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Abstract

Patrick Ion (MathematicalReviews) andJerryGrossman(OaklandUniversity)
maintaina collection of dataon Paul Erdős, his co-authorsand their co-authors.
Thesedatacanberepresentedby agraph,alsocalledtheErdőscollaborationgraph.

In thepapersometechniquesfor analysisof largenetworks(differentapproaches
to identify ’interesting’ individualsandgroups,analysisof internalstructureof the
maincoreusingpre-specifiedblockmodelingandhierarchicalclustering)andvisual-
izationsof their parts,arepresentedon thecaseof Erdőscollaborationgraph,using
programPajek.
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1 Intr oduction

The currentlevel of developmentof computertechnologyallows us to dealwith large
(having thousandsto severalhundredsof thousandsof lines– arcsand/oredges)networks
alreadyonPCs.Thebasicproblemis thatsuchnetworkscan’t begraspedin asingleview
– we have to eitherproducea globalview/characteristicsomitting thedetails,or make a
detailedinspectionof someselectedpart of thenetwork of moderatesize(sometensof
vertices),or somethingin between.The Erdős collaborationgraphis an exampleof a
largenetwork on which we canpresentsometechniquesthatcanbeusedfor analysisof
largenetworks.Theobtainedresultsareof theirown interestfor graphtheorycommunity.

PaulErdőswasoneof themostprolific mathematiciansin thehistory, with morethan
1500papersto his name.He wasbornMarch26, 1913in Budapest,Hungaryanddied
September20, 1996 in Warsaw, Poland. Paul Erdős won many prizesincluding Cole
Prizeof theAmericanMathematicalSocietyin 1951andtheWolf Prizein 1983. He is
alsoknownasapromoterof collaborationandasamathematicianwith thelargestnumber
of differentco-authors.Thiswasa motivationfor theintroductionof theErdősnumber.

2 Erdőscollaboration graph

TheErdősnumber��� of anauthoris definedasfollows: PaulErdőshimselfhas�����	� ;
peoplewhohavewrittena joint paperwith PaulErdőshave ���
��� ; andtheirco-authors,
with Erdősnumbernotyet defined,have ���
�	� ; etc.

Oftenon thehomepagesof peopleinterestedin or relatedto combinatoricswe find
thestatement:

My Erdősnumberis . . .

Patrick Ion (MathematicalReviews) andJerryGrossman(OaklandUniversity) col-
lectedtherelateddata(GrossmanandIon, 1995,Grossman,1996)andmadethemavail-
ableat theURL:

http://www.oakland.edu/˜gross man/ erdos hp.h tml

Thesedatacanbe representedasa graphcalled the Erdős collaboration graph – � ����������
. Thesetof its vertices

�
consistsof known authorswith ������� , andits edges

connecttwo authors,if they wrotea joint paper, andat leastoneof themhas���
����� � �! 
— thedataaboutcollaborationamongauthorswith ���
�	� arenot (yet?)available.

Thedataareupdatedannually. Table1 showsthe’growth’ of theErdőscollaboration
graph.

By removing Paul Erdős himself andconnectionsto him from the graph � we get
the truncatedErdőscollaborationgraph �#" . Thelast,1999editionof this graphcontains
6100verticesand9939edges.
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Table1: Thegrowth of Erdőscollaborationgraph

�����	� � � ���
�$� Total
Year % �'&)( % % �*&)( % % �'+ % % �,+ % % � % % � %
1997 473 1786 5016 7658 5489 9444
1998 486 1866 5337 8124 5823 9990
1999 493 1909 5608 8522 6101 10431

The namesof authorswith ���	�-� arewritten in capitalsandthenamesof authors
with �����	� areonly capitalized.

We usedprogramPajek to make someanalysesandgetlayoutsof selectedpartsof
Erdőscollaborationgraph.Pajek is aprogram,for Windows,for analysisandvisualiza-
tionof largenetworks(BatageljandMrvar, 1998).It is freelyavailablefor noncommercial
useat:

http://vlado.fmf.uni-lj.si/pu b/ne twork s/pa jek/

3 Somebasicanalyses

In Table2 somebasicstatisticsaboutthenumberof co-authors– vertex degreesin Erdős
collaborationgraph� arepresented.

