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Abstract : Two new methodologiesfor the global optimizationof MINLP models,the SpecialstructureMixed
Integer Nonlinear � BB, SMIN– � BB, andthe GeneralstructureMixed Integer Nonlinear � BB, GMIN– � BB, are
presented.Their theoreticalfoundationsprovide guaranteesthat theglobaloptimumsolutionof MINLPs involving
twice–differentiablenonconvex functionsin thecontinuousvariablescanbe identified. Theconditionsimposedon
the functionality of the binary variablesdiffer for eachmethod: linear and mixed bilinear termscan be treated
with theSMIN–� BB; mixednonlineartermswhosecontinuousrelaxationis twice–differentiablearehandledby the
GMIN– � BB. While bothalgorithmsusetheconceptof a branch

�
boundtree, they rely on fundamentallydifferent

boundingandbranchingstrategies. In the GMIN– � BB algorithm,lower (upper)boundsat eachnoderesult from
the solutionof convex (nonconvex) MINLPs derived from theoriginal problem. Theconstructionof convex lower
boundingMINLPs, usingthe techniquesrecentlydevelopedfor the generationof valid convex underestimatorsfor
twice–differentiablefunctions(Adjiman et al., 1996;AdjimanandFloudas,1996),is anessentialtaskasit allows to
solvetheunderestimatingproblemsto globaloptimalityusingtheGBD algorithmor theOA algorithm,providedthat
thebinaryvariablesparticipateseparablyandlinearly. Moreover, the inherentstructureof theMINLP problemcan
be fully exploitedasbranchingis performedon thebinaryandthecontinuousvariables.In thecaseof theSMIN–� BB algorithm,the lower andupperboundsareobtainedby solvingcontinuousrelaxationsof theoriginal MINLP.
Usingthe � BB algorithm,thesenonconvex NLPs aresolvedasglobaloptimizationproblemsandhencevalid lower
boundsaregenerated.Sincebranchingis performedexclusively on the binary variables,the maximumsizeof the
branch–and–boundtreeis smallerthanthat for theSMIN–� BB. Thetwo proposedapproachesareusedto generate
computationalresultsonvariousnonconvex MINLP problemsthatarisein theareasof ProcessSynthesisandDesign.

INTRODUCTION
A wide rangeof chemicalengineeringproblemscanef-
fectively be framed as Mixed–Integer Nonlinear Prob-
lems (MINLP) as this approachallows the simultane-
ous optimizationof the continuousvariablespertaining
to a certainstructure,and of the structureitself which
is modeledvia binary variables(Floudas,1995;Gross-
mann,1990,1996).Sucha mathematicalframework has
beenproposedfor avarietyof processsynthesisproblems
(e.g.,heatrecoverynetworks,separationsystems,reactor
networks),processoperationsproblems(e.g.,scheduling
anddesignof batchprocesses),moleculardesignprob-
lemsandsynthesisof metabolicpathways. A numberof
theseapplicationsare describedin Floudas(1995) and
Grossmann(1996). The degreeof nonconvexity of the
participatingfunctionsis generallyarbitraryandnonlin-
earitiescanbeidentifiedin thecontinuous,theinteger, or
joint domains.Thedifficulties in solvingtheseMINLPs
thereforestemnotonly from thecombinatorialcharacter-
isticsof theproblemwhichareadirectresultof thepres-
enceof the integervariables,but alsofrom thepresence
of nonconvexities(FloudasandGrossmann,1995).

A number of techniqueshave been developed to
solve to global optimality certainclassesMINLPs : the
Outer Approximation algorithm, OA, and its variants
(Duran and Grossmann,1986; Kocis and Grossmann,
1987;ViswanathanandGrossmann,1990)handlesepa-

