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Abstract—We consider the use of multiple antennas at the trans-
mitter and/or the receiver to provide open-loop spatial diversity in
a multiuser wireless data network. With channel quality informa-
tion (CQI) available to the transmitter, and by always scheduling
the transmission to the active user having the best channel condi-
tions at the time of scheduling, another form of diversity, termed
multiuser diversity, is obtained in a data system. This paper pro-
vides an analysis of the interaction between these two forms of di-
versity. From a network point of view, we prove that the asymptotic
sum rate, in the limit of a large number of active homogeneous
users and subject to the same average total transmit power, is in-
versely related to the number of transmit antennas for independent
and identically distributed (i.i.d.) flat Rayleigh fading channels. In
the case of i.i.d. flat Rician fading, the asymptotic sum rate also de-
pends inversely on the number of transmit antennas, but directly
on the number of receive antennas. Numerically, we show that the
total diversity gain is also constrained by finite CQI quantization
and channel fading statistics.

Index Terms—Antenna arrays, diversity methods, multiuser di-
versity, scheduling, signal-to-noise ratio (SNR) quantization.

I. INTRODUCTION

THE use of multiple antennas to provide antenna diversity
over a point-to-point wireless link has been studied exten-

sively since the early 1960s. It is still a popular research topic
for improving energy efficiency through the use of both transmit
and receive diversity. Recently, with the increasing demand for
high-speed wireless data services, antenna diversity in a mul-
tiuser data network has received particular attention [1], [2],
as it requires a broader multilink perspective for the spatial di-
versity gain in the system [3]. Recent progress in information
theory [4], [5] has shown that in a data network with multiple
active users requesting services simultaneously, multiuser diver-
sity can be obtained by a packet scheduler at the medium-ac-
cess control (MAC) layer, which always allocates the common
radio resource to the user having the best channel quality, on
the condition that the instantaneous user channel quality infor-
mation (CQI) in terms of signal-to-noise ratio (SNR) is available
to the scheduler. In this paper, we refer to this multiuser sched-
uling scheme as greedy scheduling. In fact, from a network per-
spective, both antenna diversity and multiuser diversity can be
thought of as spatial diversity in different forms. The latter can
be viewed as selection transmit diversity, with multiple users
being treated as additional antennas, under the assumption that
the channel fading is independent across multiple antennas and
among different users. This multiuser system point of view also
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leads us to consider the interaction among these different forms
of spatial diversity and to search for the best combination for
maximizing the achievable system throughput.

With a single transmit and a single receive antenna, the total
system throughput is maximized under the greedy scheduling
algorithm. Further, this greedy radio resource allocation is
optimal in terms of total throughput in both a multiple-access
channel [4] and a parallel Gaussian broadcast channel [5].
Without loss of generality, we focus on the downlink of a cel-
lular system with time-slotted and single-stream transmission
over each time slot. A practical channel-aware scheduling
algorithm, proportional fair (PF) scheduling [3], [6], has been
used in the downlink of cellular packet data system IS-856 [7]
[also known as 1xEV-DO or high data rate (HDR)], which
trades some total system throughput for resource fairness
among the active users. In this paper, we present an analysis
of the interaction between open-loop antenna diversity and
closed-loop multiuser diversity on downlink channels. In
Section II, we derive the asymptotic sum rate in the limit
of a large number of users with multiple-antenna diversity.
We quantitatively evaluate the improvement from multiuser
diversity and antennas separately in Section III, along with the
impact of finite-user SNR quantization on the average sum rate
and the spatial diversity. The more practical PF scheduling is
discussed in Section IV, where the focus is on the throughput
improvement of twofold receive antenna diversity over that
without antenna diversity in a multiuser scenario. Practical
issues like channel fading statistics are considered for the total
spatial diversity gain. Section V concludes the paper.

