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Abstract

In this paper, we consider two ways to generalize the mathemat-
ical expectation of a random variable, the Choquet expectation and
Peng’s g—expectation. An open question has been, for what class
of expectation do these two definitions coincide? In this paper, we
provide a necessary and sufficient condition which proves that the
only expectation which lies in both classes is the traditional lin-
ear expectation. This settles another open question about whether
Choquet expectation may be used to obtain Monte Carlo-like so-
lution of nonlinear PDE: It cannot, except for some very special
cases.
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1 Introduction

The concept of expectation is clearly very important in probability theory. Expec-
tation is usually defined via

E¢ = /_O; xdF(x)

where F'(z) := P(§ < x) is the distribution of random variable £ with respect to the
probability measure P. Alternatively, the expectation E{ can be written as

B¢ = / §>t—1dt+/+oo (€ > t)dt (0.1)

which implies the relation between mathematical expectation and probability mea-
sure. One of properties of mathematical expectation is its linearity, that is: for given
random variables £ and 7

E(§+n) = E¢+ En. (0.2)
Which is equivalent to the additivity of probability measure, i.e.

P(A+ B)=P(A)+ P(B), if AnB=04. (0.3)

From this viewpoint, we sometimes call mathematical expectation (resp. probability
measure) linear mathematical expectation (resp. linear probability measure). It is
easy to define conditional expectation using the additivity of mathematical expec-
tations, that is the conditional expectation ) of a random variable £ under a given
o—field F is a F-measurable random variable such that

E&ly = Enly, VAe F. (0.4)

It is well known that linear mathematical expectation is a powerful tool for scientists
to deal with stochastic phenomena. However, scientists also find that there are
many uncertain phenomena which are not easily modelled using linear mathematical
expectations. Economists have found that linear mathematical expectations result
in the Allais paradox and the Ellsberg paradox, see Allais (1953) and Ellsberg (1961);
Physicists find some uncertain phenomena in physics cannot be well explained by
linear mathematical expectations, see Feynman (1963). How to deal with uncertain
phenomena which cannot be well explained by linear mathematical expectations?
Some scientists try to use non-linear mathematical expectations. A natural question
is: How to define non-linear mathematical expectations? Choquet (1953) extended
the probability measure P in (0.1) to a nonlinear probability measure V' (also called
the capacity) and obtained the following definition C'(§) of nonlinear mathematical
expectations (called the Choquet expectation):

0@ = [ Wiezn-na+ [ viEe=na

—00
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Because V' no longer has property (0.3), the above Choquet expectation C(§)
usually no longer has property (0.2).

Choquet expectations have many applications in statistics, economics, finance
and physics. Unfortunately, scientists also find that it is difficult to define conditional
Choquet expectation in term of Choquet expectations. Many papers study Choquet
expectation and its applications see for example Anger (1977); Dellacherie (1970);
Dow (1994); Graf (1980); Sarin and Wakker (1998); Schmeidler (1989); Wakker
(2001); Wasserman (1990) and their references therein. Peng (1997,1999) introduced
a kind of nonlinear expectation (he calls it the g-expectation) via a kind of nonlinear
backward stochastic differential equation (BSDE for short). One of characteristics
of g-expectations is that using g-expectations, it is easy to define conditional expec-
tations in the same way as in (0.4). The application of g-expectations in economics
can be found in Chen and Epstein (2002). A open question raised by Peng is: What
is the relation between Choquet expectation and Pens’s g—expectation? Does there
exist a capacity such that g-expectation can be represented by a Choquet expecta-
tion? An earlier work by Chen and Sulem (2001) shows that the answer is yes for
certain special random variables. In this paper we shall further study this question
and obtain a necessary and sufficient condition for this open question. This settles
another open question about whether Choquet expectation may be used to obtain
Monte-Carlo-like solution of nonlinear PDE: It cannot, except for some very special
cases.

2 Notations and Lemmas

In this section we shall briefly introduce the concepts of Choquet expectation and
g-expectation. For convenience we include some related lemmas that we shall use
in this paper for reader’s.

Capacity and Choquet expectation: We now introduce briefly the concepts
of capacity and Choquet expectation.

DEFINITION 1 (1) Random wvariables & and n are called comonotonic if
[§(w) —&(w

(2) (Comonotonic Additivity) A real functional F on L*(Q, F, P) is called

comonotonic additive if

Nnw) —nw)] =0,  VYw,u €.

F(+n) =F()+ F(n) whenever & and n are comonotonic.