rableproblemsin which the binary variablesparticipate
linearlyandthecontinuousvariablesparticipatein acon-
vex manner;the ExtendedCutting Planemethod,ECP
(WesterlundandPettersson,1995);theGeneralizedOuter
Approximationalgorithm, GOA (Fletcherand Leyffer,
1994), is applicableto problemswith convex functions
in the continuousand not necessarilyseparablebinary
variables;theGeneralizedBendersDecompositionalgo-
rithm,GBD (Geoffrion, 1972;Floudasetal.,1989),is de-
signedfor problemswith aconvex continuouspartandbi-
naryvariablesin linearor mixedbilinearterms;theGen-
eralizedCrossDecompositionalgorithm, GCD (Holm-
berg, 1990), appliesto the sameclassas the GBD. A
detailedtheoreticaland algorithmic descriptioncan be
foundin Floudas(1995).RyooandSahinidis(1995)pro-
posedreductiontestscoupledwith a standardbranch–
and–boundalgorithm.

The aim of this paperis to presenttwo new global
optimization approachesfor the broad class of prob-
lemsrepresentedby MINLPs involving functionsthatare
twice–differentiablein the continuousvariables. Both
techniquesare basedon the recentdevelopmentof the� BB global optimizationalgorithmfor the treatmentof
twice–differentiableNLPs(Androulakisetal., 1995;Ad-
jimanetal.,1996), andnew methodsfor theconstruction
of valid convex underestimatorsfor problemsof thattype
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(Adjiman andFloudas,1996; Adjiman et al., 1996a,b).
The SMIN–� BB algorithmis presentedin the first part
of thispaper. Similar in essenceto the � BB algorithm,it
con� vergesto the global optimumsolution thanksto the
ability to generateconsistentlytighter convex MINLPs
as valid lower boundingproblems. In the secondpart,
theGMIN– � BB is discussed.It operateswithin aninte-
gerbranch–and–boundframework, wherethecontinuous
relaxationscanbesolved to globaloptimality if needed,
usingthe � BB algorithmfor continuousNLPs. Both ap-
proachesaretestedona few smallexamples.In addition,
the SMIN–� BB is appliedto the optimizationof a heat
exchangernetwork andtheGMIN– � BB is usedto solve
anoptimalpumpconfigurationproblem.

THE SMIN– � BB ALGORITHM

TheSMIN–� BB algorithmis aglobaloptimizationalgo-
rithm for MINLPs of theform :������ 	�
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where
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belongto H , , thesetof functionswith
continuoussecond–orderderivatives,

�
is avectorof sizeI ,

�
is a vectorof size J ,
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are INM J real

matricesand
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arerealvectorsof size J .
As can be seenfrom (1), the binary variablescan

participatelinearly or in bilinear mixed integer terms.
Although this condition may appearrestrictive at first,
many othertypesof integer or mixed–integer termscan
betransformedinto this form throughtheintroductionof
additionalvariables.

Theglobaloptimumof aproblemof type(1) is identi-
fied usinga branch–and–boundschemewhichallows the
generationof converging sequencesof valid upperand
lower bounds. One of the specificitiesof the SMIN–� BB algorithmis thatthebranch–and–boundtreeis con-
structedby branchingon a combinationof the continu-
ousandbinaryvariables.For eachregion of thesolution
spacethusobtained,a convex lower boundingMINLP is
derivedandsolvedto globaloptimality usingtheOA al-
gorithm,theGBDalgorithmor thelinearunderestimators
of Glover (1975),dependingon the typeof participation
of the binary variables. If this problemis infeasible,or
if its solutionis greaterthanthecurrentupperboundfor
problem(1), theregion is fathomed.Otherwise,anupper
boundis generatedthroughthe solution of the original
nonconvex MINLP restrictedto thecurrentdomain.The
resultsare thenusedto guide further explorationof the
solutionspace: the nodewith thesmallestlower bound
is split into two new domains. Combinedwith an un-
derestimatingstrategy which providesgradually tighter
convex lower boundingproblems,this approachresults
in the identificationof theglobaloptimumsolutionwithP –convergence.

