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Abstract. The straightforward reformulation of special relativistic concepts about relative
observer kinematics in the context of the flat affine geometry of Minkowski spacetime, so that
they respect the manifold structure of that spacetime, allows one to derive the general relativistic
‘addition of acceleration law’. This transformation law describes the relationship between the
relative accelerations of a single test particle as seen by two different families of test observers.

PACS number: 0420C

1. Introduction

The 1960s brought modern differential geometry to general relativity. With this new and
powerful tool, complicated coordinate/tensor calculus discussions of physical ideas could
often be reduced to a simple mathematical idea. A good example of this is the detailed
discussion by Landau and Lifshitz [1] of local simultaneity using a local coordinate system
based on a family of test observers (whose world lines are the time coordinate lines) and
the idea of synchronizing nearby observers using light signals. A rather detailed coordinate
calculation involving solving a quadratic equation in coordinate differentials produces a
result which from the point of view of spacetime is trivial: the local simultaneity events
for a given test observer correspond to points in the local tangent space in the orthogonal
complement of the 4-velocity of the observer. Spacetime geometry is simply more powerful
than the space-plus-time split geometry. (Of course the light-signal idea is important
in connecting the mathematical orthogonality to the physics underlying the mathematical
model.)

This does not mean that spacetime splitting is just a necessary evil for interpreting
spacetime geometry given our space-plus-time mode of experiencing spacetime. On
the contrary, it is often quite convenient in analysing many physical and/or theoretical
relativistic problems, as reflected in its widespread use in relativity. However, the power of
spacetime geometry should not simply be overlooked when spacetime splitting techniques
are employed. Indeed the 4-geometry perspective can be crucial to understanding certain
splitting questions.

For some reason the natural marriage of special relativity and curved spacetime has never
been fully appreciated by the relativity community. While the field seems to have survived
quite well without it, a straightforward extension of the ideas of special relativity to the
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relativity of local test observer splittings of spacetime is worth carrying out to tie up the loose
ends and eliminate the confusion in space-plus-time discussions of various questions that one
finds in the literature. It seems natural to associate the word ‘gravitoelectromagnetism’ with
this relativity of spacetime splittings, in view of the jargon that has become commonplace
in space-plus-time analyses of general relativity due to the analogy between linearized (and
nonlinear) general relativity and the linear theory of electromagnetism [2].

Of course to treat these questions properly, one needs to introduce a precise mathematical
description which necessarily involves some investment of time to become familiar with,
but the end result is a concise framework within which one can unambiguously study
otherwise confusing issues. The details are completely straightforward. One need only
reformulate the mathematics of special relativity, usually treated in terms of the Affine
structure of Minkowski spacetime, in such a way that it respects the manifold structure
of this spacetime. Each of the various approaches to ‘splitting spacetime’ is equivalent to
describing what a family of test observers in spacetime measure along a certain family of
trajectories in spacetime, with respect to a certain class of adapted spacetime frames evolving
in a specified way along those trajectories. These latter assumptions are equivalent to the
choice of derivative used to measure evolution along that family of trajectories.

In a recent letter, Mishra [3] has given an involved discussion on the ‘transformation
law’ for acceleration in general relativity and an ‘acceleration addition formula’ in the
very limited context of one-dimensional motion or ‘purely linear relative acceleration’
in a static spacetime. The discussion is very close in content and style to the Landau–
Lifshitz topic mentioned above, but confusing enough that even in these very special
circumstances it spread over two separate papers [3, 4], in which only the second clarified
the original goal of the first. The present paper points out that the tools for calculating these
formulae for arbitrary motion in an arbitrary spacetime are available and coordinate-free and
make extremely clear exactly what kinds of quantities and operators are involved, without
confusing the issue with coordinates. Our point is not to criticize the work of Mishra and
Rindler, but instead show the advantages of taking modern techniques in relativity more
seriously.

These issues are intimately connected with another series of papers by Abramowicz
and various coauthors [5–8] which explore the other limiting case in static spacetimes of
‘purely transverse’ relative acceleration involving the natural generalizations of centripetal
acceleration to the general relativistic domain. However, their discussion is further
complicated by special considerations appropriate only for purely transverse relative
acceleration and will be dealt with in a separate discussion [9], together with an analysis of
their attempts to extend their work to the general case [10, 11].

Since index-free notation is used in this paper, several font choices are made to help
distinguish scalars, spacetime vectors, and second-rank mixed tensors, the latter of which
act on vectors by contraction as linear transformations (an identification which will be made
below). Spacetime vectors are in boldface italic type (A), while second-rank mixed tensors
are in boldface sanserif type (P). Inner products of spacetime vectors are denoted byA ·B
and their magnitudes by||A|| = |A ·A|1/2. The spacetime metric signature is chosen to be
− + ++, so a unit timelike vector (like a 4-velocity) satisfiesu · u = −1.

2. Velocity addition formula

As a warm-up exercise, consider the relativistic velocity addition formula, which involves
only the orthogonal projection operations on the tangent space and so is the same in special
and general relativity. Suppose one has a single time-like world line of a massive test



Relative observer kinematics in general relativity 2551

particle with 4-velocityU , and two families of test observers with 4-velocity vector fields
u andu′. The orthogonal decomposition of each 4-velocity with respect to another defines
the relative velocities and associated gamma factors (relative velocityν(u′, u) of u′ with
respect tou)

U = γ (U , u)[u + ν(U , u)] (2.1a)

U = γ (U , u′)[u′ + ν(U , u′)] (2.1b)

u′ = γ (u′, u)[u + ν(u′, u)] (2.1c)

u = γ (u, u′)[u′ + ν(u, u′)] (2.1d)

where the relative velocities may be expressed in terms of the spatial projection operators
between the various local rest spaces associated with each observer or the test particle (the
orthogonal complement of the 4-velocity), for example

ν(u′, u) = γ (u′, u)−1P(u)u′ (2.2)

whereP(u) is the projection orthogonal tou in each tangent space (spatial projection with
respect tou).

