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Abstract

Travelling-wave solutions of the Degasperis—Procesi equation are investigated. The solutions are characterized by
two parameters. For propagation in the positive x-direction, hump-like, inverted loop-like and coshoidal periodic-wave
solutions are found; hump-like, inverted loop-like and peakon solitary-wave solutions are obtained as well. For
propagation in the negative x-direction, there are solutions which are just the mirror image in the x-axis of the
aforementioned solutions. A transformed version of the Degasperis—Procesi equation, which is a generalization of the
Vakhnenko equation, is also considered. For propagation in the positive x-direction, hump-like, loop-like, inverted
loop-like, bell-like and coshoidal periodic-wave solutions are found; loop-like, inverted loop-like and kink-like solitary-
wave solutions are obtained as well. For propagation in the negative x-direction, well-like and inverted coshoidal
periodic-wave solutions are found; well-like and inverted peakon solitary-wave solutions are obtained as well. In an
appropriate limit, the previously known solutions of the Vakhnenko equation are recovered.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

As discussed in [1], the family of equations
Uy — Uy + (b + Duuy = bty + ity (1.1)

where b is a constant, contains only two integrable equations, namely the dispersionless Camassa—Holm equation for
which b = 2 [2] and the Degasperis—Procesi equation (DPE) for which 4 = 3 [3]. In this paper we consider the DPE,
namely

U — Unx + 41/{1'{.,( = 3uxuxx + Ulhyxx (12)

which may also be written in the form

(e + uuy) = u, + du,. (1.3)

It has been known for some time that the dispersionless Camassa—Holm equation has a weak solution in the form of
a single ‘peakon’ [2]

u(x, t) = ve F 1, (1.4)

where v is a constant, and an N-peakon solution [4] that is just a superposition of peakons, namely
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N

u(x,t) = ij(t)ef‘x’q/(’”, (1.5)

J=1

where the p;(¢) and ¢,(¢) satisfy a certain associated dynamical system. More recently Degasperis, Holm and Hone [1]
proved the integrability of the DPE by constructing its Lax pair, and showed that the equation also has single and N-
peakon solutions of the form (1.4) and (1.5) respectively; the peakon dynamics were discussed and compared with the
analogous results for Camassa—Holm peakons.

The first aim of this paper is to find all the periodic and solitary-wave solutions to the DPE. Naturally, one of the
solitary-wave solutions turns out to be the single peakon solution (1.4).

Some years ago we introduced the Vakhnenko equation (VE) [5], namely

%@u—kuzo, where@::%—i—u%, (1.6)

and subsequently investigated some of its properties [6-10]. Hone and Wang [11] have shown that there is a subtle
connection between the Sawada-Kotera hierarchy and the VE, between the DPE and the VE, and between the Lax pairs
of the DPE and VE. In particular they noted that the application of the transformations

1
x—>§x—3—5, t — &, U= U= (1.7)
to the DPE (1.3), where & is a real positive constant, results in
(( + uwy), +u), = & (u, + dun,). (1.8)

In the limit € — 0, (1.8) reduces to the derivative of the VE for which Hone and Wang found a new Lax pair [11].

In this paper we refer to (1.8) as the transformed DPE. The second aim of this paper is to find a subset of possible
periodic and solitary-wave solutions of the transformed DPE and to show that, in the limit € — 0, the known solutions
of the VE as discussed in [5,6] are recovered.

In Section 2 we show that, for travelling-wave solutions, the DPE may be reduced to a first-order ODE involving
two arbitrary constants 4 and B. We show that there are four distinct periodic solutions corresponding to four different
ranges of values of 4; for a given allowed value of 4, B is restricted to a range of values. By using results established in
Appendix A we express the periodic solutions in implicit form; these solutions involve elliptic integrals and Jacobian
elliptic functions with parameter m, where 0 < m < 1. We also investigate the limiting form of these solutions when
m=1.

In Section 3 we perform the corresponding analysis for the transformed DPE. We consider the case for which the
first-order ODE to which the transformed DPE may be reduced involves only a single integration constant B. We find
that there are eight distinct solution regimes corresponding to four different ranges of values of & and to the two
possible directions of propagation. In each case B is restricted to a range of values. We show that, when & — 0, the
periodic and solitary-wave solutions to the VE are recovered. (For convenience the solutions to the VE as obtained in
[5,6] are summarized in Appendix B.)