(3) A set function V : F — [0,1] is called a capacity if
(1) V(0) =0,V(Q2) =1,
(1)) VA C B, V(A)<V(B).
(i11) A, T A, V(A,) TV(A),n — oc.
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(4) Let V be a capacity and & € L*(Q, F, P),denote C(€) by

C(e) = /OOO(V(f 1) - Dde+ [ V(Ez

We call C(&) the Choquet expectation of & with respect to capacity V.

Dellacherie (1970) showed that comonotonic additivity is a necessary condition
for a functional to be represented by a Choquet expectation.

BSDEs and g-expectation: Let (2, F,P) be a probability space with filtration
(Fs)s>0, (Ws)s>0 be a standard d-Brownian motion. For ease of exposition, we
assume d = 1. The results of this paper can be easily extended to the case d > 1.
Suppose that (Fy) is the o-filtration generated by (Wj)s>o, i.e.

Fs=o0{W,;0 <r <s}.
Let T >0, Fp = Fand g = ¢(y, 2,t) : RxR¥x [0, T] — R be a function satisfying
(H.1) V(y, 2) € R x R?, ¢(y, 2, 1) is continuous in ¢ and fOT g%(0,0,t)dt < oo;

(H.2) g is uniformly Lipschitz continuous in (y, z), i.e. there exists a constant C' > 0
such that vy??// € Ra 2 7€ Rda |g(y7 Z>t) - g(yl7 Z/vt)| < O(|y - y/| + |Z o Z/|)u

(H.3) g(y,0,t) = 0,V(y,t) € R x [0,T].
Let M(0,T,R") be the set of all R"-valued, F;,—adapted processes {v;} with

T
E/ lvg|2dt < o0;
0

For each t € [0,T], let L*(Q,F;, P) be the set of all F;— measurable random
variables.

Pardoux and Peng (1990) considered the following backward stochastic differential
equation:

T T
y=E+ / 9(Ys, 25, 5)ds — / 2dW, (1)

and showed the following result:

LEMMA 1 Suppose that g satisfies (H.1),(H.2) and (H.3) and & € L2(Q, F,P).
Then BSDE (1) has a unique solution (y,z) € M(0,T; R) x M(0,T; R%).

Using the solution of BSDE (1), Peng (1997) introduced the concept of g-
expectation via BSDE (1).

DEFINITION 2 Suppose g satisfies (H.1)(H.2) and (H.3), given & € L2(Q, F, P),
let (y, z) be the solution of BSDE(1), we denote Peng’s g-expectation of & by E,[¢]
and define it

gg[ﬂ = Yo
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From the definition of g-expectation, Peng (1997) introduced the concept of
conditional g-expectation:

LEMMA 2 For any € € L%(Q, F, P), there exists unique n € L*(Q0, F, P) such that
EJLal] = & lLan], VAe F,

we call n the conditional g—expectation of & and write n as E;[&|Fi]. Moreover,
E E|Fi] is the value of the solution {y.} of BSDE (1) at time t. That is

gg[ﬂft] = Y-

g—expectation £,[.] preserves many of properties of the classical mathematical
expectations, although it does not preserve linearity, see Peng (1997) and Briand
et.al.(2000) for details, for example:

LEMMA 3 (1) If ¢ is a constant, then Eylel =¢;

(2) If & > &, then E,[&1] > &,[&);

(3) EG[EIEIFH]] = &l&];

(4) If € is Fy—measurable, then E;[&|F] =&

(5) If g(y, 2, t) is deterministic and £ is independent of F, then E;[&|F| = &,[¢].
From the definition of g—expectation, it is natural to define g—probability:

DEFINITION 3 For given A € F, denote P,(A) by
Fy(A) = &l14],

we call Py(A) the g—probability of A. Obviously, Py(-) is a capacity.

To simplify notation, we sometimes rewrite g-expectation &-], conditional g-
expectation E,[-|Fy] and g-probability Py(-) as E,[.], .| Fi), Pu(.),respectively, if g(t, z) =
e

REMARK 1 (1) g-expectation and conditional g-expectation depend on the choice
of the function g, if g is nonlinear, then g-expectation is usually also nonlinear.

(2) If g = 0, set conditional expectation E[-|F;| on the both sides of BSDE (1), then
y = E[E|F) = E[E|F], yo = &€] = E[€], which implies another explanation
for mathematical expectation: Conditional mathematical expectations actually
are the solution of a simple BSDE and mathematical expectation is the value
of this solution at time t = 0.

