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Abstract

Patrick lon (MathematicalReviews) and Jerry Grossmar(OaklandUniversity)
maintaina collection of dataon Paul Erdds, his co-authorsand their co-authors.
Thesedatacanberepresentethy agraph,alsocalledthe Erdds collaborationgraph.

In thepapersometechniquedor analysisof large networks (differentapproaches
to identify 'interesting’ individualsand groups,analysisof internal structureof the
maincoreusingpre-specifiedlockmodelingandhierarchicaklustering)andvisual-
izationsof their parts,arepresentedan the caseof Erdbs collaborationgraph,using
programPaj ek.
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1 Intr oduction

The currentlevel of developmentof computertechnologyallows us to dealwith large
(having thousandso severalhundred®f thousand®sf lines— arcsand/oredgeshetworks
alreadyon PCs.Thebasicproblemis thatsuchnetworkscant begraspedn asingleview
—we have to eitherproducea global view/characteristicemitting the details,or make a
detailedinspectionof someselectedpart of the network of moderatesize (sometensof
vertices),or somethingin between. The Erdds collaborationgraphis an exampleof a
large network on which we canpresensometechniqueghatcanbe usedfor analysisof
largenetworks. Theobtainedesultsareof theirown interestfor graphtheorycommunity
Paul Erddswasoneof the mostprolific mathematician the history, with morethan
1500papergo his name.He wasborn March 26, 1913in BudapestHungaryanddied
SeptembeR0, 1996in Warsav, Poland. Paul Erddés won mary prizesincluding Cole
Prize of the AmericanMathematicalSocietyin 1951 andthe Wolf Prizein 1983. He is
alsoknown asapromoterof collaboratiorandasamathematiciamvith thelargestnumber
of differentco-authorsThis wasa motivationfor theintroductionof the Erdésnumber

2 Erdoscollaboration graph

TheErd6snumbem g of anauthoris definedasfollows: Paul Erddshimselfhasnyg = 0;
peoplewho have written ajoint papemwith Paul Erddshave nz = 1; andtheir co-authors,
with Erddsnumbemotyetdefinedhaveny = 2; etc.

Oftenon the homepagesof peopleinterestedn or relatedto combinatoricsve find
the statement:

My Erdésnumberis ...

Patrick lon (MathematicalReviews) and Jerry GrossmanOaklandUniversity) col-
lectedtherelateddata(Grossmarandlon, 1995,Grossman1996)andmadethemavail-
ableattheURL:

http://www.oakland.edu/"gross man/erdos hp.h tml

Thesedatacan be represente@s a graphcalled the Erdés collaboration graph— £ =
(V, E). Thesetof its verticesl” consistsof known authorswith ng < 2, andits edges
connectwo authorsjf they wroteajoint paperandatleastoneof themhasng € {0, 1}
— thedataaboutcollaborationamongauthorswith nz = 2 arenot (yet?) available.

Thedataareupdatedannually Table1 shavsthe’growth’ of the Erdds collaboration
graph.

By removing Paul Erdds himself and connectiongo him from the graph& we get
thetruncatedErdés collaborationgraph&’. Thelast,1999editionof this graphcontains
6100verticesand9939edges.



Tablel: Thegrowth of Erddscollaborationgraph

ng =0,1 ng =2 Total

Year| [Vou | [Ew| | Vo] | [Eo[ | [V]]| |FE]
1997| 473| 1786| 5016 | 7658 | 5489 | 9444
1998| 486 | 1866 | 5337 | 8124 | 5823| 9990
1999| 493| 1909 | 5608 | 8522 | 6101 | 10431

The namesof authorswith ngy = 1 arewritten in capitalsandthe namesof authors
with ng = 2 areonly capitalized.