In Section 4 we summarize our results and make an intriguing speculation.

2. Solutions of the DPE

In this section we seek travelling-wave solutions of the DPE (1.3). Note that there are no bound stationary solutions
of (1.3) that are in the form u = u(x). That being the case, it is convenient to introduce a new dependent variable z
defined by

2= (u—v)/lo (2.1)
and to assume that z is an implicit or explicit function of #, where
n=x—vt— X, (2.2)

v and x, are arbitrary constants, and v # 0. Then (1.3) becomes

(zzy),, = (4z+3c)z,, where c: A (2.3)

m= o
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After two integrations (2.3) gives

(z2,)" = [ (), (2.4)
where

f2) =422 + A2 +B=(z—21)(z — 22)(z3 — 2)(z4 — 2) (2.5)

and 4 and B are real constants. For the solutions that we are seeking, z;, z,, z3 and z4 are real constants with
z1 <z;<z<z3<z4. Eq. (2.4) is of the same form as (A.1) in Appendix A with ¢ = 1. Hence we can make use of the
solutions given in Appendix A but with ¢ = 1.

Note that (2.3) is invariant under the transformation z — —z, ¢ — —c¢; this corresponds to the transformation
u — —u, v — —v. Here we will seek the family of solutions of (2.3) for which v > 0 and so, from here on in this section,
we set ¢ = 1.

For convenience we define g(z) and 4(z) by

f(z) =7g(z) + B, where g(z) := 22 + 2z + 4, (2.6)
and

f'(z) = 2zh(z), where h(z) := 22> 4+ 3z + 4, (2.7
and define z;, zy, B; and By by

z ::—%(3+\/§t‘82), 2y ::—%(3—\/9_—‘82), (2.8)

A2 94 27 1
B, = —Zig(zL):Z—?+ﬁ+§(9—8/‘1)\/9—81‘17 (29)

A2 94 27 1
2 a4 A A g Q4
By == —z;,¢(zv) 13 + R (9 —84)v9 —84; (2.10)
z; and zy are the roots of A(z) = 0.
Provided A4 is non-zero and is such that 4 < 9/8, f(z) has three distinct stationary points that occur atz =z;,z = zy
and z =0, and comprise two minimums separated by a maximum. In this case (2.4) has periodic and solitary-wave
solutions that have different analytical forms depending on the values of 4 and B as follows:

21.4<0

In this case z; < 0 < zy with f(z;) < f(zy). For each value of 4 satisfying 4 < 0 there are periodic inverted loop
solutions to (2.4) given by (A.5) and (A.7) with 0 < B < By so that 0 < m < 1, and with wavelength given by (A.8); see
Fig. 1(a) for an example.

B = By corresponds to the limit z; = z4 = zy; so that m = 1, and then the solution is an inverted loop-like solitary
wave given by (A.9) with z; <z < zy and

1 1

z1:—1(1+\/9—8A)—§ 1+V9 -84, (2.11)
1 1

2= =7 (1+V9—84) + 51/ 1+ V9 —84; (2.12)

see Fig. 2(a) for an example. Note that z, — 0 and zy — 0 as 4 — 0. The amplitude zy — z, of the solitary wave in-
creases from 0 as |4]| increases from 0.

The loop-like nature of the solitary wave is due to the fact that z =0 is in the range z; <z < zy. For small z, (2.4)
gives z, ~ ++/By /z and so |z,| — oo as z — 0. It follows that the solution curve (see Fig. 2(a) for example) is normal to
the # axis at the points (F#/2,0), where W is the maximum width of the loop; from (A.9), W is given by

W = 4tanh”’ ( Z—z) ~ 22 (! (‘ /Z—Z) (2.13)
21 P nz

W increases from 0 as |4]| increases from 0. Near the points (F/#/2,0) the loop is approximately parabolic and given by

22:2\/19—11(%:&;7). (2.14)
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Fig. 1. Periodic solutions of the DPE with 0 < m < 1: (a) 4 = —27, B = 0.75By so m = 0.842, /. = 0.466; (b) 4 = 15/16, B = 0.5By so
m=0.746, 2 =3.941; (c) A =1, B=0.5By = —1/32 so m =0.746, 2 =5.038; (d) 4 =135/128, B =0.5(By + B.) so m = 0.729,

A =6.140.
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Fig. 2. Solutions of the DPE with m = 1: (a) 4 = —27, B=By, W =0.788; (b) A =15/16, B=0, 1 =4.127; (c) A =1, B=0; (d)
A=135/128, B = B;.
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22.0<4<1

In this case z; < zy < 0 with f(z;) < £(0). For each value of 4 satisfying 0 < 4 < 1 there are periodic hump so-
lutions to (2.4) given by (A.5) and (A.7) with By < B < 0 so that 0 < m < 1, and with wavelength given by (A.8); see
Fig. 1(b) for an example.

