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GEOMETRY OF MOIRE FRINGES IN STRAIN ANALYSIS

By Stanley Eou.mmm August J. Durelli,2 and Cesar A. Sciammarella?
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SYNOPSIS

This paper shows how moiré frin
g€s can be used in the two-dimensional
analysis of strains. The fundamental equations of the moire method are %m.
rived and are presented in the form of

graphs by means of which strai
rotations can be obtained from sim l S -~
computation, v WNNrements with s mision of

Superimposed, resulting in
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MOIRE FRINGES 251

Because the fringes are the result of displacement of the elements of the

two arrays with respect to each other, the moire effect is obviously a tool by
which strain measurements can be made. If, for example, one begins with two

ldentical sets of straight, parallel lines, fringes are produced by either rota-
tion (Fig. 1(a)) or elongation (Fig. 1(b)) of one set with respect to the other.
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FIG, 1.—MECHANISM OF FORMATION OF MOIRE FRINGES

Simple m.a:mﬂo:m govern the interpretation of pure rotations and elonga-
tions. Within the limits of small deformations, these effects can be considered
to be linear and capable of being superimposed. A number of papers have

been published under these assumptions, notably by R. Weller and M. Shepard4
and by P. Dantu.”

4 “Displacement Measurements by Technical Fﬁmwmmacﬂm.ﬁww_a by R. Weller and B. M,
Shepard, Proceedings, S,E,S,A,, No, 1, 1948,

0 “Utilization des Reseau pour 1’Etude des Deformations,”® by P, Dantu, Laboratoire
Central des Ponts et Chaussees, Paris, Publication 57-6, 1957,
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Actually, the moire effect is not limited in any way to separate rotations
and elongations nor to infinitesimal deformations. Neither is it necessary that
the arrays be originally identical in either spacing or orientation.

In this paper only sets of straight, parallel, nondiffracting lines will be
considered. However, moire fringes that can be analyzed could be obtained
from circular, radial, or other nonparallel arrays, and diffraction gratings
could be used under suitable conditions.

Fig. 1(c) shows the effect of combined rotation and differences in pitch of
straight, parallel sets of lines representing a homogeneous field for which
equations will be derived. The relationships so obtained can also be applied
to sufficiently small elements of a.nonhomogeneous field such as would be
presented in a general two-dimensional strain problem.

The moire method can certainly be used for the analysis of large strains
and rotations, but such application is beyond the scope of this paper. How-
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FIG. 2,—~GEOMETRY OF MOIRE FRINGES

ever, the equations will be derived in the Eom_" w_m,amwm._ terms before being re-
lated to such specific quantities as strain, " Approximations for the case of in-
finitesimal deformations will also be developed. |

BASIC PROPERTIES AND DEFINITIONS

In the subsequent nmu?mﬂoﬁm.. a fixed E.&ww of straight, wmum:E lines called
the Emm_”mm grid” is used as a reference both for analysis of the properties
of the moire and for establishment of coordinate directions. The center-to-

center distance between the master grid lines is defined as the master pitch,

= o e e 1y

P, and the directions perpendicular and parallel to these lines are designated

as r and s, respectively. | _ |
The model also bears a similar array of lines which in the undistorted

state are not necessarily of the same pitch as the master grid. The pitch of

this grid at any particular point in any state of distortion is called the “ model

= e,

‘pitch” and is designated by p'.
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The angle 6 is defined as the acute angle at any point and in any given state
of deformation measured from the fixed master grid lines to the model grid
lines. The angle from the fixed master grid lines to a fringe at a point meas-
ured in the same direction as 6 is designated as ¢ and may be either acute or
obtuse. Fig. 2 shows how to obtain the inclination ¢ of the moire fringes and
their distances 0 as functions of the master grid pitch p, the model grid pitch
p', and the rotation 8 of both grids at a point.