The following is an example of g-expectations:
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EXAMPLE 1 If ¢ € L3(Q, F, P) and g(y, z,t) = p|z|, where p = {u} is a contin-
uous function on [0,T)], then

(i) g-expectation &,[¢] :

Eg, p=0;
Eul€] = infgep Egle], n<0;
supgep Lgl€], 1> 0.

(ii) Conditional g-expectation:

EulélF] = { essinfoep EQ[¢|F], p<O;
esssupgep Eglé|F], p>0.

(iii) g-probability (capacity): VA € F,

P(A)v p=0;
Pu(A) = { iner Q(A), w < 0;

Suer’P Q(A)a > 07

1

v T T
where P := {Q” D990 o fo esPPdst [y W | < |jel, ae. t € [O,T]}.

dP

The following are two key lemmas that we shall use in the next section:
Lemma 4 is from Briand et.al.(2000). We rewrite it in the following form. Lemma
5 is from Peng (1997):

LEMMA 4 Suppose {X:} is of the following process:
dXt = atdt + btdBt

where a and b are two continuous, bounded adapted processes. Then

W &l X F] — EX,

s—t s —t

= g(ata bta t)?
where the limit is in the sense of L*(Q, F;, P).

LEMMA 5 If g is convez (resp. concave) in (y, z), then for any &,n € L*(Q, F, P),

EE+nF] < (resp. 2) EE|F] +EMIF],  te0,T].
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3 Main Result

The main result in this paper is the following Theorem:

THEOREM 1 Suppose that g satisfies (H.1),(H.2) and (H.3), then the necessary
and sufficient condition for E,[£] to be represented by a Choquet expectation for any
£ € L*(Q,F,P) is that g be linear in z, i.e. there exists a continuous function v(t)
such that

g(y,z,t) = v(t)z.

The strategy of the proof is the following. First, we shall show that if &[] can
be represented by a Choquet expectation for all random variables with the form
y + zWrp, then g is of the form g(y, z,t) = p|z| + vz. Second, we further show if
g—expectation can be represented by a Choquet expectation for all random variables
with the form Ijy,>1 and Ijj<w,.<1), then p; = 0.

Lemma 6 is the first step. The first part of Lemma 6 shows the uniqueness of
capacity:

LEMMA 6 If there exists a capacity V' such that E;[¢] can be represented by a Cho-
quet expectation for any & € L*(Q, F, P), then

(1) V(A) = P,(A), VAeF;

(i1) There exist two continuous functions u:, v(t) on [0,T] such that g is of the
form:

g(y,Z,t) = :u7f|z| + V(t)Z

PROOF. The Proof of (1): Let C'(€) be the Choquet expectation of £ with respect
to V, if
&€l = C(8),¥¢ € L*(Q, F, P),

particularly, for any A € F, let us choose £ = I, thus £[1a] = C(I14), but by the
definition of Choquet expectation, C(14) = V(A) and P,(A) = &,[I4] completing
the proof of (i).

The Proof of (ii): If £[-] can be represented by a Choquet expectation, by Del-
lacherie’s Theorem in Dellacherie (1970), then &[-] is comonotonic additive, that
is

E e+ =&E] + &nl, whenever £ and 7 are comonotonic. (2)

Choosing constants (yi,21,1),(y2, 22,) € R? x [0,T] such that 2,2z, > 0. For any
T € [t,T], denote & = y1 + z1(W, — W,) and 0 = yo + 2o(W, — W}).

It is easy to check that & and n are comonotonic and independent of F;. Note
that ¢ is deterministic and y; and z; (i = 1,2) are constants. Applying Lemma 3(5),

ElEIF) = &lel, EnlF] = Elnl,  ElE +nlF] = &lE + 1],
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this with (2) implies

Els +nl] = EIE +nlF] _ &7 = ElElF] | ElnlFA] = ElnlA] (3)

