LECTURE NOTES 25

LECTURE 5

9. MINIMAL SUFFICIENT AND COMPLETE STATISTICS

We introduced the notion of sufficient statistics in order to have a function of
the data that contains all information about the parameter. However, a sufficient
statistic does not have to be any simpler than the data itself. As we have seen, the
identity function is a sufficient statistic so this choice does not simplify or summarize
anything. A statistic is said to be minimal sufficient if it is as simple as possible in
a certain sense. Here is a definition.

Definition 11. A sufficient statistic T : X — 7T is minimal sufficient if for any
sufficient statistic U : X — U there is a measurable function g : Y — 7T such that
T=g(U) uxje(- | 0)-as. for all 6 € €.

How do we check if a statistic T is minimal sufficient? It can be inconvenient to
check the condition in the definition for all sufficient statistics U.

Theorem 10. If there exist version of fx|e(x | 0) for each 6 and a measurable
function T : X — T such that T(x) =T (y) < y € D(x), where
D(x)={y € X: fxjoy | 0) = fxjo(x | 0)h(x,y),V0 and some function h(z,y) > 0},
then T is a minimal sufficient statistic.
Example 14. Let {X,,} be IID Exp(f) given © = 0 and X = (Xy,...,X,). Put
T(x) =x1 + -+ xn. Let us show T is minimal sufficient. The ratio
fxio(w]6) _ et
fxie(y [ 0)  Gre=f iz
does not depend on 6 if and only if Y1 x; = > | y;. In this case h(z,y) = 1,
D(z)={y:> 1 ,xi =Y i, v}, and T is minimal sufficient.
Proof. Note first that the sets D(z) form a partition of X. Indeed, by putting
h(y,z) = 1/h(x,y) we see that y € D(x) implies € D(y). Similarly, taking
h(z,x) = 1, we see that x € D(x) and hence, the different D(z) form a partition.
The condition says that the sets D(x) coincide with sets T {T(x)} and hence
D(z) € Br for each z. By Bayes theorem we have, for y € D(x),
dpe|x fxje(x]0) h(z,y)fxjey | 0) _ dupe)x 019
dpe JoFxie@ [0)pe(dd) — Joh(y)fxiely | Oue(dd) — due

That is, the posterior density is constant on D(x). Hence, it is a function of T'(x)
and by Lemma 1 T is sufficient.

Let us check that 7' is also minimal. Take U : X — U to be a sufficient statistic.
If we show that U(x) = U(y) implies y € D(z), then it follows that U(z) = U(y)

implies T'(z) = T'(y) and hence that T is a function of U(z). Then T is minimal.
By the factorization theorem (Theorem 2, Lecture 6)

fxje(x | 0) = h(z)g(0,U(z)).

We can assume that h(x) > 0 because Pg({x : h(z) = 0}) = 0. Hence, U(z) = U(y)
implies

0| x)=

ol 6) = 1 50(6.U )

That is, y € D(x) with h(x,y) = h(y)/h(x). O
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The next concept is that of a complete statistic.

Definition 12. Let 7': X — T be a statistic and {upg(- | 6),0 € Q} the family
of conditional distributions of T'(X) given © = §. The family {upe(- | 6),0 € Q}
is said to be complete if for each measurable function g, Ey[g(T)] = 0,V6 implies
Py(g(T) = 0) = 1, V0.

The family {prje(- | 0),0 € Q} is said to be boundedly complete if each bounded
measurable function g, Fy[g(T)] = 0,V0 implies Py(g(T) = 0) = 1, V6.

A statistic T is said to be complete if the family {urjo(- | 0),6 € 2} is complete.

A statistic 7" is said to be boundedly complete if the family {urje(- | 0),0 € Q}
is boundedly complete.

One should note that completeness is a statement about the entire family {7g(- |
0),0 € Q} and not only about the individual conditional distributions ppg(- | 6).

Example 15. Suppose that T has Bin(n, §) distribution with § € (0,1) and g is a
function such that Ey[g(T)] = 0 V6. Then

0= Eplg Zg ()9k1—9) 1—9";”:_09 <>( 96)5

If we put r = 0/(1 — 0) we see that this equals
~or ot ()

which is a polynomial in r of degree n. Since this is constant equal to 0 for all » > 0
it must be that g(k)( ) =0foreachk =0,...,n,ie. g(k)=0foreachk=0,...,n
Since, for each 0, T' is supported on {0, ..., n} it follows that Py(g(T) =0) =1 V0
so T is complete.

An important result for exponential families is the following.

Theorem 11. If the natural parameter space Q of an exponential family contains
an open set in R¥, then T'(X) is a complete sufficient statistic.

