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INTRODUCTION

The purpose of this paper is to gather and review the different methods of transforming
geocentric coordinates to geodetic coordinates. The direct procedure is fairly simple and
straightforward. Formulas for this transformation will be given in the next section.
Problems exist for the reverse transformation since no pure inverse relationship exists.
The methods presented can be broken down into two general categories: iterative and
direct or non-iterative methods.

BASIC CONCEPTS

Before beginning the evaluation, some basic concepts of geometric geodesy are
presented. For a comprehensive treatment of the topic the readers are encouraged to read
Rapp [1998], Torge [2001], Vanicek and Krakiwsky [1991], or a number of other
introductory geodesy textbooks. The following definitions will be used.

a = semi-major axis of the ellipse (equatorial axis)
b = semi-minor axis of the ellipse (polar axis)
C = center of curvature of the meridian ellipse

: a-b
f = flattening: f = ——
a
a’-b?
e = first eccentricity: €’ = ——
a
a’-b’
e’ = second eccentricity: €' =——
b

Ey, = error in height
E, = error in latitude
h = geodetic height
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_ a2 a2
M = radius of curvature in the meridian: M = a(l ¢ ) = a(l 3e )
(1 —e’sin? qa)A w
& _a
Jl-e’sin’p W
p = distance from the polar axis to the point: p=+X>+Y? =(N +h)cose

R = distance from the origin to the point: R =+ X +Y? +Z?

W = constant: W*> =1—-¢*sin” ¢

X, Y, Z = Cartesian, geocentric coordinates of a point

B = reduced or parametric latitude (sometimes referred to as eccentric latitude)
A = geodetic longitude

¢ = geodetic latitude

Y = geocentric latitude

N = radius of curvature in the prime vertical: N =

Looking at the meridional ellipse, one can see that three different latitudes can be
displayed as shown in figure 1 [Rapp, 1989]. The geodetic latitude, ¢, is the angle
formed in the meridional plane where the normal to the ellipsoid intersects the equatorial
axis. Note that this point is generally not at the center of the ellipse. The reduced
latitude, B, is the angle measured at the center of the equivalent circle from the equatorial
plane to point P’ on the circumference of the circle (line OP’ in figure 1). The reduced
latitude is frequently referred to as the parametric latitude. Finally, the geocentric
latitude, w, is the angle measured at the center of the ellipse from the equatorial axis to
the point on the ellipse (line OP in figure 1). From Rapp [1989] numerous mathematical
relationships between these latitudes can be developed. For example, one can write

tanwzéz(l—ez)% tanﬂ:(l—ez)tan(p
tanﬂ:(l—ez)% tan @
tango:(1+ez)%tan,8

CARTESIAN-GEODETIC COORDINATE RELATIONSHIPS

The direct problem involves the computation of the X-, Y-, and Z-coordinates of a point
given the latitude, longitude, and height. These relationships are well known and can be
derived with the help of the relationships shown in figure 1. The direct problem is solved
using:

X =(N +h)cospcos 1

Y = (N +h)cospsin A
z =[N(1—ez)+ h]sin(/)
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Figure 1. Meridional Ellipse.

The inverse association is not that easy, especially when solving for the latitude. The
longitude can be easily computed by dividing Y by X. Hence,

(N +h)cospcos A _
(N +h)cos gsin A

A=tan™ [ij
X

The complexity of the latitude computation lies in the fact that the radius of curvature in
the prime vertical contains the latitude and one cannot easily isolate that variable without
making some simplification of the formula. Because of this, two approaches have been
devised. The first is an iterative approach while the second uses a direct solution.

tan A

AS
X

Therefore,

ITERATIVE METHODS

Borkowski’s Iterative Method

Borkowski [1989] presented an iterative approach where the successive approximations
are performed on the reduced latitude (see also Gerdan and Deakin [1999] for a detailed
description). Beginning with
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p=acosf+hcose

Z =bsin S+ hsing
Rewrite these equations in terms of the height and geodetic latitude terms then divide the

second with the first equation. Recognizing the relationship for the geodetic latitude in
terms of the reduced latitude, we have

Eliminating the denominator and multiplying the expression by 2,
2apsin S —2bZ cosﬂ—Z(a2 —bz)cosﬂsinﬂ =0

2 K2
Borkowski defines Q= tan_l[bz ap) and cC= a_ b . Substitute

(ap)” +(bZ)°

cosy (@p) + (b2)" for ap and siny @) +0z) for bZ (Note the Gerdan and

Deakin [1999] designate the denominator of both of these substitutions as q), we arrive at

f(8)=2sin(f-Q)-csin(28)=0 )

Solve this equation using the Newton-Raphson iterative technique. The first derivative of
the function is

f'(8)=2[cos(8 - Q) - ccos(28)] (2)

For an initial estimate of the reduced latitude, Borkowski suggests using

m;m{%J G)
p

For points on the surface of the ellipsoid, (3) is exact. Evaluate the original function and
the first derivative, equations (1) and (2), to arrive at the new estimate of the reduced
latitude.