Table2: Basicstatisticson degreesin Erdőscollaborationgraph

�����.� �����/��� � �! ���
�$�
minimum 1 1 1

median 18 18 1
averagedegree 24.08 25.03 1.52

maximum 277 492 18
maximizer Harary Erdős Lesniak

Thereexist �)0 connectedcomponentsin �#" . Oneof themis very large (it contains1 ��243 authors),othersaresmaller(they contain �5� authorsat most,seeFigure1).
Thediameterof thelargecomponentin graph�#" is �5� with 3diametricpairsof vertices

( Jakob,Matthias: An, ChungMing )
( Jakob,Matthias: Corsten,L. C. A. )
( Jakob,Matthias: Stux,IvanE. )
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ALAOGLU, LEONIDAS

ANNING, NORMAN H.

ASHBACHER, CHARLES D.

BENKOSKI, STANLEY J.

BUSOLINI, D. T.

CLARKSON, JAMES A.

DOWKER, YAEL NAIM
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FELDHEIM, ERVIN
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GINZBURG, ABRAHAM

HARTTER, ERICH

LENGYEL, BELA A.

OBLATH, RICHARD

RIEGER, GEORG JOHANN

SPECKER, ERNST P.

ZIV, ABRAHAM

Adams, C. Raymond

Amdursky, Vardy

Arnold, L. K.

Auslander, JosephBirkhoff, Garrett

Blatter, Christian

Deinert, Erhard

Friedlander, F. G.

Furer, Martin

Gaifman, Haim

Gal, Shmuel

Giese, John H.

Harmon, Gregory

Hodes, Louis

Hofmeister, Gred

Kochen, Simon B.

Kull, H.

Lederer, G.

Lieberherr, Karl J.

Mac Dowell, R.

McCabe, Bernard J.

Mitzner, K. M.

Nolte, William D., Jr.

Pankratz, Alan

Randels, W. C.

Rubinstein, Reuven Y.

Schnyder, Walter Albert

Stohr, Alfred

Stone, Marshall Harvey

Strassen, Volker Straw, Mark

Tamari, Dov

Tucker, Bessie

Weisinger, J. R.

Wick, Georges

Wilson, Lewis

Yoeli, Michael

Zollner, Joachim

Figure1: Smallcomponents.
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An, Chung Ming

ALON, NOGA

BABAI, LASZLO

BOLLOBAS, BELA
CHOWLA, SARVADAMAN D.

GRAHAM, RONALD L.

HARARY, FRANK

HELL, PAVOL

JARNIK, VOJTECH

LOVASZ, LASZLO

NATHANSON, MELVYN B.

OFFORD, A. CYRIL

SILVERMAN, RUTH
SINGHI, NAVIN MADHAVPRASAD

SOS, VERA T.
SPENCER, JOEL H.

STEIN, ALAN H.

STRAUS, ERNST G.

SZEGO, GABOR

TURAN, PAL Bose, Raj Chandra

Levinson, Henry

Littlewood, John Edensor

Livingston, Marilynn L.

Mount, David M.

Walfisz, Arnold

Zassenhaus, Hans J.

Jakob, Matthias

Corsten, L. C. A.

Stux, Ivan E.

Figure2: DiametricGeodesics.
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Table3: Top tenauthorsaccordingto numberof co-authors

Author No. of co-authors core
ERDOS,PAUL 492 10
HARARY, FRANK 277 10
ALON, NOGA 168 10
SHELAH, SAHARON 146 7
GRAHAM, RONALD L. 126 10
COLBOURN,CHARLESJ. 121 7
KLEITMAN, DANIEL J. 117 10
ODLYZKO, ANDREW M. 113 8
TUZA, ZSOLT 107 10
HOFFMAN, ALAN J. 93 7

Thecorrespondinggeodesicsubgraphis presentedin Figure2.
The top tenauthorsaccordingto thenumberof co-authorsarepresentedin Table3.

FrankHararyandNogaAlon, the two authorswith thehighestdegreein � " , did not (?)
write an article together. But thereexist 15 authorswith whom both of them are co-
authors.Thecommonco-authorsare:

ERDOS,PAUL TROTTER,WILLIAM T., JR.
BOLLOBAS, BELA TUZA, ZSOLT
DUKE, RICHARD A. Akiyama,Jin
FAUDREE,RALPH J. Brualdi,RichardA.
GRAHAM, RONALD L. Dewdney, AlexanderKeewatin
NESETRIL,JAROSLAV Fellows,MichaelR.
RODL, VOJTECH Karp,RichardM.
THOMASSEN,CARSTEN Welsh,Dominic J.A.