Proof. We will give a proof for k = 1. For larger k£ one can use induction. We know
that the natural statistic T has a density c(f)e®® with respect to v (see Section
4.2, Lecture 4). Let g be a measurable function such that Ey[g(T)] = 0 for all 6.
That is,

/ g(t)e(@)e vr(dt) =0 V6.
-

If we write g7 and g~ for the positive and negative part of g, respectively, then
this says

/g+(t)c(9)e‘%VT(dt):/g_(t)c(G)eetuT(dt) ve. (9.1)
T T

Take a fixed value 0y in the interior of Q2. This is possible since ) contains an open
set. Put

ZO—/Tng(t)C(eo)eg“tVT(dt) —/Tg(t)c(Go)eeotyT(dt)
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and define the probability measures P and ) by
PO) = 25" [ g+ @clba)e vr(a
C
QO = 25" [ g @clba)e vr (ar).
C

Then, the equality (9.1) can be written

/ exp{t(0 — 00)}P(dt) = / exp{t(0 — 0,}Q(dt), V.
T T

With v = 6 — 6y we see that this implies that the moment generating function of
P, Mp(u), equals the mgf of Q, Mg(u) in a neighborhood of w = 0. Hence, by
uniqueness of the moment generating function P = Q. It follows that g*(¢) = g~ (¢)
vp-a.e. and hence that pure{t : g(t) = 0|60} =1 for all §. Hence, T is complete
sufficient statistic. O

Completeness of a statistic is also related to minimal sufficiency.

Theorem 12 (Bahadur’s theorem). If T is a finite-dimensional boundedly complete
sufficient statistic, then it is minimal sufficient.

Proof. Let U be an arbitrary sufficient statistic. We will show that T is a function
of U by constructing the appropriate function. Put 7' = (T4 (X),...,Tk(X)) and
Si(T) = [1+ e Ti]71 so that S; is bounded and bijective. Let

Xi(u) = Ep[Si(T) | U = u],
Yi(t) = Ep[Xi(U) [ T = t].
We want to show that S;(T) = X;(U) Py-a.s. for all §. Then, since S; is bijective
we have T; = S;*(X;(U)) and the claim follows. We show S;(T) = X;(U) Pp-a.s.
in two steps.
First step: S;(T) = Y;(T) Py-a.s. for all . To see this note that
E[Yi(T)] = Eg[Eo[X:(U) | T]] = Eo[Xi(U)] = Eg[Eo[Si(T) | U] = Eo[Si(T)].

Hence, for all 8, Ey[Y;(T)—S;(T)] = 0 and since S; is bounded, so is ¥; and bounded
completeness implies Py(S;(T) = Y;(T)) = 1 for all 6.

Second step: X;(U) = Y;(T) Py-a.s. for all §. By step one we have Ey[Y;(T) |
U] = X;(U) Py-a.s. So if we show that the conditional variance of Y;(T") given U
is zero we are done. That is, we need to show Varg(Y;(T) | U) = 0 Py-a.s. By the
usual rule for conditional variance (Theorem B.78 p. 634)

Varg(Yi(T)) = Eg[Varg(Yi(T) | U)] + Varg(Xi(U))
= Ey[Varg(Yi(T) | U)] + Ep[Varg(Xi(U) | T)] + Varg(Si(T)).
By step one Varg(Y;(T')) = Varg(S;(T)) and Ey[Varg(X;(U) | T)] = 0 since X;(U)

is known if T' is known. Combining this we see that Varg(Y;(T) | U) = 0 Py-a.s. as
we wanted. g

10. ANCILLARY STATISTICS

As we have seen a sufficient statistic contains all the information about the
parameter. The opposite is when a statistic does not contain any information
about the parameter.
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Definition 13. A statistic U : X — U is called ancillary if the conditional distri-
bution of U given © = 6 is the same for all 6.

Example 16. Let X; and X3 be conditionally independent N(6,1) distributed
given © = #. Then U = X5 — X; is ancillary. Indeed, U has N(0,2) distribution,
which does not depend on 6.

Sometimes a statistic contains a coordinate that is ancillary.

Definition 14. If T = (T3, T?) is a sufficient statistic and 7% is ancillary, then T}
is called conditionally sufficient given T%.

Example 17. Let X = (Xy,...,X,) be conditionally IID U (0 —1/2,0+1/2) given
© = 60. Then

n

fxio(@ 10) =[] Tio-1/2.041/21(xi) = Tip—1/2,00) (Min 2;) ] _ oo p41/2 (max z;).
=1

T = (T1,T2) = (max X;, max X; — min X;) is minimal sufficient and T5 is ancillary.
Note that fxo(y | 0) = fxjp(z | 0) < maxwz; = maxy; and minz; = miny;
< T(z) = T(y). Hence, by Theorem 10 Lecture 7, T is minimal sufficient. The
conditional density of (T1,7%) given ©® = 6 can be computed as (do this as an
exercise)

le,T2|(~)(t1, to | 9) = n(n - 1)t3721[0,1] (t2)I[071/2+t2,9+1/2] (fl)

In particular, the marginal density of T is
Frieltz | 0) =n(n — 1)t37%(1 — t2)

and this does not depend on 6. Hence T3 is ancillary.
Note that the conditional distribution of T} given Tp =t and © = 6 is

1
frim.e(ti|t2,0) = ml[(’*l/?thz,GJrl/Q] (t1)-

That is, it is U(@ — 1/2 + t2,0 + 1/2). Hence, this distribution becomes more
concentrated as to becomes large. Although 75 does not tell us something about
the parameter, it tells us something about the conditional distribution of 77 given

0.