_, _f0B)
B =5, ") (4)
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If the second term on the right hand side of (4) is sufficiently small
(f(% ,( ﬂ)ﬁ criteria) then the reduced latitude is B; as shown in (4). Otherwise,

recalculate (1) and (2) again, this time using the updated value for  to arrive at a new
estimate for B. Continue to iterate until the criteria is met. Once determined, the
geodetic latitude is found using the formula

@ =tan™ ng tan ﬂ} (5)

Although the height can be determined using a number of different formulae, Borkowski
suggests using the next formula because its accuracy over all ranges of latitudes.

h=(p—acosf)cosg+(Z —bsin B)sing (6)

Borkowski [1989] claims that accuracies for the geodetic latitude at the 1 x 10” rad
(0.0002”) can be achieved in just two iterations for points that are over 1,000 km from the
origin of the coordinate system. The results of his comparison with other methods are
shown in figure 2. Note that the method identified at Heiskanen and Moritz [1967] is
referred to as the Hirvonen and Moritz method in this paper and acknowledged as such
by Heiskanen and Moritz (see also Rapp [1989]). Other methods mentioned here that
will be discussed in this paper are those by Long [1975], Pick [1985], Heikkinen [Rapp,
1989], and Borkowski’s exact method [1989].

Bowring’s Iterative Method

Bowring [1976] presented an iterative procedure which has been described as a standard
upon which other methods have been based. The principles are succinctly described in
Rapp [1989]. Figure 3 shows the meridian ellipse. Point P is the location of the point
and P” is the corresponding point located at the intersection of the ellipsoid with the
spheroidal normal. M is the radius of curvature in the meridian and C is the center of
curvature of the meridian ellipse.

From figure 3,
Xec = Xpn —M cos (7)

From Rapp [1989], equation (3.42)

(. _dacosp  acosy
RYY _W
—e’sin” @

Substitute the value of xp» into (7) and recalling the equation for the radius of curvature in
the meridian,
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Position displacement errors [in mm) for ten algorithms. The numbers in brackets are for 3 itevations with procedures
of Heiskanen and Moritz (1967}, Astronomical Almanac (1887] and Bartelme and Meissl (1076), algorithms Na, 1, 2
and 3, respectively. Other algorithms are based on approximate closed solutions © lzotov et al., (1974 ; No. 4), Long
{18975 ; B), Baranov et al., (1986 ; 6), Pick (1985, 7) and this paper [B), and exact solutions : Heikkinen (1982 ; 9) and
this paper {10). The bottom line lists respective timing measurements in wnits of 0,1 ms,

