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Part 1

INTRODUCTION

Since the theoretical prediction of the Josephson effect in 1962 and its first experimental
observation by Anderson and Rowell in 1963, the physics of Josephson junctions has stimu-
lated a large amount of experimental and theoretical research, both due to their fascinating
basic physical properties and the wide range of existing and prospective applications.

One of the most intriguing properties of Josephson junctions arises from the fact that
the dynamics of the charge carriers and the electromagnetic fields in the junction is gov-
erned by the quantum mechanical phase difference between the macroscopic wave functions
describing the superconducting electrons in each of the junction electrodes. In the limit
of high temperatures and large damping, the electrodynamics of the junction are purely
classical. However, at low temperatures and small damping, the quantum dynamics of the
phase difference is revealed. The classical and quantum mechanical properties of Josephson
junctions are examined experimentally by measuring macroscopic quantities, such as the
superconducting and normal tunnel currents flowing across the junction barrier and the
voltage drop appearing across the junction.

A major field in Josephson physics is concerned with the classical non-linear electrody-
namics of small junctions, arrays of small junctions and extended junctions. The non-linear
properties of these systems arise due to the Josephson current which depends on the sine
of the phase difference across the junction. In extended junctions, the phase difference may
vary both in space and time, giving rise to the existence of collective non-linear excitations
like solitons and breathers. Of particular interest is the investigation of soliton dynamics in
quasi-one-dimensional long Josephson junctions. In such systems, one dimension is much
larger than the characteristic spatial scale of changes in the phase difference whereas the
other one is much smaller. Long junctions are excellent models to investigate soliton dy-
namics both theoretically and experimentally. They are a forerunner in the field of soliton
research and receive a lot of attention in a wide range of other fields like non-linear optics,
laser and plasma physics.

In long Josephson junctions, solitons are created due to the quantized penetration of
magnetic flux into the junction. A flux quantum threading the junction is associated with
a vortex of the superconducting screening current and thus is frequently called a Josephson
vortex. Under certain conditions, a flux quantum behaves as a particle-like object with
an effective mass and a coordinate. Therefore it is often called fluxon. The dynamics of
fluxons — and the dynamics of the phase difference in long junctions in general — is accurately
described by the perturbed sine-Gordon equation. In nature, a large variety of phenomena
in different physical systems can be modeled using the sine-Gordon equation, for example
the dynamics of dislocations (crystal defects) or the dynamics of domain walls in magnetic
materials.

This thesis is devoted to the investigation of the statics and dynamics of the phase
difference in annular long Josephson junctions. In particular the classical wave and par-



ticle properties of Josephson vortices in wide and narrow annular junctions are studied
experimentally. Also the feasibility to observe quantum properties of Josephson vortices,
including energy level quantization, macroscopic quantum tunneling and quantum coher-
ence is investigated.

In the first chapter of the introductory part of this thesis, the Josephson effect and the
basic properties of small Josephson tunnel junctions are introduced. The fundamentals
of the physics of long Josephson junctions are reviewed in Chapter 2. The sine-Gordon
equation governing the electrodynamics of a long junction is derived and the energetics
of the junction are discussed in terms of the lagrangian and hamiltonian functions. The
fundamental electromagnetic excitations of the junction, i.e. fluxons and plasmons, are
introduced. Finally, the basics of junction fabrication and the experimental techniques
used for measurements are presented.

In Part II, experiments investigating the classical properties of wide annular Josephson
junctions are reported. The results are interpreted in terms of the spatial and temporal
evolution of the phase difference across the two-dimensional junction.

In Chapter 3, the static phase distribution of annular junctions with different inner and
outer radii is investigated experimentally by measuring their critical current in dependence
on the externally applied magnetic field. The experimental data are analyzed using exist-
ing theory which considers a linear gradient of phase across the junction induced by the
external field. The data are interpreted in terms of the phase-dependent interference of
the supercurrent flowing across the junction barrier. The characteristic dependence of the
critical current on the field is used to uniquely identify the number of Josephson vortices
topologically trapped in the annular junction.

The dynamics of a single Josephson vortex in a wide annular junction is investigated
in Chapter 4. Experiments proving the theoretically predicted excitation of whispering
gallery-type plasmon modes by a vortex propagating at relativistic velocities along the
junction are presented. It is shown that the vortex interacts resonantly with the linear
modes of the junction giving rise to a characteristic fine structure on the single-vortex
resonance. The resonance condition is interpreted in terms of Cherenkov radiation gener-
ated by the vortex moving with a group velocity which is larger than the phase velocity of
the plasmon modes. The exact voltage positions of the fine structure are used to identify
the characteristic frequencies of the whispering gallery modes. The experimental data are
compared to numerical simulations and finally the results are discussed.

The electromagnetic environment in which a Josephson junction is embedded substan-
tially modifies its static and dynamic properties. The junction characteristics in presence
of the environment, which is also frequently called idle or passive region, is investigated ex-
perimentally in Chapter 5. The static properties are probed in measurements of the critical
current versus field pattern in dependence on the width of the idle region. The results are
interpreted in terms of a renormalization of the magnetic properties of the junction induced
by the inductance of the idle region. In experiments similar to those presented in Chapter 4,
the effect of the idle region on the whispering gallery mode spectrum is investigated. The
spectrum of the junction is shown to depend sensitively on the electrical parameters and
the size of the idle region coupled to it. The measured resonances in the current-voltage
characteristic are compared to resonance frequencies calculated considering the electrical
and geometrical properties of the junction and the idle region.

In Part III, the fluctuation-induced escape of a Josephson vortex from a metastable state



is investigated. The observed effects are explained considering the vortex as a collective
particle-like excitation with an effective mass and a generalized center of mass coordinate.
The observed effects are similar to the escape of the phase in small junctions. However,
they are special in the sense that the particle-like excitation is a soliton and the relevant
generalized coordinate has a spatial character.

In Chapter 6, the thermal escape of a Josephson vortex from a metastable state is
investigated experimentally. The metastable state is realized by spatially localizing the
vortex in a magnetic field induced potential well. Applying a bias current to the junction,
the height of the barrier separating the metastable localized state from the propagating
state is controlled. To analyze the thermal escape process, the distribution of the vortex
depinning currents is measured. The data are interpreted in terms of a particle which
is activated from a potential well due to thermal fluctuations. A similar experiment is
performed considering a pinning potential induced by a microresistor implemented into the
junction barrier. The results of both experiments are well explained within the model.

The prospects of observing quantum properties of Josephson vortices by performing
measurements of the depinning current distribution are analyzed in Chapter 7. In par-
ticular, the magnetic field induced potential well — the depth of which can be varied in
situ — is considered. The cross-over temperature below which quantum tunneling domi-
nates thermal activation is evaluated. The requirements on the experimental setup and on
the measurement accuracy for the observation of this macroscopic quantum phenomenon
are analyzed quantitatively. The possibility to observe the energy level quantization of a
quantum vortex in a potential well is also examined.

Finally, in Chapter 8, our proposal to modify the shape of an annular junction in or-
der to design interesting types of magnetic-field induced vortex potentials is discussed. In
particular, a heart-shaped junction is suggested to be used to form a double-well potential
for a vortex. A method to classically determine the state of the vortex by manipulating
fields and bias currents applied to the junction is presented. We suggest that a macro-
scopic quantum coherence experiment can be performed using a vortex in a double-well
potential. A successful experiment of this type would encourage the use of vortex states in
shaped junctions as qubits in quantum computers. Possibilities to manipulate the quantum
states of a vortex to perform single-qubit and two-qubit operations necessary for quantum
computation are indicated and decoherence is briefly considered.



Chapter 1

Basic Properties of Josephson
Junctions

In this introductory chapter the basic properties of Josephson junctions are briefly reviewed.
The Josephson effect is introduced and the dynamics of the charges and the electromagnetic
fields in the junction are related to the phase difference between the order parameters
describing the superconducting condensate in each electrode. As an introduction to the
electrodynamics of Josephson junctions, the statics and dynamics of the phase difference
in a single small junction are discussed.

1.1 The Josephson junction

Josephson junctions are systems in which two superconductors are weakly coupled to one
another, see Fig. 1.1. In each of the two superconductors’ the conduction electrons are
interacting with phonons of the crystal lattice. At low temperatures this effect gives rise to
an effective attractive interaction between the electrons which then form pairs of opposite
spin and angular momentum. Such pairs are called Cooper pairs and are the carriers of the
charge in the superconductor. Due to the anti-parallel combination of the spins and the
angular momenta of the electrons in each pair, the total angular momentum vanishes and
the Cooper pairs have boson character. At zero temperature, all Cooper pairs are Bose-
condensed into the electronic ground state of the superconductor. All excited quasiparticle
states (i.e. single electron states) are separated by an energy gap A, which is proportional
to the effective binding energy of the Cooper pair, from the superconducting ground state,
see Fig. 1.2b. The superconducting state can be described by an effective macroscopic wave
function with an amplitude proportional to the density of Cooper pairs nt" and a phase 0;

U, = /nEP(F ) exp (i 6;) . (1.1)

U is also frequently called the superconducting order parameter.

In the region of the weak link, the amplitude of the wave function of each superconductor
is reduced from its bulk value. The two superconductors are then weakly coupled with one
another due to the small overlap of the macroscopic wave functions, see Fig.1.1b. Different
types of weak links providing the coupling between the superconductors are discussed in

1A general introduction to superconductivity and the physics of Josephson junction can be found in a

number of text books. See for example Refs. [Tin96, PJFC95, Lik86, VDT81].

4
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superconductor link superconductor
(b)
[0l
Figure 1.1: (a) Two superconductors
|| [ weakly coupled to one another. (b) Ampli-

tude of the macroscopic wave function (or-

der parameter) of the two superconductors.

xY

detail in the literature [Lik79]. Here, I consider the coupling of two superconductors via a
thin insulating barrier. Such a system is called a superconductor—insulator—superconductor
(SIS) tunnel junction. This realization of a Josephson weak link is the one most com-
monly used in basic research and applications because its electrical properties can be well
controlled.

A typical tunneling current-voltage characteristic of an SIS Josephson tunnel junction is
depicted in Fig. 1.2a. Four different tunneling regimes can be observed in this characteristic,
see Fig. 1.2a-e. At zero voltage, Cooper pairs tunnel through the barrier (S — S), giving rise
to a non-dissipative current. At voltages 0 < V' < 2A/e, quasiparticles tunnel through the
barrier giving rise to the quasiparticle subgap current (Q — Q). The voltage V, = 2A/e is
called the gap voltage. At voltages V > 2A/e Cooper pairs are broken up and quasiparticles
tunnel (S — Q). All three processes follow the linear branch of normal electron tunneling
(n — n) at voltages V > V.2

1.2 The Josephson effect

The tunneling of Cooper pairs through the insulating barrier of an SIS type junction was
predicted by B. D. Josephson [Jos62] in 1962 and experimentally observed for the first time
by Anderson and Rowell [AR63] in 1963. Solving the quantum mechanical problem of the
tunneling of Cooper pairs across a potential barrier in a point like junction, Josephson
found that the local superconducting tunnel current density at zero voltage is given by

J = Jesin(o), (1.2)

where ¢ = #; — 6, is the difference in phase between the order parameters of the two
superconducting junction electrodes. The maximum supercurrent density j. sustained by
the junction, calculated from microscopic theory by Ambegaokar and Baratoff [AB63a,

ABG63b], is given by
Je = iQA(T) tanh (A(T)) , (1.3)

4 pe 2k, T

where A(T') is the temperature dependent energy gap of the superconductor and p is the
normal tunnel resistance of the junction per unit area. The electron charge is denoted

2A good description of the relevant tunneling processes is given in Ref. [PJFC95].
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Figure 1.2: (a) Current-voltage characteristic of a Josephson tunnel junction. Different tunneling
regimes are indicated. (b) Bose representation of the electron density of states of the supercon-
ductor; A is the energy gap between quasiparticle states and Cooper pair states. (c) Josephson
tunneling process S — S. (d) Quasiparticle tunneling process Q — Q. (e) Cooper pair dissociation
and tunneling into quasiparticle states S — Q. Regular single electron tunneling is indicated by
n — n.

as e and the Boltzmann constant as ky. Equation (1.2) is called de Josephson equation.”
Applying a constant dc voltage to the tunnel junction, the phase difference ¢ evolves in
time according to the ac Josephson equation

Oy do
= —— 1.4
2m dt ' (14)
where ®q is the flur quantum
h ~15
o, = 20 = 2.07107° Wh. (1.5)
e

At the constant voltage V' the supercurrent through the junction oscillates with the char-

acteristic frequency
dé 1 |
——— = — = 483.6 MHz/uV . 1.6
dt 27V~ @, u (1.6)
3An elegant derivation of the Josephson equations in the Schrodinger picture can be found in the
Feynman lectures [FLS65].




1.2. THE JOSEPHSON EFFECT 7

@ op oy ® ©
e 3 .
| =puo A Hdx =
z I P =
v | M =
I | . '[' _ C
QL ~H P 1t o
X OH =
i | u R
| =
| | g
——— 4
Q1 P1
dx

flux, d)/d)o

Figure 1.3: a) Closed path across the barrier of a Josephson tunnel junction. b) Magnetic
field (thick line) penetration into the superconductor according to London equations. The flux
¢ = poHAdz per unit length of the junction is given by the area under the curve. ¢) Critical-
current diffraction pattern of a small rectangular junction.

The Josephson equations govern the electrodynamics of Josephson junctions. In particular,
the dc-Josephson equation gives rise to the non-linear current flow across the junction bar-
rier and the ac Josephson equation relates the electric field in the junction to the evolution
of phase in time.

The magnetic field H in a Josephson junction can be related to the gauge invariant

phase difference ¢ which is defined as (see for example Ref. [VDTS81])
2 - =
o=0,— 0+ [ Ad, (1.7)
®

where A is the electromagnetic vector potential. Considering an extended Josephson junc-
tion as shown in Fig. 1.3a, the difference in phase ¢ between the two coordinates P and ()
chosen at different points along the junction is given by

S -otp) = | [ A [T A (15)

Oy | /P 1

If an external magnetic field H is applied in the plain of the junction the flux enclosed

in the path P’ = Q1Q2P2P; (see Fig. 1.3) is given by
o — /S/,Loﬁdg:?{ﬁdf (1.9)

Q o o P, P, Q2 o
= [ Adls [ Adr+ [ Adls [T Al (1.10)
The second and fourth terms in Eq. (1.10) vanish if the horizontal parts of the path are
chosen considerably deeper in the superconductor than the London penetration depth Aj,
which is the characteristic screening length of the magnetic field in a superconductor. Thus,
equating (1.10) and (1.8) and considering the flux enclosed in the differentially small section
dzx of the junction we find

= ApoH | (1.11)
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where i 1s the vacuum permeability. A = ¢; 42Xy, is the magnetic thickness of the junction
with the thickness of the tunnel barrier given by t;. ApoH is the magnetic flux per unit
length penetrating into a junction taking into account the screening of the magnetic field
due the superconductors. Thus, the gradient of ¢ can be expressed as

_27T

Vo = Py

ApoH % %, (1.12)

where Z is the normal vector perpendicular to the junction plane.

1.3 Static phase distribution of a small junction

The total supercurrent supported by a Josephson junction depends on the applied external
magnetic field H. According to Eq. (1.12), the field induces a constant gradient of the phase
difference across the junction. Thus, the local Josephson current oscillates sinusoidally with
the coordinate perpendicular to the field. The total supercurrent that can flow through the
junction is given by the integral

L= j. (2 ) dA 1.1
A] sin | 2r—o (1.13)

0

over the junction area A, where we assume a spatially homogeneous critical-current density

Je. If arectangular junction is considered the integral (1.13) can be solved explicitly yielding

a critical current of

sin(m®/dy)
W(I)/(I)O ’

where ® = pgAHw is the total flux threading the junction of length w. The expression
(1.14) is frequently referred to as the critical-current diffraction pattern of a rectangular
junction, because it resembles the Fraunhofer diffraction pattern of light passing through a
narrow rectangular slit. The sinc-type critical current diffraction pattern (1.14) of a small
rectangular junction is plotted in Fig. 1.3c.

L(H) = 1.(0) (1.14)

1.4 Dynamics of a small junction

The electrodynamics of a small Josephson junction can be accurately described neglecting
the variation of the phase difference across the junction area. This approximation is valid,
if the lateral junction dimensions are smaller than the characteristic length scale Ay of the
variation of ¢ (see next chapter). In this regime, a small junction like the one shown in
Fig. 1.4a is accurately described by the lumped circuit model depicted in Fig. 1.4b. The
junction is modeled by a parallel connection of an ideal Josephson junction, a resistor and a
capacitor accounting for the Cooper pair, the quasiparticle and the capacitive contribution
to the total current [Ste68, McC68]. Using the Kirchoff laws, the total current through the
junction is given by
V dv

I=ILsing+ 5 +C—. (1.15)

This model is called the resistively, capacitively shunted junction (RCSJ) model. Eq. (1.15)
can be rewritten in terms of the superconducting phase difference ¢ using the Josephson
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Figure 1.4: (a) Sketch of a small Josephson junction with lateral dimensions w x w. (b) Lumped
circuit model of a small junction.

equations (1.2) and (1.4)

G dp | B PP

I = 1.si —- )
sin ¢ + 2r R dt 27 dt?

(1.16)

It is important to note that this equation maps to the one describing a driven and
damped pendulum or equivalently the viscous motion of a particle in a tilted sinusoidal
potential, which is also called a washboard potential. The rich dynamics of such a system
can be investigated using Josephson junctions. If the junction is driven by the external bias
current [ and damped by the resistance R, the phase ¢ can have a complex time dependent
behavior. The time average of the evolution of phase can be monitored by measuring the

dc voltage
i _ [ 4o\ Do
V_<V>_<dt>27r

across the junction. Depending on the bias conditions and the damping, the phase can either

(1.17)

oscillate with small amplitude ¢ < 27, or it can rotate over 27. If the phase rotates a dc-
voltage drop across the junction appears, whereas the average voltage for small oscillations
of the phase is zero. The dynamics of small junctions and arrays of small junctions is a
topic of current research [GT95].

It is important to point out that the Josephson junction is an outstanding example of a
macroscopic physical system, the dynamics of which is governed by the underlying quantum
mechanical phenomena of tunneling of Cooper pairs and quasiparticles across a tunnel
barrier. The macroscopic dynamics of the junction is fully described in terms of the phase
difference ¢. It has been rigorously shown that the dynamics of all microscopic degrees of
freedom (charges and quantized fields) is described by a single collective variable which is
the phase ¢ across the junction [AES82, ESA84, S7Z90]. At high temperatures and high
damping, the dynamics of the phase is purely classical. At low temperatures however, the
quantum nature of the dynamics of the phase becomes apparent and macroscopic quantum
phenomena can be observed. This issue is discussed in more detail in Part III of this thesis.



Chapter 2

The Physics of Long Josephson
Junctions

In a large area Josephson junction, the phase difference ¢ between the top and the bottom
electrode may vary in space. Therefore, the dynamics of a large junction is much more
rich and diverse than the dynamics of a single small junction. The spatial extension of the
junction gives rise to the existence of solitons, breathers and other interesting non-linear
and linear phenomena. The characteristic length scale of the spatial variation of ¢ is called
the Josephson length ;. If one dimension of a junction is much larger than A; while the
other dimension is much smaller than A;, the system is called a long Josephson junction.
A sketch of such a junction with length [ and width w is depicted in Fig. 2.1a.

In the first section of this introductory chapter, the wave equation describing the elec-
tromagnetic properties of a long Josephson junction is introduced. The hamiltonian and
lagrangian functions governing the energetics of the junction are also presented. In sec-
tion 2.2, the important electromagnetic excitations of a long junction are reviewed, with
particularly focus on solitary waves. In the last section, the procedure used for junction fab-
rication is described and the basic measurement techniques employed for the experimental
investigation of long Josephson junctions are discussed.

2.1 The sine-Gordon model

Long Josephson junctions possess an extremely rich spectrum of linear and non-linear elec-
tromagnetic excitations. Their physics is very attractive and exciting because the dynamics
of a long junction can be investigated experimentally in great detail. At the same time many
of the observed effects can be analyzed theoretically considering the junction as a non-linear
waveguide described by the sine-Gordon equation. The long Josephson junction is one of the
few outstanding physical systems that enable us to investigate the interesting and diverse
sine-Gordon physics.

2.1.1 The wave equation

The wave equation governing the electrodynamics of an ideal long Josephson junction can
be derived starting from the lumped circuit model shown in Fig. 2.1b. In this model,
the junction is described by a parallel connection of small RCSJ-like Josephson junctions
interconnected by a parallel connection of an inductance and a resistance. An external bias

10



2.1. THE SINE-GORDON MODEL 11

|>7LJ

Figure 2.1: (a) Sketch of a long Josephson

junction. Two planar superconducting films

of dimensions [ and w are separated by a
I tunnel barrier of thickness ¢;. The directions

(b) llk IRs, l|k+1 RS, 41 of the electromagnetic fields in the junction
Re —> are indicated. (b) The lumped circuit model
i el — of a long Josephson junction. The phase dif-
L = _T;_ ference across the junction at node k is given
R % J_ c I i et by ¢x. The current through the RCSJ type
CT i —|— IRCS)y junction is I#¢57 . I and I model the in-
Dk ductive and resistive components of the sur-
* face currents in the electrodes. ®, is the
< Ax > total flux enclosed in one cell.

current [ is injected in each node k£ and the external flux @ threading each cell is taken
into account. In this model, the wave equation is derived considering the flux quantization

27 I
Dt = 0n = g (Pe = LIT) (2.1)

where the flux threading the loop £ due to an externally applied field can be expressed as
Gt = poHAAz. The Kirchoff law at the node k + 1 is given by

I 4 I D = I + 15+ LY (2:2)

Thus, considering a small section Az of the long junction we can write down the continuous

limit of the Egs. (2.1) and (2.2)
Srt1 — ¢ do 27

el ik - (oA H — L*1") (2.3)
and - e
[ . .ROSJ [ s

i — 2.4

9r 77 ox ' (2:4)

with L* = L/Ax, j = I/Az and ;7957 = [R5/ Az, Differentiating Eq. (2.3) with respect

to space we find
9?¢  2m OH arr
w—ao(ﬁ‘oAa—x—L a—x) -

Substituting Eq. (2.4) with s = —1/p, 9V/dx and the RCSJ current density (1.15) into
Eq. (2.5) and considering a homogeneous external magnetic field (0H/dx = 0), we calculate

(2.5)

the equation

oy %o Voo oV 10
5w l* On? = —J +Jesin(¢) + —+C D . 0 (2.6)
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where C* = C/Axz, p = RAx and ps = R Ax. Now we can express all voltages in Eq.(2.6)
via the phase as V = ®q/27 d¢/0t using the ac Josephson relation. The resulting one-
dimensional wave equation for the superconducting phase difference ¢(x,t) is called the
perturbed sine-Gordon equation (PSGE)

% 1P B 0% Do 106 By 1 9o

RS el v L G A e Tl y7 TR

(2.7)

where @y is the magnetic flux quantum, L* the specific inductance of the junction, C*
the specific capacitance, j. the critical-current density, j the bias current density, p the
quasiparticle resistance per unit length, and p, the surface resistance of the superconduct-
ing electrodes per unit length. The electric and magnetic fields are related to the phase
differences ¢ in the following way:

V19,06

b= t;  t;2mot’ (2:8)
1 B, 00

i = L* 27 0z (2.9)

The specific inductance and capacitance of the junction are given by

I = pod, (2.10)
o= 29 (2.11)
t

where €; is the relative dielectric constant of the junction barrier, ¢; is its thickness and d
the magnetic thickness. In the limit of thick electrodes (d > Ar), d’ is given by [Wei69]

d' =2\ + 1. (2.12)
Dividing Eq.(2.7) by j. and introducing the Josephson length A; and the plasma fre-
quency w,
by
\; = 2.13
4 2rL*j. (2.13)
27 7.
= 4 2.14
C(Jp q)OC*? ( )
Eq. (2.7) can be expressed as
1 ) J 1 A2 L*
Mgy — — by —sin(¢) = —+ bt — LBt s 2.15
! w2 (4) o W2 p T (2.15)

where the short notation ¢ has been used for the partial derivative d¢/0¢. From the first
two terms of the wave equation (2.15), it is easy to see that the phase velocity of linear

waves in this system is given by
t,
co=wyhy = ¢/ —=. 2.16
0 p J Ejd/ ( )

¢o is termed the Swihart velocity [Swi6l] and ¢ is the velocity of light in vacuum. In long

Josephson junctions the Swihart velocity is typically only a few percent of ¢ because the
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magnetic field penetrates into the superconductor on a length scale d’', whereas the electric
field is localized only in the junction barrier of thickness t; < d'.

It is often useful to express the sine-Gordon equation in coordinates normalized with
respect to the characteristic time and space scales w, and Ay according to

t = wp, (2.17)
i = )\LJ:L' (2.18)

In the normalized perturbed sine-Gordon equation

bzz — 3 —sing = —y + ad; — Bdzzi. (2.19)

all physical quantities are of order 1. In particular the Swihart velocity is equal to unity.
The perturbation terms on the right hand side of Eq. (2.19) are defined as

|~.

v o= = (2.20)
Je

%o ! (2.21)
a = = .
2mj.p2Cr  pCrw,’
27 L**  w,L*
- - 2.22
P = el T (2:22)

where the first term is the normalized bias current, the second is the damping term due to

quasiparticle resistance and the third term corresponds to the damping due to the surface
impedance of the superconducting electrodes.

Limitations of the 1D description

As mentioned in the introduction to this section, a long Josephson junction is considered
quasi-one-dimensional if its width w is less than Aj. If w < A;, however, non-local effects
may become important [IS90, Gur92]. The non-local dependence of the magnetic field on
the phase in very narrow junctions made of thin films is actively discussed in literature
[AS93a, AS93b, GV95, Alf95, AOSU95, Min97] and contains interesting physics by itself.
For Josephson junctions prepared in Nb/AI-AlO,./Nb technology, non-local effects are only
relevant for the most narrow long Josephson junctions [KWEF199] fabricated until now.
On the other hand, long Josephson junctions may display two-dimensional properties even
though their width is less or equal to Aj. These effects are frequently neglected. One of the
main aims of this work is to investigate both the properties of effectively two-dimensional
and narrow long Josephson junctions and to discuss their intriguing physics.

2.1.2 Lagrangian and hamiltonian functions

Having established a wave equation which describes the dynamics of a long Josephson
junction, it is useful to introduce the lagrangian and hamiltonian functions to calculate
its energy. To determine the lagrangian, the energies of the electromagnetic fields and the
Josephson coupling are to be considered. For now the contribution of the perturbations to
the total energy of the junction are neglected. Combining the kinetic energy T, associated
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with the energy density of the electric field and the potential energy U, associated with the
energy density of the magnetic field and the Josephson coupling, we obtain the lagrangian
L = Tyin — Upor by integrating over the junction volume V
1 1 Oy
L = /V |:§éoéjE2 — 5/,L0/,L,,H2 — 5(2)2—;]c (1 — cos qb)] dv . (2.23)
Expressing the electromagnetic fields by the phase difference ¢ according to Eqs. (2.8) and
(2.9) and rewriting their coefficients in terms of Ay and w, we find

I rw ti/2 1]'2 1 2 a2 11 )
_ 2 (e | de - [ [— ﬂvx]d
£ /0 /0 {/—tj/z [2 €0€; (uﬂqbt) - —d'/2 o Hokr]e ( 79 ) z
0}

p
0

—gjc (1 — cos ¢) }dy dz . (2.24)

Upon rearranging the coefficients and performing the integration over the width of the
junction w (y-coordinate) and perpendicular to the junction plane (z-coordinate) and con-
sidering the different penetration depths of the electric and magnetic fields into the junction
barrier, we find the lagrangian

Dy | L I P
L = g]cw/o [ﬁw—ﬁt—?m—u—com) dz . (2.25)
The normalized lagrangian

;= £ /Z[l g—%qﬁ;—a—com)] di (2.26)

5_0 - o L2
with the characteristic energy scale of the Josephson junction
O |
E = —Ojcw)\J (2.27)
2m

is found by introducing the normalizations (2.17) and (2.18) for time and space. Here
¢ =1/X; is the normalized junction length.

Making use of the lagrangian formalism [Gol91], the sine-Gordon equation is obtained
by calculating the equation of motion for the continuous variable ¢

doc dor ot
dt 9y dx 0d, 06

The hamiltonian, determining the total energy of a long Josephson junction, is given by

(2.28)

H=H+H", (2.29)

where ¢ 1
HOG = / <§¢§ + §¢§ + 1 — cos qb) dz (2.30)
0

is the unperturbed sine-Gordon energy. Obviously, the sine-Gordon (SG) part of the hamil-
tonian contains the magnetic field energy (oc ¢2), the electric field energy (o ¢?) and the
Josephson coupling energy (o< 1 — cos ¢). The contributions of the different perturbations
HP ., i.e. bias current, microresistors and microshorts, external magnetic field etc., to the
total energy are discussed in Chapter 6.
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2.2 Fluxons, breathers and plasmons: Excitations of
the sine-Gordon system

In a sine-Gordon system, a large variety of linear and in particular non-linear excitations,
like plasmons, solitons, anti-solitons and breathers does exist. The long Josephson junc-
tion, being well described by the sine-Gordon equation, supports many of these excitations
and allows for their detailed experimental investigation. In the following, different Joseph-
son junction geometries and their various excitations are discussed, pointing out those of
particular importance for this work.

2.2.1 Linear long Josephson junctions

To identify the different types of excitations that exist in long Josephson junctions, I first
consider a linear infinitely long quasi-one-dimensional junction. The electrodynamics of
such a junction can be modeled by the perturbed sine-Gordon equation (2.15) with the
boundary conditions

Gz |i=to0o = 0. (2.31)
Using the assumption of an infinite junction, several simple analytic solutions to the sine-
Gordon equation can be found. Neglecting all perturbations on the right hand side of
Eq.(2.19) the exact solution

b4(%,1) = 4arctan [exp (:I:j;_lui\/%jo)] (2.32)

to the unperturbed sine-Gordon equation

Grz — b —sing =0 (2.33)

is obtained. Depending on the sign (+), ¢; describes a kink (or anti-kink) in the phase
difference ¢ moving at a normalized velocity 0 < w < 1. For illustration, the phase
distribution (2.32) is plotted in Fig. 2.2b. The kink corresponds to a jump of ¢ from 0 to
27 (or 27 to 0, for an anti-kink). Obviously, the supercurrent distribution (sin ¢) associated
with this excitation changes sign around the center of the kink, see Fig. 2.2c. Moreover,
¢y is associated with a localized magnetic flux distribution (¢z), as shown in Fig. 2.2d. In
this way, the kink in ¢ generates a vortex of the supercurrent creating a flux identical to
a single flux quantum @, as indicated in Fig. 2.2d. Therefore, this excitation is called a
Josephson vortex or fluzon.

Kinks in sine-Gordon systems have all properties of solitons. Solitary waves exist in
systems in which dispersion, which leads to the spreading of the energy of the waveform in
space, and non-linear effects compensate each other. As a result, a stable solitary wave may
propagate in a non-linear medium while its energy remains localized in space.! The kink
in a sine-Gordon system is a topological soliton. There are no dynamical restrictions on its
existence. This is in contrast to dynamical solitons, which have to have a certain energy for
the dispersion to be balanced with the non-linearity. Hence there are dynamical restrictions
on the existence of this type of solitons. An example are light pulses propagating in glass
fibers, which only display solitary properties if their intensity is sufficiently high to stimulate
non-linear effects in the fiber.

'For a review on different types of solitons in various physical systems, see Refs. [KM89, Abd94].
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In a long Josephson junction, the Josephson vortex (i.e. the kink) can be driven by
external forces, for example by a bias current applied to the junction. The bias current
gives rise to a Lorentz-Magnus force acting on the charge carriers of the vortex, resulting
in the propagation of the vortex along the junction. Due to the presence of dissipation,
the driving force and the damping forces are balanced for a certain vortex velocity, leading
to a steady motion of the kink. In the fundamental work by McLaughlin and Scott, it
was pointed out that in this case the dynamics of the vortex can be described in lowest
order perturbation theory [MST78]. In this approximation, the effect of the perturbations is
assumed to influence only the dynamics of the center of mass coordinate ¢(¢) of the vortex,
but not its shape ¢;. Hence, an equation of motion is derived considering the balance
between the energy gain of the vortex due to the bias current and the loss due to damping.

Substituting ¢ into the sine-Gordon hamiltonian (2.30), we find the normalized energy
of a vortex propagating at velocity u

8

H3 (o) = Nk (2.34)

At u = 0, the rest energy equals to 8, which is identified with the normalized rest mass my
of the vortex. The change of the vortex energy with time is given by

d i
EHSG(@) =1y

u du 5 35
(1—u2)3/25' (2.35)

The rate of energy supplied to or extracted from the junction due to the perturbations is
identical to

d -

EHP(@ - /_O:o (’Yﬁbf +a¢; + 5¢§f) dz, (2.36)

where the first term in Eq. (2.36) corresponds to the power supplied to the junction through
the bias current (y¢; o< I'V'), the second and third terms correspond to the power extracted
from the system due to the quasiparticle losses (a¢? o V*/R) and the surface impedance
losses (B¢2; o< I7R,). Substituting ¢, into Eq. (2.36), we calculate the change of vortex
energy per unit time in dependence on the vortex velocity

d u? . p u?

e Vi =2 e ——
dt (Qbf) Tyu meé 1 — u2 mf3 (1 . u2)3/2

(2.37)
Finally calculating the energy balance by equating Eqs.(2.35) and (2.37), we find the equa-
tion of motion for the vortex in presence of bias current and damping

du

1
mf% + myou(l — u2) + ﬁlfgﬁu + 27y (1 — u2)

3/2

=0. (2.38)

Because of the ac Josephson effect (1.4), the motion of the vortex, being associated with
a change of the phase difference ¢ in time, generates a voltage drop across the junction,
which is proportional to the vortex velocity u. This mechanism allows the experimental
investigation of kink dynamics in long Josephson junctions by means of electrical transport
measurements. Neglecting the surface damping (8 = 0), we find the solution

—-1/2

() ] , (2.39)

U =
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Figure 2.2: (a) Normalized bias current - vortex velocity (y-u) dependence. Indicated are the
two bias points, for which plots (b-d) are presented. (b) Phase distribution of a kink centered
at g = 0 for two different kink velocities u. (c) Sine of the phase being proportional to the
supercurrent across the junction. (d) Gradient of the phase being proportional to the magnetic
field threading the junction. The total flux (shaded area) associated with the kink in the phase is
identical to ®g.

to the equation of motion (2.38) which determines the vortex velocity in dependence on the
bias current and damping. In Fig. 2.2a, a typical normalized current-voltage (driving force -
vortex velocity) characteristic is plotted. The characteristic is linear for small bias currents.
Further increasing the current, the vortex velocity approaches the maximum velocity of
light in the junction.? Thus, by means of the bias current, the Josephson vortex can be
accelerated to velocities close to the maximum velocity and relativistic effects are observed,
e.g. the Lorentz-contraction of the vortex. This effect is illustrated in Fig.2.2d, where the
reduction in the width of the flux distribution with increasing vortex velocity is depicted.
This phenomenon is understood noting that the sine-Gordon equation is Lorentz-invariant.
The relativistic contraction of the Josephson vortex has been experimentally verified in long

Josephson junctions [LDL*95].

By now we have identified the Josephson vortex as an excitation of an infinite long
Josephson junction, but did not consider how it is created. Since kinks are topological
excitations, it is important to note that in an infinite system, only pairs of vortices and
anti-vortices may be created and annihilated if the required energy is supplied. In junctions

?In normalized units, this velocity is unity.
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of finite size these excitation may also be generated at the boundary, as discussed later.
The nucleation and annihilation of kinks in sine-Gordon systems with large damping have
been investigated in detail theoretically and discussed quite controversially in literature
[BL79, BL81, BHL83, Biit89, HMS88, BC95, CB98]. One of the few systems in which these
processes may be investigated experimentally is the long Josephson junction.

Under certain conditions kinks and anti-kinks may form bound pairs , so called breathers.
Breathers are unstable with respect to perturbations and decay after some transient time.
This type of excitation in continuous long Josephson junctions with open boundary condi-
tions is discussed in Ref. [CPSTT78].

In a long Josephson junction also linear, small amplitude excitations of ¢ do exist. These
can be modeled by the linearized sine-Gordon equation (2.33)

bz — P — 0 =10 (2.40)
which has linear wave solutions of the form
b = ¢ exp(iki — idt) (2.41)
with a spectrum

(k) =1+ k2, (2.42)

where k is the wave number of the mode and & is its frequency. The continuous spectrum
(2.42) for an infinite length junction is plotted in Fig. 2.3. Obviously, there is a gap of
A& =1 (corresponding to the plasma frequency w, in SI units) in the excitation spectrum.
These linear excitations of the long Josephson junction are called plasmons.