T—1 T—1 T—1

Let 7 — ¢ on the both sides of (3), by Lemma 4, we obtain

9 + Y2, 21 + 20,t) = gy, 21, 1) + 9(y2, 22,1), V2120 > 0, y1,92 € R, (4)

which implies that g is linear with respect to y in R and z in R, (or R_).
Thus, for any (y, z,t) € R?x [0, T], note that g(y,0,t) = 0 in (H.3) and applying
Equality(4)

gy, z,t) = g y+0,z1[220]+zl[2§0],t>
= g y,zl[zzo},t) +9 (0, Z][ZSO},t)
= g(y+0,0+2l50,t) + g (0, —(—2)I1.<q )
= 9(.0.t)+ g (0, 2Izz0,t) + g (0, —(—2) 120, 1)
(0,1,8)20 .0 — g(0, =1, ) 211.<q
(0,1,8)z% + g(0, —1,¢)(—2)"
(

g
= 9
9(0, LG + (0, —1, =
g(Olt)+2g(0 1t)| |+ 8 O,l,t)f2g(0,71,t)z.
The second equality is because of 21[.>q] - 2I.<g) = 0. Where 2zt = max{z, 0}.
Set puy 1= w and v(t) := w to complete the proof.
Next, we shall show that p; = 0 for ¢ € [0,T]. We need the following lemmas.

Lemma 7 is a special case of the Comonotonic Theorem in Chen et.al. (2001):

LEMMA 7 Suppose ® is a function such that ®(Wr) € L*(Q, F, P). Let (y:, z) be
the solution of

T T
Y = (Wr) + /t ]2 ds — /t 2odW, (5)
where i is a continuous function on [0,T].
(1) If ® is increasing, then z, > 0, a.e. t € [0,T7;

(i1) If ® is decreasing, then z <0, a.e. t € [0,T].

PROOF: For the reader’s convenience, we sketch the proof.

For € > 0, let g.(z,t) = w22 + ¢, then g is a smooth C?—function and g —
welz| as e — 0.

Let {ys", 25"} g<s<r be the solution of the BSDE:

S

T T
:QD(WT—Wt—l—x)—i-/ e z?—l—edr—/ 2 dW,, 0<s<T,
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and {y;*, 25"} g<.<p e the solution of the BSDE:

T T
ys:qD(WT—Wt—l—JJ)—i—/ /Lr|zr|dr—/ 5dW,, 0<s<T.

By the convergence theorem of BSDE, see Proposition 2.1 in El. Karouni et.al.
(1997),

et.x _et,x t.x tx
by 2«37 } _>{ ’ Z:
{ys ) S (OSSST) ys ) S

in the sense of M(0,T;R) x M(0,T; R%).

Moreover, if we choose z = 0, t = 0 in {y5*, 257} | then {y%°, 220} is the solution
of BSDE (5). Thus if we can show for each t € [0,T], 25" > 0, a.e. s € [0,T], by
the convergence theorem of BSDE in El. Karouni et.al. (1997), we have 2/ > 0,
thus z; = 2270 > 0.

Without loss of generality, we assume that ® is a smooth C?—function, otherwise,
we can choose a sequence of smooth C?—functions ®, such that &, — ®, as € — 0.

Let u(t,z) = y{"", by the general Feynman-Kac formula, see Proposition 4.3 in

El. Karouni et.al. (1997) or Ma et.al. (1994), u. is the solution of PDE:

} , ase—0
(0<s<T)

B+ 30+ ge(2,) =0
ue(T,z) = ¢(z),0 <t <T.

Moreover,

et au6(87 WS B VVt)
s ox
On the other hand, by the comparison theorem of PDE, u.(¢, x) is increasing in z if
® is increasing, thus

Ouc(t,x) >0
or
Which implies that z¢%* > 0,5 > 0. Let ¢ — 0 and (x,t) = (0,0), we obtain (i).
Similarly, we can obtain (ii) if ® is decreasing. The proof is complete.
Furthermore, we can prove:

LEMMA 8 Let 11, be a continuous function on [0,T] and (y,z) be the solution of
BSDE:

T T
n :§+/t fs|zs|ds —/t 2sdW. (6)
(Z) ]fg = I[WTZ”’ then 2y > O, vVt € [O,T],
(1) If § = Igswp>1)s then P x X ({(w, 1) : z(w) < 0}) >0

where \ is Lebesgue measure on [0,T] and P x X is the product of the probability
measure P and the Lebesgue measure \.



Choquet expectation and Peng’s g—expectation 10

PROOF: (i) Note that the indicator function I;;>y) is increasing, by Lemma 7,
2z > 0,a.e. t€0,T], thus the BSDE (6) is actually a linear BSDE:

T T
Yp = I[WTZ” +/t [LsstS —A stWS.

Let .
Wt =W —/ fsds,
0
then
T ___
Y = [[WTZI] —/t 2, dW . (7)
Let @ be the probability measure defined by
dQ 1 /T, T
L expl—= [ p2d / AW,
7p = Pl 2/0 pads + | psdW]

By Girsanov’s lemma, (W;)o<i<7 is a Q—Brownian motion.
Set conditional expectation Egl.|F;] on both sides of BSDE (7), by Markov

property,
v = Eqlwy>|F]

Note that o(Wy; s <t) = 0(W;s < t) because ju; is deterministic, thus

v = Eoll o).