The distributionsof distancesof other authorsfrom Harary and Alon are given in
Table4. We seethattheAlon’sco-authorsaremorecollaborative.

4 Cores

Let 6 � �������7�
be a graph. The notion of corewasintroducedby Seidman(1983). A

maximalsubgraph8�9 � ��:;�!� % :<� inducedby the set
: =>�

is a ? -core, or core of
order ? , if f @BA � : CEDGF!HJIK� A �ML ? , seeFigure3. The coreof maximumorderis also
calledthemaincore.Thecoreshave two importantproperties:

N Thecoresarenested:OQPSR ��T 8MU = 8MV
6



Table4: Distributionsof distancesfrom HararyandAlon

Distance from Harary from Alon
0 1 1
1 276 167
2 938 1124
3 2757 2764
4 1514 1416
5 538 473
6 12 99
7 9 1

Sum 6045 6045W 55 55
Average 3.193 3.199

N Thereexistsanefficientalgorithmof order X � % � % � for determiningthecores(Batagelj,
MrvarandZaveřsnik,1999).

Wedenotetheneighborhoodof vertex A � � by Y � A � :
Y � A � �<�!Z;� �<C�� A C Z � � �  (1)

andtherootedneighborhoodof vertex A � � by Y;[ � A � :
Y [ � A � � Y � A ��\ � A  (2)

In � themaincoreis of order10,andof order9 in �]" . In Table5 thedistribution in �
of numberof authorsin ? -cores(secondcolumn),andthedistributionsof numberof co-
authorsin coresfor selectedmembersof themaincore,aregiven.Theauthorsbelonging
to themaincoreandsomeof their characteristicsarepresentedin Table6, wheredeg is
theaveragedegreeof all co-authors.

deg
� A � �

� Y � A � �<^�
%_Y � A � % `badcfehg5i deg

� Z � otherwise (3)

andcoreis theaveragecorenumberof all co-authors.

core
� A � �

� Y � A � �$^�
%_Y � A � % `badcfehg5i core

� Z � otherwise (4)
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Figure3: 0, 1, 2 and3 core.

Table5: Distributionof numberof co-authorsin cores

core No. of authors ERDŐS HARARY ALON Lesniak RODL SIMON. LEHEL
10 37 35 14 18 10 19 12 16
9 14 12 4 2 3 7 2 1
8 27 19 4 11 1 7 3 0
7 73 45 16 15 2 13 3 1
6 96 50 17 8 1 4 2 2
5 178 94 14 8 0 4 2 5
4 231 89 11 19 1 4 2 1
3 410 71 27 22 0 8 0 3
2 853 62 38 23 0 12 2 2
1 4182 15 132 42 0 10 1 1

Sum 6101 492 277 168 18 88 29 32
Average 1.76 4.88 2.98 4.22 8.83 5.89 7.52 7.22
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Table6: Authorsandnumberof their co-authorsin the main core,total numberof co-
authors,averagecoreandaveragedegreeof all their co-authors,andtheir collaborative-
ness

