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Entropy, a Protean Concept

Roger Balian

Abstract. We review at a tutorial level the many aspects of the concept of entropy
and their interrelations, in thermodynamics, information theory, probability theory
and statistical physics. The consideration of relevant entropies and the identification
of entropy with missing information enlighten the paradoxes of irreversibility and
of Maxwell’s demon.

The concept of entropy, invented one and a half century ago, has given rise
to an immense literature. Under various guises it appears in many branches of
physics, of mathematics, and even of most other sciences. Like the Greek divinity
Proteus, it uses to change its shape so as to escape anyone who tries to grasp it, and
it also presides prevision and deceit. To catch its meaning, we need to recognize it
through i1ts metamorphoses. We shall therefore review with an introductory scope
some of its aspects, focusing on those which are relevant to statistical physics.

1 Macrophysics

1.1 Entropy in thermostatics

Entropy has first been introduced as a mathematical tool in the framework of
thermodynamics. This science, born in the first half of the XIXth century, deals
with the general laws that govern the transformations of systems. Actually, what
is usually called “the laws of thermodynamics” are physical constraints about the
transformations allowed by physics that lead from one equilibrium state to another.
These laws do not pertain to the dynamics of the processes, that is, their time-
dependence, but only refer to their nitial and final state. We therefore prefer here
to speak of “thermostatics”.

In the modern formulation of thermostatics [1], a physical or mechanical or
chemical isolated system is analyzed into homogeneous subsystems referred to by
the index a. The equilibrium state of each one is characterized by a set of exten-
swe variables Ay such as volume, energy, number of constitutive particles. These
quantities can be transformed or transferred but are conserved (the First Law
and its extensions). For the composite system, the state variables are denoted
as A;, where i = k,a is a double index indicating the nature k£ of the variable
and the subsystem a. In the initial state the exchanges between subsystems are
blocked and the system lies in a constrained equilibrium state with fixed A;’s. If
we release some of these blockings by letting the subsystems interact, only some
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constraints on the set {A;} remain, in particular those imposed by the conser-
vation laws. After some time, we reach a global equilibrium state. The extensive
variables of each subsystem take new values, and the Second Law, in the following
formulation, determines them. There exists for each subsystem a at equilibrium
a function Sine({Akq}) of the extensive variables that characterize its state, its
thermodynamic entropy. It 1s concave, extensive and additive: the entropy of the
whole system is the sum of those of its subsystems. The overall equilibrium state
is then the one that mazimizes the total entropy Sin ({A;}), ¢ = k, a, subject to the
constraints imposed on the variables A; by the initial state, the conservation laws
and the allowed exchanges.

By stating that the entropy of an isolated system cannot decrease when it
goes from a constrained equilibrium state to a less constrained one, the Second
Law expresses the irreversibility of macroscopic processes. It also provides an upper
bound for the efficiency of thermal machines, as was first shown by Carnot (1824).
However its field of application covers not only thermal processes (as suggested
by the word “thermodynamics”) but also other types of transfers, for instance,
mixing of substances or chemical reactions: any such spontaneous process raises the
entropy. The connection between entropy and irreversibility is directly exhibited
by an alternative approach [2] to the Second Law, initiated by Carathéodory. It
relies on a comparison hypothesis between any pair of states X,Y of a system :
either X 1s adiabatically accessible from Y, or Y is adiabatically accessible from
X. This property is sufficient to ensure the construction of the entropy as function
of the macroscopic state variables.

As a consequence of the Second Law, the partial derivative v; of the entropy
Sin({A;}) with respect to one of its variables A; (i = k, a) takes the same value
for two systems a and b that are in relative equilibrium as regards the considered
quantity k: if the two intensive variables v, = Yip are equalized, no transfer of this
quantity occurs although exchanges between a and b are allowed. The differential

S = i dA; (1)

exhibits v; and A; as conjugate variables with respect to the entropy. If A; is an
energy, the corresponding 4; is the inverse temperature 3 = T~ of the subsystem;
if A; is a particle number, v; is —pu/T where u is the chemical potential. In partic-
ular, since Sy is maximum at equilibrium, 8 = 9Sy,/OF takes the same value for
two systems which have been brought to relative equilibrium by thermal contact.
The Zeroth Law follows: relative thermal equilibrium between pairs of systems is
a relation of equivalence, implemented by the existence of relative temperatures,
which are any functions of 3. In particular =1 = T is the absolute temperature.

1.2 Entropy in thermodynamics

Thermodynamics proper describes the time-dependence of physical, mechanical
or chemical processes, in conditions of local quasi-equilibrium [3], that is, when
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the macroscopic state at each time is fully characterized by the same conservative
variables as in thermostatics, for instance the local energy, momentum or particle
density. As above the system is analyzed into a set of subsystems a, each of which
is thus at any time nearly at equilibrium. The conservation laws are expressed, for
each physical quantity k and each subsystem a, by an equation

dAka _
— +Zb:<1>k(b—>a):0, (2)

which involves fluxes of k from the neighbouring subsystems b.

For continuous media, the subsystems a may be infinitesimal; more precisely
each one should be a volume element large on the molecular scale but sufficiently
small so that the densities of conserved extensive quantities (energy, particle, or
momentum densities) are nearly constant within it. The instantaneous state is
thus characterized, for continuous media, by the densities pg(r,t) of the conserved
quantities Ag. These variables are labelled by a continuous index r and a discrete
index k. The conservation laws (2) involve fluxes @ of local current densities Jg(r,?)
for each Ag, and take for each volume element the form

%—l—dika:O. (3)
The index k denotes again the conserved quantities, energy, particle number and,
for a fluid, momentum P.

Entropy is defined at each time as in thermostatics. For each subsystem, its

time-dependence is obtained from (1) and (2) as

dStha
dt

=+ Z’ykaq)k(a — b) =0,
E,b
or equivalently, separating symmetric from antisymmetric contributions,

dStha 7ka+7kb 1
@ b) = — PV b) | 4
o +kz; 5 k(a—b) 2%:(%17 Yia) P (@ — b) (4)

which exhibits the flures ®; and the affinities vrp — Vg as conjugate variables
with respect to the dissipation dSiy,/dt. The continuous version of (4) is

dps

W‘FdiVJS:Zv'Yk'(Jk_J}(gO)) ) (5)

k

where the current density of entropy is defined as

P
JS:Z'YI«Jk‘i‘fu (6)
k
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in terms of the hydrodynamic velocity u = —T95Sy, /0P and of the pressure P =
Tps — Y vepr- In the right-hand side of (5), Jéo) denotes the current densities
that exist in equilibrium due to the motion.

One of the laws of the thermodynamics of non-equilibrium processes is the
Clausius—Duhem inequality, which expresses the fact that entropy cannot be de-
stroyed in any circumstance, or equivalently that the dissipation, given by the
right-hand side of (4) or (5), is never negative. This inequality sets constraints on
the response equations that relate the fluxes @4 or Ji to the affinities yip — x4 or
V~k, and hence through (2) or (3) on the dynamical equations for the variables
Apq or the densities py.