J— —_ T —_
(Wr—We>1- [ psds—We

Since W — W, and W, are independent. We have

be = EQ[I[WT—W21—]OT Msds—h]]’h:Wt'

But Wy — W, ~ N(0,T — t), therefore,

= r)dx|
" Aﬂﬁm%w> -

where ¢(z) is the density function of the normal distribution N (0,7 —¢).
By the relation between y; and z;, see Corollary 4.1 in El. Karouni et.al. (1997),

we have p .
_ 9% — (1l — W
=5 ’h:Wt = (1 /0 psds — Wy) > 0,

that is z; > 0,a.e. t € [0,T].
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(ii) For given & = Ij3>w,>1), we assume (ii) is not true, then z > 0, a.e., which
implies that BSDE (6) actually is a linear BSDE:

T T

Yt = I[22WT21] +/t HsZsds —/t 2sdW.

That is T
Y = I[QEWTEI] - /t stWs' (8)
Where W, = W — [ j1sds.
As in (i), let

dQ 1 /T, T

% exp |-z [ p2d / AW, |

dP eXp[z/o Hats o M ]
Applying Girsanov’s lemma again, (W;)o<;<r is a Q—Brownian motion.

Set conditional expectation Egl.|F;] on both sides of BSDE (8). Note that the
fact that o(Wy;s <t) =a(Ws s < t),

vy = E
E

~

[Q—fOT ,usds—WtZWT—WtZI—fOT psds—Wy) |ft]

~

[Q—fOT ;Lst—WtZWT—WtZI—foT psds—W 4] ‘U(Wt)] )

~

T _— _— T J—
[szo usdsfhEWTthzlffo usdsfh}] h="WW;

Since W — W, ~ N(0,T —t),

2—fT psds—h
Y = /1 ’ o(x)dx

— [ nsds—h ‘h=Wt‘

Therefore, applying the relation between ¥, and z; again,
Oyt
Oh |h=w o o

= (L= Jy padds = T1) = 9(2 = Jy psdls = W) )

_ 1 () peds=W)?, 1 (2 ) peds—W)?
o 2m(T—t) exp[ O2(T_t) ] \/QW(T—t) eXp[ OQ(T_t) ]

Zt =

However, it is easy to check that
% >0, te€[0,T),when W,<3— [ pds;
%<0, te€[0,T],when W,> 32— I psds,
which implies
P(z >0) >0, P(z <0) >0, a.eVtel0,T],
thus P x A((w, 1) : z;(w) < 0) > 0. We obtain a contradiction. The proof is complete.

Let L2 (Q,F,P) (resp. L?(Q,F,P)) be the set of all nonnegative (resp. non-
positive) random variables in L*(Q, F, P).
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LEMMA 9 Suppose that g is a convex (or concave) function, if E,l-] is comonotonic
additive on L% (), F, P)(or L2 (Q, F, P)). Then &,[.|F] is also comonotonic additive
on Li(Q,}", P)(or L?(Q,F,P)) for any t € [0,T].

PROOF: We show the above result on L% (Q, F, P), the result on L?(Q, F, P)
can be proved in the same way.

Because &[] is comonotonic additive on L% (Q, F, P), then V¢, n € L2 (Q, F, P),
we have

EglE + 1) =El&] + &n],  whenever £ and 7 are comonotonic. (9)
We now show Vt € [0, T,
ElE+nF) = & 6| F)+Ey[n|Fi], whenever £ and 7 are comonotonic. (10)
(1) First, we assume that g is a convex function, by Lemma 5,
E,J€ +lF] < EE\F] + EnlF. ¥ € 0,T].
If Eq (10) is false, then there exists ¢ € [0, 7] such that
P(w: &€ +1lF) < EJEIF] + EF > 0.

Let
A =A{w: &[S+l F] < EEIF] + &En|Fil}-

Obviously A € F, and
La&[€ + 0| F] < La&gl€| F) + La&y[n|F]-

Set g-expectation &;[-] on both sides of the above inequality. By Peng’s strict com-
parison theorem, see Peng (1997), we have

Eg Ua&gl€ +n|F]] < E A& [E1F] + La&n| Fil}- (11)

Observing the above inequality, applying the convexity of g again to the right
hand side of (11), applying Lemma 3(3),

‘99 {[Agg[fyﬂ] + IA59[77|~7:1€]} < gg[IAgg[ﬂﬂH + Sg[IAgg[mFtH = 59[IA5] + Sg[lAn]'
But the left side of (11) is
EglIa&ylE + n|Fi]] = Eg[1a€ + Lan).

