L ecture 8: NP-complete problems

Consider HAMILTON PATH: "Is there a path that visits each easactly once?”

HAMILTON PATH is NP-complete

Proof: Reduction from 3SAT. Given 3SAT instangeconstruct HAM PATH grapiR ().

We shall express the three properties of 3SAT as graph elismen

1. choi ce between true and false
false

0—0@40 to the rest of the graph

2. consi stency : all z have the same value, and: the opposite value

o—©
eller dvs

propagates choice of value to all occurrences. This xor giackn be traversed in two ways.
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Suppose we have made sure that each side of a triangle isstedvby a Hamilton path iff the
corresponding literal is false. Then at least one literdtug, since otherwise all three sides are
traversed and there is no Hamilton path.

Example: (x1 V x2 V x3) A (mx1 V —x9 V x3) gives graph where nodesmakes up a large clique:

false x1 X2 3




Hamilton path { — 2 — 3) exists< ¢ is satisfiable

=) From node 1, one of two parallel edges for each choice mudtdversed. If a choice edge is
connected to an xor gadget these nodes will be visited. Alitechain of choices have been made, the
path continues to one of the triangle nodes. Provided tHatat one side of each triangle does not have
to be traversed we have have a Hamilton path, i.e. providexbagadget has been visited during the
choice setting phase, which corresponds to an assignnegrgdtisfiesy.

<) Similarly, a satisfying assignment gives a Hamilton p#t sstarts in node 1.0

TSP(D) isNP-completg

Proof: Reduction from HAMILTON PATH. Given graptr with n nodes letB = n + 1 and define edge
weights:

g — 1 ifedgefi,jl € G
Y71 2 otherwise

A tour in the complete graph with edge sufmn + 1 exists< A Hamilton path inG exists. At most one
edge¢ G can be part of a tour with edges.O

3-COLORING: Color graph nodes with three colors so thate@ahéa nodes have different colors.

3-COLORING isNP-complete

Proof: Reduction from NAESAT. ClauseS; = (a VvV # V 7) in NAESAT-instancep correspond to
triangles[a, 5,~] in graphG. A triangle node has edges to its literal nadg and for all possible
variables there are trianglés, x;, —~z;], all with a common node.

Example: (.1‘1 V o V 1‘3) A (_h’L'l V —xo V .1‘3)

If G is 3-colorable, then colat with "2”, and let eachr; and—z; be colored "0” (true) or "1” (false).
How can a clause triangle be colored?

If all its literals are true, then the triangle cannot be cetbwith three colors. Neither can it be colored
with three colors if all literals are false. Otherwise it ¢casing color "2” as well.



If there is a satisfying assignment (in NAESAT), then calavith "2” and variable triangles according to
the assignment. In clause triangles color two nodes witlerdifit truth values (which exist if the clause
is satisfiable), i.e. with "0” and "1”, and color the third re2”. O

We can generalize bipartite matching (whiehP) to tripartite matching. Given three sets connect one
from each to unique triples. By reduction from 3SAT one cawvpr

TRIPARTITE MATCHING (3-MATCHING) isNP-complete

SET COVERING: Giver¥' = {54, ...,S,} of subsets of a finite séf, and a budgeB, are thereB sets
in F whose union ig/?

EXACT COVER BY 3-SETS: Givenig’ = {51, ..., S,} of subsets o/, such thatU| = 3m for some
m, and|S;| = 3, Vi. Are therem disjoint S; whose union id/?

SET COVERING and EXACT COVER BY 3-SETS aNP-complete

Proof: Both belong td\P and are generalizations of 3-MATCHING]

INTEGER PROGRAMMING looks for a solution in integers for asggm of linear inequalities with
variables and integer coefficients.

Example: x1 + 224 < 3, 324 + x3 < 4, with object functior2z; + z2 + 3z3 to maximize (or decide if
> K for yes/no answer).

INTEGER PROGRAMMING isNP-complete (sinceNP-complete problems can be formulated as in-
stances of INTEGER PROGRAMMING; we give example on tutofigl

But LINEAR PROGRAMMING (where the solutions to the systemegfuations do not have to be
integers)e P, a much publicized result (Khachiyan, 1979 and Karmarkas4}.

Consider KNAPSACK (special case of INTEGER PROGRAMMINGIvéh . elements with values;
and weightsw; (positive integers), and a maximum capadity. Find a subsef of elements such that
Yieswi < W andy, s v; is maximized.

Yes/no version: Is there a choice such that, < W and> v, > K?

KNAPSACK isNP-complete

Proof: Restrict to special case; = w; and K = W, i.e. look ford > w; = K.

Reduction from EXACT COVER BY 3-SETS: GivefiSy,...S,}, |Si| = 3, are there disjoint sets
which cover{1,...,3m}? First, think ofS; as bit vectors in{0,1}3™. These can be viewed as binary
numbers, so that set union is similar to integer additiogyFe 9.10).

Problem: Adding bit vectors can result in carry which does not cqumgl to union of disjoint sets.

Solution: If .S; are vectors in basg: + 1) the values become uniqus; then corresponds to

wi= " (n+ 1P

JES;
For instance,S; = {j1, ja, j3} corresponds tgn + 1)3™ 71 + (n + 1)3™772 + (n + 1)>™ 73, where
Jjk€4{1,...,3m}.
This implies thatS; # S; + Sk, Vi, j, k, i.e. there is no carry wher n of these numbers are added.

If a subset of these add 8 = Z?Zgl(n + 1)7 it is equivalent to that there is an exact cover among
{S1,...5,}. O



But KNAPSACK can be solved i®(nW) time, by filling a tableV (1 : W,0 : n).
LetV(w, i) be the larges}_; v; of 1 < j <isothaty:; w; = w.

Initialize V (w,0) = 0, Yw, and computd’ (w, i + 1) = max{V (w, ), vit1 + V(w — wit1, )}, where
V(w, i) means full knapsack without elemefit+ 1), while (v;41 + V(w — w;41,14)) includes it plus a
maximum subset of elements 1itfitting the remaining capacity of the knapsack.

If any table entry> K, the answer is yes. O

SincenW is not a polynomial in the length of input, which 8(nlog W), the algorithm is said to be
pseudo-polynomial.

The proof that KNAPSACK idNP-complete required exponentially large numbers in the cédn. Pre-
vious NP-complete problems we proved by reductions which only coiegtd polynomially small inte-
gers. These problems are said tosr@ngly NP-complete, and have no pseudopolynomial algorithms
(unlessP = NP).

Another stronglyNP-complete problem is BIN PACKING: Given+ 2 positive integers, . . ., a, (the
elements) B (number of bins), and’ (capacity of bin), do the elements fit in ti2bins? By reduction
from 3-MATCHING one can prove:

BIN PACKING is NP-completg




