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PREFACE TO FIRST EDITION

THE problems with which an active statistical department may have
to deal require, if their solutions are to be made widely accessible,
a great variety of special tables. A number of those in the present
book are familiar to statisticians, and are already widely used. In
presenting them in a convenient form, the opportunity has been
taken to supplement them with a selection of others, chosen as likely
also to be of value, and not accessible elsewhere. The volume is
completed with a number of tables of standard functions of general
utility. The experience of the authors of the problems arising in
practical research, is the basis of the selection, from among those tables
which from time to time have been computed for special purposes.

To perform their compilation, the main work has been to complete
the tables in a form suitable for the general user, and, what is by no
means easy, to ensure their entire accuracy. In addition we have
been principally concerned with the design of printing and arrange-
ment, which shall be suitable both for constant and for occasional
users. Comments from both classes of reader will therefore be
especially valued. ‘

We are indebted to all workers at the Galton Laboratory,
and at the Statistical Laboratory, Rothamsted, and especially
to W. L. Stevens, for assistance in the completion of our task.

R. A. F.
F. Y.
August 1938

PREFACE TO FOURTH EDITION

TuE second edition contained as new material Tables V1 and V2
for the test of significance of the differences between two means
obtained by different methods ; Table VIII1, which supplies solutions
of the type of problem illustrated in Examples 1, 2 and 4, more direct
than those previously available; and Table VIII2, which gives
densities of organisms estimated by the dilution method. Additions
to the third edition consisted of Table XI1 (due to Dr D. ]J. Finney)
which gives the modified probit weighting coefficients necessary for
dosage mortality tests involving deaths among controls ; the inclusion
of the 10 per cent. points of 2 and ¢* (based on the tables of the
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PREFACE

incomplete beta function of Miss Catherine M. Thompson, for
which we are indebted to Prof. E. S. Pearson and Dr V. G. Panse)
in Table V; Table XIVi1, which gives a method of scoring linked
data from intercrosses of double heterozygotes; the extension of
Table XXIII of orthogonal polynomials for values of »’ from 53 to
75 (due to Mr V. Satakopan); and the extension of Table XXVI
of natural logarithms to cover the range ‘100 to 1-0o0.

The combinatorial solutions of Table XVII were considerably
extended and simplified in presentation in the second edition by the
more extensive use of solutions of the cyclic type, and the corresponding
section of the introduction was expanded to give an account of Youden’s
Squares, and of the method of utilising information, formerly dis-
carded, from comparisons between blocks. Further new solutions
were added in the third edition, and some further modifications have
been made in the fourth edition.

Table VIII was improved in the third edition so as to allow
for interpolation for values of the observed event above 10 ; "Table XI,
of weighting coefficients and probit values for adjustments of special
accuracy, was recast in order to simplify its use; Table XXXIV of
constants, weights and measures, etc., was slightly revised; and a
small positive bias was removed from the 1 per cent. values of
Table V1 for the significance of the difference between two means.

The following new material has been included in the fourth
edition : Table VIII3, which provides a test for the existence of a
periodic component; Table XIV2, which gives a set of functions
termed ‘‘the segmental functions’ which serve to specify the
frequencies of non-recombinant and recombinant gametes in terms
of the metrical positions of the centromere, a series of markers and
the terminus of the chromosome arm; and Tables XXXIII1z and
XXXIII2, which contain random permutations of 10 and 20 numbers
respectively and are of use in the construction of experimental
arrangements.

In addition a further table of the normal integral, Table VIIIg4,
has been added. In this Table the deviation from the mean of the
distribution is taken as the argument. The section of the introduction
on dosage mortality tests involving a natural death rate has also been
re-written. (We are indebted to Dr D. ]J. Finney for this.)

We have from time to time received a number of requests for the
inclusion of simple tables, useful for special fields of work, or giving
approximate tests or estimates, which can easily be derived from
tables either given in this book or available elsewhere. Examples
of such tables are: the factors required to obtain an estimate of the
standard deviation from the mean range in samples from a normal
distribution (derivable from Table XX—a note on this use of the
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PREFACE

table is included in the introduction); the multiple infection trans-
formation ¥ = 100(1 —¢~**>) (derivable from Table XXVTI).

The inclusion of tables of this kind considerably increases the
size of the book. Those giving approximate tests or estimates might
also unduly encourage the use of such tests or estimates in fields in
which they were not really appropriate. We have therefore considered
it best to leave the compilation of such tables to the workers who
require them. This has the advantage that they can then be arranged
in the form which is most suitable for the particular purpose for
which they are required.

For the convenience of owners of other editions, a list of errata
has been included showing all the errors of any importance not
previously discovered. Our thanks are due to those who have
drawn our attention to these errors. Our especial thanks are also
due to members of the Department of Statistics at Rothamsted, and
particularly to Dr P. M. Grundy, for their pains in preparing the
fourth edition for the press.

R. A. F,
F. Y.
16¢th June 1952

PREFACE TO FIFTH EDITION

THE increasing use of transformations in the analysis of frequency
data and the recognition that all should be treated in the same manner
as probits, has led us to include tables for the logit and complementary
loglog transformations in the fifth edition (Tables XI and XII),
together with tables for final adjustments (XI1 and XI11), in the same
form as those already included for the probit and angular transforma-
tions. The tables for the angular transformation have been enlarged
and an example illustrating their use has been given.

In view of the logical and mathematical interest of Behrens’ test
for the difference between two means, we have added a further table
(VIr1), based on exact formulz, which gives values of 4 for a number
of significance levels when 7, and 7, are both small and odd. We
believe the later test published by Pearson and Hartley (Biometrika
Tables for Statisticians, Table 11) to be erroneous.

A new table (XIII1) is provided for the application of the product-
ratio method in linkage investigations with intercross data. The
table of segmental functions (Table XIV) has also been amplified
and extended.

vii



PREFACE

A further two pages, primarily covering the range ‘o100— ‘1000
have been added to the table of natural logarithms (Table XXVT)
and values for even » from 30 to 70 have been included in the table of
x2 (Table IV); an asymptotic formula for x2 for large # is also given
in the introduction. ‘

A few changes have been made in the numbering of the tables.
These are indicated in the Contents. Of the new material, Table XII1
is based on one by D. J. Finney in * Statistical Method in Biological
Assay ”’ (Griffin, 1952). The revised values of Atomic Weights and
certain physical constants, Table XXXIV, are based on Kaye and
Laby (Longmans, 1956). Our thanks are due to the authors and
publishers for permission to use this material. The remainder of the
new tables have been computed aé izitio, for the most part on the
electronic computer at Rothamsted. '

No errors in the tables of the fourth edition have been reported
to us.

R. A. F.

F. Y.
November 1956

PREFACE TO SIXTH EDITION

Sir RonaLp FisuER’s sudden death in July 1962 delayed the com-
pletion of this edition, but most of the new material was agreed
between us, and the new edition is, I believe, substantially as he
would have wished to see it.

The main additions are a table (V1) giving the fiducial limits
for a variance component (due to M. J. R. Healy), and solutions for
balanced incomplete blocks with 11 to 15 replications (Tables XVII1
and XVIII1, due to C. R. Rao). In response to various requests,
the table of the angular transformation (Table X) has been expanded
to intervals of o'1 per cent.

The discovery of Graeco-Latin squares of side 45+2 is a mile-
stone in this branch of combinatorial analysis; an example of a
10x 10 Graeco-Latin square is given in the Introduction, together
with two sets of five 12x 12 orthogonal squares. A note has been
added on the derivation, by means of Table XXII, of cumulants of
the binomial distribution. Examples 12 and 12-1 give an improved
method of forming random permutations. Examples 3.1 and 7.2.1
are also new.

F. Y.
March 1063
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INTRODUCTION

TABLES I To V and VII. TESTS OF SIGNIFICANCE BASED ON THE NORMAL DISTRIBUTION

Tables I to V and VII constitute a group of tables, based on the normal distribution, and now widely used
in making tests of significance. The common uses of these tables are fully illustrated with numerical examples
in Fisher's Siatistical Methods for Research Workers, where they were first published. Further statistical
problems soluble by the same tables are, however, constantly being discovered.

If x is the deviation from the mean of a normal distribution having unit variance, the ordinate z, given
in Table II, is obtained from the algebraic expression

I

B = —==

Vew

The integral of this function gives the area of the curve, or the frequency of observations, between the
limits of integration. The fraction of the frequency falling outside the limits 4~ is, therefore,
[v0]

P= 2J‘x adx.

Table I gives the values of x corresponding with various values of this fraction. Table ITx gives the sing le-tail
probabilities, 7.¢. 7, corresponding to various values of .

The distribution of #, due originally to *‘Student”, is used to test the significance of a deviation when its
standard error is estimated from the data ; { is the deviation divided by its estimated standard error. For #
degrees of freedom the algebraic expression for the ordinate of the distribution is

n—1
2 I

H—2 J— ' 12 “"+1).
. ta/mn (r _|_;)

Ta.ble,;III gives the values of # corresponding with various values of the probability of a random value

falling outside the limits 7. . )
The quantity x?, used to test goodness of fit, homogeneity, and for a variety of other purposes, may be

regarded as the sum of the squares of # variables, which vary normally and independently about zero with
unit variance. It is a useful single measure of the aggregate of a set of deviations from expectation. The

element of frequency may be expressed as
df = - e T dld).
n—2,
2

When # is even the probability of exceeding any given value * is reducible to the partial sum of a Poisson

series ¢

P [ dr= Pl GO EO @w*‘"-”} :
—xzf_e X)X B
2
For sufficiently large values of # the value of x* corresponding to a given probability level 2 is expressible

as a series of polynomials in a normal deviate £ corresponding to this probability level (single tail) by the general
method of Cornish and Fisher (69), which leads to the successive terms :

2 X
Xr= ﬂ+x\/(2")+§(x”—1)+§7%;3(x”—700) ~ o5 (3x4+7x"’-16)+4m)(9x5+255x”—433x)+ NN

At the 1 per cent. point, for example, |
x = 2326348 3xA-Hyat 16 = 1097
xr—1 = 4°41190 x5 4256x%—433% = 2828

xd—qx = —3°694



For n = 30, 4/(2#) = 77450667, and thus:

Power of Term Remainder
30 20+892,2

x 180198 2-872,4

x? 2°9413 —  -068,9

a? — 0530 — 0159

xt — 0181 *002,2

«b ‘0025 ~  +000,3

The true value is 50-892,2. The last column shows the errors remaining after each term.

Convergence is quicker for » exceeding 30, but slower for higher levels of significance. The method is
good for the general Eulerian distribution with non-integral ».

The mean of the whole Poisson series is 4x?, the sum of the whole series is unity, and the number of terms
in the partial sum is 2. In consequence the table of x? (Table IV), which gives the values of y? for various
values of 7, can be used to find the mean of a Poisson series of which the first }» terms constitute a given
fraction of the whole.

Example 1

Four serious floods have occurred in a given region during a century’s experience ; supposing the numbers
of floods experienced in different centuries are distributed in a Poisson series, find the mean number for which
only one century in 2o would have four serious floods or less, and the mean number for which only one century
in 20 would have 4 floods or more.

In the first case we need the first five terms of the Poisson series, so 72 = 1o ; the table shows the 5 per cent.
value of ¥?is 18-307 ; the expectation would be g-154 floods per century. If, on the contrary, only one century
in zo experienced 4 floods or more, the first four terms of the series would constitute g5 per cent. of the whole ;
for # = 8, the 95 per cent. x* is 2+733, corresponding with a frequency of 1-366 serious floods per century.
Unless our experience has fallen in the upper, or the lower 5 per cent. range of the distribution, the expectation
lies between 1°366 and ¢-154 floods per century. More or less stringent probabilities might, of course, have
been chosen. Table VIIIr has been constructed to make this test dir ectly at the 10 per cent., 2} per cent.

and § per cent. limits. Entering the table with ¢ = 4 and & = oo, for instance, the 23 per cent. limits of the
expectation are found to be 109 and 1o-24.

In testing goodness of fit x* is simply calculated from the numbers observed and expected in each
distinguishable class, If »z is the frequency expected and a that observed, then

= sﬁ‘—’-_;n—”f =8 (:’;2) —5(0)

where the summation is taken over all classes. The number of degrees of freedom is the number of classes,
the frequencies of which can be varied independently without violating any totals, sub-totals, etc,, which may
have been used in calculating the expectations. It is inadvisable to use classes with expectations less than 5,
so that these will usually be grouped in larger classes in applying the test. (See, however, Table VIIL)

The quantity s may be defined as the difference of one-half the natural logarithms of two different estimates
of variance, one based on », and the other on 7, degrees of freedom. Table V gives values of g for different
values of the three variables #,, 7z, and 2. The corresponding values of the variance ratio, ¢2%, are given on the
opposite pages. We may usually consider a s test as a test whether one estimate of a variance based on 7,
degrees of freedom significantly exceeds a second estimate based on 2, degrees of freedom. We are indebted
to C. G. Colcord and L. S. Deming (g) for the extension of thé.z table to .2 = -oo1, to H. W. Norton and
Towa State College for 2= -2, and to Catherine M. Thompson {40, 41) and the Department of Statistics,
University College, London, and to V. G. Panse (42) for 2 = -1.

The distributions of # and of x® are equivalent to special cases of the distribution of z. Thus
when 7, == 1, £ == ¢* and /2 for », degrees of freedom is the variance ratio. Equally, when #, = 1, the variance
ratio is the value of 1f# corresponding with the probability 1— 2.

When 7, == ¢0, the variance ratio is y?/n, for #, degrees of freedom ; and when %, = ¢0 it is the value
of #,[x? for 7y degrees of freedom, corresponding with the probability 1— 2.

From the value 6 onwards the values of 7, tabulated are in harmonic progression; f.c. they are the
numbers for which 24/7, takes the values 4, 3, 2, 1 and o, As the corresponding values of z run smoothly
other values of 7, may be used by interpolating for the values of 24/r,. Simildrly, the largest 7, tabulated
are those for which r2o/zn, takes the values 4, 3, 2, 1 and o. The z values for any pair of numbers #, and »,
can thus be found from the table. With lower accuracy the variance ratio may be similarly interpolated. For
high values of 7, and 7, a useful approximation is given below the table for each value of .7 tabulated.

In the table of 2, like that of 2, the probability given, and most frequently wanted, is that of a single tail
of the distribution beyond the tabulated value. For the tables of x and #it is the sum of two equivalent tails,
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In addition to its general use in the analysis of variance, the # table is related to the partial sum of a binomial
series in the same way as is that of x? to the Poisson series. The ratio of the sums of squares is 71/n4 times the
variance ratio, or #,¢2%/n,. If p: ¢ is the ratio of the sums of squares, 2 is the sum of the first 3, terms of the
expansion of (¢g-2)¥"+m~2), and 1— £ is the sum of the remaining }#, terms. Similarly if —p is the ratio of
the sums of squares, 2 is the sum of the first 4z, terms in the expansion of the negative binomial (g-2) ~".

Example 2

An event has occurred 3 times out of 14 trials. The probability of its occurring 3 times or less, is
represented by the sum of the first four terms out of 15, hence 7, = 8, #,=122. If P=1 per cent., the
table gives a variance ratio 3-45; hence the ratio of the sums of squares is 3'45X 822 = 1255 = p/g. Thus
2 = 12552255 = *557. On the other hand, for the probability of its occurring 3 times or more, we need
n, = 24, #n,= 6, when the variance ratio is 7-31r, and g¢/p = 29-24, p = 1/30-24 = -0331. Unless our
experience has fallen in the upper or the lower 1 per cent. range of the distribution, the probability of
occurrence lies between -0331 and 557,

This type of problem also may be examined at other levels of significance by the use of Table VIII1.
Entering the table with 2 = 3, p = 3/14 = 0-214, we find that the limits of expectation, at the probability
level £ = } per cent., are 0360 and 8-26, giving the corresponding limits of the probability of occurrence as
o254 and -59o0. If P = 2} per cent. the limits are ‘0466 and +508.

If the event had not occurred at all in 14 trials, it is still possible to assign an upper limit to the probability.
For £ = 2} per cent., for example, the upper limit to the probability is 1—(-025)% or 232, and for P=}
per cent. it is 1—(+005)™ or 315, corresponding to upper limits of expectation of 3-25 and 4-41 respectively,
The same result may be obtained by interpolation with respect to 1/# in Table VIIIz.

Table VII gives the exact test of significance for inter-class correlation coefficients, This is equivalent
to the # test of the regression, which reduces to
r

= JiaVr—r

!

for #'—2 degrees of freedom, where ' is the number of pairs on which the correlation is based. The results
often differ materially from the comparison of » with its standard error estimated from the formula,

1—r?
n'—1 )
Other comparisons involving correlation coefficients are best carried out by the 2 transformation provided
by Table VIIz.

O'r=

TABLE Vi. FIDUCIAL LIMITS FOR A VARIANCE COMPONENT

In an analysis of variance between and within classes, whereas it is often desirable to make probability
statements about the individual classes and the various comparisons between them (Cornish, 70), it is some-
times also desirable, e.g. in genetical work, to interpret them as a random sample of 7,1 items from a normal
population of unknown variance. Table V1 is appropriate for finding fiducial limits for this variance. If
the analysis of variance takes the form

d.f. M.S. Expected M.S.
Between classes . . . m 7 koy?+ oy?
Within classes - . . . ny vy 02

and ;fv,= F, the fiducial limits for oy? are found as éz,/%, where ¢ is the quantity tabulated as a function
of #,, #n, and F. These limits are, of course, only exact if o,? is the variance of a normal population from which
7+ 1 values have been selected at random, and if the samples drawn from each class are of equal size.

The mathematical form of the distribution was given by Fisher in 1935 (y1). The numerical values of
Table V1 were recently computed by Healy (81).

TABLES VI, VI AND VI2. SIGNIFICANCE OF DIFFERENCE BETWEEN Two MEANS

Tables VI-VIz give the test of significance, due originally to Behrens, for the difference of two means
for which the errors are due to different causes, so that estimates of variance cannot properly be pooled, In
general we need the percentile points of a distribution compounded of two Student distributions with 7, and
n, degrees of freedom. The ratio of the scale-factors s, and s, is given by

$ 1/5 g = tan 0,
and the difference is judged to be significant if it exceeds d4/s,2-s4%

3



For each level of significance the value of & is required given the 3 known values #,, 71, and 8. Table VI
by P. V. Sukhatme gives the 5 per cent. and 1 per cent. points for 15° intervals of 8, and for the lattice of values
6, 8, 12, 24 and co for », and n, Four-point interpolation is sufficient for full accuracy. -

Table V11 gives, more exactly, the values of & for small odd integral values of #, and #,. The analysis has
been given by Fisher and Healy (67).

Table V12 deals more fully with the marginal case #z, = oo, where the distribution is compounded of a
normal component of known variance and a component of Student’s type. This occurs when we compare
estimates of a physical constant, one of which is based on a large quantity of data of low precision, while the
other rests on few, but rather precise, observations. When the errors from these two estimates are of com-
aprable magnitude, both can be taken into account by finding the angle, defined by

tan § = ofs,
while the significant value for the observed difference is
d\/ 52+t
Thus for high angles the distribution tends to normality and for low angles it tends to Student’s form.

Sukhatme’s values for 1 per cent, have been revised to remove the very small positive bias, about -oor
in 4, detected by comparison with the asymptotic calculation used in constructing Table VIa.

Lxample 2.1
Let us suppose that a physical constant evaluated by a new method gives a mean of twelve determinations,
& = 477383,
and that the sum of the squares of the deviations of these values from their mean is
S(x—%)? = -o11580,
50 that from 11 degrees of freedom the variance of the mean is estimated to be
s? = 00008773,
and the estimated standard deviation of the mean is
) ' § = +009366.
For 11 degrees of freedom Student’s #is 2z+718 at the 2 per cent. point, so that at this level of si gnificance
we should regard our observed mean as differing significantly from any value outside the limits
Ftds = 4773831 -02546 = 4°74837, 4'79929.
If, now, numerous previous determinations, using a different method, have given the value,
B =4"744,
outside these limits, it would appear that there must be a real discrepancy between the results from the two
methods used.

The comparison, however, is not complete, if we realise that x also is not a perfectly precise determination,
for it might be that though the value adopted is incompatible with the new observations, yet that both methods
might be simultaneously compatible with some intermediate value of the constant.

Behrens’ test enables this question to be answered, when the precision of p is known, by averaging the
probability of obtaining so high a deviation, when p is assigned a frequency distribution instead of a fixed

value. If, for example, the value of x adopted has a standard error o, based on a large number of degrees
of freedom, with
o= 00382,
we should find,
tan @ = ofs = *4079,
0= 22° 12"
and
_ ®—p  ro2083
- A/s24c?  -oroIls 21949

Table V12 shows that at the 2 per cent. level of significance 4 is only 2-704 at 20° and 2:637 at 30°, for
10 degree_s of freedom. For 11 degrees of freedora lower values still would be significant. The discrepancy
observed is therefore a significant one, even when the errors to which g is liable are fully taken into account.

TABLE VIII. TESTS OF SIGNIFICANCE FOR 2X2 CONTINGENCY TABLES

Contingen.cy tables are normally tested for significant departures from independence by means of the
x* test.  Provided that more than one degree of freedom is involved this test is satisfactory, even when the
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expectation in each class is quite small ; but with only a smgle degree of freedom (as in 2 X z contingency tables)
the number of possible sets of values satlsfymg the given marginal totals is small, so that the dlscontmulty
of the resultant distribution is marked, whereas the x* distribution, which is an approximation to it, is
continuous. The eﬁ’ect of this dlscontmulty can be overcome by applying Vates’ correction for continuity
when calculatmg x%. This is done by reducing by } the values which are greater than expectation and
increasing by ¥ those which are less than expectation.

The correction for continuity, which should be applied when the smallest expectation is less than 5oo,
considerably increases the effective range of the ordinary x? test for a single degree of freedom ; but when the
smallest expectation is less than roo, the possible asymmetry of the actual distribution associated with given
merginal totals becomes of importance. Such asymmetry implies that deviations of a given magnitude in
one direction are less probable than, those in the other.

Table VIII allows this asymmetry (and other slight deviations from the ordinary x? distribution) to be
taken. into account. It gives what are in effect the 25 per cent, and o5 per cent. points of x, (the square root
of x* corrected for continuity) for each tail separately. Since there are three independent marginal totals
in & 2X2 contingency table all possible contingency tables could only be completely covered by a three-
dimensional table of x, for cach level of significance. In general, however, the distribution of y, is not very
different for sets of marginal totals which give the same smallest expectation, and for which the observed
value in any one cell can assume the same number of values (<.e. tables in which the smallest marginal total
is the same, this being one less than the possible number of values).

This property is utilised in Table VIII, where values of x, are shown for chosen values of the smallest
expectation », and of p, the smallest expectation divided by the smallest marginal total. (For a detailed
account of the method of construction of this table see Vates (14).)

In the contingency table :—

x oy a
g &
a b 7n

where a<(§, o'<0 and a<{a’, so that a is the smallest marginal total, and x is the number in the cell with
smallest expectation, we have m == ad'[n, and p = m/a = a'[n. It will be noted that as » increases with fixed
m and p, ¢ remains fixed and a": % : » is constant, When » is very large the distribution of « tends to that
of the binomial distribution (g-}-¢). When » takes on its smallest possible value, which is that which gives
the smallest integral value of @' Za, the ** limiting contingency distribution » of « is attained. The values of
o for these two extreme distributions are shown in Table VIII, the former in ordinary type and the latter in
black type. In general the intermediate contingency distributions give intermediate values of y,.

Yurthermore, as # tends to zero with fixed #, the expectations in all cells except that containing x become
large, and the Poisson distribution is approached, whatever the ratio of @ to @’. Thus for p = o there is only
one set of values in Table VIII, representing the virtual 2-§ and o-5 per cent. points of the Poisson distributions.
Thus the table can be used to test the significance of departures from binomial distributions with known 2
and Poisson distributions with known m, as well as for contingency tables.

It should be noted that when there is a zero entry the exact test of 2 X2 contingency tables involves a
simple product of factorials ensily calculated from Table XXX, When there is a small entry the exact
calculation is never difficult and is often quicker than interpolation in any existing table. Such tables are
intended only to save labour in more troublesome cases, and not to obviate the necessity of understanding
the exact test,

It may also be noted that for a binomial distribution with p == o5, x* corrected for continuity can be
expressed in the form x 2 = (a—0&—1)?/(a--4), where  and 4 are the numbers of successes and failures (#>>4).
This gives a rapid preliminary test, based on the numbers of - and — signs, for quanmauve data, such as the
differences of paired observatmns, in which the probabilities of positive and negative deviations are Judged
to be equal. The values given in line 4 of each panel of Table VIII show that the continuity correction is
particularly effective in this case.

Example 3
The number of summers (April-September) with periods of over 20 days without rainfall at Rothamsted
during this century and the last half of last century, are given in Table 1.
Are the summers of the present century significantly more subject to droughts than those of the last?
The value of ¥2, corrected for continuity, is given by

o _ (13X add—abXao)®X 105 _ (14X 45—4X 42—}105)!X 105

= 4-098.
KXo = 49X 56X 18X 87 49X 56X 18 87 409




Thus significance is attaines ‘at the 5 per ceni. poiat, since the 5 per cent. value of 2 for one degree of freedom
(Table IV) is 3-841.

Reference to Table VIII confirms that y,? gives a satisfactory approximation in this example. The smallest
expectation 7 = 18X 49/105 = 840, p = m[18 = 49/105 = 0-47. The observed set lies on the shorter tail
of the distribution, since the number 4 with the smallest expectation is less than expectation. Interpolation in
Table VIII (£ = ‘025) gives a value of 1-gz for the corresponding binomial distribution, and 1+94 for the
limiting contingency distribution, compared with 1-96 (= 4/3:841) from the ¥ distribution.

TABLE 1. SUMMERS WITH AND WITHOUT DROUGHT AT ROTHAMSTED

1852-1900. 1901-1956, Total.
Experiencing drought . . 4 14 18
Without drought . . . 45 42 87
Total . . . 49 56 105

In cases of doubt, or when the exact probability is required, this may be calculated by the procedure given
in Statistical Methods, Section 21-02. In this example the exact probability is 0201, compared with the value
of +0217 given by x, and rozoz if y, is increased by +o3, the mean of the differences of the values given by
Table VIII for P = ‘025 from 196,

Example 3.1

If the observations in a 2 x 2 table are distinctly out of proportion (and, indeed, in other cases) we may
wish to set limits to the true product-ratio, For example, the observed table

10 3

2 15

gives a crude ratio of 25. How small could the true ratio be, in reasonable consistency with the data ?

If the expectations were
I0O—Xx

3+x

24x I5—x

the true ratio would be
(10— x)(15—x)/(3+x)(2+ )
and x? for the observations would be

2 2 I 1 + I I
=X .
X Io—x+3+x 2+x+ I5—x

So, if x were 30,
x* = 3%(°59286) = 53357
with one degree of freedom.
The exact probability of such a small sample of 30 giving ro or more in the first quadrant is the partial
sum %il'l czla. hypergeometric series, and not easy to calculate. Using Vates’ adjustment, however, we can at
once

xe* = (2°5)%("59286) = 3-7054.
Further, taking x to be 3-1, we have also
xe* = (26)*(-58807) = 3-9814.
Interpolating for the tabular entry, 3-841, it appears that
% = 30491,
giving & cross-product ratio
& = 2-920,



It may therefore be inferred from the data that the true cross-product ratio exceeds 2+720, unless a chance
of one in forty has occurred.

:Table VIII cannot be applied to this example, but an indication of the precision to be expected may be
obtained by calculating the complete series for ¢ = 272, The terms are proportional to

. 12.17 (12.11).(17.16) .
' 2.1.f (2.3).(1.2).62° ete.

The first three terms, corresponding to the table observed and the two more extreme possible tables, give a
probability of 2:408 per cent. ; slightly higher ratios should therefore be allowed within the 2+5 per cent limit.
A more exact value for the limit is 2+7534.

The upper 2-5 per cent. limit may be similarly determined, The value for x, using Vates’ adjustment, is
found to be 1-5849, giving £ = 3271, and calculation of the complete series gives a true probability for this
value of £, of 2:167 per cent, Thus, even with two very small expectations, the adjustment has given a fairly
close approximation, though as Table VIII shows, substantially larger discrepancies can arise in certain
cases with such small expectations.

Lxample 4

In the course of 500 spins of a roulette wheel, zero appears 24 times. What evidence is there that the
wheel is biased in favour of the bank ?

If the wheel is unbiased, the chance of zero occurring in any one spin is f;, and zero may be expected
10°486%  10°4862
I13'514 486°486
= 8+362, and x == 2'892. (Note that the class of non-occurrences as well as the class of occurrences must
be included when calculating %) Interpolation in Table II1 for the value 289z of the argument
indicates that the probability of obtaining 24 or more zeros was only -oorgr. Correcting for continuity, the
discrepancy becomes 9'986, and x,2= 7°584, x,= 2°%54, giving a probability of -oozg4. Referring to
Table VIII, however, for m = 135 and p = ‘027 (values in ordinary type) we see that the o-5 per cent. point
of x, is about z-80, compared with the value of 2'576 given by normal theory. Thus the {rue probability is
somewhat greater than *cos. (True value obtained by summing the binomial distribution = -00559.) The
omission. of the correction for continuity introduces large errors, and even the use of the ordinary 4? table
gives & probability of one half the true value.

The problem may also be solved directly by the use of Table VIII1. Since a is greater than ro we must
use the corrections given for @ = 11 and over. p = 24/500 = ‘048 and therefore the conventional standard
error +/{a(1—p)} = 4'79. Multiplying this by the normal deviate for P =% per cent. (single tail) gives
4°79%2°576 = 12°34. The limits of expectation calculated from the conventional standard error are therefore
11°66 and 36-34. The corrections given by Table VIIIx for these limits are +-r+70 and +-2-8o, giving the

13'514 times on the average in soo trials. The discrepancy is therefore 10+486, x* =

adjusted limits of 13-36 and 3g°14, corresponding to probability limits 0267 and -0483. Since 57 = ‘0270

the probability of obtaining as many as 24 zeros in soo spins is just over +oosg, agreeing with our previous
solution. ‘

Example 5

Locate the upper and lower 2'5 and o-g per cent. points of a Poisson distribution with an expectation of zs.

If x is the observed value and this is greater than expectation (f.e. lies on the longer tail) we have
xo = (®—~25—)[4/25. Form = 25, p = o, x, = 2'0g for the 2'5 per cent. point, so that x = 358, Hence a
value of 36 or over has a smaller probability than -oz5. For the o5 per cent. point, x, = 2°76, so that 4 =
393, giving a value of 4o or over. Similarly, the lower 2'5 and o-5 per cent. values of «x will be found to be
15:2 and 12+6, giving integral values of 15 and 1z respectively. Normal theory would give a’s about § a
unit in error for the 25 per cent. points and about a unit in error for the o's per cent. points.

If the actual value of the probability of obtaining a value of say 14 or less is required, we may proceed
as follows. At the lower 25 per cent. point x, is 1'86 and yx (normal theory) is 1:96, and at the lower o'5 per cent,
point x, is 237 and x is 2°58. A value of 14 gives a x, of 2'xo. Hence by lincar interpolation, using x, as
argument, the corresponding value of y is

2°10—1-86
— e e P (2988 —1'06) = z'2¢.
X =196 o (g8 196) = 2725

Reference to Table IT1 gives the corresponding probability as *oxzz. (True value = ‘ox24.)
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TABLE VIIIr. LIMITS FOR THE PROBABILITY OF AN EVENT

If an event is observed to occur a times out of 2V, a lower limit m; can be assigned to the probability of
this event such that if the probability were actually = then an observed number of occurrences as great or
greater than a out of 4V trials would only occur by chance with a frequency of 2. Similarly an upper limit
7y can be assigned such that if the probability were actually =, an observed number of occurrences as small
or smaller than z would occur with a frequency 2. Corresponding to these probabilities =; and =, there are
limits of expectation of the number of occurrences in 4V trials, namely =V and my/V. These limits of expecta-
tion are tabulated in Table VIII1 for P = o'1, 0'0o25 and o-oo5 against values of 2 from o to 1o (with exten-
sion to higher values) and of &V from 2a to co. The values for V= oo give- the limits of expectation of
the Poisson distribution., When z>}4V, the table may be entered with 2’ = ¥—e. Examples of the use
of the table have already been given (Examples 1, 2 and 4).

TABLE VIII2, DENSITIES OF ORGANISMS ESTIMATED BY THE DILUTION METHOD

One of the methods available for estimating the number of organisms of a given type present in a medium
is the dilution method. This method can be employed in cases in which the presence or absence of the organism
can be determined, but in which counts cannot be made.

In the dilution method a series of suspensions of the organism, s levels in all, is prepared, each of which
is 2 times as dilute as the preceding one. Each suspension is used to inoculate # tubes with a known volume
of the suspension, and the presence or absence of the organism is determined by suitable test after a period
of incubation. The most accurate estimate of the number of organisms per tube at any given level is obtained
by solving the equation of maximum likelihood, and a method of doing this has been discussed by Mather (62) ;
but it has been shown (Fisher, 30) that 877 per cent. of the information is contained in the total number X
of fertile or ¥ of sterile plates, counted without regard to level. If A is the number of organisms per tube at
the highest concentration, the value of A for which the expected average number of sterile plates is equal to
the observed number is given by the equation

Y = nle—Afe—Mae=Aa* 4 . | | fe—Aler-l)

Table VIII2 enables the solution of this equation to be obtained expeditiously for two-fold, four-fold
or ten-fold dilution series of any length. All that is necessary is to calculate what may be called the mean fertile
level, x = X/n, and the mean sterile level, y = s—x, and find the tabular value X corresponding to the observed
% or y for the appropriate number, s, of levels. The estimate of A is then given by

log A =xlog a— XK.

In an extended series of dilutions the value of X becomes constant for all values of x and y sufficiently distant
from the ends of the distribution, except for a periodic component, which, however, is only of importance
for the ten-fold series. This periodic component necessitates the special form of tabulation adopted for this
series,

. . . 1logz .
The average value of the variance of the mean fertile level is o log except at the ends of the series,
a

where the value increases. The average value of the variance of log A is ;z log 2 .log @, and this may be used

in the two- and four-fold series in the range where the tabular entries are substantially constant. The variance
of the mean fertile level is, however, more stable than the variance of log A. Closer approximation to the

fiducial limits can therefore be found by using the average value ;lllo—clg—g: of this variance, increasing and
decreasing the observed mean fertile level by the appropriate multiple of the corresponding standard error.
The table can then be re-entered to determine limiting values of log A, and thence, if required, of A. This
approximation is satisfactory except at the extreme ends of the range. TFor the same reason the mean fertile
level should be used in preference to log A when performing tests of significance, etc., on comparisons between
different media. Standard errors should not be attached to A,

The inclusion of tables for the four-fold and ten-fold series should not be taken to imply that the use of
these series is ordinarily advisable. If an adequate number of tubes is available the two-fold dilution series
shoulfi be used, with correspondingly fewer plates at each level, in preference to a four-fold or ten-fold series
covering the same range. As is shown by the formula given above, the average variance of log A in the centre
of the range is the same for a given total number of plates, whatever the dilution factor, but the periodicity
becomes appreciable for the more coarsely spaced series.

The number of dilution levels required depends primarily on the range of populations it is desired to cover,
For any given population density the majority of the information is given by the levels at which the average
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number of organisms per tube is near 3, Thus in a two-fold dilution series in which one dilution level has an
average of exactly one organism per tube the contributions of the various levels of an infinite series to the total
amount of information are as follows :

Average number of organisms per tube . 8and 2 ot % i & 7o and
more less
Percentage of information . . . . 09 126 264 24'5 16'2 9'3 4°9 52

For any given population density, therefore, most of the information is contributed by five levels of the series.
A sgeries of 12 dilutions will therefore amply cover a range of 100 fold, and a series of x5 dilutions a range of
1000 fold, If more than one organism which can be detected in the same set of tubes is under investigation,
then longer series may be required, the exact length depending on the relative numbers of the different types
of organism.

When a large number of tests involving series of the same length and with the same number of tubes at
each level have to be made, the experimenter may find it convenient to prepare a special table giving log A
and A directly for each possible value of the total number of fertile tubes. Such a table may be easily prepared
from Table VIIIz,

In practical work greater precision is often required in one part of the range than in the others, Thus
the tests may have as their primary object the determination of whether the population densities are less than
a given standard density, but at the same time a rough estimate of the actual population densities of samples
differing widely from the standard may be of interest. In such a case the number of tubes should be increased
at the levels for which the population per tube would be in the neighbourhood of 1 at the standard density,
e.g. we might increase the number of tubes at levels having 4, 2, 1, ¥ and } organisms per tube at the standard
density.

For the estimation of the population densities of dilution series of this type a special table will have to be
prepared. If there are #; tubes at cach of s levels and an additional », tubes at cach of the levels from r--1
to #/, the average total number of sterile tubes is given by

Y = nyy+ngyy = mle-Ae=A2 . .. feA2 =) puy(e=Mor | o fe=M2'~1),

The table can be prepared directly by calculating the values of ¥ for a series of values of log A, thence deter-
mining by inverse interpolation the values of log A corresponding to integral values of ¥. Alternatively Table
VIIIz may be used to determine the values of y; and y, separately for a series of values of log A, thence per-
forming the inverse interpolation as before. Values of p4 corresponding to values of log A falling outside
the range of the table will in any case have to be computed directly, but this can be done rapidly, using the
expansion of y, in powers of A for small values of A,

The standard errors of estimates derived from a modified dilution series of this type naturally vary in
different parts of the range. At the standard density, however, the standard errors will be those corresponding
to an infinite series of #,-+-#n, tubes at each level, except for a slight increase due to the shortness of the
subsidiary series.