+ Algorithm No.
deg km 1 2 3 5 .5 [ 9 10
ag 1?uunn 109 (0 00 1{0) T21 190 1 %25 .000000 .0QO001S .QOOO0O
89 10000  460(1 0(0) 22{0) 71 158 0 16 ,000004 .QOQQQZ .0QO0OCO
ag 1un8 228 (1 o{0) 25{0) 7#&1 857 0 0 .000000 .000000 .000000
8 a(0 o(a S(-1 781 1219 o 0 .000000 .0QO0DO0 .0QO00000
B89 -1000 431423 o{0) &4{0) TZ1 1836 o 1 .000000 .000001 .000001
10 100000 89(0 o0 O(0) S50 142 248 13722 .00002Y .0OOOYT .00000OO
70 10000  3TT(1 1{0} 10{0) B35 10% 105 2094 .0QOOO0 .0OOQOO  .0OO0OOO
0 1000  1BT(1 6(0) 11{0) &&D 370 5 & .000000 .0OOOOY .OOOOCO
;g 0 ? g ] 3 SIa] Bie 308 0 0 .000000 .O0D001 000000
-1000 3% 12 29(0) &1 T34 10 34 000000 .00Q00O0 .0QOOO0O1
4% 100000 30(0 1{0 oo 167 24 4%2 100TS .000000 .QOOOOO oooo00
45 10000 1284(0 37{0 o0} 365 5 191 2€83 Q00000 .0OOOOD .0QOOOCO
k] 1000 63(0 18101 o(o saT ii? 9 14 .000000 oop001 oooooi
4; 0 a(o gAE (1 -(-}) B3 2 o 0 .000000 00000 . 000000
45 -1000 120(0 340 (1 (o) 695 319 8 81 .000000 .OOO0OQ .000000
20 100000 2(0 o(0 i 2 $1 13641 .000007 .00O0DO0 .OO0O01S
20 10000 T(0 ri 3 10(0 113 is a8 Susu .000000 .00Q0000 .0Q00002
A SO 1 IR Y S 1 1 {2
o -100 3 6T g 28 (0 ?:$ 555 q 33 1030300 .000001 000000
1 100000 0(0 oo 150 0 1 0 922 .000015 .00001S .000OOCY
1 10000 (0 3(0) gaio 5 1 0 126 .000000 .0QO0O0OD .ODDOOO
1 1000 0(0 25(0) 24 25 10 0 3 .000000 .000001 .0QO000O0
1 ] 0(0 330 == 33 i 0 . 000000 .000000 .0QO0000
1 -1000 0(D itio) e3fo i 21 0 1 .000000 .0OODOY .0OOO0OO
Exec. time  S6(78) S1(T0) SO(&3) 44 34 a6 148 74 56 63

Figure 2. Results from Borkowski's evaluation of transformations from Cartesian to geodetic
coordinates [Borkowski, 1989, p.53].

Figure 3. Meridian ellipse showing the relationship between the center of curvature in the meridian.
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_acosp a(l —ez)cosgo

Cc W W3

_acose 1_1—62 _acosg ez(l—sinz(p)
W w? W w?

_ae’cos’p  ae’cos’e

3 3 (®)
W (l—e2 sin? go)é

Again from Rapp, equation (3.66)
cosp =W cos

Then, substitute this into (8) will give us the x-coordinate of the center of curvature of the
meridian ellipse.

_ae’W’cos’ g

WE =ae’ cos’ S )

C

From figure 3, we can develop a similar formula for the z-coordinate of C. Write
Z. =2, —Msing (10)
From Rapp, equation (3.43)

a(l—ez)sin(p _ a(l—ez)sin(p
W J1-e’sin’ ¢

which, when substituted into (10) yields

Zp =

_ a(l —e’ )singp B a(l —e’ )singo

W w?
_ a(l—ez)sin(p - 1 (a1
W w?

In Rapp, equation (3,41), W? can be expressed as

W 2 :;
1+e”sin” B

Substitute into (11) yields
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Z; :w [1—(1+e'2 sin” ﬂ)]
= W (_ e sin? ﬂ)

But, Rapp shows that sin¢@ =V sin £ in (3.65), where V = (1 +e'"” cos’ go% as shown in
(3.40). This means

a(l—e”)V sin g

o (~esin? B) (12)

Zr =

Rapp shows in (3.49) that % = % . Substitute this into (12) yields the formula for the z-

coordinate for the center of curvature of the meridian ellipse.
z. =-be”sin’ B (13)

From figure 3, one can write the following relationship for the geodetic latitude.

Z, —1
tangp = < 14
4
Xp — Xo

Substitute the values of x¢ and z¢ in equations (9) and (13) respectively which yields

Z, +be”sin’ B

tangp =
X, —ae’ cos’ S

Express the values for xp and zp in terms of the Cartesian coordinates of the point. The
solution for the latitude then can be expressed as [see Bowring equation (4)]:

Z +be”sin’ g

tangp =
p—ae’ cos’ S

(15)

This formula is clearly iterative since both the geodetic and the reduced or parametric
latitude are unknown. Bowring suggests using the next formula to determine the initial

estimate of 3.
tan :(5] (Ej 6)
p)\b
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Thus, once (16) is computed, the value for [ is substituted into (15) to arrive at the
geodetic latitude. If a new value for the reduced latitude is needed then Rapp [1989]
shows that it can be computed as

tanﬁ:(l—f)tangozgtan(p a7)
a

where ¢ is determined from (15). This value for (3 is then inserted into (15) to compute a
new estimate of ¢. Once the latitude is determined, the height can be computed from one
of the following [see Bowring (8) and Rapp (6.98) and (6.99)].

