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Abstract—Calculations of turbulent diffusion Alames are presented and compared with experimen-
tal data. In the calculation procedure, the mean continuity and momentum equations are solved
by a finite-difference method, and the k-« turbulence model is used to model the Reynolds stresses.
The conserved-scalar approach is used so that the local, instantaneous, thermochemical properties
of the flame are uniquely related to a single conserved scalar f(x, r)—the mixture fraction. A
modelled transport equation for the probability density function (pdf) of f is solved by a Monte
Carlo method.

The results of calculations are compared with experimental data for three turbulent flows: an
inert methane jet; a hydrogen/air diffusion flame; and a hydrogen-argon/air diffusion flame. In
general there is good agreement between calculated and measured quantities, including pdf's.
Numerical tests of the Monte Carlo method are also reported. These demonstrate the con-
vergence of the method and provide an estimate of the statistical error.

1 INTRODUCTION

Turbulent jet diffusion flames have been the subject of several experimental studies:
Hawthorne, Weddell and Hottel (1949), Kent and Bilger (1973), and Driscoll, Schefer
and Dibble (1982), for example. Such flames are of direct practical importance and
at the same time are well suited to the study of fundamental turbulent combustion
processes.

Lockwood and Naguib (1975) and Kent and Bilger (1976) have made turbulence-
model calculations of diffusion flames. In these calculations, the Reynolds stresses
are determined from the turbulent-viscosity hypothesis, with the turbulent viscosity
w7 being obtained from the equation

nr = Clodke. )

Here & is the turbulent kinetic energy, ¢ is its rate of dissipation, {p) is the mean
density, and the coefficient C, is taken to be a constant. Standard modelled trans-
port equations (see Launder and Spalding, 1976) are solved for k and ¢. Thus, if
the mean density {p> is known, the continuity, momentum and k- equations form
a closed set.

Both Lockwood and Naguib (1975) and Kent and Bilger (1976) treated the thermo-
chemistry of the flame by the conserved scalar approach with the assumption that
reaction is very rapid compared to the smallest flow or turbulence time scale. In
this approach it is assumed that all molecular diffusion coefficients are equal, that
the Lewis number is unity, that there is negligible heat loss by radiation, and that the
Mach number is low. For then the enthalpy and the mass fraction of each element
(in whatever molecular form) are linearly related to a conserved scalar f(x, ). This
can be taken to be the jet nozzle fluid concentration (or mixture fraction), and hence
/=1 in the nozzle, and f=0 in the surrounding airstream.

i3



14 T. V. NGUYEN AND S. B. POPE

The rapid-reaction assumption implies that, locally, there is chemical equilibrium.
The equilibrium state is a function of the pressure, enthalpy and elemental compo-
sitton. In view of the assumed low Mach number, turbulent pressure fluctuations
are very small compared to the mean pressure and hence have a negligible effect on
the thermochemical state. Thus for a given mean pressure, the local thermochemical
state is uniquely determined by f(x, ¢), since / uniquely determines the enthalpy and
element mass fractions. For any thermochemical quantity—the density, for example—
we can then write

p(x, 1) = p*Lf(x, nl, @)

where p* is the equilibrium density as a function of f at the given mean pressure.

In order to determine the mean density {p(x, {)> a knowledge of the mean {f(x, 1))
is insufficient. But {p(x, t)>—or the mean of any other function of f/—can be deter-
mined from the probability density function (pdf) of f; p(f; x, t). [This is defined
as the probability density of the event f(x, t)=£] In terms of the pdf, the mean
density is

1

(ol 1)) = f p(fs x, 1) p* (D) df @)

0

(Henceforth the asterisk is omitted: the arguments suffice to indicate whether p is
being considered a function of f or of x and 1.)

Lockwood and Naguib (1975) assumed p(f; x, 1) to be a clipped Gaussian: that
is, a Gaussian for 0 << 1, with the tails of the Gaussian (f<0 and f> 1) lumped
into delta functions at /=0 and f=1. Such an assumed distribution can be uniquely
determined from its mean {f) and variance {f'2) for which Lockwood and Naguib
solved modelled transport equations. Other authors (e.g. Kent and Bilger, 1976;
Kolbe and Kollmann, 1980; Rhodes, Harsha and Peters, 1974) have made other
assumptions about the shape of the pdf.

Janicka, Kolbe and Kollmann (1978) used a finite~-difference method to solve a
modelled transport equation for the pdf p(f; x, 1). This removes the need to assume
a pdf shape and is potentially more accurate. In the present work we also use a
modelled transport equation for the pdf but solve it by a Monte Carlo method
(Pope, 1981a). In contrast to the assumed-pdf method, the pdf-equation approach
is readily extended to several reactive (i.e. non-conserved) scalars (Pope, 1981Db).
The Monte Carlo method is essential to such extensions since finite-difference methods
are computationally impracticable for joint pdf’s of large dimensionality. Conse-
quently an important component of the present work is a numerical study of the
Monte Carlo method.

