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ABSTRACT

Energy conservation is a critical issue in wireless ad hoc networks
since batteries are the only energy source to power the nodes. One
major metric for energy conservation is to route a communication
session along the routes which require the lowest total energy
consumption when all nodes are equipped with a finite and non-
renewable amount of energy. To explore advantages offered by
the use of directional antennas, we consider the case of source
initiated multicast traffic in wireless ad hoc networks that use
switched antennas and have limited energy resources. In this
paper, we present a constraint formulation in terms of mixed
integer linear programming, which can be used for an optimal
solution of the minimum-energy multicast problem in wireless ad
hoc networks with directional antennas. The optimal solutions can
be used to assess the performance of heuristic algorithms for
mobile networks by running them at discrete time instances.

Categories and Subject Descriptors

C.2.1 [Computer-Communication Networks]: Network
Architecture and Design — Wireless Communication, G.2.2
[Discrete Mathematics]: Graph Theory - frees; G.1.6
[Numerical Analysis]: Optimization — integer programming.

General Terms

Algorithms, Performance, Experimentation, Theory.

Keywords

Wireless Ad Hoc Networks, Directional Antenna, Minimum-
Energy Routing, Multicast Tree, Integer Programming.

1. INTRODUCTION

Ad hoc wireless networks are expected to be deployed in a wide
variety of civil and military applications. The communicating
nodes might be distributed randomly and are assumed to have the
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capacity of packet forwarding to communicate with each other
over a shared and limited radio channel. Building such networks
poses a significant technical challenge because of the constraints
imposed by the characteristics of the ad hoc networks. One
important constraint is the scarce power resource if the nodes are
operated by batteries. Thus, for increasing longevity of such
networks, it is imperative that we find ways of either increasing
battery power or alternatively optimizing the use of the battery
power via energy-efficient algorithms and mechanisms.
Obviously, the first solution is technology dependent, and we
focus on the second one that is of much interest in network
research.

Recently, the problem of minimizing the energy consumption of
wireless ad hoc networks has been studied comprehensively. This
problem is referred to as the Minimum-Energy Routing (MER)
[1] [2], which can be classified into two categories: minimum-
energy unicast routing [4, 5, 6, 12, 13, 14, 15] and minimum-
energy broadcast or multicast routing [3, 16, 17, 18, 19, 20]. The
minimum-energy unicast routing is essentially a shortest directed
path problem based on various power cost function. However, for
broadcast applications, and in general multicast applications, the
minimum-energy routing is far more challenging, which has been
shown to be NP-complete [7]. Since the MER problem is hard,
several heuristic algorithms for building a source based energy-
efficient broadcast/multicast tree have been developed. A straight
greedy approach is the use of broadcast trees that consist of the
best unicast paths to each individual destination from the source
node (broadcast session initiator). This heuristic first applies the
Dijkstra’s algorithm to obtain a Shortest Path Tree (SPT), and
then to orient it as a tree rooted at the source node. Similarly the
Minimum Spanning Tree (MST) heuristic first applies the Prim’s
algorithm to obtain a MST, and then to orient it as a tree rooted at
the source node. In [3, 20], another heuristic called Multicast
Incremental Power (MIP) was presented. It exploits the wireless
multicast advantage property' in the formation of the multicast
trees, and thus provides better performance than the greedy
algorithms SPT and MST.

' The “wireless multicast advantage” property, originally
introduced in [3], means that all nodes within communication
range of a transmitting node can receive a multicast message
with only one transmission if they all use omni-directional
antennas.



It has been shown earlier that the use of directional antenna in the
context of wireless ad hoc networks can largely reduce the radio
interference, thereby improving the utilization of wireless
medium and consequently the network performance. Some papers
[21, 22] suggest the use of multiple directional antennas per node
(or multiple beam antennas) in order to increase the throughput of
802.11 media access control protocol [23]. In [24], the author
explores the use of beam forming antennas in order to improve
both throughput and delay in ad-hoc networks. Another paper [25]
has suggested the use of multiple directional antennas to reduce
the routing overhead of on-demand routing protocols for ad-hoc
networks like DSR [26] and AODV [27]. Over the past few years,
energy efficient communication in wireless ad hoc networks with
directional antennas has received more and more attention. An
energy-efficient routing and scheduling algorithm [11] was used
to coordinate transmissions in ad hoc networks where each node
has a single directional antenna. A recent paper [10] extended the
results in [3, 20] and induced two protocols Reduced-Beamwidth
MIP (RB-MIP) and Directional-MIP (D-MIP) that exploit the use
of directional antennas for multicasting in wireless networks.