Let us assume either the case of a homogeneous deformation and rotation
(which may be accompanied by translation) or of a sufficiently small element
of a nonhomogeneous field. Equations relating any desired sets of parameters

for the moire phenomenon are easily derived from the simple geometry of

fringe formation, Those for the normal fringe spacing, 0, and the fringe angle,
.w._ are perhaps the most fundamental, However, the information available for
the analysis will usually be in the form of photographs on which 8 and ¢ and
the coordinate fringe spacings 0, and 0g can be measured, and the purpose of
the analysis will be the determination of  and p' at the desired points. Obvi-

ously, the master grid pitch, p , and the direction of its lines must be known.

Several of the expressions developed herewith can be obtained in other
ways, some by using the property of moire fringes of being loci of points of
equal displacement. The derivations that follow, however, are very simple
and general. Some of the curves representing relationship between parameters
may prove to be useful in practice.

Inclination of the Fringes.

—_ P P

A unomﬁﬁ-mvnmsﬂ...............E
and
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_ nomA -w-av sin (¢ - 6)
therefore
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Because
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then

b i p 8in 6
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Distance between Fringes.—Also from Fig. 2 and the foregoing:

P
sin 6

a = S e oy i R L S R

and
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From Eq. 5:
p s8in @

and

_.

(

i e e s
1

p2 sin? ¢ 4+ (p cos 8 - p")2
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e TR L F N pak s F N

Rotation in Terms of the Inclination of the Fringes and their mban&ﬁ.-...
From Eq. 7:

mmﬁsmumpn@-&umganomm:nomﬁmgm......ﬁs

_UEZHM.EI G G
— + CO8S ¢

B

To represent graphically the relationship between # and ¢ it is convenient to
introduce the following definitions: _

.m_”muaum. s B A 8. Lo

H+m.nomﬂ

and

ﬁgm“hﬂom -.--.-.-.----Aﬁwv

Values of o g for the entire possible range of ¢ (0° to 180°) and for various
values of 8/p are plotted in Fig. 3, permitting easy determination of the
model rotation at a point without knowledge of p', the model pitch.

Model Pitch in Terms of ¢ and §.—Again, from Eq. 7:

0 sin 6
' iy TS e—— o N N R R e B ® & » & B B @& B B
" 5n ¢ 14)
From Eq. 11;
mg m s mﬁu ﬁ & 2 8 5 ® ® 2V B W @ AH@V
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FIG. 3.—ROTATION AS A FUNCTION OF FRINGE ANGLE AND NORMAL FRINGE SPACING
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Determination of ""True" and "Conventional’ Strains.—To compute the val-
ue of the strain using the measured quantities 6 and ¢, a graphical construc-
tion can be utilized. For this construction it is convenient to introduce the

following definitions: el

and

IH_...N:Eumoﬂmv............ﬁwv

)

Values of B for all possible values of ¢ and for various values of 6/ P have
been plotted in Fig. 4, permitting easy determination of the model pitch, pitch

ratio, or the quantity 1 - (p/p') free from the influence of rotation. It should
be noted that 1 - (p/p') is the “true” strain perpendicular to the direction of
the master grid lines if p and p' were originally equal before distortion of the

model.
If Eq. 19 is converted to the form:

Bs p
p’ N A
> utl - clbima: -y @RI GG
.mH. P P : Hl..l.ulm AMOV
0

we obtain the “conventional” or “nominal” strain perpendicular to the direc-

tion of the master grid lines.
*  Rotation in Terms of ¢ and Distance between Fringes along the Coordi-

nate Directions.—In many cases it may be preferred to measure the fringe
spacing along the coordinate directions or it may be desirable to have a sec-
ond method for checking the model rotations. From Fig. 5 we have, for the

two cases (a) ¢ acute, and (b) ¢ obtuse, respectively:

0

e S e e COMR GRS B

and
ouammg?-&nommge TR

Substituting Egs. 21 into Eq. 11 and extracting sin 6 by trigonometric trans-
formation, we obtain:

sin 0 = R | .
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. Following the
] ig. 5: | 4
Similarly, from Fig, 5 follows:

259

same method used pPreviously we can define ag and a, as

b

M S RS R i SN R |

0

OpCo8 (¥~-9) =0, (-cos¢) .......... (2% nmnwm.mgmu
et

eom<o35<5m8a<m»=mmm:<mEwngoa,msmpmﬁ&&mﬁbnm.gmmm
equations can be combined as: |

_ , and
GHOH _GOMﬁ_..................AN#V

%

CASE (b), $ AN OBTUSE ANGLE

Inwhichc =+1,0 < ¢ < 7/2 and o =

vy _ Similarly, substituting Eqs. 21 into Eq. 17
FIG, 5.—SKETCHES TO DERIVE THE FRINGE SPACING |

IN THE COORDINATE DIRECTIONS | _ Og .
mmHﬂAHlmﬂv..............-...-..........AWHB.V
Again substituting in Eq. 11 and extracting sin 6: _
1 and
sin 0 = . o e L e
H+?+nmmvu8%9 m-mmf
P AT NP

azmznu:_oAaA.m.Eanu-rmAﬁAu.
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Then:
X | SN .8 P
MH- HH!—hm .I.M Imu-. — Hw- I..mH-Auﬂov ---..---AWNV
and
e Nk p . NP
Hlmﬂlmmﬁﬂv----:--1---Aw“wv

Values of 8,, and Bg are Eozma in Figs. 8 and 9, respectively., Their com-
bined usable ranges cover all possible values of 9.

Simplified Equations for Small Deformations and Rotations.—It is apparent
from Fig. 8 that if ¢ is sufficiently close to 0° or 180° (depending also on the
value of 6./p), the value of 8, is close to -1.0 or 1.0. This means that rota-
tions 6 are very small (Eq, 11). In many problems, sufficient accuracy may
result from taking .. = * 1 and reducing Eq, 32 to:

nw.h.muw.mm::::..:::aa

mﬁ.:_m "

By simple transformation

. o
B AG e
€hom = D ....H..u_...nm

b iR s waiyas s 30

If, furthermore, p/d, is sufficiently small in comparison with unity (that is
if strains are very small), Eqs. 34 and 35 both reduce to:

MH._T.IN -..n-..-..-....-....Awmv

On the other hand, in Fig. 6, if ¢ is sufficiently close to 80° (depending on

the value of 8g/p) the value of ag is close to 1.0, and sufficient accuracy may
result from a reduction of Eq. 29 to

msmn.@m ke e T
8

Determination of the Direction of the Fringe Angle.—In order to determine
the direction in which the fringe angle, ¢, is to be measured in the foregoing
equations and graphs, a small amount of information is needed in addition to a
photograph of the fringe pattern. For example, the direction of rotation may
often be deduced from the loading conditions or could always be found by
means of a coarse set of lines or dots on the model in addition to the closely-
Spaced array which produces the moire. Once the direction of 8 is known, the
direction of ¢ is determined by its definition and all ambiguity disappears.

Alternatively, all ambiguity is removed if the sign of the quantity 1-(p/p')
is known, that is, whether p/p' is greater or less than unity. This can usually

MOIRE FRINGES
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be determined from the moire pattern if the actual loaded model and master
grid are available. Differentiating Eq. 1 leads to

.. p'

1 =% cos § o
ﬁmgﬁ“lllrl ---:-l--ﬂwmv
S p'\2

Aomm uv

Because the denominator of Eq. 38 cannot be negative, the sign of the

nm&?pzmm_mnmﬁmuggna Egmﬁmao:..__?_\ﬁvaom&._:Em mﬁummmﬁouﬁm
negative, AR RRCEAGTRSE Y B .

v

!
wvmanm H -ﬁ-.----'-.ﬁmwv

meaning that ¢ decreases for an increase in 8. If the master grid is rotated
in a given direction with respect to the model and the fringes rotate in the
Same direction, this condition is satistied and p'/p > 1. If the grids were
originally identical, this positively indicates tensile strain.