In the next section the model equations are presented. The numerical method is
outlined in Section 3 and numerical tests are reported. These tests confirm the con-
vergence of the Monte Carlo method and determine its accuracy and computational
cost. In Section 4 results of calculations (including pdf’s) are compared with exper-
imental data from three flows: a non-reacting methane jet is quiescent air (Birch,
Brown, Dodson and Thomas, 1978); a hydrogen/air diffusion flame (Kent and Bilger,
1973); and, a hydrogen-argon/air diffusion flame (Driscoll, Schefer and Dibble,
1982).
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2 MODEL EQUATIONS

We first present the modelled equations for the mean flow and turbulence fields.
These equations are for the density-weighted mean velocities

U = <pU/p), 4)
for the density-weighted turbulent kinetic energy

1 o ~—

k=, ()

and for its rate of dissipation ¢. Angled brackets denote means, tildes denote density-
weighted means, and primes and double primes, respectively, denote the fluctuations
about these means. (The equations are presented in their general form, although it is
the steady-state boundary-layer equations that are solved.)

The mean equations for the conservation of mass and momentum are

xKpy e Ti)
+ =

ot dx; 0 ©
and
é 0 o — HP>
a—(<P>l7j)+ — (Ui Up+L{ppwi" ") = — , M
! Oxi 0xy

where P is the pressure. The effects of body forces and viscous stresses have been
neglected which is acceptable for the flows considered. The Reynolds stresses are

modelled by
—— U, ol 2 ol
—<powi" uy" = pT( + —) - = (}LT— +(P>k)5£;, (®
3,\’;' dxi 3 9xy

where the turbulent viscosity is given by Eq. (1).
The modelled transport equations for k& and ¢ are

d 2 - d sur ok
PR+ —— >k = a—n(o—k aT,)*G‘“’)e’ ©)
and
d a - pr  de £
P+ D)= (Z 3;) + = (CaG=Catppa, (10

where G is defined by

—— ol 0 P
G = —<{pdw"uy" Lo $py XKP
Ox; {p?* Oxy  Oxy

, (an
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and oy, o,, Ca, C2 and C, are model constants whose values are given below. The
use of these equations in turbulent reactive flows is discussed by Jones and Whitelaw
(1982). They suggest the addition of the last term in Eq. (I1) to account for the
interaction of mean density and pressure gradients. It is found that, for the three
flows considered, the additional term has an insignificant effect on the results.

The density-weighted pdf of fis

BUfs x, 1) = p(N)p(S; %, 1)/<pD. (12)

For any function of f,; Q(f), the density-weighted mean is then given by
1
oy = | otiitsi x 0. (13
0 .
while the mean density can be obtained from
1
@ = [ B 504, 14
0

For each flame considered, all thermochemical properties are determined as functions
of ffrom the equilibrium code of Gordon and McBride (1971).

The modelled transport equation for 5(f; x, t) is the same as that used prevnously
by Pope (1981a, b) and by Givi, Sirignano and Pope (1984):

0 ap
(”'T )+<p>E(f x, 1) (15)

d

at(<P>P)+ p o o
The rate-of-change and mean-convection terms on the left-hand side are exact.
Convection by the fluctuating velocity field is modelled as gradient diffusion with
coefficient ur/o; where ay is ascribed the value 0.7. In general, the use of gradient-
diffusion models in variable-density reactive flows is highly dubious. It can be
avoided by considering the joint pdf of velocity and the scalar (Pope, 1981c) for
then the turbulent transport term appears in closed form. But for a conserved scalar
in a simple shear flow, direct measurements (Driscoll et al., 1982) suggest that the
gradient-diffusion model may be acceptable.

. The final term in Eq. (15) represents mixing by molecular diffusion. It is modelled
by Curl’s (1963) coalescence-dispersal model:

1
E(f: x,1) = 2w j BUHS BT —f ) df* = wp(h), (16)
0

where the mixing frequency is

w = 2C;elk. (17)
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and the constant Cj is ascribed the value 2.0. The modelling of the mixing term has
received considerable attention (Dopazo, 1979; Janicka er al, 1979; Pope, 1982)
mainly because all the simple models suggested to date have serious deficiencies. In
the present context, the principal deficiency of Curl’s model is that it overestimates
the flatness factor (and higher normalized moments of the pdf). Pope (1982) has
shown that, for the case of decaying scalar fluctuations in homogeneous turbulence,
Curl’s model causes the flatness factor to increase without limit rather than to tend
to the Gaussian value of 3.