II. ASYMPTOTIC SUM RATE

A. Multiuser Channel Model

We use a simple downlink model of a cellular packet data
system, in which the base station transmitter sends packets to

mobile terminals. There are transmit antennas at the base
station and receive antennas at each mobile user for antenna
diversity. We assume that the transmission time is divided into
consecutive and equal time slots, with the duration of each slot
being less than the fading coherence time, and much less than
the possible delay constraint of data services, but sufficiently
long so that the information-theoretic assumption of infinitely
long code block length is meaningful. At each slot , the packet
scheduler at the base station decides to send a packet to user

with the largest effective SNR at the receive antenna
combiner output

(1)

with

(2)
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where is the expected SNR at each receive antenna branch
for each user, and is assumed a constant independent of the
number of transmit antennas. In (2), represent the er-
godic channel fading processes from transmit antenna to re-
ceive antenna of user over slot . Unless specified other-
wise, we assume a block-fading channel model with the fading
coefficients being fixed over slot , and varying inde-

pendently from slot to slot over time. All terms are in-
dependent and identically distributed (i.i.d.) between each pair
of transmit and receive antennas, which assumes that antenna el-
ements are spaced sufficiently with respect to the angle spread.
This model presupposes that the signal bandwidth is sufficiently
narrow so that the channel fading processes can be assumed
flat in frequency. It also assumes that the average total transit
power is fixed and equally split over transmit antennas. For
simplification, we assume that perfect and instantaneous user
channel SNR feedback exists between each transmitter–receiver
pair. Also for antenna diversity, we assume that the effective user
SNRs, after coherent combing, conforms to (2). However, from
the orthogonal design for the space–time codes [8], no “full rate”
complex orthogonal design exists for greater than two, for
which only the fractional rates are achievable (see [8]).

At slot , we define the maximum SNR among the users as

(3)

Under the assumption of symmetric user channels with i.i.d.
SNRs over each slot, and according to the order statistics for
i.i.d. continuous random variables [9], the cumulative distribu-
tion function (cdf) of at any slot is

(4)

and the probability density function (pdf) of is

otherwise
(5)

where and are the pdf and cdf of the i.i.d. user SNRs
, respectively. In (4) and (5), the slot index is dropped due to

the time independence of the statistics. We define the average
sum rate of the channel with the -fold antenna diversity
and -fold multiuser diversity as

(6)

in bits/second/Hertz. This is the expected achievable sum rate,
given the effective user SNRs in (2). Under the assumption of
the perfect and instantaneous transmitter knowledge of user CQI
in (2), so that greedy scheduling and rate adaptation can be per-
formed at the transmitter, the average sum rate in (6) is bounded
away from zero. Throughout this paper, we use the average sum
rate metric to evaluate the spatial diversity of the system. We
first derive the asymptotic multiuser diversity in the limit of a
large number of users, i.e., as , in the remainder of this
section.

To calculate the limiting distribution of the in (3) as
, we use [3, Lemma 2], which we restate below as Lemma 1.
Lemma 1: Let be i.i.d. random variables with a

common cdf and pdf satisfying that is less than

one for all finite and is twice differentiable for all , and is such
that

(7)

for some constant . Then

converges in distribution to a limiting random variable with cdf

In the above, is given by .
Lemma 1 states that the maximum of such i.i.d. random

variables grows like as .

B. Symmetric Rayleigh Fading

With the i.i.d. Rayleigh fading channels, in (2) is a chi-
square random variable with degrees of freedom. Define

, the pdf and cdf of are [10], respectively

(8)

(9)

We can easily see that

(10)

Solving for from Lemma 1, we have

otherwise. (11)

Therefore, with i.i.d. Rayleigh fading and for a large number of
users, the maximum equivalent SNR grows like in (11),
which is a function of the number of transmit antennas and
the number of users for the fixed average total transmit power,
and is independent of the number of receive antennas . The
asymptotic sum rate as can, therefore, be approximated
by

(12)

