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� ¡Ì�l~��~n��~�l~��$�o}

¥j� �X} �j� �l� {j� �X� �j� �X} y � �X� ¥j� }l¥ ¥j� {X�

�j��~�qsfgivdRq ��� ivaS��fg�jq©zvi y � �X� �j� {X} y � }l� y � y ¥ ¥j� |X} ¥j� |X{ ¥j� |l�
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f � r � kld�dRkl�áfN��hMiwkX�G�

¥j� �X{ �j� y � y � ¥X{ ¥j� �X� ¥j� y | ¥j� ¥Xz ¥j� ¥l�

y ¥j�g��klivd�q�����aS�\iwx�dÎr � usivqscIusqs�
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y � ¥l¥ y � �X{ ¥j� |Xz ¥j� �l� ¥j� y � ¥j� y�y ¥j� ¥X{

y�y �g�¦kliwdRq��¢�;aS��ivx&d=r � usiR�
�oqsiv�áqshMiwaSdRhjkluíu©x&x�c � hjdex&ususaS�

y � �l� y � �X} ¥j� |X} ¥j� �X� ¥j� y � ¥j� y�y ¥j� ¥X{

y �j��{X~æivx¤�X~ d§aS� � ��ivqsx&h
f � r

y � ¥l¥ y � �X� ¥j� zXz ¥j� �l� ¥j� �l� ¥j� y { ¥j� ¥X|

y �j���EaS� � ��ivqsx&h�f � r }j� �l� �j� y } y � y | ¥j� |l¥ ¥j� �X} ¥j� y } ¥j� y ¥



.

•
ú é�:N793&8;AD8jF�Þ�K;Ý
Þ�5
8�14F�àE8;é�8jF�àE8;F
Þ�àE1Ì>	8;36ÞR1Ìâ|8QîE8jÝSK;>\8�7 :NK=KjéôK;â|8j>�7
F�K;F�àE1gßNÞ�>S14îE@�ÞR8=à àE14AD8;F�ßN1NK;Fç3~KjF
ÝR@áßN8=ßBÞ�5
8Q3~KjA/éB14:Ì8j>�79F�à ßN:NKjóJß
àBKjóçFçÞ�5
8�é�>&K=OM>�79A åw:414F
8�ñ|èRì

•

BÝ&#B36148;F
36TðK;ÝWßíK;AD8�éá79>�79:4:48;:�Kjé�8;>�79Þ�1NK;F�ß�1gß�36:NKEßN8oÞ�Kb��åw:414F�8Eßm9�79F�àã�6�Iè
óç5
14:48¦KjÞ�5
8;>�ß�5�79â|8Q8;Ý&#�3&148;F
36T(:48=ßíßBÞ�5
8jFe)Iì 0 åw:414F
8EßE+ 79F�à�0|èRì

•
7á8jé�:N793614F�O�:NK=Kjéáß óç14Þ�5D79>�>�79Tæ7IßíßN1NOMF
AD8;F
ÞÈßNé�8j8=àBß @BéçÞ�5
8�ßN8=LM@B8;F
Þ�1N79:
é�>6KEOM>�79A åw:414F
8?.�79F�à?=�â¢ßíì9:414F
8?9�79F�à � è$î?@�Þ�5�7IßBF�K�8jÝ§ÝR8j36Þ�KjFçéá79>�79:4ë
:48;:=é�8j>�ÝSKj>�A279F
368Eì

•
þ¨KEK;éæ@BF
>6K;:4:414F�O(àBKj8=ßBF�K;Þ�79ÝeÝR8j36Þ�é�8j>�ÝSKj>�A279F
368¦åw:414F
8��6� â¢ßíì9:414F�8��*)Iè
7IßBAD@�365ç14F

pghpf 2.4
ì9ö F

pghpf 2.2
ÞR5�8�à=14ÝeÝR8;>	8;F
368QóJ7IßB:g79>&Oj8j>

Þ�5�79FJ7 ÝS7936Þ�Kj>�KjÝ
ñ�ÝSK;>�A2Kj>\8QÞ�5�79F � éB>6K;3&8=ßíßíK;>�ßíì
•

ÜW5�8�ßNA279:4:48;>�ÞR5�8QF
@�ADîE8j>�KjÝ�à=14AD8;F�ßN1NKjF�ßBÞ�5�79Þ�79>	8�>\8Eà=@B368=àEGIÞ�5
8�îE8jÞ�ë
Þ�8j>�Þ�5
8¦Kjé�8j>�79Þ�1NKjF÷ßN3$79:Ì8Eß¨åw:414F�8��9×�â¢ßíì9:41ÌF
8��9ñ|èRì

•
äá7IßíßN14F�O(79>�>�79T ßN8j36Þ�1NK;F�ß¨7Iß¨79>6OM@�AD8jF
Þ�ßB1Nßá79FJKj>6à=8j>�KjÝ
A27IOjF
14Þ�@¨à=8
ßN:NK;óç8j>�Þ�5
8jFçéá7Ißíßg14F�OtÞ�5
8�óç5�Kj:48¦79>S>�79T/åwF�K;Þ�14F
36:4@áàE8=à�14FãÞ�5
8QÞ�79îE:48EèRì