LExample 51

Tests with potato flour containing rope spores (B. mesentericus) gave the following observations, using
5 tubes, each of 1 c.c., of dilutions containing 4, 2, 1, . . ., 1/128 g. per 100 c.c. (E. C, Barton-Wright's data).

g, per 100 c.c. Number fertile, g. per 100 c.c. Number fertile.
4 5 1/8 3
2 5 1f16 2
1 5 /32 2
1]z 5 1/64 0
1/4 4 1/128 o

The total number of fertile plates is 31, and the mean fertile level (%) is therefore 6-2. Hence y is 3-8. The
table gives & = *383. Hence
log A =62 log 2—383 = 1'483
A = 304

The number of organisms per gram is thus estimated to be 76o0.
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The expected variance of the mean fertile level is o2z, The fiducial limits of the number of tubes at
levels *o25 to +975 for P are therefore 6:24-1:960X /02 = 5-323 and 7:077. Re-entering the table with
these values, we obtain limits of 1-211 and 1+761 for log A, or 407 and 1440 for. the actual number of organisms
per gram. The average standard error of log A is 4/+0181 = ‘135, giving limits of 1+483---264 = 1219 and
1747 for log A, or 415 and 1400 for the actual number, which may be compared with the more exact limits
given by the first method.

TABLE VIII3. SIGNIFICANCE OF LEADING PERIODIC COMPONENTS

Ifu,(r=1,z2,.. . 2n41I) constitute a random sample from a normally distributed population, the linear
functions S(a,%,) and \S(5,«,) define a Fourier component, if

a—-\/ 2 cos-fir— b=\/ 2 sinzw?r
v 2n--1 2nt-1' v 2nt+1° end1

Values of # from 1 to # give » pairs of components referable to different periods. If 4 = S(a%,) and 5 =.S5(5,4,),
then the sum of squares corresponding with the two degrees of freedom for any period is

X = A*4-B%

A general test for the existence of a periodic component is therefore provided by seeing whether the
largest of the values of X for the n periods is greater than might be expected from chance causes. Table VIII3
shows at the 5 per cent. and 1 per cent. levels the fraction g that the largest of the # values of X may bear to
the total sum of squares, S(x,—1)2.

When the number of observations in the series is even, 22-}-2, the coefficients in 4 and B are

wpr

I .
s=—ox CO sin ——,

npr
) —_—, b,- = —
B Vrt1 S Vrfr  ntr

Values of ¢ from 1 to # give 7 values of X corresponding with » different periods. The table again gives the
significance levels of the ratio g that the largest X bears to the sum of all # values of X. In this case the sum
of the » values of X, which is the sum of squares for the » periods, is equal to

I

2n-t2

The application of the table is, therefore, exceedingly simple although the subdivision of the sum of
squares into its periodic components is somewhat tedious. The theoretical basis of the table was discussed by
R. A. Fisher (55).

Suy—i)2—

(p—tugtteg— . . . —Ugy,

TABLES IX To IX3. THE PrOBIT TRANSFORMATION

Many important classes of data may be interpreted on the supposition that a normal deviate is linearly
dependent on some observable concomitant measurement, and that an observable frequency is that with
which this deviate is exceeded in a normal distribution. For example, the frequency with which a weight
is judged to be heavier than a standard increases with the actual weight used ; the frequency with which a
high jumper clears a rod decreases with the height at which it is placed ; the frequency with which insects
survive fumigation decreases with the concentration of the fumigant. In many such cases the relation between
the frequency and measurement concerned is excellently represented by considering the normal deviate
corresponding to the frequency to be a linear function of the measurement, or, more frequently in toxicology,
of its logarithm, the measurement being the concentration of the toxin.

Table IX gives the deviate corresponding with each thousandth of the total frequency, which is exceeded
by any given frequency ; by means of the difference column it is simply used to ten-thousandths. To facilitate
standard methods of caleulation by making all values positive, 5 has been added to the deviate. The result-
ing values are known as *‘ probits.” It is obvious that the probits corresponding to complementary percentages,
such as 4o per cent, and 6o per cent., must add to make 10. Beyond g3 per cent. the actual differences are
inserted, and beyond 98 per cent. the tabulation is by ten-thousandths. By subtracting from 1o, these
advantages may be made available also at the beginning of the table.

Table IX1, simple quantiles of the normal distribution, gives the deviates corresponding with proper
fractions. The proper fractions, up to }, having denominators up to 3o, are here arranged in order of
magnitude. When small numbers are involved this table enables the probits to be found more expeditiously
than does Table IX.
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LExample 6

‘What deviate is exceeded by 4/17 of a normal curve ? The deviate given is 0-7215, so that if 4 animals
survive out of 17 the probit is 5-7215. The same value may be obtained by expressing 13/r7 as a decimal,
4647, and referring to Table IX,

Dosage Mortality Tests

* When tests have been made on several concentrations it is usual to fit a straight line expressing the probit
in terms of the logarithmic concentration. The weight assigned to each point will be the number of animals
used in determining it multiplied by the weighting coefficient given in Table IX2. It is best to draw a provi-
sional line graphically, and obtain the weighting coefficients from the probits read from the graph. Some .
workers prefer to draw a provisional line by calculation, using weighting coefficients based on the probits
empirically observed. This leads to some ambiguity when at any concentration all die (or all survive), for
such observations nominally give an infinite probit with zero weight.

However the provisional line be obtained, for refined purposes, such as tests of significance, it should
be replaced by one based on working probits, obtainable from Table IX2., When all animals survive,
the minimum working probit in the 2nd column corresponding to the expected probit in the 1st is used ; when
all die, the maximum working probit in the 4th column is used. Other cases are assigned values greater than
the minimum working probit by the product of the proportion killed and the range (given in the 3rd column) ;
the same quantity is obtained by decreasing the maximum working probit by the product of the proportion
surviving and the range. The working probit is given a weight found by multiplying the total number of
animals on which it is based by the weighting coefficient in the 5th column of the table. Any tolerably good
provisional line will give a satisfactory result when this process is applied. An excellent account of the treatment
of toxicological data has been given by C. I, Bliss (4-7), and the subject is also discussed, from the point of
view of amount of information, in 7'e Design of Experiments (2).

Example 4

The following survival fractions were obtained on testing sets of eight brine-shrimps, Artemia salina.
from a single brood, in arsenical solutions having concentrations in geometric progression.

Solution . . . . . . CDEFGHI
Total tested . . . . . 8 8 8 8 8 8 &8
Survived . N . . . 88 6 5 5 1 0

Since, using strengths C, .2 and 7, all or none have survived, the tests with solutions £ to & are available
for plotting probit values, in order to obtain a provisional line. A sufficiently good line may usually be drawn
graphically. A second serviceable method is to fit a straight line, without weighting, to the probits available.
Thus, using Table IXr, we have

Empirical

Solution Probit,
£ 4°33
o 468
G 468
H G158
Total . . . . . . 19'84
Mean . . . . . . 496

The slope from four equally spaced points is
S H—E)HGC—F) _
B P -
1t is worth while giving some attention to obtaining a satisfactory preliminary fit, since otherwise the
fitting process may have to be repeated. It is also desirable to avoid interpolation by choosing simple values.
The inclusion of C, D and 7 will certainly tend to increase the slope, and may lower the average probit. For
&, therefore, we take the value 6, and take the probit midway between # and & to be 4°9. The provisional
expected probits are those shown in the 3rd column of Table 2. The remainder of Table 2 is then filled by
using Table IXa2.

When all die, as for solution Z, the working probit has its maximal value, given in the 2nd column
of Table IXz. This is 69394, or *5394 above expectation. (In the calculations for fitting, we may use either
the working probits themselves to obtain the actual constants of the fitted line, or their deviations from pro-
visional expectations to obtain adjustments of the constants provisionally adopted. Table 2 is arranged to
show the first method.)

b

'546.
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TABLE 2.

. Independent Variate| Provisional Probit Working Probit Weight
Solution. . V. P o wy.

C 3 28 2'4081 7343 17683
D 4 34 2-gobo 1°g002 55220
£ 5 40 43775 3'5090 15-3606
o 6 46 46826 48042 224961
G 7 52 46776 50193 23°4783
A 8 58 6'0998 40208 24°5261
£ 9 64 6'9394 2°4159 167649

22°403"% 109'9163

More generally, we subtract from the maximal probit a fraction of the range (3rd column of Table 1Xz)
equal to the proportion of survivors; so G gives

Maximal working probit . . . . . G2759 Range 2°5573
Rangexg3/8 . . . . . . . I'5983
Working probit . . . . . . 46746

while for & we have, similarly, 60998,

FTor £, if all had Zwed, we should have 3-3443, but as one-quarter have died we add one-quarter of
41327, giving 4+3775, while for 7 we find, similarly, 4-6826,

In all cases the weight assigned to the evidence of each solution is the weighting coefficient, corresponding
with the provisional probit, multiplied by the number of individuals tested.

From the sum of the weights, and the weighted sums of x and y, we obtain the values of & and 7 accord-
ing to the fonnule :

W= S(w), Wi = S(wx), Wy = S(wy).

It is convenient to calculate S(wx?) at the same time as S(wx) ; for calculating these any suitable origin
such as # (x = 6) may be used. The reduced sum of squares of the independent variate is then

A = Sw(x—2)* = S(ewa®) —&S(wx).

With most types of machine, the values of zoy will be written down and summed as in Table 2 ; from
these it is easy to obtain the reduced sum of products,

B = Swy(x—3) = S(wzy) — £5(zwy).

These quantities are all that are needed for adjusting the regression line. For testing goodness of fit
we also calculate

C = Sw(y—9)? = S(wy®—jSy).

Turning to the numerical values of Table 2, we may note that the three solutions first omitted contribute
nearly one quarter of the total weight, and a still higher proportion to 4, or to the amount of information

supplied as to the slope of the line. For the others the working probits differ not greatly, but appreciably,
from the empirical probits first used.

Numerically, Table 2 gives

S(zwx) 107963 S(eox?) 60°5641 S(oxy) o1-1157
£ 481898 A 55+3614 B 38+1473
v 4906167 & 68906

The recalculated slope, & = B/d4, is +68go6. This is considerably higher than the provisional value, -6.

Accepting this solution, the 5o per cent. death point is found when ¥ = 5, that is 093833 above 7. We
have, therefore,

"093833
6‘ 8 8 8 —er——— '6
481898 + 68906 6-618
as the estimated 5o per cent. death point.
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For goodness of fit we find

S(wy?) 5686512
c 29°3835
x? = C—B 300977 7 =35

Since two constants have been fitted there are five degrees of freedom, so that there is no indication of
departure from the form of the theoretical expectation, In these circumstances the variance of the estimated
50 per cent. death point may be taken to be

28— {i_l.(x_"i)z}

CR\lw 4
Numerically,
54 ‘044635
(-136)%/4 ‘000334
*044969
bs 21200

The standard sampling error of the estimate is therefore *308.

This is a large-sample method, appropriate if § is sufficlently near to 5, and the slope & sufficiently well
determined. Failing this, the use of a standard error is not justified, and we should calculate the fiducial limits
of the 50 per cent. death point, at any chosen level of significance, as Bliss has proposed (5). These are

#+ a6 4| Hpe-+ 5=},

where  stands for the normal deviate corresponding with the level of significance chosen. Z.g. the limits are
5988 and 7-294, when £ = 1-96,

Had x® been excessive, indicating causes of disturbance other than random sampling, the estimated
variance would be multiplied by x%/n, or, in the small-sample treatment, z would be taken from Student’s
distribution for the number of degrees of freedom in y2, and multiplied by x/V/7 before use in the formula
for fiducial limits. It should be remembered also that a significant value of x? may throw some doubt on the
linearity of the regression,

The example has been chosen to illustrate the expeditious use of the tables. No interpolation has been
employed, as it would be if the process were repeated, using the results of the first fit as a new provisional
line. It is, therefore, of interest, as an indication of the precision to be expected, that a much more precise
fit gives 6+609--317 for the 50 per cent. point, showing that this value and its precision have been very satis-
factorily estimated. The slope, estimated at -6891--1344, is not so good, since the more exact value is
71264 1574. Here the error exceeds a tenth of the standard error of random sampling, so that, if the slope
were of importance, a second fitting would have been justified. Finally, from the more exact fit we find
x? = 3'773 in place of 3:098, confirming the agreement with expectation, but showing also that had this
been doubtful a more exact fitting might have resolved the doubt.

Dosage Mortality Tests involving a Nafural Death Rate

A further complication arises when there is reason to suspect that some animals have died from natural
causes operating independently of the poison. If the natural mortality rate is &, the mortality rate, .2, actually
due to a particular dose of poison may be estimated as p = (p*—K)/(1—K), where p* is the 20/l death rate
observed. The probit regression line should then be fitted to the probits of #, not to those of 4%, using modified

weighting coefficients obtained by multiplying the coefficients in Table IX2 by P/ L 4 1—3} Values of

the modified coefficients, adapted from Finney (3a), are given in Table 1X3 for values of X from oo to ‘4o.
In practice, &K is generally unknown. If observations have been made on a control (untreated) group
of animals, the mortality rate in this group, &, is an estimate of & ; a better estimate will take account also
of evidence from the lower doses of the poison, especially if one of these shows a total mortality rate less than £,
For exact work, particularly when X is not well determined by the control group, the method of maximum
likelihood should be applied to estimate this parameter at the same time as the coefficients 2 and 4 of the
regression line are estimated. A provisional estimate of X, say K,, should be used to give values of p from
which a provisional regression line may be constructed ; K, may be taken as equal to &K, but, if the number
of animals in the control group is small (or even zero), a suitable guess should be based upon the values of p*
for the lower doses of the poison. A table like Table 2 is prepared, with the addition of a column for the
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auxiliary variate x” = Q/Z, tabulated as a function of ¥ in Table XI1. A weighted linear regression equation
of y on x and &’ is next calculated, with the modification that the quantities 7,(1—X&,)/ &, and #n(&,—K,)/ K,
are added to the sum of squares of deviations for x” and the sum of products of deviations for «', y respectively.
Here 7, is the number of subjects in the control group, and all weighting coefficients come from the modified
72(Ko— &, o)*
Sl 2 asa
K (1—K,)
contribution from the controls. The modified notation now used will be clear from examination of Table z.01.
The two regression coefficients are estimates of & and 8/(x—X,) respectively; (&,--8) is a revised estimate
of X, and the revised regression equation is ¥ = a--4(x—%), where ¢ = 7—&8/(1—X,). The process may
be repeated, using the values just calculated as a new provisional set if they differ seriously from the first set.

formula. The sum of squares of deviations for », denoted by C, must be increased by

Example 7.1

The first three columns of Table z.01 give the results of a test of the toxicity of an extract of Derris
elliptica sprayed on to the sawtoothed grain beetle, Oryaz@philus surinamensis (Martin (43)). The last line
refers to a control group ; this received the spray medium only, and in it 16.3 per cent. of the insects were
affected.

In this example, K, might well be taken as equal to 163, but, in order to simplify interpolation in
Table IX3 (and to illustrate the calculations more fully), the value ‘16 has been used. Values of p have been
calculated from each p¥, their empirical probits plotted against x, and a straight line drawn by eye on the
diagram. From this line, provisional probits, ¥, have been read. If X, were well determined, second
approximations to ¢ and 4 could be obtained by the procedure of Example 7, except that the weighting co-
efficients would be taken from Table IX3 by interpolation for X = ‘16. The values of w, y, w=x, wy and the
sums of squares and products from which 4, B and C are derived are shown in Table z2.01.

TABLE 2.01

Log No. No. p E
Cone. Ex- | Affect- *, = mp. . .\ . . A ‘ .
(). post .1 ed. ? (-x%). Probit, * 7 “ “r “ “
279 125 125 | 1000 | I'000| — 73 *379| 7°68 79| 22-041 2'9941 | 6o'6y2
2-66 117 115 ‘983 ‘980 | 4705 | 70 ‘421 | 708 12°8 | 34:048 5'3888 ! go-240
2°49 1279 114 898 879 | 617 | 6°5 516 | 608 283 | 70°46% | 14'6028 | 172064
217 51 40 | 784 | -743| 565 | 56 | 823 565 226 | 49'042 | 18-5998 | 127690
157 | 132 34 | 258 | -117| 381 | 38 |4'557| 381 18'5| 29'045| 84°3045| 70°'485
— 129 21 | 1628 — — — — — | W =o90'1| 204643 | 1258900 | 521°151
& = 22713, & = 13972, J = 57841
129X '84/16 = 677°2500, 129X (*1628—'16)/°16 == 2'258, 129X (1628 —-16)2/'16X 84 = ‘oI
Sawx?). Sz, S(wx"), S{way). S(wa'y). S{zey®).
4795467 2317684 410°421% 1225°'501 576060 3138-30
4648031 285°9324 175-8967 1183684 728°165 3014°41
A =147436 | 4" = —54'1640 2345250 B = 41817 —I52°105 12389
677+2500 2:258 ‘01
A" = 9117750 B' = —149-84% C = 12390

If the information on X is less complete, it also must be included in the maximum likelihood estimation,
The additional columns " and wx" are then required in Table 2.01, where &' = Q/Z is taken from Table IX 3.
From these columns, squares and products of deviations for &’ with » and y must be calculated just as were
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4, B and C. The lower part of Table 2.0r summarises the calculations leading to equations for the regression
coefficients on x and x’. These are

E)
* 65 — +16 = .
14743 54:1640 (1——](.,) 41817

—54°16405 - 9119750 (I—'SKO) = —149°847,

The equations are best solved by the method outlined in Stasistical Methods (1), as the inverse matrix of
coefficients thus obtained leads to the variances and covariance of & and §. The inverse matrix is

V= ‘0867605 ‘0051540
T |roo51540 0014029
whence
b = 28558, B3/(1—XK,) = *00530.

Mulﬁpﬁcation of the second of these quantities by -84 gives § = -0o45, so that the revised value for &, *164g,
is little different from either the provisional value or that estimated from the controls alone. Also

@ = 5'7841—1'3972 X *00530 == 5°7767.

The regression equation ¥ = a-+-4(x—) is easily seen to agree well with the ¥ column of Table 2,01, so that
no repetition of the calculations is necessary.

Goodness of fit may be tested by calculating
= C—Bs—B3|1—K,) = 527,

for which the degrees of freedom are here three (= total number of dose levels, including controls, minus 3).
This gives no indication of heterogeneity. In cases of doubt, x? should be calculated from expected frequencies
after grouping of classes with small expectations, in the manner described by Finney (3a). A large value of
x? must be interpreted and used in the same way as for the simple probit problem (Example 7).

The 50 per cent. affected point is estimated to be

%o = Z+(5—a)[6 = 1°999.

On large sample theory, the diagonal elements of ¥, vy; and vy, are the variances of 4 and §/(1 —X&,) respectively,
and z,, is the covariance of these. Provided that 4% is large relative to the variance of 4, the variance of xy,
may be taken as

i(r _ -
2= 7 {W +F 03y (@50—F)2—2039F (50— &) Va0 % 2}

= m(z-8;58)2{ 0110988 --*086%7605 X (*2720)?

-2 X *0051540 X 1°3972 X *2720-'0014029 X(I'3972)2}
= +002904.

The standard error of the 5o per cent. point is therefore ‘0544. Here (1:960)%vy,/6% = ‘041, a value small
enough to justify the use of s in assigning 95 per cent. fiducial limits to w5y ; if this quantity exceeds -os, the
limits ought to be calculated by an extension of the procedure illustrated for Example 7. The variance of
3 is wy(1 — X&)% which is also therefore the variance of the revised estimate of the natural response rate ; hence
this rate is estimated to be ‘1645-}-+0314.

TABLES X To XIIz. OTHER TRANSFORMATIONS

The normal or probit transformation may be looked upon as one of a series of methods of transforming
percentages into more suitable variables. The choice of transformation depends on the mathematical
specification (the * model ”) which is considered most appropriate to the data under investigation. When
this specification has been decided the transformation chosen should be such that the quantities that require
estimation are simple functions of the transformed variate ; thus in probit work it is anticipated that the
transformed variate will bear a linear relation, to the dosage when the latter is expressed in suitable units (usually
logarithms), and the quantities that require estimation are the constant term and the slope of this regression.
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The general formule for the maximum likelihood values of the working deviate for given provisional
values are :

ax

Maximum . . . . . . . . X4Q 7P
. 9.4
Minimum . . . . . . . . ¢ ~P{§7D
e . , 1 [dP\?2
Weighting coefficient . . . . . . . P_Q( d_X)

where £, Q stand for the probability corresponding to the provisional value X.
Tables for the angular, logit and loglog transformations are given in this volume. The angular trans-
formation

2 =sin? ¢

transforms a probability varying from o to 1 into an angle varying from o° to 9o°, and is remarkable in that the
amount of information concerning ¢ is constant., In consequence, in large samples, the sampling variation
tends to normality with a variance which depends only on the number of observations on which the percentage
is based. The weighting coefficient for this transformation is constant. In other respects Tables X to X2
afford the same facilities for handling percentages transformed in this way as do Tables IX to IX2 for the probit
transformation. This transformation is equivalent to replacing the normal curve of the probit transformation
by one of which the ordinate is sin® ¢,

When the extremes of the probability scale have to be covered the angular transformation is often
inappropriate, since expected angular values outside the range o° to ge° do not correspond to real probabilities.
A transformation which is often used in such cases when there is no clearly appropriate theoretical model, and
when there is no reason to differentiate between the two ends of the probability scale, is the logit transformation

2 =} log,(2/g)

Tables XI and XIr provide the necessary facilities for the use of this transformation. As in the
probit transformation 5 is sometimes added to the transformed variate to avoid negative values, but this has not
been done in Tables XI and XIx, The transformation is equivalent to the », z transformation (» = tanh 3)
given in Table VII1, with » = 2p—1.
In genetics also, Kosambi’s relation between the map distance (x) and the recombination fraction (y)
between two loci, may be expressed as
2y = tanh (2x)

so the table may be entered with 2y for # or for zp—1, or with 2x for 2.

The logit transformation has the property that for equal intervals in the logit scale the odds (\# : Ag) are
changed by the same factor, a difference of } log,2 (= 0-34657) being equivalent to a doubling of the odds,
The logit transformation is equivalent to replacing the normal curve of the probit transformation by one of
which the ordinate is § sech?z,

Intermediate in character between the distributions of the probit and the logit is the deviate appropriate

to gene frequencies determined by selection and diffusion, where #, ¢ are related to the standard deviate x by
the equation

dig _
2t APT%

The name “ legit ” has been proposed for this transformation. The necessary tables have been given by Fisher
(56)-
In many physical and biological phenomena the probability of occurrence of a change can be expressed
in the form
p=1—e"Pt
In such cases the transformation

y= log.{—log.<r~p)}

is of value, since, for example, if two experimenta.l treatments result in different values 8, and B8, of B, the differ-
ences of the transformed variate when 7 is the same for both treatments provide estnnates of log,B,—log,Bs.
Tables XII and XIIx give the necessary facilities for this transformation, which we have termed the -
complementary loglog transformation, to distinguish it from the direct loglog transformation

v == log,(—log,p)
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which is the form usually tabulated. The tabulation of the complementary form has the advantage that the
transformed variate increases with g, as in the other tabulated transformations. Since the transformation
is not symmetrical about p = } the form required will depend on the phenomena under investigation, When
2 is small the complementary loglog transformation, is nearly equivalent to the log transformation # = log,#,
and consequently also (apart from a factor of 2) to the logit transformation.

In addition to their toxicological and similar applications, transformations are of use in the analysis of
material which has a very skew distribution, for the purpose of equalising the variance of quantities of widely
different magnitudes which it is desired to include in the same analysis, and for the purpose of reducing the
observations to a scale on which the effecls of associated variables are more nearly constant, Thus when it
is required to perform an analysis of variance on a set of percentages, e.g. of the deaths of seedlings obtained
from plots of a replicated experiment, it is frequently advantageous to transform these percentages by means
of the angular transformation. As we have seen, this has the effect, in large samples, of equalising the
component of variance due to sampling, when each percentage is based on the same number of cbservations.
The square root transformation

Y=+

has the same property when the observations on each plot are distributed according to a Poisson distribution.
This transformation is equivalent to the angular transformation at each end of the percentage scale.
The logarithmic transformation

y=logwx

is useful when dealing with material on which the effects of other variables may be expected to be proportional
to the numbers involved. The influence of a given increase in temperature on the number'of insects caught in
a light trap, for example, is likely to be proportional to the number of active insects, in which case the increment
in the logarithm of the catch will be the same whatever the number of insects, unless some of the numbers
are vety small, In this connection it may be noted that the transformation y == logy(x+1) is sometimes
convenient, being substantially equivalent to ¥ = §+/x when x is less than 10 and to y = log,yx for larger
numbers.

Final adjustments can be made to data distributed according to the Poisson distribution in the same manner
as for data distributed according to the binomial distribution. For the square root and logarithmic trans-
formations the working values and weighting coeflicients corresponding to provisional values ¥ and X are

Square root Logarithmic (base ¢)
Working value . - . . 3V 4 af2Y Y—1+z/X
Weighting coefficient . . 4 X

The use of such adjustments makes proper allowance for the variability of the data in small samples, and thus
obviates the need, which has been felt in certain quarters, for the use of transformations such as y == 4/(x-})
in place of ¥ =4/x. It has also the important additional advantage, which accrues also in the transformations
for percentages, of eliminating the distortion that would otherwise occur when means and other estimates
obtained in terms of the transformed variate are expressed in terms of the original variate. Thus, for example,
if  has the values 2, 3, 4, 6, & = 3°75, but the mean of 4/x is 18990, giving on squaring the value 3-606o.
Taking a provisional value for ¥ of 19 we obtain an adjusted value for & of (0+95+3°75/3°8) = 3+7513. A
second approximation would give full accuracy to 6 places of decimals.

. A further use of transformations is for the purpose of facilitating interpolation by obtaining a trans-
fromed function which is much more nearly linear. One example of this, the use of the reciprocals of 7,
and n, in interpolation in the table of z (Table V), has already been mentioned. The logarithmic trans-
formation and the transformation of Table XI have frequently proved of use when dealing with functions
whose argument is a probability,

Example 7.1.1

In a study of recombination in the short interval between agowss and undulated in mice the data shown
in Table 2.01.x were obtained. These data clearly show a decrease in recombination fraction for both male and
female heterozygous parents as the age of the heterozygous parent increases. It was desired to test the d:ata
to see if there was any difference in the rate of decrease for heterozygotes of the two sexes, and whether allowing
for differences in age, there was any average difference between the sexes (Fisher, 68). '

The angular transformation is suitable. The basic computations are shown in Table 2.01.2 and the analysis
of variance in Table z.01.3. A preliminary fitting of a regression line to the angles derived from the pooled
data for the two sexes gave the provisional angles shown in the third column of Table 2,01.2. The correspondl.ng
minimal angles and ranges derived from Table Xz are shown in the fourth and fifth columns, (Four point
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TABLE 2.

QI.I.

From heterozygous females

RECOMBINATION DATA

From heterozygous males

Age of heterozygous Recombination Numb Recombination
parent (months) Numbers percentage Umbers percentage
-3 20/314 6-37 16/228 702
3~5 19/525 362 26/506 514
57 29/522 5'56 20/434 461
79 12/267 4°49 18/342 526
9-11I 3/81 5/222]
I1-13 ofz0 291 2/105 2°10
13-15 ofz of6
831731 479 87/1843 472
TABLE z.01.2 RECOMBINATION DATA : COMPUTATIONS
Age ! Prov, Working Angles Females Males Both sexes
Angle Min. Range | #z, ¢, 1y, 1y oy oty n é 13y +7aby
-3  —2 1435 7'0z  I19'3 | 314 14:62 4590°68 | 228 15:39 350892 | 542 14°94391 8099-60
3-5 —1 1338 6°56 129+2 | 525 1116 585900 | 506 13°I0 6628-60 [1031 12°11212 1248760
5-7 o 1241 6°I1 136°5 | 522 1369 714618 | 434 12-40 5381-60| 956 13°1043%7 1252778
-9 I 11°44 504 1474 | 269 1226 329342 | 342 13°40 4582'80| 609 12-9oo20 485622
9-II 2 Io'47 5°18 160°3 81 11°12 g9o0-72| 222 8-79 1951-38| 303 9-41287 2852'10
1I-13 3 950 471 1760 20 471 g4'20| 105 806 846°30| 125 7'52400  040°50
13-I5 4 8353 4°23 - 2 423 8:46 6 423 2538 8 4-23000 3384
Total 1731 2187266 (1843 2202498 (3574 4479764
Mean - 12+635852 12°438947 12°534314
S(n2) and ¢ —656 —+378972 |+163 ++088443 [—493 —'137941
TABLE 2.01.3. RECOMBINATION DATA: SUMS OF SQUARES AND PRODUCTS
A[#) Blt4) Cl¢%] 6
Females 23354 —1359'9 45813 —5823) oo
Males 36746 —4548°0 78969 —I-2377 9°3
Sex difference 195°0 —82-2 34°6
Total 62050 ~—5990°1 125128 — 9654
TABLE 2.01.4. RECOMBINATION DATA: ANALYSIS OF VARIANCE
Differences
D.F. S.S. D.F. S.S. x? Effect tested
D.F. and 8.8, accounted
for by:
Single regression 1 57826 1 57826 7'046  General regression
Parallel regressions 2 5842-3 T 594 ‘073 Sex difference
Separate regressions 3 64555 1 613°2 747  Difference between regressions
Total 13 12512°8 10 60547:3  7°38t  Residual variation
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interpolation was used, but linear interpolation would give adequate accuracy for these data.) From these
values and the observed numbers the working angles, ¢, and ¢,, and totals, ,¢, and 7,¢,, are calculated : thus
(314X 7°02+20X 119°3)/314 = 14-62. The marginal totals and means are then entered as shown. The
weights attached to the angles are proportional to the total numbers ~ in each class. Consequently the total
sum of squares is given by S¢1(72,¢1) +Séy(7262)—$S(21d1+72¢).

The regressions of the separate sexes, and for both sexes together, on the age variate ¢ are obtained by
calculating, from the data for each sex separately, and from the pooled data for both sexes, the quantities

A = Sn(t—1?, B= Snd(t—1) = S(nd) —tSn

where 7 is the appropriately weighted mean of z. The values of 4 and A and of C, the corresponding sum of
squares for ¢, are shown in Table 2.01.3, together with the regression coefficients. These regression coefficients
are given by B/4, and the sums of squares accounted for by B%/4. If parallel regression lines are fitted to the
two sexes the above sums of squares and products for the two sexes separately must be pooled, so that the
regression coefficient is (B,+58,)/(4,+4,) and the sum of squares accounted for is (B,+5,)%/(4,+4,).
For the separate regressions, and for parallel regressions, the sum of squares due to the difference between the
means of the sexes, namely ¢,.57, ¢, +¢257,¢,— S0, 61 +7,45) = 34-6, must be added to give the total sum of

squares accounted for,
The sums of squares for testing the various items are found by taking the differences of the sums of squares

accounted for. The corresponding x? values are obtained by dividing by 820+7. These are shown in Table
2.01.4. The decrease with age is clearly significant, but the difference, 4 -2626 in favour of males, after allowing
for differences in mean age between the two sexes is substantially smaller than its standard error, nor is there
any significant difference between the regressions for the two sexes. The residual variation also conforms with

expectation.

TABLE XIII. SCORES FOR LINKAGE DATA FROM INTERCROSSES

Much linkage data with plants is obtained by selfing double heterozygotes, which may be in coupling or
in repulsion. In some cases, especially with animals, single or double backcrosses may also be available.
The compilation of such complex data, for the estimation of linkage, or the examination of heterogeneity, is
much facilitated by efficient scores, based on the method of maximum likelihood, such as have been developed
for human genetics.

Such scores possess the properties (i) that the scores are linear functions of the frequencies observed,
(i) that the expected score is zero if the trial value is correct, (iii) that the ratio of change of the
expected score with change of trial value is equal to its sampling variance, and to the amount of information
to be expected from such a body of data as is available. Estimation from a single body of data thus consists
in finding the value for which the total score vanishes. The efficiently weighted combination of different lots
of data consists simply in adding their scores. Homogeneity is tested by recognising that the square of
the score divided by the amount of information is x? for one degree of freedom. If s is the expectation of
any distinguishable class, expressed as a function of the unknown parameter 6, the efficient score for cases
observed in that class may be taken to be

1 Om
m 86
For double heterozygotes intercrossed the two singly recessive classes have the same expectation and the

same score. Table XIII gives the means of scoring such data in coupling and repulsion for each 1 per cent.
of the recombination fraction, y, the quantities tabulated being :

Coupling Repulsion
. 2 ( I— _y) 2y
Double dominant _— —
24+(1—p)? 2-4y2
Singl i r_ 1 ! !
e recessives . _—
& y 2=y 1—y 14y
Double recessive 2 _2
I—y ¥y

The signs in the table are for 8 = 1—y, where y is the recombination fraction, in order that evidence for
linkage (y<<-5) may be supplied by positive scores at 50 per cent.

Data should be scored at two adjacent values giving positive and negative scores. One hundred times
the difference then gives the amount of information to a good approximation. For more accurate work, and
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especially for close linkage, four adjacent values with four-point interpolation may be used. The four-point
value for the actual amount of information obtained at the value x4 is

1 I, -
(#pp1—te) —~ 5 (1 —3690%g 11+ g (1—34%)8%4,
where 8¢ = 1. )
Since the Third Edition, similar tables have been calculated independently by D. J. Finney (57), who gives
a good account of the origin and use of this mode of application of the method of maximum likelihood.
Example 7.2

For two factors in the Sweet Pea we have the data:

Double dominant  Single recessives  Double recessive
Coupling 268 30 79
Repulsion 324 344 o

Scoring these at 6 per cent., 7 per cent., 8 per cent. and g per cent., we find

6 per cent. 7 per cent. 8 per cent. 9 per cent.
Score —1I119*701 —43°367 15°16% 61852
3t +76:334 +58-532 +-46+687
o2 —17°862 —11:848

To find the score at an intermediate value, such .as %-811 per cent., we find the inner interpolate, 4102,
and, since the linkage is close, the four-point value, 5'191. A method of calculating this is given in the section
on Interpolation at the end of the introduction. The first approximation to the amount of information obtained
is 58532, and the adjustment is —457-0, giving 5396'2 at this value.

TABLE XI1II:. THE PrRODUCT-RATIO METHOD FOR INTERCROSS DATA

When one of the 3: 1 ratios is disturbed, or both are disturbed independently, it is sometimes desirable
to estimate the linkage, making allowance for differential viability between phenotypes ; although, since three
of the four phenotypes are mixtures, such an allowance is somewhat insecure. In these cases the product
ratios : ,

bejad for coupling
and
. ad|be for repulsion
may make a satisfactory allowance.

Table XI1I1 gives the theoretical values for these ratios for different recombination fractions, supposed the
same for male and female gametogenesis, The significance of the estimate arrived at is best obtained from
the y* value of the fourfold table

e ¢
5 d

which tests the significance of linkage, The standard error may then be taken to be

50—y
X

if the significance is in doubt, whexre y is the recombination estimate expressed in centimorgans, The standard
error for recombination fractions other than so per cent., may be obtained by dividing the second column of
the table by 4/4, where £ is the harmonic mean of the four frequencies observed. Since the method supplies
no means of confirmation of the assumptions made, its use will generally be provisional pending the acquisition
of data both in coupling and repulsion, or perhaps of backeross in place of intercross data,

e

Example 7.2.1. Recombination fraction estimated from a cross-product ratio

Kidwell, Gowen and Stadler (82) give the following data for intercrosses in repulsion between recessive
pied s in the house-mouse, and a newly-discovered recessive, pugnose, p»

+ 4 +pn s+ spn Total
501 191 220 16 928
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Suspecting some lack of viability among the pugnose, we may enter Table XIII with
adlbe = 501 X 16/191 X 220 = 19077

giving (by four point interpolation) a recombination fraction 27:935 per cent. and the corresponding multiplier
23-147. The harmonic mean of the four frequencies is 53:852, 4/% = 7-3384 ; dividing by this, the standard
error of estimation comes to 3-1542. The true value should lie between 21 per cent. and 34 per cent.

This publication gives no intercrosses in coupling, but a backcross of heterozygous females had

++ “+pn s+ spn Total
86 I54 153 46 439
showing 30°068 per cent. recombinants, Although very likely the double recessive s gz has a particularly low

viability, there is no significant difference between the two estimates of linkage, available at this early stage,
before heterozygotes in coupling have been tested.

TABLE XIV. SEGMENTAL FUNCTIONS, a, fB, ¥, &

These functions are defined for all values of their argument as the sums of sub-series of the exponential
series, containing every fourth term. The four sub-series having leading terms of degrees o, 1, 2, and 3, define
the functions e, 8, ¥, and 8.

They are closely connected with the hyperbolic and circular functions by the identities

a-j-y = cosh, B+38 = sinh,
o—y =-COS, B—8& = sin.

Two elementary identitics are found by eliminating the argument,

a?4pi—288 =1
p2+4-82—2ay = o.

Differentiation with respect to the argument merely permutes the symbols in the order (3y fa).

The functions are peculiarly adapted to specifying the frequencies of non-recombinant and recombinant
gametes of all types in terms of the metrical positions of the centromere, a series of any number of markers,
and the terminus of the chromosome arm. The argument of each function is twice the metrical length of the
segment, Thus with four markers and five segments the frequency of gametes non-recombinant ih every
segment is given by a simple combinatorial rule to be the sum of the following sixteen products,

anoaa aoa 88 Badaa Baaad
a Bada o Bad Boada Bad B8
aa Bba a faad B8aaa B3 Baf
aB8aa a B8 A3 B3 Béa Bda Bd

in whicly, for the segment next the centromere the appropriate function is either a or 8, while for the segment
ending at the terminus it is either « or 5. Intervening segments may have a, B or §, provided that g and §
appear in equal numbers and alternate.