Let P(u, u′) = P(u)P(u′) be the restriction of the orthogonal projection with respect
to u to the subspaceLRSu′ orthogonal tou′ (the local rest space ofu′), an isomorphism
of LRSu′ ontoLRSu which is natural to call a relative projection operator. It is convenient
to also introduce the relative boost mapB(u, u′) which is an isometry acting non-trivially
only on the relative observer plane spanned byu and u′, mappingu′ onto u and LRSu′

onto LRSu (acting as the identity on the orthogonal complement of the relative observer
plane), and satisfying

B(u, u′)ν(u, u′) = γ (u, u′)−1P(u, u′)ν(u, u′) = −ν(u′, u) . (2.3)

Note also that the gamma factor has the expression

γ (u′, u) = γ (u, u′) = [1 − ||ν(u′, u)||2]−1/2 (2.4)

needed below to calculate its derivative in terms of that ofν(u′, u). Figure 1 illustrates
the geometry of the relative observer plane and these various maps, which are more fully
studied elsewhere [2], for the observers with 4-velocitiesu andu′. The appendix reviews
some of this projection and boost algebra.

It is convenient to introduce notation for the triple projection

P(u, u′, u) = P(u, u′)P(u′, u) = P(u)P(u′)P(u) (2.5)

which is an isomorphism of the local rest spaceLRSu onto itself. Its inverse
P(u, u′, u)−1 = Pu(u′, u)−1 in the notation of Jantzenet al [2], defined as an inverse
in the sense

P(u, u′, u)−1P(u, u′, u) = P(u) (2.6)

represents a ‘double Lorentz contraction’ along the direction of relative motion, as figure 1
shows. Two other important projection maps are the projections within a local rest space
of one observer parallel and perpendicular to the direction of relative motion between the
two observers. For example, lettinĝν(u, u′) = ||ν(u, u′)||−1ν(u, u′) be the unit vector
specifying this direction for the second observer, one has forX ∈ LRSu′

P(||)
u′ (u, u′)X = [ν̂(u, u′) · X]ν̂(u, u′)

P(⊥)
u′ (u, u′)X = [P(u′) − P(||)

u′ (u, u′)]X
= −ν̂(u, u′) ×u′ [ν̂(u, u′) ×u′ X]

(2.7)
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Figure 1. The relationship between the various maps on the relative observer plane ofu and
u′, maps which all act as the identity in the 2-plane orthogonal to this plane. The unit vector
ν̂(u′, u) gives the direction of the subspace belonging to the local rest spaceLRSu, while
ν̂(u, u′) does the same forLRSu′ . The relationships between the four vectorsX, Y , Z and
W illustrate the action of the maps in this plane, with the latter three differing from each other
by the explicit gamma factors given in the figure:

P(u′, u)−1X = P(u, u′, u)−1Y = Bu(u′, u)Z = W

B(u′, u)X = Bu(u, u′)Y = Z = B(u, u′)P(u′, u)W

P(u, u′)X = Y = P(u, u′)B(u′, u)Z = P(u, u′, u)W
namely

P(u, u′)X = γ (u′, u)B(u, u′)X = γ (u′, u)2P(u′, u)−1X .

Figure 2. The ‘addition of velocity’ geometry
illustrated for the special case in whichU lies
in the relative observer plane ofu andu′. One
sees from the geometry thatν(U , u) differs
from the boost of the sum of the velocities only
by the factorγ (U , u)−1γ (U , u′)γ (u′, u) =
δ(U , u, u′) which is the relativistic correction
factor. Essentially this same reasoning holds
for the parallel components of the velocities
when U does not lie in the relative observer
plane, while the perpendicular components
differ only by the missing factor ofγ (u′, u)

initially, although this is not immediately
obvious.

whereA ×u′ [B ×u′ C] = [A · C]B − [A · B]C defines the double cross product of three
vectors inLRSu′ .

The ‘addition of velocity’ formula expresses the relative velocity of a test-particle world
line with respect to one observer in terms of the relative velocity with respect to another
observer and the relative velocities of the two observers. Figure 2 illustrates the case in
which one wishes to express the relative velocityν(U , u) of U with respect to the first
observer in terms of the oneν(U , u′) with respect to the second observer, and the relative
velocity ν(u′, u) or ν(u, u′) between the two observers.
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This goal is achieved by substituting (2.1c) in (2.1b) together with the orthogonal
decomposition

ν(U , u′) = −[u · ν(U , u′)]u + P(u, u′)ν(U , u′)
= −γ (u, u′)[{u′ + ν(u, u′)} · ν(U , u′)]u + P(u, u′)ν(U , u′)
= −[γ (u, u′)ν(u, u′) · ν(U , u′)]u + P(u, u′)ν(U , u′) (2.8)

of the second term. Then one collects the terms alongu whose net coefficient defines
γ (U , u) in terms of the other variables

U = γ (U , u′){γ (u′, u)[1 − ν(u, u′) · ν(U , u′)]u + γ (u′, u)ν(u′, u)