@�8�5�79â|8�@áßN8Eà�Þ�5
8�A2K=à=8j:ÎÞ�K�365�K=KEßN8�Þ�5
8�éá79>SÞ�1436@�:N79>¢óJ79T�Þ�K�14ADé�:48;AD8jF
Þ¢K;é�8j>�ë
79Þ�1NKjF�ß|óç14Þ�5æà=1NßNÞ�>S14îE@�Þ�8Eà(79>S>�79TÈßíì	<ÈKj> 8jø
79ADé�:48;G�óç8 5�79â|8 @áßN8Eà(79F 79>�>�79TãßNT?F
Þ�79ø
14F�ßNÞ�8=7Ià÷KjÝB:NK=Kjéáß�1ÌF Þ�5
8b3~7IßN8=ß�óç5
8;>\8b3$K;ADAD@�F
143~79ÞR1gKjF�ß¢óç8j>\8b>\8ELM@�14>\8Eà÷åRßN@�365
7Iß 3~79:436@�:N79Þ�14F�ODà=14ÝeÝR8;>\8jF
368=ß�79:NKjF�O Þ�5
8 à=1NßNÞ�>S14îE@�Þ�8Eà à=14>\8j36Þ�1NKjF�èRìIú�:gßíK(óç8�5�79â|8
14F
:414F�8Eà÷ßg@BîE>6Kj@�Þ�14F
8Eß¢3~79:4:48=àã14F�ßg1NàE8 KjÝB:NK=Kjéáß¢óç14Þ�5�ßN8j36Þ�1NKjF�ß�KjÝ¨àE1gßNÞ�>S14îE@�ÞR8=à÷79>�ë
>�79TÈß�7Iß�79>&Oj@BAD8;F
Þ�ßíìo@J8�5�79â?8�éá79>�79:4:48;:414êI8Eà�7�:NKEK;éJ8jâ?8jF/14Ý¢14ÞÈ:NK=KjCE8Eàð:414CE8�Þ�5
8
:NK=Kjé é�8j>�ÝSKj>�A2ßo7yßNA279:4:È79A2K;@BF
Þ¤K;Ý�3$K;ADé�@BÞ�79Þ�1NK;F�ßo79F�à/ßN5�Kj@�:Nà(F�KjÞ¤79ÝeÝR8;36Þ�Þ�5
8
Þ�KjÞ�79:=3~K;ADéB@�Þ�79Þ�1NKjFãÞR1ÌAD8�åRßN8;8Q3~KjF�3&:4@áßN1NK;FJ�IèRì

@�8�@¨ßg8Eà
pgprof

79F�à 14F�Þ�8j>�F�79:|ùçä�ýDÞ�14AD8j>áÝSK;>áé�>&K$#B:414F�OyÞ�5
8�3~KEà=8Eì&ÜW5
8
pg-

prof
79:Ì:NKjóJßÈÞ�K àE1NßgéB:g79TçÞ�14AD8 ßgéB8;F
Þ�14FôßN@�îE>&K;@�ÞR14F�8EßoKj>á:41ÌF
8EßoKjÝ�Þ�5
8�3~KEà=8�é�8j>

8=793&5¦é�>6K;3&8=ßíßíK;>�ì�Ü K�OM8;ÞÎÞ�5
8oé�>6Ko#�:414F�OyàB79Þ�7�Þ�5
8 3$K=àE8�ßN5�K;@�:NàbîE8o3~K;ADé�14:48Eà�óç14Þ�5
-Mprof=lines

K;>
-Mprof=func

a¨7IO?ì$ÜB5
8(é�>6Ko#B:48;>¦79:NßíK/79:4:NKjóJß ÞSK/à=1NßNë
é�:N79T Þ�5
8!F
@�ADî?8;>b79F�àðÞR5�8�Þ�K;ÞS79:¤ßg14êI8æK;Ý¢AD8Eßlßí7IOM8=ßíìjÜW5
8!é�>&K$#B:41ÌF�O¦14F
âÈKj:4â|8=ß�7
ßN1NOMF�1`#B3~79F
Þ¤Kjâ|8;>\5
8E7Ià/79F�à 3~79FæF�K;Þ î?8�@áßN8=à ÝSK;>áé�>6Ko#�:414F�OãK;ÝB:N79>6OM8té�>&K=OM>�79A2ßíì
<ÈK;>áé�>6Ko#B:41ÌF�OãKjÝ�Þ�5
8�î?8;F
365
A279>�CÈßÈóç8�@¨ßN8=àD79Fæ14F
Þ�8j>�F�79:?Þ�14AD8j>�ßN@Bé�é�:4148=à óç14Þ�5
ùçä�ý ì=ÜW5
8ðÞ�14AD8j>b1Nß¦ßN8;>S1N79:�79F�àô3~79F2îE8ô7936368EßlßN8Eà+79ÞbßNT?F
365
>6KjF�14ê|79Þ�1NKjF2éáK;14F
Þ�ß
KjF�:4T&G&óç5
14365¦A279C?8=ß|14Þ-@BF�ßg@B14Þ�79îE:48 ÝSKj>á7m#BF
8�OM>�7914F¦é�>6K$#B:414F�ObßN@�3&5æ7Iß|é�>6Kj368=ßíßíKj>
:NK=7Ià�â¢79>�1N79Þ�1NK;F�ì

�
Ù )+��.õ�&�������
���
����
	�����*�����������!�
��"$#����
�&%�'

ùçú!û�äá79>�79:4:48j:=ýW8;F
365
A279>�CÈßB3$K;F�ßN1NßNÞ�KjÝ
8j1NOj5
Þ
îE8jF�3&5
A279>�C(é�>&K;îE:48jA2ß¨å	#Bâ?8QC?8j>�ë
F
8;:Nß�79F�àbÞ�5
>\8;8bßN14AD@B:g79ÞR8=à � <?ò 79éBé�:41Ì3$79Þ�1NK;F�ßíèEà=8;>S14â|8=àbÝR>6KjA 14ADéáKj>�Þ�79F
Þ=36:N7IßíßNë
8=ß KjÝ�798j>6Kjé�5
TWßN143~ß 79é�é�:4143~79Þ�1NKjF�ß � ×��RìãÜW5�8 ùãäBýB×|ì ñ ßN@�14Þ�8 3$K;F
Þ�7914F�ß*0õäBö
14ADé�:48;AD8jF
Þ�79Þ�1NK;F�ßãKjÝQÞ�5
8DîE8jF
365
A279>�CÈßbóç5
14365ï5�79â|8õO?KEK=à2é�8;>SÝSK;>SA279F
3682K;F
AD@�:4Þ�14é�:48 éB:N79Þ�ÝSK;>SAõß¢79F�à 79>\8o3~K;F�ßN1Nà=8j>\8=àã7IßÈ7�>\8jÝR8;>\8jF
368 14ADé�:48jAD8;F
Þ�79Þ�1NKjF�ì�ÜW5�8



