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1 The First Welfare Theorem

The idea that markets provide e¢ cient allocations goes back several hundred years (probably long before
Smith), but the mathematical justi�cation of this concept in an idealized setting came much later and is
now what we refer to as the "First Theorem of Welfare Economics." In these notes, I hope to prove this
theorem in several di¤erent contexts.

1.1 Preliminaries

In order to de�ne exactly what is meant by price-taking equilibrium and e¢ ciency, we will require several
de�nitions. Let I be an index set for consumers and J be an index set for producers. (It need not be that
I or J are �nite (or non-empty), but it may be easier to think about I = f1; : : : ; ng and J = f1; : : : ;mg.)

De�nition 1 An economy is a vector E �
h
(Xi;�i)i2I ; (Yj)j2J ; !

i
of consumption sets (feasible con-

sumption bundles for the consumer), preference orderings, production sets (feasible input-output bun-
dles for the producer), and the aggregate endowment.

De�nition 2 A state for E is a vector [(xi) ; (yj)] of consumption bundles for the consumers and input-
output bundles for the producers.

De�nition 3 We say that a state [(xi) ; (yj)] is attainable for E if

1. xi 2 Xi for all i

2. yj 2 Yj for all j

3.
P

i2I xi �
P

j2J yj = !

De�nition 4 A state
�
(x�i ) ;

�
y�j
��
is (strongly) Pareto optimal if

1.
�
(x�i ) ;

�
y�j
��
is attainable

2. There is no allocation
�
(x0i) ;

�
y0j
��
which are feasible and satis�es x0i �i x�i for all i and for at least one

i0 2 I, x0i0 �i0 x�i0 . (i.e. no one can be made better o¤ without making someone else worse o¤.)

De�nition 5 A private ownership economy for E is a vector E = [(Xi;�i; !i) ; (�ij) ; (Yj)] of con-
sumption sets, preference orderings, individual endowments, pro�t shares, and production sets whereP

i2I !i = !, �ij � 0 and
P

i2I �ij = 1 for all j.

De�nition 6 In a private ownership economy E, we de�ne i0s wealth function as a function of prices as
wi (p) = p � !i +

P
j2J �ij�j (p) where �j (p) is the maximized pro�t for �rm j. (i.e. �j (p) = max pYj)

De�nition 7 A price-taking equilibrium for the private ownership economy E is a vector
�
(x�i ) ;

�
y�j
�
; p�
�

satisfying

1.
�
(x�i ) ;

�
y�j
��
is attainable for E

2. x�i �i x0i for all x0i satisfying p� � x0i � wi (p�) (Or equivalently x�i 2 �i (p�; wi (p�)))

3. y�j = max p
�Yj (or equivalently y�j 2 �j (p�)
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1.2 Standard Exchange Economy

Suppose there is no production in the economy. That is, either J = ; or Yj = 0 for all j. Then we have

Theorem 8 (First Welfare Theorem) Let [(x�i ) ; p
�] be a price-taking equilibrium for E. Then [(x�i )] is

Pareto optimal for E.

Proof. In order to get a contradiction, suppose [(x�i )] is not Pareto optimal for E. Then there exists some
attainable state [(x0i)] for E satisfying x

0
i �i x�i for all i and x0i0 �i0 x�i0 for at least one i0 2 I. Since [(x�i ) ; p�]

is a price-taking equilibrium for E , we must have p� � x0i � wi (p�) for all i (or else i would have chosen x0i)
and p� �x0i0 > wi0 (p�). But this is a contradiction to [(x0i)] being feasible. To see why, note that since [(x�i )]
and [(x0i)] are feasible, we have X

i2I
x�i =

X
i2I

!i =
X
i2I

x0i

But we also have X
i2I

p� � x0i >
X
i2I

wi (p
�)

=
X
i2I

p� � !i

Which is not possible.

1.3 Standard Production Economy

The proof of the �rst welfare theorem is easily extended to the case where we have production. That is,
suppose J 6= ; and Yj 6= 0 for at least one j 2 J . Then we have

Theorem 9 (First Welfare Theorem) Let
�
(x�i ) ;

�
y�j
�
; p�
�
be a price-taking equilibrium for E. Then�

(x�i ) ;
�
y�j
��
is Pareto optimal for E.

Proof. In order to get a contradiction, suppose
�
(x�i ) ;

�
y�j
��
is not Pareto optimal for E. Then there exists

some attainable state
�
(x0i) ;

�
y0j
��
for E satisfying x0i �i x�i for all i and x0i0 �i0 x�i0 for at least one i0 2 I.

Since
�
(x�i ) ;

�
y�j
�
; p�
�
is a price-taking equilibrium for E , we must have p� � x0i � wi (p

�) for all i (or else i
would have chosen x0i) and p

� � x0i0 > wi0 (p�). Also, since y�j was pro�t maximizing at prices p�, it must be
that p� � y�j � p� � y0j for all j. But this is a contradiction to

�
(x0i) ;

�
y0j
��
being feasible. To see why, note

that since
�
(x�i ) ;

�
y�j
��
and

�
(x0i) ;

�
y0j
��
are feasible, we haveX

i2I
x�i �

X
j2J

y�j =
X
i2I

!i =
X
i2I

x0i �
X
j2J

y0j

But we also have X
i2I

p� � x0i �
X
j2J

p� � y0j >
X
i2I

wi (p
�)�

X
j2J

p� � y�j

=
X
i2I

p� � !i +
X
j2J

p� � y�j �
X
j2J

p� � y�j

=
X
i2I

p� � !i

That is, X
i2I

p� � x0i �
X
j2J

p� � x0j >
X
i2I

p� � !i =
X
i2I

p� � x�i �
X
j2J

p� � x�j

Which is not possible.
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1.4 Quasilinear General Equilibrium Economy

For the quasilinear model, we need to alter some of the de�nitions slightly. In the quasilinear model, we
have that preferences are given by

Ui (xi;mi) = ui (xi) +mi

= vi (zi) +mi

Where vi (zi) � ui (zi + !i), zi 2 Zi and vi (zi) = �1 if zi 62 Zi, where Zi � Xi � !i.