In order to compare the present approach to moment methods, it is useful to note
that modelled equations for fand g=f"2 can be obtained from Egs. (15)-(17):

BT _a]_) (18)

L+ Uy = —
=+ 5T )——a;( z

and

3 wr Of 9 £
(ﬂ g)+2“_T_f_f—C¢<p>7g.(l9)

a(< )+ 5((}0 )= 6
orPE)t o polig) = o= o x om

Xt \ Of 3X¢
These equations are identical to those used by previous investigators (e.g. Lockwood
and Naguib, 1975; Kent and Bilger, 1976), and consequently the pdf model constants
or and C, can be related to model constants in the f'and g equations.

Our principal aim here is to investigate the performance of the pdf equation and
of the Monte Carlo method—not to propose a universal model. Consequently we
follow Lockwood and Naguib in selecting one set of model constants for inert flows
and another set for reacting flows: these are shown in Table [. (That different con-
stants are needed to produce agreement with experimental data indicates a lack of
universality in the model.) A detailed study of the influence of the model constants
is given by Nguyen (1984).

In summary, modelled transport equations are solved for U, k, ¢ and p, and the
mean density is determined from Eq. (14).

TABLE I

Turbulence model constants

Cu. C,:l <, Co ox o, af
Inert flows™ 0.09 1.45 1.9 2.0 1.0 1.3 0.7
Reacting flows 0.09 1.44 1.789 1.789 1.0 1.3 0.7

3 SOLUTION PROCEDURE

In the first two subsections we briefly describe the finite-difference method used to
solve the equations for U, k and ¢, and the Monte Carlo method used to solve the
equation for . Extensive numerical tests were performed: some results on the
accuracy of the Monte Carlo method are presented in Section 3.3.
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3.1 Finite-Difference Method

The finite-difference method used has been fully described by Pope (1977a, 1977b).
We describe here just the coordinate system and grid arrangement in order to provide
the required background to the next two subsections.

Consider the polar-cylindrical coordinates x, r, 8 in which x is the dominant flow
direction and r is the radial direction. All statistical quantities are independent of
the circumferential coordinate 8. In the flows considered, the jet half-width rys(x) is
defined as the radial position at which the axial velocity J(x, r) is equal to the average
of the centerline and free stream velocities: that is,

1
O(x, r1ie) = E[U(x, 0)+ U(x, o0)]. (20)

The half-width is vsed to define the normalized axial and radial coordinates

T

X = f rllz-l(x’)dx’, (21)

0
and
n = r/rl/g(x)‘ (22)

Starting from initial conditions at X =Xy =0, the solution at successive axial locations
Xy=X;_1+ AX is obtained by a marching procedure. Boundary conditions are imposed
on the centerline (y=0) and in the freestream or ambient (y=7max). In the cross-
stream direction, finite-difference nodes are located a distance An apart. A complete
description of the method is provided by Pope (19773, b).

The finite-difference scheme contains three numerical parameters: AX, An and
7max- Nguyen (1984) investigated the influence of these parameters and confirmed
the convergence of the scheme as AX, An and nmgx~! tend to zero.

3.2 Monte Carlo Method

The Monte Carlo method uses the same grid as the finite-difference method. At
each node, the pdf p(f; X, n) is represented indirectly by an ensemble of N rep-
resentative values of f, f® (n=1,2,...,N). For any function of f, Q(f), the
ensemble average is defined by

(0w = ]17 > oy (23)

This ensemble average corresponds to the density-weighted_mean of Q(f) in that,
as N tends to infinity, (Q(f)>n~ converges in probability to Q(f).

" Initial conditions are specified at X=Xp: if the node is in the jet then [ =1 (all n),

or if it is in the freestream or ambient then f® =0. At the axial location X, the

representative values f( at a given node (at =1, say) are obtained as a linear
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combination of the values at the three nearest upstream nodes: these are located
at (Xi—1, m3— An), (Xi—1, 7y) and (X4—1, ny+ Ax). Of course, the precise way in which
this is performed defines the Monte Carlo method and the pdf equation that it
simulates. Pope (1981a) for the general case, and Nguyen (1984) for the particular
case in hand, have described the details of the Monte Carlo method and proved
convergence.

The Monte Carlo method introduces the additional numerical parameter N. The
above-mentioned convergence proof shows that the ensemble average {Q(f))~ con-
verges in probability to Q(f) as N tends to infinity. But for finite N, {Q(f))n is a
random variable whose standard deviation can be expected to be proportional to
N-12_ Thus in the Monte Carlo method, the ensemble average at each node con-
tains some statistical error. This error can be reduced by smoothing the profile
across the flow, For the calculations reported in Section 4, mean profiles are deter-
mined as least-squares cubic splines (de Boor, 1978) with 20 basis functions. For the
calculations reported in Section 3.3, a more sophisticated smoothing cubic spline
(Reinsch, 1967) is used with a cross-validation procedure to determine the smoothing
parameter. Again, 20 basis functions are used.

