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Abstract :  Two new methodologiedor the global optimizationof MINLP models,the SpecialstructureMixed
Integer NonlinearaBB, SMIN-aBB, andthe GeneralstructureMixed Integer NonlinearaBB, GMIN—aBB, are
presentedTheir theoreticalfoundationgprovide guaranteethatthe global optimumsolutionof MINLPs involving
twice—differentiablenoncorvex functionsin the continuousvariablescanbe identified. The conditionsimposedon
the functionality of the binary variablesdiffer for eachmethod: linear and mixed bilinear termscan be treated
with the SMIN—-aBB; mixednonlineartermswhosecontinuougelaxationis twice—differentiablearehandledby the
GMIN—aBB. While both algorithmsusethe conceptof abrand & boundtree they rely on fundamentallydifferent
boundingand branchingstratgies. In the GMIN-aBB algorithm, lower (upper)boundsat eachnoderesultfrom
the solutionof cornvex (noncowvex) MINLPs derived from the original problem. The constructionof corvex lower
boundingMINLPs usingthe techniquesecentlydevelopedfor the generatiorof valid corvex underestimatorfor
twice—differentiablefunctions(Adjiman et al., 1996;Adjiman andFloudas,1996),is anessentiataskasit allowsto
solve theunderestimatingroblemso globaloptimality usingthe GBD algorithmor the OA algorithm,providedthat
the binary variablesparticipateseparablyandlinearly. Moreover, the inherentstructureof the MINLP problemcan
befully exploited asbranchingis performedon the binary andthe continuousvariables.In the caseof the SMIN-
aBB algorithm,the lower andupperboundsareobtainedby solving continuousrelaxationsof the original MINLP.
Usingthe aBB algorithm,thesenoncorvex NLPs aresolvedasglobal optimizationproblemsandhencevalid lower
boundsare generated.Sincebranchingis performedexclusively on the binary variables the maximumsize of the
branch—-and—bountieeis smallerthanthatfor the SMIN—aBB. Thetwo proposedpproachesreusedto generate
computationatesultsonvariousnoncoivex MINLP problemshatarisein theareaof Proces$SynthesiandDesign.

INTRODUCTION
A wide rangeof chemicalengineeringoroblemscanef-
fectively be framed as Mixed—Intger Nonlinear Prob-
lems (MINLP) as this approachallows the simultane-
ous optimizationof the continuousvariablespertaining
to a certain structure,and of the structureitself which
is modeledvia binary variables(Floudas,1995; Gross-
mann,1990,1996). Sucha mathematicaframewnork has
beenproposedor avarietyof processynthesigproblems
(e.g.,heatrecovery networks, separatiorsystemsreactor
networks), procesoperationgproblems(e.g.,scheduling
and designof batchprocesses)mnoleculardesignprob-
lemsandsynthesisof metabolicpathways. A numberof
theseapplicationsare describedin Floudas(1995) and
Grossmanr(1996). The degreeof noncorvexity of the
participatingfunctionsis generallyarbitraryandnonlin-
earitiescanbeidentifiedin thecontinuoustheinteger, or
joint domains. The difficultiesin solvingtheseMINLPs
thereforestemnot only from thecombinatoriatharacter
isticsof the problemwhich area directresultof the pres-
enceof the integer variables but alsofrom the presence

of noncowvexities (FloudasandGrossmann] 995).
A number of techniqueshave been developed to

solve to global optimality certainclassesMINLPs : the
Outer Approximation algorithm, OA, and its variants

rable problemsin which the binary variablesparticipate
linearly andthe continuousrariablesarticipatein acon-

vex manner;the ExtendedCutting Planemethod,ECP
(WesterlundandPetterssor, 995);the Generalize®uter
Approximationalgorithm, GOA (Fletcherand Leyffer,

1994),is applicableto problemswith cornvex functions
in the continuousand not necessarilyseparablebinary
variablesjthe GeneralizedBenderdDecompositioralgo-

rithm, GBD (Geofrion, 1972;Floudasetal., 1989),is de-

signedfor problemswith acorvex continuougartandbi-

naryvariablesin linearor mixedbilinearterms;the Gen-
eralizedCross Decompositionalgorithm, GCD (Holm-

berg, 1990), appliesto the sameclassas the GBD. A

detailedtheoreticaland algorithmic descriptioncan be
foundin Floudag1995).RyooandSahinidis(1995)pro-

posedreductiontestscoupledwith a standardbranch—
and—boundlgorithm.