+P(u, u′)ν(U , u′)} (2.9)

namely

γ (U , u) = δ(U , u, u′)−1γ (U , u′)γ (u′, u) (2.10)

where

δ(U , u, u′)−1 = γ (U , u′)γ (u, u′)/γ (U , u) = δ(u, U , u′)−1

= 1 − ν(u, u′) · ν(U , u′)
= 1 + ν(u′, u) · B(u, u′)ν(U , u′) (2.11)

and the substitution

−ν(u, u′) · ν(U , u′) = B(u′, u)ν(u′, u) · ν(U , u′)
= ν(u′, u) · B(u, u′)ν(U , u′) (2.12)

has been made (using the isometry properties of the relative boost) to express this delta
factor in terms of the other observer as well. Then the ratio of the remaining orthogonal
terms by the new gamma factor definesν(U , u) in terms of the other variables

ν(U , u) = δ(U , u, u′)[ν(u′, u) + γ (u′, u)−1P(u, u′)ν(U , u′)] . (2.13)

This is the most compact form of the ‘addition of velocities’ law. In the non-relativistic
limit in which the delta and gamma factors go to the value 1 and the three local rest spaces
coincide to lowest order in the relative velocities, it approaches the Newtonian addition law

ν(U , u) → ν(u′, u) + ν(U , u′) . (2.14)

The relativistic law is an additive relationship (to lowest order) since it is a relationship
between quantities on both sides of the equation which are in the same local rest space.
If one boosts this equation, one obtains a subtraction law due to the change in sign of the
relative velocity

B(u′, u)ν(U , u) = δ(U , u, u′)[B(u′, u)ν(u′, u) + γ (u′, u)−1B(u′, u)P(u, u′)ν(U , u′)]
= δ(U , u, u′)[−ν(u, u′) + γ (u′, u)−1B(u′, u)P(u, u′)ν(U , u′)] .

(2.15)

For the component alongν(u′, u) of the second term in the expression for
B(u′, u)ν(U , u), the map γ (u′, u)−1B(u′, u)P(u, u′) reduces to the identity, while
B(u′, u)P(u, u′) itself reduces to the identity for the component orthogonal toν(u′, u),
leading the alternate form

B(u′, u)ν(U , u) = δ(U , u, u′)[−ν(u, u′) + ν(U , u′)
−(γ (u, u′)−1 − 1)ν̂(u, u′) ×u′ {ν̂(u, u′) ×u′ ν(U , u′)}] (2.16)
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expressing the boosted relative velocity in terms of the quantities defined in the local rest
space of the second observer. The ‘usual’ separate parallel and perpendicular formulae are
easily obtained from this via the decomposition (2.7); in a slightly abbreviated notation for
these projection operations, one finds

[B(u′, u)ν(U , u)](||) = δ(U , u, u′){−ν(u, u′) + [ν(U , u′)](||)}
[B(u′, u)ν(U , u)](⊥) = δ(U , u, u′)γ (u, u′)−1[ν(U , u′)](⊥) .

(2.17)

These various formulae involving 4-vectors in spacetime contain the usual orthonormal
frame-component special relativistic results. They continue to hold for a null 4-velocityU
where they describe the aberration of light rays. Certainly one has to become more familiar
with the notation and its properties for this repackaging of familiar formulae to be useful,
but once this point is reached, one is able to deal with much more general situations than
usual and in coordinate-free language. This is particularly important in dealing with the
unfamiliar topic of observer families undergoing general accelerated motion in flat or curved
spacetime.

3. Relative acceleration and spatial gravitational fields

Acceleration involves the spacetime covariant derivative∇ of the 4-velocity. Its orthogonal
decomposition with respect to an observer can be expressed in terms of two spatially
projected operators: a spatial covariant (spatial) derivative∇(u) = P(u)∇ and a spatial
Fermi–Walker (temporal) derivative∇(fw)(u) = P(u)∇u, where the spatial projection is
understood to be applied to all free indices after differentiation of a tensor field to which
the operator is applied. For spatial tensor fields (contraction withu on any index yields
zero), the latter derivative coincides with the spacetime Fermi–Walker derivative alongu.

First consider the relative acceleration of the two families of observers. The acceleration
of each is given by

a(u) = ∇uu = ∇(fw)(u)u . (3.1)

The orthogonal decomposition ofa(u′) with respect tou analogous to the corresponding
decomposition (2.1c)

a(u′) = γ (u′, u)[A(u′, u) · ν(u′, u)u + A(u′, u)] (3.2)

defines its rescaled spatial projectionA(u′, u) ∈ LRSu

A(u′, u) = γ (u′, u)−1P(u, u′)a(u′) (3.3)

which therefore has the same magnitude||A(u′, u)|| = ||a(u′)|| in the special case when
a(u) lies in the relative observer plane, whereγ (u′, u)−1P(u, u′) reduces to the boost
B(u, u′).

