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A new package for computing the symmetries of systems of differential equa-
tions using Mathematica is presented. Armed with adaptive equation solving
capability and pattern matching techniques, this package is able to handle sys-
tems of differential equations of arbitrary order and number of variables with
the least memory cost possible. By harnessing the capabilities of Mathematica’s
front end, all the intermediate mathematical expressions, as well as the final
results apear in familiar form. This renders the package a very useful tool for
introducing the symmetry solving method to students and non-mathematicians.

1 Introduction

The effectiveness of the method of symmetry analysis of differential equations
first introduced by Sophus Lie is well established. The success of Lie’s method is
partly due to the fact that it allows one to find the symmetries of a given (sys-
tem of) equation(s) algorithmically. However, as the number of variables and/or
equations increases, the pertinent calculations become unmanageable. On the
other hand, complex systems involving a large number of independent variables
are frequently met in practice, e.g. in all areas of theoretical and applied physics.
The Einstein field equations of general relativity and the Navier–Stokes equations
of hydrodynamics could be cited as representative examples. In all such cases,
the huge amount of calculations involved in applying the symmetry method render
the use of computer algebra programs imperative.
In recent years, several symmetry–finding packages have been developed [1].

Most of them are based on the widely used computer algebra systems (CAS), such
as REDUCE [2], MACSYMA, Maple and Mathematica [3]. The functionality of
the above packages varies greatly. Some of them are effective only for differential
equations of polynomial form. Others give only the determining equations in a
reduced form and, then, the user must solve the latter interactively, at best. In
any case, most of the packages developed so far fare well in practice only for
determining the Lie point symmetries of scalar equations.
The purpose of this presentation is to introduce SYM, a new package for com-

puting symmetries using Mathematica. SYM’s main advantage over its predeces-
sors is twofold. First, it provides the user with an easy to comprehend interface.
This has been made possible by hiding effectively the cumbersome and awkward
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way the CAS itself represents mathematical expressions. In particular, all the ex-
pressions appearing in both the input and output of the package are represented
in the familiar form encountered in the mathematical literature. Moreover, SYM
is distinguished by its ability to handle and calculate the symmetries of complex
systems of differential equations efficiently and without much intervention from
the user. This has been achieved by making use of the powerful programming
language of Mathematica. As a result the package is fast, reliable, and consumes
less memory.

2 The Sym Package

The fundamental characteristic of SYM is its modularity. This means that it is
based on a specific set of functions which are employed in the symmetry analysis
of a given equation. They are functions defined using the well known algorithms of
symmetry analysis which stems from Sophus Lie’s theory ( [5–8]). In this section
we give some further details regarding the features of the program and a few
examples that illustrate its effectiveness.

2.1 Main Features

The basic functions that any symmetry finding package has to perform are [4, 5]:

(i) To obtain the determining equations,

(ii) To reduce and simplify the system of determining equations, and

(iii) To integrate this overdetermined system

Besides complying to the above guidelines, SYM carries the following features.

• Every infinitesimal generator and its prolongation are defined and used as
operators. Hence, the action of an infinitesimal generator on any algebraic
or differential equation can be easily manipulated. This is accomplished
using the command X[n,{x,y},{u}] which turns the n-th extension of the
infinitesimal operator ξ1(x, y, u)∂x+ξ2(x, y, u)∂y+η(x, y, u)∂u into a “a pure
function”. Examples where this feature can be exploited are the analysis of
the invariant surface condition and the supplementary equations involved in
the symmetry analysis of an initial–boundary problem. Likewise, the com-
mand X[n,{x,y},{u,h},2] defines as a pure function the n-th extension of
the infinitesimal generator in characteristic form:

Q1(x, y, u, h, ux, uy, uxy, uxx, uyy, hy, hxy, hxx, hyy)∂u

+Q2(x, y, u, h, ux, uy, uxy, uxx, uyy, hy, hxy, hxx, hyy)∂h,

which is needed in the investigation of generalized symmetries.
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• The structural elements of the equations to be analyzed are automatically
pinpointed and characterized. This is attained by making the program look
at a differential equation in a human like fashion, using commands like
CharacterizeEq[*]. The latter produces automatically several features of
equation, such as its order, the independent and dependent variables, etc.
This feature minimizes the input required, restricting it to the differential
equation or the system of such equations under study, only. The above
commands not only facilitate the substitutions needed in the process of
automatically solving the linearized symmetry condition, but they render
these substitutions easy to materialize in the case the user has to solve the
above system interactively.

