for all
the wavelength. While for small cell, the magnitude is more
stable. The same as previous discussion, for the large cell,
the wavelength is smaller when compared with the cell size.
Hence, for the considered frequency band, the field suffers
from high scattering. For the small cell, since the wavelength
is relatively larger than its size, therefore, the scattering does
not have strong impact.

5) Cross Sections: In order to provide more insights, we
calculate the scattering and absorption cross sections of the
considered cell with small, medium and large size. Accord-
ing to [22], the normalized scattering cross section can be
expressed as

Qs =
σs

σg
=

2
(k4r3)2

Nstop∑
n=1

(2n + 1)
(
|F n

M |
2 + |F n

N |
2
)
, (17)
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and the normalized extinction cross section is

Qe =
σe

σg
=
−2

(k4r3)2

Nstop∑
n=1

(2n + 1)<
(
F n

M + F n
N

)
, (18)

where σs is the scattering cross section, σe is the extinction
cross section, σg = πr3

2 is the geometry cross section, and <
denotes the real part of a complex number. Note that there is a
negative sign for Qe, since we use the second kind of spherical
Hankel function instead of the first kind. The normalized
absorption cross section can be written as Qa = Qe − Qs. The
scattering and absorption cross sections are plotted in Fig. 8.
Observe that the scattering cross section is decreasing as the
wavelength increases, which agrees with previous discussions.
Also, we find that the absorption cross section has a minimum
value around 700 nm and it agrees with the absorption of
hemoglobin as shown in Fig. 9, which occupies large space in
a cell and has large conductivity. Moreover, the larger size of
the cell, the larger absorption and scattering cross sections.

In order to validate our results, we compare with the
scattering coefficient µs and absorption coefficient µa for whole
blood reported in [29]. The relation between the scattering and
absorption coefficients and the corresponding cross sections
can be written as [31] µs/a =

N0
V0
σs/a, where N0 is the number

of cells in volume V0. Therefore, µs/a and σs/a are linearly re-
lated. As shown in Fig. 8 and Fig. 9, the absorption coefficient
and scattering coefficients agree with the corresponding cross
sections. However, there are still some differences due to the
shape, size, materials, biochemical effects, among others.

III. Multi-CellModel
In this section, the effects of multi-cell scattering on EM

field propagation are discussed. Due to the large numbers

of cells and their electrically large size, we have limited
computation capability. Hence, the discussion is divided into
two parts. One focuses on depth and the other one focuses
on breadth. For the depth model, we consider the cells are
aligned on a chain. For the breadth model, we consider there
are multiple cells on a plane and several planes form a three
dimensional lattice.

A. Chain Model

In this model, the long distance field propagation is con-
sidered. As depicted in Fig. 10, N cells (c1, c2, · · · , cl, · · · , cN)
are placed along a line with mutual interval di. The distance
between the antenna and the first cell is doaoc1 . Due to multiple
scattering, the incident field on a cell cl consists of the field
from the antenna and the fields scattered from all other cells.
Note that those scatters can be regarded as an antenna (radi-
ation source) and the aforementioned approach for single cell
can be directly applied by using the scattered field coefficients
instead of the antenna’s coefficients. Therefore, the scattered
field from cell cl can be written as

El
sca =

T
 N∑

i=1,i,l

(
Ei

scaHoci→ocl

)
+ EaHoa→ocl


T

T

. (19)

In (19), the origin of the coordinate is cell cl’s center. We only
keep the scattering coefficients and the VSWFs are neglected
to simplify the analysis.

In (19), Hoci/oa→ocl is determined by the relative positions
and Ea is determined by the antenna. Thus, only {Ei

sca, i =

1, 2, · · · ,N} are to be identified. We can write N such equations
and solve them simultaneously. In the previous section, we
observe that the scattered field from a cell is mostly forward.
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Hence, only the forwardly scattered field is considered on this
chain and (19) can be simplified as

El
sca =

T
 l−1∑

i=1

(
Ei

scaHoci→ocl

)
+ EaHoa→ocl


T

T

. (20)

Furthermore, if the distance between the source and the
scatter is longer than dt (threshold between near region and
far region), the incoming field for the scatter is regarded as a
plane wave. Therefore, (20) can be further developed as

El
sca =

T
N−M∑

i=0

[
Eθi , Eφi

] [
Cmn(θi, φi),Dmn(θi, φi)

]
+

l−1∑
i=l−M,

Ei
scaHoci→ocl


T

T

, (21)

where E0
sca is the radiated field from antenna, M is the number

of cells within dt, and θi and φi are the incoming angles of the
scattered field from cell ci. Once the scattered field coefficients
are determined for each cell, the electric field at any point can
be calculated by adding together all the scattered field and the
radiated field from the antenna,