The Clausius-Duhem inequality should not be confused with the Second
Law although both express an entropy increase. This inequality holds locally and
at each time, but it applies only to systems evolving sufficiently slowly, in a local
equilibrium regime. The Second Law compares merely the global entropies of the
initial and the final state, both being in equilibrium (but with more constraints
in the initial state); during intermediate times, the system may well be far from
equilibrium, for instance, if an explosive chemical reaction takes place, and its
entropy need not be defined.

2 Information and probability

2.1 Entropy in communication theory

The theory of communication, founded in 1948 by Shannon and Weaver, aims at
improving the transmission of signals. At first sight, its only analogy with ther-
modynamics seems to be the search for an optimum efficiency for the considered
process, but we shall see that the entropies introduced in the two fields of science
are actually related to each other. The basic idea, here, is that the amount of
information transmitted by a message can be measured. One can then compare
the performance of different transmission devices or of different coding systems,
so as to minimize the duration of a transmission or the size of a memory.
Information is a concept related to probability. Indeed the information brought
along by some message to a receiver is meaningful only if this message is extracted
from a set of messages m that might a priori have been emitted. Before trans-
mission the receiver ascribes to each message m a probability p,,. His surprisal,
that is, the amount I, of information that he gains by getting knowledge of some
message m among the possible set should be a decreasing function I, = I(pp,) of
the probability p,,: we gain very little information when being told about some-
thing we were practically certain of, whereas nearly unexpected messages are very
informative. Moreover, a compound message mn consisting in two uncorrelated
submessages m and n with respective probabilities p, and ¢, should carry an
amount of information equal to the sum I, + I,,. Since probabilities are then mul-
tiplicative while information is additive, the continuity and the decrease of the
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function I(pp,) imply
Iy = —logpm , (7)

within a positive factor which defines the unit of information. This unit is the bit
if the logarithm in (7) has base 2.

While 7, measures the amount of information gained by reception of the
message m, Shannon’s entropy measures the amount of information which is muss-
ing before reception, and which on average will be gained through reception. Since
each message m has the probability p,, to reach the receiver, Shannon’s entropy
is defined by weighting I,,, by the probability p,,:

SSh({pm}) = Epmfm = - me log pr, (8)

For a number W of equally probable messages, for which p,, = 1I/W (m =
1,2, --W), Shannon’s entropy reduces to the celebrated expression of Boltzmann
within a multiplicative factor:

SSh = IOgW . (9)

Shannon’s entropy thus characterizes the perplexity of the receiver before trans-
mission of some message among the set {m}, or the average missing information.

A direct proof of (8) was given by Shannon who postulated a strong additivity
property of Sgh ({pm}): its expression should be additive, not only for compound
events mn such that m and n are uncorrelated, but also if information is gained
by steps. Suppose the events m are grouped in bunches, and suppose we are first
informed about the occurrence of one among these bunches. The entropy should
contain a corresponding first contribution, which is a function of the probabilities
of the bunches. In addition, it should contain, weighted by the probability of each
bunch, contributions associated with the conditional probability of each event
among the considered bunch. The identity thus satisfied by Ssh ({pm }) for different
numbers of events, which results from the simplest identity

Ssh({p1,p2,P3, - Pm}) = Ssn({p1 + P2, P3, " Pm})

+ (p1 + pa) Ssn ({—22—, 23y |

p1+p2 p1+ D2

together with continuity and symmetry requirements, implies the form (8).

Shannon’s entropy is a powerful tool for optimizing the amount of information
involved in the transmission of messages or the storing of data. In both cases,
the messages should be coded. Shannon and Weaver proved the existence of an
optimum coding, which depends on the probabilities p,, and on a possible noise
that may destroy part of the messages.
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2.2 Entropy of a probability distribution

Shannon’s expression (8) associates with any discrete probability set {pn,} a num-
ber S, whether the index m labels messages or any other set of events. In the
latter case S characterizes the uncertainty associated with this probability law, or
its spreading. If the weights p,, are concentrated on some events, the uncertainty is
lower than when they are spread. If all events are equally probable the uncertainty
increases with their number. A quantitative evaluation of such an uncertainty is
provided by (8) and (9).

Many properties of the function (8) enforce this interpretation of entropy as
a measure of uncertainty. For a given number W of events, it is minimum and
equal to 0 when one event is certain while all other ones have probability zero. It
reaches its mazimum (9) in the most random situation where all probabilities py,
are equal (to 1/W). For compound events mn with joint probabilities P, , the
separate probabilities of the m’s and the n’s are p,,, = Zn P and ¢, = Zm Pon,
respectively. The entropy is then additive for independent events, subadditive for
correlated ones:

SH{pm}) +5({4n}) = S{pmn}) = S({Prn}) - (10)

(The equality holds only when P, = pm¢n.) This inequality expresses that cor-
relations carry some information. As another property of the entropy, consider a
single set of events m, to which two different sets of probabilities p,, and ¢,, can be
ascribed for two different statistical ensembles. If these two ensembles are mixed
with non-vanishing weights A and (1 — A) into a single one, the new ensemble is
characterized by probabilities P, = Apm + (1 — A)qm. The concavity property of
entropy,

S{Pm}) > AS({pm}) + (1 = A)S({gm}) , (11)

ensures that the uncertainty, as measured by .5, is raised by mixing of populations.

2.3 Continuous probabilities

A difficulty arises for continuous distributions of probability. Consider a ran-
dom real variable z, governed by a continuous probability density p(z). In order
to extend to this situation the definition (8), we split the z-axis into intervals
Zm, Tm + Am = my1 and define p,, as the probability for = to lie between z,,
and Z;,41. It would be natural to define S({p(z)}) as the limit of S({pm}) when
all A,,’s tend to zero, but this quantity diverges. However, if all A,,’s are equal,
adding the constant log A to S({pm }) provides a finite limit

S(p@)) = [ do pla)1og o) (12)

which defines the entropy of the probability distribution p(z).
This quantity is not invariant under a change of the variable z. Whereas a
linear transformation simply adds a constant to it, a non-linear transformation
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or equivalently a choice of unequal A,,’s may modify (12) arbitrarily. Additional
hypotheses are therefore needed to define unambiguously the entropy associated
with a continuous distribution. For instance, translational invariance over x of the
phenomenon characterized by a probability law p(z) justifies the choice (12), which
arises from a uniform partition A, = A.

More generally, for continuous variables z lying on some manifold, the ex-
istence of an wnvariance group or a metric is necessary to define unambiguously
S({p(x)}). Actually such a group already existed implicitly for the discrete prob-
abilities p,, involved in S({pm }), since all the events m were treated on the same
footing: the very construction of Shannon’s entropy implies that it is invariant
under permutation of theses events.

3 Statistical physics

3.1 Von Neumann’s entropy

Twenty years before Shannon, von Neumann introduced a similar expression, in
the quite different context of quantum theory. There, probabilities are unavoidable
as exemplified by the Heisenberg uncertainty relations. This irreducible intrusion
of probabilities arises from the non-commutative nature of the observables, the
algebraic objects that represent the physical quantities. To this replacement of
usual random variables A(m) by non-commuting observables A corresponds the
replacement of probability distributions p by density operators D, which are rep-
resented by matrices in the Hilbert space associated with the considered system.
The expectation value of A s given by

A = <A>=Tr AD, (13)

where the trace, taken on the Hilbert space, replaces the summation over the
elementary events m.