• An intelligent integrator of the system of overdetermined equations, which is
incorporated in the fundamental command SolveOverdeterminedEqs. En-
hancing Mathematica’s internal one, SYM’s differential solver mimics the
human behavior by following a novel algorithm we call “Seek&Solve”: it lo-
cates the appropriate equation to solve, substitutes the solution of the latter
to the remaining equations and, after making the necessery simplifications,
it repeats the previous cycle. Thanks to the various rules and tactics in-
corporated in the solver, the program will adapt its solving strategy to the
system at hand. It terminates only when the complete solution is achieved,
or when the remaining equations are not solvable. In this connection, we
stress that the solver can deal with systems which include equations of non
polynomial type. All possible differential constraints on arbritary functions
contained in the solutions are given explicitly. In addition, the package pro-
vides the option of printing all the steps followed in obtaining the solution.
This feature allows the program’s user to check all the intermediate steps
at any time.

• Additional functions for manipulating the system’s symmetries are included.
SYM gives all the generators of the one–parameter subgroups, their com-
mutator table and the structure constants of the corresponding algebra.

• All intermediate and final expressions are presented in a compact and el-
egant fashion. More specifically, by taking advandage of the expression
masking capabilities of Mathematica, SYM presents both the equations to
be solved as well as the intermediate and final results in the familiar form
that one encounters in the mathematical literature. Moreover, these familiar
expressions can be manipulated freely by the user himself.

2.2 Illustrative Examples

The package has been tested against a variety of differential equations, espe-
cially systems, from various sources [5–8]. It has also been tested by the in-
teractive derivation of conditional symmetries — both point and generalized, of
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several equations of research interest. The following are characteristic examples
of the equations against which SYM has been tested. The last one has been
considered, up to now, as the benchmark for symmetry–finding packages.

(i) The modified Kadomtsev–Petviashvili equation

3uyy − 4uxt − 6uyuxx − 6u
2
xuxx + uxxxx = 0 (1)

(ii) The generalization of the Ernst equation derived in [9]
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(iii) The Einstein vacuum equations for the Bondi metric [10]
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(iv) The Magneto–Hydro–Dynamics equations

ρt = −∇ · (ρ(x, y, z, t)~υ),

~υt = −(~υ · ∇)~υ −
1

ρ

(

∇

(

p(x, y, z, t) +
1

2
~H2(x, y, z, t)

)

− ( ~H · ∇) ~H

)

,

~Ht = ( ~H · ∇)~υ − (~υ · ∇) ~H − ~H∇ · ~υ, (4)

∇ · ~H = 0, pt = −kp(∇ · ~υ)− (~υ · ∇)p.
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The Lie point symmetries of the above equations were obtained using SYM’s
ClassicalSymmetries[] function. In the table below we present the time and
the amount of physical memory needed for the calculation. The PC used in the
test was a Pentium IV laptop at 3.2GHz with 1GB of physical memory.

equation time physical memory

1 6.8 sec 6 MB

2 95.8 sec 374 MB

3 25.1 min 269 MB

4 19.4 min 32 MB

In way of comparison, we first mention that MathLie, the symmetry–finding pack-
age for Mathematica developed by G. Baumann [11], wasn’t able to give non–

interactively even the determining equations for examples (ii)–(iv). On the other
hand, the MACSYMA based package SYMMGRP.MAX took 50 minutes of CPU
time on a Digital VAX 4500 with 64MB of RAM for deriving only the (222)
determining equations of example (iv).

The Lie point symmetries of the equations in examples (i) and (iv) are well
documented [4]. Therefore we restrict ourselves to presenting the symmetry gen-
erators of the equations in examples (ii) and (iii). They are given by

X1 = ∂u + ∂υ, X2 = u∂υ + υ∂υ, X3 = ∂U , X4 = U∂U , X5 = U2∂U

and
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1

2
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respectively.

3 Applications in Education

Because of the familiar way it represents mathematical expressions, its easy to
use interface and modular structure, SYM can be used effectively in courses on
the symmetry analysis of differential equations. By using it, students can become
familiar with the fundamental notions of symmetry analysis much more easily.



SYM: A New Symmetry — Finding Package for Mathematica 69

Because it presents the symmetry construction process in a step by step fashion
and allows students to experiment on their own. In addition, the package can be
exploited in the context of webMathematica. More specifically, everyone with an
internet access can use SYM for getting introduced to modern group analysis of
differential equations, without having to own the actual CAS.

4 Future Additions

The symmetry–finding package presented in this talk needs to be further devel-
oped and completed. The following are among the additions that would make
SYM even more effective:

• High–level comands that would make it able to automatically calculate con-
ditional, non–local and discrete symmetries,

• Tools for the construction of recursion operators and master symmetries,

• Functions concerning various aspects of the corresponding Lie algebras, such
as their solvability, the optimal system etc., and the group classification of
solutions.

• Differential algebra algorithms which determine the system of determining
equations and specify its solution space [12,13]
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