UnderestimatingStrategy

Functionsparticipatingin problemsof type (1) can be
separatedinto a purely continuouspart and a mixed–

integer part. Binary variableparticipationof the type
foundin theclassof problemsstudiedcanbereadilyhan-
dledby theOA/ER/AP, in thecaseof linearbinaryterms,
or theGBD in thecaseof mixedbilinearterms.However,
if thecontinuouspartof thefunctionsis nonconvex, these
algorithmsmay get trappedat a local solution. In order
to get a valid lower boundon the nonconvex MINLP in
agivenregion,theproblemmustthereforebeconvexified
andunderestimated. For this purpose,it sufficesto con-
vexify andunderestimatethecontinuouspart.

The automaticgenerationof valid convex underesti-
matorsfor a generaltwice–differentiablefunction

	�

���
hasbeenstudiedin detail in the context of the � BB al-
gorithm for nonconvex NLPs (Androulakiset al., 1995;
Adjimanet al., 1996).MaranasandFloudas(1993)have
shown thatanappropriatelower boundingfunction Q 
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for
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Q 

���X.N	�
R����� 8Y Z [ % �
Z 
R\ TZ�] \ Z ��

\ VZ^] \ Z �

(2)

wherethe � Z s aresufficiently large scalars.In particu-
lar, they showedthat if a single � valueis used,thenthe
following conditionguaranteesthe convexity of the un-
derestimator:�:_`�baEc =?)A@ ] Bd �b���e?f �Ogihj�khl� m`n e 
R���'D
wherethe n e ’s aretheeigenvaluesof theHessianmatrix
of

	�

���
.

A numberof methodshave beenproposedin Adji-
manet al. (1996a,b)for thecalculationof a valid bound
on the minimum eigenvalueof the Hessianmatrix over
the domainof interest. Othermeansto ensurethe pos-
itive semi–definitenessof the Hessianmatrix of the un-
derestimatorQ 
R��� arealsopresented.Theuseof interval
arithmeticin orderto obtainthe interval Hessianmatrix
of Q 
R��� or its interval characteristicpolynomialis com-
monfeatureof all theproceduresdeveloped.Algorithms
of varying degreesof accuracy andcomputationalcom-
plexity areusedto rigorouslydeterminevaluesof the �

Z
parametersthatsatisfycriteriathatguaranteeconvexity ofQ 
R��� for agivensetof variablesbounds.Theapplication
of theseapproachesto numerousexampleshas shown
that the constructedunderestimatorsleadto the identifi-
cation of the global optimum solution of difficult non-
convex NLPswithin reasonableCPUtimes. Usingthese
techniques,a convex underestimatingMINLP canthere-
fore bederivedfor any problemof type(1). In addition,
an increasein thequality of theunderestimatorsasvari-
ableboundsnarrow is inherentin all of theseapproaches
so thata nondecreasingsequenceof lower boundsis in-
deedobtained.

BranchingStrategies

While the underestimatingstrategy is essentialto en-
sure the identificationof the global optimum solution,
thebranchingstrategy playsacentralrole in determining
theperformanceof thealgorithm. A judiciouschoiceof
branchingvariablemayresultin theeliminationof large
subdomainsof thesolutionspace.Thischoicealsoaffects
thequality of theunderestimatingproblembothdirectly,



asshown in equation(2), andindirectly, throughthecal-
culationof � .

Most mixed–integeroptimizationalgorithmsrely on
ao branchingstrategy thatinvolvesthebinaryvariablesex-
clusively. Although this approachhelpsto addressthe
combinatorialnatureof theproblemat hand,it doesnot
resolve the nonconvexity issues. When all the binary
variableshave beenfixed,theresultingNLP andits con-
vex lower boundingproblemare in generaltoo distant
to decideconclusively whethertheglobaloptimumpoint
lies in theregion correspondingto this 0–1combination.
Thus,thebranchingstrategy usedin theSMIN–� BB al-
gorithmis basedonahybridschemewhichinvolvesboth
continuousandbinaryvariables.Branchingon the con-
tinuousvariablesis aimedat improving thequalityof the
underestimatorsandthereforeutilizes the setof branch-
ing rulesdevisedfor the � BB algorithm.

Two differentapproacheshave beenimplementedin
order to determinewhetherbranchingfor a specificre-
gion shouldoccuron a binary or a continuousvariable,
andwhichvariableshouldbeselected.Notethattwo sub-
regions(nodes)arecreatedduringeachbranchingstepor
iteration.