Evaluating this in terms of the relative velocity leads to

A(u′, u) = γ (u′, u)−1P(u)a(u′)
= γ (u′, u)−1P(u)∇u′ {γ (u′, u)[u + ν(u′, u)]}
= P(u)∇u′u + γ (u′, u)−1P(u)∇u′ [γ (u′, u)ν(u′, u)] . (3.4)

The second term is the rescaled spatially projected covariant derivative of the relative
momentum per unit mass̃p(u′, u) = γ (u′, u)ν(u′, u). Applying the product rule, one can
re-express this second term in terms of the relative acceleration

γ (u′, u)−1P(u)∇u′ [γ (u′, u)ν(u′, u)] = P(u, u′, u)P(u)∇u′ν(u′, u)

= γ (u′, u)P(u, u′, u)a(fw)(u
′, u) (3.5)
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where the composed projection mapP(u, u′, u) results from the derivative of the gamma
factor [2] and

a(fw)(u
′, u) = γ (u′, u)−1P(u)∇u′ν(u′, u) (3.6)

is the Fermi–Walker relative acceleration ofu′ with respect tou. One therefore has

A(u′, u) = P(u)∇u′u + γ (u′, u)P(u, u′, u)a(fw)(u
′, u) . (3.7)

The first term in this equation can be re-expressed in terms of various quantities as
follows:

P(u)∇u′u = γ (u′, u)P(u)[∇uu + ∇ν(u′,u)u]

= γ (u′, u)[a(u) + ∇(u)ν(u′,u)u]

= γ (u′, u)[a(u) − k(u)ν(u′, u)]

≡ −F̃ (G)

(fw)(u
′, u)

(3.8)

where

−k(u) = ∇(u)u = θ(u) − ω(u) (3.9)

is the spatial covariant derivative ofu itself, equal to the difference of the mixed expansion
and vorticity (rotation) tensors, and a contraction is implied betweenk(u) and ν(u′, u).
The quantity

F̃ (G)

(fw)(u
′, u) = γ (u′, u)[g(u) + H(fw)(u)ν(u′, u)] (3.10)

is the relative spatial gravitational force onu′ with respect tou, involving the gravitoelectric
vector-force fieldg(u) = −a(u) = −∇(fw)(u)u and the gravitomagnetic tensor-force field
H(fw)(u) = k(u) = −∇(u)u of the observeru.

Thus equation (3.7) can finally be written

A(u′, u) = −F̃ (G)

(fw)(u
′, u) + γ (u′, u)P(u, u′, u)a(fw)(u

′, u) (3.11)

which is (6.8) of Jantzenet al [2]. Solving for the relative acceleration yields the next
equation of that paper

a(fw)(u
′, u) = γ (u′, u)−1P(u, u′, u)−1[F̃ (G)

(fw)(u
′, u) + A(u′, u)]

= P(u, u′, u)−1[γ (u′, u)−1A(u′, u) − a(u) + k(u)ν(u′, u)] . (3.12)

This expresses the relative acceleration in terms of the difference of the rescaled projection
of the acceleration and the acceleration of the observer doing the measurement, corrected
by gamma factors related to the difference in proper times and by the spatial covariant
derivative of the observer velocity.

In the special case of a static spacetime, whereu is the direction of a time-like Killing
vector field with k(u) = 0, and purely linear relative acceleration so that all vectors lie
in the relative observer plane where the map [P(u, u′, u)]−1 reduces to multiplication by
γ (u′, u)−2, one recovers the special result of Mishra

a(fw)(u
′, u) = γ (u′, u)−2[γ (u′, u)−1A(u′, u) − a(u)] (3.13)

but expressed in terms of 4-vectors in spacetime rather than scalar quantities. This is
a subtraction definition of relative acceleration, namely as a corrected difference of the
projected acceleration ofu′ and the acceleration ofu, illustrated in figure 3.

The more general result may be reinterpreted in terms of the relative acceleration of
a single test-particle world line, rather than of a second test observer family with respect
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Figure 3. The relative acceleration for the special
case of purely linear relative acceleration when the
acceleration vectors lie in the relative observer plane
of u andu′.

to the first. As expression (3.6) shows, the Fermi–Walker relative acceleration only in-
volves a derivative ofν(u′, u) alongu′, and hence is defined for a single world line with
4-velocityu′, as are the projected accelerationA(u′, u) and the Fermi–Walker spatial grav-
itational force. However, when one restricts the covariant derivative to a derivative along
a single curve, obtaining what is known as the intrinsic or absolute derivative along that
curve, one must use the appropriate symbol for this operator. The spatial projection of this
intrinsic derivative defines the ‘Fermi–Walker total spatial covariant derivative’ along the
world line [2]

P(u)∇u′X = D(fw)(u
′, u)X/dτu′ (3.14)

expressed in terms of the proper time parametrization of this world line, which may be
reparametrized using the definition dτ(u′,u)/dτu′ = γ (u′, u) to yield

γ (u′, u)−1P(u)∇u′X = D(fw)(u
′, u)X/dτ(u′,u) (3.15)

in terms of a parametrization corresponding to the sequence of differential proper times of the
observers (u) along the world line (u′). The Fermi–Walker relative acceleration is therefore

a(fw)(u
′, u) = D(fw)(u

′, u)ν(u′, u)/dτ(u′,u) (3.16)

when expressed in terms of the rescaled spatially projected intrinsic derivative along the
world lines ofu′. Thus for a single test particle with 4-velocityU , the relative acceleration
must be expressed in the form

a(fw)(U , u) = D(fw)(U , u)ν(U , u)/dτ(U ,u) . (3.17)

One can decompose the relative acceleration into longitudinal and transverse components
parallel to and perpendicular to the relative direction of motion, respectively,

a(fw)(U , u) = P(||)
u (U , u)a(fw)(U , u) + P(⊥)

u (U , u)a(fw)(U , u) . (3.18)

The first part describes the linear relative acceleration of the test particle describing the rate
of change of the relative speed as seen by the family of observers, while the second piece is
just the relative centripetal acceleration describing the rate of change of the relative direction
of motion. One can define the motion of a test particle as exhibiting ‘purely linear relative
acceleration’ or ‘purely transverse relative acceleration’ if only the first or, respectively, the
second of these two orthogonal direct-sum components is non-zero. Rindler and Mishra
limit themselves to the first case and Abramowicz and co-workers to the second, both in
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static spacetimes. A good example to keep in mind is the Schwarzschild spacetime in which
these two types of relative motion are exhibited by radial trajectories and by constant-speed
circular orbits, respectively, with respect to the usual static observers.