In our earlier study [8], we introduced a new concept called
virtual relay that allows the construction of a minimum-energy
multicast tree to be equivalently mapped to the construction of a
minimum-energy virtual relay tree. This results in the minimum-
energy multicast (MEM) problem modeled as a mixed integer
linear programming (MILP) problem. The optimal solution would
therefore be obtained using an MILP solver available in the public
domain. This paper extends the work of [8], not only by
presenting a more general study from broadcast to multicast case,
but also by improving our analytical model with the use of
directional antennas. We formulate a generalized antenna
orientation optimization and minimum-energy multicast problem
that includes the problems addressed in [8] as special cases.

The remaining of this paper is organized as follows. In Section 2,
we analyze the challenges for minimum-energy broadcast and
multicast routing in a wireless environment. Section 3 gives a
definition of minimum energy multicast tree in the context of
directional antenna applications as the basis of the formulation.
From Section 4 to Section 8, we construct linear constraints for
Problem MEM systematically, complete formulation of the
problem in a form of Integer Linear Programming, and prove that
it produces the optimal solutions. Finally in Section 9, we
summarize our results and point out several future research
problems. For the convenience of the readers, the notations used
in this paper are listed in the Appendix.

2. ANTENNA MODEL
bor gsi ght

/

Figure 1. Directional antenna propagation model.
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An ad-hoc wireless network consists of a fixed number of nodes,
which are randomly distributed over a two-dimensional plane.
Each node is equipped with a directional antenna, which permits
energy savings by concentrating transmission energy where it is
needed.

We use an idealized directional antenna propagation model as
shown in Fig 1, where the antenna orientation @, (0 < ¢, < 21) of
node v is defined as the angle measured counter-clockwise from
the horizontal axis to the antenna boresight, and the antenna
directionality is specified as the angle of beamwidth 0, (0 <0, <
27). Based on this model, antenna can be loosely classified into
omni-directional, modestly directional (switched antenna), and
highly directional (adaptive antenna), which are listed in Table 1.
There have been a number of antenna products in each of the
category.
Table 1. Antenna classification

Omni- Modestly Highly
directional directional directional
Antenna fixed fixed variable
Directionality ~ beamwidth beamwidth beamwidth
Ant
On' enna unsteerable steerable steerable
rientation

When considering omni-directional antennas and uniform
propagation condition, we observe that all nodes within the
communication range of a transmitting node can receive its
transmission, and the received signal power varies as » *, where
(r > 1) is the distance to the sender, and a is a parameter that
typically takes on a value between 2 and 4, depending on the
characteristics of the communication medium. Based on this
model, the transmitted power required to support a link between
two nodes separated by range r is proportional to . Without loss
of generality, all receivers have the same power threshold for
signal detection, which are typically normalized to one, resulting
in p,,, = r*,,, where r,, is the distance between node v and node u,
and p,, represents the power needed for link between node v and
node u. For our directional antenna propagation model, we further
assume that for any node v, all of the transmitted energy is
concentrated uniformly in a beamwidth, ignoring the possibility
of sidelobe interference. Then, the transmission power needed by
node v to transmit to node u in its antenna beam using beamwidth
0,1is

(M

Consequently, the use of narrow beams allows energy saving for a
given communication range or extends the antenna range for a
given transmission power level when compared to the use of
omnidirectional antennas. On the other hand, only the nodes
located within the transmitting node’s antenna beam can receive
the signal, thus possibly diminishing the effect of the wireless
multicast advantage. We only focus on the modestly directional
antenna in this paper. All the assumptions through the whole
paper are summarized below.

(M

Beamwidth of each antenna cannot be adjusted, i.e., 0, is
fixed for any node v.



2) Orientation of each antenna can be shifted to any desired
direction to provide connectivity to a subset of the nodes

that are within communication range.

3) A single antenna beam is provided for each session in
which a node participates.

@) Each node knows the precise locations of its potential
neighbors.