Fig. 1 shows the numerical evaluation of the average sum rate
for the cases of and . We see the sur-

prising result that with multiple users , the average sum
rate with transmit diversity is lower than that without transmit
diversity for all cases of and , although the oppo-
site is true for the single-user cases. This result is contrary to
what is commonly observed over a single wireless link, where
transmit diversity always improves link performance in fading.
An intuitive explanation for the difference is that for fixed av-
erage transmit power, transmit diversity reduces the variation
in the received signal power, which is exploited by the greedy
scheduler for multiuser diversity. The same is true for receive di-
versity, but the array gain from coherent receive combing more
than compensates for the loss of multiuser diversity. Therefore,
care should be exercised in employing open-loop antenna diver-
sity, which may improve single-link performance, but can also
degrade system-level performance in the presence of greedy
scheduling. We note from Fig. 1 that in order for the

case to outperform the cases of and
, the minimum numbers of users required are
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Fig. 1. Average sum rate under i.i.d. flat Rayleigh fading with  = 0 dB.

about and , respectively. Consistent with
(12), for large , there is an approximate 1 b/s/Hz sum-rate in-
crease for every 3-dB increase in or a half of . Finally, it
is worth noting that although the asymptotic sum rate in (12) is
independent of the number of receive antennas, this asymptote
is approached at a very slow rate in the number of users, even
more so for large .

C. Symmetric Rician Fading

For the i.i.d. Rician fading channels, in (2) is a non-
central chi-square random variable with degrees of

freedom. Define , and

, where is the Rice factor for all
users, the pdf and cdf of are [10], respectively

(13)

(14)

where is the th-order modified Bessel function of the
first kind. The tails of the cdf and pdf of can be approximated,
respectively, by

These approximations are in the sense that the ratio of the left-
and right-hand sides approaches 1 as . Hence

(15)

By solving , we have

(16)

According to Lemma 1, for i.i.d. Rician fading, the maximum
equivalent SNR grows like in (16) as . For the
fixed average total transmit power, depends on the number
of users, the Rice factor, and both the number of transmit and
the number of receive antennas. This differs from that of i.i.d.
Rayleigh fading in (11), where is independent of the number
of receive antennas. In fact, (16) can be viewed as a generaliza-
tion of (11) for and . Equations (11) and (16)
reduce to those in [3] for and dB. Simi-
larly, we can have the asymptotic sum rate approximated by

(17)

This is plotted in Fig. 2 for and and .
We see that the approximate asymptotic sum rate goes up as we
increase or decrease with the other term remaining fixed.
It also decreases as the Rice factor increases at sufficiently
large . This is due to the reduced potential channel diversity
gain with increased . As the channel approaches an additive
white Gaussian noise (AWGN) channel about the mean SNR

with , (17) can be further approximated by

(18)

which is independent of . This trend is shown in Fig. 2 with
extended to 30 dB.

We conclude this section by pointing out that in an i.i.d. flat
Rayleigh fading environment with more than one user, the or-
thogonal transmit antenna diversity gain is negative, in that the
average sum rate is less than that without transmit diversity in
the presence of greedy scheduling. In the limit of ,
the maximum effective SNR is inversely proportional to the
number of transmit antennas and independent of the number of
receive antennas. In the corresponding Rician fading environ-
ment, both the number of transmit and the number of receive
antennas impact the asymptotic sum rate as , with neg-
ative gain from transmit diversity and positive gain from receive
antennas. However, as the Rice factor becomes sufficiently large
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Fig. 2. Approximate asymptotic sum rate for K = 2 users under i.i.d. flat
Rician fading with  = 0 dB.

and the channel approaches an AWGN channel, only the posi-
tive power gain from the coherent receive antenna combining
remains.

