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Abstract. We consider simple cube-curves in the orthogonal 3D grid of
cells. The union of all cells contained in such a curve (also called the tube
of this curve) is a polyhedrally bounded set. The curve’s length is defined
to be that of the minimum-length polygonal curve (MLP) fully contained
and complete in the tube of the curve. So far only one general algorithm
called rubber-band algorithm was known for the approximative calcula-
tion of such a MLP. There is an open problem which is related to the
design of algorithms for calculation a 3D MLP of a cube-curve: Is there a
simple cube-curve such that none of the vertices of its 3D MLP is a grid
vertex? This paper constructs an example of such a simple cube-curve.
We also characterize this class of cube-curves.

1 Introduction

The analysis of cube-curves is related to 3D image data analysis. A cube-curve is,
for example, the result of a digitization process which maps a curve-like object
into a union S of face-connected closed cubes. The length of a simple cube-
curve in 3D Euclidean space is based on the calculation of the minimal length
polygonal curve (MLP) in a polyhedrally bounded compact set [3, 4].

The computation of the length of a simple cube-curve in 3D Euclidean space
was a subject in [5]. But the method may fail for specific curves. [1] presents
an algorithm (rubber-band algorithm) for computing the approximating MLP
in S with measured time O(n), where n is the number of grid cubes of the given
cube-curve.

The difficulty of the computation of the MLP in 3D may be illustrated by
the fact that the Euclidean shortest path problem (i.e., find a shortest obstacle-
avoiding path from source point to target point, for a given finite collection
of polyhedral obstacles in 3D space and a given source and a target point) is
known to be NP-complete [7]. However, there are some algorithms solving the
approximate Euclidean shortest path problem in 3D with polynomial-time, see
[8]. The Rubber-band algorithm is not yet proved to be always convergent to
the correct 3D-MLP.

Recently, [6] develope of an algorithm for calculation of the correct MLP
(with proof) for a special class cube-curves. The main idea is to discompose the
cube-curve into some arcs by finding some ”"end angles” (see Definition 4 below).



There is an open problem (see [2, page 406]) which is related to designing
algorithms for the calculation of the 3D MLP of a cube-curve: It there a simple
cube-curve such that none of the vertices of its 3D MLP is a grid vertex? This
paper constructs an example of such a simple cube-curve, and generalises this
by characterizing the class of such cube-curves.

Following [1], a grid point (4, j, k) € Z3 is assumed to be the center point of
a grid cube with faces parallel to the coordinate planes, with edges of length 1,
and wvertices as its corners. Cells are either cubes, faces, edges, or vertices. The
intersection of two cells is either empty or a joint side of both cells. A cube-curve
is an alternating sequence g = (fo, co, f1,¢1,- -, fn,Cn) of faces f; and cubes ¢;,
for 0 < i < n, such that faces f; and f;+1 are sides of cube ¢;, for 0 <i < n and
frne1 = fo. Tt is simple iff n > 4 and for any two cubes ¢;, ¢, € g with |i — k| > 2
(mod n+ 1), if ¢; [ cx # ¢ then either |i — k| > 2 (mod n + 1) and ¢; [ ¢k is an
edge, or |i — k| > 3 (mod n+ 1) and ¢; ()¢ is is a vertex.

A tube g is the union of all cubes contained in a cube-curve g. A tube is
a compact set in R?, its frontier defines a polyhedron, and it is homeomorphic
with a torus in case of a simple cube-curve. A curve in R? is complete in g iff it
has a nonempty intersection with every cube contained in g. Following [3, 4], we
define:

Definition 1. A minimum-length polygon (MLP) of a simple cube-curve g is
a shortest simple curve P which is contained and complete in tube g. The length
of a simple cube-curve g is defined to be the length I(P) of an MLP P of g.

It turns out that such a shortest simple curve P is always a polygonal curve,
and it is uniquely defined if the cube-curve is not only contained in a single layer
of cubes of the 3D grid (see [3,4]). If contained in one layer, then the MLP is
uniquely defined up to a translation orthogonal to that layer. We speak about
the MLP of a simple cube-curve.

A critical edge of a cube-curve g is such a grid edge which is incident with
exactly three different cubes contained in g. Figure 1 shows all the critical edges
of a simple cube-curve.