h=—P _N-=

———N+e’N (18)
cos @ sin g

As both Bowring [1976] and Rapp [1989] point out, this method is very accurate for most
terrestrial points. For example, Bowring shows that the error in latitude using his method
can be defined as (Bowring’s equation 6)

2
E, = %eé {(aa-rhf } sin’ gcos’ @ (19)

Then, for earth-based points, the main error will be 0.000 000 030 for a single iteration.
The maximum latitude error is shown to be 0.0018” when h = 2a. As Rapp points out,
the error in height using the Bowring method is around 39 mm, at a height of 5,000 km.
As Bowring [1985] states, the error in his method is not appropriate for outer-spaced
scenarios. He identified the error in height to be

E, :( pz -e'M cosgp}sin(p A (20)
cos” @

Then, at the maximum latitude error of 0.0018”, the error in height is 17 cm. To alleviate
this large of discrepancy, Bowring [1985] suggests using the following formula to
calculate the height.

a2
h= pCOS¢+ZSin(/)—(Wj

oo ()

(2D

N

where tan @ = % .
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Despite the fact that the latitude is a part of equation (21), Bowring shows that the error
in height is insensitive to any error in latitude to the first order differential. In fact, he
also shows that the worst case scenario for error is when h = 4a and even then the error is
9.1 x 10" m. Bowring also addressed refining the algorithm for computing the latitude.
In his 1976 paper, the initial estimate of the reduced latitude is as shown in (16). For a
better approximation, Bowring [1985] suggests

tan B = b_Z (1 +¢€' B] (22)
ap R

Then using (15) solve for the geodetic latitude. This algorithm is estimated to be accurate
to 0.000 000 1” for any point, either terrestrial or outer space.

Rapp [1989] presents an alternative formula for the computation of height, which was
developed by Bartelme and Meissl. The height is shown as

h* =(p—acos B) +(Z —bsin )’ (23)
This formula is stable, although it does fail at the poles.

Fukushima’s Iterative Method

As will be describe later in the section on closed form methods, Borkowski [1987, 1989]
presents an alternative to the iterative method already discussed. He shows that the
solution involves finding roots of a quartic equation shown as (see later section for what
the variables represent):

t* +2Et° +2Ft—-1=0 (24)

His solution was to employ Ferrari’s formula. But, as Fukushima [1999] points out, the
distance from the polar axis, p, which is a part of E and F, is ill-conditioned as p gets
smaller. As the co-latitude tends towards zero, the error grows significantly. To solve
the problem, Fukushima offers a different form for equation (24). We can write

fM)=pt*+ut’ +vt—p=0 (25)

where: t = tan E_E = tan ltan—l 1
4 2 2 e' tan @

u=2pE =2(Z'c)
v =2pF =2(Z'+c)

Cc = ae’
Z'=¢e'Z
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E=——
p
p

The solution is referred to as an iterative trigonometric procedure performed using the
Newton-Raphson method. Like any iterative approach, convergence can be accelerated
by selecting a better estimate of the unknown parameters. Here, as in Borkowski, the
evaluation is based on t which is the tangent of half the complement of the reduced
latitude to 90°. Fukushima evaluates the first and second derivatives of (25), which
yields (Fukushima equations 11 and 12)

f'(t)=4pt’ +3ut® +v
fr(t)=12pt* +6ut

From this, it can be explicitly shown that the zeros for the second derivative are
(Fukushima equation 12)

Then, three different cases were identified depending upon Ty. In most cases, t,, <0.

In this case, the upper bound can be used as the initial estimate for t in the Newton-
Raphson iteration. The initial estimate for t then becomes (Fukushima equation 13)

_p-c+Z'

_ P=¢t+s 26
p-c+2Z' (26)

To look at the initial estimates for the other cases the reader is referred to Fukushima
[1999], p.605.