III. ANTENNA DIVERSITY AND MULTIUSER DIVERSITY

We numerically evaluate the average sum-rate improvement
from the antenna and the multiuser diversity separately for a
finite number of users. For simplicity, we restrict ourselves to
symmetric flat Rayleigh fading channels. We define the antenna
improvement as the percentage increase of the average sum rate
relative to the single-antenna case of in a system
of users

(19)

and the multiuser diversity improvement as the percentage in-
crease of the average sum rate relative to the single-user case

(20)

Figs. 3(a) and (b) illustrate the antenna improvement versus
the number of users at an average SNR of dB, and
versus with and users, respectively, both for
the cases of and/or . The zero-level reference
is for the case of . In Fig. 3(a), the and

cases have less antenna improvement than the corresponding
case when there is more than one user, and the antenna

improvement decreases as increases, and becomes saturated
at sufficiently large . This trend is more pronounced for the
cases with transmit diversity only. In Fig. 3(b), we note that in
all cases, the improvement of the receive antennas of
and decreases with and remains positive, and the
improvement of the transmit antennas of and
increases with consistently at a lower percentage level.

Figs. 4(a) and (b) depict the multiuser diversity improvement
versus at dB, and versus with and
users, respectively, also both for the cases of

or and/or . The plots show that monotonically increases

Fig. 3. Antenna improvement in i.i.d. flat Rayleigh fading. (a)  = 0 dB. (b)
Solid curves: K = 1; dashed curves: K = 64; dotted curves: K = 2 .

with , but monotonically decreases with , both at percentage
levels much higher than those in Fig. 3 for a sufficient number
of users. In all cases, the improvement of multiuser diversity
is positive. Comparing Fig. 3 with Fig. 4, we see that average
sum-rate improvement is dominated by the multiuser diversity
in a network, in most cases with a finite number of users, e.g.,

for or .
In evaluating the improvement of antenna and multiuser di-

versity in terms of the relative increase of the average sum rate,
we have assumed the instantaneous and perfect feedback of a
continuum of SNR values to the base station. We have also as-
sumed that over each slot, the sum rate can be achieved physi-
cally at those SNR values by some powerful coding and modu-
lation techniques. We now evaluate the effect of finite channel
SNR quantization on the antenna and multiuser diversity im-
provement. We still retain the other assumptions given above,
except that the effective SNRs are now quantized into one of

values, ranked in an ascending order from zero as follows:

(21)

The quantization is to the lower value over each interval of SNR
in (21), with 0 and being the lower and upper limit, re-
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Fig. 4. Multiuser diversity improvement in i.i.d. flat Rayleigh fading. (a)  =

0 dB. (b) Dashed curves: K = 64; dotted curves: K = 2 .

spectively. The probability mass function (pmf) of the discrete
random variables can be calculated as

(22)

where is the Kronecker delta function. The cdf of
is, therefore, the stair function

(23)

where is the unit step function. According to the order
statistics for i.i.d. discrete random variables [9], the cdf and pmf
of the maximum quantized SNR

are, respectively

(24)

(25)

The average sum rate with nonzero-SNR quantization levels
can be calculated from

(26)

Fig. 5 illustrates with uniform SNR quantization
levels (in decibels), using dB and
dB in i.i.d. flat Rayleigh fading with dB for the cases
of and . For in (26) is above
78% of the value of in (6). For the cases of
and 16 (not shown in Fig. 5), is above 94% and 89%,
respectively, of for or , and above 85% and
85%, respectively, of for or . Comparing
Fig. 5 with Fig. 1, we note that at fixed quantization limits, the
average sum rate with SNR quantization is reduced more by
receive diversity. The reason is given below.

