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'Matrix Chain-Products “‘1’?‘

4 Matrix Chain-Product:
= Compute A=A *A*.. . *A
n Ai is di X di+1
= Problem: How to parenthesize?
# Example
= Bis3 x 100
= Cis 100 x 5
n Dis5x5
= (B*C)*D takes 1500 + 75 = 1575 ops
= B¥*(C*D) takes 1500 + 2500 = 4000 ops
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Outline and Reading

# Matrix Chain-Product (§5.3.1)
# The General Technique (8§5.3.2)
#0-1 Knapsack Problem (8§5.3.3)
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'Enumeration Approach

| # Matrix Chain-Product Alg.:

= Try all possible ways to parenthesize
A=AG*A . ALy )

= Calculate number of ops for each one

= Pick the one that is best

# Running time:

= The number of parenthesizations is equal
to the number of binary trees with n nodes

= This is exponential!

= It is called the Catalan number, and it is
almost 4.

= This is a terrible algorithm!
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‘Matrix Chain-Products ““i’?‘

% Dynamic Programming is a general
algorithm design paradigm. f

= Rather than give the general structure, let A
us first give a motivating example:

= Matrix Chain-Products B
# Review: Matrix Multiplication. b

= C=A*B

s AisdxeandBisex f e

» O(d-ef)time —
&l 4 c ..

Cli, /1= 3. Ali.k1* Blk. j] ¢ Wij |4
k=0
%_J
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YV,
Greedy Approach 09

# Idea #1: repeatedly select the product that
uses (up) the most operations.
# Counter-example:
n Ais10 x5
= Bis5x 10
» Cis10 x5
Dis5 x 10
Greedy idea #1 gives (A*B)*(C*D), which takes
500+1000+500 = 2000 ops
A*((B*C)*D) takes 500+250+250 = 1000 ops
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Another Greedy Approach t

# Idea #2: repeatedly select the product that uses
the fewest operations.
# Counter-example:
= Ais 101 x 11
= Bis11 x9
= Cis9 x 100
= Dis 100 x 99

= Greedy idea #2 gives A*((B*C)*D)), which takes
109989+9900+108900=228789 ops

= (A*B)*(C*D) takes 9999+89991+89100=189090 ops
# The greedy approach is not giving us the
optimal value.
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“Algorithm Visualization

Dynamic Programming

# The bottom-up N, =min{N,, +N,
construction fills in the o iskey s Y
N array by diagonals Nlo1 2 et
N, gets values from .
previous entries in i-th 9 g
row and j-th column 1
Filling in each entry in

the N table takes O(n) i 1

+d,dk+1dj+l}

+j

answer

*

time.
# Total run time: O(n?) j
# Getting actual
parenthesization can be
done by remembering n-1
“k” for each N entry

Dynamic Programming 10

“Recursive” Approach

# Define subproblems:
= Find the best parenthesization of A*A,, *.. *A;.
= Let N;; denote the number of operations done by this
subproblem.
= The optimal solution for the whole problem is N ;.

# Subproblem optimality: The optimal solution can be
defined in terms of optimal subproblems
= There has to be a final multiplication (root of the expression
tree) for the optimal solution.
= Say, the final multiply is at index i: (Ag*.. *A)*(A ... *A ).
= Then the optimal solution Ny .., is the sum of two optimal
subproblems, Ny; and Ny, ; ., plus the time for the last multiply.
= If the global optimum did not have these optimal
subproblems, we could define an even better “optimal”
solution.
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“Algorithm

| @ since

Dynamic Programming

subproblems Algorithm ntatrthIzuttf(S): ) B
overlap, we don't Input: sequence S of #n matrices to be multiplied

use recursion. Output: number of operations in an optimal
# Instead, we I parenthesization of §

construct optima . -

subproblems for1'<— lton—1do

“bottom-up.” N0
# N, /s are easy, so for b < 1 ton -1 do
s i‘fﬁr‘f Vé'th them { b =j—iis the length of the problem }

en do i p
roblems of forf <« O ton—b—1do

‘length” 2,3,... Jjei+h

subproblems, N, <+

and so on. ‘

for k< itoj—1do
N;j < min{N;;, Ny + Ny + didy dyy}
return N,

4 Running time:
o(n%)
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Characterizing Equation

4 The global optimal has to be defined in terms of
optimal subproblems, depending on where the final
multiply is at.

4 Let us consider all possible places for that final multiply:
= Recall that A is a d, x d,,; dimensional matrix.
= So, a characterizing equation for N;; is the following:

N, =min{N,, + N,

T i<k<j

+ didk+1dj+1}

+1,j

# Note that subproblems are not independent-the
subproblems overlap.
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The General Dynamic

Programming Technique

\ /®Applies to a problem that at first seems to

require a lot of time (possibly exponential),

provided we have:

= Simple subproblems: the subproblems can be
defined in terms of a few variables, such as j, k, |,
m, and so on.

= Subproblem optimality: the global optimum value
can be defined in terms of optimal subproblems

= Subproblem overlap: the subproblems are not
independent, but instead they overlap (hence,
should be constructed bottom-up).
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‘The 0/1 Knapsack Problem ; N/

# Given: A set S of n items, with each item i having

= W, - a positive weight
= b, - a positive benefit

# Goal: Choose items with maximum total benefit but with
weight at most W.

4 If we are not allowed to take fractional amounts, then
this is the 0/1 knapsack problem.
= In this case, we let T denote the set of items we take

= Objective: maximize z b,.
iel

= Constraint: wa <w

ieT
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‘Second Attempt el

# S, Set of items numbered 1 to k.

A 0/1 Knapsack Algorithm, Lfl

# Define B[k,w] to be the best selection from S, with
weight at most w

# Good news: this does have subproblem optimality.
Blk-1,w] if w,>w
max{B[k -1, w], Blk—1,w—w,]+b,} else

# Le., the best subset of S, with weight at most w is
either
= the best subset of S,_; with weight at most w or
= the best subset of S, ; with weight at most w-w, plus item k

Blk,w] = {
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'Example

4 Given: A set S of n items, with each item i having
= b, - a positive “benefit”
= W, - a positive “weight”
4 Goal: Choose items with maximum total benefit but with
weight at most W.

“knapsack”

box of width 9 in

ALGORITIN
DES IR

5

Weight: 4in  2in 2in 6in 2in Si'””‘;’g;gg 2
"y * item ,21in

Benefit: $20 $3  $6 $25 ¢80 « item 3 (86, 2in)

o item 1 ($20, 4in)
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'0/1 Knapsack Algorithm ﬁwg@

q

|

(

(<

Blk—-1,w] ifw,>w
max{Blk —Lw], Blk—Lw—w,]+b} else

Blk,w] =

Algorithm 01Knapsack(S, W):
“ Recall the definition of Input: set § of m items with benefit b,
B[k,w] and weight w;; maximum weight W'
4 Since B[k,w] is defined in Output: benefit of best subset of § with
terms of B[k-1,*], we can weight at most W
use two arrays of instead of let A and B be arrays of length /¥ + 1
a matrix for w < 0 to IV do
4 Running time: O(nW). Blw] « 0
4 Not a polynomial-time for k< 1 ton do
algorithm since W may be copy array B into array A
large for 1w < w, to ¥ do
# This is a pseudo-polynomial if A[w—w,] + b, > A[w] then
time algorithm Blw] < A[w-w,] +b,
return B[]
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A 0/1 Knapsack Algorithm,
First Attempt

|# S;: Set of items numbered 1 to k.
# Define B[k] = best selection from S,.
4 Problem: does not have subproblem optimality:

= Consider set S={(3,2),(5,4),(8,5),(4,3),(10, 9)} of
(benefit, weight) pairs and total weight W =

Best for 54: (3.2 (5.4) (8,5) (4.3)

Best for Sg:  [**

Dynamic Programming 15





<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