Since any quantity at a given time can be represented in quantum mechanics
under the form (13), our whole information at the considered time is represented
in a probabilistic way by the density matrix D. Anticipating the idea of Shannon,
who associated the missing information (8) with the set of probabilities py,, von
Neumann associated the entropy

Syn(D) = —Tr DInD (14)

with the density operator D. We thus interpret (14) as a measure of the uncertainty
associated with the description by D of the state of the system. When written in
terms of the eigenvalues p,, of D, the expression (14) is identical with (8). Tt can
be constructed directly, starting from some natural axioms [4]. The invariance
of Sgn under the group of permutations of the events m is replaced here by the
unitary invariance in the Hilbert space: all representations by matrices of quantum
mechanics, deduced from one another by unitary transformations, are equivalent.
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Through its diagonalization, D behaves, for a finite quantum system, more like a
discrete than like a continuous probability distribution, in spite of the continuity
of the underlying unitary group. The definition (14) of its entropy thus does not
involve the difficulties of (12).

The properties of von Neumann’s entropy are similar to those of Shannon’s
entropy: additivity, subadditivity, concavity. They enforce the interpretation of
(14) as a measure of the uncertainty associated with the density operator D. The
minimum, Syx = 0 of (14) is reached when D is a pure state, that is, a projection
onto a single wavefunction. Contrary to what happens for discrete probabilities,
such pure states still involve uncertainties although Sy,n = 0, but are the best
defined states allowed by quantum mechanics.

States D with non zero (positive) entropy occur in quantum statistical physics
because the wave functions of systems made of a large number of particles cannot
be fully determined. The entropy SVN(ﬁ) then measures the uncertainty about
such a state. The von Neumann entropy is also of interest in the framework of
quantum measurement theory. Even for a quantum system having very few de-
grees of freedom, the measurement of some of its observables implies interaction
with a macroscopic apparatus, which can be described only by means of quantum
statistical mechanics. The equivalence between negentropy and information that
we shall discuss in § 5.2 explains why von Neumann’s entropy allows us both to
measure the dispersion of a state D, which will be identified with the thermo-
dynamic entropy, and to evaluate the amount of information gained through a
quantum measurement.

3.2 Entropy in classical statistical mechanics

In classical statistical physics, a state is described by the density in phase
D(r1,p1, - -rN,PN,t), which is a density of probability in the phase space of
the N considered particles. If we were to define for the entropy of such a state an
expression similar to (12) with integration over the 3N-dimensional phase space,
this entropy would depend on the measure of integration and thus would not be
defined unambiguously. However, by regarding a density in phase as a limit of a
state D of quantum statistical physics, one can show that the trace in (13) and
(14) tends to an integral over phase space (as would be directly introduced in
classical statistical mechanics), but with the well-defined measure

1 & d3r, dp, _
Vi H — P , (15)
n=1

where h is Planck’s constant, and where the factor 1/N! arises from Pauli’s prin-
ciple about indistinguishability of particles.

As we shall see in § 4.2 the entropy Siy, of thermostatics can be identified with
von Neumann’s entropy for equilibrium states. Two problems arising in classical
statistical mechanics are then solved. On the one hand the Gibbs paradoz, according
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to which the entropy of classical statistical mechanics does not seem extensive for
a set of identical particles, is elucidated owing to the factor 1/N!in (15). On the
other hand the limiting process which starts from quantum statistical mechanics
generates the absolute entropy, without any additive constant, which satisfies the
Third Law, or Nernst Law: the limit towards the zero absolute temperature of the
absolute entropy vanishes. The occurrence of Planck’s constant in (15) is essential
in this respect.

3.3 The entropy as measure of disorder

Both Shannon’s entropy (8) for a probability set and von Neumann’s entropy (14)
have been introduced as a measure of missing information. They do not appear as
properties of the object under study in itself, but rather characterize the knowledge
about it of its observers, who describe it by means of probabilities. These entropies
thus have a partly subjective character, since they numerically characterize the
uncertainty of the observers. Such a concept fits with the subjective interpretation
of probabilities [5]. They should be regarded as mathematical tools for making
consistent predictions, starting from the available information. The entropy (8)
measures the quality of such predictions. In fact, since all observers placed in the
same conditions should attribute the same probabilities to a set of possible events,
probabilities are intersubjective rather than subjective.

Likewise, in statistical mechanics, a state represented by a density operator
collects our information on some system. It does not describe this system in itself,
but as a sample chosen among an ensemble of systems all prepared by the same
procedure. This ensemble may be real, or may just be a set of thought similar
copies, not completely identical but all having the same known features.

We may alternatively interpret the von Neumann entropy as a measure of
disorder of the state described by the (probabilistic) density operator D. Actually
the concept of disorder should be identified with that of uncertainty: when we say
that a fully mixed pack of cards is disordered, it only means that we know nothing
about their ordering; for a conjurer who is aware of this ordering, there is no
disorder in the pack. Maxwell already wrote: “Confusion, like the correlative term
order, is not a property of material things in themselves, but only in relation to
the mind who perceives them.” Entropy allows us to make this idea quantitative.

4 Maximum statistical entropy and applications

4.1 The maximum entropy criterion

According to this interpretation, the assignment of probabilities to a set of events
should depend on the data available to the observer, but should be made in a
consistent way so that any other observer makes the same inferences starting
from the same data. In statistical physics on which we focus, the problem is the
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same: which density operator D should we assign to describe the state of a system
belonging to some ensemble characterized by a set of macroscopic data?

When nothing is known but the list of the W possible events m, it is natural
to resort to Laplace’s principle of indifference or of insufficient reason, and to
assign the same probability p,, = 1/W to all these events, as is done in the theory
of games. Likewise, if no information is available about the spin 3 L of a particle, the
obviously unbiased choice for its density operator is D=1 I ThlS state describes
an unpolarized spin, the expectation value of which vamshes in any direction. This
principle relies on the idea that any other probability distribution would introduce
bias, by favourizing without any reason the prediction of some events to which
larger probabilities would have been assigned.

The maximum entropy principle [6] extends this idea to situations where some
probabilistic information is given, in the form of expectation values. Suppose that,
for instance in statistical mechanics the expectation values A; = <Ai > of some
observables A;, that we shall refer to as the the relevant observables, are known.
We shall call these data A; the relevant variables. From this information we wish
to infer the expectation values of other quantities. To this aim we need to assign
a density operator D to the system. It should of course satisfy the constraints

about the known quantities, but they do not suffice to determine D. Whithin
this allowed set, consider two density ‘operators D1 and Dr) such that Svl\(Dl)
SVN(Dr;) This mequahty means that D; contains more information that D5, by an
amount SyN (Dz) SVN(Dl). However the density operator that should describe the
state of the considered system (or rather of the considered ensemble of systems)
should not carry more information than what is contained in the relevant variables
{A;}. Thus D1, which contains more information than Dy, is certainly biased.
Hence we are led to select for D the density operator that maximizes Syx(D),
subject to the constraints (16) for the set {AZ} This maximum entropy criterion
means that we describe the situation by means of the least biased density operator,
or the most uncertain, or the most disordered, among the set compatible with the
available data.