3. MINIMUM ENERGY MULTICAST

TREE

Let us model the network by a simple directed graph G(N, 4, p),
where N is a finite node set, |V = n, and A is an arc set
corresponding to the unidirectional wireless communication links.
The arc weight function p: A— R" assigns power to each arc,
where R* denotes the positive real number set. That is, for each
arc (v, u), p,, is the power needed for the link from node v to node
u. We assume that any node ve N can choose its power level, not
to exceed some maximum value p",... Any directed arc (v, u) € A
if and only if p,,, < p’ax-

We consider a source-initiated multicast in wireless ad-hoc
networks. Any node is permitted to initiate multicast sessions.
Multicast requests and session durations are generated randomly
at the network nodes. The set of multicast group members M (|M]
= m) and other relay nodes that support a multicast session are
referred to as a multicast tree. We assume that no power
expenditure is involved in signal reception and processing
activities. Thus the total power is expended completely on
transmission at each node in the tree. Obviously, leaf nodes do not
contribute to this quantity because they do not relay traffic to any
other nodes. Hence, we evaluate performance in terms of total RF
power from all transmitting nodes required to maintain the tree.

Any multicast tree is a rooted tree. We define a rooted tree as a
directed acyclic graph with a source node s called root with no
incoming arcs, and all its other nodes with exactly one incoming
arc. A property of rooted tree is that for any node u in the tree,
there exists a single directed path from s to u in the tree. A node
with no out-going arcs is called a leaf node, and all other nodes
are internal nodes, or relay nodes. Note that the relay nodes may
be multicast members or may not, and the antenna beam of a relay
node should cover all its children. Therefore, the minimum-
energy multicast problem is to find a multicast tree with the
minimum power consumption. Doing so involves the choice of
transmission power level, relay nodes, and antenna orientation.

Formally, a multicast tree is modeled by a node-weighted tree
T(N', A', q) rooted at a source node s, with a multicast node set N’
C N, an arc set A' € 4, and a node weight function defined as ¢-
N'— R"U{0}. That is, for each node v in N', g, is the transmission
power of the node v required by the multicast tree 7,. We define
T, (N', 4, q) to be a multicast tree of G(N, 4) rooted at s if and
only if the following properties are satisfied.

1) RTP (Rooted Tree Property): this property requires 7, can
span all the multicast members from node s (McN');
2) WMAP (Wireless Multicast Advantage Property): this

property requires the node weight function to satisfy:
05

u is leaf node
a.= Max p,,,,
(u,v)ed'

u is internal node

()
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3) AOP (Antenna Orientation Property): this property requires
node u must locate within the antenna beam of node v, for
any (v, u) € 4"

4. FORMULATION MODEL

This is the first time that an accurate definition of multicast tree is
given in the context of directional antenna applications, upon
which Problem MEM shall be formulated as a mixed integer
linear programming (MILP) model. The main idea is to extract a
sub-graph 7, from the original graph G, such that 7," is a
multicast tree with minimum energy consumption. In order to
formulate the problem, we define the following variables:

) Z,,1s a binary decision variable which is equal to one if
the arc (v, u) is in the sub-graph T, " of G, and zero
otherwise;

P, is a nonnegative continuous variable which represents
the transmission power of the node v required by the
multicast tree T,";

(i)

(iii) F,, is a nonnegative continuous variable, which
represents the amount of flow going through arc (v, u);
>iv) ¢,, 18 a binary variable which is equal to one if node u is

covered by the antenna beam of node v, and zero
otherwise.

We shall prove that if (x)" is the optimal solution of variable x
obtained from this MILP model, then the graph T, (N’, 4", q) is the
optimal tree associated with this solution. In this graph, N' = {u |
F(v,u) € A'or (u, v) € A'} is its arc set, A" = {(v, u)| Z = 1} is
its arc set, and g: 4> R"U{0} is a nonnegative weight function
defined as g, = P*,. In other words, T, (N', A", g) is a multicast
tree of G with minimum energy consumption. Finally, the
Problem MEM can be formulated to minimize total power from
all transmitting nodes subject to the constraints that 7, satisfies
RTP, WMAP, and AOP. We then have the following formulation
for the Problem MEM as shown below.

Inputs: G(N, A, p), M, and s
Objective function: X,y P,
Constraints: RTP, WMAP, and AOP
Output: T:(N’, A',q)

Example 1

Figure 2. Example 4-node network G4: multicast group is {1,
2, 3} and node 1 is the source

A generic example of a 4-node network G* that we consider is
shown in Figure 2. The weight for each arc represents the power
required transmitting packets on it. G* is an asymmetric directed
graph. For example, the double arrow arc (/, 2) indicates that



node / and node 2 can reach each other, while the unidirectional
arc (/, 4) indicates that only node I can reach node 4 since node 4
may not have enough power to reach node /. We assume the
channel loss exponent o = 2, then we can obtain £/23 = 3n/4. We
assume each node has a fixed antenna beamwidth =n. The
objective function of G* is therefore:

minimize: P, + P, + P,+ P,

5. LINEAR CONSTRAINTS FOR RTP

We want to provide a set of constraints that would guarantee that
T Y*(N’, A', q) obtained from the formulation satisfies the rooted
tree property. It can be characterized that 7, (N’, A’, q) is a rooted
tree spanning all the multicast members, i.e., M < N', by the
following properties:

RTP (a): Every node u, ue N' \{s}, has exactly one incoming
arc, and node s has no incoming arcs;
RTP (b): T, (N', A', q) does not contain cycles.