�

ùçä�ýW×|ì ñIë�ßN8j>�1N79:�ßg@B14Þ�8y1Nß�14F
Þ�8;F�à=8EàçÞ�KyîE8çßNÞ�79>�Þ�14F�O!éáKj14F�ÞSß�ÝSK;> Þ�5
8çà=8jâ|8;:NKjé�AD8;F
Þ
KjÝ?îWK;ÞR5/ßg5�79>\8EàyAD8jA2K;>STæ79F�àçà=1NßNÞ�>S1Ìî?@�Þ�8EàyAD8jA2K;>ST!â|8j>�ßN1NK;F�ßNG;ÝSKj>WÞ�8EßNÞ�14F�O�é¨79>�ë
79:4:48;:414ê|79Þ�1NKjF÷Þ�KEK;:NßNG¢79F�à�79:NßíK 7IßQßN14F�OM:48¦é�>6Kj368=ßíßíKj>�îE8;F
3&5�A279>SCWßíì*@�8¦5�79â|8�F�KjÞ
14F
36:4@áàE8=àçHçä�<ðâ|8;>�ßg1NKjF KjÝB
Bä ßN1ÌF
3&8bóç8çàBKjF�! ÞW8;ø$é�8;3&ÞBÞ�KçOM8;Þ 79F�Tð@¨ßN8;ÝR@�:�àB79Þ�7
KjF Hçä�<ôé�8;>SÝSK;>SA279F
368çÝR>6KjA�
Bä=ì"@�8ç5�79â|8çF�K;Þ 14F
36:4@áàE8=àJHçäB<�â|8;>�ßN1NK;F�K;Ý �
îE8jF
365
A279>�C(öRû!8j14Þ�5
8;>�ì

@�8�Þ�KEK;Cãùçä�ýW×|ì ñIëSßN8;>�1N79:¢7Ißo7�îÈ7IßN1NßÈÝSK;>áHçäB<ãâ?8j>�ßN1NKjF�ì�@�8�@áßN8Eà/Kj@�>á8;ADéB1Ì>S143~79:
Hçä�< é�8j>�ÝSKj>�A279F
368 A2KEà=8;:t7Iß�7/OM@�1Nà=8 ÝSKj>ç793&5�148jâ|14F�O éB8;>�ÝSKj>�A279F
368�KjÝ�Hçä�<
3~KEà=8Eì\ú!:NßíKáóç8¨>\8;:4148=à(K;F!Þ�5
8á3$K;ADé�14:48;>¤Oj8jF
8;>�79Þ�8=àQAD8Eßíßí7IOj8EßE>\8=O?79>6àE14F�O Þ�5
8á14F
ë
ÝSK;>SA279Þ�1NK;FDKjF(:NKEK;éçéá79>�79:4:48;:414ê|79Þ�1NKjF/79F�à!óJ79>SF
14F�O?ß¤79îWKj@�Þ?8jø$é�8;F�ßN14â|8�3~KjADAD@�ë
F
143~79Þ�1NKjF�ßíìS@�8t@áßN8=à/ßgÞS79F�àW79>6à�HçäB</àE1Ì>	8;36ÞR1Ìâ|8Eß å�793&Þ�@á79:4:4TD7oâ?8j>�T :414AD14Þ�8=à(îW7IßN143
ßN@�îÈßg8jÞ�KjÝ
Þ�5
8¦à=14>	8;36Þ�14â|8Eßlè
7Iß¨ßNé�8j361`#B8=à¦14F � .*�Rì

@�8¨:414A/14ÞR8=à(K;@�>�ßN8;:4â|8=ß?Þ�K¨A2K=à=8j>�79Þ�8¨A2KEà=1`#�3$79Þ�1NK;F�ßWKjÝ-Þ�5
8tßN8;>S1g79:Mâ?8j>�ßN1NKjF�ßÈßg@B365
7Iß�1ÌF�ßN8j>�Þ�14F�OðHçäB<+à=14>	8;36Þ�14â|8EßgGBóç>S1ÌÞR14F�Oæ14F
Þ�8;>SÝS79368=ßNGB14F
Þ�8;>\3&5�79F�OM14F�Oð:NKEK;éáß�79F�à
à=8jé�Þ�5
ëS�y:NKEK;éõ@�F
>6Kj:Ì:414F�O?ì$ÜW5
8(>	8=ßN@�:4Þ�14F�Oãé�>&K=OM>�79A 1Nßo<B.*.!3~KEà=8;G A2K=àE8;>�F
14êI8Eà
óç14Þ�5 <�=�)!ßNT?F
Þ�79ø 79F�à HçäB<Jà=14>\8j36Þ�14â|8=ß¢>�79Þ�5
8;>¨Þ�5
8;F é�@�>\8bHçä�<çé�>&K=OM>�79A óç>�14Þ�ë
Þ�8jF(ÝR>6KjA ßN36>�79ÞR365�ìX@�8!79â¢K;1NàE8=àðßN1NOMF
1-#B3~79F
Þ?365�79F�OM8=ß¤ßN@�3&5/7Iß 14F
:414F
14F�OMGj>\8jA2K;â|ë
14F�O 79>�>�79TÈß�ÝR>&K;A 3~KjADA2K;F î?:NK;36CÈß 79F�à éá7IßíßN1ÌF�O Þ�5
8jA 7Iß ßN@�îE>&K;@BÞ�14F
8
79>6OM@�AD8jF
Þ�ßíìo@�8æ79â¢K;1Nà=8Eàæ@áßí7IOj8æKjÝ�Kjé�Þ�14AD14êI8=àæ:NK;ó :48;â|8;:�:414F�8E79>y79:NOj8jîE>�7(79F�à
<?<EÜç:414î?>�79>�Tæßg@BîE>6Kj@�Þ�14F
8Eßíì8@�8�@áßN8=àda¨7IO

-Mmpi
Þ�K
pghpf

3~KjADé�14:48;>WÞ�KyOM8;F
8j>�ë
79Þ�8�7 éá79>�79:4:48;:=3$K=à=8�79F�à

mpirun
Þ�KQ>	@BFã14Þ�ì

ÜW5�8�ßíK;@B>\368ð3~KEà=8�KjÝoùãäBý+3~79FõîE8ðÝSK;@BF�àJ14FõÞ�5
8ðùçú!ûDéá79>�79:4:48;:�î?8;F
365
A279>�CÈß
5�K;AD8oéá7IOM8~V9ì�ÜW5�8oéá7IOM8�79:NßíKo3~K;F
Þ�7914F�ß|:414F
CWß|Þ�KoHçä�<y14ADé�:48;AD8jF
Þ�79Þ�1NK;F�ß¢KjÝ=ùãäBý
îET!äáKj>�Þ�:N79F�à � >&K;@Bé/79F�àbîET!úðà=â¢79F
368Eàbäá79>�79:4:48j:*7á8EßN8=79>	365�ì�
Wø$Þ�8;F�ßN14â|8bàB79Þ�7�K;F
ùçä�ý/é�8j>�ÝSK;>SA279F
368t3~79FæîE8tÝSK;@BF�à�14FæÜ�ì&<È79@�:4C?F�8j>k!vßÈ5�K;AD8téá7IOM8��6ì6ú�3~KjADéá79>�14ë
ßíK;F�KjÝbàE14Ý§ÝR8j>\8;F
Þb79é�é�>6KE79365
8=ß�ÞSK�ßg8jAD14ëS79@�Þ�KjA279Þ�143�éá79>�79:4:48;:414ê|79Þ�1NK;F K;ÝoùçäBý�1Nß
OM14â?8jFç14F � 0��Rì