Binary VariablesFirst In thiscase,the J binaryvari-
ables indicatedby the user as branchingvariablesare
givenpriority over thecontinuousvariables.As a result,
thegenerationof lowerboundsatall thenodesonthefirst
( J

] B
) levelsof thebranch–and–boundtreerequiresthe

solutionof convex MINLPs but for subsequentlevels,all
thebinaryvariablesarefixedandconvex NLPsmustthen
be solved. The choiceof an appropriatebinary variable
canbebasedeitheron thesolutionof a continuousrelax-
ationof thenonconvex MINLP at thecurrentnodeor on
a randomselection.

Least Fractional First With this option, binary and
continuousbranching can occur at any level of the
branch–and–boundtree. If the set of binary branching
variablesis not emptyat the currentnode,a continuous
relaxationof thenonconvex MINLP is solvedlocally. If
theoptimalvalueof oneof therelaxedvariablesis within
auser–specifieddistance,ydist, of

)
or

B
, thisvariablebe-

comesa candidatefor branching.If no binarycandidates
havebeenselectedafterthisprocess,branchingoccurson
oneof thecontinuousvariables.

VariableBoundUpdatesStrategy

Sincethe size of the continuousdomaingreatlyaffects
thequality of theunderestimatingproblems,thesolution
spaceshouldbereducedasmuchaspossiblebeforethese
problemsare constructed.Several strategies have been
devisedfor thispurposewithin the � BB algorithm(Adji-
manet al., 1997b)andthey arealsousedfor theSMIN–� BB. In addition,it is desirableto updatetheboundson
thebinaryvariablesasthisallowstheeliminationof some
binarycombinations.A strategy which relieson interval
analysis(Neumaier, 1990)hasthereforebeendeveloped.
After a binary variablehasbeenchosen,its boundsare
set to 0. Using interval arithmeticandthe currentvari-
ablebounds,theconstraintsarethenevaluated.Notethat
all binary variablesother than the selectedvariableare
treatedascontinuousvariableswith 0–1 boundsduring

this step. If at leastone constraintis deemedinfeasi-
ble, it is known with certainty that the selectedbinary
variablecannottake on a valueof 0. The sameproce-
dureis repeatedwith thebinaryvariableboundssetto 1.
If both 0 and 1 are infeasible,the entire region can be
fathomed.This approachto boundupdatesis computa-
tionally inexpensivecomparedto thatusedfor continuous
variables: only intervalevaluationsarerequired,whereas
severalconvex optimizationproblemsareneededfor the
continuousvariables.Yet, it constitutesa very effective
schemeto alleviatethecombinatorialproblemsposedby
thepresenceof binaryvariables.

ComputationalResults

Small Examples Foursmallexamplesweretakenfrom
the literature. All the binary variablesparticipatelin-
early andseparablyin the problems,but the continuous
termsexhibit differenttypesof nonconvexities. The re-
sults areshown in Table2. The numberof continuous
andbinary variablesaredenotedby I \ and Iqp respec-
tively. Problem1 ( I \r.tsu@ Iqp . d

) correspondsto
Example1 in Kocis andGrossmann(1989). Problem2
( I \v. d @ Iqp .xw

) is Example6 from Floudaset al.
(1989). Problem3 ( I \y. d @ Iqp .zB

) is taken from
Floudas(1995) and correspondsto Example6.6.5. Fi-
nally, Problem4 ( I \{.|wA@ Iqp .r}

) is a quadraticcon-
strainedproblem. All runswereperformedon an HP–
C160,branchingon thebinaryvariablesfirst andupdat-
ing bothbinaryandcontinuousvariables.