Author Co-authors All co-authors core deg coll

ERDOSPAUL 35 * 492 4.88 24.08 2.05
FAUDREE,RALPH J. 19 51 6.33 38.63 1.58
GRAHAM, RONALD L. 19 126 4.94 26.64 2.03
RODL, VOJTECH 19 88 5.89 32.53 1.70
ALON, NOGA 18 * 168 4.22 17.63 * 2.37
GYARFAS, ANDRAS 18 41 6.90 40.85 1.45
JACOBSON,MICHAEL S. 17 55 5.87 30.60 1.70
TUZA, ZSOLT 17 107 4.21 22.73 * 2.38
CHUNG,FAN RONG K. 16 81 5.12 30.79 1.95
GOULD, RONALD J. 16 37 6.73 35.00 1.49
FUREDI,ZOLTAN 16 65 5.95 36.45 1.68
LEHEL, JENO 16 32 * 7.22 42.69 1.39
SCHELP, RICHARD H. 16 42 6.21 33.12 1.61
SPENCER,JOELH. 16 67 6.10 38.99 1.64
BURR,STEFAN ANDRUS 15 29 7.14 * 58.58 1.40
SZEMEREDI,ENDRE 15 68 5.87 30.13 1.70
HARARY, FRANK 14 * 277 2.98 9.62 * 3.36
WEST, DOUGLASB. 14 81 4.14 20.10 * 2.42
CHARTRAND, GARY 13 81 5.27 23.33 1.90
LOVASZ, LASZLO 13 91 4.74 23.30 2.11
NESETRIL,JAROSLAV 13 65 5.31 33.12 1.88
PACH, JANOS 13 78 4.88 25.33 2.05
BABAI, LASZLO 12 75 4.99 27.32 2.01
FRANKL, PETER 12 64 5.41 33.67 1.85
SIMONOVITS, MIKLOS 12 29 * 7.52 * 50.76 1.33
TROTTER,WILLIAM T., JR. 12 54 5.48 39.15 1.82
OELLERMANN, ORTRUD R. 11 40 6.63 38.45 1.51
SOS,VERA T. 11 37 6.84 47.00 1.46
BOLLOBAS, BELA 10 78 4.92 30.10 2.03
CHEN,GUANTAO 10 29 5.76 33.83 1.74
GODDARD, WAYNE D. 10 48 6.10 29.56 1.64
HAJNAL, ANDRAS 10 50 5.74 36.66 1.74
KLEITMAN, DANIEL J. 10 117 4.03 18.11 * 2.48
KUBICKA, EWA MARIE 10 19 7.11 * 64.95 1.41
KUBICKI, GRZEGORZ 10 25 7.08 * 50.68 1.41
Lesniak,LindaM. 10 18 * 8.83 34.89 1.13
ROUSSEAU, CECIL CLYDE 10 31 5.10 34.68 1.96
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Table7: Top tenmostcollaborativeauthors

author coll
1 HARARY, FRANK 3.358
2 SHELAH, SAHARON 3.106
3 HOFFMAN, ALAN J. 3.056
4 SALAT, TIBOR 2.674
5 CHUI, CHARLESKAM-TAI 2.538
6 JANSON,SVANTE 2.537
7 FISHBURN, PETERC. 2.521
8 FRAENKEL, AVIEZRI S. 2.514
9 VAN LINT, JACOBUSHENDRICUS 2.503

10 KRANTZ, STEVENGEORGE 2.493

Theauthorswith thehighestvaluesof deg andcoreareindicatedby astar.
We have to bevery carefulin interpretationof deg andcore. Their high valuesimply

thata ’central’ authoris mainly collaboratingwith other’central’ authors.Thereforewe
proposeasameasureof collaborativenessthequantity

coll
� A � � core

� A �
core

� A � (5)

thatmeasurestheopennessof authorA towards’peripheral’authors.If core
� A � �<� , also

coll
� A � ��� .
Themostcollaborative authorsin themaincoreareFrankHarary, DanielKleitman,

DouglasWest,Zsolt TuzaandNogaAlon. But, it turnsout thatamongthetop tenmost
collaborativeauthorsFrankHararyis theonly onefrom themaincore(seeTable7).

Notethatthis is valid only relatively to thegraph� sincefor authorswith ���
��� their
corenumbersareunderestimated,becauseof incompletedataabouttheir collaboration.

5 Lords

We call ’ lords’ verticesthat have ’stronginfluence’ to their neighborhoods.At the be-
ginningwe assignto eachvertex its degreeasits initial power. Thefinal distribution of
power is theresultof ’ transferring’thepower from weaker to strongervertices.

To determinethis distribution we orderverticesin the increasingorderaccordingto
their degreesand in this order we deal the power of the currentvertex to its stronger
neighborsproportionally. Theresultof applyingthis procedureon � " is givenin Table8.

In an alternative versionof this procedureeachvertex obtainsequalinitial power 1,
andthevertex is consideredstrongerif it hasgreaterpoweror, in thecaseof equalpowers,

10



Table8: Lords

Author Power
1 HARARY, FRANK 7043.46
2 ALON, NOGA 6773.39
3 RUBEL, LEE A. 1643.83
4 COLBOURN,CHARLESJ. 1151.59
5 SHELAH, SAHARON 753.12
6 KAC, MARK 252.39
7 CHUI, CHARLESKAM-TAI 235.28
8 MAULDIN, R. DANIEL 214.22
9 JOO,ISTVAN 198.73

10 BRENNER,JOELLEE 169.29

if it hasgreaterdegree. Again, we obtainfor ’ lords’ a permutationof thesameauthors.
In � theonly lord is PaulErdős.