The result of this procedure is found by introducing Lagrange multipliers +;
for each constraint on A; and ( for the normalization. We thus have to express
that

J

SvN(lj) — Z’yiTI' Alﬁ — CTI' [j

vanishes for any Hermitian variation D of D. Letting ¢ = ¥ — 1 and regarding
¥ as a function of the variables 4;, we thus obtain for D the generalized Gibbsian
distribution

Dg = exp (—\If - Z%’Ai) ; ¥({7}) =InTrexp (— Z%’Ai) (A7)
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that we shall call the reduced density operator associated with the relevant variables
A;. The multipliers {v;} are related to the data {A;} through

o
6%» ’

A= — (18)
a consequence of (16) and (17).
The value Syn(Dgr) of the von Neumann entropy (13) of the state (17) is

larger than the entropy associated with any other D compatible with the data
{A;}, that is, satisfying (16). Tt is given by

Sr({A;}) = maxp Syx(D) = ¥ + sz i (19)

We refer to it as the relevant entropy associated with knowledge of the variables
{A;}. Altogether, if the von Neumann or the Shannon entropy, which measures
uncertainty or disorder, is also regarded as a measure of bias, the least biased
inferences based on the knowledge of the set {A;} should rely on the probability
distribution (17), (18). The unicity of this distribution is ensured by the concavity
of entropy, the maximum of which is (19).

The validity of the maximum entropy criterion has been questioned. Is it
legitimate to identify the missing information as a measure of bias? For Shannon’s
entropy, its use can be justified by direct approaches where requirements on the
consistency of the inference procedure [7] lead to the same result as the maxi-
mization of Sgy, provided we deal with discrete events m. In quantum statistical
physics, an alternative justification for (17) was given, based on the idea that the
expectation value A; of A;, expressed by (16) in terms of the density operator D
of the considered system, may be identified with the mean value y_  A%/N over
an ensemble of N analogous systems o = 1,2, ...A described by lj, in the limit
of large A [4, 8]. This identification is consistent with the equivalence of the two
interpretations of probabilities, either a tool for predictions or a set of frequencies

The maximum entropy criterion is currently used in various contexts. We
resume below some of its outcomes in statistical physics.

4.2 Equilibrium statistical physics

Equilibrium statistical physics underlies thermostatics at the microscopic level.
It allows in particular to derive the Laws of thermostatics as statistical conse-
quences of microphysics. It 1s based on the choice, as relevant observables {AZ}, of
the same conserved quantities as in thermodynamics. The macroscopic variables
{A;} are identified, at the microscopic, statistical level, with the expectation val-
ues (16). The relative fluctuations are small as 1/v/N where N is the number of
elementary constituents, so that the statistical nature of the microscopic descrip-
tion does not appear in thermostatics. The equilibrium state of thermostatics is
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described by means of the density operator Dy constructed as in (17), (18) from
these macroscopic equilibrium data {A;}, which remain fixed in time. We do not
regard equilibrium as the final stage of a dynamical process, but rather as a state
statistically characterized by the relevant variables A;.

Consider first a homogeneous piece of material contained in a volume V. Its
macroscopic equilibrium states are characterized by its number N of particles (we
assume for simplicity that they are all of the same kind) and by their energy.
At the microscopic level these two quantities are the only data (16); they are
identified with the expectation values of the particle number operator N, and of
the Hamiltonian H, respectively. We therefore describe this piece of material by
the grand canonical density operator (17), where the observables A; are here N
and H.

Consider now more generally a compound system as for the Second Law of
thermostatics, but described from the viewpoint of statistical physics. In the nitial
state the data {A;} (where i = k, @ now denotes both the nature k of the variable
and the subsystem a) are the extensive conserved variables of each subsystem; they
may take arbitrary values since the exchanges are blocked. The overall equilibrium
density operator, which maximizes the uncertainty for the given set {A4;}, has
the form (17). Tt factorizes as a product of contributions associated with each
subsystem, e.g., grand canonical distributions, with multipliers v; (i = k, a) taking
independent values for each subsystem a. Hence its relevant entropy is the sum of
the entropies (19) of all parts. The determination of the final equilibrium density
operator may then be performed by maximizing Syn in two steps. The first step,
that we just described, leads to the function Sy ({A;}) of the extensive conservative
variables of all the subsystems, which we have identified with those entering the
entropy Sin of thermostatics. Then the second step is exactly the same as in
the Second Law of thermostatics; to wit, this function Sg({A;}) is maximized
as function of the variables A;, subject to the remaining constraints. Since the
entropy of thermostatics Sy, is defined in a unique fashion within a multiplicative
constant, we can altogether identify it with the sum of the relevant entropies of
the subsystems, each one being evaluated at equilibrium.

The Second Law thus appears simply as this second step of the maximum
entropy criterion. The entropy of thermostatics (and of thermodynamics) is there-
fore the macroscopic manifestation of the relevant entropy associated with the
conserved variables A; = Ay, :

Sth({Ara}) = kSR({Aral}) - (20)

The multiplicative constant k& depends on the choice of units for Siy. The nat-
ural choice & = 1, where Sin({4;}) = SrR({Ai}) = Syn({A4;}) is dimensionless,
leads to temperatures measured in energy units and taking very small values,
whereas entropies are very large since the uncertainty Syn increases as the num-
ber N of elementary constituents of the material. On the other hand, measuring
temperatures in kelvin, a unit defined from the triple point of water, provides for
k~1.38x10"23JK™! the Boltzmann’s constant.
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The Legendre transformation (18), (19) implies that

0 Su({Ad) _ .
oA

The identification (20) of the macroscopic and statistical entropies and the com-

parison of (1) with (21) justify (for & = 1) the identification of the Lagrange

multipliers v; in (17) with the intensive variables defined by (1). In particular the

multiplier associated with f], noted 3, is interpreted as the inverse of the absolute

temperature.

Actually, the Second Law alone defines the entropy Siy not only within a
multiplicative constant, but also within an additive constant. This arbitrariness
is lifted by the Third Law. The above definition Sg({A;}) of entropy issued from
statistical physics involves no additive constant, and it implies the Third Law since
(19) tends to zero (for usual materials) in the zero-temperature limit 8 — co.

In the above reduction of thermostatics to equilibrium statistical mechanics,
we had first to single out, among the whole set of microscopic variables, the con-
served variables {A;} that characterize an equilibrium state at the macroscopic
scale. It should be noted that their choice cannot always be made a priori, since
the microscopic equations of motion do not necessarily exhibit all the conserved
or nearly conserved variables. Consider, for instance, a ferromagnetic piece of ma-
terial. If it is not submitted to an external magnetic field, taking the energy and
the density as variables {4;} is sufficient at high temperature. However, below the
Curie point, we cannot understand its properties (even purely thermal) without
introducing among the set {A;} the spontaneous magnetization. At those tem-
peratures, the rotational invariance is spontaneously broken, and a new conserved
variable, the magnetization, which is the order parameter, emerges. Likewise, in
Bose condensation or in superconductivity, an order parameter of quantum na-
ture has to be introduced among the conserved variables {4;} below the critical
temperature in the macroscopic description of the material at equilibrium.