3.3 Numerical Tests

Numerical tests of the finite-difference scheme have been reported by Pope (1977a)
and by Nguyen (1984). Here we report tests to determine the effect of the numerical
parameter N in the Monte Carlo method. Calculations were made for Kent and
Bilger’s hydrogen-air diffusion flame with AX=0.1, An=0.154 and nmax=4.0, and
with various values of N. About 600 axial steps were needed to reach the selected
output station of 80 diameters (i.e. x/d= 80) At this location the jet half-width ry
is approxnmately 3.24.

At a given location (X, n) the ensemble average (/D is a random variable. If the
Monte Carlo calculation is performed M times (usmg different random numbers),
then the resulting ensemble averages {fO>n.m (m=1,2,..., M) are different. The
expectation of {f>n can be estimated by

M
1
KHow = fv= Y z SONm. (24)

m=1

—_—

Similarly the ensemble averagé variance {J/'2)y (which approximates /"2) is also a
random variable and its expectation can be approximated by

M
1
KSf®Dw) = ()2 = 7 Z S"Dnm. (25)

m=]

In order to determine the dependence of fy and /v’ on N, calculations were made
for the different values of N, 40, 100, 400, 1,000, 4,000 and 10,000. The corresponding
number of runs was M=125, 50, 13, 5, 2 and 2. The number of runs was chosen so
that the product Nx M is approximately the same in each case, and consequently
the accuracy of the approximations in Eqs. (24) and (25) are about the same.
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Radial profiles of /v and fy’ at x/d=80 are shown on Figure 1. It may be seen
that the centerline value of fy is about 6 percent of its initial value. It appears that
for N 2= 100, the expectations of {f>n and {f'2>» depend little upon N, whereas for
the smallest number of elements (¥ =40) a difference can be discerned.

0.02
/
fN
0.01
0
o)
0 l 2
Y
FIGURE | Expectations of ensemble-average mean and standard deviation of f against nor-
malized radial distance. N=40 ———; N=100 -~ - - - - i N=400 — — —; N=1,000 —-—-— :

N=4,000 ———-— — N=10,000 ~— o ——— .

The standard deviation of (/) is called the standard error and is approximated
by

M
1
o= Z S owm=TN) (26)
Mmael

Figures 2 and 3 show &y plotted against 5 at x/d=80 for different values of N. As
expected, the standard error decreases with increasing N. (The statistical error in
estimating the standard error is proportional to M -1/2, For this reason there is far
more scatter in Figure 3 than in Figure 2.)

In order to examine more precisely the effect of the number of elements, Figure 4
shows fy + 5 plotted against N-1/2, for three radial locations at x/d=80. It appears
that the method is slightly biased: that is, fv depends (weakly) on N. This is in
contrast to the finding of Pope (19812) who used the same method but on different
flows. The reason for the difference is, most likely, that in the present case the mean
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FIGURE 2 Standard error against normalized radial distance.

0.002 . r [ ,

st

0.001 -

FIGURE 3 Standard error against normalized radial distance.

density is determined from ensemble averages and is therefore subject to statistical
error. These statistical errors affect the calculation of the flow field and hence per-
meate through the whole calculation procedure. However, the small bias is of little
consequence since it appears to be negligible for N > 100.
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(a)

0.04 |-
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fy te€ I
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0.004 {
N
] |
0 0.1 0.2
N-|/2

FIGURE 4 Expectation of ensemble-average of f against N-1/2 at different radial locations:
(a) n=0.0, (b) n=0.692, (c) n=1,615. Error bars show plus and minus the standard error.

Figure 4 also shows that, as expected, &g increases linearly with N-1/2_ _Simple
statistical arguments suggest that the standard error in (f)n scales with [f"2/N]1/2,
In order to examine this suggestion, the normalized standard error

est* = e N2/, 27

is plotted against 5 in Figure 5. It appears that &5 does scale with [/"2/N]V/2, and
lhe normalized standard error &;* is of order 3. For N=4,000 and N=10,000,
* is estimated from just two samples (M 2). The scatter seen on the figure is not
surpnsmg therefore.
These numerical results confirm the convergencc of the Monte Carlo method (as
N—0) and allow the statistical error to be estimated. _Inverting Eq. (27), dividing
by fo (the centerline value of f), and replacing fx’ by [f"2]1/2, we_obtain

estffo ~ N-12 eu*[f’2]1/2/ﬁ). (28)
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FIGURE 5 Normalized standard error against normalized radial distance: N=40, [O;
N=100, O; N=400, A; N=1,000, v; N=4,000, x; N=10,000, +.
And taking &*=3 and [f”zjl/?/ﬁ)zo.3 we obtain the estimate

est/fo & N-12. (29)

For the different values of N, Table I shows this estimate and also the calculated
value of #5/f on the centerline. It may be seen that Eq. (29) provides a good (slightly
conservative) estimate.