2.2.2 Linear long Josephson junctions in external magnetic field

A Josephson junction of normalized length ¢ = [/A;, subject to a homogeneous external
magnetic field H applied in the plane of the tunnel barrier and perpendicular to the long
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(b)

Figure 2.4: (a) Sketch of a linear long Josephson junction and (b) an annular long Josephson
junction. The current distribution associated with a Josephson vortex is indicated by arrows.

dimension of the junction (see Fig. 2.4a) is described by the perturbed sine-Gordon equation
with the boundary condition

b3la=00 = 11 . (2.43)

Equation (2.43) is deduced from the dependence (2.3) of the phase gradient on the normal-
ized magnetic field H = H 27 poAN;/®o. In this system, all of the linear and non-linear
excitations discussed in the previous section can be studied. Additionally, the dependence
of the boundary conditions on the external magnetic field allows to control the nucleation of
vortices at the boundaries. The interaction of vortices with the boundaries excites plasmons
in the junction. As shown in Fig 2.3, the plasmon spectrum of the junction is discrete due
to its finite length.

In linear long Josephson junctions, three major regimes of fluxon motion can be ob-
served.
Zero-Field Resonances. In zero external magnetic field, Josephson vortices are nucleated
at the boundary of the junction. An applied bias current drives the vortices through the
junction, which are reflected under a change of polarity (fluxon <+ anti-fluxon) at its ends.
This process gives rise to so-called zero-field steps in the current-voltage characteristic of
the junction. A detailed discussion of zero-field resonances can be found in Ref. [Ped82].
Fiske Resonances. At magnetic fields larger than a certain threshold value, vortices nu-
cleate at one end of a long current biased junction and annihilate at the other end. In
the process of annihilation, plasmons are emitted, which resonate with the junction cavity.
This process gives rise to so-called Fiske resonances [Fis64, Kul67, GJC94].
Fluz—Flow Resonance. In high magnetic fields, vortices are nucleated at a high rate at one
end of the junction and flow viscously in a dense chain to the other end, where they leave
the junction. This process is termed flux-flow [NEIY83, NEYI84, NEYIS5].

A more detailed discussion of these dynamical regimes is found in the vast literature on
long junctions. A good starting point are the reviews [Ust98, PU95, Par93].

2.2.3 Annular long Josephson junctions

The annular geometry is of particular importance for the experimental and theoretical
investigation of non-linear properties of long Josephson junctions. An annular Josephson
tunnel junction is formed by two ring shaped superconducting electrodes separated by a thin
tunnel barrier, as shown in Fig. 2.4b. The electrodynamics of a junction with circumference
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{ is described by the perturbed sine-Gordon equation with the periodic boundary conditions

HF=0) = ¢(F=10)—2mn, (2.44)
¢ 99
SLE=0) = —(@=1). (2.45)

The number of kinks n initially present in the annular junction is conserved due to the
closed topology, which is expressed by the boundary condition (2.44). The condition (2.45)
enforces the continuity of the magnetic field along the junction. Similar to the infinite
system, kink excitations can only be nucleated in pairs of kinks and anti-kinks. Due to the
finite length of the annular junction, the plasmon excitation spectrum is discrete.

Experimentally, annular junctions are prepared in states with n topologically trapped
Josephson vortices by cooling the junction from the normal to the superconducting state
in a small applied field. The required magnetic field can be generated either by using an
external coil or by biasing the junction with a small current. Alternatively, vortices may be
trapped in the junction by locally heating up one of its electrodes in an external field using
an electron or laser beam in a low temperature scanning microscope [UDH*92]. Dynamic
states of an annular junction with n vortices trapped are called n-vortex states. In an
n-vortex state, all flux quanta thread one junction loop and the junction barrier, but not
the other. Additional vortex anti-vortex pairs can be nucleated in the junction under the
appropriate bias conditions. These states are called n 4 n-vortex states, where n is the total
number of anti-vortices. The different states can be clearly identified by the dependence
of the critical current of the junction on the external field (see Chapter 3) and by their
current-voltage characteristics (see Chapter 4).

2.3 Basic experimental techniques

Long Josephson junctions are almost ideal physical realizations of a sine-Gordon system.
They can be fabricated with high quality and high reproducibility. Their non-linear and
linear excitations can be studied experimentally in great detail and with a good accuracy
by performing electrical transport measurements at low temperatures.

2.3.1 Sample preparation

Josephson tunnel junctions are formed by bringing two superconducting films into con-
tact via a thin insulating tunnel barrier. The most reliable and widespread fabrication
technology for high quality junctions is based on niobium (Nb) as the superconductor and
aluminum oxide (AlO,) to form the tunnel barrier. These materials are employed in the
so-called Nb-Al/AlO,~Nb trilayer technology [KHN*97] to form tunnel junctions for both
basic research and applications. The experiments presented in this work were done with
samples prepared using techniques identical or similar to the ones described in the following
paragraphs.

Nb-Al/AlO,~Nb trilayer tunnel junctions are typically fabricated on thermally oxidized
silicon (Si) wafers. Each wafer can carry a number of chips, typically of size 0.25 to 1 cm?,
with a number of tunnel junctions on each chip. In a first step, the Si wafer is coated
with a thin film (about 1.5 gm) of photoresist which is subsequently exposed using optical
lithography to define the areas of the chip on which the trilayer is to be deposited. After
development of the photoresist (PR), the first Nb layer is sputtered onto the wafer. In
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the sputter process, a polycrystalline Nb film of several tens to some hundreds of nm is
deposited in a plasma discharge glowing between the sample and the target in the vacuum
chamber of the deposition system. Next a thin film (3—5nm) of aluminum is sputtered onto
the wafer and subsequently oxidized in an oxygen atmosphere within the sputter chamber
to form an AlQO, tunnel barrier of 2 — 3 nm thickness. The thickness and the morphology of
the aluminium oxide layer crucially determine the critical-current density, the quasiparticle
resistivity and the specific capacitance of the junction. The trilayer is completed by the
deposition of the niobium film forming the top electrode of the junction. In Fig. 2.5a, a
cross-section through the junction area at this stage of fabrication is shown.

After the deposition of the trilayer a lift-off [YKNS87], removing the trilayer from the
parts of the wafer covered with photoresist, is performed. The effective junction area is
defined by reactive ion etching (RIE) through a mask of photoresist defined in a second
photolithographic process. The etching process is stopped at the AlO, tunnel barrier, see
Fig. 2.5b. The sides of the Josephson junction are subsequently electrically insulated by
deposition of silicon oxide (SiO,) to avoid shorting out the tunnel junction by a direct
contact between the top and bottom electrodes, see Fig. 2.5c. Alternatively, the junction
can also be insulated using anodic oxidization of the junction edges [HG85, KGS91]. In
the final lithographic step, the top electrode of the junction is contacted by depositing a
film of Nb (see Fig. 2.5d) onto a mask of photoresist and performing a lift-off. The bottom
electrode of the sample is contacted using a part of the bottom Nb film which extends
outside the junction area.

With standard photolithographic techniques, Josephson junctions of sizes of approxi-
mately 3 x 3 um? are prepared regularly. With extra effort, sizes down to 1 x 1 ym? can be
reached. If smaller sample features are required, electron beam lithography techniques have
to be employed and the fabrication process has to be optimized to provide the necessary
accuracy in alignment and junction insulation. Recently, we have developed techniques
[KWF199] to prepare Josephson junction based on the trilayer technology with feature
sizes down to smaller than 0.3 gm. Independently similar techniques have been elaborated
by other groups.
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2.3.2 Typical junction parameters

The material properties of sputtered polycrystalline niobium and aluminum films can be
rather well controlled and reproduced. A few important characteristic properties of high
quality films are listed in Table 2.1. These parameters are rather constant and can hardly be
modified to influence the junction parameters. Instead the thickness ¢; and the properties
of the tunnel barrier can be very well controlled in order to change the critical-current
density j. < exp(—t;), the quasiparticle tunnel resistance p o exp(—t;) per unit area and
the specific capacitance C* o 1/t; of the junction. Obviously these parameters cannot be
changed independently. The range of attainable electrical parameters is quoted in Table 2.1.

The electrical properties of a Josephson tunnel junction are not solely depending on the
properties of the tunnel barrier itself, but are also influenced by the electrical properties of
the surrounding area. Of particular importance is the region in which the top and bottom
junction electrodes overlap outside of the tunnel barrier, see Section 2.3.1. This part of the
junction is often called idle region or window, to contrast it to the (active) tunnel region
of the junction. As pointed out in later chapters, this idle region needs to be considered
to quantitatively understand the static and the dynamic properties of the long annular
Josephson junctions which have been examined experimentally in this work.

2.3.3 Basic measurement technique

Josephson tunnel junctions are cooled below their critical temperature T, to investigate
their superconducting properties. By emersing the sample directly into liquid helium or
into the vapor above the helium surface, temperatures down to 4.2 K can be reached. To
achieve lower temperatures and/or better temperature stabilization, the sample is mounted
in the vacuum chamber of a cryostat. Depending on the lowest temperatures that are
required, either a pumped *He (down to 1.4 K), a pumped *He cryostat (down to 260 mK)
or a “He-*He dilution refrigerator (down to 10 mK) is used [Pob95].

Since the spatial distribution of the phase of a long Josephson junction depends sen-
sitively on the magnetic field, the sample is magnetically shielded in a cylindrical high
permeability container. Magnetic fields up to 40 gauss can be applied in the plane of the
junction barrier, using a cylindrical superconducting coil which is energized with currents
up to 100 mA.

The sample is current biased using a custom-made battery-powered analog current
source with current ranges adjustable between 100 mA and 100 nA. Likewise, the volt-

Table 2.1: Characteristic electrical parameters of Josephson junctions fabricated in Nb—Al/AlO,—
Nb trilayer technology.

C*
p

//,Lm ] 10 — 100 specific capacitance

quantity unit value meaning
T. Nb K] 9.2 critical temperature
Az, Nb [nm] 90 London penetration depth
T. Al (K] 1.2 critical temperature
Az Al [nm] 50 London penetration depth
Je [A/em?] 10 — 5000 critical-current density
[(F
[

EQum?]  0.01 — 10 quasiparticle sheet resistance
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age across the junction is measured using a custom-made battery-powered bipolar or FET
preamplifier circuit with adjustable low-pass filters. The sample is connected to the ana-
log electronics using shielded and/or twisted pairs of wires. The wires are filtered with
commercial m-type LC filters at room temperature and cold RC filters at liquid helium
temperature to avoid interference due to electromagnetic pick up from the environment. A
four-point measurement technique is employed to avoid wiring and contact resistances in
the measurements.

The bias current through the sample and the coil are controlled using 12-bit D/A con-
verters. The voltage across the sample is monitored using 12-bit A/D converters. All
elements of the data-acquisition are software controlled. The software Gold-exi [Gol] is
used to measure the current-voltage characteristics and the dependence of the critical cur-
rent on the external magnetic field. A schematic layout of a typical measurement setup is
shown in Fig. 2.6.

In addition to dc measurements, the electromagnetic radiation emitted from a Joseph-
son junction can be measured to gain information about the temporal evolution of the
electromagnetic fields inside the junction [KSFT96, KSF197]. Spatially resolved but time
averaged electromagnetic properties of junctions can be measured using low tempera-
ture scanning electron microscopy [GK94] or low temperature scanning laser microscopy

[SZTD96, SZT+94].






Part 11

TWO-DIMENSIONAL
ANNULAR JOSEPHSON JUNCTIONS

The annular Josephson junction is ideal to investigate the dynamics of solitons in a
quasi-one-dimensional sine-Gordon system. Due to the periodic boundary conditions, the
dynamics of the fluxon is not perturbed by collisions with the junction ends. The first
measurements of single fluxons in annular junctions were reported by Davidson et al.
[DDKPS85]. Using perturbation theory [MS78], the fluxon dynamics in the annular junc-
tion was analyzed quantitatively, allowing the determination of the losses in the junction
[DPP86, UDHT92].

Initially, the controlled trapping of single and multiple vortices in the junction be-
came possible using a low temperature scanning electron microscope (LTSEM) [UDH*92].
Imaging the collisions between a vortex and an anti-vortex trapped in an annular junc-
tion using the LTSEM, the Lorentz contraction of the vortex was verified [LDL*95]. The
static properties of annular junctions in the presence of an external field were investigated
both theoretically and experimentally [MMS, MM96b, MM96a]. In the initial works, the
junction was considered as quasi-one-dimensional. The finite width of the junction was
first taken into account theoretically in Ref. [Nap97]. The bunching of multiple vortices
was examined [VLST96] and the dynamics of vortex-anti-vortex pairs was investigated
[MSM96]. The pinning of fluxons by an external magnetic field applied in the plane of
the junction was analyzed experimentally, measuring critical current versus field patterns
[VKT+97, VKT*96] and by imaging spatially the static vortex configuration in the junc-
tion [KVLT96]. The dynamics of the vortex in a field-induced harmonic potential well was
analyzed [UT97, Ust99], also considering the depinning from the potential well and the re-
trapping into the well [UMT97]. Later it was found that the vortex may experience pinning
also at the junction leads [MDP*98]. Recently, we have started to investigate the process
of the vortex escape from such pinning potentials in more detail. We have examined the
thermal activation of the vortex [WKL*00, FCC*00] and are planning to observe quantum
tunneling [KI196, WKL 00].

Recently, large area annular junctions have been proposed as radiation and particle
detectors [NC97]. In these junctions, vortices may be used to effectively suppress the
critical current [NCL98, CEFT99] which is required to operate the junction as detector.

In this part of the thesis, I consider the static and dynamic properties of wide annular
Josephson junctions. The observed effects are analyzed and explained specifically consider-
ing the junction width and the idle region coupled to it. First, the static phase distribution
of annular junctions subject to an external field is examined by measuring their critical cur-
rent. In particular, the dependence of the critical-current diffraction pattern on the inner
and outer junction radius is considered [FWUOOb]. Then, I present experiments, proving
the theoretically predicted [KYSV98] excitation of whispering gallery modes by a vortex
propagating at relativistic velocities in a wide annular junction [WUKT00]. Finally, the
effect of the electromagnetic environment on the static and dynamic properties of annular
junctions which are embedded in striplines of various widths is investigated by measuring
the critical current versus field patterns [FWU00a] and single vortex resonances [WEFUT00].
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Chapter 3

Critical-Current Diffraction Patterns
in Annular Josephson Junctions

Systematic measurements of the critical current versus magnetic field patterns of annular
Josephson junctions in a wide magnetic field range are reported. A modulation of the
envelope of the pattern, which depends on the junction width, is observed. The data are
compared with theory and good agreement is found.*

Large area Josephson junctions are intriguing objects for performing experiments on
non-linear electrodynamics. In particular, the propagation of solitons, also called Josephson
vortices or fluxons, in long Josephson junctions has attracted a lot of attention and has been
studied in detail [Ust98]. In an annular Josephson junction, magnetic flux quanta threading
one superconducting loop but not the other, can be trapped and stored in the junction
due to the fluxoid quantization [DDKP85]. This property of the system offers the unique
possibility to study fluxon dynamics in the absence of collisions with boundaries [MS78§].
The number and the configuration of Josephson vortices trapped in an annular junction
can be determined accurately by measuring the dependence of its critical current on the
external field, which is related to the static spatial distribution of the phase difference in the
junction. The detailed knowledge of the static phase configuration in annular Josephson
junctions with and without trapped vortices is important both for the basic understanding
of the vortex states of the junction and for their use in applications.

Recently large area Josephson junctions have been proposed as efficient radiation and
particle detectors [EFPB96, NC97, CEFT99]. The detection mechanism relies on the ex-
citation of quasiparticles in the superconductor by the incoming electromagnetic radiation
or particles. Such detectors have a high energy resolution due to the small energy gap A
of the superconductor resulting in a large number n = FE/A of quasiparticles generated
per incident particle of energy K. To effectively detect these quasiparticles, the junction
is biased in the subgap region. To do so, the critical current is suppressed either by an
external magnetic field or more efficiently by trapping Josephson vortices in an annular

!Parts of this chapter have been accepted for publication in ‘Physical Review B’
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Figure 3.1: (a) Schematic drawing of the annular Josephson junction biased in the Lyngby-
geometry [DDKP85]. The wide leads attached to the junction shall guarantee a homoge-
neous distribution of the bias current. (b) The junction dimensions: inner radius r;, outer
radius r., junction width w. The external field H is applied at an angle o with respect to
the z-axis. The phase difference is expressed in polar coordinates ¢(r, ).

junction as proposed in Refs. [NC97, CEFT99].

Here, I present systematic measurements of the critical current of annular Josephson
junctions in dependence on the externally applied in-plane magnetic field (see Fig. 3.1).
The critical current I. of a junction without trapped fluxons is at maximum in zero field.
In the presence of a magnetic field, the critical current is reduced. Magnetic fields can
be due to the bias current applied to the junction (self-fields), due to flux trapped in the
junction itself or its leads (Josephson or Abrikosov vortices, respectively), or they can be
applied externally. The modulation of the critical current with the external field is often
called a critical-current diffraction pattern [MBCF85]. We investigate these patterns for
annular junctions of various dimensions in a wide range of magnetic fields.

3.1 State of the art

Critical-current diffraction patterns of annular junctions have been actively investigated
experimentally and theoretically [MM96a, MM96b, Nap97]. The qualitative understanding
of their features is rather complete, however a number of open problems remain. In this
chapter, [ address the field dependence of the critical current on the exact junction geometry.
In particular, new results in the large-field regime are presented allowing a more precise
comparison between theory and experiment.

Several theoretical approaches to predict and explain the critical current diffraction pat-
terns of annular Josephson junctions can be found in literature [KVLT96, MM96a, MM96h,
VKT+96, VKTT97, Nap97]. Mainly, two different cases have been considered so far, i.e.
the long annular Josephson junction with a circumference 277 larger than the Josephson
length Ay and the small annular Josephson junction with 277 < A;. Here ¥ = (r; + r.)/2
is the mean radius of the junction. In these approaches, the dependence of the pattern on
the junction geometry is treated approximately, which results in quantitatively inaccurate
interpretation of experimental data.

The most complete and mathematically exact analytical description of the critical-
current diffraction pattern I.(H) of a small annular junction with arbitrary number of
trapped fluxons n is presented by Nappi in Ref. [Nap97]. In this work the finite width of
the junction is considered exactly. Using the results of Nappi and the results of our measure-
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ments in the high-field limit, the quantitative understanding of experimental critical-current
diffraction patterns can be improved.

In Ref. [Nap97] the critical-current diffraction pattern of a small annular junction is
calculated from the dependence of the phase ¢ on the external field (see Section 1.2)

1 2o\ =
(ﬁrg + ﬁw_i) b= Wq/jo H x1i,. (3.1)
0

In Eq. (3.1) (7,0/0r + 1i,1/r 0/0p) is the gradient in polar coordinates (see Fig. 3.1b) and
A is the magnetic thickness of the junction. With the external magnetic field expressed in
polar coordinates

H.(p) = Hcos(a—e),
Hy(p) = Hsin(a— )

Eq. (3.1) separates into two differential equations for the coordinates r and ¢. Both equa-
tions can be integrated yielding the same result

B(r. ) = A H sin(a — @) + o (3.2)

Do
where ¢q is the phase difference in the junction along the direction of the magnetic field
(p = ). The critical current [, of the junction at the field H is found by integrating the
Josephson current density over the junction area

I.(H) = j.max [/% /re sin (2—7Tr/,L0AH sin(a — @) + qbo) dr dc,o] (3.3)
b0 0 ri ®g
and maximizing the expression with respect to ¢g. Here j. is assumed to be homogeneous
across the whole junction.
In Ref. [Nap97], the critical current is also calculated for vortices being trapped in the
junction. Assuming that the field generated by n vortices is distributed homogeneously
along the junction length, the field

P
n
2mr o/

(3.4)

is to be added to the radial component of H. This additional field gives rise to an extra
term —n ¢ in the equation for the 2D phase distribution (3.2). Hence, the dependence of
the critical current I. on the magnetic field H (3.3) for an arbitrary number n of trapped
vortices is calculated as

L(H) = L(0) \1 _252 /51 o), (x%) de

) (3.5)

where J, is the n-th Bessel function of integer order. § = r;/r. is the ratio of the in-
ner junction radius r; to the outer radius r. and 1.(0) = j.m(r? — r?) is the maximum

superconducting current at zero field. The characteristic magnetic field
HO = @0/(27’['7“6#0/\) (36)

is proportional to the field at which one flux quantum penetrates the magnetic cross-section
2r. A of the junction.
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Maximizing the critical current (3.3), the phase ¢y for an odd number n of vortices is

found to be
by = 0 for f; xJ, (J}Hio) dz >0 (3.7)
°7 ) 7 for flad, (J}Hio) dx <0 '
and . Y
Z for [ xJ, (x<=)dx >0
%Z{ 2 ] 9 E f]{;;d - (3.8)
—Z for f5 xJ, N x <0

for zero or an even number of vortices trapped in the junction.

For n = 0, the two extreme cases § — 1 (see Ref. [MM96a]) and 6 — 0 (see Ref. [BP82])
of Eq. (3.5) have been discussed in the literature. The predictions of Eq. (3.5) have also
been compared to experiments in a relatively small magnetic field range [CEFT99, MM96b,
NCL98]. To our knowledge, there has been no systematic comparison of this theory with
experimental data for different junction widths in a large field range. The intention here is
to perform such a comparison.

3.2 Experimental results and comparison with theory

Experimental data on five annular Josephson junctions with the same external radius r, =
50 um but different inner radii r; ranging from 30 to 47 pm are presented. Their width
w = r. —r; varies between 3 and 20 um. The junction geometry is shown in Fig. 3.1b
and the sample dimensions are listed in the second and third columns of Table 3.1. All
junctions have been prepared on the same chip using Hypres technology [Hyp| with a
nominal critical-current density of j. = 100 A/cm?. Accordingly, the Josephson length is
approximately 30 um at 4.2 K.

3.2.1 Diffraction patterns without trapped fluxons

In Fig. 3.2 the critical-current diffraction patterns of the two junctions B and D, being
representative for the set of measured samples, are shown. A strong dependence of the
pattern on the junction width is clearly observed. As expected, the critical current at zero
field scales with the junction size as I. = j.m(r?> —r?). Measuring the diffraction patterns in
a wide range of magnetic field, two characteristic modulation scales of the critical current
are observed. The pattern, having a small magnetic field period AH, has an envelope of
the larger period AH’ which depends strongly on the junction width, compare Figs. 3.2a
and b.

The observed patterns can be qualitatively understood in the following way: the mod-
ulation of the critical current with the period AH is due to the penetration of magnetic
flux into the junction in the direction perpendicular to the external magnetic field. This
period is inversely proportional to the junction diameter AH o 1/(2r.) [compare to the
characteristic field (3.6)]. This is analogous to the standard linear junction case, where
AH is proportional to the reciprocal junction length in the direction perpendicular to the
magnetic field [BP82]. The minima of the modulation with the period AH’ occur when
the magnetic flux penetrates the junction strongly also along the width of the junction.
Therefore, the period AH' of the second modulation is proportional to 1/w. Calculating
the ratio

AH"  2r,
AH  w

(3.9)
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Figure 3.2: Critical-current diffraction patterns of (a) junction B and (b) junction D at 4.2 K.
Dots are experimental data, the solid line is theory according to Eq. (3.5). For better visibility the
low current region is also plotted on an enlarged scale. The two field modulation periods AH and
AH"are indicated in each plot. Theinsets I and I7 of plot (b) display the supercurrent distribution
in junction D at the magnetic fields indicated by arrows; light (dark) regions correspond to current
in positive (negative) direction.
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Table 3.1: Geometrical parameters and fitted values of the measured annular Josephson junctions.

# rifpm] S=r;/re AH'JAH 2r./w 6  Ar[um] Hy[Oe] Hy/Hy A [nm]
A 47 0.94 - - 0.96 0.5 0.319 0.65 208
B 45 0.9 22.9 20.0 0.92 0.5 0.346 0.703 193
C 42 0.84 13.2 12.5  0.88 1.0 0.321 0.646 210
D 35 0.7 6.5 6.7 0.72 0.6 0.405 0.821 165
E 30 0.6 4.8 5.0 0.62 0.5 0.376 0.765 177

for the different junctions, this simple prediction is quantitatively compared with exper-
iment. As can be seen from the forth and fifth columns of Table 3.1, Eq. (3.9) is quite
accurately fulfilled for our junctions.?

The described effect is illustrated in Fig. 3.2b by plotting the supercurrent density
Js = Jesin(¢) at different magnetic fields versus the junction coordinates using Eq. (3.2)
and taking into account ¢y as given by Eq. (3.8). At H = 3.250e < AH’, approximately
two and a half flux quanta have penetrated into the junction cross section 2r., as shown in
the inset [ of Fig. 3.2b. At the larger field H = 12.2 0e > AH’, more than one flux quantum
threads the width cross section of the junction (see inset II). Thus, after each period AH’,
one additional flux quantum is threading the width of the junction. We note here that
the spatial distribution of the supercurrent density can also be measured in experiment
[KVL196].

In Fig. 3.2, the experimental data are fitted to Eq. (3.5). In the fitting procedure the
values of both Hy and § are determined. Subsequently, the quantities acquired from the
fits are labeled by a tilde (]:]0, S) For the fit, the initial value of § is calculated from
the designed geometry of the junction; the initial Hy is calculated according to Eq. (3.6)
assuming the reasonable value of 200 nm for the magnetic thickness A. Then, the best fit
is found by iteratively adjusting H, and 5. The value of Hy predominantly determines
the small period of the critical-current modulation AH, whereas ¢ determines the large
modulation scale AH’. This fact is in agreement with the qualitative discussion above. As
can be seen from Fig. 3.2, excellent agreement between theory and experiment is found.
The parameters § and Hy determined from the best fits to the data of junctions A to E are
quoted in Table 3.1.

Comparing the values of § and § in Table 3.1, we find that § > § for all junctions.
The small but systematic difference can be explained by considering a symmetric deviation
Ar of the junction radii from their designed dimensions, e.g. due to the photolithographic
procedure during the preparation. Using this assumption, § can be expressed as

r; + Ar

b= ——. 3.10

re — Ar ( )
From the fits we find that Ar varies between 0.5 and 1.0 ym, see Table 3.1. This size
correction can also be explained as due to a slight over-etching of the trilayer during sample
fabrication, which results in a small reduction of the junction size. The obtained values of

Ar agree with the size tolerance quoted by Hypres [Hyp].

2For junction A, AH' could not be evaluated due to its small width. The field necessary to observe the
first minimum of the envelope of the diffraction pattern was above the maximum range of our experimental
setup.



32 CHAPTER 3. CRITICAL-CURRENT DIFFRACTION PATTERNS

35 :- m=o \ m= 2 y
r m=1 \\
_ 30F[ 0 m=2 \ ]
Figure 3.3: Critical-current . \\
diffraction patterns of junction < 25} \ y
B at 4.2 K. The qualitatively E i \
.. —° o0l | I ]
similar curves correspond to o : \
different number m of flux quanta 2 15 [
3 O
threading both junction loops, c_‘; i i
see inset. Arrows indicate the S 10— _ _&H
tendencies in the offset and in the S I N A > o D %
rescaling in H for patterns with 05— —— vt
different m. For better visibility ;
. o'o 1 1 1 1 1 1 1
each curve is offset by 0.5 mA -3 -2 -1 0 1 2 3
with respect to the other. magnetic field, H [Oe]

According to the theory, the quantity Hy depends only on the outer junction radius r.
and hence should be identical for all junctions measured. From the fits however, we find
values of Hy that slightly differ from junction to junction, see Table 3.1. Using Eq. (3.6), the
magnetic thickness A is calculated from Hy for each junction, see last column of Table 3.1.
The average magnetic thickness is A =191 + 18nm, yielding a London penetration depth
of A, & 95nm which is in good agreement with typical values of Ap (&= A/2) found for
niobium films.

The scatter observed in Hy (or, equivalently, in /N\) may be due to a small number m
of flux quanta threading the holes of both junction electrodes simultaneously, see inset of
Fig.3.3. Cooling the junction a large number of times from the normal to the supercon-
ducting state in a small residual magnetic field and measuring the resulting critical current
versus magnetic field, we find different diffraction patterns. Focusing on the low field range,
three such reproducibly generated diffraction patterns labeled by different m are shown in
Fig. 3.3. The patterns are very similar in their qualitative features, but differ quantitatively
depending on m. They show a slight offset in field and a large rescaling in the low field range
depending on the index m, see arrows in Fig.3.3. These effects may be due to self-fields
generated by the trapped flux-induced screening currents circulating in the junction loops.
For a perfectly symmetric junction (i.e. one without bias leads), the screening currents
should not contribute to the pattern, but for the junction geometry used here (see Fig. 3.1)
they may not be negligible. In this particular measurement, we have only observed three
different diffraction patterns, despite repeating the described procedure a large number of
times. This strongly suggests that quantized magnetic flux is threading the junction loop
perpendicular to the substrate.

The effective local field at the junction may be slightly different from the externally
applied field because of a small misalignment between the junction and the field. This
misalignment may vary between different measurement runs. Moreover, the superconduct-
ing environment of the junction, due to the presence of other circuits on the same chip,
may change the effective local fields. Both effects may give rise to small variations of the
characteristic field values Hy found in experiment.

At small fields, we observe a systematic deviation of the calculated patterns from the
experimental ones. In particular, the first minimum of the critical current appears at larger
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Figure 3.4: Critical-current
diffraction patterns of junction

B at temperatures between 4 K
and 8.5 K. Dots are experimental

data, solid line is theory. In the
inset the mnormalized external

junction radius r./Ay is plotted

versus temperature.

field than predicted by the theory. Moreover, the critical current at the first minimum does
not fall to zero. Both facts are to be expected for junctions that are not really small in
comparison with A;. Indeed, the dimensions of our junctions are slightly larger than ;.
This leads to a nonlinear penetration of the magnetic field into the junction at low fields,
resulting in an increase of the field at which the first minimum of the pattern is observed.
The analogous effect is observed in conventional long Josephson junctions [BP82, PRS91].

At higher temperatures, the Josephson length A; increases[BP82] and, hence, the effec-
tive size of the junction decreases. In the inset of Fig. 3.4, the normalized external junction
radius r. /Ay is plotted versus temperature, taking into account the temperature dependence
of both the critical-current density j.(7') and the London penetration depth A, (7T") [BP82].
At T > 7.8 K the normalized radius drops below unity. Therefore, at higher temperatures,
a better agreement between experimental data at low fields and theory is expected. This is
illustrated in Fig. 3.4, where the experimental critical-current diffraction pattern of junc-
tion B is plotted together with a fit for the temperatures T = 4.0, 7.0, 8.5 K. The data
are fitted keeping & constant for all T and adjusting Hy. At elevated temperatures, both
the position of the first minimum and the modulation depth of the critical current at small
fields show better agreement with the theoretical prediction.

3.2.2 Diffraction patterns with trapped fluxons

We have also measured all junctions with a single vortex trapped in the junction barrier.
As an example, the critical-current diffraction pattern of junction B at 4.2 K with n = 1 is
shown in Fig. 3.5. The most prominent feature of the pattern is the strong suppression of
the critical current at small fields. The zero field value of the critical current in this state is
reduced by more than a factor of 100 in comparison with the flux-free junction. Taking the
same fitting parameters as for n = 0, we find as good agreement between the theory and the
experimental data. The high-field part of the patterns show the same geometry dependence
as without trapped vortices. The slight differences between the fit and the experimental
data at low fields are, again, due to the dimensions (r. > Aj) of the junction. Moreover,
the assumption that the magnetic field associated with the vortex is homogeneously spread
along the junction circumference is not good enough to describe the low field features of the
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pattern correctly. In the inset of Fig. 3.5, the supercurrent distribution in junction B at
H = 4.21 Oe calculated according to Eq. (3.5) is shown. Evidently, at this field a number
of vortex anti-vortex pairs have penetrated into the junction but the width of the junction
is not fully penetrated, compare Fig. 3.2b, inset II. Also note that the symmetry of the
current distribution in the junction is broken due to the presence of the trapped vortex.
Similar current distributions in the presence of trapped vortices have also been observed in
experiment [KVLT96].

3.3 Conclusion

We have systematically measured the critical-current diffraction patterns of a number of
annular junctions of different width, with and without trapped fluxons, in a wide magnetic
field range and at different temperatures. The experimental data show a pronounced width
dependence that is explained accurately using the existing theory. In particular, a mod-
ulation of the envelope of the critical-current diffraction pattern is observed for junctions
of large width. The period of this modulation depends very sensitively on the normal-
ized junction size described by the parameter . Analyzing the experimental data at large
fields, it is possible to determine the contribution of the geometry dependent parameter
d and the magnetic field penetration dependent parameter Hy independently and consis-
tently, allowing for a quantitatively accurate comparison between experiment and theory.
The data analysis is accurate enough to detect a small reduction of the junction size due to
the fabrication process. The dependence of the critical current on the field in the low field
range can be used as one of the important characteristic criteria to determine the number
of Josephson vortices trapped in the junction.

It is worth pointing out that good agreement between theory and experiment in the
large field range is found for junctions of a diameter substantially larger than A;. At low
fields, the theory [Nap97] describes well the experiments for r. < A;, as confirmed by our
measurements at high temperatures. Thus, the magnetic properties of the junction are
determined rather by the junction radius than by the junction circumference, as already

pointed out in Ref. [MMK™"98].



Chapter 4

Whispering Gallery Resonances in
Annular Long Josephson Junctions

Experiments indicating the excitation of whispering-gallery-type electromagnetic modes by
a vortex moving in an annular Josephson junction are reported. At relativistic velocities
the Josephson vortex interacts with the modes of the superconducting stripline resonator
giving rise to novel resonances on the current-voltage characteristic of the junction. The
experimental data are in good agreement with analysis and numerical calculations based
on the two-dimensional sine-Gordon model.!

Whispering gallery modes are universal linear excitations of circular and annular res-
onators. They have first been observed in form of a sound wave traveling along the outer
wall of a walkway in the circular dome of St. Paul’s Cathedral in London, see Fig 4.1, and
were investigated by Lord Rayleigh [Rayl4] and others [Wal78]. In the 2 meter wide walk-
way, which forms a circular gallery of 38 meter diameter about 40 meters above the ground
of the cathedral, the whispering of a person can be transmitted along the wall to another
person listening to the sound on the other side of the dome. The investigations by Rayleigh
led to the conclusion that the whisper of a person excites acoustic eigenmodes of the circular
dome which can be described using high order Bessel functions. This acoustic phenomenon
lends its name “whispering gallery mode” to a number of similar, mostly electromagnetic
excitations in circular resonators. Whispering gallery modes are of strong interest in micro-
resonators used for ultra small lasers [MLS*91]. Most recently, circular resonators with
small deformations, in which chaotic whispering gallery modes were observed, attracted
a lot of attention [GCNT98]. Here, we describe the experimental observation of electro-
magnetic whispering gallery modes excited by a vortex moving in an annular Josephson
junction with a diameter of about 100 pm.

Annular long Josephson junctions are intriguing systems for the experimental study of

IParts of this chapter have been published in ‘Physical Review Letters 84, 151 (2000)’.
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Figure 4.1: Whispering gallery
of St. Pauls cathedral, London,
Great Britain.

solitons. The interest in this particular system stems from the possibility to fabricate annu-
lar junctions of width w < Ay and consider their dynamics as quasi-one-dimensional with
periodic boundary conditions, which allows their description by an 1D sine-Gordon model.
Only recently, the relevance of the finite width of the junction for its static [Nap97, MM96a)]
and dynamic properties [WBK197, KYSV98, NCL98] was started to be considered in ex-
perimental and theoretical work. The detailed theoretical consideration of the dynamics of
Josephson vortices in effectively two-dimensional annular junctions and the prediction of
new physical phenomena by Kurin et al. [KYSV98] stimulated the work presented here.

In the first section, I introduce the basic idea of the generation of whispering gallery type
plasmon modes by a vortex moving in a wide annular junction. This system is modeled by
the 2-D sine-Gordon equation in polar coordinates. The geometry and the basic properties
of the annular junctions used for experiments in this work are presented in Section 4.2. The
measured single vortex resonances indicating the resonant interaction between the vortex
and the junction plasmon modes are presented in Section 4.3. The renormalization of the
resonance voltages due to the idle region is considered specifically. In Section 4.4, the reso-
nance condition between the vortex motion and the whispering gallery modes, the spectrum
of which is calculated in Section 4.5, is derived. The experimental results are compared
qualitatively and quantitatively to results of numerical simulations in Sections 4.6 and 4.7.
Finally, I conclude and point out possible directions for future work on the investigation of
whispering gallery type plasma modes in annular junctions.

4.1 The idea and the model

In Reference [KYSV98] Kurin considers the Josephson vortex trapped in a wide annular
Josephson junction as a soliton string that propagates along the junction with an angular
velocity €2 under the action of the external bias current, as shown in Fig 4.2. Because the
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coordinates r and ¢ are also indicated.

Josephson vortex is a topological soliton, the vortex string moves (almost) rigidly along the
junction. Obviously, the linear velocity v = v, = Qr, of the string at the outer edge of the
junction is higher than at the inner edge v = v; = Qr;. At a certain threshold value €y,
the velocity v, of the vortex at the outer junction edge exceeds the (Swihart) velocity of
light ¢ of the junction. For © > Qy,,, an outer fraction of the rigid vortex string moves
at a velocity larger than the phase velocity of linear waves ¢g. This effect gives rise to a
Cherenkov-like interaction between the string and the linear electromagnetic modes of the
junction [KMS88]. Due to the annular junction geometry, the traveling linear waves are
predicted to be Bessel-type eigenmodes of the resonator, which are also termed whispering
gallery modes.