The aim of this paperis to presenttwo new global
optimization approachedor the broad class of prob-
lemsrepresentetly MINLPs involving functionsthatare
twice—differentiablein the continuousvariables. Both
techniquesare basedon the recentdevelopmentof the
aBB global optimizationalgorithmfor the treatmentof
twice—differentiableNLPs (Androulakisetal., 1995;Ad-

(Duran and Grossmann,1986; Kocis and Grossmann, jimanetal.,1996), andnen methoddor theconstruction
1987; Viswanatharand Grossmann1990) handlesepa- of valid corvex underestimatoror problemsof thattype
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(Adjiman and Floudas,1996; Adjiman et al., 1996a,b).
The SMIN—aBB algorithmis presentedn the first part
of this paper Similarin essencéo the aBB algorithm,it
corvergesto the global optimum solution thanksto the
ability to generateconsistentlytighter corvex MINLPs
asvalid lower boundingproblems. In the secondpart,
the GMIN—-aBB is discussedIt operatesvithin aninte-
gerbranch—and-boutframeavork, wherethe continuous
relaxationscanbe solvedto global optimality if needed,
usingthe aBB algorithmfor continuousNLPs. Both ap-
proachesretestedon afew smallexamples.n addition,
the SMIN—-aBB is appliedto the optimizationof a heat
exchangemetwork andthe GMIN-aBB is usedto solve
anoptimalpumpconfiguratiorproblem.

THE SMIN-aBB ALGORITHM

The SMIN—-aBB algorithmis a globaloptimizationalgo-
rithm for MINLPs of theform :

min  f(x) +x" Aoy +f’y
st. gx)+xTAy+cly <0
h(x) +xT Ay + €]y
xe XCR"
ye Y ={01}"
wheref, g andh belongto C?, the setof functionswith
continuoussecond-ordederivatives,x is avectorof size
n, y is a vectorof sizem, Ay, Ay, A aren x m real
matricesandcy, 1, ¢o arerealvectorsof sizem.

As can be seenfrom (1), the binary variablescan
participatelinearly or in bilinear mixed integer terms.
Although this condition may appearrestrictive at first,
mary othertypesof integer or mixed—intgyertermscan
betransformednto this form throughtheintroductionof
additionalvariables.

Theglobaloptimumof aproblemof type(1) is identi-
fied usinga branch—and-boutschemavhich allows the
generationof corverging sequencesf valid upperand
lower bounds. One of the specificitiesof the SMIN—
aBB algorithmis thatthe branch—and—bouttreeis con-
structedby branchingon a combinationof the continu-
ousandbinaryvariables.For eachregion of the solution
spacethusobtaineda corvex lower boundingMINLP is
derivedandsolvedto global optimality usingthe OA al-

1)

integer part. Binary variable participationof the type
foundin theclassof problemsstudiedcanbereadilyhan-
dledby the OA/ER/AP, in the caseof linearbinaryterms,
ortheGBD in thecaseof mixedbilinearterms.However,

if thecontinuougpartof thefunctionsis noncowex, these
algorithmsmay gettrappedat a local solution. In order
to geta valid lower boundon the noncorwvex MINLP in

agivenregion,the problemmustthereforebe corvexified
andundeestimated For this purposejt sufficesto con-
vexify andunderestimatéhe continuougart.

The automaticgeneratiorof valid corvex underesti-
matorsfor a generaltwice—differentiablefunction f(x)
hasbeenstudiedin detail in the contet of the aBB al-
gorithmfor noncowex NLPs (Androulakiset al., 1995;
Adjimanetal., 1996). MaranasandFloudag(1993)have
shown thatanappropriatdower boundingfunction £(x)
for f(x) overtheregion[xL, xV] is givenby

L(x) = f(x) + Z ai(zf —z) (@ —z:) (2

wherethe «; s aresufficiently large scalars.In particu-
lar, they shavedthatif asinglea valueis usedthenthe
following condition guaranteeshe corvexity of the un-
derestimator

min
k,xL <x<xU

A (%)}

wherethe \;,’s arethe eigervaluesof the Hessiammatrix
of f(x).