TABLE 11
Statistical error estimates and computer run times
(ese/fo) ext/fo CPU time per
N calculated Eq. (29) run (minutes)
40 0.142 0.158 4.2
100 0.088 0.1 4.6
400 0.025 0.05 8.5
1,000 0.021 0.032 17.3
4,000 0.011 " 0.016 63.4

10,000 0.0015 0.01 155.4
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Also shown in the table are the CPU times required to perform the Monte Carlo
calculations on an 1BM 434]. Apart from a small overhead, the CPU time increases
linearly with N.

(After these test calculations were performed, a mistake in implementing the small
mean axial pressure gradient was detected in the code. This error has a small effect
on the mean velocity but is of no consequence in the context of these numerical
tests. The error was corrected prior to the performance of the calculations reported
in the next section.)

4 RESULTS AND DISCUSSION

Calculations were made for three flows: an isothermal, inert methane jet discharging
into quiescent air (Birch et al., 1978); a hydrogen/air diffusion flame (Kent and
Bilger, 1973); and a hydrogen-argon/air diffusion flame (Driscoll er al., 1982). For
each flow, the Monte Carlo calculation was performed three times (using different
random numbers) and the results reported were obtained by averaging over the
three runs. There were 1,000 elements at each of 28 grid nodes. The grid extended
to nmax=4.0 and the axial step size was AX=0.1. Based on the numerical results
of the last section, the statistical error is estimated to be about 2 percent. Each run
required about 15 min CPU time on an 1BM 4341,

4.1 Initial Conditions

Initial conditions for the dependent variables U, k, ¢ and j(/) are specified at x=0.
In the jet, f=1 and hence 5(f) is a delta function at f=1. Similarly, in the quiescent -
surroundings or co-flowing airstream, ﬁ(f) is a delta function at f=0. For the two
diffusion flames, the initial profile of I is taken from the experimental data of Kent
and Bilger (1973), while for the inert methane jet, a one- seventh power law is assumed
corresponding to fully-developed turbulent pipe flow.

There is always some uncertainty and ambiguity in specifying initial profiles of
k and . Here, k and ¢ are determined from the ordinary differential equations

1 d ; pr dk ,
___( ____)+G (pye—{pdk[r = 0, (30)
r dr or dr
and
LA (2T L)t 6= Catpd o —pdefr = 0 @1
7717(’::7) BT T TS
where
dai \2
G'EM(—) (32)
S\ dr

The time scale = is specified by a two-step procedure. First, these equations are
solved with T set to infinity. Then r is specified to be the value of k/G’ (obtained from
the first solution) at the radial location at which G’ is maximum. The equations are
solved a second time with this value of = and the resulting profiles of k and ¢ are
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FIGURE 6 Mean centerline mixture fraction and mixture fraction half-width against normal-
ized axial distance: O, A experiments, Birch er al. (1978), ——— calculations.
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FIGURE 7 Normalized mean mixture fraction against normalized radial position at x/d=20

and x/d=40. (Symbols as Figure 6.)
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taken as the initial conditions. This procedure yields plausible initial conditions
and removes the ambiguity in their specification.

In order to investigate the sensitivity of the Monte Carlo solutions to the initial
conditions, Nguyen (1984) performed two calculations for the methane jet—one
with the initial conditions described above, and one with top-hat profiles of £ and .
At x/d=10 the differences in mean quantities between the two calculations are
typically 10 percent: beyond x/d=30 the differences are negligible.

4.2 Inert Methane Jet

Birch et al. (1978) used a laser-Raman technique to measure the methane concen-
tration in a turbulent jet of methane discharging into quiescent air. The experimental
data are of conventionally-averaged quantities—(f>, <(f)*>, (n=2, 3, 4) and p(f).
Consequently the calculations are also reported as conventional averages.

Figure 6 shows the axial variation of {f)>;—the mean mixture fraction (/> on
the jet centerline—and it may be seen that there is excellent agreement between the
calculations and the experimental data. (Here and henceforth the subscript 0 denotes
a centerline value.) Also shown is the axial variation of the mixture fraction half-
width ry which is defined as the radial distance at which {f> is half of its centerline
value. The calculated spreading rate drs/dx is about 15 percent greater than the
measured value of 0.095. This discrepancy is most likely due to the known inaccuracy
of the k-¢ turbulence model in calculating the spreading rate of axisymmetric jets
(Pope, 1978). The calculated normalized profiles of (/> are in good agreement with
the data, Figure 7, except at the edge of the jet where the measured profiles extend
beyond those calculated.