Definition 2. Ife is a critical edge of g and [ is a straight line such that e C I,
then [ is called a critical line of e in g or critical line for short.

Definition 3. Let e be a critical edge of g. Let Py and P> be the two end points
of e. If one of coordinates of Py is less than that of Py, then Py is called the first
end point of e in g. Otherwise Py is called the second end point of e in g.

Definition 4. Assume a simple cube-curve g and a triple of consecutive critical
edges eq, ez, and ez such that e; L e;, for all i,j = 1,2,3 with i # j. If ex is
parallel to the x-azxis (y-azis, or z-axis) implys the x-coordinates (y-coordinates,
or z-coordinates) of two vertices (i.e., end points) of e1 and es are equal, then
we say that e1, ea and ez form an end angle, and g has an end angle, denoted
by Z(e1,ea,e3); otherwise we say that ey, ea and ez form a middle angle, and g
has a middle angle.



Figure 1 shows a simple cube-curve which has 5 end angles Z(ez1, €, e€1),
L(eq,e5,¢e6), L(es,er,es), L(e1a, 15, e16)), £(e1s, €17, €1s), and many middle an-
gles (e.g., Z(ep,e1,e2), L(e1,ea,e3), or L(ea,es,e4q)).

Definition 5. A simple cube-curve g is called first class iff each critical edge of
g contains exactly one vertex of the MLP of g.

This paper focuses on first-class simple cube-curves.

Definition 6. Let S C R3. The set {(x,y,0) : 32(z € RA (z,y,2) € S)} is the
xy-projection of S, or projection of S for short. Analogously we define the yz-
or xz-projection of S.

Definition 7. Ifeq, eo, ..., ey are consecutive critical edges of a cube-curve g
and ey L e1, ey L emi1, and e; || €;41, where i equals 1, 2, ..., and m — 1,
m > 2, then {e1, ea, ..., em } 18 a set of maximal parallel critical edges of g,
and critical edge ey or emy1 s called adjacent to this set.

Figure 1 shows a simple cube-curve which has 2 maximal parallel critical
edge sets: {e11,e12} and {eys, €19, €20, €21 }. The two adjacent critical edges of
{e11,€12} are e1g and ey3, they are on two different grid planes. The two adjacent
critical edges of {eis, €19, €20, €21} are e17 and eg, they are on two different grid
planes as well.

The paper is organized as follows: Section 2 describes theoretical fundamen-
tals for constructing our example. Section 3 presents the example. Section 4 gives
the conclusions.

Fig. 1. Example of a first-class simple cube-curve which has middle and end angles.



2 Basics

We provide mathematical fundamentals used for constructing a simple cube-
curve such that none of the vertices of its 3D MLP is a grid vertex. We start
with citing a basic theorem from [1]:

Theorem 1. Let g be a simple cube-curve. Critical edges are the only possible
locations of vertices of the MLP of g.

Let d.(p, q) be the Euclidean distance between points p and q.

Let eq, €1, €2, ..., e, and e,,41 be m + 2 consecutive critical edges in a
simple cube-curve, and let Iy, {1, lo, ..., I, and l,,,4+1 be the corresponding three
critical lines. We express a point p;(t;) = (x; + Kk, ti, Yi + ky,ti, 2o + k1) on l;
in general form, with ¢; € R, where ¢ equals 0, 1, ..., or m + 1.

Lemma 1. Ife; L eq, then %tlz’”) can be written as (ta — a)B, where 3 > 0,
and B is a function of t1 and to, « is 0 if e1 and the first end point of es are on
the same grid plane, and « is 1 otherwise.

Proof. Without loss of generality, we can assume that ey is parallel to z-axis.
In this case, the parallel projection (denoted by ¢'(e1,ez2)) of all of g’s cubes,
contained between e; and e», is illustrated in Figure 2, where AB is the projective
image of e1, and C' is that of one of the end points of es.

Case 1. e; and the first end point of e; are on the same grid plane. Let the
two end points of ey be (a,b,¢) and (a,b,c+ 1). Then the two end points of e;
are (a—1,b+k, c) and (a,b+k, ¢). Then the coordinates of p; and py are (a—1+
t1,b+k,c) and (a, b, c+t3) respectively, and d.(p1,p2) = /(t1 — 1)2 + k2 + t22.
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Fig. 2. Illustration of the proof of Lemma 1.
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This proves the lemma for Case 1.