B = 0 corresponds to the limit z; = z; = 0 so that m = 1, and then the solution has z, <z< 0 and is given by (A.9)
with z; and z, given by the roots of g(z) = 0, namely

2 =—1-V1-4, z=—1+V1-4 (2.15)
In this case we obtain a weak solution, namely the periodic upward-cusp wave
=z(n—=2jn,), (2/=Dn,<n<(2j+n,, j=0+1%£2,.., (2.16)
where
z(n) := [z, — z; tanh*(5/2)] cosh?(/2) = —1 + V1 — Acosh (2.17)
and

1
= 2tanh™' Z—Z) = cosh™ ( ); 2.18
N an (\/;1 cos i (2.18)

see Fig. 2(b) for an example. (2.16) is similar in form to the spatially periodic solution of the Camassa—Holm equation
that has been dubbed a ‘coshoidal wave’ by Boyd [14]. Note that z, — 0 and 7,, — 0 as 4 — 0, and that z; — —1 and
#,, — oo as A — 1. Hence the amplitude |z;| of the coshoidal wave (2.16) increases from 0 to 1 as 4 increases from 0 to 1,
and its wavelength 1 := 27, increases from 0 to infinity.

23.4=1

In this case z; < zy < 0 with f(z,) = f(0). For 4 = 1 there are periodic hump solutions to (2.4) given by (A.11) and
(A.12) with By < B < 0so that 0 < m < 1, where By, = —1/16, and with wavelength given by (A.13); see Fig. 1(c) for an
example. An alternative solution is given by (A.5) and (A.7); this is just the former solution phase-shifted by /2.

B = 0 corresponds to the limit z; = z; = z; = —1 and z3 = z; = 0. In this case neither (A.9) nor (A.14) is appropriate.
Instead we consider (2.4) with f(z) = z(z + 1) and note that the bound solution has —1 < z< 0. On integrating (2.4)
and setting z = 0 at # = 0 we obtain the weak solution

z=e M1, (2.19)

i.e. a single peakon with amplitude 1; see Fig. 2(c). In terms of the original dependent variable u, (2.19) is equivalent to
(1.4) with v > 0.

24.1<A4<9/8

In this case z; < zy < 0 with f(z;) > f(0). For each value of 4 satisfying 1 < 4 < 9/8 there are periodic hump
solutions to (2.4) given by (A.11) and (A.12) with By < B < B, so that 0 < m < 1, and with wavelength given by (A.13);
see Fig. 1(d) for an example.

B = B, corresponds to the limit z; = z; = z; so that m = 1, and then the solution is a hump-like solitary wave given
by (A.14) with z;, < z<z; and

= (1o 8 f% -84, (2.20)
24:—%(1— % — V9 = 84; (2.21)

see Fig. 2(d) for an example. Note that z; — —1 and z; — 0 as 4 — 1, and that z; — 3/4 and z; — —3/4 as 4 — 9/8.
The amplitude z; — z; of the solitary wave decreases from 1 to 0 as 4 increases from 1 to 9/8.
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3. Solutions of the transformed DPE

In this section we seek travelling-wave solutions of the transformed DPE (1.8). Note that there are no bound sta-
tionary solutions of (1.8) that are in the form u = u(x). That being the case, it is convenient to introduce a new de-
pendent variable z defined by

2= (w—v)/lo (3.1)
and to assume that z is an implicit or explicit function of 5, where

n=(x— vt —x)/]o]"?, (3.2)
v and x, are arbitrary constants, and v # 0. Then, with ¢ = &[v|', (1.8) becomes

((zzy), tz+¢), = &*(4z + 3c)z,, where ¢ := LAy (3.3)

|o]
After one integration (3.3) gives

(2zy), +z+c= (2% + 3¢cz) + c1, (3.4)

where ¢ is an arbitrary real constant. Note that, in terms of z and #, the VE (1.6) becomes

(22), +z+c=0 (3.5)