ýB8jF
365
A279>�CÈßbýBÜ=G�û-ä 79F�à2þBÿ ßíKj:4â?827çñIò à=1NßN36>	8;Þ�14ê|79Þ�1NKjF K;ÝQùJ79â|148;>\ëRû-Þ�KjC?8=ß
8=LI@á79Þ�1NKjF

óç5
8;>	8��b79F�à��
79>	8C0Iø
�¢â?8j36Þ�Kj>�ßWàE8$#BF
8=à(79Þ$Þ�5
8¨éáK;14F
Þ�ßWKjÝ 7ÈñIò�>\8j36Þ�79F�OM@�:N79>¤Oj>S1Nà
79F�à�� 1NßB7l.oà=1N7IO?K;F�79:jîE:NKj36CtA279Þ�>S14øyKjÝb0Iøh0 î?:NK;36CÈßíì\ÜB5
8áÞR5�>	8;8áî?8;F
365
A279>�CÈßWà=14ÝRë
ÝR8;> 14F Þ�5
8bÝS793&Þ�K;>S14F�OðKjÝ(�tì�ÜW5�8y<?ÜJé�8;>�ÝSKj>�A2ß�<?<?Ü�K;Ý 7�ñIò 79>S>�79T&G ��� ßíKj:4â|8=ß�7
ßNéá79>�ßN8 ßNTÈßNÞ�8jA KjÝB:41ÌF
8E79>á8=LI@á79Þ�1NK;F�ß¢îETçÞ�5
8�3~KjFh� @áO?79Þ�8 OM>�7IàE148;F
Þ�AD8;Þ�5�KEà=G 79F�à
0 � ßíK;:4â|8=ß�7!àE1gßN3&>\8;Þ�8bäáKj1NßíßlKjF é�>6KjîE:48;A KjFô7�ñIò OM>�1Nà î?TãÞ�5
8p� ëR36T?36:48bAD@�:4Þ�14ë
OM>�1Nà 79:NO?Kj>�14Þ�5
A2ì

ª\«|²9½s½,J�� Â�Â&¿e±R¾¼°N³9±R°N« ³9Ê\¿e« ³9Ê\¿eÊ\« ¸l´ R Â&º�´lÏ©½��ÈÊ\ËÌ°NÂ�ÇBQx�
Ã\«|²9½s½,J�� Â�Â&¿e±R¾¼°N³9±R°N« ³9Ê\¿e« ³9Ê\¿eÊ\« ¸l´ R Â���Ï©Ê\»&µ��l³6°NË

Ku r= 1( )



=

��� � �E�f�C�G� _��(  ^9]K¡

ýBÜð@áßN8=ß
ú!:4Þ�8j>�F�79Þ�14F�O�ò!14>\8j36Þ�1NKjF�ö ADé�:4143614ÞWåwú!ò!öSè?79é�é�>6Kjø$14A279Þ�8�ÝS7936ÞSK;>�14ê|79ÞR1gKjF/K;Ý
Þ�5
8¦Kjé�8j>�79Þ�Kj>�KjÝ�8ELM@¨79Þ�1NK;FJåR�IèRü

óç5
8;>	84¢(£¥¤\Gh¢B£*¦¤79F�à6¢(£V§B79>\8oîE:NKj36CyÞ�>�1NàE1N7IOEKjF�79:IA279Þ�>�143&8=ß¢KjÝ"0Iøh0�î?:NK;36CÈß|14ÝWOj>S1Nà
éáKj14F�ÞSß�79>\8�8;F
@�AD8j>�79Þ�8Eàð14F 79F279é�é�>6Kjé�>�1N79Þ�8æà=14>	8;36Þ�1NKjF�ìjÜW5�8�>\8EßN@�:4Þ�14F�O ßNTÈßgÞR8;A
1Nß¢Þ�5
8jF�ßíK;:4â|8=àãîETJßíKj:4â|1ÌF�OyÞ�5
8bîE:NKj36CçÞ�>S1Nà=1N7IO?K;F�79:¢ßNTÈßNÞ�8;A2ß¢14F[¨~ëRGb©~ë¨79F�à6ªS«¶à=14ë
>\8j36Þ�1NKjF�ßQßN@�36368EßíßN14â?8j:4T~ìMÜB5
8�A27914FD14Þ�8j>�79Þ�1NKjFD:NK=Kjé�KjÝ¢ýWÜ+ßNÞ�79>SÞ�ß¤ÝR>&K;A ÞR5�8�3$K;ADë
é�@�ÞS79Þ�1NK;F�K;ÝD�!å

compute_rhs
è�ÝSKj:4:NK;óç8Eà�îET*ßN@B36368EßlßN14â|8 14F
â|8;>�ßg1NKjF KjÝd¢B£¥¤\G