For 1 - [(p'/p) cos 6] negative the situation is not quite so definite because

W.Ammnm..v..u.................38

can be satisfied in a number of ways when 6 is a large angle. If, however, ¢
is not near 90° and the fringes rotate opposite to the rotation of the master
grid p'/p may ordinarily be considered to be less than 1, indicating compres-
sion for originally identical grids.

Other guides to the sign of 1 - (p/p') are sometimes available directly
from a moire photograph. If ¢ is 90° at any point, p/p' > 1 from Eq. 17. Once
a fringe is known to represent p/p' > 1 at any point, the same fringe cannot
represent p/p' < 1 without going beyond 90°, actually through ¢ = 7/2 + 9/2.

Fringes parallel to the master grid lines represent the condition of no ro-
tation (Eq. 11). Unless they are continuations from areas where the p/p' con-
dition can be evaluated, it is impossible to distinguish from a photograph
alone whether p/p' is greater than or less than unity.

USE OF THE BASIC RELATIONSHIPS IN A TWO-DIMENSIONAL
- STRAIN ANALYSIS

In order to determine strains and rotations associated with two coordinate
directions in an actual model, it will obviously be necessary to have models
with grid lines perpendicular to these directions. If the model is not identical
when turned 90°, two models must be equipped with grids, or, alternatively,
two sets of grid lines can be placed on the same model and analyzed separate-
ly with a one-way master grid. |

Individual measurements of the distance between two fringes cannot be
very accurate, as will be apparent from an examination of Figs. 10 and 11.

Also, the point being examined may not be exactly on a fringe centered be-
tween two fringes.
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It is much more convenient and accurate to measure across a series of
fringes along a line including the point of interest and plot the accumulated
fringe distances from any convenient point as in Fig. 12. A smooth curve is
drawn through the plotted points, and the slope of this curve at any point gives
fringes per inch, the reciprocal of which is the value in inches per fringe of
0, 8,, or om as the case may be. In Fig. 12(b) because there is no rotation I e
along an axis of symmetry, the process of differentiation gives the true strain - L g
directly. ot g G O P gt

b ¥ 1

and Og at any given point of Interest, the sensitivity to errors in measure-
ments of ¢ can be kept at a fairly low level for most fringe configurations.

. st .'.__l?‘i.. 3
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FIG. 11.—MOIRE FRINGES ON DISK OF HYSOL 8705 UNDER VERTI-
CAL DIAMETRA L. COMPRESSION WITH VERTICAL GRIDS
(GRIDS = 300 LINES PER INCH ON 4-IN.-DIAMETER DISK)

The values of 1 - (p/p') and 6 found with grids ineach of the two directions

FIG. 10.—MOIRE FRINGES ON DISK OF HYSOL 8705 UNDER VERTICAL | comprise all the information needed to solve the general strain problem. In
DIAMETRAL COMPRESSION WITH HORIZONTAL GRIDS addition to the normal true strains:
(GRIDS =300 LINES PER INCH ON 4-IN,.-DIAMETER DISK) _.
As will be apparent from Figs. 10 and 11, even in a simplified case such €x true = Bj ..,_m... TR R S
as a disk, it will not usually be possible to measure both 0, and Og at the |
same point with anything approaching accuracy, and at some points neither with grid lines in the y~-direction, and
can be measured. However, 0 can always be measured and values of 1-(p/p')
and 6 from measurements of 5 can supplement or check those from measure- 0
ments of 0, and 0Og. | mwﬂacmum_mﬂ................Aﬁs

The measurements of ¢ will, in general, not be very accurate. However,
since one can usually make a choice from among the measurements of 0, 0, .m with grid lines in the x-direction.