The construction and interpretation of the linear constraints for
these two properties are elaborated in the following lemmas.

Q.o

2

@) (b) (c)

Figure 3. Illustration of constraints (a) any non-multicast
member in V" must have exactly one incoming are, (b) a
connected component of V* may be a simple cycle, (c) a cycle
with sub tree leaving out of it. (Solid nodes indicate multicast
members, and hollow nodes indicate non-multicast members.)

Lemma 1. T, (N', A", g) is a directed graph in which node s has no
incoming arcs, and each other node has exactly one incoming arc,
provided Problem MEM satisfies the following constraints:

2Zs =0, 3)
veN
>z, =1 Yue M\ )
veN
2.Z, <L vueN\M )
veN
37, <(n-1) YZz,;YueNWM (6)

veN veN

Proof: Note that ¥,.x Z v and T,oy Z . are the in-degree and out-
degree of node u in T, respectively. Therefore, the root node s
and the other multicast members satisfy this statement directly
from the constraints (3) and (4) respectively. It remains to prove
that any non-multicast member in 7,  supporting the multicast

communications must have exactly one incoming arc.

Assume u € N'is a non-multicast member in TS*, indicated by a
hollow node in Fig. 3, its incoming degree must be 1 or 0 from
constraints (5). If .y Z*W = 0, from constraints (6), it follows
that S,y Z ., = 0. That means u must be an isolated node as
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shown in Fig. 3a, thus u ¢ N’ This contradicts the original
assumption. Therefore node u has exactly one incoming arc.m

Note that if £,y Z*W =1 for any non-multicast member u in T ;*,
constraints (6) become redundant since the out-degree of node u is
at most n — 1. From constraints (3), (4), and (5), we obtain the
following conclusion:

>z, {01}, VueN

veN

(N

Example 2
Referring to G* in Figure 2, we can now list the first set of
constraints corresponding to (3) to (6) for RTP (a) as follows:

2,=0
Z,+2,=1
2,+2,=1
z,<1
3z,>0

14—
We shall see in the Lemma 2 that the introduction of variable F,,
is to help to prevent loops in T, and this variable only represents
fictitious flow produced by the multicast initiator s going through
arc (v, u).
Lemma 2. V'(N', A", q) does not contain cycles, if Problem MEM
satisfies the constraints (3) — (5) and the following constraints:

>F,->F,=YZ,;YueN\s} ®)
veN veN veN
Z,<F,<(n-1)Z,;vueN\{s},veN ©)

Proof: From the constraints in (3), (4) and (5), it follows that the
only connected components in 7, that might contain cycles could
be composed of either a simple cycle shown in Fig. 3b, or a
simple cycle with sub tree leaving out of it as shown in Fig. 3c.
We will show in the following that such topologies are not
feasible for Problem MEM.

Assume that the nodes (n, ny, ..., ny, mey = n ), k> 1, form a
simple cycle in T, ", Then from constraint (3), node s will never be
included in such a cycle. Constraint in (9) implies that ', could

be positive if and only if (v, u) € A" Letting Fn*] n, = £, then from

*

F

n.n

the constraints in (8) it follows that F, , LT "

z:_lZ;% 1 forr=1, ...,k Eachnoden, (r=1, ..., k) isin A" as

=1
stated in the assumption, i.e., Z :

non,.
Ey = X2,
nn, i=1 S nn;,

*

F

)Zk)Z

ZveN F‘;l
hand, 3\ F,,

(7). Thus the constraints in (8) are violated, and therefore simple
cycles are not possible in 7,". Similar reasoning shows that the
topology in Fig. 3c also violates the constraints in (8), and
therefore 7, cannot contain cycles. m

Example 3

T 1. Therefore F,:;”y+l =
1 =f—(r—1)forr=1, ..., k. After substituting
T f— (k- 1) into constraint (8), for u = n;, we obtain
- ZveNF;:v =f—-(k-1)—f=1-k<0. On the other

* * .
- Den F,, => v Z,, =0 from constraints



Still referring to G* in Figure 2, we can list the next set of
constraints corresponding to (8) and (9) for RTP (b), which is
expressed as follows:

F12+F32_F21_F23:Z12+Zaz
F13+F23_F32=213+Zzs
Fu=2y,

z,<F,<3Z,
Z,<F,<3Z,
Z,<F.,<3Z,
Z,<F,<3Z,
z,<F,<3zZ,

14— 14—

6. LINEAR CONSTRAINTS FOR WMAP

The constraints for the wireless multicast advantage property
(WMAP) reflect the condition that the power required at node u is
the maximum of the individual transmission power to each
neighbor from u. The following lemma explains how the WMAP,
i.e., Equation (2), can be achieved.