The Cherenkov effect is not observed in homogeneous, one-dimensional junctions be-
cause the vortex always moves at velocities smaller than the linear mode phase velocity
co. However, if the junction is effectively two-dimensional, contains inhomogeneities or is
coupled to other stripline resonators, the linear wave spectrum can be changed, such that
the vortex group velocity may be higher than the phase velocity of the lowest linear mode.
Similar effects have recently been observed experimentally in artificially and intrinsically
stacked Josephson junctions [HKUM97, GWTU98, GWU00].

Theoretically, the electrodynamics of a wide annular Josephson junction is described
by the perturbed sine-Gordon equation (PSGE) for the superconducting phase difference
¢, see Section 2.1.1. The Josephson vortex string corresponds to a twist over 27 in ¢,
which is localized in space. The vortex carries a magnetic flux equal to the magnetic
flux quantum ®5 = h/2e = 2.07107" Vs. Physically, this flux is induced by a vortex of
the screening current flowing across the junction barrier. The linear excitations in this
system are Josephson plasma waves that account for small amplitude oscillations in ¢ (see
Section 2.2). The maximum phase velocity of electromagnetic waves in such a junction is
the Swihart velocity given by ¢y = Ajw,, where A; is the Josephson length and w, the
plasma frequency (see Section 2.1.1). In zero external magnetic field, the normalized PSGE
for an annular Josephson junction of width w < Aj is found by extending Eq. (2.19) to two
dimensions and using the polar coordinates (7, )

oo~ ,00
or v ol

~ 0?
(Vz— a{Q)Qb—sinqb:—’y—l—oz (4.1)
In Eq. (4.1), V2—0?/0i? is the D’ Alembert wave operator, sin ¢ is the non-linear term due to
the phase-dependent Josephson current and ~ is the normalized bias current. The damping

terms a d¢/dt and 5@2%/6{ are inversely proportional to the quasiparticle resistance
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across the junction barrier and to the quasiparticle impedance of the electrodes, respectively.
The boundary conditions are fixed by the continuity of the phase in the junction Eq. (2.45)
and by the radial H; and tangential components Hw of the normalized external magnetic

field

i, = %

7
)
Do

where H is normalized to the characteristic field Hy = Oo/(2mrepioA) and n is the number
of vortices trapped in the junction (also see Chapter 3). The zero field boundary conditions
(H = H; = 0) are appropriate if no external magnetic field is applied and the self-field
of the bias current can be neglected. For the junctions of width w < A; considered here,
a homogeneously distributed bias current v as in Eq. (4.1) is justified. In contrast, for
junctions with w > Ay, the bias current may contribute to the boundary conditions of
Eq. (4.1) [MM96a].

Solving Eq. (4.1) in a perturbation approach, assuming negligible curvature of the vortex
string and small linear wave amplitudes, Kurin predicted in Ref. [KYSV98] that the vortex
interacts resonantly with the whispering gallery modes of the junction. If the group velocity
of the vortex coincides with the phase velocity of the linear mode, the resonance condition
is fulfilled. These predictions have been verified in numerical simulations [KYSV9g]. In
the original work however, Kurin et al. did not observe any indication for the excitation of
whispering gallery modes on the current-voltage characteristic of the junction. The interpre-
tation of their results relied on the analysis of the spatial distribution of the electromagnetic
fields in the junction.

In the experiments presented here, we make use of the same Josephson vortex for both
exciting and detecting the whispering gallery mode. This is possible because the vortex,
steadily moving at a velocity u driven by the Lorentz force due to the bias current ~,
generates a voltage V o u across the Josephson junction. At low damping the resonant
interaction between the vortex moving at relativistic velocities and the whispering gallery
modes results in a novel fine structure on the current-voltage characteristic of the junc-
tion. Our experiments are consistent with the theory developed by Kurin et al.[KYSV98].
Numerical calculations based on the 2D sine-Gordon model considering the experimental
junction parameters show good agreement with experiments.

4.2 The samples

In contrast to many experiments focusing on quasi-one-dimensional annular Josephson junc-
tions, we investigate comparatively wide, effectively two-dimensional junctions. We have
prepared a set of 5 annular Josephson junctions (A ... F) with the ratio § = r;/r. between
the inner radius r; and the fixed outer radius r. = 50 um being varied between ¢ = 0.94
and ¢ = 0.60, see Fig. 4.3b and Table 4.1.

The junctions have been fabricated at Hypres Inc. [Hyp] using Nb-Al/AlO,-Nb trilayer
technology with a nominal critical-current density of j. = 100 A/cm? The junction is
formed using a trilayer of thickness d;.; &~ 200nm. The top and bottom electrodes are of

identical thickness d;; = di; ~ 100nm separated by an AlO, tunnel barrier of thickness
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Table 4.1: Geometrical parameters of the annular Josephson junctions used in experiment. The
outer radius of every junction is r. = 50 um. w; = r. — r; is the junction width.

junction A B C D B
r; [pm] 47 45 42 35 30
wj [pm] 3 5 8 15 20
d=r;/r. 094 090 0.84 0.70 0.60
£=cof/co 0.70 0.78 0.85 0.91 0.94

t; ~ 2nm. The dielectric constant of this barrier is typically ¢; ~ 10. The junction is
defined in an etching process after which the bottom electrode extends about w, ~ 2 pum
outside of the active Josephson tunneling region, see Fig. 4.3c. The junction is insulated
by a t, = 200nm thick Si0, layer which has a dielectric constant of ¢, ~ 4. The electrical
contact to the top electrode is made by etching through the insulating 510, layer with
a minimum distance of approximately 0.5 ym from the junction edge. For the wiring a
d, =~ 300nm thick Nb layer is used. This layer also extends outside the junction area
forming, in combination with the bottom electrode, a passive region of width w, ~ 2 pum
around the junction, see Figs. 4.3b, c. This passive region acts as a small stripline in parallel
to the junction, but with electrical parameters different from the junction itself.

The passive region has a considerable effect on the phase velocity of electromagnetic
waves in the Josephson junction [Lee91, LB92, TUK"95], which is frequently neglected
in the discussion of experimental results obtained with long junctions. Most Josephson
junctions fabricated in Nb-Al/AlO,-Nb trilayer technology have a passive region, due to
the need of insulating the junctions effectively and simultaneously providing a reliable
wiring contact. The geometrical parameters and the electrical properties of the passive
region might vary considerably depending on the fabrication process. In the evaluation of
our experimental data, we take into account the effect of the passive region according to

Lee et al. [Lee9l, LB92].

We use two wide leads attached to the electrodes to apply the bias current homoge-
neously to the junction, see Fig. 4.3a. This standard biasing scheme is frequently called
the Lyngby geometry [DDKP85]. All presented measurements have been done using a well
shielded low noise measurement setup. Measurements at 1" = 4.2 K are done by emersing
the sample stage of a dipstick into the liquid helium bath of a storage dewar, measurements
at all other temperatures are performed in a temperature-controlled sample in vacuum
cryostat. The sample is electrically connected to a current source and a preamplifier using
twisted pairs which are fed through high frequency filters at room temperature. The sample
was mounted in a cryoperm magnetic shield and a coil was used to apply a magnetic field
of up to 40 gauss at 100 mA coil current in the plane of the junction, see Section 2.3.3 for
more details.

In a first set of measurements, the current-voltage characteristics of all samples were
acquired up to about twice the gap voltage and the critical-current diffraction patterns
were measured with the magnetic field applied in parallel to the bias leads. All junctions
were typically found in a state with no trapped fluxons and free of parasitic flux in the
superconducting electrodes, which could be inferred from the modulation of the critical
current with the magnetic field (see Chapter 3). All samples have a homogeneous bias
current distribution, inferred from the large value of the vortex-free critical current at zero
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Figure 4.3: (a) Three-dimensional sketch of the annular Josephson junction. The direction of the
angular velocity Q of the vortex (®g) under the action of the bias current is indicated. (b) Top
view of the junction. The active junction region (inner radius r;, outer radius r.) and the passive
region (inner radius ry, = r; — w,, outer radius re, = r. + wpy) are indicated. (c) Cross-sectional
view of the junction along the dashed line in Fig. (b). Layer thicknesses and overlap between
electrodes are indicated.

field, which is close to the theoretical Ambegaokar-Baratoff limit [AB63a, AB63b]. The
critical-current density is j. & 160 A/cm? (deviating somewhat from the projected value
of 100 A/cm?) and the London penetration depth is determined as A ~ 95nm at 4.2 K,
see Chapter 3. Using the magnetic field penetration depth A ~ 2X;, +1;, the characteristic
parameters are estimated as A\; ~ 30 ym and v, = w, /27 &~ 50 GHz.

4.3 Single-vortex resonances

We could realize single and multiple vortex states reproducibly in any of the junctions.
Vortices were trapped by applying a small bias current during cooling down from the normal
to the superconducting state.? Single-vortex states are identified as the lowest quantized
voltage step observed on the current-voltage characteristic. Also, a characteristic change of
the critical-current modulation with magnetic field, as discussed in some detail in Chapter 3

2We achieved good results by choosing the current such that the voltage drop across the junction in the
resistive state was about the voltage of the fluxon resonance to be observed in the superconducting state.
Usually several (about 2 to 5) cycles of cooling were sufficient to prepare the junction in the wanted state.
The current applied to the junction was chosen large enough to generate a flux threading the junction loop
that is close to one flux quantum.
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Figure 4.4: (a) Critical-current diffraction patterns of junctions A through £ with a single fluxon
trapped. (b) Current-voltage characteristics of single fluxon states in junctions A through F. In
both plots each characteristic is offset by AT = 0.5 mA for better visibility.

and reported earlier [VKTT97], was observed when a vortex was trapped in the junction,
see Fig. 4.4a. At zero field, the critical current is suppressed by a factor of more than 100
if a vortex is present in the junction.

The low voltage part of the current-voltage characteristics of junctions A to F with a
single trapped fluxon are plotted in Fig. 4.4b. Fach curve is offset by 0.5 mA in current
with respect to the other, else the resonances are plotted as acquired. The most important
and initially unexpected feature of the characteristics is a fine structure on the resonances
of the widest junctions D and F, which is not observed for the more narrow junctions
A, B and C. Such width-dependent features have not been noticed on the single-vortex
characteristics of annular Josephson junctions before.?

Before focusing on the fine structure, some general properties of the samples charac-
teristics are discussed and the raw data are normalized according to those results. Then,
in the remainder of this chapter, I analyze these data and explain their features using the
model discussed in Section 4.1.

4.3.1 Normalization

In Fig. 4.4b, different maximum currents (step heights) of the single-vortex resonances of
different junctions are observed. This feature is well accounted for by the distinct critical
currents, due to the differing junction areas. Dividing the current scale of each individual
resonance by the critical current of the corresponding junction results in an almost equal
step height of all resonances, as shown in Fig. 4.6.

More important, we observe a strong non-monotonic dependence of the maximum volt-
age of the resonances on the junction width w. From very general assumptions, we would

3A similar fine structure has been observed independently in low temperature measurements of very
long annular Josephson junctions by Martuciello et al. [MMKT98], though no convincing explanation of
its origin was presented.
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expect a scaling of the maximum fluxon step voltage Vinax with an effective junction length
Leg according to

Umax
Vinax = @ : 4.2
0T (4.2)

where vy, 18 the maximum velocity of the vortex. The effective length of an annular
junction is usually estimated from its mean radius

Te 1

Legg = 27 (4.3)
For junctions of finite width, there are corrections to be taken into account [WBK*97],
which are usually neglected in literature. Based on these simple assumptions, Vi, should
monotonically increase with the decrease of L.g, i.e. with a decrease of the inner radius r;
at a fixed external junction radius r.. Our junctions obey this geometrical property, but
the experimental results differ strongly from that expectation.

This feature of our experimental data can be explained by taking into account the
passive region enclosing the junction. This region, which is directly connected in parallel to
the common electrodes of the Josephson junction, acts as a transmission line with a specific
inductance and capacitance different from the junction itself. In the limit of a small idle
region, this effect can be taken into account by introducing an effective capacitance and
an effective inductance for the whole system, i.e. the Josephson junction coupled to the
stripline.

Accordingly, the phase velocity ¢y of a long Josephson junction with a stripline coupled
in parallel was first calculated by Lee et al. [Lee91, LB92]

Wy € 4 2wpep -1/2

- t; tp

Cog=2¢C W 5 (44)
AJ AP

where ¢ is the velocity of light in vacuum and A;, are the magnetic thicknesses of the
junction in the active Josephson (j) and in the passive insulation region (p) respectively.
The other parameters are the width w;,, the thickness ¢; , and the dielectric constant ¢;, of
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Figure 4.6: Experimental normalized current-voltage characteristics of single-vortex states in
junctions A to E. An enlargement of the high voltage region of the resonances in junctions D and
IV is shown in the inset.

the barrier. For the samples considered here, the magnetic thickness A;, was approximated

in the thick film limit [Wei69] as
Ay =2\ 415, (4.5)

Using the geometrical and electrical parameters of the different samples, we have calculated
the renormalization factor

_ lim,,s0c  ¢o

f=—""TF""T—=—, (4.6)

Co Co

see Table 4.1. Multiplying the voltage scale of each individual resonance with the respective
factor &, we effectively restore the characteristic of a bare junction, i.e. one without idle
region. In Fig. 4.5, £ is plotted versus the junction width w; for fixed width (w, = 2 um)
and electrical parameters of the idle region, see Section 4.2. It is clearly seen from the
figure that the increase of the phase velocity in a junction with a low-capacitance and high-
inductance stripline coupled to it can be substantial. For the junctions considered here, the
correction with respect to the bare junction are as big as 30% for the most narrow junction
(A). Still, for the widest junction measured (£) the correction is bigger than 5% and hence
cannot be neglected. The values of ¢ found for the experimental data are shown by solid
circles. As an additional check for consistency, we have performed numerical simulations for
junctions without idle region but otherwise identical to the geometry used in experiment.
The maximum voltages found from simulations have been compared to the renormalized
data shown in Fig. 4.6 and excellent agreement has been found.

Using the normalization of both the current and the voltage axis, as discussed above,
the single-vortex characteristics of the junctions A to E are plotted in Fig. 4.6.
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4.3.2 The fine structure

After understanding the general properties of the single-vortex characteristics, I now focus
on the novel feature noticed already in Fig. 4.4b, i.e. the fine structure which appears on the
vortex resonance of wide junctions. The fine structure is most clearly visible for the widest
junction F (see inset of Fig. 4.6), where steps well separated in voltage by approximately
AV = 1.0 4V are observed. In the more narrow junction D), a somewhat less pronounced
fine structure with a period of about AV ~ 0.7 4V is observed. However, at T'= 4.2K, a
similar feature is not noticed for any of the more narrow junctions.

The fine structure is reproducible and also robust against small perturbations, for ex-
ample induced by an external magnetic field. Varying the field between H = 0 and the
first maximum of the critical-current diffraction pattern (see Fig. 4.4a), the positions of the
fine structure steps in voltage do not change. However, the onset and the current height of
individual fine structure steps can be tuned by the field. In the well resolved current-voltage
characteristic of junction K, hysteresis is observed between jumps from one step of the fine
structure to the other.

In the following sections, I argue that the observed fine structure is well explained by the
resonant interaction of the moving vortex with linear whispering gallery modes [KYSV98].

4.4 Resonant interaction between soliton strings and
plasmons

As pointed out in the introduction, the Josephson vortex string is predicted to excite
plasmon modes of the annular junction by a Cherenkov-radiation-like mechanism if it moves
at a velocity higher than a certain threshold value. The vortex is expected to interact
resonantly with these self-generated plasmons. The resonance condition for this process
can be found by considering the dispersion of the fluxon mode and the dispersion of the
linear modes.

Fourier decomposing in time the voltage or magnetic field associated with a fluxon
moving in an annular junction at the angular velocity €2, one finds that the spectrum
contains only multiples m € of the fundamental frequency of rotation €. This is due to the
geometric quantization of the electromagnetic waves in the annular system. The same result
is found decomposing the fluxon in space, where only multiples m k of the fundamental
spatial Fourier component are found. Considering these two features, it is obvious that the
vortex can be represented in a dispersion diagram by a straight line Q(k) = QEk. Thus,
the angular group velocity of the vortex is given by v, = 9(9Qk) /0k which is identical
to its angular velocity €. Therefore, the vortex shows no dispersion which is a universal
property of a soliton. The spectrum of the fluxon, being a non-linear excitation, contains
high harmonic Fourier components, the amplitudes of which decrease exponentially with
increasing wave number k. Thus, the high harmonics of the vortex interact with large
wave number and high-frequency linear modes w(k) of the resonator. To find the resonance
frequencies, the spectrum w(k), i.e. the dispersion, of the linear modes for a given resonator
has to be determined, see Section 4.5.

Plotting both the dispersion of the vortex mode and of the linear modes into a common
dispersion diagram (Fig. 4.7), one finds that resonance occurs if the vortex dispersion
line crosses one of the discrete modes wy, of the plasmon spectrum. Mathematically this
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Figure 4.7: Dispersion diagram for two fluxon modes with different resonant angular velocities Q
and Qi_1 (open circles) and linear modes (solid squares) of the annular junction. The difference
in frequency Aw between two neighboring (Ak = 1) linear modes and the difference in vortex
velocity AQ = Qp_1 — Q. are indicated.

condition is expressed as
Wk
PO

which was found in a rigorous calculation in Ref. [KYSV98]. Equation (4.7) states that
resonance occurs, if the vortex group velocity v, = ) is identical to the linear mode phase

(4.7)

velocity v, = wy/k.

Thus, in an annular junction, a vortex moving at the angular frequency ) may come
into resonance with a whispering gallery mode of wave number k. Alternatively speaking,
a harmonic of the vortex-rotation frequency locks to the oscillation frequency of the linear
mode. If the spacing in €} between the resonances for different k is large enough and the
width of the resonances is narrow, this effect can be observed as a fine structure on the
single-vortex current-voltage characteristic. Since the locking is stable in a certain current
range, it leads to step-like resonances. The step height depends on the damping and the
frequency separation of different resonances. The strength of the damping (o and 3 terms)
determines the quality factor ) of the resonator. The spectral width of the linear modes
scales inversely proportional to (). Therefore, the resonance condition is not strict but is
also fulfilled in a range around the center frequency of the resonance. If the damping is high
(e.g. due to large temperature) and the resonances are closely spaced in frequency (e.g. for
a narrow junction), the resonances strongly overlap and the individual fine-structure steps
cannot be resolved.

The resonant interaction between the vortex and the linear modes can be observed on the
current-voltage characteristic because the voltage drop across the junction is proportional
to the vortex rotation frequency (see Section 2.2)

Py, 00

vy = 2

(4.8)
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by n2mv
= 4.9
27_[_ l 2 ( )

where n is the number of vortices trapped in the junction, v is the linear vortex velocity
and [ is the junction length. Using the fact that v = Qr and [ = 277 for any r, we can
express Eq. (4.9) as

V = %nﬂ, (4.10)
27

which is more appropriate for annular junctions since the linear velocity of the vortex v as
used in Eq. (4.9) is not well defined in this case. Using the resonance condition (4.7) the
voltage of a fine structure step is given by

= Ok (4.11)

Increasing the vortex (angular) velocity £ by increasing the bias current (i.e. increasing
the slope of the vortex dispersion line), a resonance with another linear mode of lower k£ may
be established, see Fig. 4.7. The decrease of the excited wave number £ with increase of the
vortex velocity is a characteristic feature of the interaction between the Josephson vortex
and the whispering gallery modes of the junction. This property is clearly demonstrated in
our numerical calculations presented in Section 4.6.

4.5 The plasmon spectrum of an annular junction

The plasmon spectrum of a Josephson junction is determined by both its geometrical and
its electrical parameters. If the junction geometry is annular, its eigenmodes are of the
whispering gallery type. The plasmon spectrum needs to be known precisely to predict the
voltages at which the whispering gallery resonances appear. In normalized units, the linear
modes of an annular junction are solutions to the inhomogeneous D’Alembert equation in
the polar coordinates (7, ¢)

1.0 109 0 .
S AN AR AR PTC
(f o or o o 1) ¢ 0, (4.12)

which is found from Eq. (4.1) neglecting all perturbations (v, o d/dt, ﬁ@zaqb/af) and
approximating the non-linearity as sin ¢ & ¢ to take into account the gap in the plasmon

excitation spectrum. In zero external magnetic field, the solutions to Eq. (4.12) have to
fulfill the boundary conditions

(7 =7i,7) =0. (4.13)

In terms of the electromagnetic waves in the junction, Eq. (4.13) corresponds to a total
internal reflection condition.
The partial differential equation (4.12) is separable, therefore its solutions can be ex-
pressed in the form
o = R(r) ®(p) (1), (4.14)
where R(7) is the radial component, ®(¢) the angular component and 7(7) the temporal
component. The solutions to the temporal and the angular part are obviously given by

T(f) = exp(i@f), (4.15)
O(p) = expliky), (4.16)
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where w = v/&? — 1. The general solution to the radial part R(7) of Eq. (4.12) is a linear
combination of the Bessel functions of the first (/) and second (Y) kind

R(7) = [A Ju(@F) + BYi(@r)] . (4.17)

k is the angular wave number, &w the angular frequency of the mode, and A and B are

constants determined by the boundary conditions (4.13). Thus, the general solution to
Eq. (4.12) is given by

S (7 0, 1) = [A Jp(©r,7) + B Yi(@,,7)] explike) exp(iof) . (4.18)
Applying the boundary conditions (4.13) to the solution (4.18), we find a set of equations
AJl(wr)+ BY/(wr;) = 0

AJ (@) + BY/(@F) = 0 ° (4.19)
which has non-trivial solutions for
1 s
e e | = vt - v =0

Ji(wre)  Yi(wre)
The set of solutions w(k, p) = wy, to Eq. (4.20) is characterized by the angular and radial
wave numbers k and p. They determine the linear mode spectrum, i.e. the dispersion, of
the annular resonator. Substituting the characteristic mode frequencies wy, , into Eq. (4.18),
the solution satisfying the boundary conditions (4.13) is of the form

. Sl (Wg pTe , L.
¢k,@k7p(F,¢,t) =A [Jk(whpf) — Yi(wg,,T) (0 _ ; exp(itkp) exp(iwg ,t) (4.21)

j\ Wk,
V(@ o7
with the free amplitude parameter A.

No exact analytical solutions to Eq. (4.20) determining the mode spectrum wy , exist.
Therefore, an approximate solution in the limit of vanishing inner junction radius r; is
discussed first. Then, Eq. (4.20) is solved numerically exact for junctions with finite inner
radius. The resulting spectra are discussed.

4.5.1 The circular resonator approximation

If the internal radius 7; of the junction is much smaller than its external radius 7, i.e.
0 <« 1, the annular junction can be essentially treated as a disc-shaped resonator with
respect to its linear modes, as pointed out in Ref. [KYSV98]. Thus, Eq. (4.20) simplifies
to the problem of finding w = @y, , such that

Ji(@F) =0 . (4.22)

An approximate, but sufficiently accurate, analytical solution to Eq. (4.22) is given by
[JEL60]

Wkp =

k+ o ks
Te

, (4.23)

where ¢, is a numerical constant characterizing the radial mode p.
In Fig. 4.8, the numerical solutions of Eq. (4.22) for the first three radial modes (p =
0, 1, 2) are plotted together with the analytical approximation (4.23) for p = 0 with ag =
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0.808. Evidently, for angular wave numbers & > 1, the analytical approximation is accurate.
In Fig. 4.8, we also observe that the higher-order radial modes have substantially higher
characteristic frequencies. Considering the resonance condition (4.7), it is easy to see that,
at a fixed vortex velocity, the wave number of any excited higher-order radial mode is much
larger than the one of the fundamental mode p = 0. Since the interaction strength between
the vortex and the whispering gallery mode decreases exponentially with increasing &, the
effect of the higher order modes can be safely neglected in this discussion.
In the limit 7; — 0, the solutions (4.21) can be approximated as

S (7, o, 1) = A (0, 7) exp(ike) explicp, 1) (4.24)

where wy, , 1s the angular frequency associated with the mode k, p satisfying the boundary
condition (4.13) at the external radius only. To visualize the structure of the whispering
gallery modes, we plot the spatial part of the solutions qbgin)(ﬂ ©,1 = 0) for the fundamental
radial mode (p = 0) and the angular modes k = 13, 7, and 4 in Fig. 4.9. In each subfigure,
the radial and the angular solutions R(7) and ®(y) are plotted. The phase amplitude
is normalized, such that the total energy of the electromagnetic field is the same for each
mode. The angular part of each mode is a periodic function of ¢ with the period 27 /k. The
radial structure of the mode is coupled to the angular wave number k, and is described by
a kth order Bessel function of the first kind. For increasing k the radial distribution of the
phase R(7) is increasingly peaked at the outer edge of the junction, which is a characteristic
feature of the Bessel function.

Additionally, contour plots of the phase ¢ in the respective mode k are shown in Fig. 4.9.
The contours connect points of constant phase. Regions with a high density of contours
corresponding to a large gradient of phase are associated with a large magnetic field. The
whispering gallery modes are clearly recognized by their large phase gradient at the outer
edge, the small phase gradient in the inner part of the junction, and the periodic modulation
along the junction circumference. It is evident that the amplitude of the field is increasingly
concentrated at the outer junction edge with increasing k, whereas the fields are almost
zero in the center of the junction, see contour plots in Fig. 4.9. Therefore, for large k, the
boundary condition at r; does not need to be considered specifically, Thus, the assumption
of a disc-shaped resonator works reasonably well for junctions with sufficiently small inner
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Figure 4.9: Spatial part of the phase distribution ¢ in arbitrary units for p = 0 and (a) k =13,
(b) k =7 and (c) k = 4. In the left part of each figure, R(7) and ®(¢p) are plotted. On the right
hand side the spatial distribution of the phase is shown in a contour plot. The contours indicate
lines of constant phase ¢, light (dark) shades of gray correspond to large (small) values of ¢.
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Figure 4.10: (a) Mode spectra for junctions A to £. The plasmon gap is considered. (b)
Resonance conditions for junctions A to F.

radius.

Therefore, for large £ the boundary condition at the inner junction radius does not need
to be considered specifically and the simplified assumption of a disc-shaped resonator works
reasonably well, even for some range of junctions with 7; # 0.

4.5.2 Exact annular resonator spectrum

If the whispering gallery mode spectrum of an annular junction is to be calculated exactly
for any value of k and §, Eq. (4.20) has to be solved numerically. We have calculated the
spectrum w, ;, for the first 30 radial modes and the first 100 angular modes for the fixed
outer radius 7. = 1.0 and the inner radii ; = 0.60, 0.70, 0.84, 0.90, 0.94. The spectra have
been calculated by finding the zeros of Eq. (4.20) using Newtons method with a guessed
initial value. The spectra can be easily rescaled for any junction size by dividing wy , by
the external radius 7..

Taking into account the common external radius 7. = 1.66 and the plasmon gap, the
plasmon mode spectra calculated for junctions A to E are plotted in Fig. 4.10a. Though
the differences in the spectra seem to be small on the first sight, the dispersion of the
modes changes significantly with the junction width. The more narrow the junction is,
the more closely the spectrum of the fundamental radial mode resembles the one of a

narrow quasi-one-dimensional annular resonator with the simple spectrum @y g = 1/ k24 1.
Additionally, we observe that the characteristic frequencies of higher order radial modes are
shifted strongly to higher values with decreasing width of the resonator. Therefore, these
modes are even less relevant than in the wide junction case.

The effect of the junction width is more apparent when considering the resonance con-
dition, see Fig. 4.10b. Here the resonance frequencies () and the separation between res-
onances A() depend strongly on the junction width. As the most important feature, we
observe that the separation in frequency between different resonant modes decreases sig-
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Figure 4.11: Phase profiles for junctions with 7. = 1, § = 0, 0.6, 0.9 and angular wave numbers

k =13, 7, 4. Note the squeezing of the spatial structure of the mode with increasing 6. The effect
is more pronounced for modes with low & in narrow junctions.

nificantly with decreasing junction width. Therefore, these resonances are not resolved in
measurements of the narrow junctions A, B, and € at T' = 4.2 K, where the damping is
relatively high, see Fig. 4.6.

In Fig. 4.11, we compare the phase profiles of the whispering gallery modes with the
same angular wave number k for junctions of different normalized width (6 = 0, 0.6, 0.9).
The radial squeezing of the modes in dependence on the junction width is clearly observed.
This squeezing leads to the shift of the mode frequencies to higher values. The effect is large
for modes with low k&, which have high amplitudes at the inner boundary of the junction.
This observation stresses the importance of the finite inner junction radius in particular for
modes with low £ and junctions with large 4.
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Figure 4.12: Numerically calculated current-voltage characteristics V() for junctions A to L.
In the inset the characteristics of junctions D and F are shown on an enlarged scale. Arrows
indicate the bias points used to obtain the phase profiles shown in Fig. 4.13.

4.6 Numerical calculations

To confirm the interpretation of our experimental findings, direct numerical simulations of
the full 2D perturbed sine-Gordon equation (4.1) in polar coordinates with the bound-
ary conditions (4.13) have been performed for each of the five junctions listed in Ta-
ble 4.1 [WUK*00]. We have calculated both current-voltage characteristics V(v) and two-
dimensional phase profiles ¢(7, @, 1), describing the spatial and temporal field distributions
in the junction. The damping parameter a = 0.03 was chosen close to its estimated experi-
mental value at T' = 4.2 K, and § was set to 0 for a first qualitative analysis. The calculated
V(v) characteristics for junctions A to F are plotted in Fig. 4.12. For comparison with ex-
periment, we converted the calculated normalized vortex rotation frequency € into voltage
units according to

V(7) = 220,00) (4.25)

" or

using a plasma frequency of w,/2m = 52.4 GHz. This value of w, has been determined from
fits to experimental data, which are discussed in Section 4.7. The similarities between the
experimental data shown in Fig. 4.6 and the numerical simulations presented in Fig. 4.12
are striking. Clearly, the fine structure on the current-voltage characteristics of the wide
junctions D and FE is very well reproduced in the simulation, see inset of Fig. 4.12. In
simulations, the fine structure disappears with decreasing junction width, which is also
found in experiment. Additionally, a decrease of the maximum voltage of each individual
resonance with increasing inner junction radius, being in accordance with the experimental
data, is observed.

[t is worth pointing out that in the initial work presented by Kurin et al. in Ref. [KYSV9S]
no peculiarities were observed on the simulated single-vortex current-voltage characteris-
tics. This effect is attributed to the relatively large damping parameter o« = 0.02 and the
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simultaneously large junction circumference ¢ = 67 which were chosen in their calcula-
tions (af = 0.38). In contrast, the simulations discussed here were done for ¢ = 3.37 and
a = 0.03 and thus a somewhat smaller effective damping (af = 0.31). At the same time,
the wave numbers of the excited whispering gallery modes in our simulations are smaller
than those discussed in the original paper by Kurin. Moreover, the numerical accuracy
of the simulations discussed above was increased in order to explicitly search for the fine
structure which was observed in our experiments.

The phase distribution in the junctions at various bias points has been analyzed to
further investigate the origin of the fine structure. Fig. 4.13 shows the phase profiles at
the bias points on the subsequent fine-structure resonances of junction £ indicated by the
arrows in Fig 4.12. As before, the phase profiles are visualized by plotting lines of constant
phase. Hence, the vortex position is easily identified by the largest gradient of phase in
the position indicated by the arrows in Figs. 4.13a, b, ¢, and d. Most striking, a clear
whispering gallery structure, which resembles closely the analytically calculated modes, is
observed in these simulations, e.g. compare Fig.4.13a and Fig. 4.11. The whispering gallery
modes are clearly recognized by their large phase gradient at the outer edge and the small
phase gradient at the inner edge of the junction and the periodic modulation along the
junction circumference. The angular wave number of the mode is identified by the number
of periods of the field modulation along the junction perimeter. As expected, only the
fundamental radial mode is observed.

From the analysis of the resonance condition (4.7), it has been predicted that the an-

Figure 4.13: Phase profiles ¢(7, ¢) at bias v equal to (a) 0.5, (b) 0.4, (c) 0.3 on the single-vortex
resonance of junction £ and (d) at v = 0.6 for junction D. Plotted are lines of constant phase,
their high density corresponds to a large gradient of phase and hence a large magnetic field. The
position of the vortex is indicated by an arrow. The whispering gallery modes with angular wave
number k equal to (a) 7, (b) 8, (¢) 9 and (d) 9 are observed.
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gular wave number of the mode excited by the moving vortex increases from resonance to
resonance with decreasing vortex velocity. Precisely this feature is observed in the numerical
calculations, see Figs. 4.12 and 4.13.

Considering the resonance condition Eq. (4.7) and the dispersion of the linear modes
Wi, we have shown in Section 4.5 that the density of resonances in voltage and the wave
number of the lowest excited mode increase with decreasing junction width w; = r. — r;.
This fact has been verified in numerical calculations for junction D, where the lowest mode
number excited at the top of the resonance is k = 9, see Fig. 4.13d. At comparable bias
current, the mode excited in the more narrow junction D has a notably higher wave number
than the one excited in junction F. For very narrow rings, no fine structure is observed
in experiment and in simulation, due to the overlapping of the closely spaced neighboring
resonances in the presence of damping.

4.7 Quantitative comparison and discussion of results

Using the resonance condition (4.7) and the proportionality between the angular frequency
of the vortex © and the voltage V' [Eq. (4.10)], the fine structure resonances are fitted
according to

Dy~ P wy
- %wp? ’

with the plasma frequency w, and the mode number k as parameters. For the fits we use the

(4.26)

numerically exact values of @y calculated for the specific junction geometry as described
in Section 4.5.

The best fit to the experimental data of junction £, which has the most clearly resolved
fine structure at 4.2 K, is found for the plasma frequency w, /27 = 52.4 GHz and the wave
number ki, = 7 for the highest voltage resonance, see Fig. 4.14a. Both the absolute voltage
of the resonance as well as the spacing between different resonances are well explained by
the model. The value of ky;, determined from the fit to experimental data is exactly the
one found for the highest resonance in numerical simulations, compare Fig. 4.13a. Also, the
voltages of the resonances found in simulation (Fig. 4.14b) are in excellent agreement with
the ones calculated from the dispersion relation (dotted lines). The agreement between
the calculated resonance voltages, the numerical simulations and the experimental data is
better than 1 percent, which is near the limit of the voltage resolution of 0.1 4V of our
experimental setup.

In the simulations performed with o = 0.03 and § = 0, the differential resistance of
the individual steps of the resonances is observed to be smaller than in experiment. The
qualitative agreement of the shape of the resonances is significantly improved, by considering
a non-zero surface damping and somewhat reduced quasiparticle damping in the simulation.
The simulated current-voltage characteristic of junction £ with the damping parameters
a = 0.02 and # = 0.0012 is presented in Fig. 4.14b (open squares). Clearly, taking into
account the quasiparticle surface losses (ox () leads to a larger differential resistance of
the resonance, which closely resembles the experimental data in Fig. 4.14a. In contrast to
simulation, the upper step with the wave number £ = 6 is not present in the experimental
curve. A possible reason may be the reduced stability of the step in the presence of thermal
fluctuations or small current fluctuations induced by residual electromagnetic noise in the
experimental setup.
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Figure 4.14: (a) Upper part of the experimental single-vortex current-voltage characteristic of
junction F. (b) Simulated current-voltage characteristic of this junction for &« = 0.03, 3 = 0 (open
circles) and o = 0.02, § = 0.0012 (open squares). The calculated resonance voltages are indicated
by vertical dotted lines and marked by the corresponding wave number k.

By investigating the dependence of the observed fine structure on temperature, number
of trapped vortices, and external magnetic field, we have confirmed that the observed effects
are due to the interaction of the vortex with the whispering gallery modes of the junction.

At elevated temperatures, no fine structure is noticed in any of the samples due to
the increase of the intrinsic damping and the resulting low quality factor of the junction.
Decreasing the temperature below 4.2 K, fine structure is observed in all samples A to F;
also the differential resistance of the resonances decreases with temperature. As a typical
example, the measured single-vortex current-voltage characteristic of junction C' is shown in
Fig. 4.15a. Obviously no fine structure is resolved at temperatures above T' = 4.2 K, whereas
at lower temperature the fine structure is clearly visible. The position of the resonance in
voltage is almost constant but the differential resistance of the resonance decreases with
temperature.