0.15

So

0.10

<f12 >|/2 o

0.05

0 40 80
x/d

FIGURE 8 Standard deviation of centerline mixture fraction against normalized axial distance.
(Symbols as Figure 6.)
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FIGURE 9 Standard deviation of mixture fraction against normalized radial distance at
x/d=20 and x/d=40. (Symbols as Figure 6.)

Axial and radial profiles of the standard deviation of f are shown in Figures 8
and 9. In general there is good agreement with the data.

Radial profiles of the skewness S=(f"3)/<{f">32 and the flatness or kurtosis
K={f"DJ{f'2 are shown in Figures 10 and 1. Tn accord with the data, the calcu-
lations show a small negative skewness close to the centerline and large positive
values at the edge. But at the edge, the magnitude of the calculated skewness is two
to three times greater than that measured. On the centerline the measured kurtosis
is close to the Gaussian value of 3 whereas the calculated value is about 4.0. The
value of K rises towards the edge of the jet and, again, the calculated values are
significantly greater than those measured.

The calculations of the skewness and flatness factor are a sensitive test of the
mixing model. It is known that for the case of decaying fluctuations in homogeneous
turbulence, Curl’s mixing model predicts that K grows without bound, rather than
tending to the Gaussian value of 3 (Pope, 1982). Thus the discrepancies at the edge
of the jet are to be expected. It is likely that the use of an improved mixing model
(Pope, 1982) would substantially reduce these discrepancies.

Calculated and measured pdf’s of methane mole fraction p(¢) at x/d=10 are
compared in Figure 12. Since there are small discrepancies between calculated and
measured profiles of {f> and {f'%), the calculated pdf’s are reported, not at the
same radial location as the measurements, but at the location where the calculated
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FIGURE 10 Skewness of fagainst normalized radial distance at x/d=20 and x/d=40. (Sym-
bols as Figure 6.)

and measured values of (/> and {f'?) are about the same. This provides a better
comparison of pdf shapes.

There is good agreement between the calculated and measured pdf’s. On the
centerline the pdf is a bell-shaped curve, but at r/dx~ 1.7 it is bimodal. At the outer-
most location there is a spike at £=0 corresponding to ambient fluid.

4.3 Hydrogen|Air Diffusion Flame

Kent and Bilger (1973) made measurements in a flame formed by a hydrogen jet
burning in a co-flowing stream of air. Measurements were made for the four velocity
ratios (jet to co-flowing stream) of 2, 5, 8 and 10 to 1. Additional measurements on
the same apparatus have been made by Glass and Bilger (1978), by Bilger and Beck
(1975), and by Kennedy and Kent (1981). Calculations are reported for the velocity
ratio 10:1 for which most data are available.

Figure 13 shows the mean centerline velocity normalized by the jet exit centerline
velocity Uj. There is good agreement between calculated and measured profiles.
[The calculated profile appears to have a discontinuous slope and a potential core is
not evident. These are artifacts of the plotting: although the calculations were made
with a small axial step size (AX=0.1), the axial profiles are plotted as straight lines
between calculated points some distance apart.]
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FIGURE 11 Kurtosis of f against normalized radial distance at x/d=20 and x/d=40. (Sym-
bols as Figure 6.)

Figure 14 shows the axial variation of the centerline mean temperature and mole
fractions. Radial profiles of these quantities at x/d=40 are shown in Figure 15. Axial
and radial profiles of fare shown in Figures 16 and 17. The half-width r, at x/d=40
(used in the normalization in Figure 17) is calculated to within a few percent of the
measured value. All these profiles show a close agreement between calculations and
measurements.

Figure 18 shows the calculated normalized standard deviation of / on the centerline
compared to three different sets of data. Kennedy and Kent (1981) using Mie scat-
tering measured values at least twice of those calculated. On the other hand, the
data of Kent (1972) and of Drake et al. (1982) (albeit for a different flame) are in
fair agreement with the calculations. These observations add weight to Drake
et al's suggestion that the Mie-scattering measurements are in error. In spite of
this, the calculated normalized radial profile at x/d=>55 (Figure 19) agrees well with
Kennedy and Kent’s data.

Calculated pdf’s at x/d=55 are compared with Kennedy and Kent’s data in
Figure 20. In this case the calculations are reported at the grid node closest to the
measurement location. It is apparent that the measurements show a greater prob-
ability of small values of f than do the calculations. The large measured values of
F(f) for small f most likely account for the larger standard deviation (see Figure 18).
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FIGURE 12 Pdf’s of methane mole fraction at x/d=10: measurements of Birch er al. (1978).