Case 2. e1 and the first end point of e are on different grid planes (i.e., e; and
the second end point of es are on the same grid plane). Let the two end points of
e2 be (a,b,¢) and (a, b, c+1). Then the two end points of ey are (a—1,b+k, c+1)
and (a,b+k,c+1). Then the coordinates of p; and py are (a—1+4t1,b+k,c+1)
and (a,b, ¢ + t2) respectively, and de(p1,p2) = \/(t1 — 1)2 + k2 + (t2 — 1)2.

Therefore 2de(P1:p2) _ ta—1 .Let « =1 and
Oto \/(t1—1)2+k2+(t2—1)2

8= 7 1)2+1k2+(t ek This proves the lemma for Case 2.
1— 2—

O

Lemma 2. Ifel || €2, th@n %127172)

and B is a function of t1 and ty

can be written as (ta —t1)5, where 5 > 0,

Proof. Without loss of generality, we can assume that es is parallel to z-axis.
In this case, the parallel projection (denoted by ¢’(e1,ez)) of all of g’s cubes
contained between e; and e is illustrated in Figure 3, where A is the projective
image of one of the end points of e, and B is that of one of the end points of
€2.

Case 1. e; and ey are on the same grid plane. Let the two end points of e
be (a,b,c) and (a,b,c + 1). Then the two end points of e; are (a,b+ k,c) and
(a,b+ k,c + 1). Then the coordinates of p; and py are (a,b+ k,c + t1) and

(a, b, c + to) respectively, and d.(p1,p2) = \/(t2 — 1) + k2.
0de(p1,p2) _ to—ty _ 1 :
Therefore Dty = Ve Let B = T This proves the

lemma for Case 1.
Case 2. e; and ey are on different grid planes. Let the two end points of ey
be (a,b,c¢) and (a,b,c+1). Then the two end points of e; are (a —1,b+k, ¢) and
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Fig. 3. Illustration of the proof of Lemma 2.



(a —1,b+ k,c+1). Then the coordinates of p; and py are (a — 1,b+ k,c + t1)
and (a, b, c + to) respectively, and d.(p1,p2) = \/(tg —t1)2+ k%24 1.

Therefore adeg’l’m) = ta—t . Let f = ———~———_ This proves
t2 V/(ta—t1)2+k2+1 (ta—t1)2+k2+1

the lemma for Case 2.

O

This Lemma will be used when we prove Lemma 6 later.
Let d; = de(pi—1,pi) + de(pi, pi+1), where i equals 1, 2, ..., or m.

Theorem 2. Ife; L e;, wherei,j =1,2,3 and i # j, then e1, ea and e3 form

9(de (p1,p2)+de(P2,p3))

7 = 0 has a unique root 0 or 1.
2

an end angle iff the equation

Proof. Without loss of generality, we can assume that es is parallel to z-axis.
(A) If eq, es and e3 form an end angle, then by Definition 4, the z-coordinates
of two end points of e; and e3 are equal.
Case Al. e1, ez and the first end point of e; are on the same grid plane. By
Lemma 1, 2WePrp2) — (4, _ )3, where a; = 0 and By > 0, and 43((1&(;?;’1)3) -

Oto
(t2 — az)f2, where ag = 0 and [z > 0. So we have a(de(”“”?g:;de(m’m)) =

to(B1 + B2). Therefore the equation 9(de (pl’mg:;d e(P2:23)) _ () has a unique root
ta = 0.

Case A2. eq, ez and the second end point of e; are on the same grid plane. By
Lemma 1, 9(de(p1,pa) _ = (ty — a1)f1, where oy = 1 and 1 > 0, and B(dcgzz,m) —

ot
(ta — ag)f2, where ap = 1 and B2 > 0. So we have a(de(pl’ng;;dE(m’pB)) =

(t2 —1)(B1 + B2). Therefore, equation a(d"‘(pl’p“’a):;d“ (p2:23)) — () has a unique root
to = 1.