¢(£�¦+79F�à%¢(£¥§Då
x_solve

G
y_solve

79F�à
z_solve

è�79F�à(1NßÈ3$K;F
36:4@¨à=8=à óç14Þ�5
@�éáàW79Þ�14F�O�KjÝ
Þ�5
8�A27914Fçâ¢79>�1N79î?:Ì8

u
å
add

èRì


¨793&5çßN@BîE>6Kj@�Þ�14F
8
x_solve, y_solve

79F�à
z_solve

ßíK;:4â|8=ßW7oßN8;3$K;F�à�Kj>6à=8j>
>\8j36@�>S>\8;F
3&8á>\8;:N79Þ�1NKjF�ß=14FyÞ�5
8Q79é�éB>6K;é�>S1N79Þ�8Qà=14>\8j36Þ�1NKjF�ßlì\ÜB5
8EßN8á3~K;ADéB@�Þ�79Þ�1NKjF�ßE3~79F
îE8�àBK;F
8¨3$K;F
36@B>�>\8jF
Þ�:4T�ÝSKj>¤79:4:EOM>�1Nàt:414F
8EßEéá79>�79:4:48;:MÞ�Kt79Fæ79é�é�>6Kjé�>�1N79Þ�8t79ø$1Nß?óç5
14:48
Þ�5
8�3~KjADé�@�Þ�79Þ�1NKjF/79:NKjF�O�8=79365 :414F�8�1Nß¤ßg8ELM@B8;F
Þ�1N79:Nì¶ú�3~KjF
36@�>S>\8;F
3&T�14F

x_solve79F�à
y_solve

3$79F îE8ç79365
148;â|8=àãî?TJà=1NßNÞ�>S14îE@�Þ�14F�OyÞR5�8ãOM>S1Nà÷79:gKjF�O¬ªS«¶àE14>\8;3&Þ�1NK;F�ì
ÜW5�1Nß�à=1NßNÞ�>S14îE@�Þ�1NKjF(óJK;@B:gà!ÝSK;>SA279:Ì:4T�é�>\8j36:4@áàE8�3~KjF
36@�>S>\8;F
36T�14F

z_solve
ßg14F
3&8

Hçä�<�3~K;F
Þ�7914F�ß
F�K�8jø$é�>\8EßlßN1NKjF�AD8j365�79F�1NßNA Þ�KyK;>&OE79F
14êI8�é�>&K;368EßíßíK;>�ß
Þ�K�óJKj>�C!14F
7�é�14é�8j:Ì14F
8EàçA2K=àE8=ì;ö F Kj>6àE8;> ÝSKj>

z_solve
Þ�K!óJK;>SCð14F/éá79>�79:4:48j:
Þ�5
8çOM>�1Nàç5�7Iß

Þ�KQîE8�>	8=à=1NßNÞ�>S14îE@�ÞR8=à 79:NKjF�O�¨~ë�Kj>m©~ëSàE1Ì>	8;36ÞR1gKjFJK;>�îWKjÞ�5�ì

öRF K;@B>*Hçä�< 14ADé�:48jAD8;F
Þ�79Þ�1NKjF KjÝ ýBÜ Þ�5�8 ßg@BîE>6Kj@�Þ�14F
8Eß
compute_rhs,

x_solve
G
y_solve

79F�à
add

óJKj>�C óç14Þ�5
u
G
rhs

79F�à
lhs

à=1NßNÞ�>�14î?@�Þ�8Eà
îE:NKj36C?óç1NßN8 79:NKjF�O�ª&ëSàE14>\8;3&Þ�1NK;F�ìIÜW5
8 ßN@�î?>6Kj@�Þ�14F
8

z_solve
óJKj>�CÈß¨óç14Þ�5

rhsy79F�à
lhsy

à=1NßNÞ�>�14îE@BÞ�8=à îE:NKj36C?óç1Nßg8 79:NKjF�O4©~ëSàE1Ì>	8;36ÞR1gKjFô79F�à(@¨ßN8=ß
uy

å
uy
G
rhsy79F�à

lhsy
79>\8�3$K;é�148Eß�KjÝ

u
G
rhs

79F�à
lhs

à=1NßNÞ�>�14î?@�Þ�8Eày14Fp©~ëSà=14>\8j36Þ�1NKjF�èRìlÜB5
8�>	8;ë
à=1NßNÞ�>S14îE@�Þ�1NKjFDKjÝ

rhs
Þ�K
rhsy

1Nß é�8j>�ÝSKj>�AD8=àæ79Þ|Þ�5
8�8;F
Þ�>�79F
368�Þ�K
z_solve

79F�à
îW793&C�>\8Eà=1NßNÞ�>�14î?@�Þ�1NKjF!1Nß?é�8;>SÝSK;>�AD8Eàt@�éáKjF!8jø$14Þ$ÝR>&K;A

z_solve
ì	ÜB5
8¨>\8Eà=1NßNÞ�>�14î?@�ë

Þ�1NKjF
uy=u

1NßBé�8j>�ÝSKj>�AD8Eà�� @áßNÞ�î?8;ÝSKj>\8�3$79:Ì3&@�:N79Þ�1NKjF÷KjÝ
lhsy

ì

ÜW5�8(A27914FJ:NKEK;é�14F
x_solve

å�ßNT?ADAD8;ÞR>�143~79:4:4T
y_solve

79F�à
z_solve

è ÝSKj>
8=793&5 OM>�1NàçéáKj14F�ÞW3~79:4:Nß�0Iøh0�A279Þ�>S1Ìø(AD@�:4Þ�14é�:4143~79ÞR1gKjF
Gk0Iøh0¦A279Þ�>�14ø(14F�â|8j>�ßN1NK;Fõ79F�à
0Iøh0QA279Þ�>S1ÌøbîET?0Iø
�áâ|8;3&Þ�K;>¢AD@�:4Þ�14é�:4143~79ÞR1gKjF�ìlÿðßN14F�O

pgprof
óç8�ÝSK;@BF�à!Þ�5�79Þ|Þ�5
8

3~79:4:Nß¨5�7Ià�OM8;F
8j>�79Þ�8Eà�7 ßN1NOMF
1-#B3~79F
Þ�Kjâ|8;>\5
8E7Ià é�>6KjîW79î?:4T >	8;:N79Þ�8Eà Þ�K�éá7Ißíßg14F�O/7
ßN8;3&Þ�1NK;FôKjÝá7yàE1NßgÞR>�14îE@BÞ�8=àD79>�>�79TãÞ�K(7!ßN@�îE>&K;@�Þ�14F
8Eì&ÜW5�8EßN8(ßN@BîE>6Kj@�Þ�14F
8EßÈóç8;>\8�14F
ë
:414F
8=àç79F�àyÞ�5
8�8;ø$Þ�8j>�F�79:~:NKEK;éãóJ7Iß�@BF�>&K;:4:48EàBìSÜW5
1Nß�>\8Eà=@B368=àyÞ�5
8�8jø~8j36@BÞ�1NK;F(Þ�14A/8
îET 7áÝS793&Þ�K;>�K;Ý|×|ì =�KjF @�éðÞ�K � éB>6K;3&8=ßíßíK;>�ßíìl<ÈK;>�7á:N79>6OM8;>¢F�@BADîE8j>oKjÝ|F�K=à=8Eß¤ßN3~79:4ë
14F�OQ:414AD14Þ�79Þ�1NKjF�ßB3~K;AD8Q14F
Þ�K�8jÝeÝ�8j36Þ�79F�à¦>	8=àE@�36Þ�1NKjFç1Nß�:48Eßíßíì