Thus
Eglla8 + Lan) < Egl1a8] + Eg[Lan]. (12)
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Furthermore, since £ and 7 are positive and comonotonic, obviously 14, I4n also
is positive and comonotonic, by the assumption that &;[-] is comonotonic additive,
and Dellacherie’s Theorem (1970),

EglIa& + Lan) = &[14&] + Eg[Lan). (13)
(12) contradicts (13), thus
&l& +nlF] = E[EIF] + EnlF], Vi €0, T].
(2) Second, if g is concave, then by Lemma 5
Egl€ +nlF] = EE|F] + En|Fi], vt € [0, T1.

The rest can be proved in a fashion similar to result (i).

Combining Dellacherie’s Theorem (1970) and Lemma 9, we immediately obtain

COROLLARY 1 Under the assumption of Lemma 9. Assume & € L3 (Q, F, P)(or
LE(Q,F,P)), if ] can be represented by Choquet expectations, then for each
t € 10,71, &[&|F] can also be represented by a Choquet expectation.

We now study the case where ¢ is of the form g¢(t,y,z) = u|z|. Obviously, if
e > 0,t € [0, 7], then g is convex and if u; < 0,t € [0,T], g is concave.

LEMMA 10 Let py # 0 be a continuous function on [0,T] and g(z,t) = p|z|, then
there exists a random variable & € L*(Q, F, P) such that £,[¢] cannot be represented
by Choquet expectation.

PROOF: Assume the result of this lemma is false, then E,[€] can be represented
by a Choquet expectations for any & € L*(Q2,F,P). By Dellachere’s Theorem
(1970), &,[.] is comonotonic additive on L*(2, F, P).

We now choose two special random variables § = Ijy,>1) and § = Ips>w,>1)-
Let (y, 2%),i = 1,2 be the solutions of the following BSDEs corresponding to &; and
& respectively:

T T
Yt :€i+/ uslzs\ds—/ 2, dW,, i=1,2.
t t
And (7,,z;) be the solution of BSDE:
T T
yt = (61 + 52) +/t /"L5|28|d8 - \/t stWs

then y; = E,[&|F, vi = Eul|F) and 7, = E,[&1 + &l F.
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It is easy to show that &, & are positive and comonotonic, by Lemma 9, &,[.|F]
is also comonotonic additive with respect to &1, &, that is

Eulér + &|F) = Eul&|F] + Eulée| R, Yt e [0,T].
Which can be written anther form, that is

Let < X, W > be the finite variation process generated by the semi-martingale X
and Brownian motion W, then from (14)

<G W >=<y' + 2 W >=<y', W > + <> W >, Vtec[0,T],
but
2_<yaw>t 21 <y17W>t 22 <y27W>t
a0 a -

Thus
Z =z +25,ae te[0,T].

Applying the above inequality to Eq(14), note that Eq (14) can be rewritten as

T T 2 T 4 T
(51 + 52) +/t MS|§S|dS - /t zsdI/Vs = Z <€7, +/t ,USIZ;’dS — /t Z;dWS> .
i=1

We can obtain
pelzy + 2] = a2 | + el ae. tel0,T].
Since p; # 0, therefore
2t + 22| = |2 | + |22, ae. te|0,T]. (15)

Obviously, equality (15) is true if and only if 222 > 0.
However from Lemma 8, we know z} > 0,a.e. t € [0,7] and

P x M(w,t) : 22(w) < 0) > 0.
Thus P X M(w, ) : 2} (w)z(w) < 0) > 0, which implies
P x M(w, 1) |5 (W) + 2/ (W)] < |z (w)] + [z (W)]) > 0

which contradicts (15). The lemma is complete.
From the above proof, applying strictly comparison theorem of BSDE, Peng
(1997), we have

COROLLARY 2 If iy # 0,9t € [0,T]. Let & = Ipwy>1) and & = Ip>wyp>1], obviously
& and & are comonotonic, but £,[& + & < E,[&1] + Eu[&].
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We now prove our main theorem:

The proof of Theorem 1 :
Sufficiency: If g(y, z,t) = 1z, for any & € L?(Q, F, P), let us consider BSDE

T T
yt = 5 +/ Vszsds - / zdeS.
¢ ¢
Let W = W, — [§ vyds, then

T _
Yt = 5 - / stWs-
t

By Girsanov’s Lemma, (W;)o<;<7 is a Q— Brownian motion under @ denoted by

aQ R T
ﬁ—exp[ 5 ) vsd8+/0 vsdWy].