Lemma 3. T, y*(N ', A", q) satisfies WMAP, if the formulation of
Problem MEM includes the constraint (10).

P,> pWZyW; Yv,ue N X (10)
Proof: For any node v in T , if v is a leaf node, i.e., Z ,,, = 0 for all
ue N, then P, > P Z .. = 0: if v is an internal node, then P*, >
Pou Z . forallu e N, ie, P',> Maxvu)er Py, - The equalities are

achieved in the inequations above when the summation of the
variables P, is minimized. Thus Equation (2) must be held by
TS*.I
Example 4
The set of constraints for the example G* shown in Figure 2
corresponding to the constraints (10) for WMAP can be expressed
as follows:
P, >2Z,
P, >5Z,
P, >497,
PZ 2 2221
P,>Z7,
P,>Z,

7. LINEAR CONSTRAINTS FOR AOP

1
1

N

Figure 4. Antenna beam coverage range

As defined in Section 2, the antenna orientation {¢, : ve N} are
continuous variables 0 < ¢, < 27. Let {c,, : (v, u) € A} be binary
variables such that ¢,, = 1 if node u is covered by the antenna
beam of node v, and 0 otherwise. In other words, the wireless

communication link (v, u) exists if and only if ¢,, = 1. Before
discussing the construction of linear constraints for AOP, we first
investigate in more detail the relationship between the antenna
orientation ¢, and the existence of wireless communication links
cVLl'

Let a,, (0 £ a,, < 27) be the angle measured counter-clockwise
from the horizontal axis to the vector vu as shown in Fig. 4.
Then the angle a.,, (v, u € N) can be obtained once their positions
are given. Assume the beam width 0, (0 < 0, < 27) of each node
v is fixed, and each antenna beam can be pointed in any desired
direction by adjusting its orientation continuously to provide
connectivity to a subset of the nodes that are within its
communication range. In Fig. 4, the lighter shaded area is the
space covered by the antenna beam of node v when it is about
entering the position of node u (i.e., for v making contact with u),
and the darker shaded area is the space just before the beam is
leaving the position of node u (i.e., for v losing contact with u).
Thus it is clear that the wireless link (v, ) exists if and only if the
antenna orientation @, is bounded by the two pointing directions
¢', = 0,,—0,/2 and ¢*, = o, +0 ,/2, indicated by the dotted lines as
shown in Fig. 4.

vu

0 P,

0 0
o, +—=~ 2n+a,—— 21
2 2

() 0 <o, <0,/2

cVM
1
0 0 ?,
a, —— a, +—= 2n
2
®6,/2<0,,<2n-0,/2
vu
1
) o o,
o, +—=-2n o —3“ 2n

(c)2n-0,/2<0,,<2n

Figure 5. Three possible value ranges of angle o,, for the
constraints between o, and c,,



Assume 0 < a,,, <0 ,/2. Then according to the definition of c,,, the
range [o,,—0 ,/2, o, 16 ,/2] of ¢, shown in the left part of Fig 5a
must be mapped into [0, o, 10 ,/2]U[2nt+a,,—0 /2, 27), since we
restrict variable ¢, between 0 and 2n. Therefore, ¢, = 1 if and
only if @, € [0, o, +0,/2] U[27+a,,—0,/2, 27), which is expressed
in Constraint (11) and depicted in the right part of Fig Sa.
Similarly, we have Constraints (12) and (13) for ¢, and ¢,
corresponding to o, within different ranges as shown in Figure
5b and Figure 5c respectively.

i 0<a, <6,/2:
L, 0<¢,<a,,+6/20r2n+o,—0,/2<¢, <21
W= . (11)
0, otherwise
(i) 6,/2<a,, <2n-0,/2:
c = L, a,-0,/2<¢,<a,, +6,/2 (12)
" |0, otherwise
(i) 2n -6,/2<a,, <2m:
L o, —6,/2<¢, <2t or 0<¢, <o, +0,/2-2r (13)
w0, otherwise

The above Constraints (11) — (13) are obviously nonlinear. In the
following three cases, we shall show that these constraints can be
linearized.