(B) Conversely, if equation = 0 has a unique root 0 or
1, then e, es and ez form an end angle. Otherw1se e1, e and e3 form a middle
angle. By Definition 4, the z-coordinates of two end points of e; are not equal to
z-coordinates of two end points of ez (Note: Without loss of generality, we can
assume that ey || z-axis.). So e; and ez are not on the same grid plane.

Case B1. e; and the first end point of ey are on the same grid plane, while
e3 and the second end point of e; are on the same grid plane. By Lemma 1,

78(%5’;21”’2) = (ts—a1)pP1, where ay = 0 and 8; > 0, while 78(‘163(?;’173) = (ta—az) P2,

where ap = 1 and 32 > 0. So we have 8(de(p1’p26)+de(p2’p3)) = tof + (t2 — 1)fa.

to
Therefore to = 0 or 1 is not a root of the equation a(de(pl’mg:gde@?’m» = 0. This

is a contradiction.
Case B2. e; and the second end point of e; are on the same grid plane,
while e3 and the first end point of ey are on the same grid plane. By Lemma 1,

78('168(?21”’2) = (ta—aq)B1, where a; = 1 and 3; > 0, while 78(’18(%1’2’?3) = (ta—a)Ba,

where as = 0 and B2 > 0. So we have a(d‘f(m’p%):d elp22s)) — (y — 1)8) + tofa.

9(de(p1,p2)+de (P2, _
(p1 p28t2 D2,P3)) — 0. This

9(de(p1 7P2)+d (p2,p3))

Therefore, to = 0 or 1 is not a root of the equation
is a contradiction as well.
O



Theorem 3. Ife; L e;, wherei,j =1,2,3 and i # j, then e1, ex and ez form

a middle angle iff the equation a(dﬁ(pl’pQg;dE(pg’p3)) = 0 has a root ta, such that

0 <ty <1.

Proof. If e1, es and e3 form a middle angle, then by Definition 4, e;, e5 and eg
do not form an end angle. By Theorem 2, 0 or 1 is not a root of the equation
9(de(p1 p2)+d (p2,p3)) __ =0. By Lemma 1, 3(d (P17P2)+d (p2,p3)) __ = (to—ay)f + (t2 _
ag)fa, where ai,ag are Qor 1, B; > 01is a functlon of t1 and t5, and (B> > 0
is a function of ¢y and t3. So ay # «aa. (i.e., a3 =0 and ag =1 or ay = 1 and
as = 0). Therefore the equation a(de(m’ma):;de‘(m :23)) — () has a root t,, such that
0 <tg, < 1.

Conversely, if the equation = 0 has a root ¢y, such that
0 < t9, < 1, then by Theorem 2, e, e and e3 do not form an end angle. By
Definition 47 e1, es and e3 do form a middle angle.

9(de(p1 ,P2)+d (p2,p3))

O

Assume that ey L e, e2 L e, and e; || ea. Assume that p(t;,) is a vertex of the
MLP of g, where i equals 1 or 2. Then we have

Lemma 3. If ey, e3 and the first end point of e; are on the same grid plane,
and t;, is a root of &y adl =0, then t;, =0, where ¢ equals 1 or 2.

Proof. By Figure 4, since po(to),p1(0),p2(0) and ps(t3) are on the same grid
plane, so we have
min{de(po(to), p1(t1)) + de(p1(t1), p2(t2)) + de(p2(t2), ps(ts)) : t1,t2 € [0,1]}
(p

> e (po(t),p1 (0)) + de(p(0). p2 (0)) + e (p2(0). pa(ta))
O

Assume that we have e L e, €, L €11, and ¢; || e;41, (i-e., the set {eq,
€2, ..., &m i a set of maximal parallel critical edges of g, and ey or e,,11 is an
adjacent critical edge of this set). Futhermore, let p(¢;,) be a vertex of the MLP
of g, where i = 1, 2, ..., m — 1. Analogously, we have the ollowing two lemmas:

Lemma 4. If ey, ;41 and the first point of e; are on the same grid plane, and

ti, 15 a oot of Gy 8‘11 =0, thent;, =0, wherei =1, 2, ..., m.
pit) pa(ty)
o J/ o /o
e € € e
polty) Pi0) P2(0) palts)

Fig. 4. lllustration of the proof of Lemma 3.