6 Blockmodeling

To uncover the internalstructureof the main coreof �]" we appliedpre-specifiedblock-
modeling(Batagelj,1997,Batagelj,Ferligoj andDoreian,1998)to it. As a block model
weselected:

N cliquesasdiagonalblocks,

N completeor emptyout-diagonalblocks.

We obtaineda partitioninto j clusters– thesmallestcontainsonly � author, thelargest k
authors.All clustersarecliques.

C
( �<� ALON, CHUNG,FRANKL, FUREDI,GRAHAM, KLEITMAN  

C
+ �<� BABAI, SIMONOVITS, SOS,SZEMEREDI  

Cl �<� BOLLOBAS, SPENCER,WEST  
Cm �<� BURR,HARARY, NESETRIL,RODL  
Cn �<� CHARTRAND, GODDARD, KUBICKA, KUBICKI, OELLERMANN  
Co �<� CHEN,FAUDREE,GOULD, GYARFAS, JACOBSON,LEHEL, SCHELP,

Lesniak  
C p �<� HAJNAL, LOVASZ, PACH  
Cq �<� ROUSSEAU, TUZA  
Cr �<� TROTTER  
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Figure4: Cliquesof themaincore.

12



Pajek - shadow [0.00,1.00]

#2
#1
 ALON, NOG
 CHUNG, FA
 FRANKL, P
 FUREDI, Z
 GRAHAM, R
 KLEITMAN,
 BABAI, LA
 SIMONOVIT
 SOS, VERA
 SZEMEREDI
 BOLLOBAS,
 SPENCER, 
 WEST, DOU
 BURR, STE
 HARARY, F
 NESETRIL,
 RODL, VOJ
 CHARTRAND
 GODDARD, 
 KUBICKA, 
 KUBICKI, 
 OELLERMAN
 CHEN, GUA
 FAUDREE, 
 GOULD, RO
 GYARFAS, 
 JACOBSON,
 LEHEL, JE
 SCHELP, R
 Lesniak, 
 HAJNAL, A
 LOVASZ, L
 PACH, JAN
 ROUSSEAU,
 TUZA, ZSO
 TROTTER, 

#2 #1  A
LO

N
, N

O
G

 C
H

U
N

G
, F

A
 F

R
A

N
K

L,
 P

 F
U

R
E

D
I, 

Z
 G

R
A

H
A

M
, R

 K
LE

IT
M

A
N

,
 B

A
B

A
I, 

LA
 S

IM
O

N
O

V
IT

 S
O

S
, V

E
R

A
 S

Z
E

M
E

R
E

D
I

 B
O

LL
O

B
A

S
,

 S
P

E
N

C
E

R
, 

 W
E

S
T

, D
O

U
 B

U
R

R
, S

T
E

 H
A

R
A

R
Y

, F
 N

E
S

E
T

R
IL

,
 R

O
D

L,
 V

O
J

 C
H

A
R

T
R

A
N

D
 G

O
D

D
A

R
D

, 
 K

U
B

IC
K

A
, 

 K
U

B
IC

K
I, 

 O
E

LL
E

R
M

A
N

 C
H

E
N

, G
U

A
 F

A
U

D
R

E
E

, 
 G

O
U

LD
, R

O
 G

Y
A

R
F

A
S

, 
 J

A
C

O
B

S
O

N
,

 L
E

H
E

L,
 J

E
 S

C
H

E
LP

, R
 L

es
ni

ak
, 

 H
A

JN
A

L,
 A

 L
O

V
A

S
Z

, L
 P

A
C

H
, J

A
N

 R
O

U
S

S
E

A
U

,
 T

U
Z

A
, Z

S
O

 T
R

O
T

T
E

R
, 

Figure5: Themaincorematrixwith context.
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Figures4 and5 representtheblockmodelingresults.In Figure4 a view of 3D layout
of the main coresubgraphis given. A kinemagefile (for Mage viewer) with the same
layoutis availableat:

http://vlado.fmf.uni-lj.si/pu b/ne twork s/do c/erd os/

In Figure5 analternativevisualizationof thisresult,basedonadjacency matrix(with con-
text) reorderedaccordingtheobtainedclustering,is displayed.Thefirst andthesecond
row / columnshow the intensity(inside-clusterdegreenormalizedwith maximalinside-
clusterdegree)of collaborationof authorsof the main corewith the remainingauthors
with �����	� and ���
��� .