A numberof methodshave beenproposedn Adiji-
manetal. (1996a,b)¥or the calculationof a valid bound
on the minimum eigervalue of the Hessianmatrix over
the domainof interest. Other meansto ensurethe pos-
itive semi—definitenessf the Hessianmatrix of the un-
derestimatoiC(x) arealsopresentedTheuseof interval
arithmeticin orderto obtainthe interval Hessianmatrix
of L(x) or its interval characteristigpolynomialis com-
monfeatureof all the proceduresieveloped.Algorithms
of varying degreesof accurag and computationatom-
plexity areusedto rigorouslydeterminevaluesof the a;
parameterthatsatisfycriteriathatguaranteeorvexity of
L(x) for agivensetof variableshounds.Theapplication
of theseapproacheso numerousexampleshas shovn

1
a > max{0, —3

gorithm,the GBD algorithmor thelinearunderestimators thatthe constructedunderestimatorfeadto the identifi-

of Glover (1975),dependingn the type of participation
of the binary variables. If this problemis infeasible,or

if its solutionis greaterthanthe currentupperboundfor

problem(1), theregionis fathomed Otherwiseanupper
boundis generatedhroughthe solution of the original
noncomvex MINLP restrictedto the currentdomain. The
resultsare thenusedto guide further exploration of the
solutionspace: the nodewith the smallestiower bound
is split into two new domains. Combinedwith an un-
derestimatingstrateyy which provides graduallytighter
cornvex lower boundingproblems,this approactresults
in theidentificationof the global optimumsolutionwith

e—corvergence.

UndelestimatingStrategy

Functionspatrticipatingin problemsof type (1) can be
separatednto a purely continuouspart and a mixed—

cation of the global optimum solution of difficult non-
convex NLPswithin reasonabl€PUtimes. Usingthese
techniquesa convex underestimatind/INLP canthere-
fore bederivedfor any problemof type(1). In addition,
anincreasdn the quality of the underestimatorasvari-
ableboundsnarrow is inherentin all of theseapproaches
sothata nondeceasingsequencef lower boundsis in-
deedobtained.

Brandhing Strategies

While the underestimatingstratgy is essentialto en-
sure the identification of the global optimum solution,
thebranchingstratgy playsa centralrole in determining
the performancef the algorithm. A judiciouschoiceof

branchingvariablemayresultin the eliminationof large
subdomainsf thesolutionspace Thischoicealsoaffects
the quality of the underestimatingroblembothdirectly,



asshawn in equation(2), andindirectly, throughthe cal-
culationof a.

Most mixed—inteer optimizationalgorithmsrely on
abranchingstratgy thatinvolvesthebinaryvariablesex-
clusively. Although this approachhelpsto addresshe
combinatorialnatureof the problemat hand,it doesnot
resolhe the noncorvexity issues. When all the binary
variableshave beenfixed, theresultingNLP andits con-
vex lower boundingproblemare in generaltoo distant
to decideconclusvely whetherthe global optimumpoint
liesin theregion correspondingo this 0—1 combination.
Thus,the branchingstrateyy usedin the SMIN-aBB al-
gorithmis basednahybrid schemeavhichinvolvesboth
continuousandbinary variables. Branchingon the con-
tinuousvariableds aimedatimproving the quality of the
underestimatorandthereforeutilizes the setof branch-
ing rulesdevisedfor theaBB algorithm.

Two differentapproachesave beenimplementedn
orderto determinewhetherbranchingfor a specificre-
gion shouldoccuron a binary or a continuousvariable,
andwhichvariableshouldbeselectedNotethattwo sub-
regions(nodes)recreatedduringeachbranchingstepor
iteration.