The idea of reducing thermostatics to equilibrium statistical mechanics, and
of interpreting the entropy as a measure of the disorder or the uncertainty at the
microscopic scale after introduction of probabilities, can be traced back to Boltz-
mann who dealt with the kinetic theory of classical gases. As we already noted,
the advent of quantum mechanics has paradoxically brought up simplifications:
Owing to the introduction of discreteness, Syn is defined unambiguously. Accord-
ingly, even for a classical system like a monatomic gas, Planck’s constant enters
through (15) the expression of the thermostatic entropy.

4.3 Reduced states and relevant entropies

A typical problem of non-equilibrium statistical physics i1s the prediction of the
expectation values of specified quantities at time ¢ from a set of initial data. The
density operator D(t), which characterizes the values (13) of all physical quantities
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at all times, evolves according to the Liouville-von Neumann equation

ih— = [H,D], (22)

and its knowledge at the time ¢ provides the required results. In principle, 1t can
be found by solving (22) with the initial condition D(ty), which is assigned from
the initial data as in (17). The observables {A;} controlled at the initial time #g
are, however, no longer constants of the motion as in thermostatics, so that ﬁ(to)
does not commute with the Hamiltonian H and the evolution (22) leads to a state
[)(t), the construction of which solves the problem.

However, the detailed description by means of lj(t) involves a huge amount of
variables, both without interest and unpracticable. We therefore select some set of
relevant observables { A;} which are expected to govern the evolution. Their choice
is guided by phenomenological macroscopic approaches. We should include, apart
from the variables of thermodynamics, other macroscopic variables the dynamics
of which is of interest. For instance, in nuclear magnetic resonance, we consider the
three components of the total magnetic moment, which evolve under the influence
of an external magnetic field and of interactions with the other degrees of free-
dom of the material; the dynamics of this magnetic moment will involve Larmor
precession and relaxation, an irreversible process. In nuclear physics, we include
in the relevant set collective variables such as the deformation of the nucleus. We
give two other examples below. Most often they are the slowest variables, whereas
the remaining irrelevant variables evolve on a much shorter time scale. The ob-
servables which are initially controlled and the observables about which we want
to make predictions belong to the relevant set {Al} It is therefore sufficient to
follow the evolution of the relevant variables {A4;(¢)}, by eliminating the irrele-
vant observables which are coupled by (22) to the dynamics of the relevant set.
This elimination may be performed, at least formally, by the projection method
of Nakajima and Zwanzig [9] that we sketch below.

The relevant variables {A;(t)} are deduced at each time from D(t) through
(16). Since the observables initially given belong to the relevant set {A;}, the
initial density operator D(t) has the form (17); however, if the set {A4;} contains
observables whose initial value A; () is not specified, the corresponding multipliers
vanish. At later times, the solution E(t) of eq. (22) has no reason to retain the
same exponential form, involving only the relevant observables {AZ} Considering
then the set A;(¢) = Tr fllf)(t) of relevant variables at the time ¢, we can associate
with them by means of the maximum entropy criterion a reduced density operator
Dr (t) of the form (17), where the multipliers v;(¢) depend on time. Their value is
determined by the conditions A;(t) = Tr AiﬁR(t) where the {A;(¢)} in the left-
hand side are deduced from @2) and A; () = TrAiﬁ(t), and where the right-hand
side satisfies eq. (18). Thus D(t) and Dg(¢) are equivalent as regards the relevant
variables, but ﬁR(t) has the mazimum entropy, given by (19) in terms of the set
{A;(t)}. In other words both states D(t) and Dg(t) account for the information
{4;(t)}, but ﬁR(t) involves no further information. The difference Syn [f)o(t)] —



Vol. 2, 2003 Entropy, a Protean Concept 133

Syn[D(t)] measures an extra amount of information about the irrelevant variables,
which is included in b(t) that keeps full track of our knowledge of the initial data
{Ai(to)} i

The quantity Syn[Dr(t)] defines the relevant entropy Sr({A;}) associated
with the quantities {A;(t)}. Tt depends on the chosen set {A;} of observables, and
characterizes the uncertainty at the time ¢ when one follows only the evolution of
their expectation values. By construction we have Sg({A;}) > Syx[D(t)]. On the
other hand, we find from (14) and (22) that

mds%t@) — _Tr[H,D]lnD=0, (23)

and hence that Syx[D(t)] is constant. Thus the relevant entropy satisfies
Sr({Ai(t)}) > Sr({Ai(to)}), which means that some information about the rel-
evant variables is lost during the evolution. On the other hand the constancy of
SeN [D(t)] implied by (23) means that our information about all possible observ-
ables, which is described by f)(t), is conserved by the Hamiltonian evolution (22).

4.4 Projection method and dissipation

i, From a geometric viewpoint, the reduction of the description, which associates
with ﬁ(t) the less detailed distribution Dg (t), is in the space of states D a projec-
tion onto the manifold of reduced states (17), in the direction of constant relevant
variables {A;} (fig. 1). Algebraically, in order to implement this idea, the space
of states D is regarded as a vector space. The whole set of observables {A} then
appears as its dual vector space, with a scalar product defined by

(A;D) =Tr AD =<A>p . (24)

The relevant observables {A4;} define a subspace of {A}. Linear transformations
in either vector spaces {D} or {A} are then represented by ”superoperators”; for
instance, regarding D as a vector leads to rewrite (22) in the form

dD A 5
T LD (25)
in terms of the Liouvillian superoperator which transforms D into LD = [H, D]/ih.
(In the Heisenberg picture, the observables would evolve likewise as dfl/dt = 121[,)

The operators of the form (17) define in the vector space { D} the manifold of
relevant states {ﬁR}, and a superoperator P describing projection on the relevant
states or observables is associated with each {Dg}. It has the form

aDR ® (A; — A ) (26)
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Ay

Figure 1: The reduction of the description. A state Dof quantum statistical physics
is represented by a point in a vector space. Here the first two axes schematize the
relevant variables A; = TrA; D, regarded as coordinates of D, while the third axis
stands for its many irrelevant coordinates. The trajectory of b(t) is governed by the
Liouville-von Neumann equation (22), (25). The reduced state ﬁR(t), equivalent
to D(t) as regards the relevant variables {4;} but maximizing the von Neumann
entropy, is the intersection of the plane A;(t) = TrA; D (represented here as a line)
and the surface R, parametrized by the set {~; } according to (17). The trajectory of
Dr (1) is obtained by projecting that of b(t) on R. It starts with the initial point
[)R(to) = D(to) and is governed by eq.(28) or its approximation (31). The von
Neumann entropy is constant along the line ﬁ(t), whereas for Dr (¢) information
is lost towards the irrelevant degrees of freedom.

where I is the unit operator in the space {A}, where A; = (A;3; D;), and where
Dr expressed by (17) is regarded as a function of the variables A; through the
variables v; and the equations (18) or (21). The complementary superoperator is
Q =7 — P where 7 is the unit superoperator. The reduced state Dr (1) associated
with lA)(t) then appears as the projection Dg = PD of D.