Coloring Co with 8 colors, it is easyto extend this coloring to the main core and
further to the remainingpart of � " . Therefores � � " � � k , and,since ��� (Lesniak)�-� ,
s � � � �/� k � j  . Till now wedidn’t succeedto find an8-coloring.

On coreswe canbuild anefficient procedurefor coloringlargegraphsthatcombines
anexactprocedureusedonthemaincore,if it is smallenough,andsequentialcoloringto
extendtheobtainedcorecoloringto theremaininggraph.Thecoloringorderof vertices
is determinedby orderingthemin decreasingorderaccordingto pairs

�
core

� A �t� deg
� A �u� .

7 Clustering

Anotherapproachto analyzethegraphis to introduceadissimilarity v into theset
�

, or its
subset,andapplysomeof multivariatetechniquesto it. Examplesof suchdissimilarities
are( w denotesthesymmetricdifferenceand x �	y{z5|�� %_Y � Z � %d}~%_Y � A � % C Z��� A�� Z � A ��  ):

v (�� Z � A � � %_Y � Z � w�Y � A � %
x (6)

v +'� Z � A � � %_Y � Z � w�Y � A � %
%_Y � Z ��\ Y � A � % (7)

v�l � Z � A � � %_Y � Z � w�Y � A � %
%_Y � Z � %)}<%_Y � A � % (8)

v�m � Z � A � � y{z5| � %_Y � Z ��� Y � A � % � %hY � A ��� Y � Z � % �y�z)| � %_Y � Z � % � %_Y � A � % � (9)

Thesedissimilariesarein fact (semi)distancesknown in dataanalysis(someafter trans-
formation v � ����� from similarity � into dissimilarity v ) asdissimilaritiesof: v ( –
Hamming,Kendall,Sokal-Michner;v + – Jaccard;v�l – Dice, Czekanowski; v�m – Braun-
Blanquet(BatageljandBren,1995).

In thecaseY � Z � � Y � A � �<^ wesetfor all four dissimilaritiesv � Z � A � �.� . Weobtain
a parallelsetof dissimilarities v [( , v [+ , v [l and v [m by replacingin the above definitions
neigborhoodsY with rootedneighborhoodsY�[ .
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Groups/clustersof similar unitscanbeobtainedby methodsof clusteranalysis(Gor-
don, 1981). We determinedv [+ on � k � j � �5�� -coreconsideringall authorsfrom � and
appliedhierarchicalclustering,Ward’s methodto it. Again, becauseof incompletedata
for authorswith ���/��� , their dissimilaritiesarerelative to � . Theobtaineddendrogram
(clusteringtree)is givenin Figure6.

8 Final remarks

In the paperwe presentedsomepossibleapproachesto analysisof large networks and
appliedthemto the Erdős collaborationgraph. Becauseof incompletedatafor authors
with ����� � the resultsare valid only for authorswith ����� � , or they shouldbe
interpretedfor eachgroupseparately.

For better interpretationof the obtainedresultsand for further analysesadditional
informationaboutauthors(yearof birth, subjectsof interest,geographiclocation,nation-
ality, . . . ) andpapersconnectingthem(numberof papers,list of MR categories,. . . )
wouldbeneeded.

The(truncated)Erdőscollaborationgraphin Pajekformatandsomefileswith results
areavailableatURL:

http://vlado.fmf.uni-lj.si/pu b/ne twork s/do c/erd os/

This paperis anelaboratedversionof thetalk presentedat theFourth SloveneInter-
nationalConferencein GraphTheory, June28 – July2, 1999,Bled,Slovenia.

Acknowledgment: This work wassupportedby theMinistry of ScienceandTechnol-
ogyof Slovenia,ProjectJ1-8532.
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CLUSE - ward      [0.00,3.10] Sep-22-1999
Erdos graph / 8-10 core
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Figure6: � k � j � �5�� -coreclustering.
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