The corresponding expressions for gametes having recombination in one or more of the five segments are
found simply by making the substitution (ay)(88) in each corresponding column. In particular if as is usual,
there is no marker at the centromere, or at the terminus, the eight observable classes in a four-point test will
be specified by permutations in the three middle columns of the expression :—

aaa ada
@) P tetn) (8] 50 Hat)
B5a 585
[ ae B aoa
@l oo Lt (ol S L.
1B5ﬁ 8af

‘With the aid of the tables these eight frequencies may be easily calculated for any assigned values of the
five metrical lengths of the segments, Thus, starting from the left, we may calculate

P = (p+Bat{atv)B,
Q = (B+8)5+(a+v)e,
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beside which we can calculate the parallel quantities,

P = (B+8)y+(a+r)3,
Q' = (B+8)B+(at+m,

to be used in the cases in which recombination takes place in the second segment.
To bring in the third segment we make the similar calculation

R = Pe+QB, R' = Py+Q5,
S = P35+Qa, S = PB+Qy,

with the same variation for recombination in the third segment, and, of course, using 7', Q' in place of .2 and
Q for the cases involving recombination in the second segment.
Equally, for the fourth segment, we take for each of the four pairs of values 2, .S

T == RatSB, T" = Ry+S5,
U = R8+Sa, U= RB+Sy,

giving eight pairs of values for the eight distinguishable classes of gamete. Using the segmental functions
of the fifth segment, we have from each of these pairs

T(p++ Ula+ty)

the eight values of which should check to a total calculable in advance, namely the hyperbolic cosine of twice
the total arm-length from centromere to terminus.

The expectations corresponding with assigned lengths of segments are then found by dividing each by
cosh 27/, where U/ now stands for the total metrical arm length. (References 58, 59, 6o, 61).

Example 4.3

An arm is divided by four markers 7, Q, X and S into five segments with metrical lengths 10, 25, 20, 15
and 5 ¢, where the centimorgan is defined as 1 per cent. of the metrical unit. To apply the computational
procedure outlined above, these lengths are first doubled to give the first two decimal places of the arguments
of the segmental functions to be used, The first argument is therefore :20 and the second *50; we take then
directly from the table :—

(B+38)(20) = <2013360  a('50) = 10026043  &('50) = 0208349
(a+)(-20) = 102006668 B('50) = 5002604  y('50) == *1250217

from which the pairs 2, Q and 7', Q' are calculated directly, as shown in Table 2.02 with the remaining
calculations completed. )

Since the differential coefficients of these functions are the same functions permuted, the rates of change
of the eight frequencies for variations of the segment lengths are obtained by calculations involving the same
tabulated values. Segment lengths may then be estimated from observed frequencies by the method of
maximum likelihood. Estimates of unmarked segments will, naturally, have a very low precision,

TABLES XV AND XVI. LATIN SQUARES

Latin squares of size 7 X% and smaller have been enumerated (11), (22), (66). For 4 X4 and 5 X 5 squares
all the standard squares (f.e. squares with first row and first column in the standard order) are shown in
Table XV, except that only one of each pair of conjugate 5X 5 squares is given (two standard squares are
conjugate if the rows of one are the columns of the other). From each 4 X4 standard square 4| 3! —1 non-
standard squares, all different, may be generated by permuting all the rows except the first, and all columns.
Thus each 4X4 standard square represents a set of 144 squares. There are consequently 4X144 or 576
4X4 Latin squares. Similarly, there are 56X2880 or 161,280 5x5 Latin squares. There is one 2x2
standard square and one 3 X 3 standard square, giving two 2 X 2 squares and twelve 3X 3 squares in all,

For 6X6 squares one square of each transformation set (7. set generated from one of its members by
premutation of rows, columns, and letters), or of each pair of conjugate transformation sets, is shown. Such
premutation of rows, columns and letters will generate (6 I)® or 373,248,000 squares, of which 6 X6 ! or 4320
are standard squares. These squares are, however, not necessarily all different, the largest number actually
obtained in any one 6 X6 set being one-quarter of the possible number, 7.e. 1080 standard squares, and the
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TABLE 2.02

RS 7, U Frequency Segments
per cent, recombining.
1°4348573 11899512 50°584 None
11237739 10410167
10356102
‘0552312 3912112 16630 (4)
£ 121504 3837585
Q 1'0269182
‘1780864 *3871909 16-459 (3)
*0679309 ‘3075134
*3670838
*0047088 0375561 1-596 (34)
0368998
2065418 2515250 10°692 (2)
"1377938 '2296870
+2289896
, '0072313 ‘0526285 2237 (24)
P r0464244 "0516457
Q' 2282509
‘0172024 0387828 1-649 (23)
‘0061490 ‘0368752
0368351
‘0004425 0035643 ‘152 (234)
0035024
2°3524100 99'999
cosh 150 2'3524096

smallest number one 216th, Ze. 2o standard squares. The actual numbers in each transformation set are
shown in the table. There are in all g408 standard 6 X6 squares, giving 812,851,200 6 X 6 squares in all.

By permuting with each other the three categories, rows, columns, and letters, six sets are formed, not
necessarily all different. These sets are said to be adjugate. In the case of the 6 X6 squares each pair of
conjugate sets and the set immediately following them in the table form an adjugate trio of sets. The remain-
ing sets are self-adjugate.

Norton (z2z) has enumerated 562 sets of 7X% squares, of 146 species, containing 16,924,968 standard
squares. Later, A. Sade, using a different method of enumeration, obtained the value 16,942,080 for the
number of standard 7 X 7 squares ; he has subsequently discovered a 147th species (66) which accounts for the
discrepancy of 14,112 standard squares. Four examples are shown in the table, Square (z) is a member of a
transformation set in which the squares generated by the permutation of rows, columns and letters are all
different, It thus contains (7 1)® or 128,024,064,000 squares, of which X7 or 35,280 are standard squares.
The sets generated by the adjugate permutations are also all different. The example thus stands for an aggregate
of 211,680 standard squares. No Graeco-Latin squares can be formed with any of these.

Square (8) differs from square () only by the interchange of two pairs of letters, B and C in the 5th and
6th columns. It belongs to a set of only 11,960 standard squares, which is one of an adjugate trio of sets,
giving 35,280 standard squares in all. One-seventh (1680) of the standard squares of one of these sets are
self-conjugate. Again no Graeco-Latin square can be formed.

The third illustration is a Graeco-Latin square, with the fourth category (Greek letters) represented by
numeral suffixes. No fifth category can be added. The suffixes are standardised by assigning them in their
natural order to the first row. The Latin square involved is one of a set of only 210 standard Latin squares,
but the same transformation of the Graeco-Latin square yields a set of 1680 standard Graeco-Latin squares,
containing eight different standard arrangements of the suffixes in each Latin square. These eight solutions
are in fact all that exist, so that this set of Latin squares belongs to only one Graeco-Latin set. Permutation
of the three categories, rows, columns, and letters, yields the same set, but if suffixes are interchanged with
rows, columns, or letters, three more sets of 1680 standard Graeco-Latin squares are formed (6720 in all).

23



The three new sets all involve the cyclic Latin square shown as the fourth example. There are only
120 standard Latin squares in this set, so that each has 14 solutions in each of the Graeco-Latin sets, or 42 in
all. Under orthogonal squares are given six 7 X 7 squares, of which the first is the above Latin square, while
the rest are five more Graeco solutions which belong to a second set and are mutually orthogonal,

Until recently little was known about squares larger than 7 x4, other than the orthogonal properties of
the special sets shown in Table XVI. In Table XV a single example of each size from 8 x 8 to 12 x 12 is given,
These examples will suffice (after permutation of rows, columns, and letters at random) for experimental
arrangements requiring Latin squares of these sizes.

To select a square at random from all possible squares of a given size up to 6 X6 proceed as follows :

(1) Select one of the given squares by using the key numbers printed below each square, selecting a
number at random from all possible key numbers. If the key number falls in the second of two
groups use the conjugate square.

{2) In the case of 3X3, 4X4, and 5 X5 squares permute all rows except the first of the selected square,
and all columns. Alternatively permute all rows except the first and assign the letters to the
treatments at random. For 6 X6 squares permute all rows and all columns at random, and then
assign the letters to the treatments at random,

Table XVI gives complete sets of orthogonal Latin squares of sides 3, 4, 5, 7, 8, and9. Two Latin
squares are orthogonal to each other if, when they are superimposed, every letter of one square occurs once
and once only with every letter of the other. Such a pair of squares (one square being written with Greek
and the other with Latin letters) form a Graeco-Latin square.

If a complete set of p—1 orthogonal squares of side p exists, the p%—1 degrees of freedom corresponding
to the contrasts of the % cells of the square split up into p 41 sets of p —1 degrees of freedom, corresponding
to the contrasts between the rows, between the columns, and between the letters of each of the p—1 squares.
A set of less than p—1 orthogonal squares gives a similar but incomplete partition.

Complete sets of orthogonal squares are known to exist for all prime numbers and powers of primes.
(See The Design of Experiments.) The rule of formation for all prime numbers will be apparent from inspection
of the sets for p = 5 and p = 7, each row being formed by moving the previous row 1, 2, 3. . . places to the
left. The existence of complete sets of orthogonal squares, for all prime-power values of p, was proved
independently by R. C. Bose (63) and W. L, Stevens (64). See also R. C. Bose and K. R. Nair (65).

The rows of the 8 X8 squares may be taken to represent the 8 combinations of three two-level factors
A, B, and (), in the order (1), @, &, 28, ¢, a¢, b¢, abe, and the columns may be taken to represent the similar
combinations of a further three factors D, &, and #. The 64 cells of each square will then represent the 64
combinations of the 6 factors. The numbers of each square will divide these combinations into 8 groups of
8, the contrasts among which will represent a set of 4 degrees of freedom orthogonal to 4, B and ¢ and
their interactions, and to D, £, and F and their interactions, and also to the six other sets of seven degrees of
freedom given by the other six squares. In the squares shown these degrees of freedom correspond to
specific interactions between the six factors. The interactions corresponding to 3 degrees of freedom from
each set are shown in the table, the remainder being given by the * generalised *’ interactions of these three.
Note the law of formation of each set from the preceding one, corresponding to the cyclic interchange of all
the rows of the square except the first.

The set of 9 X9 squares possesses similar properties. The actual degrees of freedom confounded, when
the cells of the squares represent the 81 combinations of four factors at three levels, are given in terms of the
notation developed by Vates (3).

Besides their use in ordinary factorial design, complete sets of orthogonal squares serve as the basis of
quasi-factorial and quasi-Latin square designs (balanced lattices and lattice squares) and also serve to generate
other designs in balanced incomplete blocks. (See (r3), (16), (x7), and Tables XVII-XIX.) Pairs and
larger incomplete sets of orthogonal squares (Grzco- and hyper-Greco-Latin squares) also provide designs
for varietal trials superseding the so-called semi-Latin squares (3).

An orthogonal pair of squares exists for all odd numbers, being formed of two * diagonal ” squares
(squares of the type of the 5X 5 squares I and IV). Such a pair also exists for all numbers which are multiples
of 4. The process of generation, which depends on the existence of orthogonal pairs of squares for factors of
the number, may be illustrated for a pair of 12 X 12 squares. Let a and o’ represent the 4 X4 squares I and IT,
B and g’, and y and y', the same squares with 1, 2, 3, 4 replaced by s, 6, 7, 8 and 9, 10, 11, 12 respectively.
Then

’
Y
a

™

’
’ 13

~ T~

’

< m R
A2 3

b4 a
e and b4
B -4

R_R
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form an orthogonal pair of 12X 12z squares. The process will generate larger orthogonal sets if such sets
exist for both factors of the number. Thus there will be a set of three squares of side zo.

Bose e al. recently investigated the existence of larger orthogonal sets of 12 X 12 squares, using a com-
puter. They found two sets of 5 squares (76) and a class of scts of three squares (77). Either set of 5 squares
can be used, for example, to construct a seven-fold lattice for 144 varieties in 84 blocks of 12 plots each, Both
sets of 5 squares can be generated from the standard 12 x 12 square shown in Table 2.03 below by rearranging
the rows so as to give one of the following sets of first columns

1T 3 2111012 4 6 5 8 7 ¢ 1 3 2 8 7 gro1211 § 4 6
111 5§ 9 3 710 2 8 612 4 1 & 512 310 411 2 ¢ 6 7%
1 610 311 8 9 512 2 4 7% 1 9 4 311 8 6 512 2 710
1 7 6 812 53 3 QI 4 2 IO 11012 2 611 9 3 8 4 5 4

It may be noted that the standard square can be transformed by intramutation into the square

o By
By o
y o g

where « etc. are as defined above,

It was shown independently by Tarry in 1goo (72) and by Fisher and Yates in 1934 (11) that no ortho-
gonal pair of 6 X 6 squares exists. Euler had conjectured, and several later mathematicians had purported to
prove, that this was true also for larger squares of side 45+2. An event of importance was the development
in 1959 by Bose, Shrikhande and Parker (73, 74) of & method for forming orthogonal pairs of squares having
sides of some numbers, such as 10 and 22, of the form 4542. They also proved (75) that such pairs exist for
all s>1. The 10X 10 square given in Table z.03 is a transformation of the first 10 X 10 square of this kind
to be published (73). This form has an intercalated 3 x 3 Grico-Latin square on the leading diagonal, flanked
by two 7 X 3 patterns which on inspection are seen to be Youden squares both in their letters and their suffices,
The remaining 7 X 7 portion has diagonals in the letters 4.8C and the suffices 123. The seventh diagonal is
compounded of all the other letters and figures. The square possesses seven-fold symmetry by the intra-
mutation

DLEFGCGHTI])

4 3 678 910

TABLE 2,03, ORTHOGONAL I0X10 SQUARE AND ONE OF A SET OF TIiVE 12X12 SQUARES

A, By C D, Ey Fy G Hy Ly Jy 1 2 3 4 5 6 7 8 91011 12
By C dy Gy Hy Iy [Js Dy E; Fy 23 4 g 6 18 g1 g
C, 4y B Fy G Hy Ly J, Dy £ R B S S
Dy Hy Ly, 4, By Ey (g Fy Jy G 53 6 1 2 3 41112 % 8 910
Ey Iy Ju Hsy Ay By F C Gy Dy 6 1 2 3 4 512 7 8 g 1011
Py Jo Dy B I 4y By G Gy Hy 7 8 groirzz 1 2 34 56
Go Dy B L By Jo g By Hy G o 80T LA 3480
Hy Ey Iy Gy Jo Go Dy 4y By 4 o111 12 7 8 9 4 5 6 1 2 3
Iy Fy Gy ]y Co Dy Hy, Ey 45 By 1112 4 8 910 5 6 1 2 3 4
Ji Gy Hy By Dy Cy Ey Iy, Fy 4 12 7 8 91011 6 1 2 3 4 5§

TABLES XVII To XIX. BALANCED INCOMPLETE BLOCKS

If v varieties (or treatments) arc to be compared in randomized blocks of % experimental units (% being
less than ), block differences can be simply eliminated if the arrangement is such that every two varieties
occur together in the same number () of blocks. If # is the number of replicates, and 4 the number of blocks,
the number of experimental units is 7v(= &%), and A = »(4—1)/(v—1). Examples of experimental material
and processes in which this type of arrangement, called falanced incomplete blocks, is likely to be of use are:
litters of animals, monozygotic twins and other paired material, laboratory and technological processes in
which the nature of the process or the apparatus available imposes a definite limit on the number of
treatments in a group, agricultural experiments on commercial farms when each farm is only prepared
to undertake a small number of treatments, and varietal trials involving a large number of varieties. (See
also Yates (16).)
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Arrangements satisfying the required conditions are clearly provided by taking all possible combinations
of the v varieties, £ at a time, but if # is at all large, the number of replicates required will be very large.
Arrangements involving fewer replicates are therefore of importance. Tables XVIII and XIX give indexes,
by number of replications (#), and by number of units in a block (£) respectively, of the arrangements requiring
ten or less replications which are known to exist, and of all arithmetically possible arrangements, the
existence of which had not been disproved at the date of the first edition. Since then the non-existence of
solutions of Nos. 10 and 14 has been demonstrated by Q. M. Hussain (44, 45), and No. 8 has been eliminated
by H. K. Nandi (46). These cases are marked by an asterisk, Cases not yet solved are marked by a dagger.
General discussions of the construction of incomplete block designs have been given by R. C. Bose (31), and
C.R. Rao (47). The solutions for Nos., 26 and 27 and those for Nos. 14 and 20 are due to X. N, Bhattacharya
(50, 32). Schiitzenberger (48) has since proved that if 4 = », and they are even, then a solution is impossible
unless »—AX is a perfect square. This confirms Hussain’s rejection of No. 10, and excludes No. 30. Theorems
of S. Chowla and H, J. Ryser (53) and S. S. Shrikhande (49) confirm the impossibility of No. 14, and exclude
other cases (beyond the range of the table) with 5 = », when they are odd. W. S. Connor (51) has found that
designs Nos. 1z and 28 are impossible.

The combinatorial solutions which are referred to by numbers are shown in Table XVII. Those involving
all combinations are indicated by % (unreduced), and the two series derivable from sets of orthogonal squares
(described below) by o.s. When A2>}v arrangements can be obtained from arrangements for the same
number of varieties in blocks of z—#% units, by replacing each block-by its complement, 7.c.by ablock
containing all the varieties missing from the original block.

Sometimes the blocks may be arranged in groups so as to minimise the inter-block variance. Each such
group must contain an equal number of replicates of each variety. In general it is not possible so to arrange
things that each group of blocks contains only a single replication. Such groups as are possible in the designs
of Table XVII are indicated in the table itself. Other arrangements possessing this property are possible in
certain cases when a multiple of the number of replications required for the designs of the table are used.
Thus when £ = }v a balanced design and its complement will give such a grouping. Within each group
the arrangement of the blocks should be at random.

Some of the combinatorial solutions are derivable very simply by cyclic substitutions, In such cases one
block only for each family is given in Table XVII. In solution number 2, for example, the block a¢fg7 is given.
The contents of the other 10 blocks are obtained progressively by replacing each letter by the next in order,
with the convention that the last letter £ is followed by @. Thus the blocks are aefg?, &fgh/, cokhik, dhija, etc.

For the dicyclic solutions a similar procedure holds. In solution number 3, for example, the 16 varieties
are represented by 4 letters in combination with 4 suffixes. The 16 blocks are generated by performing the
cyclic substitution on the letters (thus obtaining 4 blocks) and then performing the cyclic substitution on the
suffixes of each of these 4 blocks.

Some of the cyclic and dicyclic solutions consist of more than one family, each family being generated
by a cyclic or dicyclic substitution of the above type.

Two series of arrangements and their complements are derivable from complete sets of orthogonal Latin
squares (Table XVI). In the first, for 2 varieties in p(p--1) blocks of p plots (» =p -1, A = 1), each of the
Pt cells of the set of squares is taken to represent a variety, the blocks being determined by the rows, the
columns and the numbers of the p—1 squares. In the second, for p2-+p-}-1 varleties in p2-+p-4-1 blocks of
p+1 plots (#r =41, A =1), p% of the varieties are divided as in the first arrangement, each of the p41
additional varieties being allotted to one of the p 41 sets of blocks so formed, while the last block consists
entirely of these additional varieties. Thus the set of 4X4 squares gives the following arrangements for 16
and 21 varieties (the latter including the bracketed varieties) :

abed () aeim (?) afkp (s) aglin () akjo (u) (grsitu)
efgk (9 bfin (?) belo (s) bhkm() bgip (u)
ijkl (9 cghko (7 chin (s) cejp (O cfim (u)
mnop(g) dkilp (7 dgjm{s) dfio (i) dekn(u)

The second of these series, at least up to 10 replications, may also be generated by the cyclic substitutions
shown in Table 2.1. For convenience the varieties are here represented by numbers instead of letters. The
first series may then be obtained from the second by deleting any set of varieties occurring in the same block.

Tables XVII1 and XVIIIz extend Tables XVII and XVIII to arrangements requiring fifteen or less
replications. These tables are based on tables by C. R. Rao (79). Since their publication Rao has supplied
solutions for No. 64 (due to himself), for No. 80 (P. K. Menon), and for Nos. 46 and 49 (S. S. Shrikhande),
The last two were derived from the partially balanced incomplete block design No. S 1.14 given on p. 222 of
(80). The procedure for No. 49 is to combine all blocks containing the number 1, omitting this number, and
so on for the 45 numbers. No, 46 is derivable from No, 49 by omitting one block and all the numbers in that
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TaBrE 2.1. CyvcriCc SOLUTIONS FOR BALANCED INcOMPLETE BLOCKS

Problem. Modulus (). Selected numbers,
0.5.2 7 1,24
0.5, 3 13 1, 2, 4, 10
2 1 1,56, 7, 9
0,5, 4 21 1, 4, 5, 10, I2
0.5.5 31 1, 2, 4, 1T, 15, 27
9 15 5,23 5 6 911
0.5.7 57 1, 4, 6, 14, 15, 21, 33, 37
19 19 5,35 6 7, 8 11,14,15
23 37 1, 2, 4, 8,18, 25, 26, 30, 36
0.5.8 73 I, 2,4, 816,32, 37,55, 64
0.5.9 o1 1, 2, 7, 11, 24, 27, 35, 42, 54, 56

To these may be added the unreduced (4) designs with 2 = z—1, See also the dicyclic solutions in one family (No. ), in two
families (No. 13), and the cyclic solutions in two families (Nos. 4, 11, 29) and in three families (No. 18) of Table XVIL
The unreduced (#) design with £ = 2 and » odd has an obvious cyclic solution in 4(v—1) families, and by taking complements a
corresponding result i3 obtained when 4 = 92,

block from the other blocks. These two designs are not given in Table XVII1, since no compact representation
has yet been found, The solution given by Rao for No. 56 is not completely balanced and has therefore been
omitted.

The reference system in Table XVIIIz is that given by Rao, £ and Z indicate designs that are derivable
from projective and Euclidean finite geometrical configurations. (2, x): 1 and Z(z, x): I correspond to
the solutions (o.s.) based on orthogonal squares of side & of Table XVIII,

In Table XVIIx numbers are used instead of letters to denote the varieties, as in Table 2.1 above. Mod (x)
indicates monocyclic permutation over the range 1 to £ ; mod («,’y) dicyclic permutation aver the ranges 1
to x and 1 to ¥ of the components. In monocyclic solutions in one or more families an invariant variety is
assigned the number x+1, so that, for example, in No. 32 the varieties are numbered consecutively from
1 to 12, In dicyclic solutions an invariant variety, additional to the dicylic set, is denoted by I. Numbers or
components which are not to be permuted are printed in bold type,

Youden's Squares

It has been shown (Youden, 21 ; Smith and Hartley, 52) that when 4 = v it is possible so to arrange the
order of the varieties in the blocks that each variety occurs once in each position in the block, and it is thus
possible to eliminate experimental differences between these positions, each of which comprises a complete
replication,

For example, experimental material consisting of 13 plants each with 4 corresponding leaves may be
assigned to 13 treatments so that each treatment occurs once on each type of leaf, At the same time the
13 plants constitute randomized blocks of 4 treatments each, in which each treatment occurs on the same
plant once with every other treatment. Similarly a varietal trial of 13 varieties in blocks of 4 may be arranged
on the ground in a 4 X 13 rectangle of plots so that both row and column differences are eliminated from the
varietal comparisons.

In drawing up an actual experimental arrangement of this type the blocks should be assigned to the
plants (or arranged on the ground) at random, and the experimental treatments (or varieties) should be similarly
assigned to the letters,

A cyclie or dicyclic substitution which gives an incomplete block solution will also give the corresponding
Youden square, provided that each block is written in the order in which it is generated. The complementary
Youden square solution may be obtained by performing the same cyclic substitution on the block which is
complementary to the given-block, Of the remaining solutions of Table XVII for which 4 = », No. 20 is
arranged in the form of a Youden square, and a Youden square form of the solution for No. 27 is shown in
Table 2.2.

Cyclic and dicyclic solutions in two or more families provide an extension of Youden squares. In these
the differences corresponding to the positions in the blocks of each family may be eliminated, e.g. 9 degrees
of freedom in solution No. 29 for 10 replicates of 41 varieties. Solution 15 is also given in the form of an
extended Vouden design. Each variety occurs 3 times in each position in the blocks, and the 2 degrees
of freedom between the three positions- can be eliminated. This form of No. 15 (and Yougden solutions
of Nos. 20 and 27) was given by S. S. Shrikhande (54) in a study of designs for two-way elimination so
heterogeneity.
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TABLE 2.2.

abedefghiy
bl gupal yeo
ckhdyvxoi t so
dgmwdidec DBya
eBxbmEdn:tC
fsCocme usglb
gDEanl ombki
hecysCinkEygp

tmtguyjlBBgos
JyAhfitnmowr
Eodbs hwg(CB g
ICrtagwscax
mz fpgydxd bk
ndsCyujgdl
onprovBecegd
pdoel shaDjB

griknjijDbecaxu
r fliBCovbDy
stnDbovzdakh
tpfkRDeCj Adw
uhBecEARI f ¢
vijwELlbs pme
wusdidErobd
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YoUDEN SQUARE SOLUTION (4 = o = 31, # = % = 10)
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Besides balanced incomplete blocks and Youden squares a number of different types of non-balanced
arrangement are also available, namely quasi-factorial arrangements, described in (25) and (26), lattice squares
(27), and partially balanced arrangements (28). The various types of arrangement are reviewed in (3) and
(29). The experimenter should acquaint himself with their advantages and disadvantages before deciding
which is most appropriate for his own needs,

Analysis of Balanced Incomplete Block Experiments

In the analysis of incomplete block experiments the block differences may be eliminated entirely from
the varietal comparisons (Yates, 16), or, as has been shown later (Yates, 23), the information contributed by
these comparisons may be combined with that provided by the intra-block comparisons, with weights
depending on the relative accuracy of the two sets of comparisons (as estimated from the experimental
results).

If the choice of blocks has been successful in substantially reducing the variability of the material, then
the amount of information contributed by the inter-block comparisons will be small, but in the limiting case
when the inter-block and intra-block comparisons are of equal accuracy, the fraction of the total information

i::;ﬁ = :—2, which approaches

contained in the inter-block comparisons is given by the efficiency factor £ =

the value 4 when £ = 2 and » is large.

In general therefore, it is worth recovering the inter-block information, except in small experiments
with less than 10 degrees of freedom for blocks, in which the relative weights cannot be determined with
sufficient accuracy, If the method described below is followed the amount of additional computation is
not great.

If ¥, be the sum of all the yields of variety s, 7, the sum of all the block totals of blocks containing variety
s, 7", the sum of all the remaining block totals, and ¢ the total yield of all plots, the estimates of the varietal
differences derived from the intra-block comparisons are obtained from the quantities

Qs = Vy,—T/4,

or, as is more convenient when £2>4v,
Q= Vn+Tla/k'

The actual differences in units of the total yield of the » replicates are given by the differences of
Q/E or Q'/E,

the sum of the first set being zero, and of the second set rG/v.
The error variance of these latter sets of quantities is #»/Zz, where 1/w is the intra-block error variance.
The estimates of the varietal differences derived from the inter-block comparisons are similarly given by

the differences of
rTf(r—A) or rZ,[(r—N),

in units of the total yield of » replicates. The error variance of these sets of quantities is £%/(»—2)z’, where
1/’ is the error variance of the inter-block comparisons, in units of a single plot.
The most efficient estimates of the varietal differences are given by the quantities
Y, = VtuW,
Wy = @—AV,—(v—1)T,+(;t—1)G,
w—w'

= w0 —1) ' (o —7)
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The error variance of the ¥’s is
Ar(v—1)
wu(k—1) 4w (v—

The analysis of variance follows the lines shown in the accompanying table, in which dez? indicates the
sum of squares of the deviations, y the individual yields and B the block totals. If recovery of inter-block
information is not required then only the part (2) of the analysis of variance is required. There is also no
need to subdivide the sum of squares for blocks, ignoring varieties. The comparison of the mean square {a)
for varieties with intra-block error gives an exact test of significance for the intra-block estimates.

Method (a). D.F. S.8. (a). S.S. (4). Method ().
Blocks (ignoring varieties) : Blocks (eliminating varieties) :
- dev® T dev® W .
Varietal component . v—1 Varietal component
k(r—2X) ro(v—Ak) (b—1)
. .+ .
Remainder . . . . b—v deu;rB* t Remainder
Total . . . . . b—1 Z f Total
.. L. der? dev® V

Varieties (eliminating blocks) . 9—1 7&37&(“2 ‘ " Varieties (ignoring blocks)
Intra-block error . . | ro—pv—f1 T +«——= 1 Intra-block error

Total . . . . . ro—1 det® y* <—— der?y* Total

* Requires checking, 1 Calculated by addition or subtraction.

If the mean square for intra-block error is A/ and the mean square (8) for the 4—1 degrees of freedom
for blocks, eliminating varieties, is /", v and w’ are estimated from the equations

1 . v(r—1)
= Y T DM —w—hua

If A" is less than A4, »' may ordinarily be taken as equal to .

If the structure of the design is such that the blocks fall into » groups, each containing a single replication
of all the varieties (as in solutions Nos, 6, 4, 21 and 23), and each of these groups of blocks is itself arranged in
a large block, then the sum of squares corresponding to the »—1 degrees of freedom for complete replications
must be eliminated from the sums of squares for blocks. The formula for 2" will then become

w

’ r—1I

Ry 7y v
In the more general case in which there are ¢ such groups of blocks, each containing rfc replications,
we have
w' v(r—1)—k(c—1)
T Ao~ M —(o—) M’

’

In the case of a Youden square the sum of squares corresponding to the 2—1 degrees of freedom for the
% series (representing leaf position, etc.) must be eliminated from the intra-block error,

Example 8

Table 3 shows the scores of 18 litters of 4 rats in a discrimination test, the values shown being the
square roots of the numbers of trials prior to 12 consecutive successful trials (the data are a random selection
from scores published by F. A. E. Crew (10)). A dummy trial of g treatments (z.¢. dietary treatments) in
blocks of 4, corresponding to litters, is superimposed on these scores. (Design r1 of Table XVII, » =8,
v=9,k=4,b=18A1A=3)

Table 4 shows the values of ¥, 7, 4Q and W for the nine treatments a-7. The analysis of variance is
shown in Table 3.
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TABLE 3. Scores oF 18 LITTERS OoF RATs

S 26 S50 a 7o 724 7 50 d 10'1 b 39 /40 b 28
d gy g 26 f 46 d 40 £ 74 a 97 dax S 61 S 26
¢ 54 759 Z 49 & 30 e103 [ §7 e 64 g 44 e 2°8
e 69 563 €33 S 24 £ 9% oS Z 63 €33 %33
246 207 198 11°8 32°1 330 207 17-8 11°5
657 b4y a 3o c s €37 £ 30 445 g 26 573
%93 g 66 /) gz22 a5z g 26 b 60 e 4'9 e 54
¢ 54 255 7 42 e 26 d 24 a 47 & 46 d 60 f 57
£ 61 k53 d 28 a 4'4 b2 e 24 ¢ 33 k46 a 44

26+5 22°1 11'4 164 137 129 184 181 228
Grand Total : 354°'4. Mean: 4-92.

TABLE 4. CALCULATION OF ADJUSTED SCORES IN DISCRIMINATION TEST

4Q ; w v
v. T. =4V=T. | @EHC | = oy gTi3G. | = V4w
a 43'9 152°2 +234 46°3 +65°1 457
6 391 1564 ° 394 +7°5 393
¢ 41°3 1696 —4'4 381 —871 389
d 43°6 15177 | A2z 46°1 +67°6 454
e 4147 159'2 +7+6 41°6 —I1°9 416
f 356 162°0 | —19'6 33°6 —548 34°1
g 286 1383 —23'9 32°3 4998 31°3
Y 428 172§ —1I'3 39'0 —102°8 400
d 378 1557 —4'5 380 +6-6 380
o 354'4 | 14176 o 3544 ° 3543
Divisor 8 4'5 4%827/32 89573
= 20 = 108 == 1080
TABLE 5. ANALVSIS OF VARIANCE, DISCRIMINATION TEST
D.F. | S (a) S.8. (3. M.S,
Blocks :
Varietal component . 8 41°4684 37°0634 46329 (&)
Remainder . . 9 1382011 1382011 15'3557
Total . . . o7 179+6695 1752645 10:3007 (&)
Varieties . . . 8 196044 240004 24506 (@)
Error . . . .| 46 119'4506 119°4506 25968
Total . . . N b 3187245 3187245 —
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From the results of the analysis of variance we obtain

1 . 63

" 2'5968 " 68X 10°3097—5 X 2'5068
_ 0°3851—~0'0916 __ 02035
F= X0°3851+5X0'0916  10°8557

=03851, o

= 0°0916,

= 0'02704.

The final adjusted scores in terms of the total scores of eight rats are given in the last column of Table 4. The
standard etror of these scores is

256
\/10-8557 = 4/23'58 = 4°86.

The scores based on intra-block information only (which are equal to Q/Z-+-3G) are also shown in Table 4.
Their standard errors are

v/ (8X2°5968 X 32[27) = 1/24'62 = 4-¢6.

Thus the gain in information from the recovery of the inter-block information is 24:62/23'58—1 or 4+4 per
cent. (excluding losses due to inaccuracy of weighting). The gain is here trivial, but if inter-litter and intra-
litter comparisons had been of equal accuracy, the gain would have been 18-5 per cent.

The litter totals can be adjusted to allow for the effects of the treatments by deducting one-eiglith the
scores based on intra-litter differences only of each of the four treatments contained in the litter concerned
from the total of that litter (adding four times the general mean if desired). Thus the adjusted total of the
first litter is 24:6—4'20—5§+76—4'76—5'20-44 X 4'92 = 24-36.

TABLES XX AND XXI. ORDINAL (OR RANKED) DATA

It is often necessary to draw statistical conclusions from data giving the order of a number of magnitudes
without knowledge of their quantitative values. Thus in tests of psychological preference subjects can often
express preferences, without being able to assign numerical values to the force with which the preference is
felt. Not infrequently, also, an experimenter who possesses quantitative values may suspect that the metric
used is unsuitable to the comparisons he wishes to make, and prefer to draw conclusions only from the order
of the magnitudes observed.

The analysis of such data is greatly facilitated by Table XX, which gives the average deviate of the #th
largest of samples of # observations drawn from & normal distribution having unit variance. Symbolically
this comes to

= o]
nl
= e AN el d
e f(r~1)l(n—r)lp g a%,
-0

where # is the ordinate of the normal curve, and g and ¢ are the probabilities respectively of falling short of
and exceeding =.

From the order in which any subject places a series of objects scores may now be assigned. With a number
of different subjects, the experimenter is then in a position to test, for example, whether the scores assigned
to any one object significantly exceed those assigned to another ; or, more generally, to apply an analysis of
variance to determine whether the variance in score among objects exceeds the remainder due to differences
in the order chosen by different subjects. More elaborate analyses afford tests of differentiation in preference
between classes of subjects of different sex or age. The labour of summing the squares of individual scores
is saved by using the sums of squares given in Table XXI.

The scoring of ties causes little difficulty, If, for example, the fifth and sixth objects out of 13 are judged
to be equal, instead of scoring one -3¢ and the other +19, each is given the same score -z9. In such cases the
sum of squares needs adjustment. When only two objects are judged to be equal it is easy to see that the
reduction is 3(-30—19)% = +o2, so that the sum of squares is 10°7g904 in place of 10-8104 shown by the table.

The table can also be used to obtain the factor by which the range of a sample of size # should be multiplied
to give an estimate of the standard deviation of an observation. The factor is in fact 1/2y;. Thus the range
of a sample of 8 should be multiplied by 1/(2 X 1°42) = o-352. Similarly if the mean of the difference between
the largest and smallest observations, and between the second largest and second smallest is taken, the
appropriate factor is 1/{z X $(u;+p)}.

In a normal distribution the range provides quite an efficient estimate of the standard deviation if the
sample size is small, but the efficiency becomes low as the size of the sample is increased, as is shown by the
following values on page 32.
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Size. Efficiency. Size. Efficiency.

2 100 I3 768
4 97°5 20 699
6 93'3 25 647
8 890 50 489
10 850 100 348

Moreover if the distribution is not normal the use of the factors appropriate to the normal distribution
will give biased estimates of the standard deviation, whereas the ordinary estimate of the variance based on
the sum of the squares of the deviations will be unbiased whatever the form of the distribution. The magnitude
of the bias increases as the size of the sample increases.

On both grounds, therefore, the range should not be used with large samples, Nor has its use with a
single small sample much to recommend it, since in this case the calculation of the ordinary estimate is not
laborious. Similar objections apply to the use of a modified ¢ test based on the range, If a large number of
small samples of the same size (say not greater than 10) from a distribution are available, however, the mean
range will provide a reasonably efficient estimate of the standard deviation and one that is not likely to be
seriously biased unless the distribution departs markedly from normality. The range can also be appropriately
used in quality control work to provide a control on the variability, though in this case there is no point in
converting to the standard deviation, provided the sample size is constant.

TABLE XXII. THE LEADING DIFFERENCES OF POWERS OF NATURAL NUMBERS

The table gives values of 4ro?/#l, where Avo* denotes the leading rth difference of the sth powers of the
natural numbers commencing at zero. Its application to combinatorial problems arises from the identity

4o’ = 5 sl
‘ 7 e @Bl L
where (p,™ p,™ . . .)is a partition of the number s into » parts, z.e.
Znp = s, Zn =7,

The partitional function on the right represents the number of ways of dividing s persons into the » parties
specified by the partition. The summation proceeds over all partitions of s into » parts.

Hence 4%?/# | is the number of ways of dividing s persons into » parties of all possible sizes. For example,
with s= 4, » = 2, the table gives 7 ways, which are in fact,

(ab)(cd), (ac)(bd), (ad)(e), (abe)(d), (abd)(c), (acd)(?), (bed)(a).
If s objects are equally likely to fall into any of # classes, the probability that they will fall into exactly
r of the possible = classes can be shown to be
1 nt  Avof
nt (n—r)l 7l
Hence the distribution of » can be derived from the table. Thus the table is useful for testing whether
objects fall together in classes too often or too rarely. For practical applications see Stevens (12), (x3).