Case 1: 0< a,, <67V

The right part of Fig. 5a shows the Constraint (11) in a @,—c,,
plane. We observe that c,, can be decomposed into a summation
of two new binary variables ¢!, and ¢?,,, which are defined in
Equations (14) and (15).

, 0<¢,<a, +6,2

=
{0’
]‘9

¢, =
{0’

Equations (14) and (15) are depicted by thick lines in @'y,
plane and ¢@,~c%, plane as shown in Fig 6a and Fig 6b
respectively. In Fig. 6a, the points (¢,, ¢',,) that satisfy the
Equation (14) must be within the shaded area between line PP,
and line P3P4, where P; = (0, 1/2), P,= (a,,+6,/2, 0), P; = (2=, 0),
and P,= (a,, 0 ,/2, 1). It can be clearly observed that Constraint
(17) later covers the shaded area above line P,P,, and Constraint
(18) covers the shaded area below line P;P,4. Since 0 < ¢, < 2m
and ¢',, € {0, 1}, the point set defined by Equation (14) and the
point set defined by the constraints (17) and (18) are the same in a
¢,~c',, plane as shown in Fig. 6a. Since P; may be any point
between (0, 0) and (0, 1), we may choose their middle point
without loss of generality.

(14)
(15)

a,, +0,/2<¢,<2n

2n +a,, —0,/2<¢,<2n
0<¢,<2m +a, —0,/2

Similarly, the points (¢,, ¢*,,) defined by the Equation (15) can be
rewritten in constraints (19) and (20) with the help of Fig. 6b. In
summary, the nonlinear Constraint (11) is linearized using
Constraints (16) to (20).
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vu

0,
wt 2r +o, —
2 2

(a) linear constraint between ¢, and ¢',,

vu

(b) linear constraint between @, and ¢?,,

Figure 6. Illustration of constraint linearization (0 <o.,,<6,/2)

c, :clw+czw’0£aw<67v (16)
S P |

M 20, +9V(PV 2 a7
| 2 4n
Cp S— ¢, +

"= e, -0, " 4m—2a, -0, (18)
o2 4ntda, -6,

e, -2a, P 0, —2a,, (19

2

2
Cou S—(pv (20)

4n + 201, -0,

Case 2: e—vs Oy < ZTC—G—V

2 2
In this case, ¢,, can be decomposed into another linear
combination of binary variables ¢t and A2, given in Equation
(21) and (22). Following a similar step as above and the help of
Fig. 7, we linearize Constraint (12) into Constraints (23) to (27).

. L, a,-0,/2<¢,<2n

¢ = @1
0, 0<¢,<a, —-6,/2
, 0<¢,<a, +6,/2

¢ = ¢ (22)
0, a, +6,/2<¢,<2n

— Al 2 ev ev
CW—CW+CW—1,7S(XW< 2712—7 (23)



(b) linear constraint between @, and ¢?,,,

Figure 7. Illustration of constraint linearization
©,/2 <a,,<2n-0,/2)

s 2 o 20, =0,
" an 20, 40, " 4r 24, 10, 24
2
1
Cuy < m% (25)
>t o+t
" e 10, T (26)
2 2 4n
[ O, +
" 20, -0, 7 dn—2a,, -0, @7

0
Case 3: ZE—TVS O, <21

Very similar to Case 1, linear constraints (30) to (34) illustrated in
Fig. 8 can be obtained for Equation (13).

. , 0<¢,<a,, +0,/2-2n

C,= (28)
0, a, +0,2-2n<¢p,<2n
, a,—-0,/2<¢,<2n

= ? (29)
0, 0<e¢,<a,, —0,2

¢ =c 4+ 2m-D <o <2n

W w w’ 2 - 7w (30)

1 1 1
¢, +—

[ s ——
2a,, +0, —4n " 2 G1)

v
otvu+7—2ﬂ: Oy —— 21‘[

. . 1
(a) linear constraint between ¢, and ¢,

2
C

vu

. . 2
(b) linear constraint between ¢, and ¢*,,

Figure 8. Illustration of constraint linearization
@2n-6,/2<a,,<2n)

o< 2 0, + 4n
" 8t -2a,-0, " 8t-2a,, -0, ¢2)
2 s 2 20, -0,
" an 0, 20, ' 4m+0, — 20 (33)
2 2

Cou = m% (34)
So far, the linear constraints have been completely constructed to
characterize the relation between antenna orientation ¢, and the
existence of wireless communication links ¢,,, upon which the
Antenna Orientation Property (AOP) can be easily achieved by
the following lemma.