4. Spatial gravitational force

The interpretation ofF̃ (G)

(fw)(U , u), as a spatial gravitational force per unit mass on the test
particle with 4-velocityU as seen by the observer family with 4-velocityu and the choice
of the quantityA(U , u) for the projected acceleration quantity, follows straightforwardly
from the space-plus-time splitting of the equation of motion for a test particle

a(U ) = f̃(U ) (4.1)

wheref̃(U ) is the 4-force per unit mass on the test particle. Splitting this force in the same
way as the acceleration

f̃(U ) = γ (U , u)[F̃ (U , u) · ν(U , u)u + F̃ (U , u)] (4.2)

the spatial projection of the equation of motion is equivalent to

A(U , u) = F̃ (U , u) . (4.3)

Expressing the projected acceleration in terms of the relative momentum (per unit mass)
p̃(U , u) = γ (U , u)ν(U , u) as in (3.4), and using the results below that equation, leads to

D(fw)(U , u)p̃(U , u)/dτ(U ,u) = F̃ (G)

(fw)(U , u) + F̃ (U , u) . (4.4)

For a Minkowski spacetime in whichu is an inertial observer with an associated inertial
time coordinatet , t itself acts as the parameterτ(U ,u) on the test world line, the spatial
gravitational force is zero, and this Fermi–Walker total spatial covariant derivative reduces
to the ordinary time derivative when this equation is expressed in terms of inertial coordinate
components.

In a general spacetime, or for a general family of test observers in a flat spacetime,
other temporal derivatives besides the one linked to Fermi–Walker transport are important,
the Lie derivative being the obvious one, but having the disadvantage of not respecting
inner products when the metric is not invariant under the Lie transport. A compromise
between the Fermi–Walker and Lie derivative which does not have this defect is the co-
rotating Fermi–Walker derivative, the derivative next most closely associated with coordinate
representations of the observer splitting and preserving inner products, and is especially
relevant in the case of stationary spacetimes where it agrees with the corresponding
Lie derivative for stationary observer families. Using adapted coordinates, the spatial
gravitational-force fields associated with the Lie derivative may be expressed in terms of
a scalar and spatial vector potential as in electromagnetism. These issues are discussed in
detail elsewhere [2].

The important point to emphasize is that relative spatial gravitational forces and
accelerations require a family of test observers to define. They both involve the spatially
projected covariant derivative of the observer family 4-velocity vector field along the test
particle world line. The relative motion of each test-particle world line is governed by the
sheaf of test-observer world lines which intersect the former’s world line, corresponding to
a path in the quotient space of the spacetime by the observer-family world lines.
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5. ‘Acceleration addition formula’

One can next ask how the relative accelerations of a single test-particle world line (U ) with
respect to two different families of test observers (u andu′) are related to each other. This
is the relativistic ‘acceleration addition formula’ which is derived for the case of special
relativity in the problem book of Lightmanet al [12]. It is really a transformation law for
relative acceleration, named for the non-relativistic limit where it reduces to an additive
law.

By substituting the expression forA(U , u) in terms ofA(U , u′)

A(U , u) = γ (U , u)−1P(u, U )a(U )

= γ (U , u)−1P(u, U )[γ (U , u′)P(u′, u)−1A(U , u′)] (5.1)

into (3.12) fora(fw)(U , u)

a(fw)(U , u) = γ (U , u)−1P(u, U , u)−1[F̃ (G)

(fw)(U , u) + A(U , u)] (5.2)

and then in turn substituting expression (3.11) forA(U , u′)

A(U , u′) = −F̃ (G)

(fw)(U , u′) + γ (U , u′)P(u′, U , u′)a(fw)(U , u′) (5.3)

one obtains

a(fw)(U , u) = γ (U , u)−2P(u, U , u)−1[γ (U , u)F̃ (G)

(fw)(U , u)

−γ (U , u′)P(u, U )P(u′, U )−1F̃ (G)

(fw)(U , u′)

+γ (U , u′)2P(u, U , u′)a(fw)(U , u′)] . (5.4)

This is the expression for the transformation of the relative acceleration between the
two observers. Since the first term in each spatial gravitational force is minus the observer
acceleration times the gamma factor, one sees that apart from the additional gravitomagnetic
terms and the projection maps necessary because of the different local rest spaces involved,
the general structure of this relationship is that gamma-squared times the relative acceleration
with respect to the first observer equals the same expression in terms of the second observer
plus the difference of gamma squared times the actual acceleration of the second observer
and the same expression for the first observer. Note that the gamma squared factor enters
since it is this factor which enters the conversion of the various second-time derivatives of
position to the second derivatives with respect to the test-particle proper time, where they
can then be compared to each other. In the non-relativistic limit in which terms involving
relative velocities can be neglected in this equation, this just reduces to the simple Newtonian
‘addition theorem’

a(fw)(U , u) → a(fw)(U , u′) + a(u′) − a(u)

→ a(fw)(U , u′) + a(fw)(u
′, u) .