Example g

In the expression for = it may be noticed that in the first 20 decimal places all digits save zero occur at
least once. Zero is the only digit absent, It is not obvious how frequently o, 1, 2,. . . absent digits would
be found in a series chosen at random.

Putting s = 20, # = 10, #» = 9 in the expression shown we find

10l 10
% XIZOI'IgXIO
10

= 346288 X 120113 = '4350.

Hence in 43-59 per cent. of trials we should expect exactly one absent digit; similarly we should expect
no digit absent in 2147 per cent. of such trials ; consequently two or more digits will be absent in the remain-
ing 34-94 per cent. The absence of one digit out of ten is the commonest event in such trials.
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The table may be extended by using the recurrence relation

Artigetl Artigs ATo?

' . eror = Y o T o
This equation may be written

A'+1o’+1__d'(A+ et A4rr?

(1) bl T

showing that the entries derived from powers of natural numbers commencing at x#zsfy, may be read from this
same table, with » and s both increased by one.

Cumulants of the binomial distribution
The first four cumulants of the binomial distribution are well known
i =Np g = Npg(g—~2)
kg = Npg  ry = Npg(1~6pg)
Table XXII makes the higher cumulants readily available in the form
Ky : Y4
L= T (=)L froe
N3 ) ¥ 4o

and, what is more directly useful,
&

K -1
LIS ( — )r—lpr—l Arod-1,
1

Npg

Example 9.1
To obtain «;/Npg take the series for s = 5, supply the initial unit entry, and multiply by #1 to give

I—30p + 15002 —240p%+ 120p*
or, more compactly
1—30pg+ 1200%2
Tor odd numbers the value is divisible by (7—p) or 4/(1—44¢); so, for x,/Vpg, we find from the series
fors =6
1~ 62p -+ 540p%— 15602%+ 1800p% —~ 72028
= (1~ 2p)(x — Gop+ 42092 — 720p3 L 360p%)
= (g—p)(1~60pg+360p"").
The coefficients of powers of g¢ are really central differences at zero, with different formule for odd and
even cumulants, Their derivation by the method exemplified above is more expeditious and more easily
remembered. Authors of standard textbooks seem not to know this method.

TABLE XXIII. ORTHOGONAL POLYNOMIALS

If a polynomial regression line
Y = atduxtca?Fdxd L ..

is to be fitted to a series of »’ observations at equal intervals of x, we may conveniently fit instead the
equivalent line

Y = A+Bt+Cty+Dég+ « . .

where ¢, £, &, . . . are orthogonal polynomials of degree 1, 2, 3 . . . (4 = and ¢, = x—%). A method
of determining the coefficients by successive addition, and also of calculating the polynomial values by the
same process, is given in Statistscal Methods. 1f the numerical values of the s (or multiples ¢’ = A¢ of them)
are known for each value of x an alternative procedure (set out below) is available. Table XXIII shows these
numerical values for all ¢’ from ¢, to ¢'y, and all #’ from 3 to 75.) In each case the smallest value of A is
chosen which gives integral values to ¢’. This value is shown at the foot of the corresponding column, and is
the coefficient of the highest power of x in ¢, The sum of squares of each-set of §”s is also shown. Above
n' = 8 only the values for positive x—# are given. More extensive tables are available elsewhere (38, 39).
The first reference (38) gives values of ¢, to ¢'; for all #’ to 104, the second (3g) gives values of £, to ¢’y for all
n' to 52,
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The coefficient of each £ in the regression equation is found by calculating the sum of the products of the
observed values ¥ and the corresponding values of ¢, and dividing by the sum of squares of ¢. Thus the
coefficient of &'y is

oo S0ED

T OSER”

The corresponding sum of squares in the analysis of variance is

{Sreap
C'S(yty) = e
(e =57 o)
and the estimated standard error of C” is s/4/.S(¢' ).
If any or all of the values of ¥ corresponding to the »’ observations are required they may be calculated
directly from the values of the coefficients and the £, using the equation

Y= A+B ¢ +C th+D ot . - .

This procedure is particularly useful when only a few values are required.
If the regression equation is required in terms of powers of 4 the formule for the £'s in terms of powers
of x given in Statistical Methods (editions 3-6), or the recurrence formula

At

5r+1 Elfr 4(4’,2 I)

(€0 = 1) may be used, together with ¢ == A& Alternatively the coefficients of the powers of x in each ¢
may be deduced from the tabulated values of the ¢”’s, as illustrated in the example below (remembering that
the even ¢’s contain only even powers of x, and the odd ¢’s odd powers of x).

The relative advantages of the above method and the alternative process of successive addition depend
on the computing facilities available, but with a good multiplying machine, and no printing adding machine,
the use of the £”s will be found to be decidedly more expeditious, especially when #’ is small. If polynomials
of the fourth or fifth degree are to be fitted the sums and differences of the pairs of observations (commencing
from the centre) should be tabulated, thereby halving the number of multiplications. At the same time the
values may frequently be reduced in magnitude by the deduction of a constant amount, and if necessary by
rounding off. If polynomials have to be fitted to & number of sets of observations with the same #’ it is worth
tabulating ¢&';--¢'34-¢'s and #&,+4¢,, and using the checks Sy(¢'i+&5+¢';) = Sy& + Sy +Sy ¢ and
Sy(€at-¢0) = Sy&o+Syty.

Example 10

Table 6 shows the yields (bushels per acre) of plots 9 and 7 of Broadbalk wheat field for the 3o years
1855-1884. The only difference in manurial treatment was that plot g received nitrate of soda and 7 an
equivalent quantity of nitrogen as sulphate of ammonia. Investigate the slow changes in the difference
between the two plots by fitting a polynomial of the fifth degree. (This example is discussed in Statistical
Metkods, Sections 26 and 28.1, The values there given have been rounded off to one decimal place.)

TABLE 6
Homvest | o, 7. gy, | Harest ) 7. g7, | Bt g, 7. 9-7.
1855 | 296 | 330 | —34 | 1865 | 44'1 | 402 +3'9 | 1875 | 305 | 266 +3°9
1856 | 324 | 36'9 | —4°5 | 1866 | 325 | 299 +26 | 1876 | 333 | 255 +7-8
1857 438 448 —1I°0 1867 29°1 222 +69 1877 40°1 19°1 ~+210
1858 376 389 —1I1°3 1868 478 392 +8:6 1878 372 322 +5°0
1859 300 347 —47 186¢g 390 282 +10-8 1879 21°9 172 47
1860 | 326 | 277 | +4°9 | 1870 | 45'5 | 414 +4'1 | 1830 | 341 | 343 —'2
1861 338 34'9 —I'I 1871 344 22°3 “+12'1 1881 354 26°1 +9'3
1862 43°4 359 A 1872 407 29'1 “+11:6 1882 31+8 348 —3-0
1863 | 55°6 | 5377 | 419 | 1873 | 358 | 228 | 4130 | 1883 | 434 | 363 +71
1864 | s1°T | 458 | +5-3 | 1874 | 382 | 39'6 —1'4 | 1834 | 404 | 378 +26
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The computations are given in Table y. The first step is to form the sums and differences of pairs of
yalues, working outwards from the centre pair.

Thus +14'g = 44'1-410'8 and —6+7 = ~4'1—10°8.

The totals of the sums and the differences check against the sum and difference of the totals of the first fifteen
and last fifteen of the original values, The total sum of squares of the deviations from the mean, 1016499,
can be calculated from the sums and differences, and, as a check, from the original values, at the same time
as these totals are obtained. '

TABLE 7
Sums of Products.
Years, Sum. Difference.
Term. S¢y. ggs;ffz? elg[tl. Sum of Squares.
70, '69 +14*9 —6+7 1 +1191-6 +0°1325473 1579434
'yx, '68 ~+-20%7 +35 2 —8ggo-o —or02g%6190 2675595
T2, 6y 4185 +49 3 —8y72-2 —o0-0%4106780 36026
'73, 166 +15'6 104 4 41485000 0044044817 6-0069
"14, '65 +2°5 —5'3 5 -+72400°4 +o0'0%3374157 2°4429
'75, 64 +92 —14
’76, ’63 =497 +5'9
:77, '62 +28:5 +13°5
78, '61 +39 +6°1 Anglysis of Variance.
)79’ ’60 +9.6 —02
80, '59 —4'9 445 I%erge:f:r:f Sum of Squares, | Mean Square.
'81, ’58 80 106
82, 57 —40 —20
"83, '56 +-26 116 Polync?mial terms . 5 437°55 8751
84, 's8 —08 +6-0 Remainder . . 24 57944 24°14
+134'0 +61+2 Total . . 29 1016°99
446

The sums of products with the ¢ values are next calculated, and at the same time the regression
coefficients and the sum of squares accounted for by each term. The sums of products may be checked by
direct recalculation or by the method described above. Finally the analysis of variance can be completed,
giving the residual mean square of 24-14. As will be seen, the first two terms account for a substantial part
of the variation, but the mean squares of the remaining three terms are all below the residual mean square.
Thus a parabola adequately describes the slow changes.

The equation of the parabola is

Y = 4°4664 013255 §';—0'029762 ¢y . . . . . - (1)
which can be converted into an equation in w, if this is required, by substitution for ¢, and ¢
If x is measured from the centre point of the series ¢y = 2x and ¢, = g x%4-C, the coefficients z and g of

the highest powers of x being given in Table XXIII. Further, since ¢’y = —112 when x = 4%, we have
immediately € = —r12°375.
Alternatively the recurrence formula gives

1*.899 | _ 3., .
[El.fl 3 .I:I—-z.‘:c 112°375.

f’z =

|53 1%
[N

fz'—-—"

This gives the equation
Y = 7-Br12-+0'265102-—0°'044643x% . . . . . . (2)
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The value of ¥ for any given year can be calculated from (r). Thus for the year 1853
Y = 4°4667+0'13255 (—29) —0°029762 (+203) = —5°4189.

Similarly for the year 1884 the value is 4-z-269o. Equation (z) will, of course, give the same values.

The parabola has a maximum at x = --2-9609, 7.e. at the date 182+469, ¥ then having the value 4-8-2048.
The improvement of plot g relative to plot 7 therefore appears to have reached a climax at about this date,
there being some evidence of a reduction in the difference subsequently.

As a further exercise polynomials may be fitted to the yields of the two plots separately. The difference of
these two polynomials clearly gives the polynomial already determined.

TasLE XXIV. CALCULATION OF INTEGRALS FROM EQUALLY SPACED ORDINATES

The table supplies data useful for the mechanical integration of functions calculated at not very closely
spaced ordinates. Its use may be illustrated by the series of reciprocals of numbers from 15 to 19. In this
case the integral is known to be log, 19/15, or -23638,87780,66; the average ordinate over the four units in
the panel is, therefore, -05909,71945,16. An accurate calculation can be obtained from the series of
reciprocals and their even differences. Taking enough to use the eighth difference, these are as follows to ten
places of decimals :—

Diflerences.
Number. Reciprocal.

2nd, 4th, 6th. 8th,
13 -07692,30769
14 *07142,85714 73,26008
15 06666,6666% 59,52380 3,23209
16 *06250,00000 49,01961 2,33426 28353
17 *05882,35294 40,84968 I,71996 18438 3745
18 "05555,55556 34,39971 1,29004 12268
19 *05263,15789 29,23978 98280
20 *05000,00000 25,06265%
21 *04761,904476

Using the coefficients for 4 sub-panels in the table for central ordinate and even differences, the successive
approximations obtained are as follows :—

Correction, Value, Error,
No difference *05882,35294,00 —2%,36651,16
2nd ” +27%,23312,00 *05909,58606,00 —13339,I6
4th ” . 1337747 *05909,71983,47 +38,31
6th ” —39,02 *05909,71944,45 —71
8th » -+86 *05909,71945,31 +15

To show the adequacy of the adjustments two additional figures have been retained. The evaluation is
satisfactory using only 6th differences, although the 8th difference is a four-figure number.

The formule using integral multipliers in the first part of the table (4 sub-panels) give exactly equivalent
values to the use of 4th and 6th differences.

i

TABLES XXV To XXXII AND XXXIV, LOGARITHMS, TRIGONOMETRICAL FUNCTIONS, ETC.

These tables comprise the standard functions that are likely to be required by the statistician. Five-
figure accuracy has been adopted in most of the tables, since four-figure tables are already sufficiently plentiful,

and five figures bridge the gap between the slide-rule (roughly three-figure accuracy) and seven-figure standard
tables.
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In addition to the ordinary table of logarithms to base 10 of numbers 100 to 9°99 (Table XXV) eight
pages of natural logarithms (log, -coo1—log, 99-9) are included (Table XXVI). This table will prove useful
to those who find it convenient to work with natural logarithms. Exact squares of all three-figure numbers
(Table XXVII) will enable an occasional analysis of variance to be performed without a machine. Square
roots (Table XXVIII) are so tabulated-that the square roots of each three-figure number and of ten times
that number appear together. This facilitates reference to the table, and serves as a reminder of the necessity
of considering the position of the decimal point before taking out a square root. Reciprocals (Table XXIX)
are given to six figures, since interpolation is not likely to be required in this table when a machine is avail-
able, and the additional figure is useful when division is being performed on a machine by means of
reciprocals, :

Table XXX gives the factorials of the numbers 1-300 to six significant figures, and their logarithms to
seven decimal places. Of the trigonometrical functions only natural sines (Table XXXI) and tangents
(Table XXXII) have been included, By tabulating (9o®—#) tan 8 instead of tan 8 for values of @ greater than
60° five-figure accuracy of interpolated values is assured, even for high angles.

In Table XXXIV will be found a collection of constants, conversion factors, etc., Only the English,
American and metric systems of weights and measures have been included, the more uncommon measures
of these systems being given in their most easily remembered forms.

The tabulation of the above tables to 5 and 6 figure accuracy does not preclude their use to four-figure
accuracy only when the circumstances warrant it. For this purpose they will be found little slower than the
ordinary four-figure tables, since the amount of page-turning is the same. When using logarithms to four-
figure accuracy it will frequently be found most expeditious, as well as slightly more accurate, to retain 5 figures
in the logarithmic calculations, without making any attempt to interpolate to more than four-figure accuracy.
General instructions for interpolation are given in the last section of the Introduction.

TaBLE XXXIII. RanpOM NUMBERS

This table contains 7500 two-figure random numbers arranged on six pages. The method of construction
of the table, and the tests made on it, are described in the first edition. Methods of using the table may best
be made clear by a couple of examples.

Example 11, Required to select a series of numbers at random from the numbers 1-16.

The simplest way of doing this is to select a row, column or diagonal of two-figure numbers (such selection
being made without previous inspection of the numbers themselves), and pick out all numbers between 1 and
16 as they occur. With a number like 16, however, such a procedure is tedious and wasteful of numbers.
As an alternative we may divide each two-figure number by 16 and take the remainder (o counting as 16).
It is clear that to give all numbers an equal chance of selection the numbers g%, 98, g9 and oo must be rejected.
A modification of this process, which somewhat lightens the arithmetic, is to use the divisor zo instead of 16,
rejecting any number which gives oo, x4, 18 or r9. Thus 73 would be read as 13,

Example 12. Required to arrange 8 treatments, numbered 1-8, in random order,

This operation can be performed Ly selecting one of the treatments at random from the eight, then
selecting a second from the seven that remain, and so on. When the number of treatments is at all large,
however, this procedure is tiresome, since each treatment must be deleted from a list as it is selected and a
fresh count made for each further selection. To avoid this C. R, Rao (78) has proposed an alternative method.
The one-dimensional variant of this, suitable for the present example, consists of taking 1o cells numbered
o0-9, and allocating the numbers 1-8 to these according to a sequence of 8 single digit random numbers. Thus,
using the first column of Table X XXIII (I), which begins o, 9, 1, I, 5, 1, 8, 6 we allocate 1 to cell o, 2 to cell
g, 3 to cell 1, 4 to cell 1, etc., the complete allocation being

Cell{ o 1 2 3 4

, 6 7 89
Y 3,4, 6 8 — 7 2

5
5
The three numbers in cell 1 must now be permuted. This can be done by the same process, using the next
three random numbers 3, §, 1 to give the order 6, 3, 4, so that the final permutation is 1, 6, 3, 4, 5,.8, ¥, 2.
Alternatively this secondary permutation can be done as the numbers are written down, e.g. -by using th.e
random digit in the adjoining column. For 4 the number is 2, which divided by 2 gives remainder °; Phls
can be taken to indicate that 4 is placed first, 7.¢. 4, 3. For 6 the number is 6, which divided by 3 again gives
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remainder o, 7.¢. the order is 6, 4, 3. (In this latter case the number 9, if it occurs, must be rejected.) A further
alternative to secondary permutations is to reject the random number if the cell is already occupied, but this
will, on the average, lead to a substantial proportion of rejections if the number of treatments is greater than
half the number of cells, and the use of secondary permutations, at least for pairs, is generally preferable.

Example 12.1. Arrange the 4o symbols 4-Z, a-n, in random order,

Rao’s method can again be followed, using two-digit random numbers to define a two-way 10X 10 table
of cells. Thus, using the first two columns of Table XXXIII (II) and the third column for secondary per-
mutations, the first number is 53, so that 4 is written in row 5, column 3, etc. The full permutation is

OFjKENMcm VX]CgahTREUFeAdILDBGPYnlIZHQiWSE

TABLES XXXIII1 AND XXXIIIz, RANDOM PERMUTATIONS

Table XXXIIIz gives 750 random permutations, numbered o-749, of the numbers o-9. By its aid
random permutations of up to 1o objects can be obtained immediately, instead of by the procedure given in
Example 12, Table XXXIIIz gives 200 similar permutations of the numbers o-19. It can also be used to
give additional permutations of the numbers o-g which are independent of one another and of those given in
Table XXXIII1, by taking separately the numbers o-g and 10-19 of each permutation. These tables are
useful in such processes as the allocation of treatments to the plots of a randomized block experiment, the
randomization of the rows, columns and letters of a Latin square, etc.

Each permutation of 1o is arranged in two groups of 5 printed one beneath the other, and each permutation
of zo is similarly arranged in a 4 5 pattern. The reading of the permutation in a different order, e.g. down
instead of across, will give another random permutation, but not one that is fully independent of the first.
For this reason, when large numbers of random and strictly independent permutations are required they should
be generated from a table of random numbers, or by some other fully random process. For the purpose of
experimental design, however, Tables XX XII1x and XXXIIIz will provide all that is normally required.

Numbering the permutations serves two purposes. It enables permutations to be selected from the
table at random by selecting & number at random in the appropriate range from Table XXXIII. It also
enables the permutations which are to be used in particular experiments to be specified, thus ensuring that the
arrangement used is really random, without drawing up the detailed plans,

The tables were generated by Mr B. M. Church from Table XXXIII by the aid of Hollerith equipment,
Tables of 1000 permutations of g and 1coo of 16 have previously been published by Cochran and Cox (3b),
following a suggestion by G. W. Snedecor.

INTERPOLATION

Many of the tables are provided with special aids to rapid interpolation, such as proportional parts, mean
differences, and tabular differences printed in the tables. In other cases linear interpolation is generally
sufficient. Thus if the table gives values for #, and #,,,, and the value is required for #,,,, we may take

’
U = Qg+ Uy,

where ¢ stands for 1—#8. This form is convenient for machine .work; mentally it is often quicker to use the
difference between the tabular values and calculate

4 =ty (1 —g).

Modern work, especially that of Jordan (20) and Aitken (18), (19), has much facilitated the use of interpola-
tion, without the aid of differences, in cases for which linear interpolation is thought not to be sufficiently
accurate, A very useful improvement on the linear interpolate, based on four instead of two adjacent tabular
values, is obtained by supplementing the linear interpolate from the two nearest entries by that from the next
two which enclose them. This latter is

#" = {1 +0serat+(1+¢)ue}.

Curvature of the entries is shown by «' differing from %°, the error of the former being generally of the
same sign as that of the latter, though smaller. To complete the adjustment calculate the product 8¢, and use

# = §{(2+-64)u"—0¢u"},
which is the correct 4-point interpolate, obtained without the use of differences.
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This procedure can be used also for inverse interpolation. The inverse linear interpolate -8 corresponding
to a value # is given by

. b6 = (u—1g)[(tep sy —1t).
An improved value of 8 (though not the exact 4-point interpolate) is then given by
0y = 0+-30¢(2" —10)| (41— 2455).

Alternatively, exact 4- and 6-point inverse interpolates can be obtained by the method of divided differences.

In the tables in which mean proportional parts are given for each line of the table, only the proportional
parts for 1 to 5 units are included, instead of, as is customary in tables of this type, for 1 to 9 units, it being
intended that subtraction from the next higher tabular value should be used when interpolating for fractions
above o'5. The exact procedure will be clear from the examples below. The advantages of this innovation
are two-fold : firstly the differences which have to be dealt with are smaller, thus facilitating the arithmetic
(which should be done mentally), and secondly the errors arising from the use of mean proportional parts for
the whole of each line are reduced.

The actual tables in which this type of arrangement has been adopted, for the whole or the greater part
of the table, comprise : II (ordinates of the normal distribution), IX (probits), XXV and XXVI (logarithms),
XXVIII (square roots), XX XI (sines), and XXXII (tangents). In tables XXV and XXVI (logarithms) the
common practice is followed of tabulating the values for the numbers 10-19 on 2o lines instead of 10, so that
five values instead of ten occur on each line, thus reducing the range covered by each set of mean proportional
parts (which are here changing rather rapidly) to five units of the interval of tabulation.

In Table XXIX (reciprocals) mean differences of consecutive tabular values, instead of mean proportional
parts, are given for each line of the table (thus allowing space for the tabulation of six figures instead of five).
These mean differences correspond to ten times the mean proportional parts for 1 unit given in the other
tables. This course has also been followed for Table VII (transformation of # to 2).

In those parts of Table IX (probits) and Table XXIX (reciprocals) where the first differences are changing
so rapidly that the mean proportional parts or mean differences are too inaccurate to be of value, the actual
first differences between each tabular value and the next are given.

In Table XXVII (squares) no differences are given. Squares of four-figure numbers may be easily derived
by the use of the expansion of {(e-}#)?, as indicated in the note below the table,

In all the above tables, except the last two lines of the table of probits and the first 20.lines (1+0-2+g). of the
table of-reciprocals, linear interpolation will give results accurate to one unit in the last tabulated place. The
use of mean proportional parts or mean differences will, of course, give errors greater than this in those parts
of the tables where the differences are changing rapidly. The actual magnitude of the error may be assessed
by seeing how rapidly the proportional parts are changing from line to line, as illustrated in Example 13 below.,
The mean proportional parts should therefore be used with discretion when full tabular accuracy is required.

Lxample 13

Find the natural logarithm of 1106. We have log, 11'1 == 2:40695. The proportional part for 4 is
357. Thus log, 1106 = 2°'40338. The true value = 2'40333,5, the discrepancy being due to the use of the
mean proportional part instead of the correct proportional part, which is o4 (2°40695—239790), 7.e. 362. As
will be seen by inspection the proportional parts are here changing rather rapidly. A closer approximation
would have been obtained by taking this change into account, interpolating roughly in the required column
of proportionsal parts, 7.e. between 357 and 374.

Lxample 14
Find the square root of 29°426. The square root of 294 is 5-4222, and since 2:6 = 3—o+4 the required
proportional part is 28—3+7 or 24, giving the value 5:4246. (True value = 5°42457.)
Lxample 15

Find the angle whose tangent is 0'y9134. The nearest tabular value, o'7g259, is that for 38° 24’. The
difference is —r25. To the nearest minute, therefore, the angle is 38° 21’, a closer approximation being
38° 21-4". (True value = 38° 21-36'.)

Lxample 16

Find the angle whose tangent is 282, Ordinary inverse interpolation is here impossible, since (go°—)
tan 6 is tabulated, but any approximation may be rapidly improved by dividing the tabular value by the
given tangent, and subtracting from go°. First find a rough approximation by interpolation in the auxiliary
marginal table of tangents. This gives a value between 704° and 40-5° 7.c. between 70° 24" and 70° 30’
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We then obtain

7 . .

Angle. Tabul(zxa‘Value x/2:82. Ve uzggx"llgm-al
704 55043 195188 89-9188
70°5 55066 19°5270 900270

The second column gives the tabular values from the table, the third is the result of dividing these by the given
Subtracting either of these from go® gives a better approximation,
the fourth column, which is the sum of these quotients and the original angles. Inverse linear interpolation
between the last two values for the value go will now give the required angle, namely 70°4750, #.¢. 70° 28.50

(True value = 70° 28:499".)

tangent 2-8z.
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TABLE I. THE NORMAL DISTRIBUTION

P l *00 ‘oI *0z ‘03 *04 ‘05 +06 -y *08 *09

‘0 > 2°575829 2326348 2'170090 2°053749 1' 959964 1°880794 1°811911 1750686 14695398
*I | 11644854 1598193 1554774 I'514102 I'475791 I'439531 1405072 1372204 I'340755 1310579
s2 | 1281552 1253565 1220528 1'200359 I'174987 I'150349 1°126391 I'103063 1080319 1'058122
'3 | 1036433 1'015222 ‘994458 974II4 -95416§ 934589 915365 -896473 -877896 -859617
4| 841621 823894 -8ob421 -78g9192 -772193 *755415 738847 722479 706303 690309
'5 674490 +658838 +643345 628006 612813 *597760 -582842 -568051 +553385 538836
*6 | 524401 -510073 495850 481727 467699 453762 - *439913 426148 412463 308855
*7| 385320 371856 358459 ‘345126 331853 318639 305481 +292375 279319 266311
-8 *253347 ‘240426 227545 -2I4%702 +201893 +189118 +176374 163658 150969 138304
-9 ‘125661 113039 'I00434 087845 -075270 +062%07 ‘050154 -037608 025069 ‘012533
P ‘002 * 0ol 000, * 000,01 * 000,001 *000,000,I  *000,000,0I 000,000,001
* 3090232 329053 389059 4°41717 489164 5732672 5773073 610941

The value of P for each entry is found by adding the column heading to the value in the left-hand margin.
of xis the deviation such that the probability of an observation falling outside the range from —=x to -z is P. For example, P = 03
for x = 2:170090; so that 3 per cent. of normally distributed- values will have positive or negative deviations exceeding the standard
deviation in the ratio 2-1y0090 at least.
The table of probits (Table I1X) provides a more extensive (P, x) table,
and the P's derived from that table must therefore be multiplied by 2 to bring them into line with the P’s of Table 1.

The corresponding value

The probit table refers to a single tail of the distribution,

TABLE II. ORDINATES OF THE NORMAL DISTRIBUTION
% *00 o1 ‘02 ‘03 *04 ‘05 <06 ‘oY ‘08 el I 2 3 4 5
oo | °3989 -3989 -3989 3988 -3986 3984 3982 -3980 -3977 3973 © o -1 -I -I
o1 | +3970 +3965 +396T ‘3956 3951 3945 °3939 °393z2 -3925 3918 | -I -1 -2 -2 -3
o2 | -3910 -390z -3894 3885 -3876 *3867 3857 3847 -3836 3825 | -1 -2 -3 -4 -3
o3 | 3814 -3802 3790 -3778 3765 3752 3739 3725 371z -3097 (-1 -3 -4 -5 -6
o4 | -30683 3668 -3653 3637 -3021 "360s  -3589 3572 3555 3538 |-z -3 -5 ~G -8
o5 | *352T -3503 -3485 3467 -3448 3429 '34I0 -339T -3372 °3352 | ~2 —4 -6 -8 -9
o6 *3332 *33I2 *3292 *327I *3251 *3230 +3209 3187 -3166 3144 -2 -4 -6 -8 -10
o'y *3123 “3I0or  +3079 3056 -3034 ‘301 +2989 2966 2043 ‘2920 -2 -5 =7 —g -II
o8 2897 -2874 -2850 +2827 -2803 2780 +2756 2732 2709 20685 -z -5 -7 -9 —I2
09 +2661 2637 2613 2589 -25065% *2541 +2516 2492 2468 2444 -2 -5 -7 —Io —I2
1’0 ‘2420 2396 <2371 2347 *2323 +2299 *2275 2251 +2227 ‘2203 | -2 =§ -7 —IO —I2
I I *2I79 -2I55 2131 ‘2107 -2083 ‘2059 +2036 2012 1989 1965 -2 -5 -—% —-Io -I2
Irz2 *1942 *1919 -18¢95 1872 1849 1826 +1804 1781 1758 1936 -2 -5 -7 -9 -II
] ‘1714 1691 -1669 1647 1626 ‘1604 +1582 1561 1539 1518 -2 -4 =7 -9 -II
4 | 1497 1476 1456 1435 1415 1394 *1374 1354 1334 1315 | -2 —4 -6 -8 -10
15 ‘1295 1276 1257 1238 -I219 ‘1200 1182 1163 1145 ‘1127 -2 —4 -6 -7 -9
16 *II0Q *I0Q2 ‘1074 'IO057 *1040 ‘1023 -I1006 -0989 ‘0973 0957 | -2 -3 =5 -7 -8
17 ‘0940 ‘0925 ‘09og ‘0893 ‘0848 *0863 0848 -0833 <0818 o804 |[-~2 -3 -3 -6 -8
-8 ‘o790 ‘0775 o761 0748 ‘+0%34 *0721  -0707 ‘0bg4 <0681 -066g -I -3 -4 -5 =%
1’9 ‘0656 ‘+0644 0632 ‘o06z0 ‘*0608 ‘0506 -0584 0573 o056z +o551 -I -2 -4 -5 -6
20 ‘0540 *0529 0519 ‘0508 0498 *0488 0478 0468 ‘0459 ‘0449 | -I -2 -3 -4 -5
21 *0440 0431 0422 ‘04I3 *0404 *0396 0387 -0379 <0371 0363 -I -2 -3 -3 -4
22 ‘0355 ‘'0347 *0339 ‘0332 ‘0325 ‘0317 *©3I0 +0303 0297 ‘0290 -I -I -2 -3 —4
2:3 ‘0283 +o0277 0270 +0264 ‘0258 *0252 +0246 0241 ‘0235 ‘0229 -I ~-I -2 -2 -3
24 ‘0224 0219 -+0213 ‘0208 -0203 ‘0198 0194 -018g ‘0184 ‘0180 0 —-I —-I =2 =2
2'5 ‘or7s5 ‘*or7r ‘*orB7 ‘o163 -ois8 "0I54 'OI§l ‘0I47 *0I43 °*0139Q 0 -I -I -2 -2
2:6 ‘0136 0132 ‘o0I29 ‘0I26 -0l22 *0119 0116 ‘o0Ir3 -oIlo ‘0107 0 -I —I —-I -z
29 *0I04 *0IOI 0099 ‘0096 0093 *009r 0088 0086 0084 ‘00871 0O =-I =-I -I -1
28 '0079 *0077 *0075 *004Y3 *0O7L ‘0069 0067 +0065 +0063 0061 0 O ~=I =I -
29 ‘0060 +0058 0056 0055 0053 *0051  *0050 ‘0048 0047 0046 o o o -1 -I
-0 IR ) °3 ‘4 .5 .6 .7 -8 *9
3o *0044 0033 ‘0024 *OOI7 *00I2 *0009 ‘0006 :0004 0003 0002
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- TABLE II1. THE NORMAL PROBABILITY INTEGRAL
° I 2 3 4 5 6 7 8 9

HRrRrRH
Q o~ ot

RN RRBR
HWNHO

ERABRR ABRER quoaa geaay
HGa RN =D O X~ O\ LD

O 0 v

0" 50000 49601 49202 48803 48405 48006 47608 47210 46812 46414
46017 45620 45224 44828 44433 44038 43644 43251 42858 42465
42074 41683 41294 40905 40517 40129 39743 39358 38974 38591
38209 37828 37448 37070 36693 36317 35042 35569 35197 34827
34458 34090 33724 33360 32097 32636 32276 31918 31561 31207

30854 30503 30153 29806 20460 29116 28774 28434 28096 24760
27425 27093 26763 26435 26109 25785 25463 25143 24825 24510
24196 23885 23576 23270 22965 22663 22363 22065 . 21770 21476
21186 20897 20611 20327 20045 19766 19489 19215 18943 18673
18406 18141 17879 17619 147361 17106 16853 16602 16354 16109

15866 15625 15386 15151 14917 14686 14457 14231 14007 13786
13567 13350 13136 12924 12714 12507 12302 1I2I00 IIQOo0 II702
I1507 1I3I4 TIII23 10935 I0749 10565 10383 10204 1T0027 08525
0’0 96800 95098 03418 91759 ¢QoI23 88508 86915 85343 83793 82264
80757 79270 77804 76359 74934 73529 72145 70781 69437 68112

66807 65522 64255 63008 61780 60571 59380 58208 57053 55917
54799 53699 52616 S5IS5I 50503 49471 48457 47460 46479 45514
44565 43633 42716 41815 40930 40059 39204 38364 37538 36727
35930 35148 34380 33625 32884 32157 31443 30742 30054 29379
28417 28067 27429 26803 26190 25588 24998 24419 23852 23205

22750 22216 21692 21178 20075 20182 19699 19226 18763 18309
17864 17429 17003 16586 16174 15778 15386 15003 14629 14262
13903 13553 13209 12874 12545 12224 1I1IQIX 11604 II304 IIOIIX
10724 Y0444 Tol7o 9903T 96419 93867 91375 B8B940 86563 84242
oo 81975 79763 77603 75494 73436 71428 69469 67557 65601 63872

62097 60366 58677 57031 55426 53861 52336 50849 49400 47988
46612 45271 43965 42692 41453 40246 39070 37926 36811 35726
34670 33642 32641 31667 30720 29798 28gor 28028 27179 26354
25551 24771 24012 23274 22557 21860 21182 20524 19884 19262
18658 18071 17502 16048 16411 15889 15382 14890 14412 13949

13499 13062 12639 12228 11829 11442 11067 10703 10350 10008
o0 96760 93544 90426 87403 84474 81635 78885 76219 73638 71136
68714 66367 64095 61895 59765 57703 55706 53774 51904 50094
48342 46648 45009 43423 41889 40406 38971 37584 36243 34946
33693 32481 31311 30179 29086 28029 27009 26023 25071 24I5I

23263 22405 21577 20778 20006 19262 18543 17849 17180 16534
I59I1I 15310 14730 TI4I71 13632 13112 12611 12128 11662 11213
10780 10363 996II 95740 92010 88417 84957 81624 78414 75324
oot 42348 69483 66726 64072 61517 50059 56604 54418 52228 s5oIz22
48096 46148 44274 42473 40741 39076 37475 35936 34458 33037

31671 30359 29099 27888 26726 25609 24536 23507 22518 21560
20658 19783 18044 18138 17365 16624 15912 15230 14575 13948
13346 12769 12215 11685 11176 10689 10221 §7736 93447 89337
orof 85399 81627 48015 74555 71241 68069 65031 62123 59340 56675
54125 51685 49350 47117 44979 42935 40980 39II0 37322 35612

33977 32414 30920 209492 28127 26823 25577 24386 23249 22162
21125 20133 19187 18283 17420 16597 15810 15060 14344 13660
13008 12386 11792 11226 10686 10171 96796 92113 87648 83301
oro® 79333 75465 71779 68267 64920 61731 58693 55799 53043 50418
47918 45538 43272 41115 39061  37Io7 35247 33476 31792 30190
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TABLE III.