(see Eq. (2.2) in [6]). The solitary-wave solution to (3.5) is such that z, — 0, z,, — 0 and z+¢ — 0, as |§| — co. We
choose ¢; in (3.4) so that these conditions are satisfied. Accordingly, in this paper we restrict attention to the particular

case in which ¢; = ¢?¢?. Then, after one integration, (3.4) gives

()" =&/ (), (3.6)
where
fz) =2 - 3—i2 (1 —=3ce?)z* — Fiz (1—ce®)+B=(z—21)(z—2)(z3 —2)(z4 — 2) (3.7)

and B is a real constant. For the solutions that we are seeking, z|, z,, z3 and z, are real constants with z; <z, <z < z;3 <zy.
Eq. (3.6) is of the same form as (A.1) in Appendix A. Hence we can make use of the solutions given in Appendix A.
For convenience we define g(z) and 4(z) by

f(z) =g(z) + B, where g(z) :=2* — %(1 —3ce’)z — ;2 (1 —cé?), (3.8)
and

f'(z) = 2zh(z), where h(z) = 22 _812(1 — 3c?)z —852(1 — i), (3.9)
and define z;, zy, B; and By by

zp = —c¢, zy:i= %(1 —ce?), (3.10)

B, = —2g(z) = % (3.11)

By = —z18(zv) :@(1 +3ee?) (1 —ce?)’; (3.12)

z;, and zy are the roots of A(z) = 0.

Provided that &2 > 0 and &* # 1, f(z) has three distinct stationary points that occur at z = z;, z = z;y and z = 0, and
comprise two minimums separated by a maximum. In this case (3.6) has periodic and solitary-wave solutions that have
different analytical forms depending on the values of ¢’ and B as follows:
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31 c=16&>1

In this case z; < zy < 0 with f(z;) < f(0). For each value of ¢ satisfying ¢* > 1 there are periodic hump solutions to
(3.6) given by (A.5) and (A.7) with B, < B < 0 so that 0 < m < 1, and with wavelength given by (A.8); see Fig. 3(a) for
an example.

B = 0 corresponds to the limit z; = z; = 0 so that m = 1, and then the solution has z, <z <0 and is given by (A.9)
with z; and z, given by the roots of g(z) = 0, where g is defined in (3.8), namely

1 1
(1-32-V1432), 2 (1 =32+ 1+ 32). (3.13)

Z] === [ p—
3¢2 3e2

In this case we obtain a weak solution, namely the coshoidal wave

Z:Z(n_zjnm), (2j_ 1)’1)}1<n<(2j+1)nm> j:0’:|:1’:|:27"" (3'14)
where
1
2(n) == [z, — z; tanh®(en/2)] cosh®(en/2) = 32 (1 —3&* 4+ /1 + 3¢2 cosh(en)) (3.15)
and
2 _ Zy 1 _ 382 —1
=Ztanh™! — | =-cosh 1<7); 3.16
" ( zl) ‘ VI+32 (3.16)

see Fig. 4(a) for an example. Note that z, — 0 as &> — 1, and that z; — —1 as &2 — oo. Hence the amplitude |z;| of the
coshoidal wave increases from 0 to 1 as ¢ increases from 1 to infinity. As & increases from 1, the wavelength 4 := 2y,
increases from 0, reaches a maximum value of 1.827 at &2 = 2.769, and then decreases to 0 as &2 — oo.

-0.5
-1 -1
-3 -2 -1 0 1 2 3 -2 -1 0 1 2
n n
1 1
(c) ()
) m r ) W
z 0 z 0
-0.5 -0.5
-1 -1
-5 -2.5 0 2.5 5 -2 -1 0 1 2
n n

Fig. 3. Periodic solutions of the transformed DPE with ¢ =1 and 0 <m < 1: (a) ¢ =8, B = 0.25By, so m = 0.869, 1 = 1.507; (b)
& =1/2,B=0.6By som=0.730, 1 = 0.458; (c) & = 1/3, B=0.75 so m = 0.928, 1 = 4.562; (d) ¢* = 1/4, B =0.75B, so m = 0.842,
2. =0.932.
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Fig. 4. Solutions of the transformed DPE with ¢ =1 and m = 1: (a) ¢ =8, B=0, 1= 1.561; (b) & = 1/2, B = By, W = 0.818; (c)
£=1/3,B=1;(d) & =1/4, B=B,, W =1.577.