268 MOIRE FRINGES | MOIRE FRINGES
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Their nominal (conventional) strain counterparts are The disk was loaded between flat plates, first with grid lines perpendicular
5 h,v . to the loading directions (Fig. 10), then with the grid lines parallel to the
By 7 loading direction (Fig. 11). Photography was by the double-exposure method,
. RN e T S R (42a) the unloaded and loaded conditions being successively exposed on the same
w1 = By dcl sheet of Kodalith film with no intermediate change except for application of
S deni i il A the load. (In this method of fringe formation the film-and-lens system must
with grid lines in the y &umozg ME n e R be capable of clearly resolving the individual grid lines at high contrast.)
_ o T (42b) b P 5 |
€ e ALONG HEAVY
Yy nom 1 D el / | FRINGE
| oS | AL O 8 - }w\ 4
with grid lines in the x-direction. In the foregoing m.p_ refers to B, B, or fBg o g \Mmﬂ,_amﬂ
and Oy refers to the corresponding 8, 8., or 0. | p AT POINT OF
We have also the rotations _ _ 7 w‘ TANGENCY
y |
. /
Qs P i /
o U 1 17 W o (AN i /R
_ | . e ey W ALONG HORIZONTAL
i Wone 1 T G s ¥ i " e
, by = 45 oln —p= e arp ot (4 £ a5t
P e L By o @ “>_FRINGE NUMBER vs
with grid lines in Ena w..._,.nr.wo e A 2 DISTANCE CURVES
m“ :"pﬂcn HE—. G.u ... - . -....._ ._..... lﬁ..m.--..-.-q-. o. AVe &% B 6 8 8 » @ A#ﬁmv m
% i i .., P o 00
6x = arc sin g = arc sin uSREEREERTE (44b) (b) FROM FIG. I
with grid lines in the x-direction, "~ =~ = | W
In general, there will be a rigid body rotation, and if signs are given to 0x S
and 6y (say + for counterclockwise), the rigid rotation Y will be: 0.0 W..
RO N A o REL e a7
6 “ ..Nl AQ“ - mqv BB NS ER sAE 6 TN R T AL RO GEE Te  ae Aﬁmv O p_&-
| | i el _ 0 0.2R O4R  O6R O8R  |OR
and the shear strain y will be: el gt i ACCUMULATED FRINGE DISTANCE
1 | i _ . FIG. 12,—DETERMINATION OF § L B
B R . 12, >H>rvaEHm>hOZQEmmWw‘ZMm»Zm
Y 9 A X m%v 38 | OF A PLOT OF boo%cgﬂ.mc FRINGE DISTANCE FROM ANY

ARBITRARY BEGINNING

APPLICATION OF THE METHOD TO AN ACTUAL PROBLEM .
_ | Fig. 12 is a plot of the measured positions of successive fringes along two

The moiré method has been applied to the familiar case of a circular disk representative lines where Oy could be successfully measured in Figs. 10 and
under diametral compression. In order to obtain a satisfactory level of re- 1. On a separate scale in Fig, 12 are also plotted the values of the quantity
sponse with the 300-lines per in. grid available, a sheet was made of urethane p/Or determined by differentiation of the fringe-position curves. From the
rubber (Hysol 8705) on which the grid was photoprinted using the sensitized values of p/ 8y (also p/ 0g and p/ % from separate measurements in appropriate
resist marketed as Gaco. ~ After printing, a 4-in. disk was machined from the directions), the strains can be found as previously described.

1/2-in,-thick sheet.
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From a series of measurements across the horizontal axis of Fig. 10, the

value of €y true Was determined at a number of points. These values, com-
bined with” those for €x true from Fig. 12 and with the modulus of elasticity

l

(also determined by the moire method), allowed Computation of o, and o (0
and 0y respectively in this case), the results of which are shown in m.-%. 13,
Also shown in Fig, 13 are the results of a theoretical analysis of the disk when
subjected to concentrated loads. The difference between the theoretical and

experimental curves can be attributed mainly to the flattening of the disk by
the flat plates used to apply the load

»
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