Moreover, we have found that the voltages of the fine-structure resonances scale with the
number n of moving vortices. Therefore, for n > 1 the fine structure is clearly resolved in
voltage and also more pronounced because several vortices coherently pump the whispering
gallery mode. As an example, the first and second fluxon resonances of junction C are
shown in Fig. 4.15b. The voltage spacing of steps in the two fluxon case is a factor of
2 larger than in the single fluxon case. The step positions normalized by the number of
moving fluxons do not exactly coincide, presumably because of the small change of the
dispersion relation due to the presence of more vortices in the junction. No dependence
of the fine-structure voltage-step positions on small external magnetic fields was noticed.
We have also investigated more narrow annular junctions with a wide idle region both
experimentally and theoretically [WFUT00]. In this case, the spectrum of the whispering
gallery modes (and, thus, of the fine structure) is strongly influenced by the geometry and
the electrical properties of the passive region, see Chapter 5. The fine structure recently
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Figure 4.15: (a) Current-voltage characteristic of single-fluxon resonance of junction C' at tem-
peratures between 7' = 52K and 7' = 2.2K. (b) Current-voltage characteristics of first and
second vortex resonances of the same junction at T'= 1.6 K.

reported in Ref. [MMK™"98] is consistent with our observations.
Thus, we have developed a consistent picture for the qualitative and quantitative ex-
planation of the Cherenkov-radiation-induced fine structure in effectively two-dimensional

annular Josephson junctions. *

4.8 Conclusion and outlook

We have presented detailed experimental and numerical evidence for the excitation of whis-
pering gallery modes by vortices moving in wide annular Josephson junctions. The vortices
appear to whisper (generate radiation) at frequencies between 250 and 450 GHz in the
annular whispering gallery of 100 gm diameter. This novel effect has been observed at suf-
ficiently low damping for annular junctions in a wide range of electrical and geometrical
parameters. It is very robust with respect to small external perturbations such as variations
in bias current density, boundary conditions or junction inhomogeneities. The resonance
frequencies have been calculated and quantitative agreement with experimental data and
numerical simulations better than one percent has been reached. We have shown that the
linear spectrum of the resonator can be sensitively probed by the resonant interaction of
plasmon modes with the moving vortex.

4The remaining small deviations (on the order of one percent or less) between experiment and theory,
are possibly due to the modified plasma spectrum of the junction in the presence of a vortex, the change of
the resonance spectrum due to the idle region (see Chapter 5 and [WFU'00]) other than the one already
taken into account by the rescaling according to Lee et al. [LB92, Lee91], the excitation of large amplitude
waves, for which the linearization sin ¢ & ¢ is not accurate enough, frequency shifts of the plasma spectrum
due to finite damping. These effects could lead to small (less than one percent) corrections to the predicted
resonance voltages, but they are not essential for the understanding of the main new effect clearly observed
in the experimental data.
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The discovery of the fine structure on the single-vortex characteristics of annular junc-
tions has implications for the interpretation of earlier results on Cherenkov radiation in
multi-layers [GWTU98, GWU00], fluxon bunching [VLS*96], and the temperature depen-
dence of the damping parameters a and § [DDKP85]. In particular the Cherenkov inter-
action of the vortex with the whispering gallery modes of the junction due to the finite
junction width leads to a similar fine structure as the Cherenkov radiation generated in
asymmetric stacks [GWTU98, GWUO00]. Therefore, the different sources of fine structure
in annular junctions have to be distinguished carefully in experiment. Also the bunching
of fluxons [VLS196] may need to be reconsidered in the view of Cherenkov radiation in
annular junctions. As pointed out recently in Ref. [GMUOQO], the bunching of vortices at
a particular inter-vortex distance is strongly influenced by the existence of plasma waves
in the junction. Furthermore, the determination of the temperature dependence of o and
in particular 8 [DDKP85], based on the fitting of the form of the single-vortex resonance
to perturbation theory, is to be reconsidered. In particular, the fine structure effectively
increases the average differential resistance of the resonance, causing an overestimation of
the value of 3.

In the future work, we plan to perform spatially resolved measurements of the whispering
gallery modes by using low temperature scanning electron microscopy (LTSEM) [GK94]
or low temperature scanning laser microscopy (LTSLM) [SZT%94, SZTD96]. Under the
influence of the beam, the quality factor of the junction is modified locally, the effect of
which can be monitored by a change in the voltage response of the junction at fixed bias
current. This technique allows to image spatially the standing wave patterns in small
superconducting structures [GK94]. First promising results using this technique have been
presented [Kru98].

We also intend to perform direct measurements of the radiation generated by the res-
onant interaction of the vortex with the whispering gallery modes of the junction. The
radiation can either be detected directly using an SIS detector or measured using an SIS
mixer [KSF196]. The major challenge here is to design a coupling circuit between the sam-
ple and the detector that is efficient in the frequency range of interest, i.e. 250 - 450 GHz.
By choosing the proper junction geometry, the resonance frequencies can be tuned to be
accessible with the available equipment. Such a measurement would be the first direct evi-
dence of the generation of Cherenkov radiation by a vortex moving in an annular Josephson
junction. Being successful, such measurements could stimulate the use of annular junctions
as radiation sources. Due to the Cherenkov-like coupling of the fluxon modes to the linear
modes at all the external junction perimeter, the generation of radiation could be very
efficient.

An interesting path for future research is the investigation of the transition of whispering
gallery modes in symmetric annular junctions to chaotic modes in asymmetric junctions.
Geometries of particular interest are the so-called stadium geometry or the Bohigas an-
nular billiard, one being an oval variety of the annular junction and the other being an
annular junction where the circle defining the inner perimeter of the junction is offset from
the center of the junction. The properties of electromagnetic modes in such junctions can
be investigated in detail using the techniques presented in this chapter. Chaotic modes in
micro-resonators are currently under active investigation both theoretically and experimen-
tally.



Chapter 5

Annular Junctions with Idle Region

Experiments studying the influence of the idle region on the static and dynamic properties
of annular Josephson junctions are reported. The dependence of the first critical field of
the junction on the width of the idle region is investigated and explained considering a
renormalized Josephson length. The excitation of whispering-gallery-type electromagnetic
modes by a vortex moving in an annular Josephson junction with large idle region is ex-
amined. We calculate analytically the spectrum of the linear modes taking into account
the electromagnetic environment of the junction. The experimental data are in good quan-
titative agreement with analysis and numerical calculations based on the two-dimensional
sine-Gordon model.!

In literature, many experiments on the static and dynamic properties of long Josephson
junctions are qualitatively explained considering the electrical and geometrical parameters
of the bare junction only. In many cases, such a simplified approach suffices to quali-
tatively explain the observations. However, in order to understand experimental results
quantitatively, the electromagnetic environment of the junction needs to be considered.

The most important contribution to the electromagnetic environment originates from
the fact that the Josephson tunnel junction is usually surrounded by an insulating region,
which separates the top and bottom electrodes from one another to avoid shorting out the
junction by a direct contact between the two. Such an insulating region is required in any
junction fabrication process (see Section 2.3.1), though its physical realization, its size and
electrical parameters can be quite diverse. The part of the Josephson junction in which the
tunneling of Cooper pairs is possible is called Josephson or active region. In contrast the
part in which tunneling is suppressed by a thick insulating barrier is called passive or idle
region. The geometry of the active region is determined by the planar dimensions of the
tunnel barrier, whereas the dimension of the idle region is determined by the overlap of the

!Parts of this chapter have been published in ‘Physica B 284-288, 575 (2000)” and have been accepted
for publication in ‘Journal of Applied Physics’.

38



59

Table 5.1: Dimensions and effective Josephson lengths of two sets (I and I7) of annular junctions
with mean radius 7 = (r; + r.) /2 = 55 pm and Josephson length A; ~ 10 pm.

set I 11
w; [ppm] 10 6
# A B C D E F A B C D E

w, [pm] 3 5 10 15 20 30 | 3 5 7 12 22
wy/w; 03 05 10 15 20 30|05 08 1.17 20 3.67
Ae/A; 116 1.25 147 1.65 1.82 2.11|1.25 140 1.53 1.82 2.28

top and bottom electrodes outside the active junction region, see Fig. 4.3.

One of the first systematic investigations on the effect of the idle region on the dynamic
properties of long Josephson junctions was published by Lee et al. [Lee91, LB92]. In this
work, the dispersion of the linear modes of a long junction was calculated in dependence
on the inductance and the capacitance of the junction and the idle regions. It was found
that the Swihart velocity of a junction can be substantially increased by a usually low-
capacitance and high-inductance stripline coupled to the junction. Measurements of the
Swihart velocity are commonly used to estimate the specific capacitance and inductance of
the junction. To estimate those parameters from the measurements, the idle region needs
to be considered in the way suggested by Lee et al. [Lee91, LB92]. Their results have been
experimentally verified for long junctions in Ref. [MCM95].2

The static properties of the phase distribution in a long Josephson junction can be
probed by measuring its critical-current diffraction pattern. The first experiments investi-
gating the effect of the idle region on such patterns are reported in Ref. [TUK195]. At the
same time, a theory explaining the experimental observations by considering a renormal-
ization of the Josephson length was developed by Caputo et al. [Cap96], but no systematic
comparison between experimental data and theoretical predictions had been performed.
Since then, the theoretical understanding of the static properties of the junction has still
advanced and is quite complete now, see Ref. [CFK199].

In this chapter, we present experimental results which underline the importance of
considering the idle region to understand both static [FWU0Oa] and dynamic properties
[WFKUO00] of annular Josephson junctions. In the first section I introduce a model which
describes the electrodynamics of an annular junction with idle region. In Section 5.2 I
discuss the low field properties of critical-current diffraction patterns of junctions with
large idle region and compare the results to the theory by Caputo et al.. In Section 5.3
the dynamics of vortex anti-vortex pairs in junctions with a large idle region is considered.
In particular the excitation of whispering gallery resonances is observed (compare Chapter
4) and the modification of the characteristic resonance frequencies due to the idle region
is discussed. The linear mode spectrum is calculated by considering the idle region as a
stripline resonator coupled symmetrically to the annular junction.

We have designed two sets of annular junctions with mean radius ¥ = (r;+r.)/2 = 55 pm
junction width w; = 10 pm and 6 pm, respectively. Within each set, junctions with a passive
region width between w, = 3 ym and 30 pm are studied. The available samples are listed

?The results by Lee et al. were also used in Chapter 4 to renormalize the current-voltage characteristics,
in order to reconstruct the single-vortex resonances of a bare junction, i.e. one without idle region.
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in Table 5.1. The junctions were fabricated at Hypres Inc. [Hyp| using Nb-Al/AlO,-Nb
technology with a nominal critical-current density of 1000 A /cm?. The fabrication process,
the electrical parameters and the film thicknesses used in junction fabrication are identical
to the ones stated in Section 4.2. For reference their values are listed again in Table 5.2 .

5.1 The model

The physics of an effectively two-dimensional annular Josephson junction is well described
by the normalized perturbed sine-Gordon equation in polar coordinates (4.1), as discussed
in detail in Sections 2.1.1 and 4.1. Here, the idle region is considered as a stripline coupled
in parallel to the junction. Its electrodynamics is described in terms of a wave equation for
the component of the vector potential in the passive region i, which is perpendicular to

A
CEEEATIN o

The factor 1/V? is introduced to take into account the different phase velocities ¢, and ¢;
in the passive and active regions of the junction, respectively. V is defined as

the plane of the junction

Cp
= £ 5.2
v=2 (52)
with
tjp
| P 5.3
cp7] ej,pd;7p ( )

In the respective junction region the magnetic thickness d’;  is given by [Wei69]
d;,, = A coth (dy/Ar) + Ap coth (di/Ar) + ¢, (5.4)

where d;; are the top and bottom thicknesses of the superconducting electrodes, t;, are
the thicknesses of the insulator and ¢;, are its dielectric constants, the respective values
of which are quoted in Table 5.2. In the thick film limit, Eq.(5.4) can be approximated
as d; =1, + 2Ar. In this way the electrodynamics of both the junction region and the
passwe region can be expressed in the same normalized units.

To assure the continuity of the fields ¢ and ¢ at the interface between the two regions,
we require

¢ (5.5)

The jump of the magnetic field at the boundary is proportional to the ratio of the specific
inductances A of the two regions

TiTe

9%
ar

9%/)
o 87“

TiTe

(5.6)

Tiyle

Table 5.2: Bottom and top electrode thickness dp;, London penetration depth Az, barrier thick-
ness t;,, and dielectric constant €;, of both active and passive junction regions.

dy[nm] d; [nm]  Ap[nm] ¢, [nm] €,
junction region (j) 100 400 90 2 10
passive region (p) 100 300 90 200 3.5
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The inductance ratio A is defined as

A= (5.7)
L;
with the specific inductance L}  given by
L;p - /“Lod;}p . (5.8)

In zero external magnetic field, neglecting self-field contributions due to the bias current,
the boundary conditions at the outer junction edge are given by

o
or|. -

TipsTep

=0. (5.9)

Using the above equations the statics and dynamics of long Josephson junctions with
idle can be accurately described.

5.2 Critical-current diffraction patterns

The maximum possible superconducting current, that is the critical current /., of a Joseph-
son junction depends sensitively on the externally applied magnetic field [Jos64, BP82,
ARG63]. In Chapter 3, it has been shown that the critical current diffraction patterns of
relatively small annular junctions 7. < 1 are well described by an analytical expression
calculated using a linear phase approximation [Nap97]. In this limit, excellent agreement
between the experimental data and the theoretical prediction was found. For much longer
junctions 7, > 1 the experimental data, in particular in the low field range, are not well
described in the linear phase approximation. The description of the full critical-current
diffraction pattern of long junctions in a large field range is a complicated problem and is
usually approached using numerical calculations [PRS91]. However, the dependence of the
critical-current on a small applied magnetic field can be well understood in the following
way. In weak magnetic fields, a long junction behaves like a weak superconductor and shows
the Meissner effect [Sch70]. In this regime the critical current decreases proportional to the
external field [OS67]. This behavior exists until a critical field H,, is reached. At this field
flux quanta in form of Josephson vortices penetrate into the junction [OS67]. Neglecting
the idle region, the first critical field of a long linear Josephson junction is given by [Sch70]

P

. = : 1
R o (5.10)

where A = Ap tanh (dy/2Ap) + A tanh (di/2A1) + t; is the effective magnetic thickness of

the junction [Wei69] and
®
Aj= | ———— 5.11
R\ (5-11)

is the Josephson length. In first experiments, it was qualitatively found that H. of a
junction with idle region scales proportional to some effective Josephson length [MLI7,
TUK*95]. In the following, we consider the dependence of the first critical field of a long
annular junction on the width of the idle region and compare our experimental results

[FWU00a, Fra99] to predictions by Caputo et al. [Cap96, CFKT99].
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In measurements of the critical current versus the externally applied in-plane magnetic
field of the annular samples listed in Table 5.1, we found a strong influence of the width
of the passive region w, on the pattern. The critical-current diffraction patterns of the
junction with the most narrow (junction /A) and the widest idle region (/F') are shown
in Fig 5.1 to illustrate the effect. From the experimental data, the first critical field is
determined by linearly extrapolating the branch starting at the maximum zero-field critical
current to I. = 0, see inset of Fig. 5.1. Obviously, we observe a large decrease of H.,
with increasing width of the idle region w,. In Fig 5.2a, the values of H., determined for
both sets of junctions are plotted versus w,. Considering the ratio of the idle width w, to
the junction width w;, we find that H, scales universally for both sets of junctions with
this quantity, see Fig 5.2b. Moreover, a small increase of the maximum zero-field current
with w, is noticed. In the high-field range, we also observe a modulation of the pattern
with a large period, depending on the geometry and the characteristic magnetic field of the
junction, as discussed in detail in Chapter 3.

The observed scaling of the first critical field H., can be explained by a rescaling of the
Josephson length Ay in dependence on the idle width w,, as first pointed out by Caputo
et al. in Refs. [Cap96, CFK*99]. In his work, Caputo calculated the effective size of a
Josephson vortex Aeg in a long junction with various geometries and sizes of the idle region.
The calculations are based on the analytical and numerical evaluation of the static limit of

Eqgs. (4.1) and (5.1)

Vip—sing = 0,

S = 0 (5.12)

with the boundary conditions stated in Section 5.1. Considering a long linear junction
of width w; with a symmetric idle region of width w,, the size of the vortex is found
by reducing the set of 2D partial differential equations (5.12) to an 1D non-local integro
differential equation [CFK*99]. Tt is found that the solutions to the non-local equations can
be mapped to the solutions of a junction with an effective renormalized Josephson length
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Aett. In the limit of w,/A; <5, the effective Josephson length is given by [Cap96]

Nt = Mgy 1+ 202y (5.13)
wy

Equation (5.13) can be interpreted by considering the effective inductance of the junction
given by the parallel combination of the inductances of the junction and the stripline. The
factor 2 appears because the junction is coupled symmetrically on both sides to an idle
region of width w,. The result (5.13) was verified in Refs. [Cap96, CFK*99] by extensive
numerical simulations for a large range of junction parameters. The size of the vortex was
evaluated by direct numerical calculations of the phase distribution inside the junction and
also by a variation of the free energy of the vortex. Moreover, the critical-current diffraction
patterns were simulated and it was shown that H., decreases inversely proportional to Aeg
[CFK99].

Therefore our measurements of the dependence of the first critical field on the width
of the passive region can be analyzed in terms of the effective Josephson length Aeg. In
Fig. 5.3, the first critical field for the two sets of annular junctions I and II is plotted versus
the reciprocal normalized effective Josephson length calculated from Eq. (5.13) using an
inductance ratio of A = 0.5. Obviously, the data scales linearly with A;/Aeg, proving that
the observed effect can be explained by an inductance-dependent renormalization of the
Josephson length as stated in Eq. (5.13). All data in Fig.5.3 fit with a relative standard
deviation of about 10 % to this linear dependence.

Even though the relation (5.13) was derived in Ref.[Cap96] for linear junctions only, we
found that it describes well the data of annular Josephson junctions, as can be seen from
Fig. 5.3. The reason is that the universal scaling of the Josephson length in a quasi-one-
dimensional Josephson junction (w; < Ay) coupled to an idle region persists relentless of
the exact geometry of the junction. The increase of Aeg with w, is also manifested in the
fact that the pattern shows a linear dependence of I. on H in the low field range (H < H.,)
for small w,, whereas the feature becomes more and more rounded with increasing w,
indicating that the effective size of the junction becomes smaller. As predicted by Caputo
et al., we also observe a small increase of the zero-field critical current with increasing w,,
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due to the more homogeneous current distribution in the junction induced by the larger
Josephson length.

In conclusion we state that the features of the measured critical-current diffraction pat-
terns of annular junctions with large idle region are well described by the theory developed
by Caputo et al. . We point out that the idle region can substantially increase the effective
Josephson length of the junction. The effect is particularly strong for narrow junctions
with large idle. For typical sample fabrication technologies and junction width w; ~ 3 pm,
w, ~ 2.5 um and A = 0.6 the increase of Aj is about a factor of v/2 which is approximately
40 percent larger than the one predicted considering just the bare junction. Therefore,
the idle region has to be considered specifically, when describing the physics of Josephson
junctions with an 1D sine-Gordon model.?

5.3 Whispering gallery modes

In Chapter 4, the excitation of whispering gallery modes in an annular Josephson junction
due to the Cherenkov-like interaction between vortices and plasmon modes has been dis-
cussed in detail. In that chapter, junctions with a small idle region were considered. In
fact, we used a special renormalization to take into account the modification of the effective
phase velocity in the junction due to the small idle region. The quantitative comparison
between experimental data and predictions was performed for the widest junctions, where
the effect of the idle is the smallest. Here, I consider annular junctions with idle regions
up to six times larger than the junction itself. These samples have been designed with
the intention to investigate the effect of the coupling between a linear resonator and the
junction on its whispering gallery resonances. In this case, the electrodynamic properties
of the sample are strongly influenced by the idle region.

As shown in Chapter 4, the resonant interaction between a vortex and the whispering

3The discussion of these effects considering also linear long junctions can be found in Refs. [FWU00a,

Fra99).
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gallery modes is manifested by fine-structure resonances on the current-voltage character-
istic. The resonance voltages are given by the condition [KYSV9§]

w (Ijk
V=0, 2-F 5.14
Yom k ( )
where @y are the characteristic frequencies of the annular resonator modes. These charac-
teristic frequencies depend strongly on the geometry and the electrical parameters of the

junction and its idle region.

5.3.1 Experimental observation

We have investigated the current-voltage characteristics of vortex—anti-vortex pairs [WFKUO00,
Fra99] in the two sets of annular junctions described in the introduction to this chapter.
Each junction is initially prepared in a flux free state, i.e. with a maximum critical current
at zero field. Then vortex—anti-vortex pairs are nucleated when decreasing the bias current
from the whirling state. Once a pair is generated, the two vortices of opposite polarity
propagate in opposite directions along the ring. Such a state is stable since the vortices
exchange neither momentum nor energy during collisions. The presence of the pair is mani-
fested by a resonance on the current-voltage characteristic of the junction at a voltage which
is proportional to the number of propagating vortices. As shown in Chapter 4, multiple
vortices interact with the whispering gallery modes almost independently, the main effect
being that the voltage separation between resonances scales with the number n of vortices.
Moreover, the amplitude of the excited whispering mode is increased proportional to the
number of vortices pumping the mode, leading to more pronounced resonances. As an ad-
ditional feature, we expect that the counter propagating vortex and anti-vortex generates a
standing wave pattern due to the superposition of whispering gallery modes with opposite
wave vector.

In both sets of samples, we have observed a clear fine structure on the vortex—anti-
vortex resonance at 4.2 K. The current-voltage characteristics of the junctions with a fixed
junction width of w; = 10 um (set ) are shown in Fig. 5.4. Evidently, both the resonance
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voltages and their spacing depend strongly on the width of the idle region. The shift
of the asymptotic resonance voltages cannot be explained by a simple rescaling of the
effective phase velocity due to the idle region using the approach by Lee et al. [Lee91l,
LB92]. This indicates that the characteristic frequencies of the whispering gallery modes
are sensitively dependent (in an essentially non-linear way) on both the geometry and the
electrical parameters of the junction and the idle region. In the inset the voltage difference
between the two highest-voltage (i.e. lowest wave number) fine-structure steps is plotted
versus the idle region width w,, indicating the large variation (more than a factor of two)
of the separation between resonance frequencies. These observations can be explained
considering the linear modes of the junction being coupled to the idle region.

5.3.2 Whispering gallery modes in the presence of an idle region

The whispering gallery mode spectrum is calculated by linearizing the wave equations (4.1,
5.1) coupled via the boundary conditions (5.5, 5.6) between the junction regions [WFKU99].
At the external junction boundary, the zero-field boundary condition (5.9) is considered.
In polar coordinates the equations to study are

10 09 13% 0%

T =+ == ———¢ = 0 5.15

PO oF | 2op o ! (5.15)

10 oy 10% 1 0%

—F—=Ft =" -—=— = 0. 5.16

For oF | og VR or (5.16)
The solutions for each individual part of the resonator can be cast in the form of linear
combinations of Bessel functions of the first and second kind as discussed in Section 4.5

v = iy (OF)V) + eYi(wr V) for 7, <7<
¢ = c3Jp(wr) + e Yi(wr) for 7 <r<r, (5.17)
v = s (OF)V) + coYi(wr/V) for F. < T < T

where w = V@? — 1 and ¢; are constants which are fixed by the boundary conditions.
Applying the boundary conditions to the set of solutions (5.17) we find a set of linear
equations

AC =0, (5.18)
where (' = (c1,¢2,...,¢) is a vector and A is a matrix defined as
J(@r, V) Y (©or,V) 0 0 0 0
Jk((:ﬂ:z/V) i/k((fjﬁ/V) —Jk(@fi) —}/k(@ﬁ) 0 0
A 0 0 —Jp(wre) =Yi(wr.) Jp(@wr/V)  Yi(@r./V)
| AL /YY) XY (er)Y)  —Ji(wr)  =Yi(wr) 0 0
0 0 —Ji(wre) =Y/(wr) A (@r./V) AY/(&r./V)
0 0 0 0 J(@re,/V) Yi(@re,/V)
(5.19)
Non-trivial solutions to Eq. (5.18) exist for
det A =0, (5.20)

which yields the dispersion equation, i.e. the whispering gallery mode spectrum @(k), of
the Josephson junction with idle.
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Figure 5.5: (a) Normalized mode spectra for junctions /A to IF. Also plotted are the spectra
of a junction without idle w, = 0 (solid gray squares) and of a junction with very small idle
w, = 0.5 um (open gray squares). (b) Normalized resonance frequencies &/k for junctions I A to
IF. Also plotted are the resonance frequencies for a junction without idle w, = 0 (solid gray
squares) and for a junction with very small idle w, = 0.5 um (open gray squares).

Thus the mode spectrum of the system is determined by a complicated transcendental
equation (5.20). Exact analytical solutions for the variables @ and k& cannot be found and
approximate solutions are difficult to determine. Therefore, we have developed the following
numerical technique to calculate the mode spectrum.

Since the evaluation of det A would result in a large polynomial of Bessel functions
which is inefficient to solve numerically, we first substitute the geometrical parameters 7,
Ti, Te, Tep and the electrical parameters A, V into the matrix A Then, for a fixed angular
wave number k, the elements of the matrix A are evaluated for a discrete set of values
w;. Then the determinant is evaluated to find the discrete function det Ak(wi), the zeros
of which determine the characteristic frequencies of the linear modes. The function is
interpolated and its zeros are found iteratively using the Newtons method with a guessed
initial value for the zero. The first zero of the function det Ak(w) corresponds to the
eigenfrequency of the fundamental radial mode of the resonator. In general, the p-th zero
of det Ak(w) determines the eigenfrequency of the radial mode p with the angular wave
number k. The guessing of the initial values for the iterative procedure of determining the
zeros was automated and the convergence of the numerical method was checked. To verify
the accuracy of the procedure and to exclude errors, the mode spectrum of a junction with
arbitrary geometrical parameters of the idle region but with A = 1 and V = 1 was compared
to the results determined from the direct calculation of a spectrum of a junction without
idle, but the same outer dimensions, using the approach presented in Section 4.5. Excellent
agreement between the two methods was found.

Using the procedure described above, we have determined the normalized linear mode
spectrum for the first set of samples, as shown in Fig. 5.5a. The parameters A ~ 0.5,
Y &~ 12 and A\; ~ 12um have been determined from the geometrical dimensions and
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electrical properties of the samples. Obviously, the frequencies of the modes depend on the
width of the idle region. At a fixed wave number k, the characteristic frequency wy increases
with the width of the idle region. The characteristic frequencies differ strongly for small k
because, in this case, the modes have substantial amplitudes both in the Josephson and in
the idle region. In the limit of large k& however, the characteristic mode frequencies of all
junctions converge to the same value because the modes concentrate at the outer edge of the
junction and hence, only the idle region parameters are important. For further comparison
we have also calculated the spectra for a junction without idle w, = 0 (gray solid squares)
and for a junction with very small idle w, = 0.5 um (gray open squares). Obviously, in the
limit of large k£ the characteristic frequencies of the bare junction are smaller than of those
of junctions with idle. Even a small idle attached to the junction (open gray squares) shifts
the characteristic frequencies to higher values because the higher order angular modes are
concentrated at the outer edge of the junction.

The normalized resonance frequencies, corresponding to the mode spectra shown in
Fig. 5.5a, are plotted in Fig. 5.5b versus the angular wave number k. Evidently, the
resonance frequencies depend on both the wave number k& and the width of the idle region
of the junction. The slope, i.e. the change of the resonance frequency with the wave
number k, of the curves plotted in Fig. 5.5b is proportional to the voltage separation
between individual resonances on the current-voltage characteristics of the junction. As
can be seen, the slope of the data is the largest for the junctions with the largest idle
region and decreases with decreasing idle size. This is in qualitative agreement with the
experimental observations in Fig. 5.2, where large (small) step spacing is observed for large
(small) idle regions. These calculated resonance frequencies are used to quantitatively fit
the experimental data to the calculated mode spectrum.
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Figure 5.6: Fits to experimental data of junction /C' (a) and junction I/FE (b). The calculated
resonance frequencies are indicated by vertical dotted lines. The minimum wave number ki,
associated with the highest voltage step and the plasma frequency v, = w,/27 used for the fit are
indicated in each plot.
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5.3.3 Results and discussion

The experimental data are fitted to the calculated resonance frequencies using Eq. (5.14). In
the fitting procedure, the plasma frequency w, /27 was chosen such that the absolute voltage
of the highest resonance is well approximated. The wave number k,;, was adjusted to fit the
sequence of all the resonance steps with a good accuracy. In Fig. 5.6, the experimental data
of junctions IC and ['F are compared with the calculated resonance frequencies indicated
by vertical dotted lines. For junction I'C' the lowest excited mode number is Ky, = 19,
whereas it is knin = 18 for junction [E. The data are fitted consistently with the same
plasma frequency w, /27 &~ 102 GHz, the value of which is in good agreement with the one
evaluated from the critical-current density of the junction. Overall, the agreement between
the calculated step positions and the experimental findings is excellent. Here, we point out
that the relative accuracy of the fits is better than 1 percent. The remaining uncertainties
are due to the effects already discussed in Section 4.7. As for the samples discussed in
Chapter 4, we checked the dependence of the fine structure on temperature, number of
fluxons and external field. The results pointed out before could be reproduced for these
samples.

Finally, we have calculated numerically the current-voltage characteristics and the phase
distributions of a junction with a geometry similar to the samples of set I, but without idle
region [WFKUO0O0]. Similar calculations but for different junction geometries have also been
presented in Section 4.6. The calculated current-voltage characteristic for this sample is
shown in Fig. 5.7a. A fine structure is clearly visible. The phase profile of the junction
at the highest voltage resonance is plotted in Fig. 5.7b. The wave number of the observed
mode is approximately kn;, = 18 at the highest resonance, which is in good agreement
with the results of the analysis of our experimental data. Of course, the increase of the
wave number k of the excited mode from step to step while reducing the bias current is
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Figure 5.7: (a) Simulated current-voltage characteristic for a bare junction. (b) Phase profile at
the bias point indicated in (a). The number of periods in the small amplitude phase modulation
corresponds to the wave number k,,;, = 18.
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also observed in these simulations.

In summary, we have shown that the linear mode spectrum of an annular Josephson
junction resonator is determined by both the properties of the junction and the idle region
surrounding the junction. The mode spectrum has been sensitively probed by studying its
interaction with Josephson vortices moving at relativistic velocities. The dependence of the
observed phenomena on the geometry and the electrical properties of the idle region has
been interpreted qualitatively. Fitting the experimental data to the theoretically expected
mode spectra, we found excellent agreement with an accuracy of better than 1 percent.

In terms of the use of an annular Josephson junction as a source of radiation [KYSV9g],
we make the important observation that the spectrum of radiation generated by the moving
vortex in the junction is tunable by the idle region. Moreover, the idle region may be
specifically designed to achieve good impedance matching between the junction and any
coupling circuits to enhance the power of the emitted radiation.
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CLASSICAL AND QUANTUM
PARTICLE PROPERTIES
OF JOSEPHSON VORTICES

In the first part of this thesis, I have considered the static and dynamic properties of two-
dimensional large area annular Josephson junctions. The observed effects were analyzed
and explained in terms of the spatial distribution of the phase difference in the junction
and its temporal evolution, describing both the properties of Josephson vortices (non-linear
excitations) and plasmons (linear excitations). In this second part, [ examine the properties
of a Josephson vortex in quasi-one-dimensional long annular Josephson junctions. The
dynamics of a Josephson vortex can be described in terms of a particle of effective mass m
with a coordinate ¢ subject to external forces [MS78]|. This approach can be used because
the Josephson vortex is a topological solitary excitation of the junction, which is stable with
respect to small perturbations. In fact the action of small external forces on the vortex,
e.g. due to the bias current or external magnetic field, only changes the dynamics of the
vortex, not its particle properties. Therefore, the dynamics of a soliton in a sine-Gordon
system is well described by perturbation theory [MS78].

Here, I study the dynamics of a Josephson vortex in the presence of a spatially inho-
mogeneous external force F'(q), due to the bias current or the magnetic field applied to the
junction, or due to different types of spatial inhomogeneities of the junction itself. Equiv-
alently, the vortex can be viewed as a particle of mass m; moving in a potential landscape
U(q), associated with these external forces F(q) = —0U(q)/0q. Under certain conditions,
the potential U(q) can form wells in which the vortex is spatially localized if its kinetic
energy is less than the depth of the well. Here, I focus on the study of the escape of the
vortex from such a potential well. At high temperatures, the vortex activated from the well
due to thermal fluctuations. This process is described by the transition state theory, which
considers the transition of a system from one state into another via a potential barrier
[HTBY0].

Many processes of this type exist in physics, chemistry and biology. The field was pio-
neered by Kramers, who considered such transitions both in the weak and in the moderate to
strong damping regime [Kra40]. A comprehensive review on reaction rate theory including
thermal activation processes is published in Ref. [HTB90]. Josephson junctions are inter-
esting experimental systems to investigate thermal activation. In long junctions and arrays
of small junctions, the height of the activation barrier, the temperature and the damping
can be changed over a wide range, which is an attractive feature for the study of thermal
activation. The study of the activation of the phase with particular focus on the transition
from discrete to continuous multi-dimensional systems is suggested in Ref. [DMS99]. The
multi-dimensional activation of the phase has already been studied for linear long junctions
[CTC*96]. Here, I consider the Josephson vortex as a collective excitation of an annular
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junction. In this limit, its dynamics can be described by a single collective coordinate. In
Chapter 6, I investigate experimentally the thermal activation of a vortex from metastable
states in potential wells of various physical origins.

In literature, the process of nucleation and annihilation of kinks in a damped sine-
Gordon chain, which is a model system for many physical nucleation processes, is ac-
tively investigated theoretically and discussed controversially [BL79, BL81, BHL83, Biit89,
HMSS88, BC95, CB98]. The thermal nucleation of kink-anti-kink pairs may also be studied
in long Josephson junctions.

In the limit of zero temperature, the thermal activation process is exponentially sup-
pressed and the Josephson vortex may tunnel through a potential barrier and thus escape
quantum mechanically from the well [K196, SBJM97]. This process corresponds to the
macroscopic quantum tunneling of a Josephson vortex. Macroscopic quantum effects in
Josephson systems have been studied actively both theoretically and experimentally in the
past fifteen years. Initially, the research was inspired by the fundamental question whether
quantum mechanics is valid at the macroscopic level or not. The discussion of this issue
was largely stimulated by the works of Leggett and Garg [LLG85]. The role of the damping,
inherent to any physical system, in macroscopic quantum effects was first considered by
Caldeira and Leggett [CL81, Leg84, LCD*87]. This work has substantially advanced the
understanding of these phenomena.

Experimentally, macroscopic quantum effects have been investigated in detail in su-
perconducting Josephson junctions and their circuits. The electronic and electromagnetic
properties of a Josephson junction are governed by the phase difference ¢ between the
macroscopic wave functions of the junction electrodes. It has been shown both in a phe-
nomenological approach [CL81, Cal83] and from microscopic theory [AES82, ESA84, SZ90]
that the quantum mechanics of the charge carriers and the electromagnetic fields in the
junction can be accurately described in terms of the collective variable ¢. In the limit
of low damping and small thermal fluctuations, the quantum effects of the phase ¢ are
observed for suitable system parameters [SZ90]. Quantum effects in Josephson junctions
are considered as being macroscopic because a large number of electrons and field quanta
contribute to the effects described by the collective variable ¢.

A large number of experiments, proving the quantum properties of the phase, have been
successfully performed. Macroscopic quantum tunneling (MQT) has been studied in current
biased Josephson junctions [DMC85, MDC87] and rf-SQUIDs [SSALS5, HRL96, RHL95].
Also, macroscopic energy level quantization (ELQ) has been examined experimentally
both below [MDC87] and above [SPRR97] the cross-over temperature. Experiments ob-
serving the collective quantum transport of vortices in arrays of small Josephson junc-
tions have been successfully performed, including the observation of quantum localization
[OVM96, vOM96] and of the Aharonov-Casher effect’ [EWSM93]. The quantum prop-
erties of single Josephson vortices in continuous long Josephson junctions have been pre-
dicted theoretically, but not observed experimentally until now. Besides the observation
of quantum tunneling [KI96, SBJM97], a number of other quantum effects like interfer-
ence, dephasing and resonant tunneling have been discussed theoretically in literature
[SHVBJ95, HSBJ95, SBJM97]. In Chapter 7, I discuss the state of our experimental efforts
to observe quantum properties of Josephson vortices. I investigate the possibilities to ex-
amine macroscopic quantum tunneling from two types of potentials, a microresistor [K196]

*The interpretation of this particular experiment in terms of the Aharonov-Casher effect is still adversely
discussed.
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and a magnetic-field induced well, and compare the two cases. Moreover, the possibility
of observing the quantization of the energy levels of the vortex in the potential well are
discussed. Possible experimental methods to observe ELQ), including the irradiation of the
junction with microwaves and the generation of a non-equilibrium thermal distribution in
the potential well, are discussed.

In the past fifteen years, large efforts have been made to experimentally discover the
theoretically predicted macroscopic quantum coherence (MQC) [LG85] in rf-SQUIDS. Cur-
rently, there are promising new experiments searching for MQC in similar systems [CCC199,
BHF97, MOL*99, OMT*99]. Only during the past few months first indications of macro-
scopic quantum coherence in systems, the dynamics of which is governed by the supercon-
ducting phase, have emerged [FPC*00]. In the charge regime, it has recently been shown
experimentally that coherent quantum effects can be observed in superconducting circuits.
In this regime, the dynamics of the system is determined by the number of charges on the
superconducting electrodes rather than by the phase difference between them. In the first
successful experiment of its type, the Rabi-oscillations of a Cooper pair, tunneling onto and
off a superconducting electron box embedded in a mesoscopic circuit of Josephson junctions,
have been observed [NPT99]. This effect is considered a macroscopic quantum effect - even
though only a single Cooper pair is involved in the process - because the macroscopic wave
function describing the system is modified due to the addition of a single extra Cooper pair.