DISTRIBUTION OF ¢

Probability.
7 ‘g 8 -4 -6 ‘5 ‘4 ‘3 *2 °I ‘05 *02 ‘o1 *00T
I | -158 -325 '5r0 727 roco  1°376 1963 3078 6:314  12°706 31821 6365y 636° 619
2 | 142 289 ‘445 *617 816 1'o61 1-386 1-886 2'9z0 4303 6965 9925 31508
3| 137 277 ‘424 '584 765  -978 r250 1°638 2353 3182 4541 5841 12'gog
4 | '134 271 414 569 741 ‘941 I'IQO0 I'533 2'I32 2776 3747 4604 8610
5 | *132 *267 ‘408 :559 727 *920 I'156 1°476 2'015 2571 3365 4-032 6-869
6 ! +1:1 +265 ‘404 553 718 906 1'134 1'440 1'943 2'447 3'143 3797 5959
7 | ‘130 *263 ‘402z 549 JII 896 1119 T'415 1-895 2365 2998 37499 5408
8 | ‘130 *262 -390 -546 706 *889 1108 1°397 1860 2:306 2896 3355 5041
9 | '129 261 398 -543 ‘703 +883 1100 1°383 1833 2262 2821 3250 4781
10 | *129 260 *397 542 ‘Yoo ‘879 1093 I-372 1812 2:228 2764 3'169  4°584
I1 | ‘129 *260 *396 540 -697 *876 1088 1-363 1°796 2:20I 22718 3106 4439
12 | *128 259 °395 ‘539 -695 *873 1°083 1°356 1'782 2179 22681 3055  4:318
13 | ‘128 *259 *394 538 <604 870 1°079 1350 I'%YI 2:160 2:'650 3012  4-221
14 | 128 +258 +393 -537 692 +868 1076 1:345 1761 2:145 2°624 2°977 4'140
15 | 128 +258 +393 -536 ‘691 +866 1074 I'341 1'753 20131 2:602  2°947  4'0%3
16 | ‘128 258 392 +535 ‘690 *865 1071 I-337 I'746 2'120 2583 2'921 4015
17 | 128 -257 *392 -534 -68¢g -863 1°069 1:333 I'740 2'110  2°567 2:898 3963
18 | -127 *257 392 '534 ‘688 862 1°067 1°330 I'734 2101 2°552 2°878 3922
19 | +127 +257 *391 -533 688 *861 1°066 1-328 1°729 2093 2°539 2°861 3883
20 | +127 :257 *39I +533 -68% ‘860 1064 1°325 1'72% 20086 2:528 2:845 3850
21 | *I27 2857 *39I -532 -686 *859 1°063 1°323 I'y2I 2'080 2518 2831 3819
22 | +127 256 *390 -532 -686 +858 1061 1-321 1717 2074 2508 2:819 3792
23 | *127 +256 '300 +532 ‘68% ‘858 1060 1°319 1°714 2:069 2500 2:807 3767
24 | *127 256 -390 531 685 857 1059 1°318 1711 2064 2'492 2797 3745
25 | +127 +256 *390 -531 684 +856 1058 1-316 1°708 27060 29485 24987 3725
26 | <127 -256 -390 ‘531 <684  -856 1058 1315 1'706 2056 2479 2°779 3707
27 | r127 -256 -389 531 684 855 1°057 1°314 1°703 2'052 2473 2771 3690
28 | +127 -256 *389 530 683 ‘855 1056 1°313 I'70I 21048 22467 2763 3674
29 | +127 +256 <389 '530 683 ‘854 1055 I-31I I'69g 2'045 2°46z 2°756 3659
30 | 127 +256 389 530 683 +854 1°055 1-310 1:69% 2°042 2°457 2750 3646
40 | *126 255 388 -529 -681 =851 1°050 1°303 I'684 2°02I . 2'423 2°704  3'55I
6o | 126 -254 -387 :527 ‘679 848 1046 1-296 1671 2°000. 2:390 2660 3460
120 | *126 +254 -386 -526 677 *845 1°041 1-289 1'658 1980 2:358 2:617 3373
oG ‘126 +253 -385 -524 674 *842 17036 1-282 1645 I'960 2:326 2°§76  3'201
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TABLE IV. DISTRIBUTION OF ¥*

Probability.
n ‘99 98 98 90 80 70 50 30 *20 ‘10 0§ ‘02 01 ‘001
1| -of157 +0%28 <00393 ‘0158 ‘0642 ‘148 455 1074 1°642 2'706 3841 5412 64635 10°82%
2 *020I ‘0404 ‘103 21T *446 *713 1°386 2°408 3219 4°605 5991 7:824 9210 13-815
3 ‘115 ‘185  +352 584 1005 1424 2:366 3665 4642 6°251 7*815 9°837 11'345 16266
4 297 ‘429 ‘711 17064 1°649 2°195 3°357 4878 5°980 7'779 0'488 11668 13277 18464
5 554 752 I'145 1610 2:343 3'000 4°351 6064 7°289 9'236 II‘070 13-388 15'086 20°513
6 872 1°134 1635 2°204 3070 3'828 5-348 7231 8:558 10645 12°592 15:033 16'812 22457
7 1239 1564 2°167 2'833 3'822 4671 6-346 8'383 09'803 12017 14067 16622 18475 24322
8 1646 2'032 2733 3'490 4'594 5°527 7344 9°524 11030 13'362 15507 18+168 20'090 26:125%
9 2088 2'532 3'325 4°168 5:380 6°393 8:343 10656 12°242 14684 16919 19°679 21666 27877
To | 2:558 3059 3940 4'865 6'179 7°267 9'342 1I7BI 13'442 15°987 18307 21161 23'209 29'588
11 3'053 3'609 4°575 5°578 6°989 8:148 10°341 12899 14°631 17°275 19'675 22-618 24*725 31'264
12 3'57r  4'178 5226 6°304 7'807 9'034 II'340 14'0II 15°812 18'549 21026 24054 26'217 32909
13 4'107 4765 5°892 7-042 8:634 9926 12°340 15'119 16°985 19'812 22°362 25472 27688 34:528
14 4°660 5°368 6°571 7790 09°467 10821 13'339 I6-222 I18-151 21064 23685 26873 29-141 36123
15 5220 5'985 7-261 8-547 10°307 II‘721 14°339 17'322 19°3II 22°307 24996 28259 30578 37°697
16 5'812 6614 7°962 9'31z II-152 12°624 15°338 18'418 20°465 23°542 26296 29-633 32'000 39'252
1y 6:408 7:255 8672 10085 127002 13°531 16°338 19°5IT 21615 24'769 27587 30°995 33'400 40790
18 77015 7°906 9°390 10°865 12'857 I4°440 17:338 20601 22°760 25°989 28-869 32°346 34'805 42°312
19 7'633 8:567 ro'riy 11651 13*716 15-352 18-338 21'689 23-9o0 27°204 30144 33'68%7 36191 43820
20 8:260 9'237 10°851 12443 14'578 16266 19:337 22'775 25°038 28:412 31°410 35'020 37°566 45°315
21 | 83897 9915 II'501 13240 15°445 17°182 20°337 23858 26°171 29°615 32°671 36:343 38:932 46797
22 9'542 10'600 12°338 14'041 16314 18-IoI 21°337 24'039 27-301 30'813 33'024 37659 40289 48268
23 | 10°196 1I'293 13°091 14°848 17°187 19-021 22°337 26:018 28-429 32:007 35°172 38:9068 41638 49-%28
24 | 10'856 11-992 %3'848 15'659 18'062 19°943 23'337 27096 29°553 33°196 36°415 40°270 42°980 5I'179
25 | 11°524 12'697 14°611 16°493 18'940 20-86% 24'337 28172 30675 34°382 37°652 41°566 44'314 52°620
26 | 12°198 13409 15379 1%°292 19820 2I°792 25°336 29246 3r°795 35'563 38:885 42-856 45642 54052
27 | 12'879 14°125 x6:151 18+I14 20703 22°719 26°336 30°3I9 32°0I2 36°741 40°113 44°140 46'963 55'476
28 | 13'565 14847 16:928 18:939 21°588 23647 27336 31391 34027 37°916 41337 45°419 48278 56:893
29 | 14'256 15°574 17°708 19768 22°475 24°577 28:336 32'461 35:139 39°087 42'557 46'693 49'588 58:302
30 | 14'953 16306 18:493 20°599 23'364 25°508 29'336 33'530 36°250 40°256 43773 47'962 50'892 59703
32 | 16362 17783 20'072 22°271 25°148 27°373 31336 35°665 38:466 42°585 46°104 50487 53486 62:48%
34 | 17789 19'275 21'664 23-952 26-938 29-242 33°336 37795 40°676 44'903 48602 52°995 56061 65-247
36 | 19233 20783 237269 25°643 28735 31115 35°336 39'922 42°879 47'212 50999 55'489 58'619 67°985
38 | 20691 22:304 24'884 27°343 30°537 32'992 37'335 42°045 45076 49°513 53°384 57969 61162 70'703
40 | 22'164 23'838 26°509 29-051 32°345 34872 39'335 44°165 47°269 51805 55759 60°436 63691 73402
42 | 23650 25383 28'144 30765 34'157 36755 41°335 46282 49456 54-090 58124 62-892 66206 76-084
44 | 25°148 26'939 29'787 32'487 35974 38641 43'335 48'396 51639 56°369 60-481 65:337 68-710 78-750
46 | 26°657 28504 31'439 34'215 37795 40°529 45°335 50°507 53-818 58:641 62:830 67+771 71'201  81°400
48 | 28:177 30°080 33'098 35'949 39'621 42°420 47:335 52'616 55'993 6o-goy 65°171 7o'197 73'683 84037
50 | 29'707 31664 34764 37'689 41°440 44°313 49°335 54'723 58'164 63°167 67°505 72:613 76'154 86661
52 | 31246 33256 36°437 39433 43'281 46'209 51335 56-827 6033z 65422 69:832 75'021 78:616 89272
54 | 32793 34'856 38'116 41-183 45°117 48106 53'335 58'930 62'496 67673 72153 77°422 81'069 9r-872
56 | 34:350 36464 39801 42:937 46°955 50'005 55'335 61031 64'658 69°919- 74'468 79815 83'513 94461
58 | 35'913 38-078 41°492 44°696 48797 51906 57°335 63'129 66-816 72160 76778 82:201 85:950  97°039
6o | 37485 39699 43'188 46:459 50°641 53'809 59'335 65°227 68:972 74:397 79082 84'580 88:379 99607
62 | 39°063 41°327 44'889 48+226 52°487 55714 614335 67322 71125 76°630 81:381 86:953 9o'802 Y02'166
64 | 40'649 42°960 46°505 49°996 54336 57'620 63:335 69'416 73-276 78:860 83675 89:320 93'217 I04°716
66 | 42'240 44'599 48'305 5I'770 56188 59°527 65335 71'508 75'424 81085 85°965 91681 95:626 107°258
68 | 43°838 46°244 50'020 53'548 58:042 61°436 67°335 73°600 77°571 83308 88:250 94'037 98028 109'79T
70 | 45442 47'893 51'739 $5°329 59'898 63-346 69:334 75°680 79-715 85°527 9o-531 96:388 100+425 112317

For odd values of # between 30 and 70 the mean of the tabular values for »—1 and 7n+}-1 may be taken,

For larger values

of n, the expression 4/2y*—+/2n—1 may be used as a normal deviate with unit variance, remembering that the probability for
x? corresponds with that of a single tail of the normal curve. (For fuller formule see Introduction.)
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TABLE V. DISTRIBUTION OF z
. Points (H. W. Norton)

20 Per Cent

G 1 2 3 4 5 6 8 12 24 155
1y
I| I'I242 12425 I'2849 1°3067 1°3198 1-3286 13397 1°3508 1°3619 I'3%30
2| 6343 ~-693r 7125 7219 7275 ‘7313 ‘7360 ‘7406 7453 ‘7500
3| 4933 -5299 5385 5418 5435  -5444 5453 5461 5465 5407
4| 4274 4520  -455Y 4547 +4537 4528 4512 4491 4464 4431
5| *3892 4075 406z +4032 4004  -3982 3947 3905 -3853 3791
6| +3645 -3780 -3740 3692 3651  -3618 3560 ‘3510 -3438 3350
7| 3471 *3573 *35I2 3450 3399 '3358 +3208 3224 -3135 ‘3025
81 3342 3419 -334z ~-3269 3211 3163 3093 -3008 ‘2904 ‘2774
9| °3243 3300 *32II -3130 °3004 *3011 2933 2838 2721 <2573
10| *3164 +3206 -3107 3018 2046 <2889 +2805 ‘270I 2572 *2407
II *3100 -3129 +302I +29206 +2850 ‘2790 +2699 +2588 2449 2268
12 +3047 +3065 2951 2850 2770 *2706 2011 +2493 ‘2345 *2I49
13 300z +3011 -2891 +2986 -2703 <2636  +2536 2412 2255 *2046
14 | +2964 <2965 -2840 2732 2644 *2575 +2471 2342 2178 +1956
15 | -2031 2926 -2795 +2684 2594  +2522 -2415 -+2281 r2I1I0 -18%6
16 | *2903 +28091 -2757 +2642 -2550 <2496 2366 2228 -2050 -180j%
17 | +2877 -2860 -2723 <2605 -25II 2436 2322 2180 +1997 I74I
18 | -2855 2833 . 2692 -2572 -2476 *2399 2283 2138 1949 -I682
19 | 2835 +2809 +2665 2543 “2445 +2367 <2249 +2100 *+19oy °1629
20 | +2817 2787 2641 2517 2418 -2338 2217 2066 +1866 1581
21 -2800 2767 2619 2493 °2392 -2311 2189 2034 1831 1536
22 -2786 2750 2599 2471 *+2369 <2287 2163 -2006 1798 1495
23 <2772 +2733 2581 2452 *+2348 -2265 2139 *I1930 1767 1457
24 *2760 2719 2564 2433 *2329 *2245 2117 -1956 +I740 ‘I42X
25 | *2749 2705 2549 -24I7 *23II +2226 2097 -1033 -1715 ~-1388
26 | +2738 2692 2534 ‘2401 -229% *2209 +2079 *IQI3 °I6QI *I357
27 +2729 ~-2681 2521 2387 2280 *2193 ‘2062 <1894 1669 1328
28 | -2720 2670 +2500 2374 +2266 <2178 2046 1876 1648 ‘1300
29 | -2y11  -2660 +2498 2362 2253 +2165 2031 +1860 1629 1274
30| <2703 -2650 -2487 2350 ‘2241 *2152 2017 1844 1611 1250
40 | <2647 2582 2411 2267 2152 +2058 1915 *I73L 1477 ‘1062
o | +2592 2514 -2334 <2184 2063 ‘1965 1813 1616 1338 -0848
120 { -2536 2446 -2258 2101 1974 ‘1870 ‘1710 *1499 1193 ‘0582
0 <2481 2379 2183 ‘2018 +188g *1776  +1606 1379 ‘1041 o
) 08410 ( 11 ) .
For high values of #; and #,, 2 (20 per cent.) = Vi—ob — 04514 by approximately,

2 1 I
where Z = — + —,

o ony

N

7y and 7y are taken.
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In other parts of the table interpolation is approximately linear if reciprocals of



TABLE V. VARIANCE RATIO
20 Per Cent. Points of ¢%¢ (F. W. Norton)

"y

OO O~ & o B W

-

-
-

I2

I 2 3 4 5 6 8 12 24 0
9°'47 12'00 1306 1364 I4'01 1426 14°58 14'90 15'24 15°58
356 400 416 424 428 432 436 440 444 448
268 =2:89 2:94 296 297 2'97 2:98 2:98 2:98 2:98
2:35 247 248 2948 2248 247 247 246 2°44 243
2°18 226 225 2'24 223 2022 220 218 216 213
2:07 2'I3 211 209 208 2'06 204 202 1I'99 I'Qj
2:00 2'04 2'02 I99 I'Q9Y rg6 193 191 187 183
1rgs 198 1'95 192 I'QO 8 186 183 179 174
191 1'94 190 1'8 185 r83 180 196 192 167
1088 190 18 183 18 198 145 1492 167 162
8 18 183 18 177 rys 172 168 163 1'57
1-84 18 18 197 194 142 169 165 160 I54
182 183 148 195 192 169 166 162 157 151
8 181 196 193 1'%0 167 164 160 155 1'48
1r8 179 145 171 168 166 162 1°58 1°853 1'46
179 178 174 170 1°6% 164 161 156 I°51 1'43
1r98 14y 142 168 165 163 159 I'§5 1I'49 I'42
9y 196 191 1067 1:°064 162 158 153 1I48 1°40
176 175 170 166 163 161 157 I'sz2 I46 1°39
96 175 170 165 162 60 156 I'51 I'45 TI'37
195 174 1069 165 161 r'sg  I'55 I'50 TI'44 136
175 173 168 164 161 158 I'54 I1'49 1'43 1'3§
194 173 168 163 1060 I'57  I'53 I'49 I'42 I'34
174 172z 167 163 I59 I'57 I'53 I'48 142 I'33
1r73 142 166 162 159 156 I'52 I47 T4 1I'32
173 171 1°66 162 138 156 1'52 I'47 140 1I°3I
143 141 166 161 158 I'55  I'51 I'46 140 1I°30
1472 I'y1 1065 161 1'§5% I'55 151 146 139 I'30
1r92 170 165 160 I'57 I'54 I50 I'45 139 I°29
1r92 170 164 160 137 I's4 150 145 138 128
170 168 162 157 1I'54 I'ST  I'47 I'41 I°34 124
68 165 159 1°§5 I§5I 148 144 138 131 ri8
166 163 1'57 152 148 14§ 141 1°35 I*27 I'I2
1064 16 155 150 146 143 1'38 132 123 100

Lower 20 per cent. points are found by interchange of 7y and #,, Ze, 7, must
always correspond with the greater mean square,
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TABLE V. DISTRIBUTION OF z—continued

10 Per Cent. Points

1 2 3 4 5 6 8 12 24 o

1-8427 1°98510 I-9go7 2-0112 2°0236 2+0320 20425 2'0530 2°0636 2+0742
10716 10986 1°1075 1°I120 I°I146 1-1164 1+1186 1°1208 1*1230 I*I252
8558 +B489 8423 <8379 8347 +8324 8203 ‘8258 8221 8179
7570 *7322 ‘7164 7064 6994 <6944 6875 6799 6716 -6623
7006 6648 <6432 6203 6196 <6125 +6029 5021 -5801 5665

[ B ]

6643 6211 -5953 5786 5669 5583 5465 ‘5332 5181 5007
6390 5005 5615 5427 5295 5197 5061 ‘4907 4730 4523
6203 *5678 5364 5160 ‘5015 4907 4757 4585 4386 ‘4148
6060 5504 5I7I 4953 4798 4682 4520 4333 4114 3849
5947 5366 5017 4788 4624 4502 4330 4130 3893 3602

1x | 5855 5253 4892 4653 4483 4355 4173 3962 3710 3395
12 | 5779 5160 4788  +4541 4365 4231 4043 3821 3555 3219
13 | 5715 5082 4701 4447 4205 4127 3932 3702 ‘3422 30066
14 | 5661 5015 4626 4366 +4180 4038 3836 +3598 3308 2931
15 | 5614 4957 4561 42906 4106 3961 -3754 -3508 <3207 2813

OW O~ A 11 Hh WL R H

[

16 | 5572 ‘4907 4504 ‘4235 -4041 3893 3681 3429 3118 2706
17 | 5537 4863 4455 4181 -3984 3833 3617 3359 <3038 261
18 | +5505 4823 4411 4134 °3933 °3780 3560 3296 2967 2524
19 | 5476 4788 4371 4001 3887 3732 3508 3240 ‘2904 2445
20 | 5451 4757 4336 4052 3846 3689 346z 3189 2846 2373

21 | 5427 4728 4304 4017 3809 3650 3420 3143 2793 ‘2307
22 | 5407 4703 4275 3986 -3776 3615 3382 3101 2744 2245
23 | '5388 4679 4248 3957 3745 3582 3347 ‘3062 ‘2700 2188
24 | -5370 4657 4224 3931 3717 °3553 3315 ‘3027 2659 2135
25 | *5354 4638 4201 3906 3691 3526 <3286 2994 2621 2086

26 | 5339 4620 4181 3884 <3667 3500 3258 2964 2585 ‘2039
27 | 5326 4603 4162 3863 3645 -3477 3233 2936 2553 ‘1996
28 | -5313 4587 4144 ‘3844 3624 3455 3210 2010 2522 ‘IQ5§
29 | 5301 ‘4572 4128 3826 3605 3435 3188 2885 2493 ‘1916
30 | 5290 *4559 411z 3809 3587 -3416 <3167 2863 2466 <1880

40 | 5211 4461 4001 3688 3458 -3280 3019 2696 2268 ‘1599
Go | '5133 °4363 3801 3567 3328 3142z 2868 2526 <2063 1279
120 | ‘5054 4266 -3781 <3446 3198 3005 2717 2354 -1848 0881
(o] 4976 4170 3671 3326 3069 2866 2565 21478 ‘1622 o

. 1-2816 I 1 .
For high values of 2, and #,, z (10 per cent) = \/11—0'8—0.6071 (7’_1— 775) approximately,
where %:n—l +$. In other parts of the table interpolation is approximately linear if reciprocals of
1 %y

#y and 7, are taken.
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TABLE V. VARIANCE RATIO—continued

10 Per Cent. Points of e?*

-

=
3

= %

3

-

3 4 5 12 24 ]

13986 49-50 5359 55'83 5724 5820 5944 Gowo 62:00 6333

2 | 8453 900 916 9'24 929 G933 937 941 9'45 949
3| 554 546 539 53¢ 531 528 525 522 518 513
4| 454 432 419 411 405 401 395 390 383 376
5| 406 378 362 35z 345 340 334 327 319 3I0
61 378 346 329 318 311 305 298 290 282 22
71 359 326 307 296 288 283 275 267 258 24y
8| 346 3-11 292 281 =2w3 267 259 250 240 229
9| 336 3or 281 2:65g 261 2055 2'47 238 228 216
10 | 3°28 292 2443 261 252 246 238 228 218 206
1 | 323 2:86 2:66 2'54 245 2'39 2°30 221 210 I'QY
12 | 318 281 261 248 2'39 233 2'24 21§ 204 1'GO
13| 314 276 256 243 2°35 228 220 2710 198 1-85
14 | 3'Io 2493 2°52 239  2°+3I 224 2'I5 2'0§5 194 1-80
15 | 3%07 270  2°49 2°36G 22y 2:21 2'I2 202 190 176
16 | 305 2:67 246 2-33 224 218 209 199 187 12
171 303 264 244 231 222 215 206 196 184 169
18] 30r 262 2742 2729 2:20 213 204 193 181 166
19 | 299 261 240 227 218 211 2002 I9r 19 I'63
20 | 2°'Q7 259 238 2-2§ 216 2'09 200 189 17 I*6I
21 | 296 257 236 223 =214 2008 198 188 15 1'59
22 | 2-95 2°56 2°35 222 213 206 1'97 186 173 1°57
23 | 294 255 2'3¢ 221 2'1I 205 195 I-84 172 I'5§
24 | 2°93 2'54 2°33 2°'19 2'Io0 204 194 183 10 I'53
25 | 2°02 2°53  2°'32 218 2'09 202 1193 182 169 1°52
26 | 291 252 231 2-17 208 2+°0I 1i'gz 181 168 1°50
27 | 290 2°51 2°30 2°I7 207 2400 1'9g1 180 167 149
28 | 289 250 2'290 216 206 200 I'g0  Ifg I'66 148
2g | 289 2'50 228 2:185 2006 199 189 198 165 147
30| 288 249 228 214 2705 198 188 177 164 1°46
40 | 284 244 223 209 2000 193 183 1T 157 138
6o | 299 239 218 2704 195 187 197 166 1'5T 129
120 | 2ws5 =235 213 199 190 182 Iz I+B0 145 I'Ig
0 291 230 208 194 IB5 19y 167 155 138 1I°00

Lower 10 per cent. points are found by interchange of n; and #,, 7., 7, must
always correspond with the greater mean square,
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TABLE V. DISTRIBUTION OF z—conlinued

5 Per Cent. Points

“ I 2 3 4 5 6 8 12 24 %
%y
1| 2:5421 2:6479 26870 27071 2:7194 27276 27380 2'7484 2:7588 2-7693
2| 14592 1°4%22 1°4765 14787 1°4800 1°4808 1'4819 1°4830 14840 1-4851
3| 171577 1°1284 1°1I137 11051 1'0994 I'0953 1-0899 1°0842 10781 I-0716
4| 170212 +96go 9429 9272 *9168 -gog3 *8993 +8885 -8767 -8639
5| ‘o441 8777 -8441 8236 -8o97  +7997 7862 <7714 ‘7550 7368
6| -8948 -8188 7798 -4558 7394 ‘7274 7112 6931 6729 -6499
7 *8606 7777 7347 7080 6896 6761 6576 -6369 6134 <5862
8| -8355 <7475 ‘7014 6725 6525 6378 6175 -5945 5682 5371
9 ‘8163 -7242 6957 6450 6238 6080 5862 5613 5324 °4979
10 ‘8012 <7058 +6553 -6232z +6oog <5843 5611 +5346 -5035 4657
11| -7889 -6gog ‘6387 6055 5822 5648 5406 5126 4795 -4387
12 | 7788 -6786 6250 5907 5666  -5487 5234 4941 4592 -4156
13| 7703 6682 -6134 5783 -5535 ‘5350 ‘5089 <4785 4419 °3957
14| ‘7630 +6594 6036 5677 5423 5233 4964 4649 14269 3782
15| +7568 -6518 -5950 5585 -5326 5131 ‘4855 4532 4138 3628
16 | 7514 6451 5876 5505 ‘524 5042 ‘4760 4428 ‘4022 ‘3490
17 | 7466 -6393 -5811 ‘5434 5166  -4964 ‘4676 4337 -3919 3366
18 | 7424 +6341 5753 5371 5099  -4894 ‘460z -4255 3827 -3253
19 | 7386 -6295 5701 5315 °“5040 4832 4535 4182 ‘3743 3151
20 | 7352 6254 5654 5265 4986 4776 4474 4116 3668 3057
21 | +7322 -6216 5612 5219 4938 4725 4420 4055 3599 207l
22§ 7294 -6182 5574 5178 4894 4679 4370 -4o00I -3536 2892
23 | 7269 6151 5540 5140 4854 4636 4325 3950 3478 2818
24 | 7246 -6123 -5508 5106 4817  -4598 4283 3904 3425 ‘2749
25 | +7225 <6097 5478 5074 4783 4562 ‘4244 3862 3376 2685
26 | 7205 6073 5451 5045 4752 ‘4529 ‘4209 ‘3823 -3330 ‘2625
27 | 7187 6051 5427 5017 ‘4723 ‘4499 4176 3786 -3287 2569
28 | 7171 6030 5403 4992 4696 ‘4471 4146 3752 3248 -2516
29 { 7155 -6orr -538z 4969 4671 ‘4444 ‘4117 3720 -32IT 2466
30| 7141 -5994 5362 4947 4648 4420 -4090 369 3176 2419
40 | 7037 5866 ‘5217 4789 4479 ‘4242 +3897 3475 ‘2920 ‘2057
6o | 6933 -5738 -5073 4632 -43Ir ‘4064 370z 3255 ‘2654 1644
120 | 6830 -561I ‘4930 ‘4475 ‘4143 -3885 -3506 -3032 ‘2376 1131
« | 6729 5486 4787 -4319 3974  +3706 -3309 ‘2804 -2085 o
Tor high values of #»; and #,, z(§5 per cent)= :/6/‘4191 — 09843 (;I;—';—a) approximately,

h 2 1 | 1
e ==,
w. re}z n 7

ny and », are taken.
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TABLE V. VARIANCE RATIO——continued
5 Per Cent. Points of £%

<]
-
N
(%)
o
o
(oY
[¥s]

AN 12 24 o
I 1614 199'5 2157 2246 2302 2340 238'0 2439 249°0 254'3
2 | 1857 19:00 19'I6 19'25 Igr30 19'33 19°37 Ig-4T 19'45 19°50
3| 1013 955 928 91z 9ot 894 884 874 864 853
4| 771 694 659 639 626 616 604 59T 577 563
5| 661 579 541 519 505 495 482 468 453 436
61 599 514 476 453 439 428 415 400 384 367
70 559 474 435 412 397 387 373 357 341 323
81 5§32 440 407 384 369 358 344 328 312 2293
9| 512 426 386 363 348 337 323 3oy 290 271
1o | 496 410 37T 348 333 322 307 29T 274 254

I 484 398 359 336 320 o9 2095 2079 =261 240
12 475 388 349 326 311 3Foo 285 =269 2:50 =230
13 407 38 341 318 302 292 2°77 2060 242 2°21
14 4:60 374 334 3IT 296 285 270 253 235 2°13
1g 454 308 329 306 2290 279 2064 248 229 207

16 | 449 363 324 3o0I 285 274 259 242 224 2°0I
17 4'45 359 320 =2:96 =281 2270  2'55 2:38 2:19 196
18 441 355 316 =293 277 | 2066 2§51 234 2:15 192
19 4:38 352 313 2090 274 2:63 248 2:31 211 1°88
20 435 349 310 28 =271 2200 245 228 208 1-84
21 4'32 347 307 284 =268 257 2'42 2'25 20§ 1°81
22 4°30 344 3oy 282 2266 255 240 223 2:03 178
23 428 342 o3 280 204 283 238 220 2000 196
24 426 340 3o1 2278 2:02 2251 2:36 2018 198 173
25 424 338 299 2276 260 249 2034 216 196 1I°71
20 422 337 298 2274 259 2'4%7 2°32 2-I5 195 1I'069
27 4’21 335 296 273 257 246 230 2013 193 I'67
28 4'20 334 295 271 2056 244 229 2012 1°9r I'6§
29 418 333 =293 270 2'54 2243 228 210 190 1G4
30 4*17 332 2792z 260 =2'53 242 2'27 20y I'8g 102

‘18 2'00 I'79 I‘5I
‘Io0 I'92 I*70 I'39
ro2 183 161 125
94 I'75 I'52 I'Q0

40! 408 323 284 261 2045 234
6o 400 315 276 252 237 22§
120 392 307 268 245 2729 217
o 384 299 =200 237 =221 2Io

H N NN

Lower § per cent, points are found by interchange of ny and sy, 7.6. 7, must always
correspond with the greater mean square,
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TABLE V. DISTRIBUTION OF z—continued

1 Per Cent. Points

g I 2 3 4 5 6 8 12 24 <
1| 41535 4°2585 42974 4°3175 4°3207 4°3379 4'3482 4°3585 4-3089 4'3794
2 | 22950 2°2976 2°2984 2'2988 2-2001 22992 2°2094 2°2997 22099 2'300I
3| 17649 1-7140 1-6015 1:6786 16703 1°6645 16569 1°6489 1'6404 1:6314
4 | 1'5270 I'4452 I 4075 1-3856 1-371r 1-3609 1-34%73 143327 I'3I70 I°3000
5| 103943 12029 1°2449 12164 11974 1-1838 I'1656 I'1457 I'1239 I'09QY
6| 1°3103 I'1955 I°140I 1°1068 1°0843 10680 1-0460 10218 9948 9643
71 12526 1°1281 10672 I'0300 1'0048 <9864 -9614 +9335 ‘g9o20 -8658
8 | r2ro6 10787 10135 ‘9734 -9459 9259 -8983 8673 -8319 ‘7904
9 | 1’1786 10411 9724 9299 9006  -879r -8494 8157 7769 -7305
1o | 11535 10114 -9399 8954 -8646  -8419 8104 ‘7744 7324 6816
1 | 1-1333 ‘9874 9136 -8674 -8354 +8r16 7785 7405 <6958 6408
12 | 11166 9677 8919 +8443 -8III <7864 -7520 -+4I22 +6649 6061
13 | 1*1027 9511 -8%3%7 ~-8248 -y90%  -7652 -7295 -6882 -6386 5761
14 | Irogog -+9370 8581 8082 <7732 “7471  +4103 <6645 -6159 -5500
15 | 170807 -9249 8448 7939 7582  -7314 -6937 6496 ‘5961 5269
16 | o719 9144 +833r 7814 7450 7177 6791 6339 5786 5004
17 | 10641 -9o5r 8229 7705 7335 7057 <6663 6199 5630 4879
18 | 1r0592 8970 8138 4607 +7232 +6950 <6549 60%5 *549I 4712
19 | 1ro5x1  +8897 8057 7521 7140  -6834 <6447 5964 5366 4560
20 | 100457 8831 ' -7985 7443 7058  -6768 -6355 -5864 -5253 4421
21 | 10408 8772 <7920 7372 6984 «66go0 <6272z *5773 *5150 4204
22 | 170363 8719 +7860 4309 -6916 -6620 6196 -5691 ‘5056 4176
23 | 10322 -8670 -7806 -7251 6855  :6555 -6127 ‘5015 4969 4068
24 | 170285 8626 7757 7197 6799  +6496 6064 5545 -4890 3967
25 | 170251 <8585 7712 7148 06747 6442 +6006 -5481 4816 -3872
26 | 1-0220 8548 -7640 7103 6609 6392 +5952 +5422 -4748 3784
27 | 170191 8513 7631 -7062 -6655 *6346 5902 5367 4685 -3%01
28 | 10164 8481 <7595 7023 6614 6303 +5856 -5316 -46206 -3624
29 | 1’0139 +8451 7562 6987 <-6576 6263 -5813 -5269 4570 -35%50
30| 10116 -8423 7531 6954 6540 6226 5773 -5224 4519 -3481
40 ‘9949 +8223 7307 6712 -6283 *5956  +5481 ‘4901 -4138 -2052
6o ‘9784 +8o25 -7086 647z 6028 5687 5180 4574 3746 -2352
120 | -9622 7829 6867 6234 5774 *5419 4897 <4243 3339 ‘1612
oo ‘9462 7636 6651 5999 5522 ‘5152 -4604 -3908 -2913 o
, 2-3263 I I .
For high values of »; and s, 2 (1 per cent) = Viota —1:235 (;1 —-;;) approximately,
where 2 _ L . L

In other parts of the table internolation is aporoximately linear if reciprocals of

ny, and ng are taken.
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TABLE V. VARIANCE RATIO—continued

1 Per Cent. Points of ¢2¢

X2
Iy

7 X 2 3 4 5 6 8 12 24

I | 4052 4999 5403 5625 5764 5859 5982 6106 6234 6366
z | 98'50 9900 99'I7 9925 99'30 99°33 9937 99'42 99'46 99*5o
3| 34'12 3082 2046 2871 2824 2791 27°49 2705 26:60 26-12
4 | 2120 1800 16:69 1598 1552 1521 14'80 1437 13°93 1346
5| 1626 1327 12006 11'39 1097 1067 Io29 989 947 902
6| 1374 10092 978 9135 875 847 810 g2z 31T 688
7] 1225 955 845 785 746 719 684 G647 6oy 565
8| 1126 865 759 701 663 637 603 567 528 486
9| 10056 802 699 G642 606 580 547 5II 473 431
Io | 10004 7'56 6'55 599 564 539 506 471 433 3or

It 965 720 622 5067 532 507 474 440 402 360
1z | 933 693 595 541 506 482 45 416 378 336
13| 907 670 574 520 486 462 43 396 359 316
14| 886 6351 556 503 469 446 414 380 343 300
15 868 636 542 4'8¢ 456 432 400 367 320 28

16 | 853 0623 529 477 444 420 389 355 318 275
17| 840 611 518 467 434 410 379 345 308 263
18 828 G601 509 458 425 401 3T 337 3oo 25y
19| 818 593 5or 450 417 394 363 330 292 249
20 810 &85 4'94 443 410 387 356 323 286 242

21 802 578 487 437 404 38 351 317 28 236
22 | 794 572 482 431 399 376 345 31z 2275 231
23 | 788 566 476 426 394 FIT 341 o7 270 226
24 782 5061 472 422 390 367 336 3oz 266 221
25 | 777 557 468 418 386 363 332 299 262 217

26 | 772 553 464 414 382 3359 320 296 258 213
27 1 7768 549 460 411 378 356 320 293 255 2710
28| 704 545 457 407 375 353 323 290 252 206
29 | 7°60 542 4'54 404 373 350 320 287 2949 203
3o 7756 539 4'51 402 Fyo 347 317 284 247 201
40 731 518 431 383 35r 329 2099 266 229 180
6o 7208 498 413 3065 334 312 =28 250 212 I6o
120 685 479 395 348 317 296 266 234 195 138
o 664 460 378 332 3oz 28 =251 2218 199 100

Lower 1 per cent, points are found by interchange of #; and #g, 7.¢. 7, must always
correspond with the greater mean square.
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TABLE V. DISTRIBUTION OF z—continued

01 Per Cent. Points (Colcord and Deming)

% I 2 3 4 5 6 8 12 24 0
723
I | 64562 6-5612 G6°6ooo 66201 6:6323 6°6405 6:6508 66611 6:6715 6-6819
2 | 3'4531 3°4534 3°4535 3'4535 3°4535 3°4535 3'4536 3°4536 3'4536 3°4536
3| 25501 25003 2-4748 24603 2'4511 2°4446 2'4361 2-4272 2°'4179 2°4080
4 | 2r1529 2'0574 2°0143 1'9892 1'9728 1'Q612 I'9459 1°'9294 1'911i8 1°'8927
5 | 19270 1-80%1 1'7513 1-7184 1'6964 1°6808 1°G598 '1:6370 I°6121 1-5845
6 | 17849 1-6479 1'5828 1'5438 1'5175 1°4986 1°'4730 1°4449 1°4136 13783
7 | 1°6879 1'5384 174662 14224 1°3927 I1'37I1 I'3417 1°3090 I*272I I°2296
8 | 16177 14587 1°3800 1°3333 13008 1‘2770 1'2443 1°2077 11659 I*I169
9 | 1°5646 1°3982 13160 1'2653 1-2304 12047 I'1694 1+1293 1'0830 1°'0279
10 | 1°5232 1°3509 I-2650 I°2116 1°1748 1'1475 11098 1:0668 1'0165 *9557
11 | 14900 1°3I128 1-2238 1-1683 1'1297 1'I0I2 1'061I4 I-0I57 ‘9619 8957
12 | 14627 1+2814 I‘'1900 1°1326 1-0926 1'0628 10213 ‘9733 ‘9162 +8450
13 | 1'4400 1'2553 1-1616 1*I026 1'0614 1'0306 <9875 9374 ‘8774 -8oi4
14 | 1°4208 1:2332 I-1376 1077z 10348 10031 9586 9066 +8439 7635
15 | 1°4043 1°2141 1°1169 1°0553 I‘OIIQ ‘9795 9336 8800 '8147 +7301
16 | 1°3900 1°1976 1+098g 10362 ‘9920 ‘9588 9119 <8567 <7891 -4oo§
17 | 1°3775 1'1832 1-0832 1'0195 ‘9745 ‘9407 ‘8927 8361 7664 ‘6740
18 | 1°3665 I-1704 1'0693 1'004%7 <9590 ‘9246 8457 8178 7462 6502
19 | 1°3567 I°I59I 10569 ‘QQI5 ‘0452 ‘9103 8605 ‘8014 4279 <6285
20 | 1°3480 1°1489 1°'0458 ‘9798 ‘9329 ‘8974 8469 -7867 ‘7115 6086
21 | 13401 1°1398 1'0358 -9691 ‘9217 -~ -8858 +8346 7734 <6965 ‘5904
22 | 1-3329 1°1315 1°0268 9595 +9II6 ‘8753 8234 7612 +6828 5738
23 | 1°3264 I°1240 1+0186 9507 -9o24 8657 8132 -y501 6404 5583
24 | 1'3205 I°IIJI I'0III ‘9427 *8939 ‘8569 +8038 7400 6589 ‘5440
25 | 1'3151 1°1108 I'004I ‘9354 ‘8862 ‘8489 7953 7306 -6483 5303
26 | 1°3101 1-'1050 ‘9978 9286 8791 8415 <7873 7220 +6385 518y
27 | 1°3055 I:099% 9920 -9223 ‘8725 ‘8346 <7800 *y140 6294 5066
28 | 1°3013 1'0947 ‘9866 9165 8664  °8282 7732 7066 <6209 *495%
29 | 12973 1‘0gol ‘9815 ‘9riz 8607 8223 7669 6997 6129 4853
30 | 1°2036 1°'0859 9768 9061 8554 ‘8168 4610 6932 6056 ‘4756
40 | 12672 1'0552 9431 8701 -8174 7771 7184 6463 5513 -4016
6o | 1'2413 10250 ‘9roo 8345 7798 7377 6760 5992 ‘4955 3184
120 | 12159 ‘9954 ‘8773 7994 7426  +6986 +6338 5519 4381 ‘2170
© | 141910 9663 ‘8453 ‘7648 7059 6599 5917 ‘5044 +3786 o
For high values of 7, and #,, #(0'1 per cent.) = 51103022.1 — 1°92§ (i -—-!-a) approximately,