Et = Ea(oa, r) +

N∑
i=1

Esca(oci, r). (22)

B. Chain Model Validation

The developed model is validated by using COMSOL Mul-
tiphysics. Due to the limitation of the software’s computation
capability, we consider N is three and measure the electric field
intensity along the axis of the chain. doaoc1 is set as 1.5a + rm

3
and dint is 5a. Without loss generality, the wavelength is set
as 450 nm. Also, di is 15a which means all the three cells and
the antenna are considered as in the near region of each other.
As shown in Fig. 11, the developed models matches well with
the FEM simulation. More importantly, even the backward
scattered field is neglected here, we can see the developed
model is still accurate enough when compared with the full-
wave simulation. Thus, the assumption in the previous section
is validated here. Also, a more straightforward illustration of
the scattered field intensity on the 2D plane that contains the
cells is shown in Fig. 12. As we can see after each cell,
the strongest scattered field is around the forward direction
which can also validate our assumption. In addition, since
we use an approximation in the far region, we set dt as 10a
which means if the distance between two cells are larger than
10a the wave is regarded as a plane wave. As a result, the
radiated field by the antenna is considered as a plane wave
for the third cell. The proposed method is evaluated in Fig.
13. We can see some fluctuations inside the third cell due to
some neglected modes in the plane wave. However, outside
the cell, the approximation is still accurate enough. Since the
prerequisite of the assumption is that the cell is far from the
scattering source, we can foresee that as the distance increases,
the fluctuations will become smaller and smaller.

C. Three Dimensional Lattice Model

The three dimensional lattice model consists of Np planes
and each plane has Nr rows and Nc columns, as shown in
Fig. 14. The horizontal interval dh, vertical interval dv and the
interval between two planes dp are the same which are set as
5a. Note that, several planes can form a layer and different
layers may have different kinds of cells. To make the model
more realistic, the odd number rows’s x coordinates are 0.5dh

larger than those of the even number rows. The size of the
cell is medium which was provided in Table II. The cells are
labeled from left bottom to right top and plane by plane in
sequence. In a 3D structure, the cells are connected by multiple
scattering. As in the previous analysis, we neglect the weak
connections and only keep the forward scattered field which
has been proofed to be an efficient way. First, we find the
neighbors of a cell which are within the distance dnb from
the center of the cell. In the set of the neighbors, we find
out the one which is the closest to the antenna. This cell is
regarded as the parent of this cell. Once we find the parent
for all the cells, we trace back to find the ancestors of each
cell. In particular, we find the cell’s parent, then we find the
parent’s parent, so on and so forth until we reach the antenna.
Those ancestors are divided into two groups: cells in the near
region and cells in the far region. As before, for the near
region group we use translational addition theorem, and for the
far region group we use plane-wave approximation. Once the
scattered field coefficients for each cell is found, we can add
the VSWFs to these coefficients and find out the field intensity
at any point. The same as previous sections, before adding
all the scattered field together, we have to covert the field
from different spherical coordinates into a common Cartesian
coordinate.

IV. Intra-Body Channel Characteristics

Since the inhomogeneous intra-body environment consists
of complicated cells, there are many factors can affect the
field propagation. In this part, we provide the path loss
and optimal operating frequency for optical wave in intra-
body environment. Then, the effects of antenna radiation, cell
position, and layered medium are investigated.

A. Channel Path Loss

In the following analysis, we use path loss as a metric
for signal propagation loss. First, we briefly review the path
loss definition and introduce the approach we adopted. The
received power Pr(d) at a distance d from the transmitting
antenna can be approximated by Pr(d) = Pre f (d0) · L̂re f (d0, d),
where Pre f (d0) is the received power at a close-in reference
point in the far field region of the transmitting antenna with
distance d0 [32], and L̂re f (d0, d) is the antilogarithm of path
loss from d0 to d. According to [32], by relating power
to the electric field radiated by the antenna, the received
power Pr(d) can also be expressed by Pr(d) =

|E(d)|2Ae
η

, where
|E(d)| is the electric field intensity at a distance d from
the transmitting antenna, Ae is the aperture of the receiving
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antenna. In the following, we consider the maximum antenna
effective aperture that is 3λ2

8π . We can obtain

Lre f (d0, d) = −10 lg L̂re f (d0, d)

= 10 lg
Pre f (d0)

Pr(d)
= 20 lg

|Ere f (d0)|
|E(d)|

. (23)

The derived path loss Lre f (d0, d) is based on a reference
point d0. Also, the path loss can be defined as the received
power over radiated power ratio. In this way, the antenna’s
performance is included in the wireless system, which is more
practical. The path loss can be updated as