Lemma 5. If ey, ent1 and the second end point of ey are on the same grid

plane, and t;, is a root of gf? =0, thent;, =1, wherei =1, 2, ..., m.
Lemma 6. If eg and e,+1 are on different grid planes, and t;, is a root of
g;ll:() wheret =1, 2, ..., m. Then 0 < t; <ty < ... <ty < 1.

Proof. Assume that ey and the first end point of e; are on the same grid plane,
and e, 1 and the second end point of e; are on the same grid plane. Then

by Lemmas 1 and 2, (dat , Where i =1, 2, ..., m, have the following forms:

2?11 =t1by, + (t1 — t2)b12, 372 = (ta — t1)bo, + (t2 - t3)522, 8t3 = (t3 — t2)bs, +

(ts — ta)bs,, .- ., gf:j = (tm—1 = tm—2)bm—1, + (tm—1 — tm)bm_1,, and 5= =

(tm — tm—1)bm, + (tmy — 1)byn,, where b;; > 0, and b;, is a function of ¢; and ¢;_1,
and b;, > 0, and b;, is a function of ¢; and t;41,i=1,2, ..., m.

If tlo < 0, then by gdl = 0, we have t1,b1, + (t1, — t2,)b1, = 0. Since by, >0
and by, > 0, so we have t1, —tq, > 0, (i.e., t1, > t2,). Analogously, by g—‘ti; =0, so
(t2y — t1,)b2, + (t2, — t3,)b2, = 0. Then we have t, > t3,. Analogously, we have
t3y > tags - tm—1, > tm,. Therefore, by 2= = (t,, — ty—1)bmy + (tm — 1)bimy,
we have t,,, —1 > 0. So we have 0 > t;, >t20 > 13, > ... >y, > 1. Thisis a
contradiction.

If t;, = 0, then by & adl = 0 we have t5; = 0. Analogously, by % 8d2 =0

we have t3, = 0. Analogously7 we have t4, = 0, ..., t;,, = 0. But, by at :
(tm = tm—1)bm, + (tm — 1)bm,, we have §E= = (tp, — 1)bym, = —bm, < 0. This is

in contradiction to a‘f’" =0.

If £, > 1, then by 3 adl = 0, we have t1,b1, + (t1, — t2,)b1, = 0. Due to
by, > 0 and by, > 0 We "have t1, — ta, < 0, (i.e., t1, < to,). Analogously,
by 3 8d2 = 0 it follows that (to, — t1,)b2, + (t2, — t3,)b2, = 0. Then we have
to, < t3,. Analogously, we have t3, < ta,, ..., tm—1, < tm,. Therefore, by
gf—:: = (tm —tm—1)bm, + (tmy — )by, we have t,,,, —1 < 0. So we have 1 < ¢y, <
to, <t3, <...<tm, <1 Thisis a contradiction.

O

Let ¢;, be a root of g;if’ =0, where i = 1, 2, ..., m. We apply Lemmas 4, 5
and 6 and obtain

Theorem 4. ¢y and ep,y1 are on different grid plane iff 0 < t1, < tg, < ... <
tm, < 1.

3 An Example

We provide one example to show that there is a simple cube-curve such that
none of the vertices of its 3D MLP is a grid vertex. See Table 1, which lists the

coordinates of the critical edges eg,eq,...,e1q of g.
Let v(to),v(t1),...,v(t19) be the vertex of the MLP of g such that v(¢;)
is on e; and ¢; is in [0, 1], where ¢« = 0, 1, 2, ..., 19. By Appendix we can

see that there is not any end angle in g. In fact, There are 6 middle angles:
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Fig. 5. A simple cube-curve such that none of the vertices of its 3D MLP is a grid
vertex.

Z(e2,€3,€4)), L(es,ea,€5)), L(es, e7,€8)), L(eg,€10,€11)), £(e10,€11,€12)), and
Z(e13,€14,€15)). By Theorem 3, we have t3,t4,t7,%10,%11 and t14 are in (0, 1).
By Figure 5 we can see that e || e2 and eg and eg are on different grid planes.
By Theorem 4, we have t; and t5 are in (0, 1).
Analogously, we have t5 and tg are in (0, 1); tg and tg are in (0, 1); t12 and
t13 are in (0, 1); t15,t16 and t17 are in (0, 1); and ¢15 and 19 are in (0, 1).
Therefore, each ¢; is in (0, 1), where ¢ = 0, 1, ..., 19. So g is a simple
cube-curve such that none of the vertices of its 3D MLP is a grid vertex.