ÜW5�8D14F
:414F�14F�O 79F�àõ:NKEK;é*@BF�>&K;:4:414F�O÷A27Ià=8DÞ�5�8D14F
Þ�8;>SF�79:o:NK=Kjé K;ÝQøh|ßíKj:4â?8DÞ�K=K
3~KjADé�:4143~79Þ�8Eàð79F�à!Þ�5
8�3$K;ADé�14:48;>ÈAD8Eßíßí7IOj8�1ÌF�àE1Ì3$79Þ�8=à!Þ�5�79Þ?14Þ?5�7Ià!F�KjÞ?îE8;8jF/79î?:Ì8
Þ�Kãéá79>�79:4:48;:414êI8ãÞ�5
8 :NKEK;éáì-ÜW5
8 ö ùãòD
Bä(
BùçòD
BùçÜ àE14>\8;3&Þ�14â?8ãóJ7IßyßN@�Ý&#�3&148;F
ÞáÝSKj>
éá79>�79:Ì:48j:414ê|79Þ�1NK;F K;ÝQÞ�5
8/:NK=Kjéáì
öRÞ�G�5�K;óç8jâ|8;>�G�14F
Þ�>6KEà=@�3&8=à�79F K;â|8;>	5
8=7Iàõóç5
14365

K BT x BT y BT z⋅ ⋅≅



�*)

3~79@¨ßN8=àãÞ�5
8bé�>6KEOM>�79A Þ�Kb>	@BF��Iì � 0�Þ�14AD8=ß�ßN:NK;óç8j>tK;F ßN1ÌF�OM:48bé�>6Kj368EßíßlKj>¨>\8j:N79Þ�14â|8
Þ�KQÞ�5
8�é�>6KEOM>�79A 3~KjADé�14:48=à�óç14Þ�5

-Mf90
a¨7IO?ì

ùJK;Þ�8 ÞR5�79ÞÎ@¨ßg8�KjÝ=Þ�óJK;ëSàE14A/8jF�ßN1NK;F�79:?àE1NßNÞ�>�14îE@BÞ�1NK;F�ß|óJK;@B:NàtF�KjÞ�Oj14â|8�79F
Tb>	8=à=@B36ë
Þ�1NKjF 14F Þ�5
8b3~K;ADé�@BÞ�79Þ�1NKjF Þ�Kb3~K;ADAD@BF
143~79Þ�1NK;F >�79Þ�1NKEì�öRF Ý�793&Þ�G-14Þ�ó�K;@�:Nàã>\8ELM@�14>	8
Þ�5
8�>\8Eà=1NßNÞ�>�14îE@BÞ�1NK;F K;Ý�àB79Þ�7QÞR5�>	8;8�Þ�14AD8Eß¤é�8;>�14Þ�8j>�79Þ�1NKjF279F�àæóJK;@B:Nàð>	8=ßN@�:4Þ¢14F27
ßN:NK;óç8j>�é�>&K=OM>�79A2ì

ÜW5�8�é�>6Ko#�:48!KjÝ|A27914F(ýWÜ�ßN@�î?>6Kj@�Þ�14F
8=ß 1Nß¤ßN5�KjóçFDK;F <?1NOj@B>\8¦�IìlÜW5
8!ßN@�î?>6K;@BÞ�14F
8=ß
óç5
14365JàBK�F�KjÞ�14F�â¢Kj:4â?8Q>\8=àE1NßNÞ�>�14îE@BÞ�1NK;FJ79F�à(_BK;>�3~K;ADAD@BF
1Ì3$79Þ�1NK;F�ß¨ßN3~79:48�F
14368j:4T~ì
ÜW5�8�3~KjADAD@�F
143~79Þ�1NKjF÷à=@B>�14F�OQÞ�5
8�3~K;ADé�@BÞ�79Þ�1NK;F�ßáKjÝ¥aB@Bø~8Eßá79F�à à=1Nßíßg14é¨79Þ�1NK;Fã14F
Þ�5
8:ª&ëSà=14>	8;36Þ�1NKjFæ79ÝeÝR8;3&Þ�ßÈßN3~79:414F�ObKjÝÎÞ�5
8

rhs
ì	ÜW5
8 >\8=àE1NßNÞ�>�14îE@BÞ�1NK;F¦Þ�14AD8 8=ßíßN8;F
Þ�1N79:4ë

:4T ßNÞ�79TÈß�3~K;F�ßNÞ�79F
Þ|óç14Þ�5ãÞ�5
8�F
@�ADîE8j>�KjÝ|é�>&K;368EßíßíK;>�ß¤79F�à�1Nß�>\8=ßNéáKjF�ßN1Ìî?:48�ÝSK;>�Þ�5
8
>\8Eà=@�3&Þ�1NK;FJKjÝ
Þ�5�8Q8;Ý&#B36148jF�3&T KjFçA2K;>	8�Þ�5�79F � é�>6Kj368=ßíßíKj>�ßíì

®�¯I°¬±^²³u?vxw ýWÜ é�>&K$#B:48¦KjFA'�>�1NOM14Fç×�)*)*)Iì9ù÷KjÞ�8QÞ�5�79Þ
rhs

àBKj8=ßBF�K;Þ�ßN3$79:Ì8Qóç8;:4:
ßN14F
368Q14Þ�14F�â¢Kj:4â|8=ßB3~KjADAD@�F
143~79Þ�1NKjF�ßBóç5
8jFç3~K;ADé�@BÞ�14F�OQÞ�5
8caB@�øç79F�à¦Þ�5
8