Heat Exchanger Network Problem This heat ex-
changernetwork optimizationproblemis takenfrom Yee
and Grossmann(1991). It involves two hot process
streams,two cold processstreams,a cold anda hot util-
ity. Thereare two temperatureintervals and therefore
12 binary variablesrepresentingpotentialmatches.All
the constraintsare linear but the problemis posedas a
costminimizationsothattheobjective functionis highly
nonlinear. A brute force approachwould thereforere-
quire the solution of 4096 nonconvex NLPs. A set of
preliminaryrunsarepresentedin Figure1 andTable1.
The“deepestlevel” columnlists the furthestlevel of the
branchandboundtreereachedduringtheexplorationof
thesolutionspace.The“binary branches”columnkeeps
trackof thenumberof timesbinaryvariablesareselected
for branchingout of a maximumof 4095instances.The
importanceof the branchingstrategy is clearly demon-
stratedby theseresults: without branchingor boundup-
dateson the binary variables(Run 1), the convergence
rate soonbecomesasymptoticand the run is not com-
pletedafter 800 iterations. Differentapproachesfor the
choiceof branchingvariableandvariableboundupdates
leadto markedlydifferentperformances.In Run2,bound
updatesareperformedexclusivelyonthecontinuousvari-
ablesbutbranchingoccursonthebinaryvariablesfirst. In
Run3, thesamebranchingprocedureis usedbut bound
updatesarealsousedon thebinaryvariables.In Run4,
branchingon thebinaryvariablesis now basedontheso-
lution of a relaxedNLP with pu~ ���C! setto 0.1. In Run5,pu~O���C! is equalto 0.2. Finally, Run6 is similar to Run 5
exceptthata smallernumberof continuousvariablesare
selectedfor boundupdatesat eachiteration. Although



thesmallestnumberof iterationsis achievedwhenusing
the“leastfractionalfirst” branchingstrategy (Run5), the
smallestCPU correspondsto the “binary variablesfirst”
option� (Run3). Becauseall thebinaryvariablesareeligi-
blefor branchingin Run3,705nodesinvolvethesolution
of aconvex MINLP, andtheremaining504nodesthatof a
convex NLP. In Run5, thebinaryvariableshave to meet
an additionalcriterion to be branchedon so that time–
consumingconvex MINLPs have to besolvedat 789out
of a total845nodes.
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Figure1 – Lowerboundprogressfor heatexchanger
network

Run Iterations CPUsec Deepest Binary
level branches

1 800 2210 60 —
2 753 1116 26 343
3 604 755 23 173
4 451 1041 18 97
5 422 935 26 112
6 547 945 22 127

Table1 - Optimizationof a heatexchangernetwork
NotethatRun1 convergesasymptotically

THE GMIN– � BB ALGORITHM

TheGMIN– � BB algorithmis aglobaloptimizationalgo-
rithm for generalMINLPs of theform :�b���� f � 	�
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where
	

, # and
+

belong to H , , the set of twice-
differentiablefunctions,

�
is a vector of size I ,

�
is a

vectorof size J .
As seen from the formulation, arbitrary twice–

continuousnon–convex termsin which both continuous
and binary variablesparticipateareallowed. Thus, the
proposedframework addressesa very generalclassof
MINLP problems.

Thekey ideaof theGMIN– � BB algorithmis to em-
bedthe � BB algorithmwithin abranchandboundframe-
work whichhandlesthebinaryvariables.At eachnodeof

thebranchandboundtreea continuousrelaxationof the
originalproblemis beingsolved,with someof thebinary
variablesfixedto 0 or 1, accordingto thebranchingrules
thatarediscussedin a subsequentsection.Themostim-
portantconsequenceof this approachis that thecontinu-
ousrelaxationat eachnodeis a non–convex NLP whose
global optimumsolutioncanprovide a guaranteedlower
boundto the MINLP problem. It is thereforecrucial to
be ableto solve eachbranchandboundnodeefficiently
to global optimality. Note that any lower boundon the
globalsolutionof thesenon–convex NLPsisavalid lower
boundfor theglobalsolutionof theoriginalMINLP prob-
lem. The � BB algorithmis employed so as to provide
valid lower boundsfor theouterbranchandboundalgo-
rithm.