Thus
&lE1Fi] = Eql¢l ], &&= Eolél-

Which implies g—expectation is a classical mathematical expectation. Obviously the
classical mathematical expectation can be represented by Choquet expectations. So
the sufficiency proof is complete.

Necessary: For any ¢ € L*(Q, F, P), by Lemma 6(ii), there exist two continuous
functions on [0, 7] such that

g(y7z7t) = ,LLt|Z| + V(t)Z

Without loss of generality, we assume v(t) = 0,t € [0, T], otherwise, by Girsanov’s
Lemma, we can rewrite the BSDE

T T
Yy = g +/ (ﬂs|zs| + Vszs)ds - / stWs
t t

as

T T L
Yt Zf—I-/t fs|zs|ds —/t 2sdW g (16)
where W, := W, — [§ v(r)dr, (W;)o<i<r is a Q— Brownian motion under ) denoted
by
dqQ 1T, T
ip = eXp[—2 ; vids + /0 vsdWs].

We can consider our question on the probability space (2, F, Q).

Assume p(t) # 0, then there exists to such that u(ty) # 0. Without loss of
generality, we assume pu(ty) > 0.

Since p; is continuous, then there exists a region of ty, say [¢,T] C [0,T] such

that Vt € [¢,T], u(t) > 0.



Choquet expectation and Peng’s g—expectation 16

Let & =1 (Wae —Wi>1] and & = [ 2>Wer —W3>1]- Obviously, & and & are comono-
tonic.
We now show that

Eul&r + &) < Eul&] + Eul&],

which implies that £,[-] is not comonotonic additive for comonotonic random vari-
ables ¢ and 7).

Let W, = Wy, — W, then {W, : 0 < s <T —17} is (F,) Brownian motion,
where

Fo=0c{W,:0<r<s}=o0{Ws, —W;:0<r<s}

Using the above notation, & and & can be rewritten as & = [ (o _>1] and & =
o>tz >

For the given & and &, let a; = p,,7 and (Y7, Z*) be the solutions of the following
BSDEs with terminal value &; and & respectively on [0, T — {]:

) T—t ) T—t . _
}7:&+/ cM%W&i/ ZidW,, te[0,T—1, i=1,2 (17
t t

and (Y, Z) be the solution of the BSDE:

- T T B
Yt:§1+£2+/ aS|ZS|ds—/ Z.dwW,, telo,T—1. (18)
t t
Since a; = pz,, # 0,Vt € [0,T — 1], by Corollary 2,
Y, <Y, +Y., telo,T-1. (19)
On the other hand, for the given & and &, consider the BSDE on [0,77] :
. T , T
yr =& —i—/ |zt |ds —/ zedWs, 1=1,2, tel0,T], (20)
t t
and
T . T
@=&+&+/;M@@—/zym,temﬂ. (21)
t t

Comparing (17) with(20) and (18) with (21),
}/;Z:yzv Z:1727 Yt:yh tE[OaT_ﬂ
But y; = E,[& 1R v = Eulée|F] and gy = E.[& + L[ F].

Thus ' B
Yo =E&,&), 1=1,2, Yo=E 6+ &)

Applying inequality (19),
5;1[51 + 52] < 5M[§1] + gu[&]-

which contradicts the comonotonic additivity of &;[.]. Thus u(t) = 0,Vt € [0,T].
The proof is complete.
An interesting application of Theorem 1 is:
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COROLLARY 3 Suppose ju # 0 and let Eul'] be the mazimal (minimal) expectations
defined in Example 1, then mazimal (minimal) expectations cannot be represented
by a Choquet expectation for all random variables in L*(Q, F, P).

REMARK 2 (1) In the proofs of Lemma 6(ii) and Theorem 1, we only use the
random variables with the form y + Wy and Iyweyp)y, thus Lemma 6(ii) and
Theorem 1 actually imply that if and only if g is linear in z that g—expectation
can be represented by Choquet expectation for all all random variables with the

form f(Wr) € L*(Q, F, P).

(2) Because g-expectation depends on the choice of g, if g is nonlinear in z, by
Theorem 1, then g—ezpectation is not a Choquetl expectation.