We usedprogramPaj ek to make someanalysesandgetlayoutsof selectecpartsof
Erdbscollaborationgraph.Paj ek is aprogram for Windows, for analysisandvisualiza-

tion of largenetworks(BatageljandMrvar, 1998).1t is freely availablefor noncommercial
useat:

http://vlado.fmf.uni-lj.si/pu b/ne twork s/pa jek/

3 Somebasicanalyses

In Table2 somebasicstatisticsaboutthe numberof co-authors- vertex degreesn Erdos
collaborationgraph& arepresented.

Table2: Basicstatisticson degreesin Erdds collaborationgraph

ng=1|ng€{0,1} | np=2

minimum 1 1 1
median 18 18 1
averagedegree| 24.08 25.03 1.52
maximum 277 492 18
maximizer| Harary Erdds | Lesniak

Thereexist 17 connecteccomponentsn £’. Oneof themis very large (it contains
6045 authors) pthersaresmaller(they contain12 authorsat most,seeFigurel).
Thediameterof thelargecomponenin graph€’ is 12 with 3 diametricpairsof vertices

( Jalob, Matthias: An, ChungMing )
( Jalob, Matthias: CorstenL. C.A.)
( Jalob, Matthias: Stux,IlvanE.)
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Table3: Top tenauthorsaccordingto numberof co-authors

Author No. of co-authors| core
ERDOS,PAUL 492 10
HARARY, FRANK 277 10
ALON, NOGA 168 10
SHELAH, SAHARON 146 7
GRAHAM, RONALD L. 126 10
COLBOURN,CHARLESJ. 121 7
KLEITMAN, DANIEL J. 117 10
ODLYZKO, ANDREW M. 113 8
TUZA, ZSOLT 107 10
HOFFMAN, ALAN J. 93 7

Thecorrespondingeodesicsubgraphs presentedn Figure?2.

The top tenauthorsaccordingto the numberof co-authorsare presentedn Table 3.
FrankHararyandNogaAlon, the two authorswith the highestdegreein £’, did not (?)
write an article together But thereexist 15 authorswith whom both of them are co-
authors.Thecommonco-authorsare:

ERDOS,PAUL TROTTER,WILLIAM T.,JR.
BOLLOBAS, BELA TUZA, ZSOLT

DUKE, RICHARD A. Akiyama,Jin
FAUDREE,RALPH J. Brualdi, RichardA.
GRAHAM, RONALD L. Dewdney, AlexanderKeewatin
NESETRIL,JAROSLAV Fellows, MichaelR.

RODL, VOJTECH Karp, RichardM.
THOMASSEN,CARSTEN Welsh,DominicJ. A.

The distributions of distancesof other authorsfrom Harary and Alon are given in
Table4. We seethatthe Alon’s co-authorsaremorecollaboratve.

4 Cores

Let G = (V, E') beagraph. The notion of corewasintroducedby Seidman(1983). A
maximalsubgraphi;, = (W, E|W) inducedby the setiW" C V' is a k-core, or core of
order k, iff Yo € W : degy(v) > k, seeFigure3. The coreof maximumorderis also
calledthemaincore.The coreshave two importantproperties:

e Thecoresarenested: < j =— H; C H;
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Table4: Distributionsof distancegrom HararyandAlon

Distance| from Harary | from Alon
0 1 1

1 276 167

2 938 1124

3 2757 2764

4 1514 1416

5 538 473

6 12 99

7 9 1
Sum 6045 6045
00 55 55
Average 3.193 3.199

¢ Thereexistsanefficientalgorithmof orderO(| F|) for determininghecores(Batagelj,

MrvarandZaversnik, 1999).
We denotetheneighborhoof vertex v € V by N(v):

Nw)={ueV:(v:u) € E}
andtherootedneighborhoof vertex v € V by N*(v):

N¥(v) = N(v) U{v}

1)

(2)

In £ themaincoreis of order10, andof order9in £'. In Table5 thedistributionin £
of numberof authorsin k-cores(secondcolumn),andthe distributionsof numberof co-
authorgn coresfor selectednembersf themaincore,aregiven. Theauthorsbelonging
to the main coreandsomeof their characteristicare presentedn Table6, wheredeg is

theaveragedegreeof all co-authors.