Recently, the research in coherent effects in solid state systems has gained additional
momentum, due to the new and exciting prospects of using quantum coherent systems for
information processing in quantum computers [L1093, DiV95b]. In Chapter 8, I discuss
our proposal [WKL*00] to use a heart-shaped Josephson junction subject to an external
magnetic field as a macroscopic two-state system which, in the quantum limit, can serve as
a qubit for quantum information processing.
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Chapter 6

Thermal Activation
of Josephson Vortices

Experiments indicating the thermal activation of a Josephson vortex from a potential well
are reported. We consider a pinning potential induced by the magnetic dipole interaction
between a vortex and an external magnetic field or by a microresistor embedded in the
junction barrier. The thermal activation process of the vortex is characterized by measuring
the distribution of the depinning currents. The measured current distributions are in good
agreement with the theory of thermal activation.!

The dynamics of a small Josephson junction is described by a single macroscopic vari-
able, which is the phase difference across the junction. Its dynamic equation is formally
equivalent to the equation of motion of a driven and damped particle in a sinusoidal po-
tential. Applying a bias current to the junction, metastable states of the phase are formed.
The phase can escape both by thermal activation and by quantum tunneling from these
states. The escape of the phase is associated with the switching of the junction from a
zero-voltage state to a finite-voltage state, which allows the experimental investigation of
this process.

In a long Josephson junction, the phase difference across the junction has a spatial
dependence which allows the existence of particle-like collective excitations, i.e. Josephson
vortices. In this chapter, I investigate the thermal activation of Josephson vortices from
pinning potentials of different physical origins. In Section 6.1, I introduce the concept of
thermal activation and then briefly consider the thermal activation of the phase in a small
Josephson junction and relate it to the activation of a Josephson vortex in a long junction.
Different physical realizations of pinning potentials for the vortex are thoroughly analyzed
in Section 6.2. The experimental techniques and the measurement setup developed to

!Parts of this chapter have been published in ‘Journal of Low Temperature Physics 118, 543 (2000)°
and in ‘Physica B 284-288, 585 (2000)’.
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perform activation measurements of Josephson vortices are discussed in Section 6.3. The
experimental results are presented in Section 6.4. Finally, the results are summarized and
a conclusion is presented in Section 6.5.

6.1 Introduction

In physics, chemistry and biology, there are a large variety of different processes in which a
system makes a transition between two distinct states by traversing a potential barrier. In
many of these processes, thermal fluctuations govern the rate at which the system overcomes
the barrier. The theory of these processes has been actively developed since the days of
Arrhenius [Arr89] with important results found by Kramers [Kra40]. The state of the art
of thermal activation and transition state theory is presented in a recent review by Hanggi

et al. [HTB90].

6.1.1 Fundamentals of thermal activation

If the dynamics of a physical system can be described by a generalized coordinate ¢, its
thermal activation can be modeled in terms of a particle of effective mass m moving in
an external potential U(q) with a metastable minimum, see Fig. 6.1a. In the classical
regime and at zero temperature, the particle cannot escape from the potential, even for
an arbitrarily small potential barrier Uy. However, in the presence of thermal fluctuations
it can be activated across a potential barrier of finite height. At low temperatures and
low damping, the particle may also escape from the well by quantum tunneling, provided
that the potential barrier is small enough. This case is considered in Chapter 7. At
sufficiently high temperatures, the particle escapes predominantly from the well due to
thermal processes and quantum processes only lead to negligibly small corrections. This
situation is considered in detail in this chapter.

In the following, we consider a particle in the local minimum of the potential depicted in
Fig. 6.1a. The properties of the potential can be characterized by the height of the potential
barrier Uy, by its curvature (9°U/0q* = U") at the bottom of the well, which determines
the small amplitude oscillation frequency

wo =/ 2O (6.1)

m

and by the curvature of the top of the barrier

PRV LCON (6.2)

m

which parameterizes the width of the potential hindering the decay process. wy is also
called the unstable barrier frequency [Wei99]. We consider the case that Uy is larger than
the thermal energy kT and hwy < Up. In particular, we are interested in situations, where
the potential U(q) is smaller than U(0) for all values of ¢ > gex, Where gey is the exit point
of the particle from the potential well, see Fig. 6.1b. In this regime the escape rate of a
particle from a metastable potential well can be parameterized in the form

['=Aexp(—B), (6.3)
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Figure 6.1: (a) A particle of mass m localized at the bottom of the metastable potential well of
depth Up. The small amplitude oscillation frequency wq is proportional to the square-root of the
curvature of U(q) at ¢ = 0. The particle escapes from the well by a thermally activated process.
(b) Potential U(g), with minimum at ¢ = 0, maximum at ¢ = ¢, and exit point at ¢ = gex. wp
characterizes the width of the potential.

where B is a dimensionless measure for the massiveness of the barrier and A characterizes
the attempt frequency of the particle towards the barrier.

At high temperatures, i.e. sufficiently large thermal fluctuations, a particle trapped in
the potential well can escape from the well by a thermally activated process. The rate of
the process depends on the temperature T', the barrier height Uy and the damping a. From
transition state theory [HTB90], we know that the rate of thermal escape from the well is
given by

U
st = ﬂexp (——0) . (6.4)
m

Equation (6.4), being similar to the Arrhenius law, is found under the assumption that the
particle in the potential well is in thermal equilibrium and that a particle which once has
crossed the barrier top never falls back into the well (no diffusion). The form of Eq. (6.4)
can be understood considering the exponential decrease of the density of thermal states in
the well with increasing energy. The factor exp (—Uy/kyT) reflects the fraction of states
which, at thermal equilibrium, are at an energy higher than the potential barrier height Uy.
This is also the reason why Eq. (6.4) is independent of the barrier width.

Damping regimes

In his classical work, Kramers considered the effect of frequency-independent damping on
the thermal escape [Kra40]. The escape of a particle from the well in the presence of
damping « is determined by a Langevin equation

mq +maq+ U'(q) = £(1), (6.5)

where £(1) is the d-correlated Gaussian white noise associated with a thermal reservoir at
temperature T'. Considering a steady flux of thermalized particles from the well, the escape
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rate in the moderate to strong damping regime is found to be

w U
Iy, = pai exp (—I%—%) , (6.6)

where p, is the friction dependent transmission coefficient of the barrier

a a

2

po =\ 1 F (2@6) 2wy (6:7)

In the limit ¢ — 0, the transition state theory result is recovered. In the limit of strong

damping, the inertia term in the Langevin equation (6.5) can be neglected and the trans-
mission coefficient is found as

=2 6.8)

Pa u (

In the limit of very weak damping, the thermal population of the well is depleted in the

range of k;T" below the top of the barrier because particles decay quicker from that region

than they are resupplied due to thermalization. This effect gives rise to a reduced escape

rate at low damping with the transmission coefficient

al wy

= —— 6.9
ka 2 ’ ( )

Pa
where [ is a numerical value depending on the particular potential under consideration; for
a cubic potential, I = 36Uy/5wy. Using these results, it is found [Wei99] that the escape
process is well described by Kramers formula according to Eqgs. (6.6) and (6.7) if
a 5ka

>

Why - 36U0 '

(6.10)

In the following, the thermal activation of the phase in a small Josephson junction and
the thermal activation of a vortex are considered.

6.1.2 Activation of the phase in a small junction

In the Stewart-McCumber equivalent circuit model [Ste68, McC68], the electrodynamics
of a small junction is described by an equation of motion for the phase ¢, see Chapter 1.
Eq. (1.16) can be rewritten in the form

PRI R @
This is equivalent to the equation of motion
- 1 . aU¢(¢)
=0 6.12

of a particle of mass myg = C(®o/27)* moving in the presence of damping (1/RC') along
the generalized coordinate ¢ in the potential

0(9) = 22 (1o cos(9)) (6.13)

—  Es(—76 - cos(6). (6.14)
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where F; = ®l./27 is the Josephson coupling energy and v = [ /1, is the normalized bias
current, see for example Ref. [FD74]. The potential (6.14) is called a washboard potential.
At zero bias current, the potential is sinusoidal. Increasing the bias current, the potential
is tilted proportional to I and metastable wells are formed. At the current I = I., the
metastable well vanishes, see for example Ref. [MDCS87].

At a fixed bias current 7, the rate at which the phase ¢ is activated from the potential
well depends on the small amplitude oscillation frequency wg and the barrier height Uéb.
The small amplitude oscillation frequency

i = U (o) frg = w0, (1= 72) """ (6.15)

is related to the mass my and the curvature U”?(¢y) of the potential well at its minimum
located at

¢o = arcsin (7). (6.16)
The potential barrier height is found by calculating

U = U(dy) — U?(do) = 2, [\/1 o ’yarccos(’y)] ) (6.17)
where the coordinate of the maximum of the potential is given by
¢p = m — arcsin () . (6.18)

Considering the typical experimental situation for which E; > kT, thermal activation is
important only for bias currents I close to the critical current I., or equivalently for v — 1.
Thus, USS can be approximated as

4y/2
Ug = EJTfu — )PP+ 0(1 — 5)¥2 (6.19)

Sometimes the cubic expansion

U%(6) = E, (%\/1 "2 %’yqb?’) (6.20)

of Eq. (6.14) is used. We note that Eq. (6.20) is of the form

1
U(¢) = §m¢w§2¢2 — const. ¢° , (6.21)

where the constant is proportional to the barrier height. In this approximation the height
of the potential barrier is found by evaluating Eq. (6.20) at the maximum ¢,

912/3
vp = g, 2= (6.22)
3 2

In Fig. 6.2, the bias current dependence of the approximations (6.19) and (6.22) are com-
pared with the exact barrier height (6.17). For v close to unity, both expressions are close
to the exact value. For smaller values of v however, Eq. (6.19) approximates the exact

barrier height more accurately.
The third order expansion of the potential around its minimum is a useful approximation
for rate calculations in both the thermal and the quantum regime because, for the relevant
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junction parameters (see Section 6.2.3), the activation rate is only large for v very close to
unity. Furthermore, in the cubic approximation, the potential is symmetric in the sense
that wg = wy, which simplifies its analysis.

The thermal activation of the phase in a small junction has been investigated exper-
imentally by measuring the statistics of the switching currents [FD74]. Using the model
described above, the experimental data can be accurately explained.

6.1.3 Activation of a vortex in a long junction

As pointed out in Chapter 2, a long Josephson junction can be modeled by a parallel
connection of small Josephson junctions which are inductively and resistively coupled to one
another, see Fig. 2.1. If the activation of the phase in a long junction is to be investigated,
the spatial dependence ¢(x) has to be considered explicitly. For a junction in zero external
field and without trapped vortices, the activation of the phase is similar to the one for a
small junction. To qualitatively understand the important effects, we consider a parallel
connection of five junctions, see Fig. 6.3b. The thermal fluctuations act on each individual
phase of the system independently. However, the junctions are coupled inductively to each
other. The strength of the coupling is inversely proportional to the separation between
individual junctions, to the specific inductance linking the junctions and to the critical-
current density. If the junctions are coupled strongly via a small inductance, the phases
can overcome the potential barrier only simultaneously. The exact dynamics of the phase
in the process of activation depends strongly on the coupling and the damping. In short
systems with only a few junctions coupled in parallel, the edges may also play an important
role. Activation processes in such systems have been recently investigated theoretically in
Refs. [DMS99, DMS00]. The case of only two coupled junctions has also been investigated
experimentally [HLL89]. In the limit of a continuous long Josephson junction, the coupling
of the phases in the lateral direction is strong. The phase is activated effectively as a rigid
string if the energy required to form a kink in the phase is larger than its activation energy,
see Fig. 6.3c. The activation of the phase in a linear long Josephson junction has been
investigated in dependence on the external field both theoretically and experimentally in
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Figure 6.3: (a) Effective potential U(¢) for the phase in a small junction. The stable coordinate
of the phase is indicated by a solid disc. (b) Potential of the phase in five inductively coupled
Josephson junctions. The coupling (acting like springs) between the phases is indicated by the
thick lines interconnecting neighboring phases. (c) Effective potential U(¢, z) for a long junction.
The phase is rigidly coupled.

Ref. [CTCT96].

Here, I investigate the thermal activation of a Josephson vortex trapped in an annular
junction. A Josephson vortex corresponds to a kink of 27 in the phase difference along
the junction. In zero external field and at zero bias current, the potential energy of such
a kink can be visualized as shown in Fig. 6.4a. In one half of the junction, the phase is
localized in the potential minimum at ¢ = 0, whereas in the other half of the junction the
phase is localized at ¢ = 27. The rest energy of this excitation corresponds to the integral
of U(¢, x) along the vortex line ¢(x). The dynamics of the vortex in an ideal and uniform
quasi-one-dimensional annular junction is governed by the perturbed sine-Gordon equation
(2.19) with the periodic boundary conditions (2.45). The Josephson vortex

¢¢(%,1) = 4arctan [exp (%)] (6.23)

behaves as a topologically stable, particle-like object of mass 1 ; and coordinate ¢(f) moving
at a velocity u = ¢ under the action of external forces, see Section 2.1.1. The external forces

acting on a vortex in a homogeneous junction are modeled by the usual perturbation terms
in the sine-Gordon equation (2.19). Any other forces (e.g. due to an applied magnetic field)
can be cast in form of an additional general space and time dependent perturbation f(7,%).

Using perturbation theory [MS78], the vortex dynamics can be described in terms of
an equation of motion for its center of mass coordinate q(7), as pointed out already in
Section 2.1. Considering small vortex velocities, i.e. the non-relativistic limit (v = ¢ < 1),
the equation of motion (2.38) has the simple form

.. .ou
i + i pag + aEJQ):O’ (6.24)
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where the bias current is considered as an external potential and the two dissipative terms
in Eq. (2.38) are taken into account by a single effective term proportional to ¢ = o+ (3/3.
Equation (6.24) describes the damped motion of a particle of effective mass ;s in the
external potential (j(q)

The energy of a vortex in a Josephson junction is determined by the hamiltonian (2.29),
where H5C is the pure sine-Gordon part and H” describes the energy of the perturbations.
In the static case (¢ = 0), the rest energy of the vortex is f[?G = 8 which is equivalent to
the normalized rest mass of the vortex m; = 8. The energy of the vortex in SI units can be
found by multiplying all energies calculated in normalized units by the natural energy scale
of the long junction &, see Eq. (2.27). & corresponds to the Josephson coupling energy of
the junction in the area Ajw. Thus the rest energy of the vortex in SI units is given by

HC = 8&, (6.25)

and hence its rest mass is os
my=—2, (6.26)

&3]

where ¢y = Ajw, is the Swihart velocity. Typical scales for the energy & and the mass m;y
of the vortex in an experimental situation are discussed in Section 6.2.3.

Any external force acting on the vortex can be expressed in terms of the potential U(q)
For example, the energy gain of the junction due to the bias current is calculated using the
perturbation hamiltonian

H = —/OZ o d. (6.27)

Substituting the vortex solution (6.23) into Eq. (6.27) we find the equation for the con-
tribution of the bias current to the potential energy of the vortex in dependence on its
coordinate ¢

(NJW(q) = —27q. (6.28)

Any other spatially inhomogeneous perturbation described by f(&) induces a force on
the vortex and results in a pinning of the vortex in space which can be of different phys-
ical origins. A pinning center for a Josephson vortex in a long junction can be realized
by introducing a microshort [MS78] or a microresistor [GF84, MU90] in the junction bar-
rier. Pinning may also occur due to the interaction of the vortex with the junction leads
[MDP*98] or its interaction with parasitic magnetic flux trapped in the superconducting
films. Alternatively, a vortex can be pinned by its magnetic dipole interaction with an
external magnetic field [GJLS91a, UMT97]. Here, we solely consider the microresistor (or
microshort) and the magnetic dipole interaction as the origin of the pinning.

Thus, a combination of the potential due to the bias current and any other pinning
potential allows for the existence of metastable vortex states in the junction. The activation
of the vortex from these states is observable experimentally. The potential energy of the
vortex due to different types of spatial inhomogeneities f(&) is calculated and discussed in
detail in Section 6.2.

6.2 Vortex pinning potentials

The thermal activation rate of a Josephson vortex from a metastable state in a potential
depends sensitively on the potential barrier height Uy and the characteristic oscillation
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frequencies wp and wy. In this section, I discuss properties of vortex potentials induced by
an in-plane external magnetic field and a microresistor in combination with a bias current
homogeneously applied to the junction. A sketch of a typical annular junction as used in
experiment is shown in Fig. 6.5.

6.2.1 Magnetic-field induced potential

In Section 2.1.1, we derived the sine-Gordon equation of a linear junction in a homogeneous
external field H and found that the magnetic field drops out of the equation (0H/dx = 0),
but determines the boundary conditions. In the case of an annular junction, the magnetic
field is effectively space-dependent

(6.29)
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where [ is the circumference of the junction. Here, the coordinate x is measured counter-
clockwise around the annular junction with # = 0 = [ at the point where the magnetic
field points in the same direction as the outward normal on the junction circumference (see

Fig. 6.5b). Reconsidering Eq. (2.5) we find the additional term

_HMOAQW ) (27T:1;) (6.30)

7o 7 s =
on the right hand side of the sine-Gordon equation (2.6). Rewriting the sine-Gordon equa-
tion as done in Section 2.1.1, we can express the magnetic field dependent perturbation
term in Eq. (2.15) as

fx) = —?I)—WH/,LOA)\J ; sin (27;$) (6.31)

or in normalized units

A7) = —hATSin (27) , (6.32)

with the normalized junction circumference ¢ = [/A;, and the normalized magnetic field
h = H/Hy, where
®
Hy = Dol (6.33)

We have introduced the arbitrary coefficient A into Eq. (6.32) as a geometry dependent
magnetic field coupling coefficient [MM96a], to take into account deviations in the effective
field, e.g. due to field focusing or similar effects. From the structure of Eq. (6.32), we
see that, in the sine-Gordon equation, the magnetic field interaction has the character of
a spatially modulated bias current, the amplitude of which is proportional to the external
field. The same result, but with an ambiguous field normalization, has been derived before
in Refs. [GJLS91a, MM96a].>

According to the lagrangian formalism discussed in Section 2.1.2, it is easy to see the
the potential due to the magnetic field U" is of the form

/ b5 Ah cos (27) di. (6.34)

This magnetic-field induced potential in the presence of a trapped vortex is illustrated in
Fig. 6.4b in the limit of £ > 1. The magnetic field induces a modulation of the potential
energy of the vortex in dependence on the coordinate x along the junction. At zero bias
current, the vortex center of mass coordinate is at the minimum of the potential energy.
Substituting the vortex solution ¢ into Eq. (6.34) and integrating, we find in the limit of
(>1

. 2 2
U"(q) = —2msech (%) A h cos (%) , (6.35)

which is the potential energy U" = —M h of the effective normalized magnetic moment of
the vortex ‘/,L‘ = 2msech (7?/{) in the normalized external magnetic field h see Fig. 6.5b.

The factor sech (72/() describes the spread of the magnetic moment in space. In the limit

?Here we note that the characteristic field Hj is inversely proportional to Ay instead of r, as in Chapter 3,
where a small junction was assumed. The different cases remind of the difference in the first critical field
of a long and a short linear junction.



84 CHAPTER 6. THERMAL ACTIVATION OF JOSEPHSON VORTICES

"R
o

- - = T
O W
‘O

.
el

A

A

external field

Figure 6.5: (a) External magnetic field applied in the plane of the annular Josephson junction.
(b) Dipole interaction between the external magnetic field and the magnetic moment associated
with the vortex.

of A\j — 0 (or equivalently ¢/ — oo), the magnetic moment of the vortex is effectively local
and given by ‘ﬁ‘ = 2m.

Thus, the normalized potential of a vortex in an annular junction in the presence of a
bias current and an in-plane external homogeneous field is given by

. . . ' 2mq

U"(q) =U" + U" = —27yq — 27 sech (7) Ah cos (7) : (6.36)
This potential is plotted in Fig. 6.4c. The applied bias current tilts the potential both
in the direction of ¢ and in the direction of x. The energy profile is plotted for a bias
current close to the critical one. It can be seen that the vortex can now be activated from
the magnetic-field induced well by thermal fluctuations, resulting in a propagation of the
vortex along the z-direction. For the purpose of the following analysis it is convenient to
introduce the normalizations

g = 2mq/l, (6.37)
2
h = 2msech (%) A, (6.38)

for the vortex coordinate ¢ and the magnetic field h, resulting in a simplified expression for
Eq. (6.36) . )
U™(q) = —lyq — hcos(q). (6.39)

The characteristic terms of the potential (6.39) are the cos g-like oscillating term propor-
tional to the external field and periodic in the circumference and the term proportional to
the bias current and linear in the coordinate. This type of potential is known as the wash-
board potential, see Sec.6.1.2. In the range of ¥ < 4%, the potential has distinct minima
and maxima. At the critical bias®

(6.40)

the potential has a set of saddle points. For v > 4" these disappear and the potential
decreases monotonically with g. The coefficient of the linear term in Eq. (6.39) can be
expressed in terms of 4. and we can rewrite Eq. (6.39) as

S _ o B

U™(q) = h(=7q — cos(q)), (6.41)

3The critical bias can be found by solving U’(7) = 0 and finding the condition at which no solutions to
this equation exist.
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Figure 6.6: Potential U""(q) (6.41) for h = 1 and 5 = 0, 0.5, 0.9, 0.99. The minimum of the
potential (i.e. the lowest energy position of the vortex) is indicated by a solid circle. In the inset,
the position of the vortex with respect to the external field is shown for the different values of 4.

where the bias current is now expressed relative to the critical bias v" as

7=/ (6.42)

In Eq. (6.41), h corresponds to the normalized interaction energy between the vortex
and the external magnetic field. The potential (6.41) is plotted in Fig. 6.6 for h = 1 and
~ =0, 0.5,0.9, 0.99. As the bias current is increased from 5 = 0, we observe that the
washboard potential is tilted proportionally to 7. At the same time, the position of the
minimum in the potential shifts from the position where the magnetic moment of the vortex
is aligned with the field to the position where it is perpendicular to the external field 4 = 1.
For v > 1, the vortex is depinned and rolls down the potential surface.

We note that the equation of motion for the center of mass coordinate ¢ of a vortex in an
annular junction subject to an in-plane external field is identical to the dynamic equation

of the phase ¢ in a small Josephson junction [GJLS91b, UMT97].

Characteristic properties of the potential

In order to calculate the thermal activation rate (6.6) of the vortex from the magnetic-field
induced potential (6.41), the oscillation frequency wy at the bottom of the well and the
barrier height Uy need to be determined in dependence on the bias current.

As pointed out before, the dynamics of the phase ¢ in a small junction and the dynamics
of a Josephson vortex described by the coordinate ¢ in a long annular junction subject to an
external magnetic field are formally equivalent. Thus, we can establish a mapping between
the two different physical systems. The characteristic features of the two potentials are
compared in Table 6.1. As a result, one can use the theoretical results obtained before for
small junctions to analyze the thermal activation of a vortex in the long junction case.
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Table 6.1: Mapping between a vortex in a magnetic-field induced potential and the potential for
the phase in a small junction.

quantity vortex phase

generalized coordinate q 10

potential U U(q) = héo (—77 — cos(@)  U(8) = By (— — cos(9))
potential scale h& E;

normalized bias current v = II—C% v = i

potential barrier height Uy = Egogﬁ(l — 1)3/2 Uy = EJ¥(1 — 7)3/2
small oscillation frequency wo = w, fnif (1- ’?2)1/4 wo =w, (1 — 72)1/4

Following the calculations in Section 6.1.2 and identifying ¢ — &, h — Ej, s — my,
and 7 — v, we find the small amplitude oscillation frequency of the vortex of mass m; = 8

at qo as
- -
@gh:JMZJ h (1—59)"" . (6.43)

my my

Similarly, the approximated barrier height ﬁgh is found as

NG
U hTf(l — 5%, (6.44)

6.2.2 Microresistor (microshort) potential

A microresistor or a microshort in a long Josephson junction is formed by a locally increased
or decreased thickness of the tunnel barrier. An increase (decrease) in the barrier thickness
t; leads to an exponential decrease (increase) of the Josephson current density j! with
respect to the surrounding region with current density j., see Fig. 6.7a. We consider the
microresistor (microshort) as one of the possibilities to construct a pinning potential for
the vortex.

In the sine-Gordon equation (2.19), the microresistor (microshort) is modeled by the
perturbation term [MS78]

f(&) = ed(2)sin (6.45)

where € = (5. — j.)b/j.Ay is the normalized strength of the inhomogeneity. ¢ depends
on the width b/A; and on the modulation of the critical-current density (j. — j.)/j. at
the microshort (j. — j. > 0) or microresistor (j. — j. < 0), as shown in Fig. 6.7a. The
microresistor (short) contributes to the sine-Gordon hamiltonian (see Section 2.1.2) as

Heo= - /0 " 8(50) (1 — cos () di, (6.46)

where the microresistor is spatially localized at the coordinate Zo. Substituting the vortex
solution (6.23) into Eq. (6.46) and integrating, we find the effective potential for the vortex
[MS78, Mal88, MU90]

2¢

Pe(q) = ——2
(9) cosh? ¢

(6.47)
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As an example, the potential profile for a microresistor potential with ¢ = 0.5 at zero bias
current is plotted in Fig. 6.7b. We note that the width of the potential well scales with the
Josephson length. Equation (6.47) describes the vortex potential even for inhomogeneities
which are not d-shaped. In fact, Eq. (6.47) is a good approximation to the potential for
microresistors with b < Ay, since in this limit b only changes the amplitude of the potential
but not its shape.

Characteristic properties of the potential

Again, we are interested in the properties of the potential due to the bias current and the
microresistor
2¢

cosh®q’

U(q)=U"+ U = —2myq — (6.48)
which has been analyzed in Ref. [K196], with the intention to study thermal activation and
macroscopic quantum tunneling. Here, | recapitulate some of those results and introduce a
normalization, which is more convenient for the analysis of the experimental data presented
in Section 6.4.3.

The critical bias, i.e. the bias at which the minimum of the potential (6.48) vanishes,
is given? by

4
- = o 6.49
%= 375 (6.49)

Introducing the normalized bias current

_
y=-_, 6.50
Ve (6.50)

4First the coordinate ¢. at which the saddle point of the potential would appear at the critical bias
is calculated. At this position, the first derivative of the potential is calculated. Finally, the equation
U'(g.) = 0 is solved for v resulting in the value of the critical bias 7.
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In Fig. 6.8, the potential (6.51) is plotted for different values of 4. At 4 = 0, the half width
of the potential is about A;. As the bias current is increased, the potential barrier to the
right of the vortex is decreased and at 4 = 1 a saddle-point is formed. Here, the center of
mass coordinate of the vortex is only shifted by Ag = arcsech(\/%) ~ 0.66 to the right as
the bias current is increased to 4 = 1, whereas for the magnetic-field induced potential the
vortex moves a distance of Aqg = (/4 before it reaches the saddle point.

A cubic approximation to Eq. (6.47) yields a potential barrier height of

Frye 54\/5 _
Ug" = WVCT(l —3)? (6.52)

and a small amplitude oscillation frequency of

e e _
oy = \/5(1 — )M (6.53)

The approximate potential barrier height (6.52) is compared to a numerically exact calcu-
lation of Uy" in Fig. 6.9. Good agreement is found for the values of 7 of interest.
Introducing the normalized parameter

€= ——¢ (6.54)

Uy has the simple form

(6.55)
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Noting that 27/4(1 —4)"/* ~ (1 —5%)"/% for ¥ — 1 we can also rewrite the small amplitude

oscillation frequency as
8¢
5 = 1— 7%, 6.56
& == (6.56)

Thus, comparing Eqs. (6.55) and (6.56) with Eqs. (6.44) and (6.43), we find that the
microshort and magnetic-field induced potentials have the same type of dependence on the
bias current close to ¥ = 1. We note that for the microresistor wy is a factor of V8 ~ 2.83
larger with respect to the barrier height as in comparison with the case of the magnetic-field
induced potential, see Eq. (6.43).

6.2.3 Scaling of parameters

The characteristic properties Uy and & of the different pinning potentials described above
scale in a similar way with the junction parameters and the bias current. No matter what
the specific properties of a certain potential are, its characteristic energy scale is given by

. (I)Ojc)\Jw
N o2r

see Section 2.1.2. From Eq. (6.57) it is evident that the height of the potential barrier
Up&y and the mass of the vortex 8&y/c* are proportional to y/j.w, where w is the junction
width and j. the critical-current density of the junction. For typical junction parameters
(see Table 6.2), we find that the potential barrier height scales with & =~ w x 1.0 x
1072° J/um, where the junction width w is given in um. Because we consider thermal
activation processes, it is convenient to relate this energy to the thermal energy k7. Thus
for the parameters discussed above, & /k;, is approximately w x 900 K/um.®> For the same
junction parameters, we find the vortex rest mass m; = 7 x w x 107 kg/um. For a
w = 0.1 pm junction, my is approximately 0.1 percent of the rest mass of a single electron.

At zero bias current, the thermal escape of the vortex is strongly suppressed at the
typical operating temperatures (T' < 9.2 K) of our devices due to the large energy barrier,

&o (6.57)

>An energy of 1 Kelvin corresponds to approximately 86 ueV.
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Table 6.2: Typical electrical and geometrical junction parameters.

quantity unit approximate value meaning
Je [A/cm?| 100 critical-current density
C* [mF /m?| 30 specific capacitance
d [nm] 182 magnetic thickness
r [em] 50 mean junction radius
AJ [em] 38 Josephson length
l 8.3 normalized junction length
AL [nm] 90 London penetration depth
t; [nm] 2 barrier thickness
€; 8 barrier dielectric constant

which is more than 100 times larger than the thermal energy k7. However, by applying a
bias current to the junction, the potential barrier height can be reduced to arbitrarily small
values, such that thermal escape may be observed for bias currents close to 7., when the
barrier height is comparable to the thermal energy.

The value of & /k;, quoted above for a long Josephson junction is identical to the Joseph-
son coupling energy F;/k, in a small junction with the area of w x A; and electrical pa-
rameters identical to those of the long junction. Thus, the thermal activation processes are
observable in similar parameter ranges for both systems.

The small amplitude oscillation frequency

Wy = (:J()u)p. (658)

is proportional to the plasma frequency w,, which scales the rate of the activation process
as stated in Eq. (6.6). Typically w,/27 is around 50 GHz, again, calculated for the junction
parameters in Table 6.2, and scales o /j.. In comparison to the small junction case,
the vortex attempt frequency is somewhat reduced (& < 1) for typical pinning potential
parameters. The vortex attempt frequency in the narrow potential of the microresistor is
larger than for the relatively broad potential in the magnetic-field case. We also note that
the small amplitude oscillation frequency is independent of the junction width w. This can
be easily understood considering Eq. (6.43) and noting that both the potential and the
mass of the fluxon depend in the same way on w, such that the effect of w on wy cancels.

During sample fabrication, & and wg can be adjusted by the junction width w and the
critical-current density j.. w may be varied between several microns down to 0.3 gm and
Jo between 10 A/cm? and 1kA/cm? The scaling of & and wo with j. and w is discussed
above. All other electrical sample parameters in Table 6.2 are fairly constant for a given
fabrication procedure and thus, cannot be varied much.®

Besides the identical scaling of all considered potentials with &, we also find a similar
scaling of the potential barrier height and the small amplitude oscillation frequency with
the normalized bias current for ¥ — 1. This is a result of the cubic approximation, which
is valid for ¥ — 1 for all potentials discussed here. The potential barrier height

R . (6.5

0 = Uo

5The capacitance and the inductance of the junction might be influenced in some useful way by modifying
the idle region.
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scales universally with 5 for both the microresistor and the magnetic-field induced potential
as shown in Fig. 6.10. The same scaling prevails for the potential of the phase in a small
junction. Ideally, the potential barrier Uy can be made arbitrarily small by biasing close
to the critical bias current (v — 7.). Hence, in this parameter regime, the height of the
potential barrier can be tuned in a wide range depending on tg, w and j..

Also, the characteristic attempt frequency

Go =0 (1=57)"" (6.60)

scales with the bias current identically for all discussed potentials. Its dependence on the
bias current is weak for small 4 and drops sharply to zero for ¥ — 1, as can be seen in
Fig. 6.10. Thus, the thermal activation rate increases strongly towards the critical bias,
due to the reduction of the barrier height, but then falls off again due to the reduction of
the attempt frequency.”

The major differences between the vortex pinning potentials are due to the prefactors
o and €. For the magnetic-field induced potential the barrier height ih = h can be
varied in experiment by the external magnetic field. In practice, the lower limit may be
given by h ~ 0.01 because of the residual (non-magnetic field induced) pinning forces due
to imperfections of the junction but also due to the limited accuracy of the field bias.
The requirements on the current and voltage resolution of the experimental setup are also
more stringent for measurements of small depinning currents at very low fields, setting a
practical lower limit on the values of the fields that can be employed. The upper limit
of h for which the above analysis is valid is approximately 0.5. Above this threshold
value, the magnetic field penetration into the junction will lead to forces on the vortex
which are not linear in the field. This modifies the simple perturbative vortex dynamics
discussed above. The microresistor potential has a maximum amplitude of ¢ = —1 for a
completely suppressed critical current. Because the potential involves a spatial modification
of the junction barrier, its amplitude cannot be modified in situ in an experiment, but only

"Obviously, this statement is only true in the limits of the validity of the thermal rate calculations, see
Section 6.1.1.
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during junction fabrication. In the case of a microshort (¢ > 0), the potential barrier
can in principle be arbitrarily large, though in practice this type of inhomogeneity is more
difficult to fabricate. Comparing the calculated attempt frequencies for similar values of
the depinning current for the two discussed potentials, we find that wy is somewhat larger
(typically less than a factor of 2) for the microresistor potential (also see Sec. 7.1.1). This
fact can be qualitatively understood, noticing that the potential well is more localized for
the microresistor than for the magnetic field case. Thus, the curvature at the bottom of
the microresistor well is larger, leading to a higher attempt frequency.

6.3 Experimental technique

The thermal activation rate of a vortex from a potential well can be determined by mea-
suring its lifetime in a metastable state at fixed bias current. With no bias current applied
to the junction, the vortex is prepared at the bottom of the well at ¢ = 0. Then, at time o,
the bias current is rapidly increased to the desired value I < I.. The increase in current has
to be much faster than the typical activation rate but slower than the relaxation rate of the
vortex in the well, to assure the preparation of the vortex in the ground state. Then, the life
time At = ¢y, — to 1s determined by measuring the time ¢, at which the junction switches
from the zero-voltage state to a finite-voltage state. Repeating this measurement many
times, the activation rate is determined by the inverse average value of A¢. This scheme
requires a fast and accurate control of the bias current. However, the band pass of the
experimental setup is typically limited by the low-pass filtered bias leads needed to avoid
electromagnetic interference. Therefore, we chose a method which was pioneered in mea-
surements of switching currents of small Josephson junctions [FD74, WWVF84, MDC87].

6.3.1 Measurement method

A typical current-voltage characteristic of a vortex trapped in an annular junction subject
to some pinning potential is shown in Fig. 6.11a. In this case, the vortex is not depinned
(V = 0) until the switching (or depinning) current [y is reached. The depinning process
has a statistical nature, due to the presence of thermal fluctuation. Therefore, one observes
a distribution of depinning currents Iy (see Fig. 6.11b) instead of a single value [y upon
performing the measurement many times. We measure the escape of the vortex from
the potential well, by sweeping the bias current at a fixed rate dI/dt with a triangular
waveform in time, see Fig. 6.11c. In each cycle of the current sweep, the depinning current
Iy is recorded. Statistically analyzing these data, we find the distribution of the depinning
currents [FD74].

With this technique, the temporal rate of escape can be associated with the rate of
escape at a certain value of bias current. Thus, the experiment can be done in the current
domain instead of the time domain, which is the experimentally most feasible approach.
It can be shown [FD74] that the probability distribution of the switching currents P([) is
related to the escape rate I'(1) as

dr|™"
P(Hdl = |—

r(1) (1 - /OIP(]’) dl’) dl, (6.61)

i.e. the probability of the vortex to be activated in the current interval dI centered around
the current [ is given by the rate of activation at that current I'(/) multiplied by the inverse
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Figure 6.11: (a) Typical experimental current-voltage characteristic of a single-vortex resonance
with pinning. The switching (depinning) current I is indicated. (b) Probability distribution of
the switching current Iy. The counts reflect the relative probability of the depinning current Iy in
the interval Iy £ AI/2. (c¢) Current and voltage versus time for the characteristic shown in (a).
The bias current is a triangular waveform with period 7', the voltage is in correspondence to (a).

of the current sweep rate |dl/dt| and the probability that the vortex was not already

activated at a lower current. The integral equation (6.61) can be solved explicitly for
switching-current distribution

-1 -1

|
| dt

dl
I'(I)exp (— pn

Thus, the probability distribution P([) is dependent only on the activation rate I'(/) and the
bias current sweep rate |d[/dt|. The shape, the mean value (/) and the standard deviation
oy of the switching-current distribution are characteristic for the activation process in the
given potential. The bias current dependent activation rate I'(/) can be found from a
measured P([) distribution by inverting Eq. (6.62). The details of the calculation of a
switching-current distribution P([) from a given rate I'(/) and the inverse problem for
data analysis are discussed later in this section.