The new estimate of t is

t=t+ At (27)
- ft) p—(pt4 +ut’ +vt)

f'(t) 4pt’ +3ut® +v
small for the problem. Then, the latitude is found using:

@ =tan™ (l2ett2 j (28)

where At =

. Equation (27) is iterated until At is sufficiently
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and the height is given as (Fukushima equation 9):
C2pe't+Z(1-t?)-ae'(1+t?)
Ji+ ) - et

or by using one of the forms of the height equation (21) given earlier.

h

(29)

Fukushima [1999] explains that the approach has several advantages to both the
Borkowski and Bowring methods used in the comparison. First, the approach is faster
than Bowring’s despite the fact that it requires a few iterations to complete while
Bowring’s method needs, for all practical purposes, only a single iteration to find the
latitude and height. A big part of the reason is that Fukushima requires no calls for
transcendental functions in the iteration while Bowring requires 8-9 calls, including atan,
tan, sin/cos, and sqrt. Secondly, Fukushima’s method is reportedly accurate to 107" or 10
nm on the surface of the earth. Finally, this method is very stable for all types of inputs,
from heights close to the geocenter to satellite altitudes, such as the Global Positioning
Satellite constellation.

Hirvonen and Moritz Iterative Method?

17

(N+h)sinf

AN

Figure 4. Meridian section showing the radius of curvature in the prime vertical (adapted from
Rapp, 1989 and Pollard, 2002).

? Many authors refer to this as the Heiskanen and Moritz algorithm or method because it appears in their
book. The authors themselves refer to the work by Hirvonen and Moritz within the textbook.
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The iterative solution by Hirvonen and Moritz is described in Heiskanen and Moritz
[1967] and Rapp [1989] and the geometry is presented in figure 4. From basic
trigonometry we can write [Rapp, equation 6.94]:

(N + h)sin(p
Y

tangp = (30)

Recall earlier that it was shown that Z = [N (1 —e’ )+ h]sin¢, which, after rearranging,
yields

(N + h)singp =Z+e’Nsing
Substitute this into (30) gives us

2 .
tan(p:Z+e N sin ¢ 31)
p

This is the basic equation to iterate. Heiskanen and Moritz [1967] and Torge [2001]
show the equation in a slightly different form:

yd N '
t ==|1-¢’ 32
mg p( N+hj 32)

In (32), both ¢ (which is imbedded in N) and h are unknowns on the right hand side of
the equation. By setting h =0, (32) becomes

tan(p():(éj( lzj (33)
p/\l—e

Here, @ indicates the initial estimate of the latitude. Use this value for the latitude to
find the radius of curvature in the prime vertical. Then upgrade the estimate of the
geodetic latitude using (31). If using the Heiskanen and Moritz form of the tan ¢, one
needs to calculate the geodetic height using (18) [Heiskanen and Moritz give the first

Y

cos @

form of (18), namely h =

- N] Evaluate Ag =|¢7O —go|. If Ag is less than the

desired criteria, the last value of the latitude is the correct value and a new value for the
elevation is determined using (18). Otherwise, ¢y is replaced by ¢ and the process
continues.
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] _1
From Rapp (equation 3.18) we can write (1 —e’ )A = (1 + e'z) % Therefore, (33) can also
be written as (see Gerdan and Deakin, 1999, equation 3.1):

Zﬁ+€ﬁ
p

tang, =

Lin and Wang lterative Method

Like Fukushima and others, Lin and Wang [1995] recognized the computation burden
that the Bowring method requires due to the use of trigonometric and inverse functions.
Thus, they presented a more efficient method based employing the Newton-Raphson
iterative procedure. The Lin and Wang approach also involves solving a quartic equation
like Fukushima and Borkowski [Pollard, 2002]. To begin, the ellipsoid is modeled using

X2 Y2 Z2
a; P A | (34)

a’> b’

where Xp», Yp», Zp» are the geocentric coordinates of point P on the ellipsoid. The
coordinates of any point on the normal to the ellipse passing through point P can be
described from the parametric equation as:

X
=1+2”%2

Y
y_1+2ma2
- Z

where m is a parameter that describes where along the normal the point (x, y, z) is
located. For example, whenm=0,x=X,y=Y, and z=Z. Lin and Wang describe the
problem as one of finding that value of m where (x, y, z) = (Xp», Yp~, Zp»). Substitute the
values for x, y, z into (34) gives us

f(m):(

X2 Y? Z? 120
a+2r%)Z +<a+2%)2 +<b+2r%)2 o

(35)

frn pamy
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Equation (35) is solved iteratively using the Newton-Raphson method. An initial
estimate for m is given by Lin and Wang as

mo— ab(aZZ2 +b? pz)% —azbz(azz2 +b? pz)

36

‘ 2(a*z% +b*p?) (36)

To begin the iteration process take the derivative of (35).