PR 1
where 7= -’;; + ;1'; In other parts of the table interpolation is approximately linear if reciprocals of

n; and », are taken,
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TABLE V. VARIANCE RATIO—continued

o1 Per Cent. Points of £22

11
12
13
I4
15
16
17
18

19
20

21
22
23
24
25

20
27
28
29
30
40
6o

I20

I

2

3

4

3

24

9985

167'0
7414
47'18

3551
29 28
2542
22+ 86
21 0q

19- 0y
18:04
17+ 81
1714
1659

16112
1572
15 38
‘1508
1482

14'59
1438
1419
14°03
1388

1374
1301
13' 50
13'39
13'29
12°61
Irg97
1138
1083

9990

1483
6125
37412

2700
2169
1849
16-39
1491
1381
12°9Y
123X
1178
11°34

10°97
1066
10°39
1010
9'05
977
961
9°47
9'34
922
912
9-02
893
885
877
825
776
732
691

9992

141'1
56:18
3320

23'70
1847
1583
13'90
12'55
11°56
10’80
1021
973
9'34
9'o0
873
849
828
8 10
794
7+8o
7°67
7'55
745
7:36
727
719
gLz
7'05

660 -

G 19
379
542

9992
137'1

5344
31'09
21°92
1719
14:39
1256
11°28

10" 35
963
907
8:62
825

7°94
7+68
7°46
7+26
710
695
681
6 6o
659
649
641
633
625

619 -

612

570

53
4'95
462

| 405284 500000 540379 562500 5706405
999°3
134°6

5X I
2975
2081
16721
1349
I1-41I
10°48

9'58
889
835
7°92
7°587
727
7°02
681
602
046

632
G 19
608
5'98
5+88
5-80
5°73
566
559
553
5°13
476
442
410

585937 598144 610667 623497 636619
999'3 9994 999'4 999'5 9995

1328

50'53
2884

2003
15°52
12' 86
I1°13
992
9'05
8-38
786
743
709
6:81
656
6'35
618
602

588
576
5:05
5'55
5'46
538
531
524
518
512

473
437
404
374

130'6
49700
2704

1903
14°03
12°04
10°37

9'20

8:35
77
7021
6:80
647
619
596
576
559
544
531
519
5409
4'99
491

483
476
469
464
458
421
387
3'55
327

1283
4741
2642

17°99
1391
I1°19
9'57
845
7:63
7'00
652
613
581

555
532
5'13
4°97
482

470
458
448
4'39
431
424
417
411
4:05
400

304
331
3'02
2'74

125'9
4577
25°14
16-89
12°93
1030

892
764
6'8s
625
578
541
510
485
463
4'45
4'29
415

4'03
392
382
374
366

359
352
346
341
336
3ol
269
2°40
213

1235
44'05
2378
I5:75
11° 69
9'34
7-81
676

600
542
497
460
451
406
385
367
352
338
326
315
305
2'97
2:89
2:82
2°75
240
2-6:1.
2'59
2°23
I'go
I'54
I'00

Lower o1 per cent, points are found by interchange of 7y and n,, 7.¢, #; must always

correspond with the greater mean square,
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TABLE V1. FIDUCIAL LIMITS FOR A VARIANCE COMPONENT
(M. J. R. Healy)

g F =05 10 2'0 40 80 16%0 0
P = o095 6 o o o o] 0'254 0°372 0477
8 o ) o 0+060 0288 0386 0477
7 =6 12 o o o 0134 0315 0-397 0477
24 o o o o187 0336 o407 0477
o] o o o 0227 0352 0415 0'477
6 o o o o 0-288 0'410 0’516
8 o o o 0088 0'325 0'425 0516
n =28 12 o o o 0168 0353 0436 0516
24 o o o 0228 0'375 0'446 0'516
0 o o o.016 0266 0'391 0'454 0516
6 o o o o 0'333 0462 o571
8 o o o o'12% o'3%5 0°479 o'571
n =12 12 o o o 0212 0°405 0°491 0'571
24 o o o 0276 0428 o'50X o571
oo} o o o.071I o-321 0°446 0°509 o'57x
6 o o o 0'034 0'404 0546 0659
8 o o o 0'1%9 0'453 0°565 0659
n = 24 12 o o o 0284 0489 0'579 0659
24 o o 0.006 0:358 o'51% 0'58¢9 0:659
© ° ° 0.159 0°409 0'534 0°597 0659
6 o o o 0+083 0'542 0734 1-000
8 o o o 0+268 0634 o817 1000
n = OO 12 o o o 0426 0713 0856 1000
24 o o 0.134 0+567 0784 0'892 1000
ve] o o 0.500 0.750 o875 0'938 1'000
P = o085 6 1608 2502 3.030 3.329 3.492 3577 3669
8 1620 2'540 3.066 3.354 3'508 3586 3669
n =26 12 1633 2:580 3.101 3.378 3'521 3°594 3669
24 1649 2+623 3.136 3-399 3°533 3601 3669
o 1669 2669 3°169 3419 3°544 3*607 3669
6 1-02% 1-831 2°317 2°508 2754 2-837 21928
8 1010 1'851 2.343 2+619 2768 2846 2:928
n =28 12 0:989 1:873 2.370 2639 2+781 2'853 2928
24 0963 1-898 2.399 2659 2792 2+860 2-928
00 0'928 1928 2°428 2678 2-803 2+866 2928
6 0'588 1.291 1724 1982 2128 2+208 2296
8 0545 I.291 1739 1998 2139 2°215 2+296
7 =12 1z 0489 1.292 1757 2°014 2°151 2:222 2+296
24 0'413 1204 1775 2030 2:162 2228 2296
00 0296 . 1296 1:796 2+046 2171 2234 2296
6 0.269 0-861 1222 I°444 1°575 1648 1733
8 0'205% 0-841 1°225 1453 1583 1654 1733
ny = 24 12 0'118 0816 1+227 1:462 1'590 1:660 1733
24 o 0783 1°229 1'470 1+600 1:666 1+733
o0 ° 0733 1233 1-483 1608 1671 1733
6 0-046 0°523 0762 0881 0'960 0'g70 1:000
8 o 0484 0742 0871 0936 0°968 1+000
7, = 0 12 o 0429 0714 0857 0'929 0'964 1000
24 o 0°341 o640 0-83s5 0918 0'959 1'000
co o o 0°500 0750 0875 0938 1°000
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TABLE Vi. FIDUCIAL LIMITS FOR A VARIANCE COMPONENT—continued

ny F=o5 10 2°0 4'0 80 16*0 w
£ = o099 6 o o o o ) 0°220 0357
8 o o] ° o 0'100 0252 0'357
n =06 12 o o o o o'1%70 0273 0357
24 o (o] o 0'034 0-208 0286 0'357
o) o o o o*107 0232 0'295 0357
6 o o o o o o256 0-368
8 o o o o 0’135 0'293 0398
7 =8 12 o o o o 0°209 0314 0398
24 o ° o o074 0°249 0'327 0308
o0 o o o 0:148 0273 0336 0:398
6 o o o o 0+025 0312 0458
8 o o o o 0'182 0°350 0458
7y = 12 12 o Tl o o 0265 0372 0'458
24 o o o 0°I129 0308 0386 0458
[vo] o o 0 o*208 0°333 0396 0'458
6 o o o o 0-0%0 0394 0558
8 o o) o o 0°255 0'444 0'558
7y = 24 12 o o o 0°041, 0'355 o471 0'558
24 o o o 0°219 0°406 0486 0558
o] o o) 0058 0*308 0433 0'496 0558
6 o o o o 0'I40 0570 1'000
8 o o o o 0'393 0696 1'000
7y = 0O 12 o o o o160 o-580 0790 1'000
24 o o o 0447 0724 0862 1°000
el o o 0°500 0750 0875 0938 1'000
P = oor 6 4612 §+628 6209 6531 6+697 6775 6880
8 4+670 5+690 6257 6°560 6715 6784 6880
7 =6 12 4734 5753 6+306 6°586 6731 6793 6-880
24 4804 5-817 6:343 6+608 6745 6799 6-880
o] 4-880 5-880 6380 6:630 6755 6:818 6-880
6 2798 3693 4221 4'520 4682 4764 4859
8 2809 3730 4256 4'544 4697 4774 4859
n, =8 12 2+822 3770 4'291 4°568 4711 4782 4859
24 2839 3:813 4325 4589 4723 4789 4859
0o 2+859 3:859 4'359 4609 4734 4797 4859
6 1-566 2'312 2+770 3°039 3191 3271 3361
8 1'532 2+322 2°790 3'057 37203 3279 3361
ny = 12 12 1+491 2332 2+812 3-076 3215 3289 3361
24 1'437 2+346 2+836 3°094 3226 3293 3:361
00 1-361 2361 2+861 3°I11 3236 3299 3361
6 o761 1°335 1698 1920 2:052 2-126 2°211
8 04695 1-316 1+700 1929 2+060 2°132 2°211
ny = 24 12 o605 I'291 1+703 1939 2+069 2:138 2°231
24 0469 1258 1+706 1°949 2077 2143 2:21Y
o] 0211 1211 1711 1+961 2+086 2:149 2:211
6 0286 0643 o'822 0'gII 0'955 0978 1°000
8 0204 o‘6oz o*8o1 0'goo 0'g50 0'975 1'000
7y = 0 12 o+o85 0'542 o771 0+886 0'943 0972 1°000
24 o 0442 o*y21 0+860 0'930 0:g635 1°000
o0 o o 0°500 0750 0'8%5 0938 1'000

59




TABLE VI,

SIGNIFICANCE OF DIFFERENCE BETWEEN Two MEANS

(P. V. Sukhatme)

7y o° 15° 30° 45° 60° 75° 00°

5 per cent. points 6 | 2447 2+440 2435 2°435 24435 2+440 24447

8 | 2447 2°430 2-398 2304 2331 24310 2+306

7y =6 12 24447 2°423 2367 2301 27239 2°193 2°179

24 | 2°447 2418 2342 2247 2°156 2-088 2064

loe] 2447 2°413 24322 2-201 2+082 1°993 1960

6 2+300 2-3I0 2-331 2-364 2398 24430 2447

8 2+300 24300 2°294 2°292 2204 2+300 24306

7y =38 12 2°306 2292 2+262 24229 2°201 2+183 2°179

24 23006 2280 24236 217§ 2°118 2+077 2064

0 23006 2+281 2°215 2+128 2'044 1°982 1960

6 2°179 2193 2239 2301 2°367 2423 24447

8 2'179 2:183 2°20I 2+229 2+262 24292 2:306

79 = I2 12 2+I%79 2175 2°169 2167 21069 2°175 2°179

24 2'179 2168 2°I42 2°I12 2085 2+069g 2+064

[o'e} 2179 2'163 2°120 2064 2°0II 1973 1960

6 2'064 2-088 2°156 2247 2342 2+418 2°44%

8 2064 2-0%Y 2:118 2175 2°236 24286 2+306

7y = 24 12 20064 2+069 2+085 2°I12 2°142 2+168 2°179

24 2'064 2+062 2+058 2+056 2+058 2+062 2064

oo 24064 24056 2+035 2+009 1983 1966 1960

6 1960 1°993 2+082 2201 2322 2°413 2447

8 1960 1982 2+044 2:128 2°2I5 2-281 2:300

7y == 0O 12 1+960 1973 2011 2+004 2*120 2163 2179

24 1960 1+966 1'983 2°009 2035 2+056 2+064

o0 1'g6o 1+96o 1+960 1960 1+960 1-96o 1-960

1 per cent. points 6 | 3707 3654 3557 3°514 3557 3654 37707
8 | 3707 3643 3495 3363 3307 3328 3355

7y =06 Iz | 37707 3°636 3453 3246 3'104 37053 3055

24 | 3707 3631 3424 31158 2°038 2+822 24797

0 3707 3626 3+402 3°093 2+804 2+627 2-576

6 1 3355 3+328 3307 3303 3495 3643 3707

8 | 3355 3316 3239 3206 3239 3316 3355

73 =8 Iz | 3'355 3307 3192 3083 3°032 3'039 3'055

24 3355 3301 3158 2988 2862 2-8o53 2797

ool 3'355 3295 37132 2'916 24723 2+608 2:576

6 | 3055 3053 3104 3246 3453 3636 3707

8 1 3055 3039 3032 3083 31192 3307 3355

Ny = 12 12 3°055 3029 2978 2954 2:978 37029 3'055

24 3°055 3020 2938 2:853 2803 2793 2797

© | 355 3014 2°909 2°775 2+661 2°595 2°576

6 2°797 2+822 2:938 3-158 3424 34631 3707

8 24797 2+803 2+862 2:988 3°158 3+30I 3°355

7y = 24 12 | 2:797 2*793 2-803 2-853 2°938 3020 3'055

24 2797 24785 2759 2747 2°759 2785 2797

0 2797 2777 2726 2664 2+613 2-585 2:576

6 2576 24629 2804 3003 3°402. 3626 3707

8 2576 2+608 2-723 2+916 3°132 3°'295 3'355

715 = O 12 2576 2°'595 2+661 2775 2909 3 014 3055

24 | 2576 2'585 2613 2664 24726 2777 24797

®© 2576 2:576 2°576 2576 2°576 2576 2576
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TABLE VIIi. SIGNIFICANCE OF DIFFERENCE BETWEEN Two MEANS

Behrens’ Test—Odd degrees of freedom

7y 223

£

o

o 15° 30° 45° 60° 75° 90
I, 1 |ropercent. | 6:31375  7'73273  8:62474  8:92809  8:62474  7'73273  6:31375
5 » 12-70620  15'56186  17-35700  17'96929  I7°35700  15:56186 1270620
2 » 3182052 3897201 43°46763 450010  43°46763  38'97201  31'82052
I » 6365674 7796326  86:95672  goroz423  86°95672  477:96326 6365674
I, 3 | Io per cent. 2735336 3'23550 4’12401 495809 565934 6-13872 631375
5 » 3718245 4'95977 7412269 9:30312  I1°11208  12'20429 1270620
2 ’ 4'540%70 9'52070  16:30672  22°64110 27°60237 3074479 3182052
1 »» 584001 1728287 32703669 4508352 5515098  61°49196 6365674
1,5 | 10 per cent. 2°0I505 281232 372983 470125 5°55092 6-x1690 6-31375
5 »» 2+57058 421758 6+63646 9’09012 1104305 12°28235 12+70620
2, 3:36493  8'56288 15799780  22:53854  27'57259  30'73989  31-82052
I, 403214  16-59318  31-86885  45'03075 55713592  61'48950 6365674
1,7 | 1o per cent. 1:89458 2:66006 360383 464137 5°53302 6°11373 631375
5 " 2:36462 3'98044 654601 906502 11'03582 12°28086  12+70620
2 » 2'99795 842578  15°97736  22°53172  27°'57008 30773931  31'82052
I, 349948  16°55705  31'86146  45°02768  55'13470  61-48922  63°65674
3,3 | 1Iopercent. | 2:35336 238618 244512 2°47143 2°44512 2-38618 235336
5  » 3:18245 3'19135 3-22536 3'24395 322536 3°19135 3:18245
2y, 4°54070  4'50128 446705 445965 446705 4'50128 454070
Iy, 584091 575394 563969 559790 563969 575394 584091
3, 5 | Io per cent. 2°01505 2'07070 2'1727%4 2'25%80 2:30968 2°33931 2°35336
5 ’ 2+57058 262621 275634 2+89719 302568 313386 318245
2, 3:36493 3°41493 3°59516 3'86108 4:16752 4:43370 4'54070
o, 403214 4:07640 4°31559 4'73914 525584 568061 584091
3, 7 | 1o per cent, 189458 1'95810 2°07525 218345 2-26712 232481 238336
5 ’s 2+36462 2'43719 2+Go0o42 2478443 297188 3'12248 3'18245
2y, 2'99795 308203 3°33586 370143 4'10751 4'42422 4+54070
I, 3°49948 3'59533 3'95817 454802 5'19922 567297 584091
§, 5§ | 10 per cent, 2°01505% 2'02391 204600 2'05747 2+04600 2+02391 2'0I505
5 2:57058  2:56353 256237  2'56518  2'56237  2'56353  2°'57058
2 » 336493 332820 327402 3’25431 327402 3:32820 336493
ry, 403214 396770 385575 3'80866 3'85575 3'96770 4703214
5, 7 | To per cent, 189458 1'91182 195200  1-98%708% 2°00449 2°01136 2+01505
5 v 2+306462 237363 2°40968 2°45802 250521 2°54902 2+57058
2 2°99795 298964  3oros7 308317  3'19488 331251 336493
I » 3'49948 347400 347645 357550 376019 395209 403214
6, 7 | 10 per cent. 1-89458 1:89902 1°QII13 191788 I'9IXI3 1+8g902 180458
5 »”» 2-36462 2+35807 2°35215 235161 2'35215 2+3580% 236462
2 ”" 2°99%795 2'97119 292662 290869 292662 2°97119 299795
I, 349948 3°45397 336875 333071 3'36875 3°45397 3°49948
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TABLE Va2,

SIGNIFICANCE OF DIFFERENCE BETWEEN Two MEANS
One component of error distributed normally, the other in Student’s distribution

P 7y o%(#) 1o 20° 30° 40° 50° 60° 7a° 80° 90°(x)
10 1-812 1'808 1794 I'774 1°749 1721 1693 1668 1651 1645

12 1782 1-778 1767 1751 1-730 1r707 1684 1664 1'650 1-645

15 1"753 1°450 1I°741 1I'728 1°71I 10693 1675 1659 1649 1:645

10 per cent, 20 1725 1722 1716 1706 1694 1680 1°66%7 1656 1648 1°645
30 1697 1696 1692 1685 1677 1668 1659 1°652 1647 1°645

6o 1671 1670 1°668 1:665 1°661 10656 1°652 1648 1646 1-645

w0 1°645 1645 1645 1645 1:645 10645 1645 1645 1645 1°645

10 2-228 2219 2194 2'I§57 2°FI2 2066 2'024 1989 1'967 1'960

12 2'179 2:I71 2'I5I 2'I20 2°083 2046 2:011 1984 1966 1°960

15 2¢¥31 2°126 2'109 2'085 2'056 20026 1999 1-978 1:965 1960

5 per cent. 20 2:086 2'082 2069 2051 2'030 20008 1989 1973 1963 1960
30 2'042 27039 2°03I 2°0IQ 2°00§ 1'991 1°978 1968 1962 1°960

6o 2'000 1°999 1995 1989 .1-982 1°g75 1969 1964 1961 1'960

oo 1'960 1I'960 1960 1960 I'960 1-g6o 1960 1'960 1°960 I'96O

10 2:764 2748 2704 2°637 2°550 2:481 2°414 2364 2335 2'326

12 2:681 2:668 2:631 20576 =2°51I3 2:450 2°396 2-356 2'334 2+326

15 2:602 2'592 2563 =2'520 2°470 2:421 2°379 2°349 2332 2°320

2 per cent, 20 2:528 2'520 2498 2466 2430 2:394 2°364 2:343 2°330 2'326
3o 2457 2452 2438 2417 2°393 2:370 2°351 2'337 2°329 2326

6o 2:300 2388 2:380 2:370 2:358 2:347 2°338 2:331 2328 2°326

w0 2:326 2'326 2-326 2'326 2-326 2326 2:326 2326 2326 2326

10 3169 3148 3086 2:993 2°883 2:775 2684 2:620 2586 2576

12 3’055 3'037 2985 2°'gog 2:820 2°733 2°601 2611 2584 2576

15 2'947 2'932 2'892z 2:831 2762 2695 2:640 2:603 2°582 2576

1 per cent. 20 2:845 2835 2804 2¢760 2'709 2+661 2'622 2:595 2580 2576
30 2'750 2°%743 2°723 2°693 2'661 2:630 2°605 2°588 =2'579 2576

60 2660 2:657 2:647 2632 2:616 2*601 2'590 2-582 2577 2576

oo} 2§76 20576 2°576 2:576 2°5%6 2:576 2576 2:576 2:576 2:576

Io0 3581 3553 3473 3350 3203 3058 2939 2859 2818 2-80%

12 3'429 3'405 3338 3237 3119 3003 2910 2:848 2:816 2:-807%

15 3286 3207 3214 3134 3042 2'954 2'884 2°838 2:814 2'807

o' § per cent. 20 3153 3139 3099 3040 2'974 2911 2:861 2'829 2812 2-80%
30 3'030 3020 2'994 2°955 2'QI2 2872 2:841 2:821 2:810 2:80%

6o 2'9I5 2'9r10 2'897 2848 2:8g5% 2:838 2:823 2:814 2:80g9 2'807%

[o's] 2:807 2'807 2:807 2807 2'80% 2:8o7 2'807 2:807 2807 2'807

o 4'144 4106 3999 3832 3630 3425 3259 3I52 3103 3090

12 3930 3898 3809 3671 3508 3347 3219 3138 3100 3090

15 3733 3708 3636 3528 3401 3280 3185 3126 3098 3000

©0'2 per cent, 20 3'552 3'533 3479 3399 3308 3222 3156 3116 3096 3090
30 338 3372 3336 3284 3226 3172 3131 3106 3004 3'090

6o 3232 3225 3207 3181 31353 3128 3110 3098 3092 3090

oo 3'000 3'090 3000 3000 3000 3'000 3'090 3'090 3090 3'0gO
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THE CORRELATION COEFFICIENT

TABLE VII. Values of the Correlation Coefficient for Different Levels of Significance

n I '05 ‘02 *0I ‘00I 72 b 8 ‘05 *02 hied ) ‘C01

1 98769  +9969z  -999507 :999877 +9999988 || 16 4000 4683 5425 -5897 7084

2 *goooo 95000 -98000  +QQOOOO  *99goo 17 3887  +4555 <5285 -5751 6932

3 8054 8783  +93433 ‘95873 ‘99116 18 | 3783 4438 5155 5614 6787

4 7293  +8114 8822 ‘01720  *97406 19 ‘3687 +4329 -5034 5487 <6652

5 ~6694  *7545 8329 8745 95074 20 *3598 4227 -4921 -5368 6524

6 6215 +7067  -7887 *8343 *92493 25 "3233 '3809 ‘4451 4869 <5974

7 5822 6664  -7498 7977 *8982 30 2960  *3494 *4093 4487 -5541

8 ‘5494  *6319  -7155 *7646 *8721 35 "2746 3246 3810 4182 5189

9 5214 *Go21  -6831 *7348 8471 40 "2573  '3044 3578 3932 -4896

Io 4973 *5760 6581 7079 8233 45 2428 2875 -3384 3721 4648

11 4762 +5529  +6339 "6835 *8o10 50 2306 +2732 3218 3541 4433

12 ‘4575 °5324  +0120 <6614 1800 6o 2108 ‘2500 2948 3248 -4078

13 "4409  '5139  '5923 6411 7603 70 | *1954 2319 ‘2737 3017 3799

14 “4259 4973 5742 +6226 * 1420 8o +1829 2172 2565 -2830 3568

15 ‘4124 4821 ‘5577 *6o55 7246 9o ‘1726 <2050 2422 -2693 +3375

100 1638 r1946 2301 2540 -321I

TABLE VII1. Transformation of » to =

z *00 ‘oI ‘02 ‘03 ‘04 -05 .06 ‘07 o8 “0g Mfean
Diff.
‘0 | 0000 ‘0IOO  '0200 ‘0300 ‘0400 ‘o500 ‘0599 *0699 ‘0798  -0898 100
"X +0997 *1096 *I1194  +I293  *I39I *1489 -1586 -1684 1781 1877 98
*2 ©1974  *200 <2105 <2260  *2355 ‘2449  +2543 +2636  +2729  -2821 94
"3 | 2913 3004 3095 3185 +3275  -3364 3452 3540 3627 3714 89
‘4 | 3800 3885 :3960 4053 4136 -4219  -4301 4382 4462 4542 82
5 | +4621 4699 4777 4854 4930 ‘5005  -5080  *5I54  *5227  *5299 75
‘6 | *5370 5441  +551r  +5580  -5649 5717 5784  -5850 5915 -5980 68
< +Goq4q4 G107 +6169  +6231 -6291 +6351 ‘6411 <6469 <6527  +6584 6o
-8 -6640 6696 645t G805 6858 -6911 6963 7014  *fobq4 114 53
‘9 | +7163  -7211  c7259  +7306 <7352 7398 7443 <7487 7531 7574 46
ro | +7616  +7658  -7699  -7739 7779 7818 7857 -7895 7932 +7969 39
I'I 80035 *8o41 <8076 ‘8110 8144 8178 *8210  +8243 8275 <8306 33
12 <8337 <8367 +8397 +8426  -84355 <8483 8511 -8538 -8565  +8s01 28
13 -8617 +8643 +8668 <8692 -8717 <8741 8764  +8787 -8810 <8832 24
rq | °8854 -8875 8896  -8917 +8937  +8957 8977 8996  r9ors 9033 20
1’5 | *go3r  -g9obg9  +go87  +9I04  QI2I ‘9138 9154 -9I170 ‘9186 9201 17
16 | -9217 923z +9246  +9261  -9275  -9289  -9302  '9316  -9329 ‘9341 14
17 | 0354 9366  +9379  ‘939T 0402 ‘9414 ‘9425 9436 9447 9458 I2
-8 | 94681 94783 94884 94983 95080 95175 95268 -95359 ‘95449 95537 | 95
19 | *95624 -95709 -95792z ‘95873 -95953 ‘9603z 96lo9 96185 96259 96331 | 79
20 | 96403 +96473 +96541 96609 96675  +96739 96803 96865 96926 96986 | 65
21 | -9704§ 97103 97159 97215 +97269 97323 97375 97426 97477 97526 | 53
22 | *97574 97622 97668 97714 -97759 ‘97803 97846 +97888 97929 97970 | 44
2°3 ‘98010 98049 +98087 -98124 98161 -98197 98233 +08267 +98301 +98335 36
24 | 98367 98399 98431 08462 -98492z -98s22z 98551 98579 98607 98635 | 30
2:5 | +98661 98688 98714 98739 -98764 98788 98812 98835 +98858 +98881 24
2:6 | 98903 98924 '98945 98966 98987 99007 99026 *99045 *99064 ‘99083 | 20
27 | +99Ior +g9r18 +99I136 99153 +99170 99186 99202 +99218 +99233 99248 16
28 | +99263 ‘99278 -9929z -99306 99320 ‘99333 99346 99359 ‘99372 ‘99384 | 13
29 | "99396 99408 *99420 ‘99431 99443 ‘99454 99464 99475 99485 99495 I

0 . T ) .3 .4 .5 -6 .7 -8 .9

3 99505 ‘99595 ‘99668 -99728 99777  +99818 99851 +99878 99900 '999;8 —
4 99933 *99945 *99955 99963 99970  *99975 ‘09980 99983 99986 +9998g | —

For notes see foot of page 64 overleaf,
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TaABLE VIII. TESTS OF SIGNIFICANCE FOR 2X2 CONTINGENCY TABLES

Calculate ,, the square root of x? corrected for continuity (Fisher, Statistical Methods, 21.01). Determine
. the smallest expectation
the smallest marginal total’

The table gives the 2'5 and o5 per cent. points of x, for each tail separately, these being different for the
two tails except when # == or5. The observed set of values will lie on the longer tail if the observed number
in the cell with smallest expectation is greater than expectation.

Since three of the four marginal totals are independent their values are not completely determined by
m and p. For a given s and p there is a whole set of contingency distributions, and a corresponding set of
values of x, for each level of significance. The variation of these x, is, however, small. The table gives the
greatest and least values, Z.e. those for the binomial distribution (Roman type), and the limiting contingency
distribution (black type). When p == o there is only one value, this being derived from the Poisson distribution.

The table should always be used in place of the ordinary x? table when # is less than i0. Even with
values of 7 as great as 1oo the gain in precision is appreciable when p is small and the interest centres in the
probability of a single tail (Z.e. deviations in one direction only). The correction for continuity should be
used when m is less than goo.

In regions of the table where no values are given, and to determine the exact probability in doubtful cases,
the exact solution (on which this table is based) must be used (Fisher, Statistical Methods, 21.02).

The table can be used for testing the deviation of a sample of a binomial distribution with known .
Remember to include the contributions to ¥* from both classes when calculating x,.

X 1 2 3 4 5 6 8 12 24 48 96

m = the smallest expectation of any class, and p =

P =-o0z3 . . o ee. 168 1T 174 177 181 18 189 191
Shorter tail . o 25 vee e 173 177 180 182 I'84 187 I'go I9I 193
.. 183 1835 18 187 18 190 192 1°94 194

o5 ... 188 190 19T 192 1'93 I‘94 I'95 Ig0 1-96

. I'9I I'93 I'94 I'94 I'94 I'95 I'95 I'gy 196 1°g6

Longer tail . 0* 25 2°10 2008 207 2'06 200 205 2°04 2'02 2°0I 2°:00 I'9Q

2'04 2'03 =2'02 =20z 2'01I 2'0I 200 1'99 I'99 1°98 197

o 232 224 219 216 214 213 2Ir 208 20§ 203 20X
P ==-003 . . o «. 2000 2°I3 2°I9 2727 2°37 2'43 248
Shorter tail ., . 0" 2§ 2'18 2:23 227 232 238 245 2°49 252
' 232 236 238 2142 246 250 =282 254

o3 .o 2°41  2°44 247 2'50 2°52 22855 256 257
. ... 248 =250 252 253 =2'54 =255 =256 287 =257

Longer tail . . o' 25 2279 279 278 276 275 =293 2272 =270 267 2064 2263
264y 267 267 2067 266 2066 265 =264 263 =262 =260

o 333 313 305 297 2095 2092 288 2083 296 2270 267

Notes on Tables VII and VII1

For a total correlation, » is 2 less than the number of pairs in the sample; for a partial correlation, the number
of eliminated variates also should be subtracted. The probability given at the head of each column of Table VII represents the
chance that » will be greater than the values given or less than mznus these values,

Table VIIr gives the transformation 7 = (¢?*—1)/(e* +1) or z = } {log, (1-+#)—log, (1—#)}. With n defined as above 5 is
distributed approximately normally with variance 1/(2—1). For exact work correct for bias in 2 by subtracting »/2(»-1) from 2.
(See also Table XTI, which is the inverse of Table VII1, with p = 4(r1).)
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TABLE VIII1. BINOMIAL AND PoISSON DISTRIBUTIONS : LIMITS OF THE EXPECTATION
(Based on W. L. Stevens)

T
# = | Probability 2 of g ormore Prolubility 2 of a or fewer » = Probability Pof Probability P of aor f;
N o[V | woo5  oz5 1 ‘1 ‘025 00§ ¢ la| oos o oas “ty'o:saor~g§;r
5(2) |For a =0, 1—PuU¥ 1.84 261 327 8 | -3 304 304 509 Iogl 1206 1I2:96
(15) | s the greatest prob- 1:95  2:83 366 4 2°92 3-32 293 11-25 12-(;9 i:-gz
1o (1) | ability allowable. 2°06 309 4°11 3 2:82 37z 48 11477 13'52 1510
20 (og) 2:17  3°37 463 ‘2 2273 362 480 1218 1426 1622
© o 230 3069 530 ‘I 2205 353 473 12'59 150 I7°3%
2 ‘0050 0252 +103 1897 19748 I-ggyto ° 257 345 466 12099 1576 1858
3 0050 0252 rIo4 2413 27171 28758 9 |5 368 468 592 1208 1332 14'32
4 ‘0050 ‘0252 -Io4 2418 3224 3556 4 3’55 4'54 580 1252 1407 1540
-] . LR . 2:06 -8 .
2 | o ey ey wor g g | 3| T8 R Tm o s
‘15 ‘0050 0253 -Io5 3'I4 399 4:09 T 322 421  §51 1379 1632 1880
10 *1 ‘0050 ‘0253 *I0§5 3'37 4°45 544 o 313 412 543 I421 17708 20°00
20 ‘05 | ‘o0oj0 0253 ‘105 3062 497 634
© o | roos0 ‘0253 +105 389 557 743 0 |5 435 544 670 1324 1456 15:65
‘ 4 420 528 663 1369 1533 1676
4 -118 -270  +570 3430 34730 3882 3 406 514 651 1413 16-10 17-88
5 ‘114 *264 561 377 47267 4586 2 3'93 502 0641 1456 1686 1902
6 ‘112 *260 556 400 467 5138 ‘1 382 400 6'31 1499 1762 2020
7 "IIX 257 c552 4°17  4°97 5°54 o 372 480 622 1541 18:39 21°40
825 | r110 :255 :549 4°31 52l 594 9 |5 | 4014 —016 —0'36 +0'36 +o'16 —or 14
1o 2 "108 252 545 450 556 648 ‘4 | 4053 4o 10 —0r22 4055 4052 fo4r
‘x5 | ‘107 1249 542 469 594  7°09 S oS rod
3 | For89 +o'34 —009 +o74 +org0 +1i04
20 1 ‘106 *247 <538 490 6-34 M4
~ 2 | 4123 4057 +oop Foou 13T +172
40 vo5 | *Io5 -z45 535 §5IT 677 Byq o1 | 4155 4079 4o 16 4115 4174 420
0 o *103 242 +§32 §'32 722 ‘2 9 3 4 47
3 927 o | +1:8 4100 H0°28 +1°36 +2-20 +3'27
6 398  -709 Ir21 4779 5291 5 Go2 16 {5 | —or0z —o'25 —o0'40 +0'40 H-0'25 +o0'02
7 387 +693 119 505 §57I 6181 ‘4 | +o'40 Ho002 —0'26 4058 Fo6o o5y
8 ‘380 +682 117 524 Gogq 6:642 -3 | 079 4028 —o'12 H076 +0'96 +1°16
9 ‘374 074 117 539 631 7°03 2 | 4117 4052 +oor 4094 +1°34 +1:80
Io *3 | *370 667 116 552 652 7°35 ‘1 | 4152 +046 Hor14 +113 H1°73 +2°47
15 +2 | ‘358 650 114 589 721 841 o | +187 4ogy 4026 4133 +2 14 4318
SO '3455 '?34 oo 223 5'96 961 36 |5 | —o'18 —o'34 —0'44 Fo044 o34 4018
® o 33 19 1rIo 77 1098 4 | +026 —006 —o0'29 +o'6o o067 —|—o-72?
8 -3 799 126 I-92 6-08 6:44 44201 '3 | 4068 -for21 —o'15 +o77 4101 41281
10 *4 768 1722 188 G646 738 8091 ‘2 | +1°09 F047 —0r02 o094 J136 4186
*3 ‘41 1°18  1°84 683 804 906 ‘1 | 4149 o073 +o1z Hrrr 171 42046
20 *2 416 115 180 7r21 873 I0°I} o | +1-88 +o097 o025 +129 +208 308
40 *I1 | 694 112 197 700 947 II'3X 1 . o' 2f —Or A2 —O . . .
44 |5 | —035 —043 —0'47 +0'47 +0'43 +0°33
©w o ‘672 1'09  I'74 7'99 1024 I2'59 4 | +o12 —0'14 —0'33 +063 073 +086
1o 5 |1'28 1°87 267 33 813 82 *3 | 1057 o014 —o'18 078 1705 +1:37
‘4 |23 181 261 772 879 966 'z | +1ror 4042 —oo4 4094 +I1°37 +1'90
3 |19 1096 256 810 947 10°67 "1 | +1'45 ~0'09 For09 +109 +1°69 +244
25 +2 |1715 141 2:52 849 I0°I8  II*%§ o | +188 +0'96 H0'23 125 +2701 +2:98
56 I |11 166 =247 888 1091 1290 o ‘5 | —0'50 ~—o0'50 —o'50 050 +o0r50 050
o o |1ro8 16z 243 927 II07 1415 -4 | —or0z —or21 —0'36 4064 +0'79 +0'98
! . Lo ‘08 —o . ‘o8 .
12 +5 |83 253 346 854 o947 1017 | 3| foas Aood —oat o9 f.o ii.45
. . . . 16 16 | z | 4093 +037 —0'07 +093 +1°37 93
S AR 8 3L on s amny | 1 | Frgo +o66 foro7 +107 +1:66 42140
20 - . 3 .32 . . . ; _ ) ' ) ) .88
30 -2 |1063 231 326 g4 1I1'57 1328 o | 4188 4095 Ho21 +12r +1°95 +2
6o -1 |I1'58 2026 320 T10'I4 1I2'30 I4'44
0w o |I's4 220 3I§5 To'53 1306 1566 To obtain the limits of the probability of an event (observed to
oceur @ times out of V) corresponding to a given prot‘)a.blhty level 7,
14 5 | 241 323 426 974 Io77 II'5Q divide the tabulated values by &, first interpolating if necessary by
‘4 | 2°32 3I2 417 1015 11°48 12°01 linear interpoflei)tion wni]l} :c%:rince top= a/é\{. c‘tll‘;rwthkn'lrlxt;;f tl(l)e
. . . . . . . tati i ibutions are given directly, taki = 0.
3|2 zg_ 303 409 1056 Iz_zo 13,67 %‘};!;ei;t?fr\}c:mtg.‘l‘siﬁg tajalre with @’ = NVN—a. Tor a>I0 add the
35 2 |2 2:95 470z 10797 I12°g3 1477 tabulated corrections to the limits of the expectation calculated from
vo 1 l2°10 2-88 396 1137 1367 1502 the standard error 4/{a(1—p)}, using asymptotic interpolation on
0 o |z04 2:81 389 1177 1442 ITI3 12/y/a.
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TABLE VIII2.