The usual “rule” in classical statistics is to (whenever it is possible) perform
inference conditional on an ancillary statistic.
In our example we can exemplify it.

Example 18 (continued). Consider the above example with n = 2 and consider
finding a 50% confidence interval for ©. The naive way to do it is to consider the
interval Iy = [min X;, max X;] = [T1 — T»,T1]. This interval satisfies Py(© € I;) =
1/2 since there is probability 1/4 that both observations are above 6 and probability
1/4 that both are below 6.
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If one performs the inference conditional on the ancillary T we get a very dif-
ferent result. We can compute

Po(Th —To <O <T |To)=FPy(O <T1 <O+ T | Th =t3)

1 O+to
=7 t/ Tig—1)2+4t5,0+1/2)(t1)dts
1 J,
to

= HI[OJ/Q) (tg)

Hence, the level of confidence depends on t5. In particular, we can construct an
interval Iy = [T} — 1/4(1 + T5), Ty + 1/4 — 3T /4] which has the property

P0(®€I2|T2:t2):1/2.

Indeed,
PyO €l | Ty=t) =Py(©—1/4+ 31 /A<T1 <O+ 1/4(1+To) | To = t3)
0+(1+t2)/4
= / Tig_1/2+445,0+41/2)(t1)dt1 = 1/2.
6—1/4+3t/4

Since this probability does not depend on t5 it follows that
Py(O® € ) =1/2.

Let us compare the properties of I1 and I>. Suppose we observe T5 small. This
does not give us much information about © and this is reflected in I» being wide.
On the contrary, I is very small which is counterintuitive. Similarly, if we observe
Ty large, then we know more about © and I is short. However, this time I; is
wide!

Suppose T is sufficient and U is ancillary and they are conditionally independent
given © = @. Then there is no benefit of conditioning on U. Indeed, in this case

frive(t|u,0)= fre(t|0)

so conditioning on U does not change anything. This situation appear when there
is a boundedly complete sufficient statistic.

Theorem 13 (Basu’s theorem). If T is boundedly complete sufficient statistic and
U is ancillary, then T and U are conditionally independent given © = 6. Further-
more, for every prior ue they are independent (unconditionally).

Proof. For the first claim (to show conditional independence) we want to show that
for each measurable set A C U

pue(A) = puire(Alt,0)  wrel-|0) —ae. t, V6. (10.1)
Since U is ancillary uyje(A | 0) = py(A), ¥0. We also have
pie(A10)= [ oA tOune(dt|0)= [ wir(A] et 0)

where the second equality follows since T is sufficient. Indeed, puxr,0(B | t,0) =
px|r(B | t) and since U = U(X)

toire(Alt0) =puxre(U A |t,0) = pxr(U A | t) = pyir(A | t).
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Combining these two we get

/T[“U(A) — pur(A | t)pre(dt | 0) = 0.

By considering the integrand as a function g(t) we see that the above equation is
the same as Ey[g(T)] = 0 for each 6 and since T is boundedly complete ppjo({t :
g(t) =0} ]60) =1 for all §. That is (10.1) holds.

For the second claim we have by conditional independence that

pu,r(Ax B) = /Q/BMU|T(A | e (dt | 0)pe(do)

— /Q jr (Ao (B | 0o (d6)

= pu(A)pr(B)
so T and U are independent. ([

Sometimes a combination of the recent results are useful for computing expected
values in an unusual way:

Example 19. Let X = (Xi,...,X,,) be conditionally IID Exp(f#) given © = 6.
Consider computing the expected value of
Xn

X)=— "
S S
To do this, note that g(X) is an ancillary statistic. Indeed, if Z = (Z1,...,Z,) are
IID Exp(1) then X = 0717 and we see that

1 Xy Xn_1
< p— —_ —_— ... —_—
Py(g(X) < ) P@(x <ttt +1)
_ 1 Z Ln—1 )
_Pe(x<Zn+ + 7 +1

Since the distribution of Z does not depend on 6 we see that g(X) is ancillary.
The natural statistic T(X) = X; 4+ --- + X,, is complete (by the Theorem just
proved) and minimal sufficient. By Basu’s theorem (Theorem 13) T'(X) and g(X)
are independent. Hence,

0 = Eg[Xn] = Eo[T(X)g(X)] = Ep[T(X)]Eg[g(X)] = ndEy[g(X)]
and we see that Ey[g(X)] =n"1.