B 0 (v) = 0
deg(v) = {N 3" deg(u) otherwise
uEN(v

andcoreis the averagecorenumberof all co-authors.

0 (v) =10
COTe(v) = { |th)| ugv:(v) corgu) otherwise

7
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Figure3: 0,1, 2 and3 core.

Table5: Distribution of numberof co-authorsn cores

core | No. of authors| ERDOS | HARARY | ALON | Lesniak| RODL | SIMON. | LEHEL
10 37 35 14 18 10 19 12 16
9 14 12 4 2 3 7 2 1
8 27 19 4 11 1 7 3 0

7 73 45 16 15 2 13 3 1

6 96 50 17 8 1 4 2 2

5 178 94 14 8 0 4 2 5
4 231 89 11 19 1 4 2 1
3 410 71 27 22 0 8 0 3
2 853 62 38 23 0 12 2 2

1 4182 15 132 42 0 10 1 1
Sum 6101 492 277 168 18 88 29 32
Average 1.76 4.88 2.98 4.22 8.83 5.89 7.52 7.22




Table6: Authorsandnumberof their co-authordn the main core, total numberof co-
authors,averagecoreandaveragedegreeof all their co-authorsandtheir collaboratve-
ness

Author Co-authors| All co-authors| tTore deg | coll

ERDOSPAUL 35 * 492 4.88 24.08| 2.05
FAUDREE,RALPH J. 19 51 6.33| 38.63| 1.58
GRAHAM, RONALD L. 19 126 494| 26.64| 2.03
RODL, VOJTECH 19 88 589 3253| 1.70
ALON, NOGA 18 *168| 4.22| 17.63| *2.37
GYARFAS, ANDRAS 18 41 6.90| 40.85| 1.45
JACOBSON,MICHAEL S. 17 55 5.87| 30.60| 1.70
TUZA, ZSOLT 17 107 4.21 22.73| * 2.38
CHUNG, FAN RONGK. 16 81 5.12| 30.79| 1.95
GOULD, RONALD J. 16 37 6.73| 35.00| 1.49
FUREDI, ZOLTAN 16 65 595| 36.45| 1.68
LEHEL, JENO 16 32| *7.22| 42.69| 1.39
SCHELR RICHARD H. 16 42 6.21| 33.12| 1.61
SPENCERJOELH. 16 67 6.10| 3899, 1.64
BURR, STEFAN ANDRUS 15 29 7.14| *58.58| 1.40
SZEMEREDI,ENDRE 15 68 587| 30.13| 1.70
HARARY, FRANK 14 * 277 2.98 9.62 | * 3.36
WEST, DOUGLASB. 14 81 4.14| 20.10| * 2.42
CHARTRAND, GARY 13 81 5.27 23.33| 1.90
LOVASZ,LASZLO 13 91 474 23.30| 211
NESETRIL,JAROSLAV 13 65 531 33.12, 1.88
PACH, JANOS 13 78| 4.88| 25.33| 2.05
BABAI, LASZLO 12 75 4.99 27.32| 2.01
FRANKL, PETER 12 64 541| 33.67| 1.85
SIMONQVITS, MIKLOS 12 29| *7.52| *50.76| 1.33
TROTTER,WILLIAM T.,JR. 12 54 548 | 39.15| 1.82
OELLERMANN, ORTRUD R. 11 40 6.63| 38.45| 1.51
SOSVERAT. 11 37 6.84| 47.00| 1.46
BOLLOBAS, BELA 10 78| 4.92| 30.10( 2.03
CHEN, GUANTAO 10 29 576| 33.83| 1.74
GODDARD, WAYNE D. 10 48 6.10 2956| 1.64
HAJNAL, ANDRAS 10 50 574 36.66| 1.74
KLEITMAN, DANIEL J. 10 117 4.03 18.11| * 2.48
KUBICKA, EWA MARIE 10 19 7.11|*64.95| 141
KUBICKI, GRZEGORZ 10 25 7.08| *50.68| 1.41
Lesniak,Linda M. 10 18| *8.83| 34.89| 1.13
ROUSSEAU, CECIL CLYDE 10 31 5.10| 34.68| 1.96