Two-fold
Number of Levels (s). 11 or
x 4 5 7 8 9 10 more
o4 757 773 78y -785 -787 788 -789 -789
o6 <622 -640 <649 -653 +655 +656 -657 G557
o8 537 556 +566 -571 *573 574 575 °575
1’0 ‘479 +5oo -*51x -516 +518 ‘520 <520 ‘521
I'2 437 461 472 478 480 482 482 483
I'q 406 “432 ‘444 °450 453 455 456 456
6 38 41T -424 431 435 436 437 438
8 361 *394 -4I0 ‘417 421 423 -424 425
20 | 344 -382 -399 408 -412 ‘414 -415 416
2'5 358 382 -394 399 402 -403 ‘405
3o 370 -386 -394 398 -400 ‘402
35 379 -390 396 -399 -4orI
40 386 +394 -397 ‘401
4'5 ‘390 +396 -4or1
50 394 ‘401
- 401%
y
7°0 *399
6'0 "397
50 394 '394
4'5 390 390 390
4'0 *386 386 -386 386
3'5 ‘379 379 °379 -379 379
3o 370 370 ‘370 ‘370 *:370 -370
2’5 358 -356 -356 -356 -356 -356 356
2'0 344 '334 °334 334 334 334 334 334
1-8 "327 323 °323 323 °323 ‘323 °323 °323
6 "3IT *309 °309 ‘309 °309 °309 -309 °309
14 *293 *292 -292 -202 ‘292 ‘202 °202 °292
12 ‘27 271 29I 291 271 271 271 271
o 245 245 245 245 ‘245 245 '245 ‘245
¢ o8 ‘212 212 -*2I2 -2I2 - 2I2 -212 °*2I2 °*2I2
o6 *167 167 167 <167 167 167 -167 169
04 *IoI ‘IOl *IOI *IOI *IOI °*IOI ‘IOI ‘IOl
!
Ten-fold (Three or more levels)
! xS x>, y>>2 y<2
x K £Y K ¥ Ve » Vg v
) 763 e 761 | 20 || *744 | 10
‘T | <768 | -9 |[ 766 | 19 || <744 | o9
*2 <768 -8 764 | 18 || *734 | o8
‘3 | *760 | c7 Wl 755 | 7 || c712 | Of
o4 | *461 4 | *747 | 6 741 | 16 || <684 | o6
o5 | "740 || 5 | *736 | 5 || ‘729 | 1’5 || *658 | o5
06 [ 733 || 6 | “733 | 4 | ‘724 | r'4 || *638 | o4
o7 | *736 || +7 | 736 | 3 | ©726 | 1°3
08 | *744 1l *8 | *744 | -2 || 732 | T2
o9 | 753 ‘9 | 753 | T || ‘739 | r'1
10 | *763 ‘o | +463 ‘0 ‘144 | I'o

When x>>1 and y>>2 enter the table with the decimal part of &

or y only.
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DENSITIES OF ORGANISMS ESTIMATED BY THE DILUTION METHOD
(W. L. Stevens)

Four-fold

Number of Levels
6 or
x 4 5 more

o4 704 706 707
o6 +615 -617 618
o8 ‘573 '576 ‘577
Io "555 *558 559

5 545 *55I °553
20 537 '548 551

2’5 ‘545 °552
.552*

g

3’5 550
30 *548
2°5 *545 °545
2:0 *537 537 537
15 ‘522 522 ‘522
10 488 488 488

o8 464 464 464
o6 431 43T 431
o4 ‘375 °375 375

Calculate the mean fertile level x, and
the mean sterile level y, where « is the
number of fertile plates/number of cul-
tures at each level (»), and x-}-y is the
number of levels, Enter the table with a
or y, as indicated, and determine the
corresponding value of the tabular entry
K. When « and p fall outside the
tabulated range use the value marked
with an asterisk (*). The estimate of the
number, A, of organisms in the quantity of
the medium used for one culture at the
highest concentration is then given by
log A== log e—ZX&, where @ is the

dilution factor. The average value of the

. . . Ilog2
varianceof themean fertile level is -v‘—g—-,
nlog a
and the average value of the variance of
.1 .
log A is - log 2 log @ (see Introduction).
7

Thus :

Two-fold
log A = 030103 £—K
Wx) =1I/n
V(log A) = o'og1/n
Four-fold
log A = 0'60206 x—K&
V_(x) =1/2m

V(log 3 = o 201[/n

Ten-fold
log A =x—X&
V(x) = o' 301/n



TABLE VIII3. SIGNIFICANCE OF LEADING PERIODIC COMPONENTS

5 I 5 I 5 I
”n per cent. per cent. ” per cent. per cent. ”n per cent, per cent.

5 68377 78853 20 ‘27040 +32971 35 ‘17513 21338
6 «61615 Y2179 21 +26060 31783 36 *I7124  *20860
y +56115  -66440 22 +25155  *30683 37 -16754  -20405%
8 *51569  +6I31Y 23 *24315  +29661 a8 +16400  *19970
9 ‘47749 57271 24 '23534  *28709 39 ‘16062 ‘19554

10 44495 53584 25 | +22805  -27819 40 15738 119156
11 41688  +50357 26 ‘22123 26986 41 *15429 18746
12 *39240 ‘47510 27 +21483  +26205 42 *15132 18411
13 «37085  *44982 28 +20883  -z5470 43 14847  +18060
14 *35172 42722 29 20317 24778 44 ‘14573 *17724

15 "33461  +40689 30 ‘19784 r24124 45 ‘14310 - 17401
16 *31922  -38851 31 *19280  +23500 46 *14057 *14089
17 ‘30529  * 37180 32 *18803 ‘22921 47 +13814 16789
18 +29262  *35655 33 -18351  +22366 48 ‘13579 16501
19 28104 +34257 34 ‘17921 +21839 49 *13353 16222

20 | r27040 32971 35 | r17s13 21338 so | 13135 -15034

Table of g; for testing the significance of the leading periodic component of 2n4-1 or 222 consecutive
values, Lach of » periods contributes a certain fraction to the sum of squares for all » periods, and g is
tnken to be the largest of these fractions. If this exceeds the corresponding tabulated value, significant
evidence of periodicity is indicated,
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TABLE IX. PROBITS

Transformation of the Sigmoid Dosage Mortality Curve to a Straight Line. (C. I. Bliss.)
0'o oI oz 03 o' 4 05 o6 o7 o8 09 I 2 3 4 5
o 19098 2:I12I8 2'2522 23479 274242 2°4879 25427 2°59II 2°0344
1| 26737 2-7006 2:7429 2°7738 2°8027 2'8299 28556 2:8799 279031 2°925I
2 | 2:9463 2'9605 29859 30046 30226 30400 3056y 30732 3o8go o4z | Formore detail seo
3| 31192 31337 31478 31616 31750 * 31881 32009 3'2134 3 2256 32376 values lor 95-100.
4 | 32493 3°2608 3'2721 32831 3-2940 33046 3 3I5I 3'3253 3°3354 3'3454
5| 3°3551 .3:3G48 3'3742 33836 373928 34018 34107 34195 3°4282 34368 9 18 27 36 45
6 | 374452 3°4536 3'4G18 34699 374780 34859 34937 3'50I5 35091 35167 8 16 24 32 40
7| 3'5242 3'5316 3'5389 3'5462 35534 35605 3'5675 375745 3'5813 35882 7 14 21 28 36
8 | 35040 36016 36083 36148 3-6213 36278 36342 3°6405 3-6468 3'06531 6 13 19 26 32
9 | 36592 36654 36715 36775 376835 30894 36953 3'70I2 37070 37127 6 1z 18 24 30
10 | 37184 377241 37298 377354 37409 37464 37519 3'7574 3'7628 37681 6 11 17 22 28
11 | 3°7735 37788 37840 37893 37945 37996 38048 3-8099 3-8150 38200 5 1o 16 21 26
12 | 3'8250 3'8300 3'8350 38399 38448 3-8497 3-8545 38593 3°8641 38689 5 1o 15 20 24
13 | 38736 38783 38830 3:8877 38923 38969 39015 39061 39107 3 9I52 5 9 14 18 23
14 | 379197 3'9242 39286 3'933T 39375 3'94I9 379463 3'9506 3°9550 39593 4 9 13 18 22
15 | 39636 379678 39721 3'9763 39806 39848 39890 39931 39973 4-0014 | 4 8 13 17 2I
16 | 4°0055 4°0096 4'0137 4'0178 4:0218 4°0259 4'0209 4'0339 4°0379 4'04I9 .| 4 8 12 16 =20
17 | 4°0458 4:0498 40537 40576 4:06I5 40654 4'0693 4°073I 4°0770 4'0808 | 4 8 12 16 19
18 | 40846 4°0884 40922 40960 4°0998 4'I035 4:1073 4'III0 41147 4°1184 4 8 11 15 19
19 | 4'1221 4°1258 41295 41331 4°1307 4'T404 4°1440 41476 41512 4°1548 4 7 11 15 18
20 | 4°1584 4°1619 4°1655 4°1690 4°1726 41761 41796 4°1831 4°1866 4 1901 4 7 11 14 18
21 | 41936 4'1970 42005 4°2039 4'2074 4°2108 42142 4°2176 4°2210 42244 3 7 10 14 17
22 | 42278 4:2312 42345 42379 4°2412  4'2446 4°2479 42512 42546 42579 3 7 10 13 17
23 | 42612 4-2644 42677 42710 4°2743 4°2775 4°2808 4:2840 4-28%72 4r2905 3 %7 10 13 16
24 | 4'2937 472000 4'3001 43033 4°3065 473007 4'312Q 4'3160 4°3192 4-3224 3 6 10 13 16
25 | 4°3255 43287 4'3318 4°3349 4'3380 4°3412 4°3443 43474 4°3505 4°3536 3 6 g9 12 16
26 | 4'3567 4°3597 43628 4:3659 4°3689 43720 43750 43781 4:3811 4'3842 3 6 9 12 15
27 | 4°3872 4°3902 4°3932 4'3962 4°3992 44022 44052 4'4082 4°4112 4'4142 3 6 9 12 I3
28 | 474172 474201 4'4231 4°4260 44290 4'4319 44349 4'4378 4°4408 4°4437 3 6 9 12 15
29 | 474466 4°4495 4'4524 4°4554 44583 47401z 44641 4'4670 4°4698 4°4727 3 6 9 12 14
30 | 4'4750 4°4785 44813 44842 44871 44899 4'4928 44956 44985 4'5013 3 6 9 11 14
31 | 4°504I 4'5070 4'5098 45126 4'5155 4°5183 4°52I1 4°5239 4°5267 4°5295 3 6 8 11 14
32 | 4°5323 4°5351 45370 45407 4°5435 45462 4°5490 4°5518 4°5546 4°5573 3 6 8 11 14
33 | 45601 45628 4'5656 4°5684 45711 4°5739 45766 4'5793 4'5821 4°5848 3 5 8 11 14
34 | 4'5875 45903 4°5930 4°5957 45984 4:6011 46039 4:6066 4:6093 4'6120 3 5 8 11 14
351 46147 4°6174 46201 46228 4:6255 46281 46308 4:'6335 46362 46389 3 5 8 11 13
36 | 4°6415 460442 4°6469 4'6495 46522 4°6549 46575 4'6602 4-6628 4-6655 3 5 8 1r 13
37 ] 46681 4:6708 46734 4°6761 46787 46814 46840 4:6866 4-6893 4'6919 3 5 8 11 13
38| 476945 476971 46998 4-7024 477050 47076 4'7I02 47129 47155 47181 3 5 8 10 13
39 | 477207 4°7233 47259 47285 47311 47337 47363 4°7389 4°7415 47441 3 5 8 10 13
40 | 4°7467 47492 4'7518 4°7544 4°7570 4°7596 47622 47647 47673 47699 3 5 8 10 13
4T | 427725 4°7750 4'7776 4-7802 47827 4°7853 47879 4°7904 477930 4°7955 3 5 8 10 13
42 | 4°7981 4°8007 4'8032 4:8058 4'8083 4-8109 4-8134 4'8160 4-8185 4 8211 3 5 8 10 I3
43 | 48236 48262 4'8287 4-8313 48338 4'8363 4'8389 4'8414 4-8440 4'8465 3 5 8 10 13
44 | 48490 48516 48541 4°8566 4-8592 4-8617 4'8642 4°8668 4:8693 4-8718 3 5 8 10 13
45 | 4'8743 4'8769 4'8794 4'8819 48844 4-8870 48895 4-8920 48945 4'8970 3 5 8 10 13
46 | 4'8996 4°9021 4:9046 4907 4'9096 4:9I22 4'9T47 4°9172 49197 4:9222 3 5 8 10 13
47 | 49247 4'9272 49208 49323 4'9348 49373 49398 4'9423 4°9448 4°9473 3 5 8 10 13
48 | 4°9498 49524 4'9549 4'9574 4°9599 4°9624 4'9649 4'9674 4-9699 49724 | 3 5 8 1o 13
49 | 4'9749 4'9774 49799 4'9825 4°9850 4'9875 4'°9900 4'9925 4°9950 4°9975 3 5 8 10 13

The probit corresponding to a given percentage is the normal deviate (increased by 5 to avoid negative values) for which the
probability (single tail) equals this percentage (see Tables I and II1),
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TABLE I1X. PROBITS—continued

o'c o*

5r0000 §'0025 5'0050 5'0075
50251 50276 5'030I 50326
5r0502 5°0527 50552 5°0577
50753 50778 50803 50828
1004 §'I030 5'I055 5 Io8c

&

+1257 51282 51307 51332
‘1510 51535 51560 5°1586
‘1764 51789 51815 51840
*20I0 §'2045 §'2070 5 20090
2275 52300 572327 572353

2533 52550 52585 g§z201r
2793 5281y 52845 52871
3055 53081 53107 53134
3310 5°3345 53372 53398
3585 53611 53638 53005

+3853 5:3880 53907 53934
4125 54152 54179 54207
§4399 54427 54454 54482
54077 54705 §4733 54701
5'4959 54987 55015 55044

5°5244 5'5273 5'5302 5°5330
55534 55503 55592 55022
5-5828 55858 55888 55918
56128 56158 50189 50219
56433 50464 506495 506520

56745 56776 50808 56840
57063 57095 57128 § 71060
57388 57421 57454 57488
57722 57756 57790 57824
5:8064 5'80yg 58134 58109

[ B By e o

o o bl ol n

58416 58452 58488 58524
58779 58816 58853 58890
59154 59192 §9230 59209
59542 59581 59621 59601
59945 59986 Grooz7 Grooly

60304 G'oqo7 Gro450 06:0494
60803 60848 60893 6:0930
G 1264 G131z 61359 G'rgo
61750 6-1800 61850 G'rgot
Gr2268 62319 G237z 6r24206
62816 62873 (2030 62988
6-3408 63469 6:3532 6'3595
64081 64118 64187 64255
64758 64833 6'4909 64985
6 5548 6-5632 65718 65805

66449 66546 66646 6:6747

97 100 101 102
67507 67624 67744 67866
117 120 122 125

6:8808 68957 Grgrro 692068
149 153 158 163

02 o3

o4 o5 06 o7 o8 o9 I 2 3 4 %
§'0I00 §'0I25 §5°0I50 50175 5°020I 50220 3 5 8 10 13
5'035T 50376 5:040T 50426 570451 50476 3 5 8 10 13
50602 50627 50652 500677 50702 50728 3 5 8 10 13
50853 50878 5:0904 50929 570954 5'0979 3 5 8 10 13
51105 51130 51156 51181 51206 51231 3 5 8 10 13
51358 51383 51408 51434 51459 51484 3 5 8 10 13
51611 51637 51662 51687 .5r1713 51738 3 5 8 10 13
51866 51891 51917 51942 51968 51093 3, 5 8 10 13
§'2I2I §°2I47 §5'2I73 52I98 5°2224 52250 3 5 8 10 13
52378 52404 52430 5°2456 52482 52508 3 5 8 10 13
52637 52663 52089 52715 52741 52767 | 3 5 8 1o 13
52898 52924 52950 52976 5°3002 53029 | 3 5 8 1o 13
53160 53186 53213 5°3239 5°32006 53292 | 3 5 8 11 13
53425 5°345T 53478 5'3505 5353t 53558 | 3 5 8 11 13
53692 53719 53745 53772 53799 53826 | 3 5 & 11 13
53901 53989 54016 54043 54070 54097 | 3 5 8 11 14
54234 54201 54289 54316 54344 54372 | 3 5 8 11 14
54510 54538 5:4505 574593 54021 54649 | 3 6 8 11 14
54789 54817 54845 54874 54902 54930 | 3 G 8 11 14
55072 55100 §°5129 5°5158 55187 55215 3 6 9 11 14
55359 55388 5'5417 5°54406 55476 55505 3 6 o9 12 14
55651 55681 55710 5'5740 5°5769 55799 | 3 6 9 12 I3
55048 55078 56008 56038 56068 56098 3 6 o9 12 15
6250 56280 56311 56341 5°6372 506403 3 6 9 12 15
56557 56588 56620 56651 5°6682 56713 | 3 6 9 12 16
56871 56903 56935 56907 56999 57031 3 6 10 13 16
57192 57225 57257 5'7290 5'7323 5'7350 3 7 10 13 16
57521 57554 517588 507621 57055 57688 3 7 1o 13 17
57858 57892 57926 57901 57995 58030 | 3 7 10 14 I¥
5+8204 58239 58274 5:8310 58345 58381 4 7 11 14 18
58560 58506 58633 5'8009 58705 58742 4 47 11 14 18
58927 58965 5'900z 59040 59078 59116 | 4 7 1T I5 19
50307 59346 59385 59424 50403 59502 | 4 8 12 I5 I9
59701 59741 59782 59822 59863 59904 | 4 8 12 16 20
Gotto  Grorgz Gro1g4 60237 6ro279 60322 4 8 13 17 21
Grog3y 60581 GrobG25 6:0669 Groy14 Gro7s8 4 9 13 I8 22
Groy85 61031 G104y 601123 61170 GrIzZIY 5 9 14 18 23
6-1455 61503 61552 (1601 G 1650 61700 5 Io 15 I9 24
6 1952 62004 6°2055 62107 62160 Gz212 5§ o 15 =2r 20
G 2481 62536 62501 G-2646 Gr2702 6-2759 5 1 16 =22 27
63047 603106 63165 Gr3225 6-3285 63346 6 12 18 24 =29
6:3658 G372z 63787 6-3852 63917 63984 6 13 19 26 32
64325 64395 64466 64538 64611 64684 7 14 21 28 35
65063 65141 6:5220 65301 605382 65404 8 16 24 31 39
65893 6'5982 G-Goyz 66164 66258 6:6352 9 ‘18 27 36 45
6:6849 6'6g54 6:7060- 69169 67279 607392

105 106 109 110 113 11§
67991 68119 6:8250 6:8384 6+8522 6:8G63
128 131 134 - 138 141 148
619431 6:96o0 6°9774 6:9954 70141 T'0335
169 174 180 187 194 202

Continued on next page.
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TABLE IX, PROBITS—continned

o*c0  o©'0oI ooz 003 004 oro§ orob ooy o008 0'09 I 2 3 4 5§
98:0 | 7'0537 70558 7:0579 47'oboo 47r0b21 70642z 47:0663 7°0684 40706 4roy27 |z 4 6 8 11
98:1 | 7:0749 7'0770 7°0792 70814 7'0836 7:0858 7'0880 70902 7'0924 70947 |z 4 7 9 1II
98:2 | 70909 #%:09g92 7 1015 %1038 %1061 7'1084 71107 71130 7rIIS4 UIIf7 2 5 7 9 Iz
08:3 | 7'I20T 4 1224 7°1248 4 1272 701207  7°I32I 7°I345 7°I370 471304 71419 {2 0§ 4 Io 1I2
08:4 | 7°1444 7°1469 7°1494 7°1520 7°1545 7°1571 7°1596 71622 71048 71675 |3 5 8 10 13
98:5 | 7r1701 71727 7°1754 7°1781 7°1808  7-1835 7-1862 7 1890 7'1917 7°I945 |3 5 8 II 14
98:6 | 7°19%3 4'200I 72029 42058 7:2086 72115 72144 72143 42203 7'2232 |3 6 9 Iz 14
987 | 772262 7-2202 72322 7-2353 7°2383 772414 7'2445 7'2476 72508 7°2539 {3 6 9 Iz 1§
98:8 | 7-2571 4-2603 7°20636 472668 4:2701  7°2734 7°2768 72801 72835 72869 |3 4 10 13 1Y
98-9 | 7'2904 7°2938 7°2973 73009 7°3044 7°3080 73116 73152 7°3189 7°3226 | 4 7 11 14 18
99-0 | 7°3263 7'3301 7°3339 73378 7°3416 7°3455 7°3495 7°3535 7°3575 7°3615 |4 8 12 16 20
99°1 | 7°3656 7-3698 7°3739 7°3781 7:3824 7:3867 7°3911 7°3954 7°3999 74044 | 4 9 13 17 22
99°2 | 74089 74135 74181 74228 7°4270 7°4324 7'4372 74422 74471 74522 | 5 10 I4 19 24
993 | 74573 7°4624 7'4677 74730 74783 7°4838 74893 74949 7'5006 75063 | 5 11 16 22 27
99'4 | 7'512r 7°5181 7°5241 75302 7°5364 7°5427 7°5491 7'5556 7°5622 7'5690 | 6 13 19 25 32
995 | 75758 7-5828 7:5899 75972 7:6045 7e6121 7:6197 7:6276 7:6356 76437
996 | 76521 7°6606 7-6693 7:6783 7:6874 7°6968 7:7065 77164 77266 77370
997 | 77478 7:7589 7°7703 7°7822 77944 7°8070 78202 7:8338 7'8480 7-8627
998 | 7:8782 7°8943 79112 7'9290 7-9478 7°9677 7°9889 80115 8-0357 80618
99'9 | 8090z 8-1214 8-1559 8:1047 8:2389 82905 8'3528 8-4316 8-5401 8:71g0
TABLE IX1. SIMPLE QUANTILES OF THE NORMAL DISTRIBUTION
Proper Fractions, with Denominators up to 30, and the corresponding Normal Deviates
*1/30 | 1°8339 || ¥1/10 | 1-2816 5/z7 | o°8058 8/29 |o'5952 || *11/30 | 0'3407 9f20 | o'1257
1/29 |1-818% 3/29 | 12621 3/16 | o0'88y1 5/18 | 05895 7/19 | 0° 3360 5/11 0 1142
1/28 | 1-8028 219 | 172521 421 | 08461 7/25 | 05828 10/27 |0'3309 | 1If24 | O'1046
1/27 | 1-7861 3/28 | 12419 5/26 | 0-8694 27 | o566 3/8 |o3186 613 | 0709066
1/26 | 1-7688 19 r-2206 || *1/5 | o0'8416 7/24 | 05485 || 1I/29 |o0°3073| 13/28 | 00896
1/25 | 1°7509 3/26 | 11084 6/29 | o817z 5/17 | o'53414 8/21 |o'3030| *7/15 00836
1/24 | 17319 2f17 | 1-1868 5/24 | o8122 8/27 | o'5351 5/13 | 02934 8/1y 00738
1/23 | 17117 3/25 | 1-1750| 4/19 |0°8046| *3/10 | o0'5244 7/18 | o 2822 9/19 | 00666
1/22 | 1:6gob 1/8 I'1503 3/14 | 07916 7/23 | o'5119 9/23 |o2759| 10f21 00597
I/21 | 16684 3/23 | 171244 5/23 | o*7810 4/13 |o'5024 | 11/28 |o'2719|| 11/23 | o'0545
1/20 | 1°6449|| *2z/15 | 11108 2/g | 07647 0/29 | 0°4949| *2/5s |o'2533| 12/28 0.0502
1/19 | 1°6199 3/22 | 10968 5/22 | o7479 5/16 | 04888 11/27 |o'2342| 13/27 00464
1/18 | 15932 |l 4/29 |10897| 3/13 |07363| 6/19 |o4795|| 92z |o-2299 | 14/29 | ofo432
1/17 | 1:5648 1/7 1°06%76 || *7/30 | o'7279 7/22 | 04728 7/17 |o2230| *1/2 )
1/16 | 15341 || 4f27 | 10444 | 4/17 |o7215) 825 | 04677 || 12[29 |O0°2178
*1/15 | 1'5011 3/zo0 | 1°0364 5/21 | o124 0/28 | 0463 5/12 | o'2104
2/29 |14835|| 2/13 |rozor| 6/z5 |o7063(l *1/3 |o04307| 8/19 |o1992
1/14 | 1°4652 3/19 | 170031 7/29 |o'7o19|| 10/29 {o0°3993| 11/26 |o0'1940
2[27 | 14461 4f25 | 09945 1I/4 |o6745( 9f26 |o'3957) 3f7 |o1800
1/13 | 174261 || *1/6 09674 7/27 | 06456 8/23 | o391z || ¥13/30 | 01679
2/25 |14051| 5/20 | 09447 6/23 |0'6407| 7/20 | 03853 10/23 |0'x642
1/12 {13829 | 4/23 | 09388 5/19 063361 617 |03774| /16 |o'1573
2/23 | 1°3597 3/17 | 09289 *4/15 |o0'6229 5/14 |0 3661} 11/25 |o0'15T0
1/11 | 1°3352)| 5/28 |0°9208| 7/26 |o6xsrll 9f25 |0°3585| 4/9 |o'1397
2f21 | 1'3092 2/11 | 0*go8s 3/11 | 0:6o4b 4/11 | 034881} 13/29 |o0'1300
Many fractions with higher denominators may be quickly obtained by simple interpolation between adjacent values,
e.e. from 5f13 and %/18, because I;——_::Z—8=;~j, the deviate for 12/31 is judged to be 0-2822+;—§('0112)=0-2868,97.

True value 0:2868,04. Each thirtieth is marked by an asterisk.

To convert to probit values subtract from 5, and for fractions A greater than } add the value for 1—A to §.
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TABLE IX2. PROBITS

Weighting Coefficients and Probit Values to be used for Final Adjustments
(Adapted from Bliss, 1935)

Minimum Maximum Minimum Maximum
Working working Weighting Working working Weighting
Equctcd Probit Range Probit Coefficient Expected Probit Range  Probit Coefficient
Probit ¥.| V—PjZ. 1/Z Y+0Q/Z. Z}[PQ. | Probit ¥.| ¥V—p/Z, 12 Y+0lZ.  ZyPQ.
I°I 0'8579 5034 5035 00082 50 37467 25066 6-2533 63662
1°2 0'0522 342§ 3426 ‘00118 5°1 37401 2:5192 6°2593 +63431
13 I'0462 2354 2355 -00167 52 37186 2'5573 62759 62742
14 11400 1634 1635 *00235 5°3 36798 2+6220 6-3018 -6i6og
15 12335 1146 1147 *00327% 54 36203 2+7154 6°+3357 *6oosz
16 1°3266 811°3 8128 ‘00451 5°5 35360 2-8404 63764 +58099
Iy 1'4194 5803 5819 *00614 546 34220 3'coro 644230 -55788
18 1-5118  419'4 4209 *00828 57 32724 3:2025 6°4749 -53159
19 1:6038 3061 3077 ‘01104 58 3°0794 3°4519 65313 50260
2+0 1-6954 2256 227°3 *01457 59 2:8335 37582 6°5017 47144
2-1 1+7866 16800 16979 101903 60 245230 4:1327 6°6557 43863
22 1°8772 126°34 12822 02459 61 21324 4+5903 647227 40474
2+3 19673 95+96 97793 *03143 6-2 16429  5'1497 647926 37031
24 2°0568 7362 7568 03977 63 10295  5'8354 68649 -33589
25 2°1457 5705 5920 04979 64 02606 66788 6:9394 30199
26 2°2340 44654 46-888 06169 635 —o0"705 7721 7+0158 26909
27 2°3214  35'30z  37°623 07563 646 —I'92I 9'015  7-°0940 23753
28 2+4081 28189  30°597 *09179 67 —3459  10°633  7°1739 ‘20774
2°9 2°4938 224736 25°230 11026 68 ~—5°4II 12666  7-255T 17994
30 2'5786  18-g22 21°I0I ‘13112 6-9 —7'go2 I5°240  7°3376 15436
31 26624  15'240 17+goz2 15436 70 ~—II'IOI 18°522  7-4214 13112
3-2 27449  12-666 15°411 17994 711 —15°230 22+736  7'5062 ‘11026
33 28261 10633 13459 *20774 7°2 —20°'597 28+189  7°5919 09179
34 z:gobo  g'oI5  I1I'92I *23753 7'3 —27+623  35:302  7:6786 07564
35 29842 w721 10705 26907 74 —36:888 44+654 747661 06168
36 3:0606  6:6788  9+7394 ‘30199 7°5 —49'20 57:05  7'8543 04979
37 31351 5'8354  8-9705  -33589 7°6 —65+68 7362 7°9432 ‘03977
38 32074 5'1497  8:3571 37031 777 —87°93 9596 8-0327 -03143
39 32773 4'5903  7'8676 40474 7°8 —118:22  120:34  8:1228 02458
40 33443 4°1327 774770 '43863 7'9 —159779  168-00  8:2134 ‘01903
4°x 34083 3758z 71665 47144 80 —217°3 2256 8:3046 -o1457
42 34687 34519  6°g206 50260 81 —297"7 3061 8-3962 or104
4°3 3°'5251 3z025 67276 ‘53159 82 —410°9 419°4 84882 -00828
474 35770 3010 65780 55788 8+3 —571°9 580°5 85806 -oob14
4°5 36236 2+8404 6+4640 58009 84 —802+8 8115 8:6734 +oo451
46 3'6643 27154 63797  +60052 85 —I137 1146 - 87666 -0o03z7
4% 36982 2+6220 63202 61609 8:6 —10625 1634 8-8600 00235
48 37241 2°5573 62814 *62741 8-7 —2345 2354 8:9538 00167
49 3'7407 25192 6°2599 ‘63431 8-8 —3416 3425 90478 -corr8
50 3'7467 25066 6-2533 63662 89 —5025 5034 9'1421 00082

In toxicology the probit values used are found by adding § to a normal deviate. The weighting coefficient for any test Z2/PQ
is derived from the probit ¥ given by some provisional formula, The appropriate score for a test in which an observed proportion
2 die and g survive is ¥, where y, = (Y —FZ2)+p/Z = (Y+Q|Z)—g|Z = ¢(¥—P|Z)+p(V4-Q| 2\
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TABLE 1X3. PROBITS

Weighting Coefficients for Use when there is a Natural Mortality
(D. J. Finney)

ez

“OI

Natural Mortality, X

*00 ‘02 04 06 08 ‘10 *I5 20 25 *30  °35 40
I°I 5034 *00I 000
I-2 3425 *00I  *000
1-3 2354 *002 ‘000
14 1634 ‘00z  *000
15 1146 *003 ‘000
10 811°2 *005 'Q00
1 530°2 ‘006 000
18 419°1 ‘008 001 000
19 305°8 *‘0II *00I '000
2-0 2253 ‘0I5 002 *00I 000 000
2°1 167+69 *0Ig *003 ‘00z ‘00I °00I ‘000 "000
202 12602 ‘025 +005 003 ‘001 *0OI ‘OOI ‘00I ‘000
23 05°63 ‘03I 008 <005 002 002 ‘00I ‘00I “‘OOI 000 ‘000
2°4 7328 ‘040 *0I3 ‘00% ‘004 °003 ‘002 ‘00z °0OI 00I °O0I °000 *000
2°5 5670 *050 *0ig ‘oIz <000 +004 -003 ‘003 ‘002 0O O0I ‘00I ‘00T 00O
2+6 44288 ‘062 028 +018 -0IO0 ‘007 ‘*005 ‘004 003 °002 ‘*00I ‘*0OI OOI *OO0I
27 34923 ‘076 *039 026 -0I5 ‘*OII -008 ‘007 004 '003 ‘002 ‘002 ‘00I ‘0OI
2-8 27797 0g2 ‘0§83 °037 -023 '0I6 '0I3 ‘'OIO ‘007 ‘005 ‘004 ‘003 ‘002 ‘00z
2+9 22:330 ‘ITo +0%0 'O5I °033 ‘024 °0I9 ‘*0I5 -0Io 007 006 -004 ‘004 *003
30 18101 ‘131 09I 06y 046 -034 o027 ‘o2z ‘*0I5 °OII ‘008 <007 005 004
3'I 14802 ‘154 114 090 063 ‘048 -038 <032 o2z ‘016 -or2z coro 008 006
32 12211 ‘180 ‘140 115 ‘083 o065 -053 ‘044 ‘*030 023 ‘0I8 014 ‘01II -00Q
3'3 10°I59 208 169 ‘142 ‘107 ‘085 o0 059 ‘042 ‘031 ‘024 ‘020 016 rOI3
34 8:52r1 238 201 173 135 ‘I10 ‘09z ‘078 056 ‘043 ‘034 027 ‘ozz ‘018
3'5 7+205 269 234 206G 166 138 -I1I7 *IoI +074 ‘057 ‘045 036 ‘030 ‘025
36 6:x1394 | 302 268 241 199 169 145 -I127 095 ‘074 ‘059 ‘048 °039 033
37 52705 336 304 277 235 202 ‘177 156 119 ‘094 +076 06z 05T -043
3'8 4°5371 370 *340 315 272 -238 211 ‘188 146 117 095 ‘078 ‘065 ‘055
30 39676 405 377 352 °3I0 275 <247 -222 176 142 117 09y +081 068
4°0 34770 439 -412° +389 347 +313 283 258 208 ‘170 -I41 -I19 ‘'I00 ‘084
4°1 3°0663 4N 447 424 384 <350 320 204 *24I 200 <168 142 ‘120 ‘IO2
42 2+7200 ‘503 ‘480 458 420 -386 -356 330 274 231 195 166 ‘I42 ‘I2I
4°3 2°4276 532 '5I0 °490 454 421 391 364 -307 261 224 -192 °I165 °‘I42
44 2:1780 | 558 538 519 484 453 424 397 ‘339 ‘292 252 218 188 163
4'5 1°9640 581 563 -545 512 481 453 427 370 321 ‘279 -243 ‘212 ‘184
46 17797 601 +583 567 536 507 -480 454 397 348 305 268 234 -205
47 16202 616 -6oo ‘585 556 ''528 5oz 447 421 372 -329 -200 256 ‘224
48 1°4814 | 627 +613 598 571 ‘545 ‘520 496 442 394 350 3II 275 ‘243
49 1°3599 *634 621 ‘607 -582 557 534 °S5II 458 411 368 328 292 ‘259
5°0 I°2533 637 624 61z 588 565 542 ‘521 471 ‘424 382 ‘343 307 ‘273
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TABLE 1X3. PROBITS—continued
Weighting Coefficients for Use when there is Natural Mortality

Natural Mortality, &
¥ oA ‘00 oI oz o4 o6 08  To 15 20 *25 30 35 40
50 1'2533 637 624 612 -588 565 542 521 471 424 382 343 307 ‘273
5°1 11593 034 623 611 589 567 546 526 478 434 -39z ‘354 -318 -284
52 10759 627 617 606 585 565 546 526 481 <438 <398 361 325 ‘202
5°3 10018 616 +6o6 506 577 558 ‘540 ‘522 479 439 400 364 329 296
54 09357 6ot ‘591 582 565 ‘547 ‘530 513 473 ‘435 ‘398 363 ‘330 298
5°5 08764 581 +573 564 -548 532 516 501 463 427 392 ‘359 327 ‘296
56 0-8230 558 550 543 528 513 498 484 449 415 382 351 -320 ‘201
57 07749 532 525 ‘518 504 490 477 464 431 400 360 340 -3Ir 283
58 07313 "503 496 490 477 ‘465 453 ‘440 411 382 353 326 209 ‘242
59 06917 471 466 460 449 437 426 415 388 361 334 309 284 ‘259
6o 06557 439 ‘433 428 418 408 308 387 363 338 314 291 <267 ‘245
61 06227 405 ‘400 305 386 -377 368 359 336 ‘314 202 271 -249 ‘228
G2 0'5926 370 366 362 354 345 337 329 ‘300 ‘289 269 ‘249 ‘230 -2II
63 0'5649 336 332 328 321 ‘314 306 2099 <281 263 ‘245 ‘228 +210 ‘193
64 0'5304 302 209 295 289 282 <296 ‘269 253 ‘237 ‘222 <206 ‘190 ‘17§
G's 0'5158 269 266 263 -258 252 246 -240 226 212 198 184 171 15Y
66 0'4940 238 235 233 -228 223 218 213 200 -I88 176 163 -I5T ‘130
67 0'4739 208 -206 203 199 -105 -Igo 186 -1¥5 165 -I§4 143 °I33 ‘122
6-8 0'4551 ‘180 -178 176 -14y2 169 165 161 152 °143 °-I34 ‘I25 ‘11§ ‘106
6+9 04376 ‘154 153 151 ‘148 145 °142 ‘139 X131 ‘X123 °II§ °I0Y 00g 092
710 04214 *131 130 128 126 123 120 ‘118 ‘111 ‘104 098 09I 085 -078
7°1 0+4002 ‘110 *Iog 108 106 ‘Io4 IO -o99 ‘o093 ‘088 -082 o077 -o7r 066
72 03919 ‘092 *0gI o0go -088 086 ‘084 ‘o8z o078 073 069 ‘+obq4 ‘059 ‘055
73 03786 ‘076 o075 074 043 o071 ‘ofo <068 064 +o6o 057 ‘053 ‘049 045
74 03601 ‘062 061 ofo 059 058 ‘057 ‘o055 ‘0§52 ‘049 040 043 ‘040 ‘037
7°5 0'3543 ‘050 049 049 048 047 046 ‘o045 ‘o4z 040 037 035 ‘032 ‘030
76 03432 ‘040 '039 035 -038 -037 ‘037 ‘036 ‘034 -032 ‘o030 ‘028 ‘0206 ‘024
7 03327 ‘031 *03I 03I ‘030 ‘030 ‘029 ‘028 027 ‘025 ‘024 ‘022 °020 °'OIQ
78 03228 ‘025 024 ‘024 ‘024 -023 ‘023 ‘o022 -02I ‘020 ‘018 017 -016 ‘nIj
749 0'3134 ‘019 *019 ‘o019 o018 o018 o018 o1y ‘o016 ‘0I5 ‘0I4 °‘OI3 ‘OIZ ‘'OII
8.0 0°3046 ‘0I5 ‘OI4 ‘0I4 ‘*OI4 ‘'OI4 °OI3 *0I3 ‘oIz *0I2 °*OIT ‘OI0 ‘009 '00Q
81 02962 ‘0II ‘OII OII *OII *OIl0 °*OI0 *0I0 '009 <009 ‘008 -008 ‘007 ‘00%
8.2 02882 ‘008 ‘008 008 008 ‘008 ‘008 ‘007 007 007 006 ‘006 Q05 *00f
83 02806 <006 006 006 -006 006 ‘006 ‘ool 005 °00% ‘005 ‘004 ‘004 ‘004
84 02734 '005 ‘004 ‘004 004 ‘004 ‘004 ‘004 ‘004 004 ‘003 ‘003 ‘003 ‘003
85 02666 ‘003 ‘003 ‘003 ‘003 '003 ‘003 ‘003 ‘003 ‘003 ‘002 ‘002 ‘002 ‘002
86 020600 ‘002 '00Z ‘002 002 ‘002 '002 002 ‘002 ‘002 ‘002 ‘002 ‘002 ‘0O0I
8+ 02538 ‘002 *002 *002 ‘002 ‘002 ‘002 002 °-00I *00I *00I ‘00I ‘00T ‘00X
88 02478 ‘00I *00I 00T *00I ‘00l ‘001 +00I -00I *00I ‘*00I '00I '00I ‘00l
89 0'2421 | 001 +00I 0OI *0OI ‘00X ‘00I '00I *00I *00T ‘001 ‘001 '00T '000
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TABLE X. ANGULAR TRANSFORMATION