Additional results are reported by Nguyen (1984). These include profiles of mean
velocity, mean momentum flux (pU2), and turbulence intensity, as well as profiles
of quantities reported here but at other axial locations. The level of agreement
between these calculations and measurements is comparable to that exhibited in
Figures 13-20.

4.4 Hydrogen-Argon/Air Diffusion Flame

Dibble ef al. (1982) and Driscoll et al. (1982) report measurements of a jet diffusion
flame that is geometrically similar to that of Kent and Bilger but in which the fuel
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iments, Kent and Bilger (1973); ——— calculations.
V.2 2400
< 0.8 — 1600
.2
8 [-]
o T°K
[T
< 0.4 —~ 800
=
0
180

x/d

FIGURE 14 Centerline mean temperature and mole fractions against normalized axial distance:
symbols, measurements of Kent and Bilger (1973); lines, calculations.
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FIGURE 15 Mean temperature and mole fractions against normalized radial distance at
x{d=40. (Symbols as Figure 14.)
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FIGURE 16 Mean centerline mixture fraction against normalized axial distance: measurements
O, Kent and Bilger (1973), A, Kennedy and Kent (1981); , calculations.
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FIGURE 17 Normalized mean mixture fraction against normalized radial distance at x/d=40.

(Symbols as Figure 13.)
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FIGURE 18 Normalized mixture fraction rms against normalized axial distance: measurements

O. Kennedy and Kent (1981), A, Drake et al. (1982), </, Kent (1972); ———, calculations.
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FIGURE 19 Normalized mixture fraction rms against normalized radial distance at x/d=55:
measurements (O, Kennedy and Kent (1981); —— calculations.

is a mixture of 78 percent hydrogen and 22 percent argon. The jet to co-flowing
stream velocity ratio is 18.1:1. Compared to pure hydrogen, this fuel has a higher
density and a higher stoichiometric mixture fraction (0.162 compared to 0.028).

There are questions concerning the reliability of some of the data of Driscoll
et al. First, the centerline velocity in the jet nozzle Uj is reported to be equal to the
bulk flow velocity U: but for the geometry of the apparatus one would expect fully
developed turbulent pipe flow with U;/U~1.2. Second, at x/d=S5, the centerline
mean velocity and density are reported to be 20 and 30 percent less than their initial
values. Even though the length of the potential cores in low density jets are known
to be shorter than the constant-density value of 8 diameters, such rapid decreases in
0o and {p)o are nevertheless surprising and in need of confirmation.

In an attempt to compensate for these problems, Kollmann (1982) shifted the
experimental data by 5 diameters when comparing them to his calculations (Koll-
mann, private communication): we follow this practice. Thus we compare our
calculations at x/d=15, for example; with the data reported at x/d=10. (The x/d
values given below and in the figures refer to the calculations).

Figure 21 shows the mean excess centerline velocity Up— Ux, where Us is the
velocity of the co-flowing airstream. Except far downstream, the agreement between
calculations and measurements is poor. For example, at x/d=35 the calculated
excess velocity is almost twice that measured. The radial profiles at x/d=55 (Figure
22) also show poor agreement. At other axial locations (not shown) the agreement is
similar, except at x/d=15 where it is yet worse (see Nguyen, 1984), :
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FIGURE 20 Mixture fraction pdf’s at x/d=355: measurements of Kennedy and Kent (1981).

The centerline rms velocity fluctuations are plotted in Figure 21. (The calculated
value is obtained by assuming that the normal stresses are equal.) It appears that
the calculations fall slightly below the data, although there is some scatter, at x/d=75
in particular. (It should be noted that the calculated quantities in Figures 21 and 22
are density weighted, while the measurements are conventional averages: but it is
estimated that the difference between the two averages is quite small.)

The axial variation of the mean centerline density is shown in Figure 23, and
radial profiles are shown in Figures 24 and 25. The agreement between calculations
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FIGURE 21 Normalized excess centerline mean and rms velocity agafnst normalized axial
distance: measurements, Driscoll er a/. (1982), O, O from axial profiles, A from radial profiles;

———, calculations.

FIGURE 22 Normalized mean axial velocity at x/d=55 against normalized radial position:
O, measurements, Driscoll er al. (1982); ———, calculations. '
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FIGURE 23 Normalized mean centerline density against normalized axial distance. (Symbols
as Figure 22))
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FIGURE 24 Normalized mean density against normalized radial distance at x/d=15 and 35.
(Symbols as Figure 22.)
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FIGURE 25 Normalized mean density against normalized radial distance at x/d=55, 75 and
155. (Symbols as Figure 22.)

and measurements is poor at x/d=15, but is quite good thereafter. The profiles at
x/d=55 and 75 (and, to a lesser extent, those at x/d=35 and 155) show that the
width of the flame is calculated quite accurately at these axial locations.