32.c=11/3<&<1

In this case z;, < 0 < zy with f(z;) < f(zy). For each value of & satisfying 1/3 < ¢* < 1 there are periodic inverted
loop solutions to (3.6) given by (A.5) and (A.7) with 0 < B < By so that 0 < m < 1, and with wavelength given by (A.8);

see Fig. 3(b) for an example.
B = By corresponds to the limit z3 = z4 = zy; so that m = 1, and then the solution is an inverted loop-like solitary

wave given by (A.9) with z; <z < zy and

P —1 =36 —/2(9* — 1)), zzzé(—l—382+\/2(984—1)); (3.17)

L=
see Fig. 4(b) for an example. The maximum width 7 of the loop is
1 2
W= {4tanh’1 ( Zi) —ZV tanh™! ( iz)] (3.18)
e z p hz

Note that z; — 0 and zy — 0 as e — 1, and that z; — —1 and zy — 1 as &2 — 1/3. As &2 decreases from 1 to 1/3, the
amplitude zy — z; of the solitary wave increases from 0 to 2, and W increases from 0 to infinity.

33.¢c=1¢&=1/3

In this case z; < 0 < zy with f(z,) = f(zy). The z* term in the expression for f(z) given by (3.7) is not present and
hence f(z) is even so that, for 0 < B < 1 (with By = B, = 1), z; = —z4 and z; = —z3. Then from the definition of m in
(A.6) and the definitions of n in (A.5) or (A.11) we obtain the relation

m+n*—2n=0. (3.19)
With (3.19), the results 141.01 and 414.01 in [12] may be used to show that 4 given by (A.8) or (A.13) is zero, and hence
that # given by (A.7) or (A.12) is periodic in w with period 2K, where K := K(m) and K(m) is the complete elliptic
integral of the first kind. It follows that, for each value of B such that 0 < B < 1, the solution to (3.6) given by (A.5) and
(A.7), or by (A.11) and (A.12), is just a closed curve around the origin in the (1, z) plane. This curve is symmetrical with
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respect to z and # and has infinite slope at the two points where z = 0. A periodic bell solution to (3.6), with wavelength
A :=4n(3K/2), may be constructed in parametric form as follows:

w), (3.20)
y = {n(w)+(2+4j);1(31</2), —K/24+2jK<w<K/2+2jK,
BRI

z=12(

w) +4jn(3K/2), K/2+ 2jK <w<3K/2+ 2K, (3.21)

where z(w) and n(w) are given by (A.5) and (A.7) respectively, and j = 0,+1,42,...; see Fig. 3(c) for an example.

B = B; = By =1 corresponds to the limit z; =z, =z, = —1 and z3 =z = zy = 1. In this case neither (A.9) nor
(A.14) is appropriate. Instead we consider (3.6) with f(z) = (z+ 1)*(1 —z)* and note that the bound solutions have
—1 < z < 1. On integrating (3.6) and setting z = 0 at n = 0 we find that there are two such solutions, namely the kink-
like solitary waves

+y/1 = exp(=2l/V3), <0,
—\/l—exr)(—2|n\/\/§), n>0,

(3.22)

and

—/1—exp(-2nl/V3), 1 <0,
+/1—exp(-2l/V3), >0

(3.23)

see Fig. 4(c) in which the solid and dashed curves correspond to (3.22) and (3.23) respectively.

34.c=10<2<1/3

In this case z; < 0 < zy with f(zy) < f(z.). For each value of ¢ satisfying 0 < &2 < 1/3 there are periodic loop
solutions to (3.6) given by (A.11) and (A.12) with 0 < B < B; so that 0 < m < 1, and with wavelength given by (A.13);
see Fig. 3(d) for an example. For a given choice of B, it is easy to verify numerically that, as ¢? is made ever smaller (but
not zero), the aforementioned solution tends to the solution given by (B.2) with C = ¢?B; in other words the periodic
loop solution of the VE for the case v > 0 is recovered in the limit &2 — 0.

B = B, corresponds to the limit z; = z; =z, = —1 so that m = 1, and then the solution is a loop-like solitary wave
given by (A.14) with —1 < z<z; and
1 1
Z3:§(1—\/1—382), Z4:§(1+\/1—382); (3.24)

see Fig. 4(d) for an example. The maximum width W of the loop is

wl {4tanh’1 ( Zi) ~2 tanh”! ( ﬁ)} (3.25)
3 Z4 p Nnzy

In the limit &2 — 0, it is straightforward to show analytically that the solitary-wave solution reduces to (B.4) and that
(3.25) reduces to (B.5); hence, as expected, the loop-like solitary-wave solution of the VE for the case v > 0 is recovered.