à=1NßíßN14éá79Þ�1NK;Fç14F6ª&ëSà=14>	8;36Þ�1NKjF�ìíÜW5
8�>\8=àE1NßNÞ�>�14îE@BÞ�1NK;FJà=14AD14F
1gßN5
8Eß�Þ�5
8�8jÝ´#B36148jF
36T KjÝ
Þ�5
8�é�>&K;368EßíßíK;>�@�Þ�14:414ê|79Þ�1NK;FJ7IßBÞ�5
8QF�@BADîE8j>�KjÝ�éB>6K;3&8=ßíßíK;>�ß¨Oj>&K;óJßíì

BT profile on SGI Origin 2000

0 110 10

Number of processors

-1

0

1

2

3

10

10

10

10

10

se
c

total
redist
rhs
xsolve
ysolve
zsolve
add



�&�

��� µ ¶(·i�C�G� _S�B 2^9]�¡

û-ä @¨ßN8=ß Þ�5
8 ýW8=79ADëj@+79>�AD14F�O 79é�é�>6Kjø$1ÌA279ÞR8 ÝS7936Þ�Kj>�14ê|79Þ�1NKjF 79F�à ä�@�:4:41N79ADë
� 5�79@áßíßN8j8bàE1N7IOEKjF�79:41Ìê|79ÞR1gKjF KjÝEÞ�5
8yK;é�8j>�79Þ�Kj> K;Ý?8=LM@¨79Þ�1NK;F åR�Iè?79F�àç7IàBàWß�ÝSK;@B>�Þ�5
ë
Kj>6à=8j>�79>�ÞR1-#B361N79:Bà=1NßíßN14éá79Þ�1NKjF�ü

óç5
8;>	8¸£¥¤\G�£�¦�79F�à;£V§�79>\8tî?:gKj36CDàE1g7IO?KjF�79:EA279Þ�>�14368Eß K;ÝE0Iøh0bîE:NKj36CÈßgG�¹�¤\G*¹�¦�79F�à
¹�§¢79>\8!ßN3$79:N79>Èé�8jF�ÞS7Ià=1N7IO?K;F�79:-A279Þ�>�14368EßíìlÜB5
8�>	8=ßN@�:4Þ�14F�O¦ßNTWßNÞ�8jA Þ�5
8;FDßíK;:4â|8Eà!îET
14F
â|8;>�ÞR1ÌF�O�îE:NK;3&Cãà=1N7IO?KjF�79:IA279Þ�>�143&8=ß G G 79F�à 79F�à ßíK;:4â|ë
14F�OQÞR5�8�ßN3~79:N79>�éB8;F
Þ�7Ià=1N7IO?K;F�79:BßNTÈßNÞ�8;A2ßíì

ÜB5
8�Aõ7914Fã14Þ�8j>�79Þ�1NKjFã:NK=Kjé�K;Ý�û-äæ1NßáßN14AD1Ì:N79>�Þ�K�Þ�5
8�KjF�8�14FãýBÜBìíöRÞ�ßgÞS79>�Þ�ß�óç14Þ�5
Þ�5
8�3$K;ADé�@BÞ�79Þ�1NK;FJK;Ý

rhs
óç5
14365ç1Nßá79:4A2KEßNÞ�1Nà=8;F
Þ�143~79:=Þ�K

compute_rhs
1ÌFçýBÜ

ÝSK;:4:NKjóç8=àãîETJ79F 14F
Þ�8;>S:48=79â|8=àã14F
â?8j>�ßN1NKjF�K;ÝBî?:NK;36CJàE1g7IO?KjF�79:¢79F�à÷ßN3~79:N79>áéB8;F
Þ�79ë
à=1N7IO?K;F�79:-A279Þ�>S14368Eß¤79F�à�1Nß 3~KjF
36:4@áàE8=à�óç1ÌÞR5 @�éáàB79ÞR1ÌF�O¦KjÝ|Þ�5
8^a�@Bø

u
å
add

èwGEßN8j8
<?1NOj@B>\8�×|ì

       do step = 1,niter
          call compute_rhs
          call txinvr
          call x_solve
          call ninvr
          call y_solve
          call pinvr
          call z_solve
          call tzetar
          call add
       end do

®�¯I°¬±^²³u?ºxw ÜB5
8QA2791ÌFç14Þ�8j>�79Þ�1NKjFç:NK=KjéôK;Ý
û-ä=ì
äá79>�79:4:48;:414ê|79Þ�1NKjFJKjÝ û-ä 1Nß ßN14AD14:g79>¤Þ�KQÞ�5
8téá79>�79:4:48j:Ì14ê|79Þ�1NKjF�K;Ý ýBÜÈü~79:4:WßN@�î?>6K;@BÞ�14F
8=ß
8;ø$3&8;é�Þ

z_solve
K;é�8j>�79Þ�8 óç14Þ�5ïàB79Þ�7çàE1NßNÞ�>�14îE@BÞ�8=àDîE:NKj36C?óç1Nßg8 14FôÞ�5
8pª&ëSà=14>\8j36ë

Þ�1NKjF�ìjÜW5�8ðßN@BîE>6Kj@�Þ�14F
8
z_solve

óJK;>SCÈß�óç14Þ�52àB79Þ�7�à=1NßNÞ�>�14î?@�Þ�8=àæîE:NK;3&CEóç1NßN8!14F
©~ëSà=14>\8j36Þ�1NKjF�ìlÜB5
8�>\8Eà=1NßNÞ�>�14îE@BÞ�1NK;FDKjÝ

rhs
79F�àæK;Ý¢7áÝR8jó 79@�ø$14:41N79>ST 79>�>�79TÈß 1Nß é�8j>�ë

ÝSK;>SAD8=à 79Þ?ÞR5�8�8;F
Þ�>�79F�3&8�Þ�K
z_solve

79F�à¦îW7936C�>\8Eà=1NßNÞ�>�14îE@BÞ�1NK;F÷KjÝ
rhs

1Nß�é�8j>�ë
ÝSK;>SAD8=à�K;F�Þ�5
8J8jø~14ÞbÝ�>&K;A

z_solve
ìBúðß�14F�ýBÜ 7æ×Iò àE1gßNÞ�>S14îE@�ÞR1NK;F�óJK;@B:Nà

>\8ELM@�14>\8QA2K;>	8�>\8Eà=1NßNÞ�>S1Ìî?@�Þ�1NKjF�ßá79F�à�óJK;@B:gà ßN:NK;ó àWK;óçFçÞ�5
8�î?8;F
365
A279>SCWì