Binary VariablesFirst In thiscasethem binaryvari-
ablesindicatedby the useras branchingvariablesare
given priority over the continuousvariables.As aresult,
thegeneratiorof lowerboundsatall thenodesonthefirst
(m — 1) levelsof thebranch—and—bourtdeerequireshe
solutionof convex MINLPs but for subsequerievels,all
thebinaryvariablesarefixedandconvex NLPsmustthen
be solved. The choiceof an appropriatebinary variable
canbebasedeitheron the solutionof a continuougelax-
ation of thenoncowex MINLP at the currentnodeor on
arandomselection.

Least Fractional First With this option, binary and
continuous branching can occur at ary level of the
branch—and-bounttee. If the setof binary branching
variablesis not emptyat the currentnode,a continuous
relaxationof the noncorvex MINLP is solvedlocally. If
theoptimalvalueof oneof therelaxedvariabless within
auserspecifiedlistanceydist of 0 or 1, thisvariablebe-
comesa candidatdor branching.If no binarycandidates
have beenselectedfterthis processbranchingoccurson
oneof the continuousrariables.

Variable BoundUpdatesStrategy

Sincethe size of the continuousdomaingreatly affects
the quality of the underestimatingroblemsthe solution
spaceshouldbereducedasmuchaspossiblebeforethese
problemsare constructed. Several stratgjies have been
devisedfor this purposewithin theaBB algorithm(Adji-

manetal., 1997b)andthey arealsousedfor the SMIN—
«aBB. In addition, it is desirableo updatethe boundson
thebinaryvariablesasthisallowstheeliminationof some
binary combinations A stratgy which relieson interval

analysisiNeumaier 1990)hasthereforebeendeveloped.
After a binary variablehasbeenchosen,ts boundsare
setto 0. Usinginterval arithmeticandthe currentvari-

ableboundsthe constraintarethenevaluated Notethat
all binary variablesother than the selectedvariableare
treatedas continuousvariableswith 0—1 boundsduring

this step. If at leastone constraintis deemedinfeasi-
ble, it is known with certaintythat the selectedbinary
variable cannottake on a value of 0. The sameproce-
dureis repeatedvith the binaryvariableboundssetto 1.

If both 0 and1 areinfeasible,the entire region can be

fathomed. This approacho boundupdatess computa-
tionally inexpensve comparedo thatusedfor continuous
variables only intenal evaluationsarerequiredwhereas
several corvex optimizationproblemsareneededor the

continuousvariables. Yet, it constitutesa very effective

schemeo alleviatethe combinatoriaproblemsposedby

thepresencef binaryvariables.

ComputationaResults

Small Examples Foursmallexamplesveretakenfrom

the literature. All the binary variablesparticipatelin-

early andseparablyin the problems,but the continuous
termsexhibit differenttypesof noncowexities. There-
sultsare shavn in Table2. The numberof continuous
and binary variablesare denotedby nz andny respec-
tively. Probleml (nz = 7,ny 2) correspondgo

Examplel in Kocis and Grossmanr{1989). Problem2

(nz = 2,ny = 3) is Example6 from Floudaset al.

(1989). Problem3 (nxz = 2,ny 1) is taken from

Floudas(1995) and correspondso Example6.6.5. Fi-

nally, Problem4 (nz = 3,ny = 6) is a quadraticcon-
strainedproblem. All runswere performedon an HP—
C160,branchingon the binary variablesfirst and updat-
ing bothbinaryandcontinuousvariables.

Heat Exchanger Network Problem This heat ex-
changemnetwork optimizationproblemis takenfrom Yee
and Grossmann(1991). It involves two hot process
streamsfwo cold processstreamsa cold anda hot util-
ity. Therearetwo temperaturdntenals and therefore
12 binary variablesrepresentingotentialmatches. All
the constraintsare linear but the problemis posedasa
costminimizationsothatthe objective functionis highly
nonlinear A brute force approachwould thereforere-
quire the solution of 4096 noncoivex NLPs. A set of
preliminaryrunsare presentedn Figure1l and Table 1.
The“deepestevel” columnlists the furthestlevel of the
branchandboundtreereachediuringthe explorationof
thesolutionspace.The “binary branches’tolumnkeeps
trackof thenumberof timesbinaryvariablesareselected
for branchingout of a maximumof 4095instancesThe
importanceof the branchingstratey is clearly demon-
stratedby theseresults: without branchingor boundup-
dateson the binary variables(Run 1), the corvergence
rate soon becomesasymptoticand the run is not com-
pletedafter 800 iterations. Differentapproachesor the
choiceof branchingvariableandvariableboundupdates
leadto markedlydifferentperformancesn Run2, bound
updatesareperformedexclusively onthecontinuousari-
ablesbut branchingoccursonthebinaryvariabledirst. In
Run 3, the samebranchingprocedurds usedbut bound
updatesarealsousedon the binary variables.In Run4,
branchingonthebinaryvariabless now basecntheso-
lution of arelaxed NLP with ydist setto 0.1. In Runb5,
ydist is equalto 0.2. Finally, Run6 is similarto Run5
exceptthata smallernumberof continuousvariablesare
selectedfor boundupdatesat eachiteration. Although