Lemma 4. T, Y*(N’, A', q) satisfies AOP, if the formulation of
Problem MEM includes the following constraints:

Z,<c,Vv,ueN (35)
Proof: Arc (v, u) exists in T, i.e. Z',,= 1, only if node u locates
within the antenna beam of node v, i.e. ¢, = 1. This is equivalent
to Constraint (35). m

Example 5

Referring the example of the 4-node network shown in Fig. 2, we
consider the additional constraints imposed on variables Z,, once
taking into account AOP in a context of directional antenna
applications. As we assumed before, each node has a fixed



beamwidth . We only discuss the linear constraint formulation
about variables Zj, and Z,, as examples.

For constraints of Z;,, since o, = 51/4, 0, =, and 6,/2 < o, <
21 —0, /2, this belongs to Case 2. For constraints of Z,;, since o
=m/4, 0,=m, and 0 < 0y < 0,/2, it belongs to Case 1. We list the
constraints for AOP corresponding to Zj, and Z,; expressed as
follows:

Z,<c,+c,-1
cly > 40, /51 =3/5

ZZL < Cl21 + C221

ch >=20,/3n+1/2

cly <40, /3n ch < 4o, /5T +8/5
¢ > 4o, /Tm +1/2 3 >4, /m 7
ch <—4¢, /m +8 c3 <do, /Tn

8. PROBLEM MEM FORMULATION

Our previous derivation on the linear constraints can now help us
to rewrite the problem formulation in Section 4 as an MILP
model. This is shown in Fig. 9, in which the coefficients 4',,, B,
Chw D (i=0, 1), and E,,, are given in Table 2.

Table 2. Values of coefficients

0 <o, < ﬂ — <o, <2m -e—v 2n 'e_vg(xvu<27'E
2 2 vu 2 2
: _ 1 2 1
A'w 20, +6, 4 20, +6, 20, +6, —4n
2 2 2
A PR -
vu 0, -2a,, 2a,, +0, 4m 46, —20.,,
1 20Lvu _ev 1
B! 5 - Py
vu 2 4m -20.,, +6, 2
) . 4 +2(xvu _ev l _ Zavu _ev
B 0,20, 2 4 +0, — 20,
1 2 2 2
Cu 4n _20(‘vu _ev 201, 0, 8 _20(‘1’u _ev
2 2 2
> D —
v 4TE +2(X‘VM _eV 41t _2(1\/1{ _eV 2& vu - eV
N __ 4
D 4n-2a,, -0, 0 8t —201,, 0,
) . S
D 0 4n - 2a,, -0, 0
E, 0 _1 0

In this formulation, Z,,, c',,, and ¢?,, are integer variables; P,, F,,
and @, are continuous variables. Note that c,, helps to simplify the
form of constraints, but they are not independent variables. The
number of variables in the formulation is approximately 4n* + 2n,
and the number of constraints is of the order of O(°).

Recall that in Lemmas 1 to 4, we proved that any solution, which
satisfies the constraints in (37) to (50), should be a multicast tree.
In order to prove that the formulation of Problem MEM solves the
minimum-energy multicast routing problem, it remains to show
that every multicast tree can be expressed by the variables P,, Z,,,,
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Fop € e and ¢, in Problem MEM. This is achieved by the
following theorem.

Theorem 1. The formulation of Problem MEM solves the
minimum-energy multicast problem.

Proof: Assume that Ty = (N', A', q) is an arbitrary multicast tree of
G. The solution corresponding to 7, is obtained by setting
variables in the following order:

1) If(v,u) € A'thenwe set Z,,= 1;

2) We set all other Z,,, = 0 otherwise;

3) [Ifvisaninternal node of 7, we set P,= Max p,,;

w(v,u)eA'

4) We set all other P, = 0 otherwise;

5) IfZ,=0,wesetF,,=0;

6) If Z,, is not equal to zero, the corresponding F,, are assigned
the value of the cardinality of 7}', i.e., F,, =| T, |, where T,
is the set of nodes that belong to the sub-tree that contains
node u and is formed by removing arc (v, u) from the tree T,
and it is clear that | T, | < n;

7)  We set ¢, to be any direction such that the antenna beam of
node v can cover all the nodes {u | Z,, = 1};

8) We set ¢',, by Equations (14), (21), or (28) corresponding to
different value of a,,;

9) We set ¢, by Equations (15), (22), or (29) corresponding to

different value of a,,.