In the process of user SNR quantization, greater than
will be quantized to according to (21), so the maximum
SNR increase above contributes no sum-rate increase. We
define the relative probability of greater than as the SNR
clipping rate

(27)
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Fig. 5. Average sum rate in i.i.d. flat Rayleigh fading at  = 0 dB. ̂ is
uniformly spaced (in decibels) over [�11:59:5] dB with Q = 8.

with , and . In a large network
employing antenna diversity, for power-efficiency purposes, we
want the SNR clipping rate to be as small as possible, given the
SNR quantization. The clipping rate is plotted in Fig. 6
with the same SNR limits above, at dB for the cases
of and . As shown in Fig. 6, the SNR clip-
ping rate can be nontrivial, even at dB, for a modest
number of users. For the case of and , and the
number of users , there is about a 50% probability
that the maximum received SNR will exceed the 9.5-dB upper
limit at dB. For and , the same clip-
ping rate occurs at less than 32. As the maximum effective
SNR increases, the SNR clipping rate increases. This suggests
an adaptive SNR quantization scheme, which accounts for the
expectation of the spatial diversity improvement. It should be
noted that the clipping rate of and at dB
is the same as that of and at dB. This is
due to the same cdf in (9) for the two cases, which leads
to the same clipping rate in (27).

IV. PF SCHEDULING AND ITS IMPLICATION

ON SPATIAL DIVERSITY

In the previous sections, we assumed that the maximum total
throughput is achieved with the aid of a greedy and channel-
aware packet scheduler at the base station. We pointed out that
this scheduler is optimal in the sense that it achieves the max-
imum total throughput given the signaling schemes in this paper.
However, in real systems, packet scheduling is constrained by
the maximum application-delay tolerance, though this delay re-
quirement is much more relaxed for packet data services than for
the voice or streaming video services. The scheduling scheme
also must consider the fairness among multiple users for the
service. For this reason, the PF scheduling was proposed in [6]
for the IS-856 downlink packet scheduling, and its performance
limitations and improvement were shown in [3]. The resource
fairness is maintained by providing a fair sharing of transmis-
sion time proportional to the past throughputs of users. With
PF scheduling, at each slot , user feeds back to the base sta-
tion a requested data rate , which is supportable by its cur-

Fig. 6. Clipping rate in i.i.d. flat Rayleigh fading for ̂ = �11:5 dB and
̂ = 9:5 dB at  = 0 dB.

rent SNR . Here again, an instantaneous and error-free rate
feedback is assumed. The scheduler assigns the slot to the user

, which has the largest ratio

among all active users, where is the th user’s average
throughput in a past window of length , and is updated slot-
wise according to

where is the time scale of interest and is constrained by the
maximum delay tolerance. In IS-856, is about 1.67 s. For
symmetric user channels with , we have for

. Therefore, the greedy scheduling can be viewed
as a special case of the PF scheduling for infinite window length
and symmetric user channels. Results from both the simulation
[6] and the HDR system field testing [11], [12] have shown
that the two-fold receive antenna diversity can lead to double
the physical-layer average total throughput in some slow-to-
medium-fading environments. In this section, we present the
numerical throughput improvement with two receive antennas
over a single receive antenna in a multiuser scenario, and we
focus on the HDR system downlink applications. As before, we
assume that the user channel fading is symmetric. However, in-
stead of the i.i.d. block-fading model, we assume that the fading
processes are ergodic with continuous fading variations across
slots, and have low-to-medium Doppler rates corresponding to
pedestrian-to-low-vehicular speed.

The performance of the PF scheduling is affected by both
the channel-fading statistics and the number of active users.
Figs. 7(a) and (b) plot the average total throughput for the
1.5-Hz Doppler Rician fading with a Rice factor and
the 55.6-Hz Doppler Rayleigh fading channels, respectively, by
using the mapping table in [11] for the SNR-to-data-rate map-
ping without the hybrid automatic repeat request (H-ARQ) on
the physical layer. The adaptive data rate is achieved on a single
1.25-MHz physical channel. The mapping is shown in Table I.
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Fig. 7. Average total throughput using PF scheduling with  from 9 dB to�9
dB in a step size of 3 dB from top to bottom. Solid curves:n = 1 and n = 2;
dash-dotted curves:n = 1 andn = 1. (a) In i.i.d. 1.5-Hz Doppler flat Rician
(K = 10) fading over 8000 slots with 16.7 ms per slot and W = 100 slots.
(b) In i.i.d. 55.6-Hz Doppler flat Rayleigh fading over 2000 slots with 8.3 ms
per slot and W = 200 slots.

