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The Squeeze Theorem

Let’s start with a statement of the squeeze theorem.

Theorem 1.1 Suppose g(z) < f(z) < h(x) and this
is true for all x in a neighbourhood of v = a (ex-
cept perhaps at © = a). Further, suppose }:ILI(IIQ(Z') =
lim h(x) = L. Then lim f(z)=L.

The idea here is that f(z) is trapped (or squeezed)
between g(x) and h(zx).

Sometimes the squeeze theorem is referred to as the A
sandwich theorem since the limit is ‘sandwiched’ be-

tween two values.

This idea of squeezing the function between two other functions is illustrated in the following
example.

. . cosx
ExAMPLE: Find lim

T—00

Since —1 < cosx <1,

1 CcosS T 1
—— < < —.
T T T
By taking limits one has
. . COosST 1
— lim — < lim < lim —.
T—00 T—00 T—00

The limits of both the left and right hand sides is zero, so we have effectively squeezed
the limit between zero and zero. Therefore, the desired limit must be zero!

sin
One very important application of the squeeze theorem is the proof that }giH(l) 5 = 1. We present

this proof next.

This proof is for the limit as # — 0. The case for

0 — 0~ can be proved in exactly the same manner A
and we leave it as an exercise to the student.
Consider the figure to the right. Notice that the area T
of the triangle OAP is less than the area of the sector
OAP which is in turn less than the area of the triangle
OAT. Let’s estimate each of these areas in turn. P

1
Area of triangle OAP = §base x height

1 1
= —(1)sinf = = sin 6.
2 2
Area of sector OAP = E 20 = l(1)9 = 19
ea of secto = grf=5 =30 6

1 1
Area of triangle OAT = 5(1) tanf = 5 tan 6. 0O A

Y
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Using our initial observation, one has
1 1 1 T
—sinf < -0 < —tané <6< -—. 1
5sind < 56 < o tand, 0< <3 (1)

The inequality for —7/2 < 6 < 0 is tanf < 6 < sinf. From the left hand side of (1) one has
sin < @ or (sinf)/0 < 1if § > 0. From the right hand side we have § < tan# or cosf < (sinf)/6

if # > 0. In other words,
sin 0
<1

cosf <

provided 0 < 6 < 7/2. Again, we leave it to the student to verify that this last inequality is true
for —m/2 < 6 < 0. At this point, we look at the limit as # — 0 and apply the squeeze theorem:

. . sin .
lim cos € < lim —— < lim 1.
6—0 6—0 9 6—0

Since the left and right hand sides has a limit of one, we can conclude that

in 6
sing _

5
92% 0
Since this limit is used so often in calculus it is a good idea to remember it. We leave this material
with two examples that use this new result.
) . sin’x
1) Find lim .
z—0 €T

Again, we use the limit laws,

. sin’zx . sinz
lim = | lim

z—0 €T

) (lir%sinx) =1-0=0.

z—0

1 —
9) Find lim —
z—0 3;'2

For this one we need to multiply by the conjugate of the numerator,

. 1 —cosx . 1—cosx /1+cosx
lim ——— = lim
=0 2 =0 2 14 cosz
) 1 —cos’zx
= lim —
2—0 22(1 4 cosx)
. sin? z
= lim

2—0 22(1 4 cosx)

o osinz\? .. 1
= (hm ) lim ——
z—0 1 z—0 1 4+ cosx