Lower bound

the smallestnumberof iterationsis achiezedwhenusing
the“leastfractionalfirst” branchingstratgyy (Run5), the
smallestCPU correspondso the “binary variablesfirst”

option(Run3). Becausaill thebinaryvariablesareeligi-

blefor branchingn Run3, 705nodesdnvolvethesolution
of acorvex MINLP, andtheremainings04nodeghatof a
convex NLP. In Run5, the binary variableshave to meet
an additional criterion to be branchedon so that time—
consumingcornvex MINLPs have to be solvedat 789 out
of atotal845nodes.

Run 1
e Run 2
----Run3
Run 4
—-—Run5
——-Runé6

.
400
Number of iterations

Figurel — Lowerboundprogresdor heatexchanger

200 600 800

network
Run | Iterations| CPUsec| Deepest| Binary
level branches
1 800 2210 60 —
2 753 1116 26 343
3 604 755 23 173
4 451 1041 18 97
5 422 935 26 112
6 547 945 22 127

Tablel - Optimizationof a heatexchangemnetwork
NotethatRun1 corvergesasymptotically
THE GMIN-aBB ALGORITHM

The GMIN—aBB algorithmis aglobaloptimizationalgo-
rithm for generaMINLPs of theform:

min f(x,y)
x7y
s.t. gx,y) <0
h(x,y) =0 ®3)
xe XC R"

yeY={0,1}™

where f, g and h belongto C?, the set of twice-
differentiablefunctions, x is a vectorof sizen, y is a
vectorof sizem.

As seen from the formulation, arbitrary twice—
continuousnon—conex termsin which both continuous
and binary variablesparticipateare allowed. Thus,the
proposedframenork addresses very generalclassof
MINLP problems.

The key ideaof the GMIN-aBB algorithmis to em-
bedtheaBB algorithmwithin abranchandboundframe-
work whichhandleghebinaryvariables At eachnodeof

the branchandboundtreea continuouselaxationof the
original problemis beingsolved,with someof thebinary
variabledixedto 0 or 1, accordingo thebranchingules
thatarediscussedn a subsequengection.The mostim-

portantconsequencef this approachs thatthe continu-
ousrelaxationat eachnodeis a non—cowex NLP whose
global optimumsolutioncanprovide a guaranteedower
boundto the MINLP problem. It is thereforecrucial to

be ableto solve eachbranchandboundnodeefficiently
to global optimality. Note thatary lower boundon the
globalsolutionof thesenon—cowex NLPsis avalid lower
boundfor theglobalsolutionof theoriginal MINLP prob-
lem. The aBB algorithmis employed so asto provide
valid lower boundsfor the outerbranchandboundalgo-
rithm.

Three major issueshave to be addressedo devise
an effective branchand boundalgorithm, namelylower
boundgenerationselectiorof branchingvariablesselec-
tion of branchingnode.Thesearegenerafeatureof ary
suchschemebut their importanceis accentuatedvhen
oneis facedwith a difficult problemsuchasthe global
optimizationof generahon-cowex MINLP problems.n
thesequel somekey ideasrelatedto the aforementioned
issuesare addressedogetherwith their implicationsin
the designof our branchand boundglobal optimization
algorithm.