(5.5)

6. Special relativistic limit

In the case of (globally) inertial observer families in Minkowski space, the observer 4-
velocities are covariant constant so the spatial gravitational-force terms vanish, leaving
behind the simpler result

a(fw)(U , u) = γ (U , u)−2γ (U , u′)2P(u, U , u)−1P(u, U , u′)a(fw)(U , u′) . (6.1)
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Table 1. Composed relative projection maps re-expressed in terms of the basic projections and
represented in terms of the equivalent mixed tensor.

Map Equivalent mixed tensor

P(u, U , u) P(u) + γ (U , u)2ν(U , u) ⊗ ν(U , u)[

P(u, U , u)−1 P(u) − ν(U , u) ⊗ ν(U , u)[

P(u, U , u′) P(u, u′) + γ (U , u)γ (U , u′)ν(U , u) ⊗ ν(U , u′)[
P(u, U , u′)−1 P(u′, u) + γ (u, u′)[(ν(u, u′) − ν(U , u′)) ⊗ ν(U , u)[

+ ν(U , u′) ⊗ ν(u′, u)[]
P(U , u)−1P(U , u′) P(u, u′) + γ (u, u′)ν(U , u) ⊗ ν(u, u′)[
P(u′, u)P(U , u)−1P(U , u′) P(u′) + δ(U , u, u′)ν(U , u′) ⊗ ν(u, u′)[
P(u′, u)P(u′, U , u)−1 P(u′) + δ(U , u, u′)ν(U , u′) ⊗ [ν(u, u′) − ν(U , u′)][
P(u′, u)P(u, U , u)−1 P(u′, u) − γ (u, u′)−1δ(U , u, u′)ν(U , u′) ⊗ ν(U , u)[

+ γ (u, u′)ν(u, u′) ⊗ ν(U , u)[

P(u′, u)P(u, U , u)−1P(u, u′) P(u′) + δ(U , u, u′)[ν(U , u′) ⊗ ν(u, u′)[ + ν(u, u′) ⊗ ν(U , u′)[]
− γ (u, u′)−2δ(U , u, u′)2ν(U , u′) ⊗ ν(U , u′)[

To express this in a recognizable form, one first needs to project this equation so that the
right-hand side refers to quantities in only one of the two local rest spaces, say that of the
second observer (u′)

P(u′, u)a(fw)(U , u) = γ (U , u)−2γ (U , u′)2

×P(u′, u)P(u, U , u)−1P(u, U , u′)a(fw)(U , u′) . (6.2)

The appendix explains how to evaluate the various composed projection maps which arise
in this analysis. Using a result from table 1 and using (2.10) to expressγ (U , u) in terms
of the other gamma factors one finds

P(u′, u)a(fw)(U , u) = γ (u, u′)−2δ(U , u, u′)2

×{a(fw)(U , u′) + δ(U , u, u′)[a(fw)(U , u′) · ν(u, u′)]ν(U , u′)} . (6.3)

Although this is perhaps the simplest three-plus-one form of the result, for comparison
with the orthonormal frame component formulae, one must re-express this in terms of the
relative observer boost between the two observer rest spaces. Using (A.3) one finds the
preliminary result

B(u′, u)a(fw)(U , u) = −ν̂(u, u′) × [ν̂(u, u′) × P(u′, u)a(fw)(U , u)]

+γ (u, u′)−1ν̂(u, u′)[ν̂(u, u′) · P(u′, u)a(fw)(U , u)] (6.4)

which just expresses the geometry of figure 1.
Inserting (6.3) into this boost relation and using the identity 1+ δ(U , u, u′)ν(u, u′) ·

ν(U , u′) = δ(U , u, u′) leads to the result

B(u′, u)a(fw)(U , u) = γ (u, u′)−3δ(U , u, u′)3[a(fw)(U , u′) · ν̂(u, u′)]ν̂(u, u′)
+γ (u, u′)−2δ(U , u, u′)3ν̂(u, u′)
×u′ [{||ν(u, u′)||ν(U , u′) − ν̂(u, u′)} ×u′ a(fw)(U , u′)] . (6.5)

For a direct comparison with known results, one must decompose this single formula
into its components parallel and perpendicular to the direction of relative motion of the
observers. For example, in the second observer local rest space these projections are (using
a slightly abbreviated notation for the projections (2.7) of the relative acceleration)

a
(||)
(fw)(U , u′) = [a(fw)(U , u′) · ν̂(u, u′)]ν̂(u, u′)

a(⊥)

(fw)(U , u′) = −ν̂(u, u′) ×u′ [ν̂(u, u′) ×u′ a(fw)(U , u′)] .
(6.6)
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The above result then immediately takes the following form analogous to (2.17) with similar
abbreviations for the projections:

[B(u′, u)a(fw)(U , u)](||) = γ (u, u′)−3δ(U , u, u′)3a
(||)
(fw)(U , u′)

[B(u′, u)a(fw)(U , u)](⊥) = γ (u, u′)−2δ(U , u, u′)3

×{a(⊥)

(fw)(U , u′) + ν(u, u′) ×u′ [ν(U , u′) ×u′ a(fw)(U , u′)]} .

(6.7)

This is the result of problem (1.16) of Lightmanet al [12], if expressed in terms of
components with respect to adapted orthonormal frames.

7. Splitting the general result

To split the transformation formula in the general case, first use (5.3) to recombine the two
terms containingF̃ (G)

(fw)(U , u′) anda(fw)(U , u′) in (5.4) as follows:

a(fw)(U , u) = γ (U , u)−2γ (U , u′)2P(u, U , u)−1P(u, U , u′)

[γ (U , u′)−2γ (U , u)P(u, U , u′)−1F̃ (G)

(fw)(U , u)

+P(u′, U , u′)−1γ (U , u′)−1A(U , u′)] (7.1)

which is just (6.1) with the substitution

a(fw)(U , u′) → γ (U , u′)−2γ (U , u)P(u, U , u′)−1F̃ (G)

(fw)(U , u)

+P(u′, U , u′)−1γ (U , u′)−1A(U , u′) . (7.2)

All the subsequent special relativistic results can then be extended to the general case by
making this substitution.