For simplicity purposes, we replace variable-length packet
scheduling with fixed-length packet scheduling over each slot
of about 1.67 ms. As we can see from these figures, the higher
fading rate and the larger fading dynamics are beneficial from
the total throughput point of view, but they are subject to higher
receive SNR clipping rates, which is especially pronounced at
high average SNR regimes. Compared with Fig. 1, the spectral
efficiency is more modest in Fig. 7. In addition to the SNR
quantization, the lower spectral efficiency also comes as a price
for the resource fairness over a window length of about
1.67 s. In Fig. 7(a), for the slow-fading case with a strong
line-of-sight component, the spectral efficiency suffers more
due to limited multiuser diversity over . Plots in Figs. 7(a)
and (b) also show that a doubling of throughput with 100%
user average SNR increase cannot always be expected, since

TABLE I
SNR-TO-DATA-RATE MAPPING

WITHOUT H-ARQ

both the user fading statistics and the number of users vary in a
multiuser network. Generally, the higher improvement can be
expected under the conditions of the lower average SNR ,
the smaller fading variation, or the smaller number of active
users. The first condition is due to the low SNR approximation
of the achievable rate by

in bits/second/Hertz for SNR . Therefore, in the vicinity
of very low SNR, a 3-dB increase in SNR does double the
throughput. The last two conditions are related to limited mul-
tiuser diversity via PF scheduling with finite window length. In
those cases, the receive antenna diversity improvement can be-
come more apparent, given that the potential channel diversity
is not fully exploited via multiuser diversity.

V. CONCLUSION AND FUTURE RESEARCH WORK

In a large data network of multiple users, multiuser diver-
sity can greatly increase system throughput. We have shown
that under greedy packet scheduling, open-loop transmit an-
tenna diversity over each point-to-point wireless link can have
an adverse effect on the total system throughput. The asymp-
totic sum-rate analysis also shows that receive antenna diver-
sity can be a waste of resources in the limit of a large number
of users for the i.i.d. Rayleigh fading channels. That is, for a
network with a large number of users, the performance gain
from receive antenna diversity can be minimal and should be
evaluated to assess whether it warrants the additional imple-
mentation cost and complexity. Attention should also be paid
to prevent the nonnegligible received SNR clipping rate, which
can substantially reduce the power efficiency in high SNR re-
gions. On the other hand, in the application environments where
the potential multiuser diversity gain is constrained by fairness
concerns, benign fading channels with insufficient scattering,
strong light-of-sight signal components, or a slow fading rate,
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the implementation of receive antenna diversity may be justi-
fied. In this paper, we have not considered diversity techniques
in other forms, for instance, frequency diversity in the form of
maximal-ratio Rake combing, or time diversity in the form of
interleaving and error-correction channel coding. The quantita-
tive evaluation of gains from all these diversity techniques and
their interaction in a multilink system remains an interesting
topic. With CQI at the transmitter, closed-loop antenna diversity
can also be exploited. An example is selection transmit diver-
sity, which selects the best among independent transmit an-
tennas for each user using CQI feedback. In our channel model,
this is equivalent to greedy scheduling with a single transmit
antenna and times the number of users. Therefore, unlike
open-loop transmit diversity, selection transmit diversity can
improve system throughput with greedy scheduling, although
the gains may still be small.

In addition to diversity, multiple transmit antennas can pro-
vide spatial multiplexing and improve system throughput with
scheduling. An interesting issue for our future research is the
evaluation of downlink throughput improvement by using mul-
tiple transmit antennas effectively and efficiently. Furthermore,
the tradeoff issue between diversity gain and multiplexing gain
over multiple-input/multiple-output downlink channels is also
an interesting and challenging subject.
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