P(I)

/OIF([’) dl’) . (6.62)
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6.3.2 Experimental setup and data acquisition

All presented measurements have been performed in an insertable He-4 cryostat [Swa86],
the temperature of which can be stabilized between the base-temperature 1.5 K of the
cryostat and well above the critical temperature T, ~ 9.2 K of our niobium samples. The
cooling is done by pumping on a small helium volume (10 cm?), the so-called 1K-pot, which
is mounted in the vacuum chamber of the cryostat. The 1K-pot is continuously refilled
with a capillary with an adjusted flow impedance, for optimizing the cooling power. For
temperature control, a 60¢) manganin wire heater is installed below the 1K-pot. The
temperature is measured using a calibrated carbon-glass resistor. Using a PID controller
[Lak], the temperature can be stabilized to better than 5mk at temperatures below 2K
and to better than 1 mIK at all other temperatures of interest.

The sample is mounted on the cold finger in the inner vacuum chamber of the cryostat.
A cryoperm shield is integrated into the vacuum can to effectively screen residual magnetic
fields. A superconducting coil is mounted on the 1K-radiation shield, delivering a homoge-
neous field of 0.05 Oe/mA in the plane of the sample. All sample wires are carefully twisted
in pairs and filtered using commercial n-filters with a -3 dB cut-off at 700 kHz at room
temperature. Additionally, a symmetric RC-filter stage with a cut-off at 30 kHz mounted
on the 1K-pot was used.

The sample is current biased using a custom-made low-noise battery-powered current
source. The current can be swept at frequencies up to 100 Hz using an analog internal tri-
angular waveform generator or, alternatively, an external generator [Hew]. The measured
voltages are amplified using custom-made bipolar or FET preamplifiers. The monitor sig-
nals of the analog electronics are read out differentially using a 100 kS/s 16-bit AD converter.
The current biasing can be controlled by 16-bit DA converters on the same board [Natb].
All measurements are done using custom-made software to control the AD-DA converters
and any other required instruments [Natal.

The switching-current measurements are performed using two different measurement
schemes, one relying on triggered high resolution AD-conversion, the other one using a
time-of-flight technique. In both schemes, the bias current is swept synchronized to a
symmetric triangular waveform of adjustable amplitude and frequency, see Fig. 6.12a. Fach
switching event is recognized by feeding the preamplified voltage signal from the sample,
see Fig. 6.12d, to a custom-made trigger circuit with adjustable threshold and window.
The trigger detects the switching of the sample from the zero-voltage state to a finite-
voltage state which corresponds to the activation of the vortex from the potential well, see
Fig. 6.12c. The trigger provides a TTL output signal when the switching is detected. This
TTL signal is used to trigger the AD-conversion of the current-monitor signal, yielding the
switching current of the junction. The current resolution attainable with this technique is
limited by the resolution of the AD converter. In a typical measurement of a switching-
current distribution with a mean value of (I) = 0.5mA a sweep-frequency independent
resolution of 15nA can be achieved with a 16 bit ADC.

In the time-of-flight technique, the time delay A7 between the zero-crossing of the bias
current (Fig. 6.12b) and the TTL signal of the voltage trigger (c) is measured using a counter
with a 20 GHz stabilized clock [Sta]. Knowing the current sweep rate, the switching current
can be calculated as I. = A7 dl/dt. This technique offers current resolution of

pPA
mA Hz’

v 1,0.1 (6.63)
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that depends on the sweep rate. The sweep frequency v; is given in Hz and the sweep
amplitude /5 in mA. At a typical sweep frequency of 100 Hz and a typical sweep amplitude
of 1 mA, the maximum current resolution of 107 A = 10 pA is in principle attainable with
this technique. At 100 Hz, this resolution is 3 orders of magnitude better than the one of
the 16 bit ADC. Only at sweep frequencies above 100 kHz the resolution of the ADC is
comparable or better than that of the time-of-flight technique.

To verify that the time-of-flight method and the method using an AD-converter for data
acquisition give the same results, I have measured the switching-current distributions of an
annular junction with a trapped vortex at 4.2 K. The acquired histograms (symbols) and
fits to theory (solid lines) are plotted in Fig.6.13. The two distributions are virtually iden-
tical and the effective escape temperature T, and the critical current I. determined from
these histograms (see next section) are equal to better than 0.1%, proving the feasibility of
both measurement schemes.

6.3.3 Data evaluation: probability distributions, activation rates
and escape temperature

To determine the probability distribution P(/), N individual switching currents {/;} =
{I,I,...,In} are measured. Typically, 10* to 10° current values are acquired. Using
these data, a histogram is calculated by dividing the current range of interest between [,;,
and [, in M intervals of width Al and counting the number of switching events n in each
current interval (bin). A typical histogram is shown in Fig. 6.13.

To achieve the best possible resolution for the histogram based on a given data set {/;},
the bin width AT is chosen to be an integer multiple m of the discretization 61 of the data

AT =mél. (6.64)
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The discretization 61 is due to the digital data acquisition system, which discretizes the
analog data either using an AD-converter or a counter. The minimum value of § I depends on
the maximum resolution of the AD-converter or equivalently, the time base of the counter,
as pointed out in the previous section.

Each bin j of the histogram is labeled by the current value corresponding to the middle
of the interval AJ that the bin spans. The number of events n; in each bin is normalized by
the total number of counts in the histogram, reflecting the relative probability of an event
occurring in the current interval AJ. It is useful to normalize this quantity by the width
of the bin A[, giving the probability of a switching event occurring in an arbitrary current
interval df
_ "
- NAIT
Thus, the probability distribution P([) is normalized such that [ P(I)dl = 1.

The activation rate I'(1) is related to P([) as

P(I)dI

dl. (6.65)

dl/dt P!

(I)= / In {i () ) (6.66)

AT Jryar P(I)dI’

which is found by solving Eq. (6.62) for I'(I) [FD74]. Thus, the activation rate at the

bias current I can be calculated from the measured discrete probability distribution P([)

according to

dl/dt | Yook PAL
n = :

I'(ly) = (6.67)
The experimentally determined dependence of the activation rate (6.67) on the bias current
can then be compared to the theoretical predictions for the rate of the process under
consideration.

The nature of an escape process can be effectively characterized by assuming that it is of
thermal origin and calculating its effective escape temperature Teo.. According to Eq. (6.6),
the thermal escape rate of a fluxon from a potential well of depth Uy, is given by

: Uo€,
Ty = pawg;"p exp (—k OTO ) . (6.68)
bL esc
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Table 6.3: Parameters relevant for the calculation of histograms.

quantity unit  description

N total number of switching currents
dl/dt  [A/s] sweep rate of current
I; [A]  ith individual switching current
P(I) probability distribution of switching currents
Al [A]  width of bin in P(I) histogram
P; probability for jth interval of histogram

Knowing the dependence of Uy and &p on the bias current I, any two experimentally relevant
parameters can be determined from the data with good accuracy. All other parameters have
to be supplied to the model and should be confirmed independently in experiment. Usually,
the effective escape temperature T, and the critical current in absence of fluctuations 1.
are determined from the measured switching current distribution P(I).

For the purpose of the experimental data analysis, we transform Eq. (6.68) to the form

2T .
il &, (6.69)

1 =
" paajpr kaesc

Substituting the approximated potential barrier height

N 412

0 = Uo

(11— )2 (6.70)

into Eq. (6.69), we find an expression for the activation rate which is to first order linear
in~

(m 2rl )2/3 = ( Lo a04\/§)2/3(1—7). (6.71)

paajpr kb Tesc 3

The dependence of the left hand side of Eq. (6.71) on the bias current is only logarithmically
weak and can be neglected in the first approximation. Hence, the left hand side of Eq. (6.71)
is evaluated using the data I'(/) calculated from the measured probability distribution P([)
and the dependence of &pwp on the bias current using an estimated value of I..%

In a next step, the experimental data obtained in that way can be fitted to the right
hand side of Eq. (6.71), which is a linear function of the bias current. Using a fitting
function of the type f(¥) = Ceonst — Clin7, both Tese and . can be determined as

1 &
T = —=a, 6.72
R .
[ = joAy, = “comt (6.73)

Clin

Using the calculated value of I., we recursively iterate the fitting procedure starting with
the calculation of the left hand side of Eq. (6.69) to improve the accuracy of the fit. Due
to the weak dependence of the procedure on I., the iterations converge quickly to the final

8E.g. I. can be approximated by (Iy) in the first iteration.
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Figure 6.14: 5 x 5 um? square Josephson junc-

accurate value. If the experimental data are appropriate, the determined T, is identical
to the thermal bath temperature T'.

For the purpose of data analysis, a program has been implemented [Wol] which calculates
histograms from raw data and determines current dependent activation rates from them.
Moreover, the experimental data can be fitted to extract any two relevant parameters, e.g.
Tesc and I.. Tt is also possible to calculate thermal and quantum switching-current distri-
butions on the basis of supplied junction parameters and the temperature. The program
has been adjusted to work with data for the activation of the phase in a small junction, of
a vortex from a field induced potential and of a vortex from a microresistor potential.

6.4 Experimental results

First, I present experimental results on the thermal activation of the phase in a small
square Josephson junction and prove that the newly developed experimental setup, the
measurement technique and the data analysis provide reliable results. Next, the thermal
activation measurements of vortices are presented and the results are discussed in detail.

6.4.1 Small junction

The switching-current distributions of a 5 x 5 um? square Josephson junction fabricated at
Hypres Inc. [Hyp] with a nominal current density of j. = 1kA/cm? have been measured
at temperatures between 1.6 and 7.5 Kelvin. The sample geometry is shown in Fig. 6.14.
Due to the fabrication technology, the junction is surrounded by a symmetric 2.5 ym wide
idle region. The general geometrical and electrical properties of this junction and its idle
region correspond to those discussed already in detail in Section 4.2. The sample is biased
via two long superconducting lines of 10 ym width.

Sample properties

To electrically characterize the sample, its current-voltage characteristics have been mea-
sured at temperatures between 1.6 and 10 Kelvin, see Fig 6.15a. From these data, we have
evaluated the critical current I.,? the current jump at the gap I,, the normal resistance R,
and the subgap resistance Ry, according to the procedure described in Ref. [DEK*99]. In
Fig. 6.15b, the dependence of I. (solid squares) and I, (open circles) on the temperature
are plotted. The critical current can be fitted well to the Ambegaokar-Baratoff dependence
[AB63a, AB63b] with T. ~ 8.55K and [. &~ 310 uA. The current jump at the gap voltage
also follows well the Ambegaokar-Baratoff dependence with T, ~ 8.75K and [, ~ 474 A,
though there are small deviations in the intermediate temperature range. These devia-
tions are due to the modified quasiparticle density of states at the gap, which is a result

°In these measurements, a single realization of the switching current Iy is identified with the critical
current I..
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Figure 6.15: (a) Current-voltage characteristic of a 5 x 5 um? square Josephson junction in the
temperature range between 7' = 1.6 K and 7' = 10 K. (b) Experimental critical current I. (solid
squares) and gap current [, (open circles) vs. temperature. The solid lines are fits according
to the Ambegaokar-Baratoff theory [AB63a, AB63b]. Crosses indicate the ratio I./1,. (¢) Gap
voltage V; (solid squares) and fit according to theory [Miih59] (solid line). (d) Normal resistance
R,, (open circles) and subgap resistance Ry, (solid squares) on a logarithmic scale.

of the proximity induced superconductivity in the non-oxidized aluminum of the barrier
[GHG'195, ZLZ199]. This is also well seen from the double-gap structure in the current-
voltage characteristics at 7, 8, and 8.5 K in Fig. 6.15a. Also plotted in Fig 6.15b is the
ratio I./1,, which for low temperatures is approximately 0.66 indicating a good junction
quality and no (or only a small) reduction of the critical current due to trapped flux or self-
fields. The dependence of the gap voltage V, on temperature also fits well the theoretical
expectations [Miih59], see Fig. 6.15c¢.

The subgap and the normal resistance are determined from the current-voltage charac-
teristics. The subgap resistance needs to be known in order to estimate the influence of
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(b)

temperatures between 1.66 and 7.45 K. (b) Normalized experimental activation rates (symbols)
in dependence on the reduced bias current I — I.. Fits to the experimental data are indicated by
solid lines.

damping on the thermal activation of the phase. In Fig. 6.15d, both R,, (open circles) and
R, (solid squares) are plotted vs. temperature on a logarithmic scale. In good approxima-
tion R, decreases exponentially with temperature from about 660 at 2 Kelvin to 6.6 ()
at 8.5 Kelvin reflecting the exponential suppression of the quasiparticle tunnel current with
decreasing T', whereas R, =~ 6.6 () is temperature independent as expected.

Thermal activation of the phase

At each of the temperatures T'=1.66, 1.91, 2.87, 3.95, 5.11, 6.18, and 7.45 K, we measured
10* switching currents with a bias current sweep rate of dI/dt 0.16 A/s. The data
were digitized using a 12-bit AD-converter!® and histograms were calculated using the
discretization of the data acquisition as bin width. The measured normalized switching-
current distributions are plotted in Fig. 6.16a. With increasing temperature, the width

of the distributions increase while the maximum current decreases. This observation is in
agreement with the qualitative expectations.

Using the analysis described in Section 6.3.3, the effective temperature T of the ther-
mal escape and the critical current I. in absence of thermal fluctuations are determined.
The thermal activation rate of the phase from the potential (6.14) close to the critical

10For these initial measurements, no higher resolution ADC or counter was available in our lab.
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current I, is given by

w¢ ¢
I'(I) = p, ZET]) exp (— U}Sbg{)) , (6.74)

which is evaluated by substituting the expressions (6.15) and (6.19) into Kramers formula
(6.6). According to the scheme outlined in Section 6.3.3, we first calculate the quantity

exp 2/3
M) (6.75)

reem(r)y = [ In
= ot ()

using the rate I'P([) (6.67) determined from the probability distribution P([) of the
measured data. We use the mean value of the switching-current distribution ([y) as a
first estimate of I. to calculate the current-dependent small amplitude oscillation frequency
wg(]c, I). For the calculation of the plasma frequency w,(I.,C'), the total capacitance of
the junction is determined as C = 2pF.!'! The effect of the exact value of C' on the
experimental results is discussed in some detail later. Additionally, we set p, = 1 and
consider the damping dependence of the activation at the end of this section. The resulting
experimental [™*"™(]) data are plotted with a current offset of —1I. in Fig. 6.16b. As a first
observation, we find that the data are approximately linear in the bias current. Thus, we
conclude that the cubic approximation of the potential is valid for this experiment. Next,
the experimental data I™°™ (/) are fitted to the expression

By av2\
kaesc 3 [c

(I,—1). (6.76)

The solid lines in Fig. 6.16b are linear fits of the form f(I) = ceonst — cin! to the data
(symbols). From the two fit parameters cconst and cjn, we determine /. and Tes. as

Ceconst
I = : 6.77
Clin ( )
1 &g4v2 1
Twe = ——O—IT. (6.78)
kb 2m 3 CconstClin

The resulting escape temperatures for different bath temperatures T" are plotted in Fig. 6.17a
(solid squares). For comparison, the curve Te. = T (solid line) is also plotted in the same
figure. The error bars associated with T, are calculated from the root mean squared statis-
tical error of the fit to the experimental data. Obviously, we find good agreement between
the physical bath temperature T" and the experimentally determined escape temperature
Tosc-

In Fig. 6.17b, the mean value of the switching current (Iy) (solid squares) is compared
to the fitted value of the critical current I. (open triangles). Clearly, the value of I. cor-
responding to the value of current at which the potential barrier disappears (for T = 0) is
larger than (Iy) due to the presence of the thermal fluctuations. Both sets of data fit well to
the Ambegaokar-Baratoff temperature dependence with 7. = 8.7K and I{®) = 320 A for
the critical current I, and 7T, = 8.55 K and <[0>(0) = 310 pA for the mean switching current

1 The total junction capacitance was estimated from the maximum voltages of single-vortex resonances in
long junctions on the same chip. This is one of the most accurate techniques to determine C [Lee91, LB92].
Hypres Inc. [Hyp|] quotes a specific capacitance C* = 38fF/um? for their samples, which is in good
agreement with our measurements that give C* = 40 fF/pum?.
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Figure 6.17: (a) Fitted escape temperature Tes (squares) vs. thermal bath temperature Thagh.
The solid line indicates the expected dependence Tese = 1. (b) Mean switching current (lp)
(solid squares) and critical current I, (open triangles) vs. temperature. Solid lines are fits to the
Ambegaokar-Baratoff dependence of the critical current on the temperature. In the inset (Ip)/I.
is plotted vs. T.

(o). Moreover, we observe that the ratio (lo)/1. plotted in the inset of Fig. 6.17b is close
to unity for all temperatures, which is another evidence for the validity of the cubic ap-
proximation to the activation potential. A clear suppression of the mean switching current
(o) with respect to the fluctuation-free critical current I. is observed. The suppression is
stronger for higher temperatures.

To cross-check the data evaluation procedure, the values of Tis. and [, determined from
the fits have been used to calculate the switching-current distribution P(I) by numerically
integrating Eq. (6.62) using the rate (6.74). The resulting calculated distributions are shown
in Fig. 6.16a by solid lines. Excellent agreement between data and simulations is found.

Here, we note that the only parameters supplied to the self-consistent evaluation of T,
and /. are the total junction capacitance C' and the current sweep rate df/dt. The latter
is accurately controlled in experiment. To check the influence of the capacitance C' on the
result, we have repeated the data analysis doubling and dividing by two the value of
quoted above. We find that, due to the logarithmically small effect of the value of C' on the
normalized rate (6.75), the resulting changes in Tes or I. are less than 1 % at all measured
temperatures and thus, can be neglected with respect to the other experimental errors.

Finally, we consider the damping dependence of the transmission coefficient p,, which
was 1nitially neglected. We note that, similar to the influence of the capacitance, it has
only a logarithmically weak effect on Eq. (6.75). For a worst case estimate, we consider the
highest temperature, i.e. the highest damping @ = 1/Rs,C, and the attempt frequency at
the most frequent switching current w§((lo))."> We estimate p, ~ 0.86 using Eq. (6.7). For
the lowest temperature T' = 1.66 K, the transmission coefficient p, =~ 0.998 is almost unity.
The correction resulting from transmission coefficients 0.85 < p, < 1 to the quantities of

1205, = wy in the cubic approximation.
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interest here is much smaller than 1% and thus, is neglected in this analysis.

In summary, the switching-current distributions of a small junction have been evalu-
ated self-consistently to find the critical current I. and the effective temperature T of
the thermal escape of the phase. The parameters dI/dt and C have been accurately deter-
mined in separate measurements, allowing for a data analysis with no free parameters. The
determined escape temperatures are, within the experimental errors, identical with the re-
spective thermal bath temperatures. At low temperatures (< 3K), a small deviation of Tes.
to larger values is observed, possibly indicating the existence of residual electromagnetic
noise.

Thus, we have shown that our measurement setup and our data analysis scheme are well
suited for switching-current measurements (in the range of a few 100 4A) in the thermal
activation regime.

6.4.2 Magnetic-field induced vortex potential

We have performed measurements of the thermal activation of a single vortex trapped in
an annular Josephson junction subject to an in-plane external field. The magnetic dipole
interaction of the vortex with the external field giving rise to an effective pinning potential
is described in detail in Section 6.2.1. We have performed systematic measurements on
the most narrow junction (A) of the set of samples listed in Table 4.1, which have been
examined with respect to their static and dynamic properties in Chapters 3 and 4.

Sample properties

We consider sample A, which has a mean radius of r = 48.5um and a width of w =
3 pm. The current-voltage characteristics and the critical-current diffraction patterns of the
junction without trapped flux are plotted in Figs. 6.18 a and b at temperatures between
1.66 and 8.5 Kelvin. The critical-current diffraction pattern is regular and symmetric
indicating a good junction quality and a homogeneous bias current distribution. From the
diffraction patterns, we have determined the magnetic thickness of the junction as A ~
200 nm, see Chapter 3. The normal resistance of the junction R, &~ 0.65€) is temperature
independent and its subgap resistance scales exponentially with T, see Fig. 6.18c. The low
subgap resistance indicates good barrier quality and small quasiparticle damping at low
temperatures. In Fig. 6.18d, the critical current I. of the junction'® at zero field (solid
squares) is plotted versus temperature. Good agreement with the theoretically expected
Ambegaokar-Baratoff dependence (solid line) is found with 7, = 9.05K and (%) = 1.53 mA.
We have estimated the critical-current density of the sample as j. = I./A ~ 1.6 x10% A /cm?,
with the junction area given by A = 27rw. The current jump at the gap I, evaluated
according to Ref. [DEK*99], is indicated in the same plot by open circles. Its temperature
dependence is not well described by the Ambegaokar-Baratoff dependence, probably due
to a strong proximity effect [GHGT95, ZLZ*99] which is consistent with the large knee-
structure observed at the gap-voltage in Fig. 6.18a. In the full temperature range, the ratio
I./1, (stars in Fig. 6.18d) is comparable to the value found for the small junction in the
previous section. This indicates that the critical current is not substantially reduced by
self-field effects or trapped flux.

13Tn these measurements, a single realization of the switching current I is identified with the critical
current I..
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Figure 6.18: (a) Current-voltage characteristic of sample A at different temperatures. (b) Critical-
current diffraction patterns at the same temperatures. (c) Normal resistance R, and subgap
resistance R,, vs. temperature. (d) Critical-current I. and gap current I, vs. temperature. Solid
lines are comparison to Ambegaokar-Baratoff theory. Stars indicate the ratio I./1,.

As shown in Chapter 4, the junctions can be prepared in a single-vortex state, which
is identified by its current-voltage characteristic and critical-current diffraction pattern.
The single-vortex resonances at zero field are plotted in Fig. 6.19a for the same set of
temperatures. The maximum voltage of the step is Vijax ~ 851V at low temperatures,
from which we estimate an approximate specific junction capacitance of C* ~ 25fF /um?.
From the shape of the current-voltage characteristic, the effective damping parameters «
and 3 can be deduced by a fit to perturbation theory, see Section 2.2. The critical-current
diffraction patterns in Fig. 6.19b are further evidence for a single vortex being trapped in
the junction, see Section 3.2.2.

In the following, I analyze the switching-current distributions of this junction with a
trapped vortex for fields smaller than 0.5 Oe, i.e. in the regime in which the critical current
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Figure 6.19: (a) Single-vortex current-voltage characteristic of sample A at different tempera-
tures. (b) Critical-current diffraction patterns at the same temperatures.

depends approximately linearly on the external field, see Fig. 6.19b. In this regime, the
switching of the junction from zero voltage to finite voltage is associated with the activation
of the vortex from the field induced potential well.

Thermal activation measurements

We have performed switching-current measurements at the temperatures T'= 2, 4 and 6 K
in an in-plane external field between 0.058 and 0.464 Oe aligned parallel to the junction bias
leads, see Fig. 6.5a. The field was generated with a current biased cylindrical coil with a
field coefficient of 0.058 Oe/mA. At each temperature and field value, 10* switching currents
were measured using the technique described in Section 6.3. The data were acquired using a
16-bit AD converter, resulting in a substantially better current resolution as in comparison
with the measurements described in the previous section.

As a typical set of data, the switching-current distributions P([) for H = 0.232 Oe at
T = 2,4 and 6 K are plotted in Fig. 6.20. The histograms have been calculated from the
raw data grouping switching currents into bins of width A7 = 120nA, which corresponds
to m = 4 times the intrinsic data discretization of 6/ ~ 30nA. In Fig. 6.20 a to c, the
distributions are plotted in a range of 5uA around the maximum of the distribution, to
allow a qualitative comparison of the histograms. The narrowing of the distribution with
decreasing temperature due to the reduced thermal fluctuations is clearly observed, while
the area under the histogram corresponding to the total switching probability [ P(I)dl =1
is conserved.

For further data evaluation, the normalized activation rate

QWFeXP([)) 2/

rremm (1) = (m — (6.79)

is calculated using the same procedure as discussed in the last section, but considering the
attempt frequency @gh which is specific for the magnetic-field induced vortex potential. In
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Figure 6.20: Measured switching-current distributions (symbols) at H = 0.23 Oe and (a) T' = 6 K,
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Fig. 6.20, we observe a linear dependence of I™™([) on the bias current indicating the
validity of the cubic approximation of the potential. We note that the slope of the data
depends on the bath temperature T'. Linear fits to I™°™([) are indicated by dashed lines
in the same plots. The data were fitted using the square root of the number of events n;
registered in each bin as weighting factors, reflecting the Poisson statistics of the probability
distribution. From the fits, both the constant and linear term including the errors associated
with the fit are determined. Obviously, at high temperatures, the data are fitted well. At
the lowest however instead, we observe a deviation of the data from the linear dependence
at low and at high bias currents. This deviation indicates an excess of switching current
events at these bias currents. This effect can be explained by a gaussian broadening of
the switching-current distribution due to spurious non-thermal electromagnetic noise in the
measurement setup.

Comparing the data extracted from the fits to the expected dependence of the normal-
ized activation rate on the current given by

2/3
(oh V2 - .
(kaesc T3 ) ( m?)’ (6.80)
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we can extract both the escape temperature T... and the depinning current I* = I~4"
where [. is the critical current of the junction at zero field and without trapped flux. Using
the constant and linear coefficients (see previous section) determined from the fits to the
data, we find both quantities as

[ = CCCT“, (6.81)
I, — L%oiv2 1 6.82
esc  — E%TT? ( . )

CconstClin

where we have substituted the definitions of &, ¢ and 7". The determined expressions
are identical to those found for the small junction but with the reduced critical current
I" = 4"1., see Section 6.4.1. The attempt frequency wgh can be rewritten as

oo 10 | ¢ 1A\

0 1c9c

2o - . .
2 C mf ( (ICV?) ) (6 83)

We notice the reduction of the attempt frequency by the factor /¢/m; in comparison

with the small junction case with reduced critical current I*. Thus, for the accurate data
analysis, not only the junction capacitance C' but also the Josephson length A; (inductance

L*, current density j.) and the junction geometry are parameters to be supplied to the
model. All other parameters can be determined self-consistently from the data.

The escape temperatures calculated from the experimental data according to Eq. (6.82)
are shown in Fig. 6.21a for the different bath temperatures and magnetic fields in the
range of H = 00e to 0.50e. The error bars indicate the uncertainty in the value of T
calculated from the errors in ceonst and ¢j,. We observe a clear scaling of To with the
bath temperature T'. At high temperatures 4 and 6 Kelvin, the experimentally determined
values of Te. are within 0.5 K of the thermal bath temperatures T' (indicated by dashed
horizontal lines) for all values of the magnetic field. The measured escape temperature
corresponds to the thermal bath temperature with a relative accuracy of about 10 %. At
the lowest temperature however, the fitted Ti. is notably higher than the bath temperature.
As noticed already in Fig. 6.20c, the measured current distribution is not as well described
by the theory at 2 Kelvin as it is at the higher temperatures. One of the reasons is the
residual electromagnetic noise in the biasing circuits of the junction, which is broadening the
switching-current distributions. This effect is noticed in the more narrow distributions at
low temperatures and at small fields. Thus, the experimental setup used in this particular
measurement allows for accurate analysis of switching-current distributions with a full width
of approximately 0.5 A at half of the maximum height of the probability distribution.
Better results should be achieved with improved filtering and analog electronics.

At every bath temperature, we observe a systematic increase of the escape temperature
with decreasing magnetic field. These effects suggest a dependence of the escape process
on the potential barrier height. They may possibly be explained by a change of the vortex
shape due to the external field, which is not taken into account in the collective coordinate
model. In the model, we have considered the effect of the magnetic field in terms of a
perturbation, which only acts as an external force on the rigid vortex but does not change
its shape.

Another possible reason for the observed increase in the effective escape temperature
may be the existence of an additional magnetic-field independent pinning force acting on the
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Figure 6.21: (a) Escape temperatures Te.. (open symbols) and (b) depinning current I” (closed
symbols) in dependence on the externally applied magnetic field at temperatures 7' = 2 (triangles),
4 (squares), and 6 (circles) K. In (a) the respective bath temperatures are indicated by dashed
horizontal lines.

vortex. A possible origin of such a force could be the interaction of the vortex with the bias
leads. We are planning experiments in which the coordinate at which the vortex is depinned
may be changed by varying the angle at which the magnetic field is applied to the sample.
In this way, the pinning of the vortex at the edges of the bias leads may be avoided. The
pinning at the junction edges was analyzed qualitatively using low temperature scanning
electron microscopy [MDP*98].

Recently, we have shown theoretically [FCCT00] that a localized magnetic-field inde-
pendent contribution to the pinning potential can lead to an effective enhancement of the
activation rate at low fields. In this regime, the modified escape temperature is given by

2 1:(0) \
T5 =T [1— 228 : 84
=t (1= 305 .

where [7(0) is the depinning current of the vortex in zero field. For an ideal junction
I¥ = 0. For I} # 0 however, the effective escape temperature is increased at low H. In
Fig. 6.22, the measured escape temperatures at 4 and 6 Kelvin are fitted to Eq. (6.84)
considering a residual critical current of 20 percent of the critical current at the lowest
measured field. Thus, the residual field-independent pinning may explain the increase of
the measured escape temperature at low fields. The data for the lowest temperature is not
well explained by this model, strengthening the suggestion that electromagnetic noise has
influenced those measurements.

The depinning currents I"( H) are plotted versus the magnetic-field in Fig. 6.21b. The
dependence is qualitatively similar to the one shown in Fig. 6.19b, however the I values are
clearly larger than the mean switching currents (Iy). Calculating the ratio (Iy)/I" we find



6.4. EXPERIMENTAL RESULTS 109

7.0

50 .

escape temperature, T__[K]

4'0j 3 ) Figure 6.22: Escape temperatures at
T =4 K (open squares) and 6 K (open
0.1 0.2 0.3 0.4 circles) with fit (solid lines) according

magnetic field, H [Oe] to Eq. (6.84).

values between 0.96 for high temperatures and low fields up to 0.99 for low temperatures
and high fields. As for the small junctions, the reduction of the transmission coefficient
p. due to damping can be neglected. The worst case analysis for temperatures close to T.
yields a reduction of p, to about 0.85. For lower temperatures, p, quickly approaches unity
for the high subgap resistance samples used here. Nevertheless, an experiment may be set
up to observe the effect of the damping, e.g. by decreasing p, to values smaller than 0.5,
by working in the high temperature limit or with junction specifically prepared to have a
low subgap resistance.

6.4.3 Vortex in a microresistor potential

In the set of measurements described in this section, we observe the thermal activation of a
vortex pinned at a microresistor. The properties of the potential well considering an ideal
microresistor are discussed in Section 6.2.2.

Sample properties

We have designed annular Josephson junctions with a width of 3 ym and a mean radius of
r = 18.5um. The junction contains a microresistor in the location indicated in Fig. 6.23a.
The microresistor is realized by a b = 3 pm wide break in the upper trilayer electrode which
is then filled by depositing ¢, = 200nm SiO, [GF84, VDKS88]. The whole ring is covered
by the wiring layer. In Fig. 6.23b, a cross-section along the length of the junction is plotted
in the region of the microresistor.

The current-voltage characteristics of the sample without trapped flux are plotted in
Fig. 6.24 at different temperatures. Also shown are the critical-current diffraction pat-
terns which were acquired with the field applied in parallel to the junction bias leads, see
Fig. 6.23a. The critical-current patterns are regular and symmetric. No observable change
in the patterns due to the microresistor is noticed. From the patterns, we determine a
magnetic-field penetration depth of A &~ 200 nm.
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Figure 6.23: (a) Top view of an annular junction with a microresistor realized by a break in the
top trilayer electrode in the position indicated by an arrow. (b) Cross-section along the junction
length in the region of the microresistor.

Using the usual methods, we have determined the critical current [., the gap cur-
rent [,, the normal resistance R, and the subgap resistance R,, from the current-voltage
characteristics. As observed for all other samples, the I.(T') dependence fits well to the
Ambegaokar-Baratoff theory with I(®) = 3.4mA and 7. = 9.05 K, see Fig. 6.25a. The ratio
I./1, is approximately 0.6 indicating good junction quality and no, or only negligible, sup-
pression of the critical current by trapped flux or self-field effects. Considering the junction
area A = w(277 — b), we find a critical-current density of j. &~ 1.00kA/cm?. The normal
resistance of the sample is approximately R, ~ 0.53(). The subgap resistance changes
exponentially with temperature between R,, = 75 at 2K and R,; = 0.85( at 8.5 K.

Single vortices could be trapped reproducibly in the junction. The low-current and
low-voltage part of the junction characteristics with a single trapped vortex are plotted
in Fig. 6.26a. At low temperatures, we observe a rich fine structure on the single-vortex
resonances. In the dynamic state, the vortex generates plasma excitations in the junction
due to the interaction with the microresistor. The high-voltage part of the fine structure
may be explained by the geometric whispering gallery resonances of junction [WUK*00].
The lower voltage resonances are similar to those discussed in Ref. [Ust96, UT97]. From
the maximum voltage of the single-vortex resonance Vi,ay & 187 1V, we have estimated the
effective capacitance of the junction as C* = 40 fF/um?.

In comparison with the critical-current diffraction pattern without trapped vortex (see
Fig. 6.24b), the pattern with a single trapped vortex is drastically modified. As usual, the
critical current around zero field is suppressed in the presence of the vortex. However, we
observe a peculiar dependence of the depinning current /. on H at very small fields. In the
positive field direction [. is reduced, whereas in the negative direction [. is increased. This
effect can be understood qualitatively by considering the sum of the magnetic-field induced
potential and the microresistor potential. For one field direction, the depth of the well is
increased whereas for the other one, the depth is effectively decreased leading to a change
of the depinning current. The dependence of the depinning current on the magnetic-field
amplitude and on the direction is to be studied further. Here, we only consider the H = 0
case.
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Figure 6.24: (a) Current-voltage characteristics of the sample at temperatures between 2.0 and
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Figure 6.26: (a) Current-voltage characteristics of single-vortex resonances at various tempera-
tures. (b) Critical-current diffraction patterns with trapped vortex.

Thermal activation measurements

We have measured the thermal activation of a single vortex from the microresistor potential
in the sample discussed above at temperatures between 2 and 8 Kelvin. At each tempera-
ture, 10* switching currents have been acquired using the time-of flight technique discussed
in Section 6.3. The current sweep rate was adjusted to 0.8 A/s. Two typical switching-
current distributions at 7' = 2K and at T" = 6 K are plotted in the lower part of Fig. 6.27.
As before, we observe the broadening of the switching-current distribution with increasing
temperature. For a quantitative analysis we calculate the normalized activation rate

exp 2/3
M) 7 (6.85)

TS
PalWy Wp

[rorm([) = (m

using the measured switching-current distributions. The experimentally found dependence
of T™™([) is plotted in the upper part of Fig. 6.27. Again, we observe that ™™ ([) is
linear in the bias current /, indicating that the cubic approximation of the microresistor
pinning potential is valid. Fitting these data linearly, we determine the two coefficients
Clin and cCeopst- Comparing the fit to the expected current dependence of the normalized

activation rate 2/3
[rorm( 1y — e_ Y~ 1 — 6.86
( ) (kaesc e 3 ) ( [Cﬁyg) 7 ( )

we have determined the depinning current IS = I.4¢ and the escape temperature T as

Cconst
= 6.87
¢ Clin 7 ( )
1 &g w42 1
Tesc — __Oi \/_ . (688)
kb 27 L 3 1/2

CconstClin
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In Fig. 6.28a, the depinning current [¢ is plotted versus the bath temperature . Due to
the temperature dependence of the pinning potential ¢, I: follows well the expression

LT o< Je(T)ye(T) o go( 1)/ AL(T) (6.89)

with T. = 9.4 K and [{(T = 0) = 692 A, see solid line in Fig. 6.28a. The error bars
indicate the statistical error of IS which is determined from the fit to ™™ (7). The value
of the mean switching current (Iy) with respect to I¢ is plotted in Fig. 6.28. We clearly
observe a reduction of (Iy)/I¢ with increasing temperature due to the increasing thermal
fluctuation.

The effective escape temperature Tes. calculated from the data according to Eq. (6.88)
is in good approximation linear in the bath temperature T'. However, we find from our
measurements that T, is systematically about 65 % smaller than the bath temperature
of the cryostat. To compare the escape temperature with the bath temperature we have
multiplied Ty by a constant factor of * = 1.55. The resulting dependence is plotted in
Fig. 6.28b. The error bars represent the statistical errors due to the fit and the uncertainty
in the normalized junction length ¢, see Eq. (6.88). Considering the renormalized escape
temperature " T, the agreement with the bath temperature is satisfactory. At low tem-
peratures, we observe a slight increase of t* T, due to residual electromagnetic noise in the
bias circuitry. This effect was observed also in the measurements described in the previous
sections. At high bath temperatures, we also observe a slight increase of t*Tys. with re-
spect to the expected values. Here, we point out that the analysis of the switching-current
distributions in this large temperature range is less accurate because the strong tempera-
ture dependence of the superconducting parameters j.(7') and Ap(7T') has to be considered.
We have implemented these temperature dependencies into the data analysis. However, at
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Figure 6.28: (a) The fluctuation-free depinning current /¢ versus 7. The solid line is a fit to
Eq.(6.89); also plotted is (lo)/I¢. (b) Escape temperature t*Tes. versus bath temperature 7. The

dependence t*T.,. = T is indicated by a solid line. Also plotted is the difference t*Tes. — T versus
T.

high temperatures (7' > 6 K) the errors in the estimated parameters are larger than at low
temperatures.