It is a straightforward exercise to show that those P,, Z,,,, F.,, o
czm and ¢, values above satisfy the RTP, WMAP, AOP and
Integrality Property constraints in Problem MEM. m

Our analytical model can be easily applied in some specialized
cases. Broadcast can be considered as a special case of multicast
when M = N. Therefore, the constraints (39) and (40) in the
formulation (see Fig. 9) disappear, and the constraint (41) can be
simplified as constraints (51).

>F,->F,=1vueN\{sg (51)

veN veN
Omni-directional antenna scenarios can also be considered as a
special case of directional antenna model when the optimized
variable @, for each node u is set to a constant 2rt. Variables ¢,
Cowr 'y and 2, and constraints (44) — (49) all disappear, since
¢,, = 1 is always true.

9. CONCLUSION

In this paper we present a constraint formulation for the joint
minimum-energy multicast and antenna orientation optimization
problem in multi-hop ad hoc wireless networks. Based on the
analysis on the properties of minimum energy multicast tree, the
problem can be characterized in a form of mixed integer linear
programming problem, and we proceed to prove the correctness
of this formulation. To our best knowledge, these are the first
work using integer programming to formulate the problem in a
context of directional antenna applications. Many application
scenarios can be solved efficiently based on the formulation using
branch-and cut or cutting planes techniques. The optimal
solutions can be used to assess the performance of heuristic
algorithms for mobile networks by running them at discrete time
instances.



Objective function:

minimize Y P,

u

(36)

ueN
Subject to:
(B} Rooted Tree Property
>z, =0 (37
veN
>z, =1 YueM\{s} (38)
veN
>z, <1 YueN\M (39)
veN
>Z,<(-1) >Z,;YueNWM (40)
veN veN
ZFVLI - ZF‘MV = ZZVLI ’ vu € N\{S} (41)
veN veN veN
Z,<F,<(n-1)Z,;YueN\{s},ve N 42)
(1) WirelessMulticast Advantage Property
pvmix 2 Pv2 pvuz\/u’ VV’ ue N (43)
(111)  Antenna Orientation Property
clvu > Alvu¢v + Blvu; VV, ue N (44)
¢, <C p+D",;V,ueN (45)
¢, >A p+B,v,ueN (46)
¢, <C.p+D°; VW, ueN (47)
z,<c +c,+E VY, ueN (43)
0<¢p,<2mVYueN (49)
(IV) Integrality Property
z,{0,1};c',€{0,1};c,e{0,1},v,ueN (50)

Figure 9. MILP model for Problem MEM

A major challenge, and a topic of continued research, is to extend
our analytical model to large-scale networks with thousands of
nodes. A near optimal solution can be found in a polynomial time
using the Lagrange Relaxation and sub-gradient techniques [28]
based on our formulation. Furthermore, it is important to develop
the distributed algorithms of MEM to cope with the dynamic
topologies.

10. APPENDIX: NOTATION

=X

an arc set corresponding to the unidirectional wireless
communication link;

the arc set of multicast tree Ty(N', A', q), A' C 4;

the nonnegative variables, which represent the amount of
flow produced by the multicast initiator going through (v,
u);

a directed graph modeling the wireless ad hoc network
with a node set N, an arc set 4, and an arc weight function
p;

a set of multicast members, |M| =m and M c N’

a node set in a two-dimensional plane, |N| = n;

the node set of multicast tree Ty(N', 4', g) including all the
multicast nodes M — N'c N;
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the nonnegative continuous variables that represent the
transmission power of the node v required by the multicast
tree T;

a multicast tree of G (I, 4, p) rooted at a source node s;
the binary decision variables that are equal to one if arc
(v, u) exists in the sub-graph T of G, and zero otherwise;
the binary variables such that ¢, = 1 if node u is covered
by the antenna beam of node v and 0 otherwise;

the maximum power level that node v can choose;

a weight function p: 4— R* that presents the power
needed for the link from node v to node u, which is
always greater than zero;

a weight (power) function ¢: N'> R"U{0} that can be
Zero;

the distance between node v and node u;

an optimized solution;

the propagation loss parameter

the angle measured counter-clockwise from the horizontal
axis to the vector from node v pointing to node u (0 < o,
<2m);

the beamwidth of node v’s antenna (0 < 6, < 27);



the antenna orientation (0 < ¢, < 27) of node v defined as
the angle measured counter-clockwise from the horizontal
axis to the antenna boresight.
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