Three major issueshave to be addressedto devise
an effective branchandboundalgorithm,namelylower
boundgeneration,selectionof branchingvariables,selec-
tion of branchingnode.Thesearegeneralfeaturesof any
suchschemebut their importanceis accentuatedwhen
oneis facedwith a difficult problemsuchasthe global
optimizationof generalnon-convex MINLP problems.In
thesequel,somekey ideasrelatedto theaforementioned
issuesare addressedtogetherwith their implicationsin
the designof our branchandboundglobal optimization
algorithm.

LowerBoundGeneration

Branchandboundis a very broadconceptthatdefinesa
genericframework for addressinga large variety of op-
timization problems. What setsapartone implementa-
tion of a branchandboundalgorithmfrom anotheris the
way in which the necessaryinformation for eachnode
is obtained.Nodesareusuallycharacterizedby a lower
bound,i.e. a valuethatboundsthesolutionof theprob-
lemfrom below, within thegivenregion. In practice,this
boundcorrespondsto arelaxationof theoriginalproblem
or equivalentlyto anunderestimationof theproblem.In
orderto guaranteeglobaloptimality, thisunderestimation
mustbevalid atall pointswithin thespecifiedregion.

Within our framework, the lower boundis definedas
theglobalsolutionof theNLP relaxationof theMINLP
ataselectednode,wheresomeof thebinaryvariablesare
setto their bounds.ThefactthattheresultingNLP prob-
lem is nonconvex implies that the validity of the under-
estimateof theMINLP for thecurrentnodecanonly be
guaranteedif a globaloptimizationalgorithmfor twice–
differentiablecontinuousproblemssuchas the � BB is
used.

Preservingall guaranteesof globaloptimality, avalid
lowerboundfor theMINLP canalsobeobtainedby gen-
eratinga valid lower boundfor thenonconvex NLP. One
of themany advantagesof � BB algorithmis thatit identi-
fiestheglobalminimumof anNLP by generatinga valid
lowerboundatevery iteration.This impliesthatonemay
wish to interrupt the searchfor the global minimum of
particularnodebeforeconvergenceis achieved anduse
thelower boundof � BB algorithmasthelower boundto
theMINLP. In this manner, thehigh computationalcost
sometimesincurredwhensolvingto P –globaloptimality
NLP problemscanbeovercome,while at thesametime
valid lowerboundsfor theMINLP aregenerated.Finally,



in orderto computeupperboundsto theMINLP problem,
a local solutionof the continuousrelaxationis obtained
andis keptif it is integerfeasible,thatis, if it satisfiesthe
noncon� vex MINLP.

Selectionof BranchingVariables

Theability to identify thepathalonga branchandbound
tree that would result in the explorationof the smallest
possiblenumberof nodesis of paramountimportance
to ensurethe applicability of the algorithm. This is to
a greatextent determinedby the particularcombination
of fixed andrelaxedbinary variablesthat is selectedfor
exploration.Ideallyonewould like to identify thosevari-
ablesthathavethemostpronouncedeffectontheproblem
structure.Over theyears,researchershave experimented
extensively with rulesto beusedto decideonwhichvari-
able to branchso as to generatenew nodes(Guptaand
Ravindran,1985;SheraliandMyers,1985). Amongthe
developedprocedures,the most successfulonescorre-
spondto a strategy that selectsto branchon the most
fractional variablesand one that usesknowledgeabout
aproblemin orderto assigndifferentbranchingpriorities
to thebinaryvariables.In our examples,a hybrid of the
two will be discussedandthe major advantageswill be
presented.

Selectionof BranchingNodes

The path the searchfollows is also greatly affectedby
which nodeis beingselectedfor furtherbranching.The
node that generatedthe least lower bound and newest
nodegeneratedare two potentialcandidates.The first
alternative representsan intuitive rule which allows the
exploration of the most promisingregion basedon the
qualityof thelowerbounds.

ComputationalResults
Small Examples Thesametestproblemswereusedas
for theSMIN–� BB algorithmandtheresultsarereported
in Table2.

Problem SMIN–� BB GMIN– � BB
Iter. CPUsec. Iter. CPUsec.