LowerBoundGeneation

Branchandboundis a very broadconcepthatdefinesa
genericframeawnork for addressing large variety of op-
timization problems. What setsapartone implementa-
tion of a branchandboundalgorithmfrom anotheiis the
way in which the necessarynformation for eachnode
is obtained.Nodesare usually characterizedby a lower
bound,i.e. avaluethatboundsthe solutionof the prob-
lem from belaw, within the givenregion. In practice this
boundcorrespondso arelaxationof theoriginal problem
or equivalentlyto an underestimatioof the problem. In
orderto guaranteglobaloptimality, this underestimation
mustbevalid atall pointswithin the specifiedregion.

Within our frameawork, the lower boundis definedas
the global solutionof the NLP relaxationof the MINLP
ataselectechode wheresomeof thebinaryvariablesare
setto their bounds.Thefactthatthe resultingNLP prob-
lem is noncowex implies that the validity of the under
estimateof the MINLP for the currentnodecanonly be
guaranteedf a globaloptimizationalgorithmfor twice—
differentiablecontinuousproblemssuchas the aBB is
used.

Preservinagll guaranteesf globaloptimality, a valid
lower boundfor the MINLP canalsobeobtainedby gen-
eratinga valid lower boundfor the noncowex NLP. One
of themary advantage®f aBB algorithmis thatit identi-
fiestheglobalminimumof anNLP by generating valid
lower boundateveryiteration. Thisimpliesthatonemay
wish to interruptthe searchfor the global minimum of
particularnode before corvergenceis achiezed and use
thelower boundof aBB algorithmasthelower boundto
the MINLP. In this manney the high computationatost
sometimesncurredwhensolvingto e—globaloptimality
NLP problemscanbe overcome while at the sametime
valid lowerbounddor theMINLP aregeneratedEinally,



in orderto computeupperboundso theMINLP problem,
a local solutionof the continuousrelaxationis obtained
andis keptif it is integerfeasible thatis, if it satisfieghe
noncomwvex MINLP.

Selectiorof Branching Variables

Theability to identify the pathalonga branchandbound
tree that would resultin the exploration of the smallest
possiblenumberof nodesis of paramountimportance
to ensurethe applicability of the algorithm. This is to
a greatextent determinedby the particularcombination
of fixed andrelaxed binary variablesthatis selectedor
exploration.ldeally onewould lik e to identify thosevari-
ableshathavethemostpronounceeffectontheproblem
structure.Over the years researcherbave experimented
extensiely with rulesto beusedto decideonwhich vari-
ableto branchso asto generatenev nodes(Guptaand
Ravindran,1985; Sheraliand Myers, 1985). Amongthe
developedproceduresthe most successfubnescorre-
spondto a stratgy that selectsto branchon the most
fractional variablesand one that usesknowledge about
aproblemin orderto assigrdifferentbranchingpriorities
to the binaryvariables.In our examples.a hybrid of the
two will be discussedaindthe major advantageswill be
presented.

Selectiorof Branching Nodes

The path the searchfollows is also greatly affected by
which nodeis beingselectedor further branching.The
node that generatedhe least lower bound and newest
node generatedare two potentialcandidates. The first
alternatve representsn intuitive rule which allows the
exploration of the most promisingregion basedon the
quality of thelowerbounds.

ComputationaResults

Small Examples The sametestproblemswereusedas
for the SMIN—-«BB algorithmandtheresultsarereported
in Table2.

Problem| SMIN-aBB GMIN-aBB
Iter. | CPUsec.| Iter. | CPUsec.

1 9 6.70 2 1.19

2 4 0.40 1 0.14

3 9 0.53 2 0.06

4 2 0.47 8 0.73

Table2 — Computationatesultsfor thesmallexamples

Design of Pump Configurations This problem, dis-
cussedn Westerlundet al. (1994), aimsto identify the
configurationof a systemof centrifugalpumpsso asto
achieve apre—specifiegpressurelropwhile thetotal flow
rateis specified.lt is definedvia a non—lineamixedin-
tegeroptimizationproblem. Thereareup to threelevels.
Thediscretedecisionsareasfollows: z; = 0 if apartic-
ularlevel doesnot exist, 1 otherwise;Np; is the number
of parallellines atlevel i (Np; < 3); Ns; is the num-
ber of pumpsin seriesat level ¢ (Ns; < 3). Thelast
two variablesare integer variables. Thereforetheir bi-
nary expansionis usedas Np; = yp; 1 + 2yp;2, and
Ns; = ysi1+2ysi». Inall cases = 1, 2,3. Theformu-
lation usedthereforeinvolves15 binaryvariables.Thirty
sevenlocalminimahave previouslybeernreportedor this

problem.