Actually, the space of states D has not only a structure of vector space, but
can also be regarded as a Riemannian space, where a natural metric generated by
entropy [9] according to

ds? = —d*Syn (27)
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allows to define distances between states and angles. The projection P from D(t)
to DR(t) then appears as an orthogonal projection.

Our dynamical problem of non-equilibrium statistical mechanics, deducing
the set {A;(t)} from {A;(to)}, then amounts to the search for the projection Dg(t)
of the detailed trajectory of D( ), which is generated by (22) and by the initial
condition D(to) = DR(to) Indeed, at each time, it is equivalent to know the
set {A;(t)}, the corresponding set {v;(t)} given by (18) or (21), or the reduced
state ﬁR(t) given by (17). The projection method provides for ﬁR(t) an integro-
differential equation that relates dﬁR/dt to f)R at the same time and also at earlier
times. This equation, of the form

dD ¢ N

dtﬁ =PLDp+ / dt' M(t, ) Dg(t') (28)
to

is obtained from (25) and the initial condition Dr(to) by starting from the time-

dependent equation Dg = PD and taking advantage of the properties P@Dﬁ/ﬁA =

ODRr/8A;, IP = I, A;P = A; and (dP/dt)D = 0 of the projection. It involves a

memory kernel /\/l(t, t') defined by

M(t, 1)y =PR)LW(L, ) CP(t) (29)

in terms of the evolution superoperator W(t,#’) in the irrelevant space, which is
characterized by the equation

| - 2| ety = ewae o). (30)

The equation (28) is equivalent to an equation of motion for the relevant variables
{A;(t)}. Whereas its instantaneous term describes a direct coupling among the
relevant variables, the last, retarded term describes a memory effect resulting from
the elimination of the irrelevant variables and expressing f)R(t) in terms of its
past history.
If the set {AZ} has been suitably chosen, the memory time is short compared
to the time-scale for {A;(t)}, and Dg(#') can then be replaced by Dg(t) in (28).
Then ﬁR(t) is governed within a good approximation by the mere differential
equation
%:Pﬁf)ﬁ—l—’cf)f{(t) , (31)

where the superoperator K is defined by
t
K(t) = / dt' W(t,t') . (32)

The relevant variables (18) or A; = (/L ;ﬁR) thus evolve autonomously accord-
ing to a set of differential equations of the same type as usually encountered in
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phenomenological approaches. The memory term is replaced by a dissipative term,
which prevents dﬁR/dt from being generated by an effective Hamiltonian, and
which thus allows for a time-dependence of the relevant entropy Sr({A:}). In-
deed we find from (14), (17) and (28) that the dissipation is given in terms of the
memory kernel by

s > () (A ;/t dt' M(t, ) Dr(t')) - (33)

Only the coupling of the set {A;} with the irrelevant variables contributes to (33).
Dissipation is a retardation effect, and becomes instantaneous in the short-memory
approximation.

In physical situations where the selection of relevant variables thus leads to
a differential equation for DR(t), ﬁR(t + At) depends only on ljR(t), for At small
but large compared to the memory time associated with the evolution of the irrel-
evant variables. We would therefore have found the same ﬁR(t + At) by starting
the evolution from D(t) = Dg(t), letting D evolve according to (25), then pro-
jecting D(t 4+ At) on the set of relevant states. Hence we have S(Dg(t 4+ At)) >
S(D(t + At)) = S(D(t)) = S(Dr(t)). Altogether, for a choice of the set {A;}
such that the memory time is short, we find Sg ({A;(t+ At)}) > Sr({A:(t)}); this
inequality holds along the motion of DR(t): the relevant entropy cannot decrease,
whereas the von Neumann entropy remains constant. This means that informa-
tion about the relevant observables is continuously lost towards the irrelevant ones
during the evolution, and this loss is irretrievable. In other words the dissipation
dSr({Ai})/dt > 0 measures the rate at which a loss of order takes place in the rel-
evant variables {A;(t)}. The entropy production characterizes an irreversible flow
of uncertainty from the irrelevant to the relevant variables.

We illustrate below this general approach by two examples.

4.5 The thermodynamic entropy as a relevant entropy

For the processes described by non-equilibrium thermodynamics, the variables A;
governed by the macroscopic equations are the conservative variables of each sub-
system or of each volume element. For instance, for a fluid, they are the densities
pi (r) of particles, of energy and of momentum at each point. They are identified
at the microscopic level with the relevant variables A; (i = k,r) of the projection
method. One can then derive from the microscopic conservation laws the macro-
scopic ones (3), after microscopic identification of the current densities Jy. Tt is the
conservative nature of the variables { A;} which ensures that they evolve over much
longer time scales than the other variables which are discarded. Indeed, without
couplings between subsystems or volume elements, the thermodynamic variables
{A;} or pi(r) would remain constant. For sufficiently weak couplings and for small
affinities Vg, the currents J; are weak and from (3) it appears that the motion
of the variables {4;} is slow.
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The parameters {7;} of the reduced density operator ER(t) given by (17)
are then identified at each time with the local intensive variables v;(r) (i = j,r)
assoclated with the set p;(r), which are directly related to the local temperature,
chemical potential and hydrodynamic velocity.

In the short-memory, weak-coupling limit, the equation of motion (31), which
governs the dynamics of the the macroscopic variables pg(r) or 45 (r), yields the
equations of thermodynamics. Moreover it provides microscopic expressions for
the transport coeflicients. For instance, for a fluid, we find thus the Navier-Stokes
and Fourier equations, together with microscopic expressions for the viscosities
and the heat conductivity.

Since Dp is factorized into a product of contributions from each subsystem,
the relevant entropy associated with it is the sum over all subsystems of the entropy
of equilibrium statistical mechanics, that we already identified with the entropy of
thermostatics. The relevant entropy relative to the present choice of variables A; is
therefore the same as the entropy of macroscopic non-equilibrium thermodynamics.
Its increase gives a microscopic justification for the Clausius-Duhem inequality
(5) if the time-scale of the thermodynamic variables is longer than that of the
microscopic variables that have been projected out.

4.6 Boltzmann’s entropy

Boltzmann’s equation for gases describes their dynamics in terms of the density
of particles f(r,p,t) in the single-particle phase space: f(r,p,t) d°r d°p is the
expectation value of the number of particles lying in the volume element d3r d3p
of this phase space at time ¢. This quantity evolves according to Boltzmann’s

equation

UCPD) L P g, fap,t) = T4} (349)
where the left-hand side accounts for the drift of f due to the free motion of the
particles (with mass m). The right-hand side is the collision integral; it is quadratic
in f and describes the change in f due to interparticle collisions. Since the collisions
are nearly local in space and in time, Z involves f(r,p’,t) at the same point and
time as in the left-hand side, but involves integrations over the two momenta
entering the two f’s. The establishment of (34) requires that f(r,p,t) as function
of r and ¢ varies slowly compared to the sizes of the particles and the duration of
the collisions.