1 9 6.70 2 1.19
2 4 0.40 1 0.14
3 9 0.53 2 0.06
4 2 0.47 8 0.73

Table2 – Computationalresultsfor thesmallexamples

Design of Pump Configurations This problem, dis-
cussedin Westerlundet al. (1994),aims to identify the
configurationof a systemof centrifugalpumpsso asto
achieveapre–specifiedpressuredropwhile thetotalflow
rateis specified.It is definedvia a non–linearmixedin-
tegeroptimizationproblem.Thereareup to threelevels.
Thediscretedecisionsareasfollows : �

Z .�)
if a partic-

ular level doesnot exist,
B

otherwise;���
Z

is thenumber
of parallel lines at level � ( ���

Z (vw
); � � Z is the num-

ber of pumpsin seriesat level � ( � � Z (*w
). The last

two variablesare integer variables. Thereforetheir bi-
nary expansionis usedas ���

Z . p �
Z f % � d p �

Z f , , and� � Z . pu� Z f % � d pu� Z f , . In all cases� .�BO@ d @Kw
. Theformu-

lation usedthereforeinvolves15binaryvariables.Thirty
sevenlocalminimahavepreviouslybeenreportedfor this

problem.
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(4)

Becausethe relaxedNLP formulationis highly non-
linear, the � BB algorithm was not run to completion
whenthelower boundingproblemfor a nodewassolved
in order to improve the computationalefficiency. Fur-
thermore,certainbinaryvariablesaremorerelevantthan
othersin termsof their contribution to thecomplexity of
theproblem. Specifically, thebinaryvariables,�

Z
, asso-

ciatedwith theexistenceor non–existenceof a level are
importantbecausethey helpto reducethesizeof theNLP
problemby settingthevariablesassociatedwith a partic-
ular level to zero when that level doesnot exist. This
is achievedby augmentingformulation(4) with a setof
constraintsof theform:~ Z ] �

Z (Û)
~ Z .>=GÞ Z @Lß�Þ Z @Xàá Z @Uâ Z @U\ Z @ ���

Z
��� Fäã"å @ � � Z� � Fäã"å D� � Z ] �æ� Fäã"å �æ�
Z (ç)

If a particularcombinationof the �
Z

variablesis ex-
cludedearlyon,asubstantialportionof thebinarybranch
andboundtreecanimmediatelybefathomed.This leads
usto a hybrid branchingschemein which high priorities
areassignedto thethreebinaryvariablesdefiningtheex-
istenceor non-existenceof a level. Eight nodesof the
branchandboundtreearedefined(all possiblecombina-
tionsof the threebinaryvariables)andthese8 problems
aresolvedfirst. Thisway, oneimmediatelyidentifiesthat
in theabsenceof levels1 and3 theproblemis infeasible.
As a result a sizeableportion of the branchand bound
treecanbe excluded. Oncethe first lower boundshave
beengenerated,the strategy thatassignsthehighestpri-
ority to the mostfractionalbinary variableis employed.
Theglobalminimumconfigurationis identifiedafterex-
ploring162nodesoutof the

d %Uè
totalnodes.



CONCLUSIONS
Two branch–and–bound algorithmsfor the global opti-
mizationof MINLPs with twice–differentiablefunctions
in
é

thecontinuousvariableswerepresentedin this paper.
Thetypeof participationallowedfor thebinaryvariables
differsfor thetwo algorithms: in theSMIN–� BB, valid
lower boundsareobtainedby constructingandsolvinga
convex MINLP in which thebinaryvariablesparticipate
in linearor mixed–bilinearterms;in the GMIN– � BB, a
continuousrelaxationis solved to global optimality or
rigorously underestimatedand more complex binary or
mixed termscanthereforebehandled.Both approaches
userecentdevelopmentsfor thevalid underestimationof
generalfunctionswith continuoussecond–orderderiva-
tives.A varietyof branchingandvariableboundupdates
strategieshavebeenstudiedfor bothalgorithmsandthey
have beenshown to greatlyaffect their performance.A
few literatureproblemsandtwo morerealisticexamples
havebeenusedsuccessfullyto illustratepotentialapplica-
tionsof theseglobaloptimizationalgorithmsfor a broad
classof problems.
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