2 2
F(m)= d‘:j(mm) -4 p2 + 22 (37)
m m
a (a + A)j b (b + A )]
Compute a new estimate of m.
f(m.

m, =m,, ) (38)

Equations (35), (37) and (38) are solved for iteratively until f(m) converges towards zero
(the criteria established by the user). Then, using the most current value for m, compute

Y
v = 39
Pe ( ij (39)
I+—-
a
p2
Z, =b1-—2- (40)
a
The latitude is found using
a’Z,.
=tan"' 2 41
@ (bz pp.,] (41)
and the height is
h=y(p-pp) +(Z-Z,) (42)

According to Lin and Wang, the error in their algorithm has the same magnitude as the
error found in Bowring’s approach. Both methods also converge at about the same rate,
but the algorithm here is a bout 50% faster than Bowring’s approach. Gerdan and Deakin
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[1999] conclude that from the methods they tested, the Lin and Wang approach was the
most efficient method in terms of execution time.

Pollard’s Height First Iterative Method

Pollard [2002] presented two vector methods from converting Cartesian coordinates to
geodetic coordinates. As he points out that while the vector method is simple to follow
because it does not require the solution of a quartic equation, it does require the
separation of the height from the latitude determination thus making this approach
iterative. The first method presented is based on the computation of the height first
through an iterative process and, once determined, to compute the latitude directly.

The theory of Pollard’s method begins with the general equation of an ellipse of
revolution for the earth, written in general form as [note that this is a slightly different
form of equation (34)]

2
x2+y2+zzﬂgj =a’

Designate K. = (%)2 Then differentiate the general ellipsoid formula and substitute

into the results the coordinates of point P”, which lies on the surface of the ellipsoid.
This yields the direction numbers of the normal at P” [Pollard, 2002]. Then, from figure
4, the distance QO,, = kp.Z . and

N = X2 +Y2 +k2.Z2

The unit normal rectangular coordinates, designated by Pollard as I, m, and n, are found
using the following relationships

The coordinates of P”” can then be shown in terms of the height, h, to be

Xpo =X —1h
Yo, =Y —mh
Z,.=Z-nh

Write the equation of the ellipse in terms of the coordinates of P”.

X2 +Yo +kpZ2 =a°
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Substitute the values of Xp», Yp», and Zp» yields
(X =1h)* +(Y =mh)’ +k..(Z —nh)* =a’
This can be shown in a quadratic form as
(17 +m?> +Kkpn? )02 =2(IX +mY +kpnZ)h+ (X7 +Y? 4k, 2> —a%)=0
Pollard [2002] defines r, s, and t as

r=1>+m?+kp.n’> =1+(kp, —1)n* =1+e” n’
s=IX+mY +k,.nZ
t=X>+Y?+k,Z*-a’

Thus, the height can be found as

_ s+4/s?—rt

r

h

As Pollard point out, the root with the minus sign yields the right answer.

The algorithm employed by Pollard can be outlined in the following steps. The problem
is to find a solution to Zp~ for the point on the ellipsoid where the normal to the ellipsoid
passing through point P intersects the ellipsoid. For most points on the earth’s surface,
the Zp» coordinate can be approximated by the Z-coordinate of the point in question. For

other points located farther away from the ellipsoid, Pollard recommends scaling the Z-
coordinate and using an initial value of

Zpy, = (43)

Make the initial value of Z on the ellipse, Z,. =Z,..

o -log)

The estimated distance from P” to O, is found using

PO, |=X>+Y? +(z +e22Z,.) (44)

12
I = ‘P"XO ‘ m= ‘p"YO ‘ n:% )
9 ¢ v
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r=1"+m?+k,.n’
s=IX+mY +kpZ (46)
t=X>+Y’+k,2?-a’

h="""" "0 (47)

Z,. =Z-nh (48)

Compare this new estimate for the Z-coordinate for point P”” with the initial estimate. If
the difference is within the desired criteria, then the geodetic height is as determined in
(46). Otherwise, using the new estimate for Zp» and recalculate the variables in equations
(43) — (47). This iterative process is continued until the solution converges. Then, once
the geodetic height has been finalized, compute the geodetic latitude using the algorithm
as follows. Calculate the coordinates of the point of intersection of the normal to the
ellipse passing through the point P with the ellipse (Xp» and Yp»).