Table7: Toptenmostcollaboratve authors

author coll

1 | HARARY, FRANK 3.358
2 | SHELAH, SAHARON 3.106
3 | HOFFMAN, ALAN J. 3.056
4 | SALAT, TIBOR 2.674
5| CHUI, CHARLESKAM-TAI 2.538
6 | JANSON,SVANTE 2.537
7 | FISHBURN, PETERC. 2.521
8 | FRAENKEL, AVIEZRI S. 2.514
9 | VAN LINT, JACOBUSHENDRICUS | 2.503
10 | KRANTZ, STEVENGEORGE 2.493

Theauthorswith the highestvaluesof deg andcoreareindicatedby a star

We have to bevery carefulin interpretatiorof deg andcore Their high valuesimply
thata'central’ authoris mainly collaboratingwith other’central’ authors.Thereforewe
proposeasa measuref collaborativenesshe quantity

corgv)
ll(v) = 5
coll(v) corgv) ®)
thatmeasureshe opennessf authorv towards’peripheral’ authors.If corgv) = 0, also

coll(v) = 0.

The mostcollaboratve authorsin the main coreare FrankHarary Daniel Kleitman,
DouglasWest,Zsolt TuzaandNogaAlon. But, it turnsout thatamongthe top ten most
collaboratve authorsFrankHararyis the only onefrom themaincore(seeTable7).

Notethatthisis valid only relatively to thegraph& sincefor authorswith ng = 2 their
corenumbersareunderestimatedyecaus®f incompletedataabouttheir collaboration.

5 Lords

We call 'lords’ verticesthat have "stronginfluence’to their neighborhoods At the be-
ginning we assignto eachvertex its degreeasits initial power. Thefinal distribution of
poweris theresultof 'transferring’the power from wealer to strongervertices.

To determinethis distribution we orderverticesin the increasingorderaccordingto
their degreesand in this order we deal the power of the currentvertex to its stronger
neighborsgproportionally Theresultof applyingthis procedureon £’ is givenin Table8.

In an alternatve versionof this procedureeachvertex obtainsequalinitial power 1,
andthevertex is consideredtrongeif it hasgreateipoweror, in thecaseof equalpowers,
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Table8: Lords

Author Power

1 | HARARY, FRANK 7043.46
2 | ALON, NOGA 6773.39
3 | RUBEL, LEE A. 1643.83
4 | COLBOURN,CHARLESJ. | 1151.59
5| SHELAH, SAHARON 753.12
6 | KAC, MARK 252.39
7 | CHUI, CHARLESKAM-TAI | 235.28
8 | MAULDIN, R. DANIEL 214.22
9 | JOO,ISTVAN 198.73
10 | BRENNER,JOELLEE 169.29

if it hasgreaterdegree. Again, we obtainfor ’lords’ a permutationof the sameauthors.

In £ theonly lord is Paul Erdos.

6 Blockmodeling

To uncover the internal structureof the main coreof £’ we appliedpre-specifiedlock-
modeling(Batagel},1997,Batagelj,FerligojandDoreian,1998)to it. As a block model

we selected:

e cliquesasdiagonalblocks,

e completeor emptyout-diagonablocks.

We obtaineda partitioninto 9 clusters- the smallesicontainsonly 1 author the largest8

authors All clustersarecliques.