(3) It is well understood that mathematical expectation is linear in the sense of
E(+n)=EE+ By, VE&ne LX(Q,F,P).

For Choquet expectation, the above equality is still true for Choquet expectation
when & and n are comonotonic. However, for g—expectation, if g is nonlinear,
the above additivity no longer holds even for comonotonic random variables.
From this viewpoint, our result implies Peng’s g— expectation usually is more
nonlinear than Choquet expectation.

4 Feynman-Kac Formula and Choquet Expecta-
tion
Let u be the solution of partial differential equation (PDE)

u(O,x) f(x) t>0, ze€R (22)

By the famous Feynman-Kac formula, there exists a probability measure such that
the solution u(t,z) of PDE (22) can be represented by mathematical expectation:

u(t,z) = Ef(W; + ) (23)

where {W,;} is a standard Brownian motion and f is a bounded function.

Formula (23) make it possible to solve linear PDE using Monte Carlo methods
(the Limit Law Theorem for additive probabilities).

We consider the following example of a nonlinear PDE. Let u be the solution of

PDE: du(tr) _ 1 0%u(ta) ou(t.z)

u(t,x 1 0%u(t,x u(t,x

o =3 a2 T I ) (24)
u(0,z) = f(z), t=0.

where g is the function satisfying (H.1), (H.2) and (H.3) in Section 2.
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If there exists a capacity such that the solution of PDE (24) can be represented
by a Choquet expectation, then applying the Limit Law Theorem for non-additive
probabilities in Marinacci(1999) and Dow (1994) would suggest a Monte Carlo-like
method could be used to solve non-linear PDE(24). Unfortunately, our result shows
that this is not generally possible.

THEOREM 2 In (23), if gy, z) is nonlinear in z, then there is no a capacity such
that for any bounded function f, the solution u(t,x) of PDE(24) can be represented
by a Choquet expectation.

PROOF: Let {W;} be a Brownian motion, by the general Feynman-Kac formula, see
for example El. Karouni et.al. (1997) or Ma et.al.(1994), u(t, z) can be represented
by g—expectation, i.e.

ult,x) = EF (W, + )]

Applying Theorem 1 and Remark 2(1), the proof of this theorem is complete.

REMARK 3 If g is nonlinear in z, the solution of nonlinear PDE(24) cannot be
represented by a Choquet expectation for all bounded functions f. However for some
special f and g, g-expectation can still be represented by a Choquet expectation. The
following is an example:

EXAMPLE 2 Suppose pu is a constant, let g(z) = pl|z| and E,l-] be the related g-
expectation. Obviously g is nonlinear, but E,[Wr| still can represented by a Choquet
expectation, that is

gg [WT] = /

—0o0

(P (Wp > 1) — 1) dr + /OOO(Pg(WT > 7)dr.

PROOF: By the definition of g—expectation, E,[(Wr] is the value of the solution {y:}
of the following BSDE at time ¢t =0 :

T T
yt:WT—i—/ u|zs|ds—/ 2dW, (25)
t t

and Py(Wp > 1) = &[Iiw,>r] is the value of the solution {Y;} of the following
BSDE at time ¢ = 0:

T T
Y, = Tywysn + / Ul Z,|ds — / Z,dw,. (26)
t t

Obviously, {y, 2} = {Wi + p(T — t), 1} is the solution of BSDE (25), thus &,[Wr] =
Yo = pI.

On the other hand, for BSDE (26), since I|;>,) is an increasing function, by
Lemma 8(i), Z; > 0, thus BSDE (26) actually is linear.

Solving linear BSDE (26) using Girsanov’s lemma, we have

By(Wr = 1) = Ellwrzn] = Yo = Eqllwyr>n] = Q(Wr 2 7),
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where () is a probability measure defined by
dQ — oz T+uWr
dP
This implies by the definition of mathematical expectation,
0 [e'¢)
[ (W =)= ar +/0 (B,(Wy > r)dr = Eo[Wy.

Furthermore, by the following simple calculation, we have Eq[Wr| = uT.
In fact, let z; = e~ 2#*"#We then {z;} is the solution of SDE:

t
xtzl—l—,u/o T dW

and Fz;, = 1.
Eo[Wy] = E[WTQ—%;L?TWWT]
= EWr(l+pfy zdW]
= ME[WT fOT deWs]
= MEUOT xsds]
= uf(;f Ex.ds
= uT.

The proof is complete.
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