Boltzmann proved that his equation obeys the H-theorem: the quantity

H() = /d?’r &p f(r,p,t)In f(r,p,t) (35)

is a decreasing function of time.

In order to recover Boltzmann’s equation and H-theorem from microphysics,
we should start from the most detailed description, in terms of the density in
phase, that is the probability density D(ri,p1, - -rn,pn,t) in the N-particle
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phase space. Its time-dependence is generated by the Liouville equation, the clas-
sical limit of (25), where collisions are governed by the interparticle potential.
We take as the set of relevant variables the values of the single-particle den-
sity f(r,p,t), obtained by integrating D(r1,p1, - -rn, PN, ) over the phase space
of N — 1 particles. The index i stands here for r,p. In the reduced density
Dgr(r1,p1, - rN,PN,t) < f(r1,p1,t) X -+ x f(rn,pnN, 1), all correlations that
possibly exist in D are eliminated. These correlations are generated at each col-
lision. In Boltzmann’s theory they are discarded, but are present in the exact
equations of motion (25). The projection method then produces an equation of
motion (28) for Dy or equivalently for f(r,p,t), in which the memory-time is the
duration of a collision. The neat separation of time scales allows us to neglect this
duration, and f is thus governed by a differential equation (31) that is identified
to Boltzmann’s equation with its instantaneous collision term.

The relevant entropy S; associated with the relevant variables f(r,p,t) is
identified with Boltzmann’s entropy, which is easily shown to equal —H (¢) within
a multiplicative and an additive constant. The H-theorem is recovered as a special
case of the increase of relevant entropies in regimes where the memory is short. Here
the increase of the Boltzmann entropy Si is interpreted as a loss of information
which results from the fact that, although correlations are created by each collision,
these correlations have no effect on the subsequent evolution because two particles
which underwent a collision have little chance to meet again. The evolution of
f(r,p,t) is the same as if all these correlations are forgotten.

Boltzmann’s entropy S; related to (35) should not be confused with the ther-
modynamic entropy of subsection 4.5: Even for a gas of non-interacting particles,
Sy coincides with Si, only when at each point f(r,p,t) behaves as a Gaussian
in p; otherwise Sy, is larger than S; for the same values of the thermodynamic
variables pg(r,t). Nor should the H-theorem be confused with the Second Law
or with the Clausius-Duhem inequality. On the one hand, Boltzmann’s equation
deals with gases only. On the other hand, it holds beyond local equilibrium, in bal-
listic regimes that cannot be described in terms of the thermodynamic variables.
Indeed, in a thermodynamic or hydrodynamic regime, local equilibrium implies
that f(r,p,t) has at each point r a Maxwellian form, that is, behaves as a Gaus-
sian in p. The reduced description provided by f(r,p,?), a function of 6 variables,
is more detailed than the reduced hydrodynamic description in terms of 5 func-
tions of 3 variables, the densities of energy, particles and momentum in ordinary
space (or equivalently the local temperature, chemical potential and hydrodynamic
velocity).

Boltzmann’s entropy accounts for the uncertainty associated with the sole
knowledge at each time of the single-particle density f(r,p,?) of a gas enclosed in
a vessel. For sufficiently large times, a local equilibrium, then the global equilib-
rium corresponding to the initial values of the total particle number and energy are
attained. At these stages the Boltzmann entropy grows so as to reach the entropy
of non-equilibrium thermodynamics, then of thermostatics. Before the thermody-
namic regime is settled, starting from the full density in phase D(r1,p1,---,rn, 1)
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we can derive at the microscopic scale two-particle, three-particle, ... correla-
tion functions. More and more detailed reduced descriptions are thus obtained by
dropping all the correlations of more than n particles [10]. Boltzmann’s description
corresponds to n = 1, with Boltzmann’s entropy S1, and we find a hierarchy of
relevant entropies Sy, ---Sy - - - such that

Sth>S1 >8> >8> > Sw(D) . (36)

Starting all from SN (lj(to)) = Syn(D(2)) at the initial time, the entropies Sy all
increase as a function of time, but later and later; all of them finally reach the
thermostatic entropy, which is the upper bound of the whole set (fig. 2).

S S

Sth

SVN

t

Figure 2: Hierarchy of entropies in a gas. Larger and larger entropies are associated
with less and less detailed descriptions. Boltzmann’s entropy S increases (H-
theorem) from the von Neumann entropy Syx to the equilibrium thermostatic
entropy Seq, evaluated for the initial values of the energy, particle number and
density of the gas. It i1s smaller than the thermodynamic entropy Sin, a function
of the local densities of energy, particles and momentum, but both remain nearly
equal after the distribution f(r, p,?) has become gaussian in p at any point r (local
equilibrium regime). The entropies Sz, S3 - - - S, accounting for 2-, 3-,- - -n-particle
correlations are at each time smaller and smaller and increase later and later.
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5 Two paradoxes

5.1 The paradox of irreversibility

Soon after the birth of the kinetic theory of gases, Loschmidt, Zermelo and Poincaré
pointed out the paradox of irreversibility: although the microscopic evolution (22)
is invariant under time-reversal, the macroscopic evolutions are not. As regards
thermodynamic variables, viscosity and thermal conduction are irreversible phe-
nomena. In the dynamics of gases, the H-theorem also exhibits and “arrow of
time”. We gave a general explanation to such irreversible behaviours: whenever
the memory-time 1s short, the dissipative term in the reduced description gen-
erates an increase of the relevant entropy, the signature of irreversibility. This
increase 18 a statistical property; it measures a loss of information towards the
irrelevant variables. The explanation of irreversibility also involves the choice of
Dr(to) as the initial state.

This argument relies on the irretrievable nature of this loss. In principle, the
equation of motion (22) does not prevent, for a finite system, some order hidden
within the irrelevant degrees of freedom to surge back into the relevant ones, and
to show off as a decrease of the relevant entropy. If we forget about the observer
and consider an initial microstate completely defined at the initial time, it remains
completely defined at all times so that nothing seems to prevent this complete
order from showing off. For instance, if the N particles of a gas are all grouped
at the initial time in the left half of a container, they will fill the full vessel after
some delay. However the equations of motion are reversible and allow the converse
evolution, where the particles occupying the full container spontaneously come
together in its left half. Why do we never observe such a behaviour in practice?
The reason why it does not occur is that we deal with systems composed with an
extremely large number N of particles. Poincaré’s recurrence time, after which a
system governed by an equation such as (22) returns in the vicinity of its initial
states, is then immensely large, even compared to the age of the Universe.

Boltzmann’s explanation of the paradox of irreversibility is again probabilistic
although we consider here the single trajectory of a well defined configuration. It
relies on an analysis of the initial state. In the above example of the expansion of a
gas, let us discretize the positions and momenta of the particles so as to count the
configurations (in agreement with quantum mechanics). Denote as W the number
of compressed states, such that the N particles lie in the left half of the vessel.
The total number of states in the full vessel is 2V W, and in nearly all of them the
particles are spread all over. Among the latter states, those for which, after some
time 7, the particles are gathered in the left half are in one-to-one correspondence
with the W compressed states. Hence only a very tiny proportion 2=V of the
spread states gives rise to the anomalous grouping process. Since N is of the order
of the Avogadro number 6 x 1023, we have no chance whatsoever to observe such
a process.