min Z (Ci + CitP;)Np;Ns;z;

Np;,Ns;,z;,w;, i G

st. P —19. 9(2950)3 —0.1610( 2950)21)1
+0.000561(5215)v12 = 0
Py —1.21( 2950)3 —0.0644( 2950)2”2
+0.000564( 5225 )12 = 0
—6.52( 2950)3 —0.1020( 2950)2”3
+ 0.000232( 5225 )vs”> = 0
Ap1 — 629(5255)? + 0.696( 2% )1
—0.0116v,2 = 0
Aps — 215(522:)? + 2.950( 5225 )vi “)
—0.011502% = 0
Aps — 361(55%5)? + 0.530( 5525 )vs
—0.011523% = 0
z1+z2+z3=1
wi —2950 < 0
v; — ;—;i‘/}ot =0
APiot — ApiNs; = 0
Viot = 350, AP0t = 400

sz' = {172;3}3N3i = {1a213}1l =123
Z2i = {0,1},’L= 15253

Becausdhe relaxed NLP formulationis highly non-
linear, the aBB algorithm was not run to completion
whenthelower boundingproblemfor a nodewassolved
in orderto improve the computationalefficiency. Fur-
thermore certainbinary variablesaremorerelevantthan
othersin termsof their contrikution to the compleity of
the problem. Specifically the binary variables,z;, asso-
ciatedwith the existenceor non—-«istenceof a level are
importantbecauséhey helpto reducethesizeof theNLP
problemby settingthe variablesassociatedvith a partic-
ular level to zerowhenthat level doesnot exist. This
is achieved by augmentingormulation (4) with a setof
constraintof theform:

di—zigo

~_Npi Ns;
Zis Npmaw > N gmaz }

Np™** Np; <0

d,’ = {PZ',AP,',U.,',wi,
NS,' -

If a particularcombinationof the z; variablesis ex-
cludedearlyon,asubstantiaportionof thebinarybranch
andboundtreecanimmediatelybefathomed.Thisleads
usto a hybrid branchingschemen which high priorities
areassignedo thethreebinaryvariablesdefiningthe ex-
istenceor non-eistenceof a level. Eight nodesof the
branchandboundtreearedefined(all possiblecombina-
tions of the threebinaryvariables)andthese8 problems
aresolvedfirst. Thisway, oneimmediatelyidentifiesthat
in theabsencef levels1 and3 the problemis infeasible.
As a resulta sizeableportion of the branchand bound
tree canbe excluded. Oncethe first lower boundshave
beengeneratedthe stratgy thatassignshe highestpri-
ority to the mostfractionalbinary variableis employed.
The global minimum configurationis identifiedafter ex-
ploring 162 nodesout of the2'5 total nodes.



CONCLUSIONS
Two branch—and-bouhalgorithmsfor the global opti-
mizationof MINLPs with twice—differentiablefunctions
in the continuousvariableswerepresentedn this paper
Thetype of participationallowedfor thebinaryvariables
differsfor the two algorithms: in the SMIN-aBB, valid
lower boundsareobtainedby constructingandsolvinga
cornvex MINLP in which the binary variablesparticipate
in linear or mixed—bilinearterms;in the GMIN-aBB, a
continuousrelaxationis solved to global optimality or
rigorously underestimate@nd more complex binary or

mixed termscanthereforebe handled.Both approaches

userecentdevelopmentdor the valid underestimatioof
generalfunctionswith continuoussecond—ordederiva-
tives. A varietyof branchingandvariableboundupdates
stratgieshave beenstudiedfor bothalgorithmsandthey
have beenshown to greatly affect their performance.A
few literatureproblemsandtwo morerealisticexamples
havebeenusedsuccessfullyoillustratepotentialapplica-
tions of theseglobal optimizationalgorithmsfor a broad
classof problems.
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