Xeo =X —1h
Yo =Y —mh

Next, compute the length of the normal, N, using

N =|P"O,[-h
Then, the latitude is found using
L[ Z+e?Z,.
p=tan | —— (49)
Y

Pollard’s Latitude First Iterative Method

Pollard [2002] presented an alternative iterative vector approach to finding the geocentric
to geodetic coordinate transformation where the latitude is created first. The algorithm
presented by Pollard is as follows. Begin by computing the initial value of the Z-
coordinate along the normal at the ellipsoid (43). Then compute the tangent of the
parametric latitude, t.

Z+e”Z,.
p

t=tanf=>- (50)
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Update the estimate of Zp-.

Z..=b (51)

1+t?

Iterate on Zp~ using either a simple iteration or, as recommended by Pollard, a Newton-
Raphson method were the new estimate of Zp~ is found by

bt bzt
VI+t? (\/1+t2\)3
P bt (52)
1-—

dt  be”

where, t'= = .
Z,, ap

Iterate until the discrepancy between the estimate on the right hand side of (52) for Zp»
and the new value for Zp» on the left hand side are sufficiently small. Once done,
compute the latitude and height using:

12
Q= tan ™! [ﬂj (53)
p
h=—P_ N (54)
cos @

Pollard [2002] compared his methods with Bowring’s approach in terms of errors and
speed. For terrestrial points, the error in latitudes are comparable. In terms of height
errors, Pollard found the errors in his approach are lower than those found in Bowring’s
formulas. In terms of execution time, all algorithms had similar levels of performance.
Pollard’s vector methods were slightly better when the programs were optimized.

Barteleme and Meissl’s Iterative Method

Rapp [1976], in his documentation for the Fortran program XYZ2PLH, gives a concise
overview of the algorithm attributed to Barteleme and Meissl>. The basic equation to
iterate is

3 Although not identified specifically, it is believed that the reference is (see for example the references in
Sjoberg [1999]): Bartelme, N., and P. Meissl, 1975. “Ein einfaches, rasches und numerisch stabiles
Verfahren zur Bestimmung des kiirzesten Abstandes eines Punktes von einem sphéroidischen
Rotationsellipsoid”, Allg. Verm. Nachr., 12: 436-439.
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Iterations begins with x* =0. Rapp states that the speed of the convergence depends on
the selection of R. The method for calculating R from Bartelme and Meissl is

a.2

2
R = e|2 Z 2 (56)
I+—5——
Z°+p
or using the approximation
R* = ab (57)

Rapp states the Vincenty offers an alternative form that speeds up the convergence. This

is
2
a
e
p 2 [bJ + Z 2
a
Once the algorithm converges, then the geodetic height is found using

h=+(p=pe) +(Z-2.) (59)

R?=a%{l-

-1
where p. = p(l+i2j

-1
Z. =z(1+bizj

Finally, the geodetic latitude is found using

Z.a’
—tan"'| ZE 2 60
T &

E
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Sjbberg’s Iterative Method

The iterative method developed by Sjoberg [1999] begins in a similar fashion as that by
Hirvonen and Moritz. He begins by expressing equation (31) in the following form

e’asing (61)

J1—-e’sin’ ¢

Squaring both sides of (61) and making the following substitutions

ptangp -7 =

2

o =tang aoo=% §=?

We can, after some manipulation, arrive at Sjoberg’s equation (7):
(a-ay P 1+(1-€*)a?]-6%> =0 (62)

Sjoberg acknowledges that equation (62) does become unstable in polar regions. In those
cases, he suggests making the following substitutions:

2
=qa ' =cot =P =—ea
B @ Boo é 7=

Then, (62) can be shown as

(B-B, ) |87 +(1-€*)|- 25> =0 (63)

Sjoberg’s method is iterative in finding an acceptable value for either a or f. For non-
polar regions, an initial estimate for o is found using equation (33) noting that Sjoberg’s
notation denotes o = tan ¢. Then, the iteration is shown as

R 5L (64)

JI+Ag,

where 0, and & are given above and A = 1 — ¢>. The main difference between (63) and
(32) is that Sjoberg’s method does not require iterations involving transcendental
functions, like the arctangent. Instead, each iteration uses the tangent value for the
latitude and only at the end does one find the actual angular value for the latitude. This
speeds up the algorithm processing and Sjoberg [1999] indicates that this new method
performed faster than the Hirvonen and Moritz method.