4 Conclusions

We have constructed a non-trivial simple cube-curve such that none of the ver-
tices of its 3D MLP is a grid vertex. Indeed, by Theorems 2 and 4, and Lemmas 5
and 6, we can come to the conclusion that given a simple first class cube-curve
g, none of the vertices of its 3D MLP is a grid point iff g has not any end angle



l Critical edge Ti1 Yi1 Zil T2 Yi2  Zi2

eo -1 4 7 -1 4 8
el 1 4 7 1 5 7
e2 2 4 5 2 5 5
es 4 5 4 4 5 5
es 4 7 4 5 7 4
es 5 7 2 5 8 2
€6 vToT 2 7T 8 2
er 7 8 4 8 8 4
es g§ 10 4 8 10 5
e9 10 10 4 10 10 5
e1o 10 8 5 11 8 5
e11 1 7 7 1 8 7
e12 12 7 7 12 7 8
e13 12 5 7 12 5 8
€14 10 4 8 10 5 8
e1s 9 4 10 10 4 10
e 9 0 10 10 0 10
eir 9 0 8 10 0 8
e1s 9 1 7 9 1 8
€19 -1 2 7 -1 2 8

Table 1. Coordinates of endpoints of critical edges in Figure 5.

and for every set of maximal parallel edges of g, its two adjacent critical edges

are not on the same grid plane.

Appendix: List of 2% (; = 0, 1, ..., 19)

ot;
We compute g?? (i=0,1,...,19) for g as shown in Figure 5.
to to — t1g
dt = +
’ \/t02+t12+4 \/(to—t19)2+4
t t1 —t
dy, — 1 + 1— 12
Vit +t12 +4 (t1 —t2)?+5
g ht ty—1
e %5 “12+ (t3—1)2+4
Vta —t1)2 + Vte =12+ (tz3 — 1)2 +
t3 — 1 t
dy, = 3 n 3
Ve =12+ (ks —1)2+4  /t;2 + 42 +4
t ty—1
ds, 4 4

= +
Vi +t2+4  (ta—1)2+t2+4



t5 ts — g

dy, = +
‘ \/(t4—1)2+t52+4 \/(t5—t6)2+4
B te — ts te — 1
dyy = — 4+ —
V(e —t5)2 + Vit —1)2+t,2+4
t tr —1
dt7: ! 3 + ’ 3
Vits—1)2+t24+4  /(tr —1)2 +t2 +4
tg tg — tg
di. = +
B -1+ t2 44 s te)? 4
to —t to — 1
dt _ 9 8 9

+
P te—ts)2+4 \f(to —1)2+ 10> + 4

t10
dtw =

Jr
\/(tg — 1)2 +t102 4+ 4 \/(tlo — 12+ (t11 — 1)2+4

4 - t11 —1 n t11
=
t \/(tu — 1)2 + (tl() — 1)2 +4 \/t112 + ﬁ122 +1
d - t12 t1o — t13
=
" \/t112 + t122 +1 \/(t12 - t13)2 + 4
t13 — t12 t13—1
diyy = 2 + 2 2
Vs —t2)2+4  J(tiz3 —1)2+ (ta — 1)2 +4
_ t1g — 1 t1a
d,, = + 5
Vs =12+ (tu—1)2+4  /ti? + (s — 1)2 + 4
. t15 —1 I t15 — t16
tis —
\/t142 + (t15 — 1)2 +4 \/(t15 - t16)2 +16
d . tig — t1s ti6 — t17
tie —
V(s —ti5)2+ 16 \/(tie — ti7)2 + 4
dy,. = t17 — 16 t17

_|_
Vs —tie)2+4  Vtir? 4+ (tis — 1)2 + 1

=
UVt (s — 12+ 1 /(tis — ti9)? + 101

t19 — t18 t19 — to
Vit — t18)2 101 /(tig — to)? + 4

dtw =

(15)

(16)

(17)

(19)

(20)
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