This last expression can be evaluated explicitly using the projector operator formulae
in table 1, but the result is not very enlightening so it will not be given here. One can also
expressF̃ (G)

(fw)(U , u) in terms of quantities which are spatial with respect tou′ using the
transformation equation for the spatial gravitational force

γ (U , u)−1P(u, u′)−1F̃ (G)

(fw)(U , u) = δ(U , u, u′)[γ (U , u′)−1F̃ (G)

(fw)(U , u′)]

−γ (u, u′){ν(u, u′) · F̃ (G)

(fw)(u, u′)}ν(u, u′) − γ (u, u′)2a(fw)(u, u′)

−γ (u, u′)P(u, u′)−1∇(u)ν(U ,u)ν(u, u′) (7.3)

which can be derived using (8.1) of Jantzenet al [2].

8. Purely linear accelerated relative motion

Consider the case of purely linear relative accelerated motion in a static spacetime with
additional symmetry in which bothu andu′ are distinct normalized Killing vector fields.
Then k(u) = k(u′) = 0 (vanishing expansion and rotation tensors) and all velocities and
accelerations lie in the relative observer plane of the two families of test observers. Within
this relative observer plane, as figure 1 shows, a relative projection between two local rest
spaces is just the corresponding gamma factor times the corresponding relative boost. For
example,P(u, U )a(U ) = γ (U , u)B(u, U )a(U ), so for this special case (3.3) becomes
A(U , u) = B(u, U )a(U ). Another obvious consequence is that between local rest spaces
in this relative observer plane,P(u′, U , u) is equivalent toγ (u′, u)γ (U , u)B(u′, u) due to
the group property of boosts along a common direction, and similarlyP(U , u)−1P(U , u′)
is equivalent toγ (U , u)−1γ (U , u′)B(u, u′), as shown in figure 2.
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Let B(u′′, u)ν̂(u′, u) be the unit basis vector along the direction of motion within
each local rest spaceLRSu′′ , in terms of which any vectorX(u′′) along the direction of
motion in that space can be reduced to a scalar (a ‘physical component’) byX(u′′) =
X̄(u′′)B(u′′, u)ν̂(u′, u). Using this abbreviated scalar notation, (3.12) collapses to

ā(fw)(U , u) = γ (U , u)−3[−γ (U , u)ā(u) + ā(U )] (8.1)

which with three pairs of different arguments yields equation (12) of Mishra [3]. Similarly
(5.4) collapses to

ā(fw)(U , u) = −γ (U , u)−2ā(u) + γ (U , u)−3γ (U , u′)ā(u′)
+γ (U , u)−3γ (U , u′)3ā(fw)(U , u′) (8.2)

or solving (8.1) forā(U ) and letting(U , u) → (u, u′) and then substituting this result for
ā(u) in the previous equation, one finds the alternative relation

ā(fw)(U , u) = −γ (U , u)−2γ (u, u′)3ā(fw)(u, u′) + γ (U , u)−3γ (U , u′)3ā(fw)(U , u′)
+γ (U , u)−2γ (u, u′)[−1 + γ (U , u)−1γ (u, u′)−1γ (U , u′)]ā(u′) . (8.3)

Usingγ (U , u) = γ (U , u′)γ (u, u′)δ(U , u, u′)−1 to eliminateγ (U , u) in this last relation
leads to

ā(fw)(U , u) = −γ (U , u′)−2γ (u, u′)δ(U , u, u′)3ā(fw)(u, u′)
+γ (u′, u)−3δ(U , u, u′)3ā(fw)(U , u′)
+γ (U , u′)−2γ (u, u′)−1δ(U , u, u′)−1[−1 + γ (u, u′)−2δ(U , u, u′)]ā(u′)

(8.4)

which is the corrected version of equation (13) of Mishra which suffered from an obvious
typographical error, and lead to the simple additive non-relativistic limit (5.5).

The ‘non-reciprocity’ of linear relative acceleration, which motivated the work of Rindler
and Mishra [3, 4], follows directly from the relations

ā(fw)(u
′, u) = γ (u′, u)−2[−ā(u) + γ (u′, u)−1ā(u′)]

ā(fw)(u, u′) = −γ (u′, u)−2[−γ (u′, u)−1ā(u) + ā(u′)] .
(8.5)

They fail to be related to each other by a simple sign change due to the additional factor
of γ (u′, u)−1 inside the square brackets which arises exactly from the additional gamma
factor of the inverse projection relative to the boost in figure 3. On the other hand, the
relative velocities are related to each other by a boost and sign change which preserves their
magnitudes, leading to the so called ‘reciprocity of relative velocity’.

9. Concluding remarks

None of the calculations that have been done here are inherently difficult. However,
simple ideas put together in simple ways lead to complicated looking results, and the
algebra of the manipulations required to evaluate them, although straightforward, requires
an efficient notation to allow it to be handled successfully. The abstraction away from
explicit coordinate systems is also essential, since they are irrelevant and only serve as
obstacles to the above manipulations. It then becomes important to understand how these
abstract observer measurement results relate to actual coordinate systems, which is also a
key step forward beyond the typical older-style coordinate-type computations which obscure
the meaning of the quantities being dealt with. Our connection with spacetime is essentially
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always seen through the eyes of some observer, so it is only natural when using space-
plus-time splittings to interpret spacetime so that we should not lose sight of the observers
associated with the splitting and what they measure.