De�nition 10 An economy is a vector v =(vi)i2I .

De�nition 11 A state of v is a vector
�
(zi;mi)i2I

�
. We say that a state is attainable if it satis�esP

i2I zi = 0 and
P

i2I mi = 0.

De�nition 12 A state [(z�i ;m
�
i )] is Pareto optimal ifX

i2I
vi (zi) = max

(zi)

(X
i2I

vi (zi) :
X
i2I

zi = 0

)
� vI (0) .

De�nition 13 A price-taking equilibrium for v is a vector [(z�i ;m
�
i ) ; p

�] satisfying

1.
P

i2I z
�
i = 0,

P
i2I m

�
i = 0

2. p� � z�i +m�
i = 0 for all i

3. v�i (p
�) � maxzi fvi (zi) +mi : p

� � zi +mi = 0g = vi (z�i ) +m�
i .

The �rst welfare theorem then states that

Theorem 14 (First Welfare Theorem) Let [(z�i ;m
�
i ) ; p

�] be a price-taking equilibrium for v. ThenP
i2I vi (z

�
i ) = vI (0). (i.e. [(z

�
i ;m

�
i )] is Pareto optimal.)

Proof. Let p be an arbitrary price vector and let [(zi;mi)] be an arbitrary attainable state for v. ThenX
i2I

v�i (p) =
X
i2I

max
(zi)

fvi (zi) +mi : p � zi +mi = 0g

�
X
i2I

vi (zi) +
X
i2I

mi

=
X
i2I

vi (zi)

That is, for all (zi) and for all p,
P

i2I v
�
i (p) is an upper bound for

P
i2I vi (zi). Next, note that since

[(z�i ;m
�
i ) ; p

�] is a price-taking equilibrium, we have thatX
i2I

v�i (p) =
X
i2I

[vi (z
�
i ) +m

�
i ]

=
X
i2I

vi (z
�
i )

That is,
P

i2I vi (z
�
i ) attains its upper bound, orX

i2I
vi (z

�
i ) = max

(zi)

(X
i2I

vi (zi) :
X
i2I

zi = 0

)
� vI (0)

That is, [(z�i ;m
�
i )] is Pareto optimal.

Note that in the quasilinear model, vi can represent either a consumer or a producer. This proof did
not rely on either speci�cation for any vi. Therefore, this proof is quite general in the sense that it applies
equally well to an exchange economy as it does to an economy with production.
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1.5 Lindahl Equilibrium in QLGE Economy

We may also consider economies in which either the consumption of one individual a¤ects the utility of
another (externalities) or each consumer must consume the same quantity of a particular good (public
goods). It turns out that, with the appropriate notion of pricing (Lindahl pricing or idealized pricing), we
can still de�ne a price-taking equilibrium for such an economy and demonstrate its e¢ ciency.

De�nition 15 A Lindahl Equilibrium for the economy (v0; v1; : : : ; vn) is a vector of individualized prices
and quantities

��
pi
�
; p0; (zi) ; z0

�
satisfying

1. zi � z0 � 0 for all i (quantity clearing)

2.
Pn

i=1 p
i � p0 = 0 (price clearing)

3. v�i
�
pi
�
= vi (zi)� pizi for all i (consumer optimality)

4. v�0
�
p0
�
= p0z0 � c0 (z0), where v0 (z0) = �c0 (z0). (producer optimality)

De�nition 16 A allocation of public goods z is e¢ cient if

z = argmax

("
nX
i=1

vi

#
(z)� c0 (z)

)

Proposition 17 Let
��
pi
�
; p0; (zi) ; z0

�
be a Lindahl Equilibrium. Then z0 (= zi 8i) is e¢ cient.

Proof. Let z be an arbitrary public goods allocation and let
��
pi
�
; p0
�
be an arbitrary attainable price

vector. (i.e.
Pn

i=1 p
i � p0 = 0.) Then

nX
i=1

v�i
�
pi
�
+ v�0

�
p0
�
=

nX
i=1

max
�
vi (zi)� pizi

	
+max

�
p0z0 � c0 (z0)

	
�

nX
i=1

�
vi (z)� piz

�
+ p0z � c0 (z)

=

"
nX
i=1

vi

#
(z)� z

 
nX
i=1

pi � p0
!
� c0 (z)

=

"
nX
i=1

vi

#
(z)� c0 (z)

That is, for all
��
pi
�
; p0
�
and for all z,

Pn
i=1 v

�
i

�
pi
�
+ v�0

�
p0
�
is an upper bound for [

Pn
i=1 vi] (z)� c0 (z).

Let
��
pi
�
; p0; (zi) ; z0

�
be a Lindahl Equilibrium. By the quantity clearing condition, z0 = zi for all i. By

consumer and producer optimality,

nX
i=1

v�i
�
pi
�
+ v�0

�
p0
�
=

nX
i=1

�
vi (zi)� pizi

�
+ p0z0 � c0 (z0)

=

"
nX
i=1

vi

#
(z0)� z0

 
nX
i=1

pi � p0
!
� c0 (z0)

=

"
nX
i=1

vi

#
(z0)� c0 (z0)

That is, [
Pn

i=1 vi] (z0)� c0 (z0) attains its upper bound or"
nX
i=1

vi

#
(z0)� c0 (z0) = max

z

("
nX
i=1

vi

#
(z)� c0 (z)

)
That is, z0 is e¢ cient.

4