In the remainder of this section, I discuss possible reasons for the reduced 7. as deter-
mined from the measured data. According to Eq. (6.88), Tesc is proportional to 1/¢ o Aj.
Thus, a bad estimation of A; may result in an incorrect value of Te.. In the calculations
discussed above, we have neglected the effect of the idle region on A; (compare Chapter
5). Considering the renormalized Josephson length Aeg as in Eq. (5.13) with 2w, /w; ~ 1.7
and an inductance ratio A & 0.5 (see Eq. 5.7), we find Aegr &~ 1.4X;. The phenomenological
factor t* & 1.55 is close to the factor of the enhancement of the effective Josephson length,
due to the presence of an idle region. Thus, the renormalization of A; due to the idle region
does partially explain the observed effect.

Moreover, we note that in our samples the microresistor is realized by a 200 nm thick
510, layer deposited on top of the tunnel barrier to suppress the critical current. The model
discussed in Section 6.2.2 considers solely this local suppression of j.. However, this par-
ticular realization of a microresistor also modifies the effective inductance and capacitance
of the junction. The junction inductance is increased at the microresistor by the factor
Ly/L% = (2Ar + t,)/(2A1 + t;) ~ 2, which increases the magnetic energy of the junction.
The effective potential for the vortex due to the inductance change can then be expressed
as

~ £l N 1 ~ ~ 1
UL(q) = —/0 €L5($0)§¢f($ — q)2 dx = QGLM R (690)
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where e, = (L5/L% — 1)b/A; is the strength of the “microinductor’. For the junction pa-
rameters considered here, the depth of the pure microresistor vortex-potential is effectively
reduced due to the increase of the magnetic energy of the junction at the resistor. To
illustrate the effect, the pure microresistor potential and the same potential including the
inductance change are plotted in Fig. 6.29 for ¢ = —1 and ¢;, = 0.5. Due to the iden-
tical shape of the pure microresistor potential and the pure microinductor potential, the
combined potential can be described as a localized potential with the effective strength
€eff = €+ €1,. Thus, within this consideration, the modification of the potential due to the
microinductor can be treated consistently in our model by considering €. instead of e.

In addition, at the microresistor the junction capacitance is reduced by a factor of 100
due the 200 nm thick SiO, barrier. The capacitance decrease results in an increase of the
effective plasma frequency by a factor of 10 at the microresistor. Thus, the attempt fre-
quency of the vortex may be strongly enhanced, depending on the average distance between
the vortex and the microresistor. In a crude approximation, assuming an increased average
attempt frequency, one expects a reduction of the width of the switching-current distri-
bution, which is in qualitative agreement with the experimental observation of a reduced
escape temperature.

The modifications in the vortex potential due to the inductance and capacitance change
in the region of the microresistor may be taken into account quantitatively. However, this
would involve a more complicated data analysis. In the future, we plan experiments in
which both the width of the resistor and the thickness of the insulator are to be varied in
order to quantify the observed effects for different parameters of the microresistor potential.

6.5 Summary and conclusion

I have investigated experimentally the thermal activation of a single Josephson vortex from
a metastable state. An experimental setup has been developed to measure the switching-
current distributions of Josephson junctions at temperatures between 1.5 K and 9.2 K. A
data analysis scheme to extract the characteristic quantities of the thermal escape process
from the switching-current distributions has been implemented. The setup and the data
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analysis have been tested successfully by measuring the thermal activation of the phase in a
small Josephson junction. Within the experimental accuracy, the measured escape temper-
ature is identical to the thermal bath temperature for these samples. No free parameters
are used in the data analysis.

The thermal escape of a single Josephson vortex from a magnetic-field induced and a
microresistor induced potential has been considered. The dynamics of the Josephson vor-
tex in the potential well has been described in terms of a quasiparticle of mass m; with
generalized coordinate gq. The characteristic properties of the potentials in dependence on
the bias current and the electrical and geometrical parameters of the samples have been
investigated. The measured switching-current distributions are well described considering
the thermal activation of the vortex from a metastable state. The activation from the
magnetic-field induced potential has been analyzed self-consistently, without any free pa-
rameter. For the microresistor however, an additional fitting parameter is required to relate
the effective escape temperature to the bath temperature. Within the experimental errors
the effective vortex escape temperature is identical to the bath temperature, indicating that
the escape process is well described by the used models.

In future experiments, the activation of vortices is to be investigated for a variety of
pinning potentials. The characteristics of the potential can be modified by shaping the
junction in an external field (see Chapter 8) and by implementing different types of mi-
croresistors and microshorts or other local modifications of the junction properties. Using
the measurement technique discussed in this chapter, we intend to investigate the activa-
tion of the phase considering the transition from discrete Josephson junction arrays with
varying inter-junction coupling to continuous long junctions. Such experiments allow to
systematically examine the multi-dimensional activation of the phase as suggested in Ref.
[DMS99]. Only few experiments on such systems have been performed until now [CTC*96].

Moreover, we intend to perform activation measurements of vortices at lower tempera-
tures. Using a newly acquired *He cryostat, temperatures between 2 K and 250 mK can be
achieved. In this temperature range, the fluctuation-free critical current of Nb Josephson
tunnel junctions is almost temperature-independent allowing for a more accurate analysis
of data. Performing similar measurements at even lower temperatures in a *He-*He dilution
refrigerator, we intend to observe the quantum properties of Josephson vortices as discussed
in Chapters 7 and 8.



Chapter 7

Quantum Properties of Josephson
Vortices in Annular Junctions

The main objective of our experiments with Josephson vortices in annular junctions is
the observation of macroscopic quantum effects. As suggested in theoretical works [K196,
SBJIM97], the Josephson vortex may tunnel through a potential barrier out of a metastable
state. Here, we propose to form the pinning potential for the vortex using the external mag-
netic field [WKL*00]. In contrast to the microresistor pinning potential suggested earlier in
literature [KI96], our approach allows to modify the cross-over temperature between quan-
tum and thermal regime in situ during experiment. We discuss the important experimental
conditions to observe macroscopic quantum tunneling of the vortex and show that these
can be met using the experimental setup developed for vortex activation measurements.
We also discuss the feasibility of observing the energy level quantization of vortex states in
the potential well.

7.1 Macroscopic quantum tunneling

The thermal activation of a vortex from a potential well is exponentially suppressed as the
thermal bath temperature T' is decreased, see Eq. (6.6). At low temperatures, the quantum
tunneling through the potential barrier becomes the dominating process. The theory of
macroscopic quantum tunneling of a single Josephson vortex from a microresistor potential
has been recently developed in Refs. [K196, SBJM97]. Here, we adopt this theory to discuss
the case of a vortex in a magnetic-field induced potential well. The magnetic-field induced
potential has the considerable advantage that the potential barrier may be varied in situ
during the experiment.

The rate of escape of a particle of mass m from a metastable state in a potential well U(q)
can be calculated in the quasi-classical Wentzel-Kramers-Brillouin (WKB) approximation

[LL79] as

UO 1/2 Jex 1
['qu = const. wy (—) exp (—2/ E\/Zm(U(q) — Eo) dq) , (7.1)
o

EC{JO

where ¢ is the particle coordinate, ¢q is the entrance point into the potential barrier and gey
the exit point, defined by the intersection between the ground-state energy level Fy of the
particle in the well and the potential, see Fig. 7.1. For sufficiently simple potentials, e.g.
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Figure 7.1: Sketch of a potential well. The

energy of the ground state of the particle Eo

is Ey; the entrance and exit points of the 0
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\ 4

the quadratic plus cubic potential in Eq. (6.21), the WKB approximation (7.1) is explicitly

solved [LegQ4
=W — exp| ————1 . .
4 0 huwg 5 P 5 hwyg

The tunneling of the particle in the presence of damping can be described using the
Caldeira-Leggett theory [CL81, Cal83, Leg84]. In this approach, the damping is phe-
nomenologically modeled as a coupling of the particle degree of freedom to an infinite
number of harmonic oscillators in the environment. It was shown [CL81, Cal83, Leg84]
that the quantum mechanical tunneling rate of a particle out of a cubic potential in the
presence of the damping a can be expressed as

[ = Aexp(—B) (7.3)

with

A = Volw, (5)1/2(1+0(a)), (7.4)

36U, )
B = Shwo(l + 1.74a + O(a”)), (7.5)

where the damping has been considered up to the first order in the exponent. According
to Eq. (7.3), the quantum tunneling rate is reduced due to the increase of the exponential
factor B in dependence on the normalized damping coefficient a.

This model can be adopted to describe the quantum tunneling of a vortex out of a
magnetic-field induced potential well. It is useful to consider the WKB approximation in
the normalized units of the sine-Gordon equation. Rewriting Eq. (7.1), we find

& Uy)"* a g
['qu = const. Wowp (ﬁ@—g) exp (—2 5 ﬁ\/Zrhf(U(q) — ko) dq) , (7.6)
where we can identify hw,/& as the normalized Planck constant [KK196]
o dt \'*
2 P
g g opl6m (wzcj) , (7.7)

with a; = €?/(4meohc) = 1/137 being the fine structure constant. The quantum char-
acter of the vortex scales with ¢g?, being inversely proportional to the junction width w
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Table 7.1: Typical electrical and geometrical junction parameters.

quantity unit approximate value meaning
Je [A/cm?] 100 critical-current density
c* [fF/pm?] 30 specific capacitance
d [nm] 200 magnetic thickness
r [em] 50 mean junction radius
[em] 3.0, 0.3 junction width

and proportional to the square root of the magnetic thickness d’ and the inverse junction
capacitance ;/¢;. Since the junction capacitance and its magnetic thickness are mainly de-
termined by the material properties, the remaining crucial parameter is the junction width
w. Thus, quantum effects of vortices should be more pronounced in narrow long junctions
than in wide ones. For a junction of width w = 3 um and typical electrical parameters (see
Table 7.1), the normalized Planck constant is ¢* ~ 1.0 x 107>. We also note that ¢* is
proportional to the inverse ratio of the vortex energy and the plasmon energy.

7.1.1 Calculated switching-current distributions: Cross-over from
thermal activation to quantum tunneling

Quantum tunneling of a vortex from the magnetic-field induced potential well may be
detected by measuring the switching-current distribution at low temperatures. With de-
creasing temperature, the thermal activation is exponentially suppressed and the P(1) dis-
tribution is dominated by quantum effects. To estimate the possibility to observe quantum
tunneling, we have calculated numerically switching-current distributions. In the calcu-
lations, we have used sample parameters (see Table 7.1) similar to those of the thermal
activation experiments presented in Section 6.4.2. In particular, I discuss two different
junction widths, i.e. w = 3.0 pgm which can still be fabricated using standard photolitho-
graphic techniques, and w = 0.3 um which is the most narrow high quality long Josephson
junction ever fabricated [KWF*99].

Using the expressions for the magnetic-field induced barrier height (N]gh (6.44) and the
small amplitude oscillation frequency @gh (6.43), the switching-current distributions in the
thermal regime are calculated by evaluation of Eq. (6.62) with the rate (6.6). For sim-
plicity, we have used a transmission coefficient of p, = 1. The probability distributions
are calculated for a w = 0.3 um wide junction in a normalized field of A/27 = 0.4 of in-
termediate strength at a current sweep rate of dI/dt = 0.04 A/s. The current sweep rate
corresponds to approximately 4 j.27rw x 100 Hz. In practice, the amplitude of the current
sweep should not be increased substantially above the critical current of the junction due
to the increased probability of trapping flux at large currents. The calculated switching-
current distributions are plotted in Fig. 7.2 for bath temperatures between 500 mK and
10mK.! As expected we observe a strong reduction of the distribution width with decreas-
ing temperature. At the same time, the mean switching current (/y) approaches I due to
the decrease of thermal fluctuations. The P([) distribution for the escape of the vortex
from the well due to quantum tunneling at zero temperature is shown in the same plot. The
rate expression (7.3) with vanishing damping ¢ = 0 was used for the calculation. For better

! Experimentally, temperatures in this range can be achieved with 3He-*He dilution refrigerator technol-

ogy [Pob95].



120 CHAPTER 7. QUANTUM TUNNELING

(b)

~~
QD
~—

F T T T T T T T T 9 T T
100F w = 0.3 um 10 mK
— 90 ] 1 _ 1x10'f
<, sof 1 5
= o E o
o 0 s : =
- [ i ] =
2 60 - pure quantum tunneling 3 .g
o [ 1
r - c
g 50 . ] 5
o [ 1 =
& 40F somk || 3 3
2 30f th | activati E *3
8 pure thermal activation 100 mK '5 leO'z_
$ 20 - 200 mK -
10k 0.500 K J ]
of —\ E P
E . 1 . 1 . 1 . 1 3 1 . A PP SR R |
26.4 26.6 26.8 27.0 27.2 1x102 1x10™
bias current, | [uA] bath temperature, T [K]

Figure 7.2: (a) Simulated thermal escape probability P([) for different thermal bath temperatures
T. The quantum escape P(I) distribution at 7 = 0 is shown with an offset of 50 uA~*. (b)
Variance oy of the thermal distribution in dependence on 7" for w = 3.0 um (open circles) and
w = 0.3 pm (solid squares). The variance of the temperature-independent quantum distributions
are shown by horizontal dashed lines. The cross-over temperature T for the narrow junction
is indicated by an arrow. The shaded area indicates the region in which quantum tunneling
dominates.

visibility, the distribution is offset by 50 units in P(I). Obviously, the quantum probability
distribution is similar to the thermal distribution at about 100 mK. Thus, at temperatures
below 100 mK we expect a substantial broadening of P(I) due to quantum tunneling of the
vortex out of the metastable state.

In Fig. 7.2b, the standard deviation o; of P([) is plotted versus temperature for both the
temperature-dependent thermal activation (solid squares) and the temperature-independent
quantum tunneling (dashed horizontal line). The intersection between the two corresponds
to the cross-over temperature T*. For these particular sample parameters (w = 0.3 um),
this external field and this current sweep rate, we find a cross-over temperature of about
80 mK. At temperatures T' > T, the switching-current distribution is dominated by ther-
mal activation, whereas for T' < T quantum tunneling is the main escape process. In
experiment, this cross-over should be observable as a saturation of the width o; of the
switching-current distribution at low temperatures. Fquivalently, this corresponds to a sat-
uration of the escape temperature T, at small T'. Similar experiments have been performed
considering the quantum tunneling of the phase in point-like junctions [MDCS87].

Additionally, the distribution widths o are plotted in Fig. 7.2b for a 3 pm wide junction
(open circles). For this junction width T* = 50mK, which is substantially lower than
for the more narrow junction. This is expected because the normalized Planck constant,
determining the quantum character of a vortex, is smaller for wide junctions. We also note
that the cross-over appears at an approximately twice larger absolute distribution width
or. At the same time, the mean value of the switching current is roughly proportional
to the junction width, such that the relative current resolution o;/(ly) required for an
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experiment with a wider junction is higher. Varying the junction width w, we can adjust
the temperature range in which quantum escape dominates, see shaded area in Fig. 7.2b.
The more narrow the junction, the smaller is o; and the higher is T™.

Analytically, the cross-over temperature can be defined as the temperature at which the
thermal and the quantum escape rates are equal. Neglecting the prefactors but considering
damping, the cross-over temperature for a cubic potential is given by [HGIWS85]

hw.
T = 27le5 (\/1 +a? — a) , (7.8)
where a is the damping constant. The influence of the damping parameter ¢ on the quan-
tum switching-current distribution has been considered. For temperatures below 1K the
damping parameter a is typically? less than 1072 In this regime, the reduction of the
tunneling rate, leading to a narrowing of the switching-current distribution due to ohmic
dissipation, is negligibly small. However, in an experiment, the effective dissipation may be
substantially larger due to fluctuations in the environment [TLvdW+*99].
Substituting the attempt frequency @ghwp into Eq. (7.8) with @ = 0, we find

hw h I\’ i
T =—2, 11— = .
27‘[‘]65 ﬁlf [ ([Ch) ] ’ (79)

where we identify three different contributions to the cross-over temperature. First, the
cross-over temperature is proportional to the plasma frequency w, o j/2, the value of
which is determined during fabrication. Second, T is proportional to the square root of
the external field H which can be modified easily during experiment. Finally, T* depends on
the ratio of I/I". This effect can be estimated by considering the most probable switching
current (1) and calculating the expression [1 — ((Io)/I7)*]'/*, the bias current dependence
of which is plotted in Fig. 6.10.

We have evaluated the cross-over temperature 7* from numerically determined switching-
current distributions in dependence on the external field for the junction parameters dis-

cussed above, see Fig. 7.2. We compare those values (open squares) to the ones calculated

2See, for example, Master’s thesis of A. Franz [Fra99].
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Figure 7.4: Vortex escape cross-over temperature T* in dependence on the depinning current I
and I for the magnetic-field induced potential (circles) and the microresistor potential (squares).

The corresponding potential parameters H/Hy = h and ¢ are quoted on the top axes. The (/1)
and /I are indicated by solid lines. (a) Data for w = 0.3 um. (b) Data for w = 3.0 pm.

analytically (stars) from Eq. (7.8) using the same parameters and the mean switching
current (lp). The data are shown in Fig. 7.3 for w = 0.3 um (upper data set) and for
w = 3.0 um (lower data set). Good agreement is found between the analytical and numer-
ical calculations. In particular the increase of the cross-over temperature with the applied
magnetic field is well described by Eq. (7.9). The data are compared to the expected Vh
dependence, see solid lines in Fig. 7.3, and good agreement is found.

We note that the cross-over temperature 7™ is substantially smaller for the wider junc-
tion than for the more narrow one. The increase in w leads to a larger barrier height due
to the increase of &. At the same time, the activation takes place at currents closer to
the critical current, i.e. (Iy)/I" is closer to unity. Thus, the attempt frequency wy is re-
duced, resulting in a smaller tunneling rate and, hence, a smaller cross-over temperature,
see Eq. (7.9). Thus it is most likely to observe the quantum escape of a vortex from a
magnetic-field induced potential well, using narrow junctions and large fields.

Additionally, we have compared the cross-over temperature of the escape from the
magnetic-field induced potential to the one from the microresistor potential. To perform the
comparison, we have numerically calculated switching-current distributions in the quantum
regime adjusting the potential depth (parameterized by h and e, respectively), such that
the fluctuation-free depinning currents I and I¢ are identical for both potentials. Then,
T* was estimated according to Eq. (7.8), using the numerically found mean depinning cur-
rent (ly). The resulting values of T* are shown in Fig. 7.4 for the sample parameters
quoted in Table 7.1. At the same depinning current (I = [¢), the cross-over temperature
is substantially larger for the escape from the microresistor potential than for the escape
from the magnetic-field induced potential, see Fig. 7.4. This is understood noting that the



7.1. MACROSCOPIC QUANTUM TUNNELING 123

small amplitude oscillation frequency of the vortex is higher in the spatially more localized
potential. For the wider junctions (w = 3.0 um) however, the difference in the cross-over
temperature is smaller because in this regime 7™ is governed by the factor (/ly)/1., which
is closer to unity for wider junctions, see Fig. 7.4b. All data obey with good accuracy a
scaling according to \/Tf or \/Tg respectively, see solid lines in Fig. 7.4.

In conclusion, the higher cross-over temperatures can be realized using microresistor
potentials. In the magnetic-field induced potential however, the dependence of the cross-
over temperature on the magnetic field allows to verify the quantum nature of the saturation
of the switching-current distribution more directly because the dependence of T* on H
can be tested experimentally using a single sample. In this way, electromagnetic noise
(being independent of H) can be excluded as the origin of a broadened switching-current
distribution. To perform the same tests for the microresistor potential, the cross-over
temperatures of different samples with different strengths of the microresistor have to be
compared.

7.1.2 Experimental requirements

To experimentally observe the quantum tunneling of a vortex, the sample has to be cooled
to temperatures of approximately 100 mK or below. These temperatures can be achieved
using a “He-*He dilution refrigerator. Since the cooling power of a dilution-refrigerator is
small at these temperatures, constraints on the possible critical current and resistance of
the sample do exist. In Fig. 7.5a, the cooling power of an ‘Oxford 300" bottom loading
dilution refrigerator is plotted versus temperature. Obviously, the available cooling power
decreases strongly with decreasing temperature according to a power law. For comparison,
the power dissipated in an annular Josephson junction with j. ~ 160 A/cm? and w = 3 um
at T'= 2K is plotted on a logarithmic scale versus bias current in Fig. 7.5b. If the junction
is biased on the fluxon resonance, the dissipated power is below 0.1 uW which can be easily
handled by the dilution refrigerator at base temperature. As the junction switches to the
gap voltage, the dissipated power increases suddenly to above 1.0 uW and continues to
increase to about 20 uW in the normal state. Biased at the gap voltage, a junction of
these parameters dissipates more power than the refrigerator can support at 10 mK. At
50 mK the dissipated power is balanced with the cooling power of the cryostat. Both axis in
Fig. 7.5b scale linearly with the critical-current density j. and the junction width w. Thus,
reducing w effectively reduces dissipation, whereas increasing j. to increase the cross-over
temperature is only possible at the cost of increased dissipation.

Above we have considered an infinitely large heat conductance between the sample and
the cryostat. However, the sample is usually prepared on an insulating Si0, wafer which
has a poor thermal conductivity. The heat generated in the sample should be small enough
to allow for sufficient cooling through the substrate and wiring. This can be achieved by
biasing the junction only at currents which generate voltages across the junction identical to
or smaller than the maximum voltage of the single-vortex resonance. This is only possible
for the field range in which the junction switches from V = 0 to the vortex resonance. For
larger fields (approximately h > 0.5), the junction switches directly to the gap voltage. To
avoid extra heating in this situation, a circuit which reduces the bias current immediately
after the junction has switched to a finite voltage state [MDC87] and, thus, minimizes the
dissipated power, has to be used. Alternatively, the junction may be thermalized by setting
the bias current to 0 for a certain time after each switching event. Thus, one has to choose
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Figure 7.5: (a) Cooling power P versus temperature 7' for an ‘Oxford 300’ dilution refrigerator.
(b) Dissipated power P in dependence on the bias current [ for a typical 3 um wide junction
with a trapped fluxon. The vertical line indicates the average power dissipated in a cycle with a
constant current sweep rate.

sample parameters such that the cross-over temperature is large enough to be measured
conveniently and, at the same time, assuring a proper thermalization of the sample after
each switching event.

Another important issue is the attainable current resolution. As estimated in numerical
simulations, one needs to properly resolve a quantum switching-current distribution with
or = 0.02 A for a 0.3 um wide junction. The equipment limited current resolution using
the time-of-flight techniques is conservatively estimated approximately to 100 pA. However,
the most narrow distributions measured accurately for a 3 um wide junctions has a oy of
0.5 A, With the currently available setup described in Section 6.3, we expect to attain
a well resolved switching-current distributions with o; down to 0.05pA for 0.3 pm wide
junctions, since the relative accuracy of our measurement setup scales with the current
range required. To attain even better resolution, we need to avoid interference due to
electromagnetic pickup in the sample wires and decrease the noise in the current read-out
electronics. Measures to be implemented include:

e installation of current sources and preamplifiers at room-temperature on the top of
the cryostat to avoid external wiring

e use of isolation amplifiers to decouple current-control and voltage-readout from the
sample bias circuit

o better grounding

An electrically hermetic sample holder, acting as a Faraday-cage, has been designed and
fabricated. Its function is to shield the sample from high frequency radiation in the en-
vironment. The biasing leads are fed into the sample box through custom-made in-wall
low-pass filters. We have tested the performance of different filter technologies including
copper powder filters [MDC87] and miniature coaxial lines [Zor95]. For both types of filters,
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we have measured an attenuation of approximately -50 dB in the frequency range between
2 and 20 GHz.? Thin-film on-chip circuits may also serve as effective filters [VOJ*95].

Using these techniques, we are optimistic to achieve the current resolution required to
perform a quantum tunneling experiment with a Josephson vortex in the near future.

7.2 Energy level quantization

The energy levels of a quantum particle trapped in a potential well are quantized. If at
low temperatures the lifetime-broadened width of an individual energy level is smaller than
the energy separation between neighboring levels, the discrete energy levels of the particle
may be observed in an experiment. The energy level quantization has been observed in
small junctions [MDC87, SPRR97] and in rf-SQUIDs [RHL95]. We expect to observe the
quantization of the energy levels of a Josephson vortex trapped in a magnetic-field induced
metastable state in an annular junction.

We consider the vortex trapped in a potential well as depicted in Fig. 7.6. We assume
that the barrier separating the ground state from the continuum is large enough to suppress
quantum tunneling and small enough to allow thermal activation. At low temperatures and
in thermal equilibrium, the vortex occupies the ground state of the well with the largest
probability. The population of higher levels is exponentially suppressed. Using a harmonic
approximation of the well around its classical minimum, the energy levels in the well are
determined by

1
E,=(n+ §)hw0, (7.10)

where n i1s the quantum number of the harmonic oscillator with the characteristic frequency
wp. Considering the vortex in the magnetic-field induced potential, the separation in energy

3The network analyzer used for the characterization of filters has a frequency band between 45 MHz and

20 GHz.
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between individual levels is determined by the small amplitude oscillation frequency

v = |0 (7.11)

my

of the vortex at the minimum of the well, see Eq. (6.43). Thus the energy level spacing is

given by
1/4

AE = hw, m% [1 - ([—[h)?] . (7.12)

Obviously, the energy level separation is proportional to the plasma frequency of the junc-
tion and to the square-root of the external field H. Moreover, it depends on the relative
bias current I/I" = 5 as shown in Fig. 6.10. We note that the energy level separation
is independent of the junction width. The number n of energy levels in the well can be
estimated within the harmonic approximation by calculating the quantity Uy/hwy. For the
vortex in a magnetic-field induced potential, the number n of levels is given by

116 ~ 1 7\

The energy level quantization can be observed by measuring the thermal activation of
the vortex from a quantized energy level. At low temperatures and in thermal equilibrium,
the vortex occupies the ground state of the well. Excited states have a small occupation
if the energy level separation is larger than the thermal energy. To observe the activation
from different energy levels for AF > k; T, a non-equilibrium distribution of vortex-states
in the well is required. This can be achieved by irradiating the vortex with a microwave,
which induces the resonant transition of the vortex from the ground state to the first excited
state. Due to the inharmonic potential well, the electromagnetic radiation is only resonant
with a single pair of energy levels. Depending on the bias current, the probability of the
vortex to be activated is large if its energy level is close to the top of the barrier and
small if it is far away from the barrier giving rise to a modulation of the P([I) distribution.
Experiments observing this effect have been performed successfully for small Josephson
junctions [MDC87].

Here, we consider a vortex trapped in a typical annular junction (see Table 7.1) of
width 0.3 gm in order to estimate the experimental parameters required for the observation
of energy level quantization. At temperatures T' < 1K, the thermal activation of the
vortex from a well induced by a magnetic field of & &~ 0.5 takes place in the current range of
0.95 < I/I" < 1.00. For these bias currents, less than 10 levels are present in the well. We
find a level separation AFE on the order of a few 100 mK, which corresponds to a required
excitation frequency between 10 and 20 % of the junction plasma frequency of 50 GHz.

Alternatively, a non-thermal distribution of states can also be realized by using very
high current-sweep rates [SPRR97]. If the activation rate of the vortex from an excited
state is larger than the relaxation rate from level to level, a non-thermal distribution of
states is realized. Again, this distribution of states can be measured by performing an
activation measurement in which the quantized energy levels lead to a modulation of the
P(I) distribution. Such experiments have been performed with small Josephson tunnel
junctions, where the energy level quantization well above the cross-over temperature has

been observed [SPRRI7].
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As pointed out before, to resolve the different energy levels in experiment, the width W
of the transition between the initial state 7 and the final state f has to be less than the level
spacing AE;; = Ey— E;. The width AE; of each individual level j is inversely proportional
to the lifetime 7; of that state. According to Refs. [EDM86, MDC8T7], the lifetime 7; at
low temperatures can be estimated accurately by considering the ground-state fluctuations
of the effective resistance of the junction. As pointed out in the same reference, the ratio
Wo1/AFEp; is proportional to the damping @ of the oscillation in the well. According to that
approximation, it should be possible to resolve the energy levels of the vortex, since the
ohmic contribution to a is less than 1072 at 7' < 4.2 K for typical samples. However, the
effective damping @ may be strongly modified by the external biasing circuitry [EDMS86].

7.3 Summary and conclusion

We have considered the macroscopic quantum tunneling of a Josephson vortex from a field
induced potential well. By varying the magnetic field, we can conveniently modify the
pinning potential for the vortex during experiment. We expect that the quantum tunneling
of the vortex from the potential well should dominate thermal activation at temperatures
below 100 mK, depending on the magnetic field amplitude and the width of the junction.
To achieve a high cross-over temperature, it is favorable to use narrow junctions which
have already been developed in our group [KWFT99]. In general, the measurement setup
developed for vortex activation measurements is suitable to observe quantum tunneling of
the vortex. However, we still need to reduce electromagnetic interference by improving the
filtering and shielding of the sample. A number of filter designs have been realized and tested
for this purpose. If the quantum tunneling of the vortex is not substantially suppressed by
fluctuation-induced dissipation, we are optimistic to observe this effect in experiments in
the near future. As an intermediate step, we plan to observe the energy level quantization
of the vortex in the magnetic-field induced potential well. This quantum effect is easier
to observe experimentally because it can be investigated by measuring switching-current
distributions of a non-equilibrium population of vortex states in the thermal regime.



Chapter 8

A Vortex in a Double-Well Potential:

A Path towards Macroscopic Quantum Coherence

and Quantum Computation

A method for engineering a magnetic-field induced double-well potential for a Josephson
vortex by shaping a long junction is discussed. The two lowest energy states of the vortex
in the double-well potential can be identified by performing a depinning current measure-
ment. In the quantum limit, the vortex states in the double-well potential may serve as a
macroscopic quantum mechanical two-state system. An experiment to observe the coher-
ent oscillation of the vortex between the two states is suggested. Such a coherent two-state

system may be used as a qubit in a quantum computation scheme.!

8.1 Introduction

The quest for new quantum coherent two-state systems has been stimulated by the ideas of
using quantum mechanical systems to perform computation [L1093, DiV95b]. In quantum
computers, quantum mechanical variables such as spins, photons or atoms are used to store
and process information.? The basic unit of information in a quantum computer is called
a qubit [Sch95]. In contrast to a classical bit, a qubit can also be in a quantum mechani-
cal superposition of its two basis states 0 and 1, thus storing the information much more
efficiently. In a quantum computer, information is processed by coherent interactions be-
tween different qubits. It has been shown theoretically that a quantum computer can solve
certain computationally complex problems [Cle99] much more efficiently than any classical

!Parts of this chapter have been published in ‘Journal of Low Temperature Physics 118, 543 (2000)
2For recent reviews on the theoretical foundations of quantum computing, see Refs. [BD00, Ste97].
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computer, the most prominent example being the factoring of large numbers [LP92]. Most
of today’s secure communication schemes rely on encryption of data using protocols like
RSA, in which a product of two large prime numbers is used to encode the data. The
security of the RSA scheme is due to the fact that the product of two prime numbers is
very difficult to factorize by any classical computer. In fact, it can be shown that the
time needed to do this calculation depends exponentially on the size of the number. On
a quantum computer however, this calculation can be done with an exponential speed-up
in comparison with a classical computer, using the Shor algorithm [Sho94]. A number of
other algorithms, including searching entries in a data-base [Gro97], have been developed.
Moreover, it has been shown that any task that can be solved on a classical computer can
also be solved on a quantum computer [DiV95b]. The first very basic quantum algorithms
have been implemented and tested experimentally and the principle of their operation has
been demonstrated [CVZ198, JMH98]. In these experiments, the possibility to solve certain
tasks more efficiently than on a classical computer has been demonstrated. Thus, quantum
computing may be a useful means to process information.

By now, qubits have been implemented in different physical systems including cavity
electrodynamics [THLT95], ion traps [MMEK*95] and spins [GC97]. Also first algorithms
have been shown to perform well in quantum computers containing a small number of
qubits [CVZT98, JMHI8]. However, most experimental realizations proposed so far rely
on the use of microscopic quantum systems as the quantum variable. These systems have
the advantage that they can be isolated effectively from the environment, thus reducing
decoherence. On the other hand, the physical properties of microscopic systems are given
by nature and, therefore, the design of a prospective quantum computer is less flexible.
Macroscopic quantum systems however are interesting candidates to design a quantum
computer.

The macroscopic systems proposed for use as qubits are based on nano-structured elec-
tronic circuits using either quantum dots or tunnel junctions as their basic elements. All
macroscopic systems suffer from the drawback that they are more difficult to isolate from
the environment and therefore they are more prone to decoherence. On the other hand, the
fact that they can be designed and implemented in a chip-based technology using modern
lithography techniques creates more flexibility in the design and the scaling of the quantum
computer. At the same time, these macroscopic systems are much closer in fabrication and
operation to conventional computers than any of the microscopic realizations, which is a
considerable advantage.

The use of superconductors in the design of macroscopic qubits has two main advan-
tages: the coherence of the superconducting condensate and the reduced number of degrees
of freedom in the superconducting state. The first will help to design qubits and the second
to reduce decoherence. Superconducting qubits proposed so far fall into two main classes,
i.e. charge qubits and flux qubits [Ave00]. In charge qubits, the charge states of an electron
box [BVJ198] are used as the basis states of the qubit. The superposition of states and the
existence of coherent Rabi-oscillations of such a qubit have been recently verified experimen-
tally in a ground-breaking experiment [NPT99, NT00]. Moreover, schemes to couple and
operate this type of qubit have been devised [MSS99]. In flux qubits, circuits of somewhat
larger Josephson junctions are used to design two-state systems, the dynamics of which is
governed by the superconducting phase difference across the junction rather than by the
charge. The rf-SQUID qubit [BHF97] follows the classical approach of using a SQUID as

a macroscopic quantum coherent system [LCD*87]. Even though the quantum mechanical
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properties of the rf-SQUID are thoroughly investigated [SSAL85, RHL95, HR1.96, HRLO0O],
its coherent oscillation between two states could not be verified experimentally until now
[BvWdBOS83, Tes90, Col95]. The failure of observing the macroscopic quantum coherence in
rf-SQUIDs is attributed to the insufficient decoupling of the system from the environment.
A proposal trying to circumvent parts of these problems is the persistent current qubit
[MOL*99, OMT*99]. In this proposal, the qubit is implemented using a loop of three junc-
tions, in which two opposite circulating currents are the basis states. Due to the design of
the system using three junctions, it is predicted theoretically that it may be much less prone
to decoherence than the rf-SQUID [OMT*99]. The principles of operation of the persistent
current qubit in a quantum computer are developed [OMT*99] and decoherence is consid-
ered in some detail [OMT*99, TLvdW*99]. Other proposals using multi-junction loops are
under development. In particular the use of m-junctions [WvHL*93], which have an un-
conventional current phase relation, may be interesting to design qubits [IGFT99, BGI99].
The combination of conventional and m-junctions in a single circuit allows to design new
types of qubits, which are decoupled more effectively from the environment [IGF*99].

Our interest in this subject is related to the possibility of using macroscopic quantum
states of Josephson vortices for quantum computation. We suggest that two distinct states
of a fluxon trapped in a field-controlled double-well potential inside a narrow long junction
can be used for designing a qubit [WKL*00]. We propose that by varying the external
magnetic field and the junction shape, one is able to form an arbitrarily-shaped potential
for a fluxon in a junction [WKL100]. The amplitude of this potential can be varied in
experiment by tuning the magnetic field. Under sufficient decoupling from the environment
and provided that the temperature and dissipation in the junction are low enough, the
superposition of two macroscopically distinct quantum states is expected to be observed,
also see Ref. [KI96]. The superposition of the states may be observed by measuring the
energy splitting of the degenerate ground state of the system. We propose a scheme to
measure the coherent transition, i.e. the Rabi-oscillation of the vortex between the two
degenerate states in the time domain. The preparation of the initial state for a quantum
coherence measurement may be achieved by turning the magnetic field in the plane of
the junction, and the final state of the vortex can be read out by performing an escape
measurement [WKUOQ0].

In Section 8.2, we introduce the idea to engineer the magnetic dipole potential of a
vortex by shaping the junction. The basic quantum mechanics of a Josephson vortex in
a double-well potential are discussed in Section 8.3. We point out in Section 8.4 how
the vortex states may be manipulated classically by adjusting the bias current and the
field applied to the junction . How to use these ideas to perform a macroscopic quantum
coherence measurement is presented in Section 8.5. In the last two sections of this chapter,
we discuss how to manipulate states of our vortex-qubit to perform computation and point
out relevant decoherence mechanisms.