Lrad(d) = 10 lg
Prad

Pr(d)
= 10 lg

8π2η2|I0l|2

9|E(d)|2λ4 . (24)

We set d0 as a for Lre f , and increase the wavelength from
450 nm to 1000 nm gradually. First, to reduce the computation
burden, we consider the chain has 20 cells and the mutual
intervals are set as 5a, 7.5a, and 10a. As shown in Fig. 15,
the wavelength larger than 700 nm suffers from lower loss.
As discussed in Section II-C5, the scattering loss is small at
long wavelength. Meanwhile the absorption loss is low and it
has a minimum value around 700 nm, the scattering loss is
much larger than the absorption loss. Therefore, the dominant
loss is from scattering. As a result, the longer wavelength has
better performance. Also, we can see when using the radiation
based path loss, the long wavelength has even lower loss,
since the long wavelength antenna has larger antenna aperture
thanks to the larger space it occupied to achieve resonance.
However, even the results suggest the long wavelength, due to
the size constraint in human body, we should strike a balance
between the antenna efficiency and antenna size, which is
mainly determined by the application.

Next, we increase the number of cells from 5 to 100
with step 5. The interval is kept as 5a. We consider three
wavelengths: 450 nm, 700 nm, and 850 nm. As shown in
Fig. 16, in the near region, there is almost no difference for the
three wavelengths, since the propagation loss is not obvious.
In the far region, the 700 nm and 850 nm achieve much lower
path loss than 450 nm. When we consider the radiation power
based path loss, the difference is more obvious. Regarding the
absorption of blood in different frequencies, we could see that
it follows the behavior of hemoglobin rather than cytoplasm,
as it can be seen in Fig. 9. The absorption of hemoglobin in our
range of study (wavelengths of 450 nm to 1000 nm) is almost
four orders of magnitude higher than the values for water and
it plays the main absorbing role in blood. Most of existing
works are dealing with blood as a homogenous medium.
However, when modeling the communication channel between
tiny nanomachines floating inside the blood, we consider the
blood as a fluid and a couple of obstacles which are the
blood cells. The benefit of the model proposed in this paper is
that it can calculate the field after passing even just one cell
which helps model the channel for communication between
nanomachines. In that case, the optimal frequency would be
around or a little larger than 700 nm as mentioned before in
section II. This is mainly because the transmitter node would
emit light inside the cytoplasm, the light passes through a
couple of cells and then is being received at the receiver
point. Therefore from nanomachines point of view, the EM
wave propagates mainly through cytoplasm and on its way to
the receiver it observes some obstacles which are mostly red
blood cells. Moreover, to be able to see the effect of the cells
(in range of micrometers) we should have a wavelength of
hundreds of nanometers.
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Fig. 17. Three-dimensional model frequency response.

B. Breadth Effect

The plasmonic nano-antenna is small when compared with
a cell. Hence, it can only illuminate a small area. As a result,
there is no need to consider a large area on a plane. In this
part, we gradually increase the number on a plane to see how
many we need to consider. In order to investigate the radiation
breadth effect of the optical antenna, we keep the plane number
as 3 and change the row and column number from 3 to 9 and
the step is 2. Then we measure the electric field intensity at
4rm

3 + 1.5a + 2dp. The corresponding electric field intensity
are 3.32 × 1013 V/m, 2.85 × 1013 V/m, 3.32 × 1013 V/m, and
2.85×1013 V/m. The results are almost the same which further
proves that the scattering is mostly forward and the impact
on adjacent region can be neglected. Hence, in the following
analysis, we consider that on each layer there are 3 by 3 cells.

C. Cell Position Effect

In previous discussions, cells’ positions are fixed. However,
in a more realistic scenario they could be random. In order to
investigate the random position effect on optimal frequency,
we first find the frequency response of path loss for cells with
determined position as shown in Fig. 14 for a comparison.
Then we consider the cells have random positions. For the
former scenario, the lattice is formed by 3 × 3 × 5 cells and
the path loss is calculated at (0, 1.5a + 4rm

3 + 4dp, 0). The
wavelength is gradually changed from 450 nm to 1000 nm with
a step 50 nm. As depicted in Fig. 17, the wavelength longer
than 700 nm performs better. Note that in three dimensional
model, the cells are not on a chain due to the position shift
discussed in Section III-C. Also, since we consider the near
region, the loss due to propagation is not obvious. Referring
to Fig. 4 and Fig. 5, the multiple scattering incurs some
fluctuations on the magnitude of the electric field intensity. For
the radiation power-based path loss, the long wavelength still
has better performance due to the antenna’s high efficiency.