Perhaps one conclusion one can draw from relativistic dynamics is that the relative
acceleration is not as important as the rate of change of relative momentum, which instead
is the key quantity appearing in the relativistic equation of motion. Thus having a relativistic
addition of acceleration law is not in itself as important a question as some others one might
investigate. However, it does serve as a very useful example of the powerful methods
of dealing with the various space-time-splitting techniques that are scattered throughout
the literature but which until recently have not shared a common language that permits
interrelationships to be explored. We hope that this example may lead to an increased
awareness of this unifying foundation.
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Appendix. Local rest space maps

The relationship between two observers at an event in spacetime is described in terms of
two 2 + 1 + 1 orthogonal splittings of the tangent space which result from first splitting
it into the local time direction and local rest space, and then the latter into the direction
of relative motion and its orthogonal complement. The pair of such splittings involve two
orthogonal 1+ 1 decompositions of the relative observer plane spanned byu andu′, and a
common orthogonal two-dimensional subspaceLRSu ∩ LRSu′ . These decompositions are
all accomplished by projection operators.

A map of the tangent space into itself may be identified with a
(1

1

)
-tensor which acts

on tangent vectors by contraction with its covariant index. For exampleT(u) = −u ⊗ u[,
whereu[ is the covariant form of the vectoru (index lowered by the metric), is the projector
along u, andP(u) = Id − T(u), whereId is the identity tensor (Kronecker delta), is the
projection into the local rest spaceLRSu

T(u)X = −u[u · X]

P(u)X = X + u[u · X]

X = T(u)X + P(u)X .

(A.1)

Here for simplicity the symbol for a map acting on a vector is the same as the symbol for
the corresponding tensor. These projections may be extended to any tensor in the usual
way. Spatial tensors are those for which the temporal projection on any index is zero.

The subsequent orthogonal decomposition of each of the two local rest spaces with
respect to the direction of relative motion is accomplished similarly as shown in (2.7).
Using the notation

P(u, u′, U , . . . ,u′, v) = P(u)P(u′)P(U ) · · · P(U ′)P(v)

= P(u, u′)P(u′, U ) · · · P(U ′, v) (A.2)

one can describe relationships between the local rest spaces of multiple observers in terms
of successive relative projection mapsP(u, u′) or the corresponding relative boost maps
restricted to the local rest spacesB(lrs)(u, u′) = P(u)B(u, u′)P(u′).
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For example, the boostB(lrs)(u
′, u) between the two local rest spaces contracts lengths

along the direction of motion by a gamma factor (relative to the corresponding projection)
and acts as the identity in the orthogonal directions. IfX ∈ LRSu then recalling (2.7) one
can write

B(lrs)(u
′, u)X = [P(⊥)

u′ (u′, u) + γ (u′, u)−1P(||)
u′ (u′, u)]P(u′, u)X

= −ν̂(u, u′) × [ν̂(u, u′) × P(u′, u)X]

+ γ (u′, u)−1ν̂(u, u′)[ν̂(u, u′) · P(u′, u)X]

= P(u′, u)X + γ (U , u′)/[γ (u, u′) + 1]

× ν(u, u′)[ν(u, u′) · P(u′, u)X]

≡ Bu′(u, u′)P(u′, u)X (A.3)

using the identity||ν||−2[γ −1 − 1] = γ /[γ + 1] and having introduced the naturally arising
mapBu′(u, u′) = B(u, u′)P(u′, u)−1.

In a similar way one may evaluate any of the composed projections which arise in the
relative kinematics manipulations. Table 1 lists those which are relevant to the relative
acceleration transformation question, giving the mixed tensor which corresponds to each
map. Since the map and tensor have been given the same symbol for simplicity, one must
remember thatν ⊗ ν[ acting onX by contraction yieldsν (ν · X), sinceν[ contracted
with X equals the inner product ofν with X.

References

[1] Landau I D and Lifshitz E M 1983The Classical Theory of Fields(Oxford: Pergamon)
[2] Jantzen R T, Carini P and Bini D 1992Ann. Phys., NY215 1
[3] Mishra L 1994Class. Quantum Grav.11 L97
[4] Rindler W and Mishra L 1993Phys. Lett.173A 105
[5] Abramowicz M A, Carter B and Lasota J P 1988Gen. Rel. Grav.20 1173
[6] Abramowicz M A and Prasanna A R 1990Mon. Not. R. Astron. Soc.245 720
[7] Abramowicz M A 1990 Mon. Not. R. Astron. Soc.245 733
[8] Abramowicz M A 19901989 Summer School in High Energy Physics and Cosmologyed J C Pati, S Randjbar-

Daemi, E Sezgin and Q Shafi (Singapore: World Scientific) p 586
[9] Carini P, Bini D and Jantzen R T 1995Preprint

[10] Abramowicz M A, Nurowski P and Wex N 1993Class. Quantum Grav.10 L183; 1995Class. Quantum
Grav. 12 1467

[11] Abramowicz M A 1993 The Renaissance of General Relativityed G F REllis, A Lanza and J C Miller
(Cambridge: Cambridge University Press)

[12] Lightman A P, Press W H, Price R H and Teukolsky S A 1975 Problem Book In General Relativity and
Gravitation (Princeton, NJ: Princeton University Press) p 7