8.2 Engineering the vortex potential

As pointed out already in Section 6.2.1, the magnetic dipole energy of a vortex in an external
magnetic field depends on the angle between its magnetic moment, which is essentially
perpendicular to the junction perimeter, and the external field. In the simple case of an
annular junction, the potential is sinusoidal, see Eq. (6.35). By shaping the junction, it is
possible to form magnetic-field induced potentials which are more complex and therefore
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more interesting [WKL100]. In principle, long Josephson junctions can be fabricated in any
shape allowing to form almost arbitrary fluxon potentials by simply varying the junction
geometry, see Fig. 8.1.

However, we note that there are constraints on the shape of the potential that can be
generated in this way because the geometry-dependent part of the potential is effectively
averaged over the vortex size (x Ay). Thus, for an arbitrary but closed junction shape, the
vortex dipole energy is given by

0" (q) = /OZA%(@—q) iy (%) hdi, (8.1)

where 77 is the unit vector normal to the junction perimeter and ¢z(Z —¢q) is the normalized
magnetic field associated with the vortex. h = itph is the normalized external field, A is the
coupling coefficient between field and vortex, and 7 is the normalized junction circumference.
For the explicit calculation of U, it is useful to note that Eq. (8.1) is a convolution of the
vortex magnetic field profile ¢z(& —¢q) with the junction shape 72 ;(&) 7. Since a convolution
corresponds to a multiplication in Fourier space, U, is given by

0"(q) = AFTHFT [¢:(0)] - FT [iin - ts(@)]} (a) (8.2)

which can be solved either analytically or numerically, depending on the junction geometry.
Since the vortex size scales with A;, we note that all features of the potential disappear for
Aj — oo or equivalently for £ — 0. Thus, we have to properly choose the junction geometry
and A; to design the wanted potential.

The challenging goal in our experiments with quantum fluxons is the demonstration of
macroscopic quantum coherence. To realize a coherence experiment, one needs to design
a suitable two-state system. A possible realization of a macroscopic two-state system is a
vortex in a double-well potential. We suggest to use a heart-shaped Josephson junction like
the one shown in Fig. 8.2a for this purpose [WKL*00]. If the magnetic field H is applied
along the symmetry axis of the junction, two stable potential minima are formed for the
fluxon at locations ‘I’ (left) and ‘r’ (right). At these two positions, the vortex magnetic
moment i is parallel to q minimizing the vortex dipole energy, see Fig 8.2b. The barrier
height between the wells can be conveniently controlled by the field amplitude and its angle
with the symmetry axis of the junction. The corresponding potential profile at h = 1,
calculated from Eq. (8.1) for the junction shape shown in Fig. 8.2a and the normalized
junction length ¢ ~ 27, is plotted in units of & in Fig. 8.2c. If the barrier separating
the two states is sufficiently large, the vortex is classically localized in one of the potential
minima. It should be possible to detect the vortex in either of those states by measuring
its position using a SQUID as a flux meter or by performing an activation measurement,
as discussed in Section 8.4.
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Figure 8.2: (a) Photograph of a 0.3 um wide heart-shaped junction fabricated in Nb-AlO,-Nb
technology. (b) Sketch of a heart-shaped junction with magnetic field applied along its symmetry
axis. Two energetically identical vortex states are indicated by arrows in positions ‘I’ and ‘r’. (c)
Normalized magnetic field interaction potential U"(¢) at h = 1 calculated according to Eq. (8.1).

First experiments with samples of the geometry shown in Fig. 8.2 have been performed
[WKL*T00]. We have shown that it is possible to trap single Josephson vortices in these
junctions. From the current-voltage characteristics of the samples, we infer a high junction
quality. The critical-current diffraction patterns show some geometry-dependent peculiari-
ties which are to be investigated in more detail [Kem00]. To further investigate the classical
dynamics of Josephson vortices, a new sample design was developed, which allows to engi-
neer double-well potentials [Kem00]. The junction design is based on three joined sections
of circles with two different radii R and r, see inset of Fig. 8.3. The centers of the circles are
on the same baseline and the two small sections are joined forming an angle of 2 3 between
the respective tangents. For a fixed H, the barrier height Uy and the spatial separation Ag
of the classical states of the vortex can be varied smoothly by changing r, R and A; in the
sample design. A typical sample geometry is shown in Fig. 8.3.

Cooling a heart shaped Josephson junction to sufficiently low temperatures, we expect
that the vortex is observed to tunnel back and forth between the two equivalent states ‘I’
and ‘r’ depicted in Fig. 8.2c. The rate I',/, of the transition depends on the massiveness
of the barrier (i.e. its height and its width), which can be tuned by the external magnetic
field. In the quantum limit, the two distinct fluxon states in the double-well potential form
a degenerate two-state system.

We discuss the quantum mechanics of a fluxon in the double-well potential of a sample
of the type shown in Fig. 8.3. We choose a radius B = 70um and an angle g = 37°
to fix the junction geometry. The total length of the junction is then [ = 413 um. To
keep the Josephson energy low, the junction width is set to w = 0.3 um. The critical-
current density j. = 500 A/cm?, the magnetic thickness ' = 182nm and the specific
capacitance C* = 30mF/m? are chosen close to expected junction fabrication parameters.
The characteristic field is Hy ~ 1Q0e. The resulting potential for an externally applied
normalized magnetic field & = 1 is plotted in Fig. 8.3. The potential barrier height is
Uy ~ 1K and the distance between the minima is Ag &~ 1.5 \;.
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8.3 The quantum mechanics of a Josephson vortex
in a double-well potential

The transition rate I',/, for a particle of mass m from one minimum of a generic double-well
potential to the other is calculated in the quasi-classical WKB approximation as [LL79]

1]
'y, = const.wgexp <_ /q E\/Qm(U(q) — Fo) dq) ) (8.3)
do

where wy is the small amplitude oscillation frequency in one of the wells, U(¢q) is the potential
energy of the particle in dependence on its coordinate ¢ and the constant is of the order
3 The integral is evaluated between the entrance gy and the exit point ¢ of the
particle in the potential barrier, determining the massiveness of the barrier, see shaded
area in Fig. 8.4a. ¢ and ¢ are defined by the intersection of the ground state energy
level Ey = hwy/2 of the particular well with the potential U(g). The quasi-classical WKB
approximation Eq. (8.3) is valid if the condition Uy > hwg/2 is satisfied [Lik86].

Using a quadratic approximation of U(¢) around Uy, we can explicitly integrate Eq. (8.3).
Considering the case of a Josephson vortex and using the same normalization as in Sec-
tion 7.1, we find

of one.

€ . N
'y = const. Qowy, exp (—ﬁ%Zrhf(U(q) — EO)Aq) , (8.4)
p

where Aq = q; — qo is the width of the potential barrier and Uy is its height. From Eq. (8.4),
we can determine the approximate height and width of the potential barrier to achieve an
experimentally observable transition rate I';/; between the two states as

~ - hw, 2 Wow
— ) Ag = =L | 2. .
(Uo = Eo)Aq A ( Fa/s) (8.5)

3Note the difference of a factor of 2 in comparison with Eq. (7.1).
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Figure 8.4: (a) Double-well potential for the sample geometry shown in Fig 8.3. Ej is the ground
state energy of the individual well. The two states are separated by a barrier of height Uy and of
width Ag = ¢1 —qo. ['y/, is the transition rate between the two states. (b) Numerically calculated
wave functions for the four lowest energy eigenstates |0) .. .|3) of the potential. The energy of each
state is indicated by a dashed horizontal line. The splitting AF,/, of the ground state energies
due to the coupling is indicated.

With values of (Ug — Eg)Aq ~ 1072 to 107?, we can realize transition rates I',/, between
several 100 kHz to close to the plasma frequency of several 10 GHz for the sample parameters
discussed above. Typically the distance Aqg between the two states is of the order of unity.
Therefore, we are able to tune the transition rate freely in this range by controlling the
barrier height with the external field.

The tunnel coupling between the ground states of the individual wells lifts the degen-
eracy and leads to a splitting of the ground state energy level into a symmetric [0) =
27Y2(]1) 4 |r)) and an anti-symmetric |1) = 27Y2(]l) — |r)) one, as shown in Fig. 8.4b. The
energy splitting is proportional to the transition rate

AE, s =hT,,. (3.6)

In terms of temperature, the level splitting is AE, /,/ky = L'y/sh/ky, = 76107 T,/ K, e.g.
at a transition rate of I';/, = 1 GHz, a splitting of the ground level of about 7.6 mK would
appear.

To support the analytical calculations of the transition rates, we have also solved nu-
merically the quantum mechanical problem of a vortex in a double-well potential. The
system is described by the stationary Schrodinger equation

Hy; = B (8.7)
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with the hamiltonian H which we solve numerically for its eigenvalues E; and eigenfunctions
Y;, see Appendix A. In Fig. 8.4b, the wave functions for the first four eigenstates of the
potential are plotted. Each wave function is offset by the corresponding eigenenergy of the
state. The two lowest symmetric and anti-symmetric eigenstates are separated by an energy
corresponding to AF, ;. Theses states can be viewed as a symmetric and anti-symmetric
combination of the eigenstates of each individual well which are weakly coupled via the
tunneling transition between the wells. The two spatially localized states |[) and |r) can be
viewed as a linear combination of the energy eigenstates |0) and |1).

For the potential plotted in Fig. 8.4, we have analyzed the dependence of the transition
rate on the magnetic field amplitude. Using the WKB approximation, we have calculated
analytically the quantum transition rate I';/; of the vortex between the two states. For the
junction parameters described above, the calculated rate (solid line) is plotted versus the
normalized external field in Fig. 8.5. We find that for these parameters we can tune the
transition rate by roughly four orders of magnitude between 10 kHz and 100 MHz when
varying the external field in the range of h = 0.01...0.50.

In Fig. 8.5, the WKB calculation is compared to the results of a direct numerical solution
of the stationary Schrodinger equation (solid squares). The agreement between the two
independent approaches is good. In both calculations, we have set the constant prefactor
in Eq. (8.3) to unity.

In Figs. 8.6a-c, the numerically calculated eigenenergies and eigenfunctions of the hamil-
tonian are plotted for different values of the magnetic field. From this set of figures, a
number of further features can be extracted. We note that the potential U(q) scales with
the magnetic field amplitude. As a result, not only the barrier height Uy separating the two
states but also the attempt frequency wy changes with h. Also the energies of the excited
sates scale with h. As shown in Figs. 8.6a-c, the excited states (|2), |3)) move closer to the
two low energy states as the barrier height is lowered by the magnetic field. If the sepa-
ration between the excited states and the ground states is comparable or smaller than the
bath temperature, these states will be thermally populated. If an ideal two-state system is
to be considered, the excitation of higher energy states leads to decoherence of the ground
state.
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8.4 Manipulation of a fluxon in a double-well

Up to now, we have discussed the potential energy of a vortex at zero bias current and with
a magnetic field applied parallel to the symmetry axis of the junction. Both tilting the
magnetic field and applying a bias current will change the potential energy of the vortex.
First, we discuss purely classical effects of changing the potential. The quantum mechanical
implications are considered in Sections 8.5 and 8.6, where we propose a measurement scheme
to perform a macroscopic quantum coherence experiment with a single Josephson vortex
[WKUO00]. Using appropriate manipulations of the bias current and of the magnetic field,
the classical state of the vortex (either ‘I” or ‘r’) can be determined by measuring its
depinning current.

In the classical regime, we consider the case where the potential barriers separating
different vortex states are large. Therefore, quantum tunneling of the vortex is suppressed.
We also consider small thermal fluctuations such that the vortex is effectively localized at
the minimum of its potential well.
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Magnetic field angle

The magnetic dipole potential of the vortex in dependence on the angle o’ of the applied
field with respect to the symmetry axis of the junction is discussed here first. The double-
well potential is perfectly symmetric, as discussed in the previous sections, only if the
external magnetic field is aligned to the symmetry axis of the junction, see Fig. 8.7a. In
this case, the vortex potential has two minima, which we identify with the possible classical
states ‘I” and ‘r’ of the vortex. The two states are indicated by a solid and an open disc,
see Fig. 8.7. The spatial location of a vortex in either state ‘I’ (solid arrow) or state ‘r’
(open arrow) in the junction for a* = 0 is indicated in the sketch (a) of Fig. 8.7.

As the field is turned, both the position and the energy of the potential minima change.
For small angles o, both minima shift to the right, while the energy of state ‘I’ remains
almost constant and the energy of state ‘r’ is slightly increased. As the field angle is further
increased, a vortex in state ‘I’ is pinned at the cusp of the heart. To overcome the cusp,
the magnetic moment of the vortex would need to turn with respect to the external field,
which is energetically not favorable. In contrast, a vortex in state ‘r’ can freely adjust its
position as to align its magnetic moment in parallel to the external field, see sketch (b)
of Fig. 8.7. Further increasing the angle o’ leads to a larger misorientation angle of the
pinned ‘[’-state vortex with respect to the field, effectively increasing its potential energy,
see the potential energy profile for a” = 90 (curve b) in Fig. 8.7. Moreover, we note that
the potential barrier height, separating the metastable state ‘I’ from the state ‘r’, increases

h

in amplitude to a maximum value as o" approaches 90 degrees. In contrast, the state-'r’
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vortex is perfectly aligned to the external field and rests in a deep potential well (open disc
on curve b).

Turning the field to a” = 180° leads to an inversion of the potential with respect to the
a" = 0 case. Due to the smooth change of the field , the ‘/’-state vortex now is a metastable
state at high energy, whereas the ‘r’-state vortex is at the lowest potential energy. In the
position indicated by the solid arrow in Fig. 8.7c, the magnetic moment of the vortex is
locally reduced due to the averaging along the junction. Shifting the vortex to the left or to
the right from that position would increase its energy. Thus by turning the field, we have
separated the two equivalent states of the double-well potential into a metastable state and
a stable state at diametrically opposite locations in the junction.

Bias current

As discussed in Section 6.2.1, the vortex potential is effectively tilted proportional to the
bias current applied to the junction. Here, we discuss the depinning of the vortex from the
two metastable states ‘I’ and ‘r’ in dependence on the bias current and the direction of the
external field.

In absence of thermal fluctuations and quantum tunneling, the depinning current is
proportional to the maximum slope of the potential barrier separating the initial vortex
state from other states. Obviously, the depinning current depends on the direction of the
applied bias current. Thus, the vortex in state ‘/” is depinned at a lower bias current than
the vortex in state ‘r’, see Fig.8.8a. This is true for any angle of the applied magnetic field.
The vortex will be retrapped in a lower energy state if the potential barrier separating that
state from the running state is larger than the potential energy of the vortex in the moment
of the escape. In such a case, a vortex initially prepared in state ‘I’ can only switch to the
running state via state ‘t’. Thus, only a single depinning current would be measured in
experiment. If however the kinetic energy of the vortex is large enough to overcome the
potential barrier of state ‘t’, two distinct depinning currents, depending on the initial state
of the vortex, should be observable in experiment.

Since we would like to distinguish the vortex states ‘I’ and ‘r’ by measuring the depinning
current, we have to construct a potential for which the vortex will not be retrapped in a
lower energy potential minimum. Such a potential can be realized by turning the magnetic
field to a sufficiently large angle, after having prepared the vortex in either the ‘I’ or the
‘r’ state. Here, we consider the depinning of a vortex from the potential for o/ = 90° in
the heart-shaped junction discussed before. In Fig. 8.8, the potential profiles for different
values of applied bias current are plotted. At zero bias current, the ‘/’-state is metastable
and the ‘r’-state is stable (curve a). Increasing the bias current, the potential is tilted and
the vortex is first activated from the ‘I’-state (curve b). The vortex is not retrapped in the
lower potential well because its potential energy is sufficiently high to overcome the barrier.*
At a substantially higher bias current, the vortex in the ‘r’-state would also escape from
the well (curve c). For all three bias currents, the positions of the vortex at the moment of
activation are indicated in the sketches of the heart-shaped junction in Fig. 8.8.

Due to the large difference in depinning current, it is possible to distinguish the states
‘" and ‘r’ by a depinning measurement. Experiments to prove the feasibility of this scheme
for distinguishing vortex states are currently in progress [IKKem00].

4Only in the case of very high damping, the vortex could be retrapped in a neighboring metastable
minimuin.
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8.5 A macroscopic quantum coherence experiment

In this section, I describe our scheme to perform a macroscopic quantum coherence mea-
surement with a Josephson vortex in a heart-shaped Josephson junction. The idea is based
on a time resolved measurement of the Rabi-oscillation [CTDL99] of a Josephson vortex
between the two degenerate states of the double-well potential. The measurement scheme
consists of four steps: the preparation of the state, the coherent oscillation, the freezing of
the state and the readout.

In the first step, we prepare the vortex in either state ‘I’ or ‘r’ by applying a large
off-axis field to the junction. The large field amplitude suppresses the tunneling of the
vortex and the field direction distorts the potential such that one of the states is at lower
energy. Then, the field is aligned to the axis of the junction forming a perfectly symmetric
double-well potential, but with the vortex being localized in one known state.

In the next step, the field is reduced at time t = 0 to allow the quantum mechanical
coupling between the two states |[) and |r). The size of the barrier determines the coupling
and, thus, the oscillation frequency of the vortex between the two states. At time t = ¢y,
the state of the vortex is frozen by increasing the magnetic field and thus, suppressing
the quantum tunneling between the two states. This constitutes the measurement of the
quantum mechanical superposition state of the vortex at time ¢t = ¢;. The probability to
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(a) idle state (b) phase shift (c) amplitude shift

Figure 8.9: Single-qubit operations: (a) idle state, (b) phase shift and (c¢) amplitude shift. The
first row shows the effective vortex-potential for the field amplitude and direction shown in the
sketches of the second row.

find the vortex in either state ‘/” or state ‘r’ is determined by the oscillation frequency Iy,
and the time ;. The final state of the vortex can be determined in an escape measurement
as described in the previous section.

By varying the time ¢y, it should be possible to measure the probability of the vortex
ending up in state ‘I” or ‘r’ versus time. To observe Rabi-oscillations [CTDL99], the quantum
mechanical system has to evolve coherently in time. The coherence time 7., has to be much
larger than the period of the expected oscillations. If 7.op is much smaller than 1/T';/,, the
vortex would be observed in either one of the states with equal probability P = 1/2 all
the time. Therefore, a measurement of the Rabi-oscillation implies a measurement of the
macroscopic quantum coherence.

8.6 Quantum computation using the vortex-qubit

In this section, I lay out the general principles to operate a vortex-qubit in the ways neces-
sary to perform quantum computation. We note that the general operations that need to be
performed on the qubits are identical for any physical realization of a quantum computer.
Only the implementation of the operations differs strongly for different physical systems.
In general, it is necessary to address an individual qubit and control its state, measure the
qubit for reading out its state, couple qubits to each other and decouple all of them from
the environment to perform calculations.

It has been shown [DiV95b] that the functions necessary to perform quantum compu-
tation can be separated in two classes: single-qubit and two-qubit operations. Single-qubit
operations include the preparation of the qubit state, the generation of superposition states,
the adjustment of the phase difference between states and reading out the state. Two-



8.6. QUANTUM COMPUTATION USING THE VORTEX-QUBIT 141

superconducting

f coupling loop

Figure 8.10: Coupling of two vortex-qubits via an
qubit 1 qubit 2 inductive loop.

qubit operations can be realized by an arbitrary interaction between any two qubits. It
was pointed out in Ref. [LL1095] that any interaction between two qubits and the possibility
to perform arbitrary single qubit operations suffice to construct a universal quantum logic
gate.

All required single-bit operations can be realized in the vortex qubit in the following
way. In the idle state (see Fig. 8.9a), a large magnetic field is applied in parallel to the
symmetry axis of the junction. The ground states of both wells are decoupled because of the
large field-controlled energy barrier between them. Both states |) and |r) evolve according
to their energy as |l[,r) o« expiF,t/h with no phase shift in time. To induce a phase shift
between the two states, we keep the magnetic field at a high level to suppress tunneling
and tilt it. The tilting results in a relative shift in energy between the two ground states
of the well, see Fig. 8.9b. The two states now evolve in time accumulating a phase shift
proportional to the energy difference AE = E, — E; between the two states. Finally, an
amplitude shift between the two states can be induced by decreasing the external magnetic
field and, thus, lowering the barrier as to induce the coupling between the two states.
The vortex starts to oscillate back and forth at the rate I'y/;, see Fig. 8.9c. Increasing
the barrier again after an appropriate time At, an amplitude shift between the states |[)
and |r) is induced. Using these operations one can perform an arbitrary transformation
of the single-qubit state. Naturally, any of these operations requires the coherence of the
quantum mechanical system. These single-qubit operations can be expressed in terms of
Pauli-matrices, effectively treating the vortex-qubit in analogy to a spin 1/2 system, see
for example [IGF*99]. After any number of operations, the qubit may be read out using a
switching current measurement of the type described in detail in Section 8.4.

As pointed out before, any interaction between two qubits may be used to form a
universal quantum logic gate. Similar to previous proposals for superconducting qubits, we
suggest to use inductances to couple individual qubits. By placing a superconducting loop
close to two neighboring vortex-qubits in the way depicted in Fig. 8.10, one can achieve a
coupling between two qubits. In this case, the flux coupled into the superconducting loop
depends on the state of qubit 1, i.e. more flux is coupled in state |r) than in state |[).
The flux coupled into the loop leads to a magnetic field coupling to qubit 2 via the loop.
The magnetic field changes the effective vortex potential of qubit 2, modifying its quantum
mechanical state.

Thus, in the quantum limit, a vortex trapped in a heart-shaped Josephson junction can
serve as a qubit in a quantum computation scheme. The major open question is the effect
of the environment on the coherence of this quantum two-state system.
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8.7 Decoherence

The degree of coherence of a quantum system is characterized by the coherence time 7.
For times t < T.p, any two-state quantum system prepared in a superposition state remains
in the same state with a large probability. Due to decoherence, the quantum state decays
into an incoherent mixed state after the average time 7.op.

The ratio of 7. to the typical time to perform a single or a two-qubit operation 7, is the
figure of merit in practical quantum computation [DiV95a]. The larger this ratio, the more
operations can be performed before the qubit is decohered and all information are lost. Error
correction schemes have been developed to allow the operation of a quantum computer in
the presence of weak decoherence [Ste99]. To use these schemes, the quality factor® Teon/Top
of the system has to be on the order of 10° or larger. Consequently, decoherence is the most
important issue in realizing a useful quantum computer [Ste99].

The coherence of any macroscopic quantum two-state system is strongly affected by
both dissipation and fluctuations. A general approach to calculate the coherence time is
to estimate the decay of a pure quantum state into a mixed state in the presence of a
perturbation due to the environment, see for example Ref. [TLvdW*99]. In general, any
degree of freedom in the environment can couple to the qubit, leading to decoherence. The
characteristic coherence time for a specific interaction with the environment depends on the
strength of the coupling. Various decoherence mechanisms have been discussed in detail for
the persistent current qubit [TLvdW*99]. The decoherence due to charge fluctuations in
the environment, quasiparticle tunneling in the junctions (ohmic dissipation), interaction
with nuclear spins, spontaneous emission of radiation, and spurious interactions with other
qubits discussed in Ref. [TLvdW99] is generally relevant for any realization of a magnetic-
flux qubit. Thus, all of these effects need to be considered for the vortex-qubit. Since up
to now, no specific calculations for the vortex-qubit have been performed, we only discuss
the relative importance of the different sources of decoherence mentioned above.

The decoherence of the vortex-qubit due to quasiparticle damping in the junction can
be estimated in the framework of the Caldeira-Leggett theory for macroscopic two-state
quantum systems [LCDT87]. The case of a vortex in a double-well potential formed by two
nearby microresistors has been treated in Ref. [K196]. Within the limits of the Caldeira-
Leggett theory, it was found that it should be possible to observe macroscopic quantum
coherence in that system. Here, we adopt the same methods to the case of the magnetic-field
induced potential of heart-shaped junctions.

The effect of dissipation on the coherent quantum mechanical oscillation of a particle
in a double-well potential is described by the dissipation amplitude

(Ag)*
2rg?

(8.8)

K = ﬁlfa

where a is the damping coefficient, Aq is the spatial separation between the two states and
g* is the normalized Planck constant [LCD*87]. The conditions to observe macroscopic
quantum coherence are then given by [LCDT87, LG85]

K < 1, (8.9)
hra/s
K

>The quality factor is defined as the number of operations that can be performed within the coherence

LT <

(8.10)

time of the system.
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For a typical magnetic-field induced double-well potential, we have estimated Ag ~ 1 and
g® ~ 1072 for a 0.3 um wide junction and a conservatively estimated intrinsic damping
parameter of a &~ 1073, resulting in a value of K’ & 0.1 which is marginally within the range
of the criterion Eq. (8.9). From the second criterion, we find the condition 7" < 80 mK for
a transition rate of I' = 1 GHz, which is possible to maintain in a real experiment. Since
K depends quadratically on the spatial distance between the states Ag, we can drastically
increase the possibility to observe quantum coherence by designing a sample with a smaller
value of Ag. The damping due to quasiparticle tunneling may also be substantially smaller
at millikelvin temperatures. A reduction of the parameter K by proper design of the
experiment may facilitate the observation of macroscopic quantum coherence in this system.

As pointed out in Ref. [TLvdW*99], the fluctuations of the charges and of the nuclear
magnetic moments in the environment (substrate, electrodes, etc.) may lead to additional
dissipation. These effects can be considered in the framework of the Caldeira-Leggett
model using the fluctuation-dissipation theorem. The vortex-qubit may also decohere due
to the spontaneous emission of radiation during the oscillation of the vortex magnetic dipole
between the two states of the qubit. The decoherence time is inversely proportional to the
spontaneous emission rate. Rough estimates show that for the heart-shaped junctions the
coherence time has an upper bound due to spontaneous emission of about approximately
one second, which is very safe with respect to other decoherence mechanisms.

8.8 Summary and conclusions

We have pointed out the possibilities of using a vortex trapped in a double-well potential
as a macroscopic quantum coherent two-state system. We have shown how to manipulate
the states of the vortex and how these manipulations may be used to perform quantum
computation. Possible decoherence mechanisms in this system have to be investigated
theoretically and experiments trying to observe the coherent oscillation of a vortex between
the ground states of a double-well potential need to be performed.

It is important to note that, up to now, there has been only a single experiment that
has succeeded in observing the coherent phenomenon of Rabi-oscillations in a solid state
environment [NPT99]. The various mechanisms of decoherence in solid state systems are
not well understood and only relatively few experiments probing these phenomena have
been performed until now. Therefore, it is an interesting and challenging task to further
investigate quantum coherent effects in solid state systems.

The research directed towards the realization of a quantum computer currently leads to
many new insights into the physics of coherent quantum systems. The efforts to manipulate
and control quantum states are common to the rather new and exciting interdisciplinary
field of physics called quantum information processing. Eventually, the knowledge gained
about the manipulation of quantum systems may pioneer fascinating new applications like
the quantum computer.






Appendix A

Numerical solution of the stationary
Schrodinger equation

The hamiltonian of a particle in a potential can be written as

N2

b= L 40 (A.1)
2me
h? 02

with the momentum operator p = —ihd/dq and the potential U= U(q). The eigenfunctions
Yr; and the eigenenergies I of H are determined according to a procedure similar to the
one described in Ref. [PFTV86]. Accordingly, the wave function is discretized on an equally
spaced grid of size N. The hamiltonian H is discretized on the same grid, resulting in a
N x N matrix. Discretizing [/ results in a matrix with the potential evaluated at the grid-
points on the diagonal and no other non-zero values. The momentum operator is discretized
using the well-known four-point finite difference method to calculate the second derivative

of ¥
" ¢i—1 - 2¢i + ¢i+1

= N . (A.3)
As a result, H can be written as a tri-diagonal matrix
2 1
UO - m m 0 .« .. 0
1
2mA2 :
H = 0 0 : (A1)
. . . . m
1 2
0 o« e 0 2mAi UN - 2mAi

the eigenvalues F; and eigenvectors ¢; of which can be easily determined with standard
techniques.?

!Calculations have been performed using Mathematica [Wol].
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Appendix B

List of symbols

symbol description

physical constants

e electron charge
€p vacuum permittivity
h  Planck constant
k, Boltzmann constant
fo vacuum permeability
®, magnetic flux quantum

arabic letter symbols

a damping constant
A junction area
A vector potential
b width of microresistor
co Swihart velocity
¢o Swihart velocity considering idle region
C'  total junction capacitance
C*  specific capacitance
d;p electrode thickness, top, bottom
d"  magnetic thickness
E  electric field
E; Josephson coupling energy
E;, E; initial, final state energy
Ey  ground state energy
E;  jth energy eigenvalue of hamiltonian
& long junction energy scale
g° mnormalized Planck constant
h  normalized magnetic field
h  renormalized magnetic field
H, H,, Hy magnetic field, radial and angular components
Hy characteristic magnetic field of annular junction
H_., Afirst critical field
#H  hamiltonian operator
#H normalized hamiltonian

146



147

description

unperturbed vortex rest energy

normalized unperturbed sine-Gordon hamiltonian
normalized perturbation hamiltonian

normalized bias current perturbation hamiltonian

bias current

critical current

depinning current in magnetic-field, microresistor poten-
tial

mean value of switching current distribution

single switching current

bias-current sweep rate

bias current density

critical current density

Bessel function of the first kind of order &

angular wave number

normalized wave vector

dissipation amplitude for quantum tunneling

length of a long junction

normalized length of long junction

effective annular junction length

inductance

specific inductance

lagrangian, normalized lagrangian

vortex rest mass, normalized vortex rest mass

Cooper pair density

number of vortices, antivortices trapped in the junction
radial normal vector, angular normal vector, normal vec-
tor on the junction plane

switching-current probability distribution

normalized vortex center of mass coordinate, generalized
coordinate

renormalized vortex coordinate

coordinate of potential minimum, maximum and exit
point from the potential

radius of annular junction

inner junction radius

external junction radius

mean junction radius

polar coordinates

normalized polar coordinates

junction resistance

normal junction resistance

subgap junction resistance

electrode surface resistance

time, normalized time

barrier thickness in junction and passive region




148 APPENDIX B. LIST OF SYMBOLS
symbol description
T temperature
T, critical temperature of superconductor
Tes. effective thermal escape temperature
1"  cross-over temperature
Tiin kinetic energy
u normalized vortex velocity
U? potential for the phase in small junction
USS potential barrier height for the phase in small junction
U, U", U¢ normalized vortex potential due to bias current, due to
magnetic field, due to microshort
U, U  normalized magnetic-field induced, microresistor poten-
tial with bias current
Upot  potential energy
v linear vortex velocity
V' voltage
V, gap voltage
Vinax maximum single-vortex resonance voltage
V) ratio of Swihart velocities in active and passive region
w  width of a long junction
x,y,z;%,9,2 spatial coordinates, normalized spatial coordinates
Y. Bessel function of the second type of order k
greek letter symbols
«a normalized quasiparticle damping coefficient
oy fine structure constant
a, numerical constant in analytical approximation to whis-
pering gallery mode frequencies
a” angle of magnetic field vs. symmetry axis of junction
#  normalized surface impedance coefficient
0 ratio of inner to outer junction radius
A superconducting energy gap
AFE,, energy splitting of ground state in double-well potential
e mnormalized strength of microresistor
€ renormalized strength of microresistor
¢j, relative dielectric constant, junction and passive region
normalized bias current
A% 4¢ normalized depinning current in magnetic-field induced
or microresistor potential
~ relative normalized depinning current
[' escape rate
I't, thermal activation rate
I'qu quantum escape rate
I'y/s tunnel rate in double-well potential
A ratio of magnetic thicknesses of active and passive junc-
tion region
e effective Josephson length considering the idle region
As  Josephson length
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symbol description
A;,  London penetration depth
A magnetic thickness
v, Josephson plasma frequency
@ normalized angular frequency
w renormalized angular frequency
w, angular Josephson plasma frequency
w,k, Wy frequency of whispering gallery mode with angular wave

number k and radial wave number p, same for p =0
small amplitude oscillation frequency, for the phase in
small junction, for a vortex in magnetic-field induced,
or microresistor potential

unstable barrier frequency

angular vortex rotation frequency, the same quantity
normalized

superconducting phase difference

fluxon solution of sine-Gordon equation

magnetic flux

gth eigenfunction of hamiltonian

superconducting macroscopic wave function, order pa-
rameter

junction resistance per unit length

electrode surface resistance per unit length
transmission coefficient

standard deviation of switching-current distribution
superconducting phase

ratio of Swihart velocities without and with idle
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Summary

Fluxon Dynamics in Annular Josephson Junctions:
From Relativistic Strings to Quantum Particles

In this thesis, the fascinating and diverse dynamics of Josephson vortices in annular Joseph-
son junctions is investigated experimentally. Annular Josephson junctions consist of a ver-
tical stack of two micron-size annular superconducting electrodes weakly coupled by a thin
tunnel barrier. Due to the quantum properties of the superconducting charge carriers,
magnetic field penetrates into these structures in a quantized fashion. The dynamics of
the charge carriers and of the fields in the junction is described in terms of the spatial
and temporal evolution of the phase difference between the wave functions describing the
superconducting condensate. The non-linear dynamics of the phase difference is explained
using a sine-Gordon model. The annular Josephson junction can be prepared in a state
in which a single magnetic flux quantum is topologically trapped between the two super-
conducting electrodes threading only one of them. A magnetic flux quantum, also called
Josephson vortex or fluxon, trapped in the junction has the character of a solitary wave
which propagates along the non-linear waveguide formed by the junction. The dynamics of
the soliton is controlled by applying a bias current and external fields to the junction and
are investigated by performing transport measurements. In different experimental situa-
tions, the dynamics of the vortex displays either wave or particle character. The intention
of this work is to study properties of the Josephson vortex in these two different regimes.
In effectively two-dimensional wide annular junctions, the vortex behaves as a spatially
extended solitary wave. In the limit of narrow long junctions, the vortex displays particle
character.

The static properties of the spatial distribution of the phase difference across the junc-
tion is investigated experimentally. Measurements of the maximum supercurrent supported
by the junction in dependence on the externally applied in-plane magnetic field show inter-
esting features depending on the exact junction geometry. The measured critical-current
diffraction patterns are explained in terms of the field-dependent interference of the su-
percurrent, which is formally equivalent to a multi-beam optical diffraction pattern. The
experimental data are in excellent quantitative agreement with theoretical expectations.
The structure of the pattern is shown to depend sensitively on the field distribution in the
junction. In this way, the state of the junction with a single trapped vortex is uniquely
identified.

In a second experiment, it is observed that a Josephson vortex revolving at relativis-
tic velocities around a wide annular junction excites linear electromagnetic modes of the
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whispering gallery type in the junction. It is demonstrated experimentally that the vortex
moves with a group velocity larger than the phase velocity of the linear modes, hence gen-
erating radiation in a way that is similar to the Cherenkov mechanism. This radiation is
detected by its resonant interaction with the vortex leading to a characteristic fine struc-
ture on the current-voltage characteristic of the junction. The dependence of the linear
mode frequency spectrum of the junction on the electrical and geometrical parameters of
the sample is measured quantitatively by analyzing the resonance voltages.

The effect of the electromagnetic environment on the statics and dynamics of an an-
nular junction is investigated by coupling an annular resonator in parallel to the junction.
It is shown that the characteristic frequencies and the length scales of the electromagnetic
phenomena in the junction are strongly affected by the resonator. The observed effects are
explained accurately by considering the coupling between a non-linear and a linear waveg-
uide. In particular, the whispering gallery frequency spectrum of the coupled resonators
is determined from the fine structure on the current-voltage characteristic induced by the
resonant interaction between the vortex and the linear modes.

In the second part of the work, the particle properties of single Josephson vortices are
investigated in the non-relativistic regime. Making use of the magnetic dipole interaction
between the magnetic moment associated with the vortex and a magnetic field applied
in the plane of the junction, the vortex is spatially confined in a potential well. The
escape of the vortex from the well due to thermal fluctuations is investigated by measuring
the statistical distribution of the vortex depinning currents. The experimental results are
explained describing the vortex in terms of a particle with an effective mass and a generalized
center of mass coordinate, which is thermally activated from the potential well. From the
experimental data, the effective temperature of the escape process is determined and good
agreement with the thermal bath temperature is found. Similar results are found for a
potential well induced by a microresistor implemented into the junction barrier.

Based on the results of the experiments performed on the thermal escape of a single
Josephson vortex from a metastable state, the feasibility of observing the quantum escape
is quantitatively analyzed. It is suggested that the quantum tunneling of a vortex from
a magnetic-field induced potential dominates the thermal escape at temperatures below
100 mK if sub-micron wide annular junctions are employed. Improvements in the current
experimental setup are suggested for the future observation of quantum tunneling and
energy level quantization of a Josephson vortex in a potential well.

The need for the experimental investigation of decoherence mechanisms in macroscopic
quantum systems and the search for coherent two-state systems in relation to applications
in quantum computation inspired a proposal of our group presented in this thesis. It
is suggested to use quantum vortices in shaped long junctions to investigate macroscopic
quantum coherence. A measurement scheme to observe Rabi-oscillations of a vortex relying
on the manipulation of a double-well potential by the external field and the bias current is
described. Means to manipulate the quantum states of a vortex in a double-well potential
are pointed out and decoherence is considered within existing models.
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