As ¢ increases from 0 to 1/3, the amplitude z; + 1 of the solitary wave increases from 3/2 to 2, and W increases from
the value given by (B.5), namely 0.830, to infinity.

35.¢c=-1,0<&<1/3

In this case 0 < z; < zy with £(0) > f(zy). For each value of & satisfying 0 < ¢* < 1/3 there are periodic well so-
lutions to (3.6) given by (A.11) and (A.12) with B, < B < 0 so that 0 < m < 1, and with wavelength given by (A.13); see
Fig. 5(a) for an example. For a given choice of B, it is easy to verify numerically that, as ¢ is made ever smaller (but not
zero), the aforementioned solution tends to the solution given by (B.2) with C = ¢2B; in other words the periodic well
solution of the VE for the case v < 0 is recovered in the limit 2 — 0.

B = 0 corresponds to the limit z; = z, = 0 so that m = 1, and then the solution has 0 <z < z; and is given by (A.14)
with z; and z4 given by the roots of g(z) = 0, where g is defined in (3.8), namely
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Fig. 5. Periodic solutions of the transformed DPE with ¢ = —1 and 0 <m < 1: (a) & = 1/4, B = 0.25B, so m = 0.842, 1 = 7.600; (b)
& =1/3, B=0.25B, = —0.25 so m =0.928, 7. =9.809; (c) & =1/2, B=0.258;, +0.75By so m =0.803, 4 =11.103; (d) & =38,
B =0.25By +0.75B;, so m = 0.869, 2 = 2.258.

1 1
zy = ﬁ(l +32 — V1 —32), z = ﬁ(l +32 + V1 —3e2). (3.26)
In this case we obtain a weak solution, namely the inverted coshoidal wave
where
1
2(n) := |z3 — z4 tanh?(en/2)] cosh®(en/2) = 2 (1+3&% — V1 — 3¢2cosh(en)) (3.28)
and
2 7|( 23) 1 71(3824*1)
» = — tanh — ) =-cosh — |; 3.29
1 & Z4 & V1 —3g2 ( )

see Fig. 6(a) for an example.

In the limit & — 0, it is straightforward to show analytically that the inverted coshoidal wave solution (3.27) reduces,
as expected, to the inverted paraboidal-wave solution (B.6) of the VE for the case v < 0.

As & increases from 0 to 1/3, the amplitude z; of the coshoidal wave increases from 3/2 to 2, and its wavelength
A :=2n,, increases from 6 to infinity.

36.c=—1,8=1/3

In this case 0 < z; < zy with f(0) = f(zy). With B, < B < 0 so that 0 < m < 1, where B, = —1, there are periodic
well solutions to (3.6) given by (A.5) and (A.7), with wavelength given by (A.8); see Fig. 5(b) for an example. An
alternative solution is given by (A.11) and (A.12); this is just the former solution phase-shifted by /2.

B = 0 corresponds to the limit z; =z, = 0 and z3 = z4 = zy = 2. In this case neither (A.9) nor (A.14) is appropriate.
Instead we consider (3.6) with f(z) = z2(2 — z)” and note that the bound solution has 0 <z < 2. On integrating (3.6) and
setting z = 0 at n = 0 we obtain the weak solution
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Fig. 6. Solutions of the transformed DPE with c = —1 and m=1: (a) & = 1/4, B=0, 1 =7.699; (b) &2 =1/3, B=0; (c) &> = 1/2,
B :BU, (d) 82 = 8, B :BL.

2= 2(1 — exp[~[n|/V3]), (3.30)

i.e. a single inverted peakon with amplitude 2; see Fig. 6(b).
37.c=-11/3<& <1

In this case 0 < z; < zy with f(0) < f(zy). For each value of ¢ satisfying 1/3 < &> < 1 there are periodic well so-
lutions to (3.6) given by (A.5) and (A.7) with B, < B < By so that 0 < m < 1, and with wavelength given by (A.8); see
Fig. 5(c) for an example.