As shown in Fig. 14, each cell occupies dp · dh · dv space
and it is located in the center of a cube since we consider
dp = dh = dv. Now, we consider the cell’s position is no longer
fixed and its center’s Cartesian coordinates (xc, yc, zc) become
(xc + αdp/4, yc + αdp/4, zc + αdp/4), where α is uniformly
distributed in (0,1). We set the lattice the same as the regular
position case and calculate the mean value of the path loss. As

TX RX

Layer 

1 

Layer 

2 

Fig. 18. Path loss in layered structure.

shown in Fig. 17, even the positions are deviated, the trend of
the path loss is still similar. Therefore, even the well aligned
model is ideal, it does not affect the result too much.

D. Field Propagation among Cells with Layered Structure

All the analyses above consider that the communication
range of a plasmonic nano-antenna is very small as well as
that all the cells are identical, i.e., exhibit the same properties.
However, in real intra-body environment, especially on the
boundary of two layers, the cells are quite different in size,
structure, material, among many others. Due to the limited
space and complicated intra-body environment, we cannot pay
our attention to all kinds of cells. However, the developed
model in this paper is general. For instance, if the cell only
has a single layer (membrane), we find the updated T-matrix
for it and follow the same procedure to obtain the results.
Furthermore, if the cell size is much larger than what we
considered here, we can increase the truncation order Nstop

to continue the computation.
In Fig. 18, we consider the field propagates in a two-layered

structure. Each layer is constructed by 4 planes and on each
plane there are 3 by 3 cells whose locations are the same
as previous fixed position discussions. First, layer 1 is the
large-size cell and layer 2 is the small-size cell. Then, we
consider layer 1 is the small-size cell and layer 2 is the
large-size cell. The detailed configuration for the two kinds
of cells are provided in Table II. As shown in the figure,
the wavelength longer than 700 nm still achieves much better
performance, especially when we consider the radiated power-
based path loss. In addition, there is no significant difference
for the propagation direction. The two scenarios have similar
performance. When comparing with the result in Fig. 17, the
path loss is a little higher. The reason is that the large cells
absorbs more power and the electric field experiences more
scattering when penetrating the inhomogeneous medium.

V. Conclusions

Nanosensing technology is a promising solution to provide
faster and more accurate disease diagnosis and treatment inside
the human body. Metallic plasmonic nano-antennas enable
wireless communications among intra-body nano-devices at
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near-infrared and optical frequencies. However, there are sev-
eral phenomena that challenge the propagation of EM waves
inside human body, ranging from the absorption by molecules
to the scattering by cells, whose size is comparable to that of
the nano-devices. In this paper, a rigorous channel model is de-
veloped to understand the intra-body channel behavior as well
as to provide insights for the design of iWNSNs. In particular,
we have first derived the field intensity distribution around a
single cell and analyzed the cell’s scattering properties. Then,
we extend our discussion to a more realistic scenario with
multiple cells. Our models have been validated by means of
extensive electromagnetic simulations. The results show that
the propagation of EM waves at optical frequencies inside the
human body is mainly affected by the scattering from cells.
The impact of scattering could be reduced by moving to lower
frequencies, i.e., 700 nm to 1000 nm, but this would introduce
several challenges. On the one hand, as we reduce the system
frequency and approach THz-band frequencies (0.1-10 THz),
absorption rapidly increases. Molecular absorption created by
internal vibrations of the molecules results into heat, and
this is not desirable for intra-body communications. On the
other hand, the use of 700 nm to 1000 nm would require
the utilization of larger antennas, which would increase the
invasiveness and limit the applications of iWNSNs. Commu-
nications at 700 nm to 1000 nm within the near-infrared and
optical transmission windows can open the door to potentially
bio-compatible applications of iWNSNs.

Appendix
There are several ways to express Vector Spherical Wave

Functions(VSWFs) [22], [33]. The VSWFs utilized in this
paper can be given by [22],

mq
mn(kr, θ, φ) = bq

n(kr) ×
[
θ̂

jm
sin θ

Pm
n (cos θ) − φ̂

d
dθ

Pm
n (cos θ)

]
e jmφ

nq
mn(kr, θ, φ) = r̂

n(n + 1)bq
n(kr)

kr
Pm

n (cos θ)e jmφ+

bq
n(kr) + krbq

n
′(kr)

kr

[
θ̂

d
dθ

Pm
n (cos θ) + φ̂

jm
sin θ

Pm
n (cos θ)

]
e jmφ

where n is from 1 to ∞, m is from −n to n, and Pm
n (cos θ)

is the associated Legendre polynomials. The value of q can
be 1, 2, or 3, and the corresponding bq

n(kr) are the first
kind of spherical Bessel function jn(kr), spherical Neumman
function yn(kr), and spherical Hankel function of the second
kind h2

n(kr), respectively.
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