ä�>&K$#B:48¦K;Ý
û-äôåRßN8;8�<?1NOM@�>\8Qñ|è�ßN@áO?OM8=ßNÞ�ß¨7¨ÝR8jó 3~K;F
36:4@¨ßN1gKjF�ßíìíÜW5
8¦àBKjA/14F�79F
Þ�ÝS7936ë
Þ�Kj>¨KjÝEÞ�5
8�8;ø$8;3&@�Þ�1NKjF�Þ�14AD8o1Nß�Þ�5
8�3~KjADé�@�Þ�79Þ�1NKjF K;Ý

rhs
79F�àyÞ�5
8�>\8=àE1NßgÞR>�14îE@BÞ�1NK;F�ì

ÜW5�8�>	8=à=1NßNÞ�>S14îE@�ÞR1gKjF ÞR14A/8�âÈ79>S148=ßáßN:Ì1NOM5
Þ�:4T¦óç14Þ�5ãÞ�5
8�F
@�ADîE8j>�K;Ý�é�>6Kj368EßíßlKj>�ßá79F�à
1Nß�Þ�5
8ãA27���Kj>tÝS7936Þ�Kj>(79Ý§ÝR8j36Þ�14F�OJßN3~79:414F�OJKjÝ¨Þ�5
8ãîE8jF
365
A279>�CÈì-ÜW5
8ã3~KjADAD@�F
143~79ë
Þ�1NKjF�ßW14F�â¢Kj:4â?8Eà�1ÌFðÞ�5
8�3$K;ADé�@BÞ�14F�O

rhs
14F»ª&ëSà=14>	8;36Þ�1NKjFJ79:NßíK�79ÝeÝ�8j36Þ
Þ�5
8¦ßN3$79:Ì14F�O?ì

K T x Px T x
1–

T y Py T y
1–

T z Pz T z
1–⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅≅

T x T x
1– T y⋅ T y

1– T z⋅ T z
1–



�9×

ÜW5�8�ßíK;:4â|8;>�14Þ�ßN8;:4ÝÎÞS79CE8Eß?AD@�365�:48Eßlß?ÞR1ÌAD8 Þ�5�79F�Þ�5
8=ßN8 Þ�óJK�K;é�8j>�79Þ�1NKjF�ßÈ79F�à ßg3$79:48=ß
óç8j:Ì:Nì

®�¯I°d±�²CuF¼xw û-äæé�>&K$#B:48¦KjFãû � öV'¦>�1NOM14Fç×�)*)*)Iì9ÜB5
8�>	8=à=1NßNÞ�>S14îE@�ÞR1gKjFJ79F�à
3$K;ADAD@�F
143~79ÞR1gKjF�ßB14F

rhsz
8jÝeÝR8;3&Þ�ßN3~79:414F�O(KjÝ
û-ä=ì

��� ½ ¾"¿À�C�G� _S�B 2^9]�¡

þBÿ 14ADé�:48;AD8jF
Þ�ß�7�â|8j>�ßN1NK;FõKjÝÈû-ûb'?7 79:NO?K;>S1ÌÞR5�A îETôßNé�:414Þ�Þ�14F�OæK;Ý¢Þ�5
8çKjé�8j>�79Þ�Kj>
KjÝ�8ELM@á79ÞR1gKjFJåR�Iè$14F�Þ�K�7 é�>6KEà=@�3&Þ�K;Ý
:NKjóç8;>�ÞR>�1N79F�Oj@B:N79>�A279Þ�>�14øç79F�à¦@Bé�é�8;>�Þ�>�1N79F
ë
OM@�:N79>�A279Þ�>S14ø
ü

óç5
8;>	8
ω
1Nß�7y>\8;:N79ø
79Þ�1NKjF�éá79>�79AD8jÞ�8;>�GmÁ 1Nß Þ�5
8(A27914F�îE:NKj36C2àE1g7IO?KjF�79: K;Ý³�¨GmÂ

3~KjF�ßN1gßNÞ�ß�K;Ý¢Þ�5
>\8j8ðßN@�îæîE:NKj36CôàE1N7IOEKjF�79:Nß�79F�àAÃ+3~K;F�ßN1NßNÞ�ß�KjÝ¢Þ�5
>\8;8ðßN@Bé�8;>oî?:gKj36C
à=1N7IO?K;F�79:Nßíì�ÜW5�8oé�>6KjîE:48;A 1Nß¢ßíK;:4â|8Eà�îETy3~KjADé�@�Þ�14F�O�8;:48;AD8jF
Þ�ß¢K;Ý=Þ�5
8 Þ�>S1N79F�Oj@B:N79>
A279Þ�>�143&8=ß�åRßN@�î?>6K;@BÞ�14F
8=ß

jacld
79F�à

jacu
èo79F�à�ßíK;:4â|14F�OæÞ�5
8ç:NK;óð8;> 79F�à�Þ�5
8

@�é�éB8;>�ÞR>�1N79F�Oj@B:N79>�ßNTÈßNÞ�8;A åRßN@�î?>6Kj@�Þ�14F
8=ß
blts

79F�à
buts

èRì

ÜW5�8
ssor

1NßQ14ADé�:48;AD8jF
Þ�8=à 7Iß�7/ßg8ELM@B8;F
368�K;Ý!ßNóç8j8;é�14F�O K;Ý�ÞR5�8 5�K;>S14ê|K;F
Þ�79:
é�:N79F
8=ß¨KjÝ
Þ�5
8¦OM>�1NàEG|ßg8j8�<?1NOM@�>\8c+|ì

 DO k = 2, nz -1
    call jacld(k)
    call blts(k)
 END DO
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 DO k = nz - 1, 2, -1
    call jacu(k)
    call buts(k)
 END DO
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!hpf$ align w011(i1,i2,i3) with
     .      u(2*i1,2*i2-1,2*i3-1)
!hpf$ align w111(i1,i2,i3) with
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      w011(1:m1-1,1:m2-1,1:m3-1) =
     .               z(1:m1-1,1:m2-1,1:m3-1) +
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     .               z(2:m1,1:m2-1,1:m3-1)
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Implementationof NAS ParallelBen-
chmarks in High Performance Fortran
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