B = By corresponds to the limit z; = z4 = zy so that m = 1, and then the solution is a well-like solitary wave given by
(A.9) with z; <z < zy and

1

2= g5 (-1437 =204 1)), == %(—1 +3¢+ /209 - 1); (3.31)

see Fig. 6(c) for an example. Note that z; — 1 and zy — 1 as &> — 1, and that z; — 0 and zy — 2 as & — 1/3. As &
decreases from 1 to 1/3, the amplitude z; — z, the solitary wave increases from 0 to 2.

38 c=—-1,&>1

In this case 0 < zy < z; with £(0) < f(z;). For each value of ¢ satisfying &2 > 1 there are periodic well solutions to
(3.6) given by (A.5) and (A.7) with By < B < By so that 0 < m < 1, and with wavelength given by (A.8); see Fig. 5(d) for
an example.

B = B, corresponds to the limit z; =z =z, = 1 so that m = 1, and then the solution is a well-like solitary wave
given by (A.9) with z; <z < z; and

LaoViT30), m=—(+VIt39) (3.32)

Z] === J—
32 32

see Fig. 6(d) for an example. Note that z, — 1 as ¢> — 1, and that z, — 0 as &> — oco. As ¢ increases from 1 to infinity,
the amplitude 1 — z, of the solitary wave increases from 0 to 1.
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4. Summary and conclusion

We have found expressions for the travelling-wave solutions to the DPE that travel in the positive x-direction with
speed v. These solutions depend, in effect, on two parameters 4 and m. In addition to the expected single peakon so-
lution (with 4 = 1, m = 1) there are inverted loop-like (4 < 0, m = 1) and hump-like (1 < 4 < 9/8, m = 1) solitary-wave
solutions. For 0 < m < 1 there are periodic inverted loop (4 < 0) and periodic hump (0 < 4 < 9/8) solutions. For
m = 1and 0 < 4 < 1 there are (periodic) coshoidal solutions. For each of the aforementioned solutions expressed with
u as the dependent variable, there is a solution for u that is the mirror image in the x-axis and travels with the same
speed but in the opposite direction.

We have also found expressions for the travelling-wave solutions to the transformed DPE. These solutions depend,
in effect, on two parameters &2 and m, and also on the direction of propagation.

For propagation in the positive x-direction there are inverted loop-like (1/3 < ¢ < 1, m = 1), kink-like (¢2 = 1/3,
m = 1) and loop-like (0 < & < 1/3, m = 1) solitary-wave solutions. For 0 < m < 1 there are periodic hump (&2 > 1),
periodic inverted-loop (1/3 < ¢* < 1), periodic bell (¢2 = 1/3) and periodic loop (0 < & < 1/3) solutions. For m = 1
and & > 1 there are (periodic) coshoidal solutions. In the limit ¢ — 0, the periodic loop solutions (0 < m < 1) and
loop-like solitary-wave solutions (m = 1) to the VE are recovered.

For propagation in the negative x-direction there are inverted peakon (¢2 = 1/3, m = 1) and well-like (1/3 < & < 1
and &2 > 1, m = 1) solitary-wave solutions. For 0 < m < 1 there are periodic well (0 < ¢ < 1 and &> > 1) solutions. For
m=1and 0 < & < 1/3 there are (periodic) inverted coshoidal solutions. In the limit &2 — 0, the periodic well solutions
(0 < m < 1) and (periodic) inverted paraboidal solutions (m = 1) to the VE are recovered.

Recently we have introduced and investigated generalizations of the VE, namely the ‘generalized Vakhnenko
equation’ [15,16]

0 (a1, o —
a(@ u—l—zu +ﬁu)+@u—0 (4.1

or equivalently

a—u—h@ gQu—i-u—i-ﬁ =0,
ox Ox

where f§ is an arbitrary real constant, and the ‘modified generalized Vakhnenko equation’ [17]

%(@Zu + qu* + pu) + qPu = 0, (4.2)

where ¢ is an arbitrary positive constant. These equations have hump-like, loop-like and cusp-like soliton solutions. It is
interesting to speculate whether either of these new equations has a counterpart that is related to the DPE or a gen-
eralization of it.
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Appendix A

Here we consider solutions to
(z2,) = &/ (2), (A1)
where
f@) = (z=21)(z—2)(z — 2)(z4 — 2); (A2)
for the solutions that we are seeking, z;, zp, z3 and z4 are real constants with z; <z, <z<z3 <z.
Following [6] we introduce { defined by

dn =z
o= (A.3)
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so that (A.1) becomes
zg = f(2). (A4)