For the polar regions, Sjoberg suggests using
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By :Ep(l_ez) (65)

which is the cotangent of @y as identified earlier in equation (33). Then the equation to
iterate is

o= fo—y—Le_ (66)

JA+B;

where the variables have been defined above. Sjoberg [1999] tested this method with
those iterative methods identified in Borkowski [1989] and found that his method
performed better. It works for all latitudes and heights close to the surface of the earth.
He also compared his iterative method to the two closed methods developed by Fotiou
[1998], which will be presented later. He found the height method performed much
better than the distance method and recommends the height method as a possible
alternative approach to the method he presented.

Seemkooei’s Iterative Method

Seemkooei [2002] presented an iterative method that is very similar to that of Hirvonen
and Moritz. Recall from (31) that

tang = Z+e’Nsing 31)
p
This can be rewritten as (Seemkooei equation 11)
psing = Z cosp + Ne”’ sinpcos @ (sin2 @+ cos’ (p)
or as
fan g = Z + Ne’sin’ @ (67)

p—Ne’cos’ ¢

Equation (67) is solved iteratively. An initial estimate of the latitude is given in equation
(33). Note that this equation can be easily transformed into the form depicted by
Hirvonen and Moritz.

Seemkooei [2002] compared his method with those of Bowring, Borkowski (iterative),
Lin and Wang, and Hirvonen and Moritz, along with a closed form where he solves the
quartic equation. The accuracy, as measured in terms of the latitude, were slightly better
using Seemkooei’s method, but not significantly. He did find in his experiments that the
closed form was considerably less precise than the iterative methods tested. In terms of
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speed in calculations’, Seemkooei found that Bowring’s method only required one
iteration and was the fastest algorithm employed, about 35% faster than his own method
(using average times). The next fastest was Seemkooei, which required 2.3 iterations on
average, followed by Borkowski, which averages 2 iterations, followed by the closed
form solution, then Hirvonen and Moritz, which required about 3.2 iterations as an
average, with Lin and Wang’s algorithm being the slowest, requiring only about 1.4
iterations on average.

CLOSED FORM METHODS

Borkowski’s Direct Method

In addition to the iterative solution, Borkowski [1987, 1989] developed a closed or direct
solution to the conversion of Cartesian to geodetic coordinates. It was shown in
Borkowski’s Iterative Method section in equation (1) that

2sin(,B —Q)—Csin(2,8) =0

Expressing this equation in terms of tan(%—% j =t°, a fourth-degree quartic or

biquadratic equation can be developed. This is shown as

t* +2Et° +2Ft-1=0 (68)
where Borkowski defines
_ 2 K2
e bZ-(a-b’) (69a)
ap
2 B2
e _bz+(@-b’) (690)
ap
Using Ferrari’s formula for the solution, we have
t=+ G2+ 2YC G (70)
2G-E
where
v=3JD-Q-VD+G (712)
2
G-= i% (71b)

* See Seemkooei [2002] for specifics on experimentation he performed.
> This is a tangent function of half the complement of the reduced latitude to 90°.
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D=P°+Q’ (71c)

P:G)(EZ—FZ) (71d)
Q=2(E*-F?) (71e)

It is clear from the + in (70) and (71b) that the quartic solution contains four solutions.
While not significant, if D < 0, which occurs when the point is less than about 45 km
from the center, Bowkowski does suggest using the following equation for v:

v=2./=P) cos{% cos™ {9 ﬁ}}

P

The final solution for the latitude and height can be found using:

p=tan H_t)} 72)

2bt
h=(p-at)cosp+(Z —Db)sing (73)

Borkowski states that using the positive square roots in (70) and (71b) will give the
desired answer for most applications provided that a > b and ¢ > 0°. The algorithm does
not work when ¢ = 90°. For latitudes in the southern hemisphere the user must apply a
negative value to the semi-minor axis (i.e., -b). Another weakness in the algorithm is the
cube root required in (53a). The approach by Borkowski found round-off problems close
to the Z-axis. He points out that Heikkinen’s approach is free from this problem, even
though the cube root is used in Heikkinen’s method, but the trade-off is that Heikkinen’s
algorithm cannot be used when D < 0. To solve Borkowski’s problem, he suggests using
the cubic resolvent, v’ (one of the three roots) to compute V as

(v'3 +2Q)

3P

CONCLUSION

This paper presents a general overview of some methods used in the transformation from
Cartesian coordinates to geodetic coordinates. Two general approaches are employed in
these types of transformations: iterative or direct. The latter approaches employ some
form of approximation to arrive at the desired solution.
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