More generally, consider an irreversible thermodynamic process for which
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the entropy increases by ASiy. In the above example ASiy = kN In2. The cor-
responding increase of the relevant von Neumann entropy is ASi,/k where k is
Boltzmann’s constant 1.38 x 1023JK ™! and where AS;}, has the order of JK™!. Not-
ing from (9) that the ratio between the numbers W of initial and final microstates
is of the order of e=25m/k e see that anomalous processes with reversed time are
not forbidden in principle but that the initial configurations from which they might
arise are completely improbable, as an exponential of —10%3, among the whole set
of configurations involved in the most disordered thermodynamic state.

Nevertheless, experiments exist in which many microscopic variables that
appear as irrelevant at first sight can actually be controlled. The most celebrated
ones are spin echo experiments, in which only the total magnetic moment of a
material containing N spins is observed, and only an applied magnetic field can be
controlled. Under normal circumstances, a relaxation of the total magnetic moment
occurs; the magnitude of this moment decreases, so that the relevant disorder
increases as expected. However, some time after the total moment has vanished, it
is possible through suitable pulses of the applied field to manipulate the individual
spins in such a way that the order hidden in their correlations manifests itself by
an increase of the magnetic moment. The conceptual interest of such experiments
(which also have practical applications in NMR) is to demonstrate that some initial
information which is apparently lost within microscopic degrees of freedom may
in some exceptional cases be retrieved, and that the choice of relevant variables
should depend on the circumstances.

5.2 Equivalence of information and negentropy

Another paradox has fed for one century many discussions about the meaning of
entropy, the thought experiment of Mazwell’s demon (1867). Two vessels A and
B with the same volume are filled with a gas, initially at the same density and
temperature. They communicate through a hole that the demon may open or close
at will with negligible work. Whenever a particle arrives from A towards B, the
demon lets it pass, but he stops the particles arriving from B towards A. The
density thus increases on the side A, that eventually all the NV particles reach. The
Second Law seems violated, since the entropy St has decreased by &N In 2.
However, in order to operate, the demon must know on which side each parti-
cle lies. He must therefore have gained an amount of information equal according
to (7) or (9) to Ssp = Nlog2. If entropy and information are measured in the
same unit, it can be shown [11] that information may be transformed into negen-
tropy, with possible losses. One may let the entropy of a system decrease by some
amount, provided one uses to this aim at least the same amount of information.
Conversely, how is this information acquired? It can be shown that the mea-
surements required in this purpose involve macroscopic physical devices which
undergo observable and irreversible transformations, and that in these transfor-
mations the entropy must increase by an amount at least equal to the information
gained. We indicated that the changes of the entropy (14) during measurement
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processes were among the incentives of von Neumann when he introduced this ex-
pression. The equivalence between negentropy and information which is exhibited
by transformations in either direction enforces the interpretation (20) of the ther-
modynamic entropy in terms of Syn issued from the maximum entropy criterion.

Thus, altogether, if the demon i1s automatized and if we do not consider
the gain of information in the intermediate steps of the process, the whole system
including the vessels, the mechanism of gate opening or closing, and the measuring
device that governs this operation, obeys the Second Law. The decrease of entropy
of the gas is compensated for by at least the same increase of entropy in the
measuring device. Proteus has exorcized Maxwell’s demon, owing to his two shapes,
entropy and information.

6 Other entropies

We list below various other entropies [4] which, in one way or another, measure
disorder or missing information.

6.1 Relative entropy
The relative entropy of Kullback and Leibler,

S(plq) = ;pm log (2—:) , (37)

characterizes the gain of information when prior probabilities ¢, are replaced by
an actual probability set {p,,}. Its introduction is natural in the continuum limit
when no invariance exists to support (12); in this case a prior distribution ¢(z)
replaces the translationally invariant measure of integration.

Its quantum equivalent

S([)zlf)l) =Tr [)2(111 [)2 —1In [)1) (38)

is currently used to build mean-field approximations in which the exact Dy is
replaced by a simpler density operator Dy. Minimization of (38), which is positive
for Dy # Dy, provides the best Dy, closest to D;.

6.2 Rényi’s entropy

By releasing some among the conditions that characterize Shannon’s entropy, other
entropies can be defined. Rényi’s a-entropies

—

Sallpnd) = 72— log 3" pf; (39)

are additive for a pair of uncorrelated events, but not subadditive (eq.(10) is vio-
lated) except in the limit as & — 1 where Shannon’s entropy (8) is recovered from
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(39). They are useful in the context of fractality. The many attempts to build non
extensive thermodynamics from the Tsallis entropy

S,({DY) = T[T D7~ 1], (40)

directly related to (39), run counter to the Zeroth and Second Laws, because
maximization of (39) or (40) introduces correlations between non-interacting sub-
systems [12].

6.3 Quantum information

Many recent works have been devoted to quantum information theory, in which
a bit of information taking values 0 or 1 is replaced by a g-bit, that is, by the
quantum state of a two-level system. In this context, it is useful to evaluate the
entanglement of two systems, that is the purely quantum contribution to their
order of correlations, for which several expressions are being proposed. The von
Neumann entropy cannot be used since it takes into account both ordinary and
quantums correlations. Moreover, when the two entangled systems are an emitter
and a receiver, they may be manipulated separately but not together, and the uni-
tary invariance that underlies von Neumann'’s definition is no longer a requirement
here.

6.4 Kolmogorov-Sinai entropy

In the theory of deterministic chaos, the evolution of a system is characterized
by a set of non-linear differential equations which generates a flow in the space
of dynamical variables. The entropy of Kolmogorov and Sinai is a measure of the
more or less disordered character of this flow, while all the entropies considered
above referred to the probabilistic description of a state at a given time. It is
defined by partitioning the space of dynamical variables into cells, by discretizing
the time, and by analyzing how the cells map on one another after many time
steps.

Chaotic dynamics have been proposed to explain, even for systems with few
degrees of freedom, the irreversibility paradox. Indeed, prediction becomes haz-
ardous if the motion is chaotic. However, the loss of information that the equations
of motion (17) entail in statistical physics is due to the complexity associated with
the large number of variables, not to non-linearity.

6.5 Algorithmic complexity

All the types of entropy reviewed so far characterize statistical ensembles of sys-
tems, or for Kolmogorov’s entropy the full family of trajectories. The concept of
algorithmic complexity has been proposed to measure the disorder existing in an
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individual message or in the configuration of a single system. The idea is the follow-
ing. The considered configuration is first represented numerically by coding all its
specific features. One then imagines how the resulting number can be constructed
by means of algebraic operations in a universal Turing machine, that is, in an
ideal computer. The algebraic complexity is the logarithm of the number of steps
of the shortest program needed to realize this task. For a family of messages or of
systems, its average can be identified with Shannon’s missing information. This is
still another face of the concept of entropy.

I wish to thank B. Duplantier for his careful reading.

The literature about entropy is immense, and specific searches should be
made for each of its very many aspects. We quote below only a few books or articles,
either for their tutorial nature or because they contain extensive bibliographies.
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