(A.4) has two possible forms of solution.
The first form of solution of (A.4) is found using result 254.00 in [12]. It is

_ 2 _
Lo ansem) BT (A-5)
1 — nsn?(w|m) zZ3 —z)
where
1 _ _
14/:pc7 p:z (24722)(23 721) and m:w (A6)

24 —Zz)(Z3 —Zl) '

In (A.5) sn(w|m) is a Jacobian elliptic function, where the notation is as used in Chapter 16 of [13]. On using result
400.01 in [12] we find from (A.5) and (A.3) that

1
n= 5 [wzy + (z — z1) I (n; w|m)], (A7)

where I1(n;w|m) is the elliptic integral of the third kind and the notation is as used in Section 17.2.15 of [13]. The
solution to (A.1) is given in parametric form by (A.5) and (A.7) with w as the parameter. With respect to w, z in (A.5) is
periodic with period 2K (m), where K (m) is the complete elliptic integral of the first kind. It follows from (A.7) that the
wavelength /1 of the solution to (A.1) is

A= é |z1K (m) + (za — z1 ) (n|m)], (A.8)

where I1(n|m) is the complete elliptic integral of the third kind. When z3; = z4, m = 1 and so (A.5) and (A.7) become

- h? 1
onTantantiw o LIWS ) b (i tanhw) | (A.9)
P

1 —ntanh?®w ’ 3

In (A.9) n was obtained by using

1
(s wll) = 7— [w— V/ntanh™' (v/ntanh w)], (A.10)
—n
cf. result 111.04 in [12].
The second form of solution of (A.4) is found using result 255.00 in [12]. It is
 z3 — zgnsn?(w|m)

. 723 — I
=T nsn2(nlm) with n = o (A.11)

where w, p and m are as in (A.6). On using result 400.01 in [12] we find from (A.11) and (A.3) that
1
n= o [wzg — (24 — z3) I (n; w|m)]. (A.12)

The solution to (A.1) is given in parametric form by (A.11) and (A.12) with w as the parameter. The wavelength of this
solution is

2
b= sk (m) = (2 = 2) ()] (A.13)

When z; =z, m = 1 and so (A.11) and (A.12) become

7y — zgntanh® w 1 [wz, 1
= =— | —+2tanh ntanhw)|. A.l14
| —ntanb’w = el p (v ) (A.14)
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Appendix B

Here we summarize the solutions to the VE obtained in [5,6] but in a notation consistent with that used in Section 3.
The VE (3.5) may be integrated once to obtain the equation given by setting ¢ = 0 in (3.6) and (3.7), namely

() = —Z— 2+ C= (= n)z—2)(5 —2), (B.1)

3
where C(= ¢2B) is a real constant. The required solutions to (B.1) are such that z; <z, <z < z3, where zj, z; and z; are
real constants. These solutions are given implicitly by

z=1z3— (z3 — zp)sn’(wlm), 5= 1w + (z3 — z1)E(w|m)], (B.2)

V6
\/Z23 — Z]
where m = (z3 — z3)/(z3 — z1) and E(w|m) is the elliptic integral of the second kind.

The wavelength of the solution (B.2) is

2v6
A=——|z1K(m) + (23 — z1)E(m)|, B.3
where E(m) is the complete elliptic integral of the second kind.

The VE has two families of solutions corresponding to v > 0 and v < 0 respectively, where v is as defined in (3.1) and
(3.2).

With v > 0 we have ¢ = 1. Then, with 0 < C < 1/3, there are periodic loop solutions given by (B.2) with 0 < m < 1.
With C =1/3,z =z, = —1 and z; = 1/2 so that m = 1 and then (B.2) reduces to the loop-like solitary wave of am-
plitude 3/2 given by

1 3
2:5_5 tanh® w, n = —2w+ 3tanhw, (B.4)

with maximum loop width

W =23 —4tanh™! <%) (B.5)

In [7] we showed that the solitary wave given by (B.4) is a soliton.

With v < 0 we have ¢ = —1. Then, with —1/3 < C < 0, there are periodic well solutions given by (B.2) with
0<m< 1. WithC=0,z; =z, =0and z; = 3/2 so that m = | and then (B.2) reduces to the spatially periodic inverted
‘paraboidal’ wave of amplitude 3/2 given by

where
3 1
2(n) =5 —gn (B.7)
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