Radial profiles of the standard deviation of the density are shown in Figure 26.
At the two farthest locations (x/d=75 and 155) the agreement between calculations
and measurements is good. At x/d=35 and 55, two discrepancies are apparent: the
maximum value of {p'3>1/2/{p> is calculated to be about 50 percent greater than
that measured (although the location of the peak is calculated correctly); and in the
center of the flame (r/d < 2), the calculated values of {p'2)1/2/{p> fall significantly
below the measured value of 0.2. The latter discrepancy could be due to experimental
error from a variety of sources in this low density region—shot noise, background
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FIGURE 26 Normalized rms density against norinalized radial distance. (Symbols as Figure 22.)
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FIGURE 27 Mean temperature against normalized radial distance at x/d=55: O, A, measure-
ments, Dibble er al. (1982); , calculations.
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FIGURE 28 Mean temperature against normalized radial distance at x/d=55: O, /\, measure-
ments, Dibble ef al. (1982); , calculations.




MONTE CARLO CALCULATIONS OF FLAMES 41

<é>

0.20

r/d
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FIGURE 30 Rms atomic mixture mole fraction against radial distance at x/d=55. (Symbols
as Figure 27.)
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FIGURE 31 Probability density functions of normalized density at x/d=55: measurements of
Driscoll er al. (1982). (Conrinued on p. 43). .

scattering, for example (Dibble, private communication). As with other quantities,
the agreement at x/d=15 is poor.

Figures 27-30 show the radial profiles at x/d=155 of the mean and rms temperature
T and mixture mole fraction £. There is reasonable agreement between calculations
and measurements.

Probability density functions of density are shown in Figure 31. These are at
x/d=155 and, again, the calculated pdf’s are reported at the grid node closest to the
measurement station. The pdf’s show a variety of shapes. From the centerline out-
ward the pdf’s are: a spike at p/po=0.13; positively skewed pdf’s; fairly flat pdf’s;
a negatively skewed pdf; and a spike at p/po=1. The spike on the centerline arises
because p varies little with f {or £) for the range of f (or £) values found at that
location. The broadness of the measured pdf at r/d=9.58 is most likely due to
measurement noise (see Bilger, Antonia and Sreenivasan, 1976). There is at least a
qualitative agreement between the calculated and measured pdf’s.



MONTE CARLO CALCULATIONS OF FLAMES 43

40 -
t/d=8.763 r/d=9,580
o)
sl
r/d = 6,292 r/d=6.292
P(P/Py)

o N

al- =
r/d=5.858 - r/d =5.750
00 /¥|IO— WW
PIP, : 0 PP, 10
Calculotion Measurment

FIGURE 31 (continued)

CONCLUSION

A numerical model has been used to calculate the properties of turbulent diffusion
flames. The mean continuity and momentum equations are solved by a finite-differ-
ence method, as are the modelled transport equations for k and &. The conserved
scalar approach is used with the assumption of rapid reaction so that the thermo-
chemical state is uniquely related to the mixture fraction f(x, 1). A modelled transport
equation for the mixture fraction pdf is solved by a Monte Carlo method.

Numerical tests have been performed on the Monte Carlo method to determine
the statistical error as a function of N—the number of representative elements at
each grid node. The test results confirm that the statistical error decreases as N -1/2,
For N=3,000 the statistical error is about 2 percent and the CPU time required is
45 minutes on an JBM 4341.

The calculations for an inert methane jet, in general, show good agreement with
the data of Birch et al. (1978). However, the mixture fraction skewness and kurtosis
are significantly overpredicted at the edge of the jet, due to the inadequacy of Curl's
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mixing model. Nevertheless there is good qualitative agreement between calculated
and measured pdf shapes.

For the two turbulent diffusion flames considered, the level of agreement with data
is quite good and comparable to that obtained in previous modelling studies (Kent
and Bilger, 1976; Kollmann, 1982, for example). Again there is good qualitative
agreement between calculated and measured pdf shapes.

The modelling could be improved in three respects: the use of an improved mixing
model (Pope, 1982) would decrease the discrepancies in skewness and kurtosis;
gradient-diffusion assumptions could be avoided by solving a modelled equation
for the joint pdf of velocity and mixture fraction (Pope, 1981c); and, the edges of
the jets could be treated more realistically by taking explicit account of intermittency
(Pope, 1984).

For the pdf of a single variable, the modelled transport equation could be solved
by a finite-difference method as easily as by a Monte Carlo method—indeed this has
been done by Janicka er al. (1978). But for joint pdf’s of several variables, Monte
Carlo methods remain computationally practicable whereas finite-difference methods
do not. Thus, the present method can readily be extended to treat finite-rate reactions
and unequal difTusivities, in which case several scalar variables are required.
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