C, = { ALON, CHUNG, FRANKL, FUREDI,GRAHAM, KLEITMAN }
C, = { BABAI, SIMONOQVITS, SOS,SZEMEREDI}

C3; = { BOLLOBAS, SPENCERWEST }
C, = { BURR,HARARY, NESETRIL,RODL }

C; = { CHARTRAND, GODDARD, KUBICKA, KUBICKI, OELLERMANN }
Cs = { CHEN,FAUDREE,GOULD, GYARFAS, JACOBSON,LEHEL, SCHELR

Lesniak}

C. = { HAJNAL, LOVASZ, PACH }
Cs = { ROUSSEAJ, TUZA }

Cy = { TROTTER}

11
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Figures4 and5 representheblockmodelingresults.In Figure4 a view of 3D layout
of the main core subgraphs given. A kinemagefile (for Mage viewer) with the same
layoutis availableat:

http://vlado.fmf.uni-lj.si/pu b/ne twork s/do c/erd os/

In Figure5 analternatve visualizationof thisresult,basedn adjaceng matrix (with con-
text) reorderedaccordingthe obtainedclustering,is displayed. The first andthe second
row / columnshaw theintensity (inside-clusteddegreenormalizedwith maximalinside-
clusterdegree)of collaborationof authorsof the main corewith the remainingauthors
withng = 2 andng = 1.

Coloring C4 with 8 colors, it is easyto extend this coloring to the main core and
further to the remainingpartof £’. Thereforey(£’) = 8, and, sinceng(Lesniak)= 2,
x(€) € {8,9}. Till now we didn’t succeedo find an8-coloring.

On coreswe canbuild an efficient procedurdor coloring large graphsthatcombines
anexactproceduraisedonthemaincore,if it is smallenoughandsequentiatoloringto
extendthe obtainedcorecoloringto the remaininggraph. The coloring orderof vertices
is determinedy orderingthemin decreasing@rderaccordingto pairs(corgv), deg(v)).

7 Clustering

Anotherapproacho analyzethegraphisto introduceadissimilarityd into thesetV/, orits
subsetandapply someof multivariatetechniquedo it. Examplesof suchdissimilarities
are( @ denoteghe symmetricdifferenceand D = max{|N(u)| + |N(v)| : u # v;u,v €

V}:

sy = 080 ©
by - TS @
) = (TG @
o - =g

Thesedissimilariesarein fact (semi)distanceknown in dataanalysis(someaftertrans-
formationd = 1 — s from similarity s into dissimilarity d) asdissimilaritiesof: d; —
Hamming,Kendall, Sokal-Michner;d, — Jaccardyl; — Dice, Czekanwski; d, — Braun-
Blanquet(BatageljandBren,1995).

InthecaseN (u) = N(v) = () wesetfor all four dissimilaritiesd(u, v) = 1. We obtain
a parallelsetof dissimilaritiesd;, d3, di andd] by replacingin the above definitions
neigborhoodsV with rootedneighborhoodsv+.
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Groups/clustersf similar units canbe obtainedby methodsof clusteranalysis(Gor-
don, 1981). We determinedd; on {8, 9, 10}-core consideringall authorsfrom £ and
appliedhierarchicalclustering,Ward’s methodto it. Again, becausef incompletedata
for authorswith ng = 2, their dissimilaritiesarerelatve to £. The obtaineddendrogram
(clusteringtree)is givenin Figure6.

8 Final remarks

In the paperwe presentedsomepossibleapproacheso analysisof large networks and
appliedthemto the Erdds collaborationgraph. Becauseof incompletedatafor authors
with ng = 2 the resultsare valid only for authorswith ny = 1, or they shouldbe
interpretedor eachgroupseparately

For betterinterpretationof the obtainedresultsand for further analysesadditional
informationaboutauthorgyearof birth, subjectf interest,geographidocation,nation-
ality, ...) andpapersconnectingthem (numberof papers list of MR categories,...)
would beneeded.

The (truncated)Erdds collaborationgraphin Pajekformatandsomefiles with results
areavailableatURL:

http://vlado.fmf.uni-lj.si/pu b/ne twork s/do c/erd os/

This paperis an elaboratedrersionof thetalk presentedt the Fourth Slovenelnter-
national Confeencein Graph Theory June28—July 2, 1999,Bled, Slovenia.

Acknowledgment: This work wassupportedoy the Ministry of Scienceand Technol-
ogy of Slovenia,Project]J1-8532.
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