2% 00 oI 02 03 0’4 0'5 0'6 o7 o8 09
o 000 1-81 256 314 363 4°05 4'44 480 5'13 544
1 5774 6-02 6-29 655 6-80 7+03 727 7°49 771 792
2 813 833 853 872 891 9 10 928 9:46 963 980
3 997 1014 1030 I0°47 10°63 1048 10°04 11°09 II'24 11°39
4 11°54 1168 11:83 II'gY 12°I1 12-23 1238 12°52 12:66 1279
5 12°92 1305 1318 1331 1344 13°56 1369 13+81 13'94 1406
6 14°18 14°30 1442 14°54 14°65 1477 14+89 15°00 1512 15°23
y 15°34 15°45 1556 15°68 1579 15-89 16+00 16°11 16°22 16:32
8 16°43 16°54 16+64 1674 1685 16493 17'05 17°15 17°26 17°36
9 1746 17°56 1766 1776 1785 17°95 1805 18-15 1824 18:34

10 18+43 18:53 18:G3 18-42 18-81 18-91 19+00 1909 19°19 19°28
11 19:37 19°46 19'55 19+64 19°73 19-82 19'91 20°00 20°09 20°18
12 2027 2036 20°'44 2053 20462 2070 20'79 20-88 20°96 2I°'05
13 21°13 21°22 21°'30 21°39 21°47 2156 21°64 2172 2181 2189
14 21°97 22'06 22°14 22-22 22+30 22-38 2246 22°54 22°63 22°71
15 2279 22-87 22°95 2303 23°I1I 23°18 2326 2334 2342 23°50
16 23°58 2366 2373 23-81 2389 2397 2404 24°12 2420 24°'2%
17 24°35 2443 2450 24°58 2465 .24°73 24'80  24-88 2495 2503
18 2510 2518 25°25 25°33 2540 2547 25°55 2562 2570 2577
19 25+84 25'91 25°99 26-06 26-13 26-21 2628 26435 26442 26-49
20 26+57 26:64 2671 2678 26-83 2692 26-99 27+06 2913 2720
21 27°27 2735 27'42 2749 27°56 2762 2769 27+76 2783 27'90
22 2797 2804 2811 2818 2825 28-32 28:39 28+45 2852 28+59
23 2866 2873 2879 2886 28493 29°00 2906 29°13 29°20 29'27
24 29'33  29°40 29°47 29°53 29-60 29°67 29°73 29:80  29°87 29°93
25 30'00 3007 30°13 30°20 30°26 30°33 30°4o 30746 30°53 30°59
26 3066 3072 3079 3085 3092 30498 31°0% 3I°II 31°18 3124
27 31°31 31°3%7 3144 3150 31°56 3163 3169 3176 31'82  31'88
28 31°95 32*01 3208 32°14 3220 3227 32°33 32°39 32°46 32°52
29 3258 3265 327t 3277 3283 32°90 32'96 33ro2 33'09 33715
30 33721 3327 3334 3340 3346 33'52 33'58 3365 3371 3377
31 3383 33790 3396 3402 3408 3414 34'20 3427 3433 34°39
32 34°45 34°51 3457 3463 3470 3476 34'82 3488 3494 3500
33 35:06 35712 3518 35724 35°30 35°37 35'43 35°49 35°55 3561
34 35°67 3573 3579 3585 35°91 3597 3603 3609 3615 36°21
35 36°27 3633 3639 3645 36751 3657 3663 3669 3675 3681
36 3687 3693 3699 3705 3711 3717 37°23 3729 37°35 37°41
37 37'46  37°52 3758 3764 3770 37776 37'82 3788 3794 3800
38 38:06 3812 3817 3823 3829 3835 3841 3847 3853 3859
39 38:65 3870 3876 38:82 38-88 3894 39000 39706  39'II 39'17
40 3923 39-29 3935 3941 39'47 39°52 3958 3964 3970 3976
41 3982 39'87 39'93 39'99 40705 40°11 40°16 40722 4028 40°34
42 40°40 4045 40°51 40°57 4063 4069 4074 4080 4086 4092
43 40°98 41°03 41°09 41°15 4121 41°27 41°32 41-38 41°44 41°50
44 4155 416X 4167 41773 41°78 41-84 41°90  41°96 42-02 42°0%
45 42°13 4219 42°25 42°30 42°36 42742 42748 42°53 42°59 42+65
46 4271 42-76 42'82 42-88 42°94 42°99 43°05 43°11 4317 4322
47 43'28 4334 43°39 43°45 43'51 4357 4362 4368 4374 4380
48 4385 43791 4397 44703 4408 4414 44-20 44°26 44+31 44°37
49 44'43  44'48 44°54 44'60  44°66 44°71 4477 4483  44'89 44°94
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TABLE X. ANGULAR TRANSFORMATION—continued

03 04 o's 06 o7 o-8 09
50 45'00  45°06  45°I1 4517 4523 45°20 4534 4540 4546 45°52
51 45°57 4563 4569 4574 4580 45°86 4592 45°97 46703 4609
52 46715 4620 46°26 46-32 46+38 4643 4649 46°55 4661 46-66
53 4672 4678 4683 4689 4695 4701 4706 47712 4718 47724
54 47729 47°35 4741 4747 47'52 47'58  47°64 4770 47°75 47781
55 47°87 47°93 4798 4804 4810 4816 4822 48-27 4833 48-39
56 4845 4850 4856 4862 4868 4873 4879 4885 4891 4897
57 4902 49'08  49'14 4920 4926 49-31 49'37 4943 49°49  49°55
58 4960 4966 4972 4978  49'84 49°89  49'95 50'0I  50'07  §0°13
59 50°18 5024 50°30 50°36 5042 50748 5053 50'59  50°65  50°7I
60 5079 50-83 5089 50°94 5I'00 §1°06 5I'I2 5118 5I°24 5I1°30
61 51°35 51°41 5147  5I'53  51I'59 5165 5171 51077 51°83  51-88
62 51°94 52°00 52+06 52°12 52°18 5224 5230 52:36 52°42 52°48
63 52'54 52'59  52'65  52°7I 5277 52°83 52°89  52'95  §3°0I 5307
64 5313 53'19 53'25 53-31 53'37 5343 53°49 53'55 5361 5367
65 53'73 53'79 5385 5391 5397 5403 54'09  54'I5  54°2I  54°27
66 54'33 5439 54°45 54°51 54+57 54'63 5470 5476 5482 5488
67 5494 55+00 5506 55°12 5518 5524 55°30 5537 5543 5549
68 5555 5561 5567 5573 5580 5586 55792 5598 5607 5610
69 5617 5623 5629  56'35 5642 5648 5654 5660 5666  56-37.
70 5679 5685  569r 5698 57704 57°'10  §7°I7 5723 5729 5735
71 5742 5748 57'54  57°61 5767 5773 5780 5786 5792 5799
72 58-05 5812 5818 58-24 5831 58-37 58'44 5850 5836  58:63
73 58:69 5876 5882 5889 5895 5902 59:08  59'I5 5921 59-28
74 59°34  59°4T 5947  59°54 5960 5967  59'74 5980 5987 5993
75 60-00 60°07 Gor13 60°20 6027 6033 6o°g40 6o'47 60:53 60-60
76 6067 Goy3 6080 6087 Go'94 6100 6107 61'14 61°21 61-27
w7 61:34 6141 6148 61°55 6161 61-68 6175 6182 6189 6196
78 62:03 62:10 6217 62°24 6231 62+38 62:44 62°51 6258 62+65
79 62+73 6280 62:87 62+94 6301 63°08 6315 6322 63:29 63:36
8o 6343 6351 6358 6365 6372 6379 6387 6394 6401 64-09
81 64°16 64423 6430 64°38 64°45 6453 6460 6467 6475 648z
82 64°90 6497 65705  65-12 6520 65°27 65'35 6542 6550 6557
83 65465 6573 6580 6588 6596 6603 66°11 66-19 6627 66-34
84 6642 6650 66+58 66+66 6674 66-82 66489 66-97 67-05 67°13
8 67°21 67°29 67°37 67-46 67°54 67+62 67+70 67-78 6786 6704
82 6;73-03 6g'II 6819 6828 68-36 6844 6853 68+61 68+70 6878
8y 68-8% 6895 6904 69-12 6921 6930 69-38 69:47 69°56 69-64
88 6973 69-82 6991 70°00 7009 70*18 no*27 7036 4045 H0'54
89 70°63 7o*y2 70°81 70491 71'00 7109 7119 7128 41°37 nI4Y9
90 71057 7166 7176 71-85  71'95 72705 72°15  72'24  72°34  12°44
91 72754 72764 72'74  72°85  72°95 73*05  73'15 7326 73:36 7346
92 73°57 7368 7378 7389 74°00 74°11 74-21 74'32 7444 74°55
93 74+66 74°77 7488 75'00 751X 75'23  75°35 7546 7558 75°70
94 7582 7594 76406 46°19 7631 76-44 76°56 7669 7682 7695
95 7708 7721 77°3¢  77°48 77762 77475 7789 7803 7817 7832
96 7846 7861 7876 78491 79+06 79-22 7937 79°53 79770 79-86
97 8003 8020 8037 80°54 8072 8o°go 81-09 81°28 8147 81464
08 8187 8208 82:29  82'351 8273 82497 8320 8345  83yr 8398
99 84°26 8456 - 8487 8520 8556 8595 8637 8686 8744 8819
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TABLE X71. TRANSFORMATION OF PROPER FRACTIONS TO DEGREES

*1/30 10°§ *1/10 184 |1 5/27 1 2505 8/29 317 1 ¥11/30 373 9/20 421
1/29 | 107 3/29 | 188 3/16 | 257 5/18 38 7/19 | 37°4 s/1r | 4204
1/28 10°9 2/19 18-9 4]21 25'9 7/23 319 10/27 | 37'5 I1/24 426
1/27 II.I 3/28 19°I 5/26 | 260 2/7 323 3/8 378 6/13 428
1/26 11.3 1/9 19°5 *1/5 26+6 7/24 32y 11/29 | 380 13/28 430

/25 11§ 3/26 19°9 6/29 | 271 5/17 32°8 8/2r | 381 *7/15
vog | 108 | 2fry | 201 || s/za | era || 8jer | zxo || s/ | 383 || 8
/23 | 120 || 3/25 | 20°3 4/19 | 27:3 || *3/10 | 332 7/18 | 386 ol
122 | 1223 || 1/8 | 2oy || 3/14 | 276 || /23 | 335 || 9/23 | 387 | 10/a1
1/21 126 3/23 21°2 5/23 | 278 4/13 337 11/28 | 388 I1/23

i R
R IR
o hun L H

1/z0 | 129 || *2/15 | 21'4 2/9 281 o/20 | 339 || *2/5 | 39°2z || 12/25 | 439
/19 | 133 3/22 | 217 5/22 | 285 5/16 340 i 11/27 | 397 || 13/27 | 439
1/18 | 136 4/29 | 21'8 3/13 | 287 6/19 342 9/22 | 398 || 14/29 | 440
1/17 | 14'0 1/7 22:2 || *7/30 | 289 7/22 34'3 717 | 399 || *1/2 4510
1/16 14'5 al27 22:6 417 29'0 8/25 34'4 12/29 | 400
*1/15 150 3/20 22+ 8 5/21 | 292 g/28 34'5 s/12 | 40

2/29 | 152 || 2/13 | 23X 6/25 | 29'3 1| *1/3 353 || 819 | 4o
1/14 | 155 3/19 | 234 7/29 | 29°4 || rofzg9 360 || 11/26 | 40
227 158 4/28 236 1/4 300 9/26 360 3/7 40°
1/13 16°1 *1/6 241 7/27 306 8/23 36-1 || *13/30 | 41°

2[25 | 164 || s5/29 | 24'5 6/23 | 307 720 | 36:3 || 10[23 | 413
1/12 | 168 4/23 | 24'6 5/19 | 309 6/17 | 364 7/16 | 414
2(23 | 17°2 3/r7 | 248 || *4/15 | 311 s/t4 | 367 || 11/25 | 416
1/ir | 175 5/28 | 250 7/26 | 313 9/25 | 369 49 | 418
2/21 180 2/11 252 “ 3/11 318 4/11 371 13/29 | 42:0

B WO it

For fractions exceeding 3, subtract the fraction from 1, and the angle from g¢o° Each thirtieth is marked by an
asterisk ; for interpolation see Table IX1.

In connection with an observed fraction pg, it is often ‘advisable to use the angular value @, such that p = sin? .
¢ rises to 9o° at loo per cent. The amount of information supplied by » observations about ¢, in circular measure,
2n w2

is 47, or in degrrees,4;;'02 100" Consequently in large samples, the variance of ¢, as estimated from a sample, is
8100 820+,

o el -—”—7 independently of the true value of ¢.

T
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TABLE X2. ANGULAR VALUES FOR FINAL ADJUSTMENTS

Exptlected Working values Expected Working values
value Minimum Range Maximum velue Minimum Range Maximum
45 16352 296 .
C | e tbarny  wosny | g 3 e 736
2 1*000 821.368  822:368 41 16279 57436 737715
3 1'499 548135 549634 48 16183 57:612 &
4 1997 411°687 413684 il
49 16'044 57'859 73'903
5 2'494 329'953 332°447 50 15:859 58179 74038
6 2:989 275577 278566 51 15623 58576 74-199
7 3482 236836 240318 52 15°332 59 050 747382
8 3974 207866 211-840 53 14:983 59-605 74588
9 4463 185:413 189-876 54 14'570 6o°244 74814
1o 4'949 167:521 172:470 55 14087 6o'972 75059
11 5431 152°950 158381 56 13°528 61795 75323
12 5°91I 140867 146778 57 12-886 62:718 75604
13 6-386 130702 137°088 58 12°154 63747 75901
14 6857 122043 128-go0 50 11°322 64891 76213
15 7+324 114'591 121915 60 10°380 664160 76540
16 7785 108:122 115°'90Y 61 9318 647-562 76+880
17 8241 102462 110'703 62 8-121 69111 77232
18 8-692 97477 106169 63 6775 70'822 77°597
19 9136 93064 102°200 64 5263 ¥2-710 77973
20 9573 89°136 98709 65 3564 74795 78-359
21 10°003 85627 95630 66 1656 774099 #8455
22 10426 82480 92'9ob 67 —0°490 79650 79*160
23 10°840 79+650 90°490 68 —2:906 82480 79'574
24 11°245 77099 88:344 69 —5-630 85627 79°997
25 11641 74795 86:436 70 —8+709 89136 80°427
26 12027 q2+710 84737 v —12-200 93-064 80864
27 12°403 70-822 83225 72 —16+169 07°4%77 81°308
28 12-768 69111 81°879 73 —20°703 102462 81759
29 13°120 67:562 80682 "4 —25:907 108+122 82+215
30 13°460 661160 79:620 75 —31°015% 114591 82:676
31 13787 64891 784678 76 ~—38-900 122:043 83143
32 14099 63747 77846 77 —47088 130702 83:614
33 14°396 62718 77114 78 —56°748 140°86Y% 84089
34 14677 61795 76°472 79 —68-381 152'950 84:569
35 147941 60972 75°913 8o —8z+470 167521 85051
36 15°186 60°244 75°430 81 —99-876 185°413 857537
a7 15412 59605 75017 82 —121-840 207+866 86+026
38 15618 59'050 74668 83 ~—150°318 236+836 86+518
39 15801 58-576 74°377 84 —188°566 275577 87-011
40 15°962 58-179 74141 85 —242°447  329'953 87506
41 16+097 57+859 13956 86 —323-684 411687 88+003
42 16°205 57612 73'817 87 —459°634  548°135 88:501
43 16-285 57'436 ¥30721 88 —1732°368 821°368 89+0o0
44 16335 57°331 73666 89 —1552°237 1641737 89°500

This table supplies for the angular transformation the same facilities as does Table IX2 for probits. The weighting coefficient,
1/820+7, is constant for all angular values, and is only needed in testing homogeneity. The adjusted score for # dying and & surviv-
ing out of n (where afn = p) is the minimum working value multiplied by 3/= plus the maximum working value multiplied by afn.

For angles near 0° and go° it is always to be questioned whether the angular transformation is appropriate,
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TABLE XI,
The Logit or #, # Transformation

LogITs

2% o0 o1 o2 o3 0'4 0'5 06 oy o8 09

50 'e000 *0020 ‘0040 0060 0080 0100 0120 0140 0160 0180
51 6200 0220 *0240 ‘0260 0280 *0300 0320 0340 0360 0380
52 ‘0400 ‘0420 ‘0440 ‘0460 <0480 ‘0500 *0520 ‘0541 0561 0581
53 ‘o601 0621 ‘0641 *0661 *0681 ‘0701 0721 ‘0741 +0761 ‘0782
54 ‘o802 ‘0822 0842 0862 0882 0902 0923 10043 0963 0983
55 ‘1003 ‘1024 *I044 *1064 *1084 1104 ‘II25 ‘1145 1165 <1186
56 '12006 1226 ‘1246 ‘1267 *1287 ‘1307 1328 +1348 1368 <1389
57 ‘1409 ‘1430 ‘1450 “I49Y *1491 *I5II ‘1532 ‘Y552 ‘1573 1593
58 ‘1614 1634 ‘1653 <1676 +1696 171y 1737 -1758 ‘1779 ‘1799
59 ‘1820 1841 1861 <1882 ‘1903 1923 1044 1965 +1986 2007
6o ‘2027 2048 *2069 ‘2090 *2III *2132 2153 2174 ‘2195 <2216
03¢ 2237 ‘2258 ‘2279 *2300 *2321 *2342 2363 2384 *2405 ‘2427
62 12448 *2469 *2490 "2512 2533 ‘2554 ‘2575 2597 2618 2640
63 2661 2683 -2704 <2926 2474y -2%769 *2790 2812 2833 *2855
64 2877 2899 ‘20920 -2042 2964 2986 *3008 +3029 *3051 *3073
65 *3095 ‘3117 *3139 *3161 +3183 *3205 <3228 3250 3272 3204
66 *3316 ‘3339 *3361 3383 +3406 3428 +3451 3473 3496 3518
67 *354X *3564 *3586 *3609 *3632 "3654 3677 3700 3723 3746
68 *3769 *3792 *3815 -3838 +3861 *3884 "3907 *3931 "3954 *3977
69 4001 ‘4024 4047 ‘4071 *4094 "4118 4142 ‘4165 *4189 ‘4213
70 "42306 ‘4260 4284 *4308 *4332 *4356 "4380 *4404 *4428 *4453
7t 4477 *4501 *4526 ‘4550 *4574 "4599 4624 "4648 *4673 "4698
72 4722 4747 4772 4797 4822 ‘4847 4872 *4897 *4922 *4948
73 4973 4999 ‘5024 *5049 *5075 5101 '5126 5152 '5178 *5204
74 *5230 *5256 *5282 *5308 *5334 "5361 "5387 ‘5413 "5440 *5466
75 *5493 *5520 *5547 *5573 *5600 "5627 '5654 5682 5709 -5736
76 *5763 "5791 *5818 ‘5846 -5874 5901 '5929  -5957 ‘5985  +6oI3
"y ‘6042 ‘600 ~6098 6127 6155 6184 6213 ‘6241 6270 6299
78 *6328 6358 *6387 6416 6446 6475 6505  +6535 6565 6595
79 6625 *6655 *6685 6716 *6746 67177 6807 -6838 -6869 6900
8o +6931 *6963 *6094 7026 7057 7089 7121 7153 <7185 4218
81 *7250 ~7283 7315 *7348 *7381 7414 t7447 7481 c7514 0 07548
82 *7582 7616 7650 *7684 7718 *7753 -7788 7823 *7858 7893
83 7928 <7964 *7099 8035 ‘8071 8107 8144 ‘8180 8217 8254
84 8291 8328 ‘8366 8404 <8441 8480 8518 8556 8595 8634
8g 8673 ‘8412 8452 8792 8832 8872 8912 ‘8953 8994 ‘9035
86 *9076 9118 ‘9160 9202 9245 ‘9287 9330 ‘9373 ‘9417 9461
87 "9505 "9549 9594 9639 -9684 ‘9730 9775 ‘9822 9868  -991j
38 ‘9962 I1°0010 1-0058 10106 1°0154 10203 1-0253 1‘0302 10352 10403
89 1'0454 1°0505 10557 10609 1°0661 10714  1-0468 10822 10876 10931
90 10986 1°X042 1-1098 I-I1155 I°1212 1°1270 11329 1-1388 1:144% 1'150%
91 11568 1-1630 1-16092 I°1754 11817 1-1881 1’1946  1-°201I 12077  1'2144
92 12212 1-2280 1°2349 I°2419 1°2490 12562 12634  1°270% 1-2782 1:2857
93 1°2933  I°30IT  1-3089  1:3169  1°3249 I:3331 13414 1-3498 1°3583  1-3670
o4 1:3758 1-3847 1-3938 14030  1'4124 I42Y9  I*4316  1:4415  1°4516 14618
95 1-4722  1°4828  1°4037  1-5047  I-5160 15275  X'5393  1'5513 1°5636  1'5762
o6 1-5890 1-6022 1°6157 16296 16438 16584 16734 1°6888 17047  1°721X
97 1-7380 17555 1-74736 17923 1-8117 1-8318  1:852% 18745 1-8972z  I°*92I0
98 1-9459  I'972%¥  1°9996  2-0287 20595 2'0923  2'1273  2'1649 22054  2°2494
99 202976  2+3507  2'4I0X  2°4774  2°5550 26467  2°7587  2'9031  3'1063 34534

The logit transformation, z = ¥ log,(#/¢), is equivalent to the », transformation with # = 2p—1 (see Table VII1). For values

of p<< o5 logits are negative, and numerically equal to the tabular values for 1—2.

78



TABLE XI1. LogITS
Weighting Coefficients and Logit Values to be used for Final Adjustments
Expected Working values Weighting | Expected Working val ighti
value Minimum Range Maximum | coefficient vgleuee Minimum or 1r;§a;g: esMaXimum g?ﬁgﬁ}g:rlf
0*00 —I'0000  2°0000 I1'0000 | I*00000 2°00 —25°799 28:308  2-5092 0770651
o°oj —I'0026  2'0050 1°0024 *99750 2°'0§ —28620 31°178  2-5583 ‘064147
O:IO —1I*0I0fy 2'0201 1'0094 ‘99007 2*10 —31'743 34'351  2+6o75 058223
o'15 —1I°0249  2'0453  1'0204 | °-97783 2'15 —35'200  37'857  2°6568 | ‘052831
2:;: :i:2459 2:2;311 1:0352 ‘90104 220 —39°025 41°732 27061 *047925
744  2°1277  1'0533 *94001 225 —43°259 46014 27556 | ‘043465
2:30 :::11;1 2:1855 I:°7g4 91514 2-30 —47'942 50747 2'8050 | -03941I
35 509  2°2552 10983 | 88683 2:35 —53'124 55978  2-8545 | 035728
2:1; :::jmg ;:3375 : 1247 85564 2:40 —58:855 61759 2'go41 | ‘032384
79 433 1533 | 82200 2°45 —65'195  68:149  2'9537 | ‘029348
0'50 —I'359T  2°5430  1°1839 | 78643 2°50 —72°207 75210 30034 | ‘026592
o°55 —1°4521  2:6685 12164 74948 2°55 —179+g61 83014 30530 024092
060 —1-560r  2°8107 1°2506 71158 260 —88-536 91°639 31028 ‘021825
065 —1°6846  2-9%09 1°2863 64319 2-65 —08:018 101-1% 3-1525 019769
070 —1:8276  3-1509 1°3233 63474 270 —108'50 IIIYI 32023 017904
075 —1'9908  3-3524 1:3616 59659 275 —I20°I10 12335 3'2520 ‘016214
0'80 —2:1765 35774 1°4009 *55906 2+80 —132+91 136-22 3:3018 014683
085 —2:3870 38283 14413 '52242 2-83 —147'08  150'44 33517 | ro013208
0+go —2:6248  4'1074 1°4826 48692 2790 —162:75 166-15 3°4015 012037
0'95 —28929 44177  1'5248 45272 2'95 —180'07  183'52  3'4514 | -o10898
I'00 —3'1945 47622 15677 41997 300 —1Ig9r21 20272 35012 *0008660
105 —3°5331 5°1443 1°6112 38848 3'03 —220°38 22393 35511 0089314
1o | —3.9125  5°5679  1:6554 | 35920 310 —243'77 24738  36oro | 0080849
1°15 —4'3371  G-o3y2 I*7001 33128 315 —269+64 27329 3'6509 0073183
120 —4-8116  6°5570 1°7454 +30502 320 —208+22 30I°92 3+7008 10066242
I+23 —5'3412 7°1322 17910 28041 325 —329°82 333°57 37508 0059957
I+30 —5'9319 77690 18371 25743 3'30 —364°75 36855 38007 *0054267
I-35 —6'5899 84735 1-8836 *23603 335 —403°35 407°20 38506 0049115
I*40 —7'3223  9-2527 1:9304 21615 340 —446'02  449°92  3'9006 | ‘0044452
I°45 —8'1371  ro°115§ 1°9775 ‘19773 345 ~—493'19 49714 39595 0040230
1°50 —0'0428 11:068 2'0249 ‘18071 350 —545'32 549°32 4°0005 0036409
155 | —I0'049  I2°I2I 2:0725 16500 3°55 —602-93 606+98 40504 *0032950
160 | —I1°166  13-28% 2'1204 Y5053 360 —666:62 670472 4'1004 *0029819
1-68 —12°406 14°575 2'1684 *I3722 365 —¥%37 00 v41°1§ 4°1503 0026983
170 —13°782 15°999 2+216% *X2501 370 —814+79 818499 4'2003 10024420
175 —15+308 17°573 2:2651 ‘11381 3°75 —goo* 77 o502 42503 10022009
180 | —16°999  19°313 2°3137 *x0356 380 —995+80  1000°I 4°3003 0019998
185 —18:874  21°236 2'3624 *094180 383 —1100°'8 1105°2 4'3502 0018097
1o —20°05X 23-362 2°4112 ‘085610 390 —1216°9 1221°3 44002 *0016376
195 ~—23°25% 25711 2+4601 ‘077787 395 ~—1345'2 1349°6 4°4502 0014819

Table XI1 is used in the same manner as the probit table for final adjustments (Table IX2), the working value being given
by ¢ Min. Value+p Max. Value, Min. Value+# Range, or Max. Value—g Range. If the expected value i3 negative interchange
the tabular minimum and maximum values with change of sign. Thus with an expected value of —065 and p = 0+3 the working
value is 0'7(—12863)+0°3(1+6846) = —0°3950.
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TaBLE XII. COMPLEMENTARY LOGLOG TRANSFORMATION

2% oo oz 04 06 o8 2% oo o2 o4 06 o8

o —6-2136 —5°5195 —5°1130 —4°'8243 || 50 | —*3665 —'3607 —'3550 —°3492 —'3435
1 —4'6001 —4:4168 —4°2617 —4-129y1 —4°0083 || 51 | —°3378 —*3321 —+3264 —:3207 —‘3I50
2 | —3'9019 —3'8056 —37176 —3°6365 —3°5614 || 52 | —-3093 —-3036 —:2980 —r2923 —'28G6
3 | —3'4914 —3'4258 —3:3641 —3°3060 —3-2509 || 53 | —-2810 —2754 —'2698 —-2641 —'2585
4 | —3'1985 —3'1487 —3'1012 —3'0557 —3-o12I || 54 | —-2529 ~—‘2473 —°'2417 —-2362 —'2306
5 —2:9702 —2-9299 —=2'8911 —=2'8537 —=2:8176 || 55 | —-2250 ~—‘2104 —-2139 —-2083 —'2028
6 —2'7826 —2:7488 —2-7160 —2°6842 —2+6532 || 56 | —'1973 —'1917 —-1862 —-1807 —'17352
i —2:6232 —2'5940 —2'5655 —2:5378 —2-5107 || §7 | —*1696 ~—'1641 —'1586 —'1531 —'14%6
8 | ~2:4843 —2-4586 —2'4334 —3°4088 —2-3847 || 58 | —-1421 —-1367 —:1312 ~—'I257 —'I202
9 | —2-3612 —2°338T —2-3155 —2-2934 —=z-2717 || 59 | —°'II147 —°'I093 —'I038 —-0083 ~—'0929
10 —2°2504 —2+2295 —2'2090 —2°1888 —=2-1690 || 6o | —-0874 —:0820 —-0%65 —-o711 —'0656
11 —2°1496 —2'1305 —2°'I116 -——2°0931 ~—2'0749 [ 61 | —-0602 —'0547 —'0493 —'0438 —'038¢
12 —2'0570 —2'0394 ~—2'0220 —2-0049 —1I1'9880 | 62 [ —'0330 —'0275 —-022I —'0I166 —‘0112
13 ~1I1'g714 —1I'9550 —1°9388 —I.9229 —1I-goy2 || 63 | —r0058 —-0003 ‘0051 ‘0105 0160
14 | —1'8916 —1°8763 —1'8612 —I1-8463 ~—1-8315 || 64 ‘0214 ‘026  +0323 ‘0377 10432
15 ~—1'8170 —~1'8026 —1°7883 —1°7743 —1'7604 || 65 ‘0486 0541 *0595 ‘0650 ‘0704
16 | —1'7467 —1'733T1 —I1'7197 —I*7064 —1-6932 | 66 ‘0759  *0o8r3  +0868  -0922 10977
17 —1'680z —1°6674 —1'6546 —I-G420 —1-6206 | 67 ‘1032 ‘1086 1141 ‘1196 ‘1250
18 —1'6172 —1'6050 —1'5929 —I-5809 —1I-5600 || 68 ‘1305 ‘1360  *1415 'I470 1525
19 —1I'5572 —I'5456 —1'5340 —1I-§5225 —I-5118 || Gg ‘1580  +1635 *1690 1746 ‘1801
20 —1'4999 —I'4888 -—1-4777 —I-4668 —1-4559 || %0 1856 ‘191z -1967 *2023 2078
21 —I'4451 —1I1'4344 —1°4238 —1°4133 —1°4028 [ 71 ‘2134 2190 2246 *2301 2357
22 ~—1-3925 —1I'3822 —1°3720 —I:3619 —1I-3518 || 72 ‘2413 2470  -2526  -2582 2639
23 —1-3418 —1°3319 —I°3221 —I-3123 —I'3027 || 73 2695 2752 -2809 2865 *2922
24 | —I-2930 —1°'2835 —I'2740 —1°2646 —1°2552 || 74 "2079  '3037  °3094  °3I5I 3209
25 | —I-2459 -—1'2367 —I'2275 —I'2184 —1-2093 | 75 3266 3324  -3382 ‘3440 ‘3498
26 | ~—1r2003 ~1°1913 —1'1825 —1-1736 —I-1648 || %6 *3557 3615 *3674 3432 *3791
27 | —1°1561 —1°1474 —1°1388 —1-1302 —1'1219 || 47 ‘3850  *3910 3069 4029  -4088
28 —I'1I132 —I'I1048 —I'0964 —1I°0881 —1-0798 || 78 4148  r4209 42069 ‘4329  *4390
29 | —I'0715 —1'0633 —1°0552 —I'0470 —I'0390 | 79 ‘4451 *4512 4573 4635 4697
30 | —I10309 —1'0229 ~—1I‘0I50 —I'cO7I —'999z | 8o ‘4759 4821 4884 4946  -5009
3T —'9914 —-9836 —'9758 —9681 —-g6o4 |[ 81 *5073 ‘5136 *5200 ‘5264 5328
32 ~—'9528 —-9452 —'9376 —-g30r -—'9226 || 82 "5393 5458 +5523  +5589 5655
33 —'9I51 —'9077 —'9oo3 —-8929 —-8855 || 83 5721 '5787  -5854  -5922 ‘5989
34 —+8782 —-8710 —-8637 —'8565 —'8493 || 84 6057 +6126 *6194 6264 6333
35 —'8422 —-8350 —-8279 —+8209 —'8138 | 85 ‘6403  +6474  +6845  +6616  -6688
36 —:8068 —-7998 —'7928 ~—:4859 —-7790 || 86 <6761 6834  *6907 6981 *7055
37 —'7721  —7653 —°7584 —y516 —'7448 || 87 7131 +7206  -7283 7360 7437
38 —7381  —7313 —7246 —-7179 —+7113 | 88 7515 7594 7674 7754 7836
39 —:7046 —-6980 —-6914 —-6848 —6%83 | 8¢ 7918 ‘8ooo  -8084 ‘8169 ‘8254
40 —6717 —+6652 —+6587 —-6522 —6458 || 90 ‘8340  -8428  -8516  -8605 8696
41 —+6394 —+6329 —-6265 —+6202 —6138 || 91 -8788  -8881 8975 ‘go7o 916y
4z | —6o75 —-6oir —-5948 —-5886 —'5823 || 92 ‘9265 -9365 9466 9569  -9674
43 | —'5760  —'5698 —-5636 —-5574 —'5512 || 93 ‘9780 9889 9999 1011z I'0227
44 —'5450 —'5380 —-5328 —-5266 —-5205 || 94 1'0344 1I'0464 1-0586 1'0712 1-0840
45 —'5144 —'5084 —'5023 —-4963 —-4902 || 95 1'0972 I1'II07 1I°'I246 11390 1°1538
46 —-4842 —-4782 —'4722 —+4662 —-4603 || 96 1'1690 1'1848 1'2012 12183 1'236I
47 —'4543 —'4484 —'4425 —4365 —°'4306 | 97 | 1°2546 1°2741 1-2046 13163 1°3304
48 —'4248 —:4189 —-4130 —+4072 —-4013 || 98 1°3641 1-3906 I°4195 I'4513 1:4868
49 —:3955 —-3897 —-3839 —-3781 —:3723 | 99 | 1I'5272 1-5745 16324 17086 18260

The complementary loglog transformation is v = log,{—log, (1—2)}. If the direct loglog transformation == log, (—log, 2)
is required, enter the table with (1—p), For small values of p, » = log, p+1p approximately.

80



TABLE XII1. COMPLEMENTARY LOGLOG TRANSFORMATION: WORKING VALUES

Expected Working values Weighting | Expected Working values Weighting
value Minimum Range Maximum coefficient value Minimum Range  Maximum coeflicient
—7'5 —8+5003 18090 1800°5 *0005529 —2'3 —3 5422 132247 9+6825 07876
—7'4 | —84003 16370 1628+6 ‘0006111 —24 —3°4468 1270699 86231 08667
—7°3 —83003 14813 14730 0006753 —2°3 —3°3518 110260  7'6742 00532
—1e2 —8+2004 1340'0 13318 ‘0007465 —22 —3'2575 100825 6:8250 10478
—7I —8-1004 1213'0 12049 ‘0008248 —2°I —3°1638 92300 60662 *IISII
—70 -—8+0005 10976 1089°6 ‘0009115 —2'0 —3*0%08 8:4599 5+3891 12638
—69 | —7'9005 09328 98538 | oor007 —I°9 —29787 77646 47859 | ‘138606
—6'8 —#%+8006  898:83 89105 *00III} —18 —2-8874 71370  4'2496 *15201
—6y —4+7006 81341 80571 001230 —1Y —2'7972 6'5711  3°7739 16650
—66 —#y+6007 173610 72850 ‘001359 —1I1°6 —2+7081 60611  3°3530 *18220
—65 —4+5008  666°14 658-64 *001502 —I*5 —2+6203 5*6020  2'981% 19916
—G6°4 —#%+4008 60283 505°45 ‘001660 —1I°4 —2°5341 5:1893 2°'6552 21744
—6:3 | —7°3009  545°57 538-27 | r001835 —1I1°3 —2°4495 48188  2:3693 | 23708
—6°2 —4+20I0  493°75 48655 *00202% —1I*2 —2+3669 44870 2°'120I 25811
—G T —4*I0XI  446-86 43946 1002240 —1I'I —2°28065 4'I907  1°Q042 28054
—G'o | —7°00I2  404°43 397°43 | r002476 —1I'0 —2°2087 3'9270 17183 | *30435
—59 | —0°9014 36604 35914 | r002736 —0°g —2°1339 36035  1°5596 | 32051
—58 —G6+8or5  331°30 324°'50 003023 —0'8 —2+00625 3'4880  1°4255% 35592
—57 | —67017 29987 293°17 | *003340 —oy —I1'9950 3'3088  1°3138 | +38345
—56 —G6018 241743 26483 003691 —0'6 —19323 3'1544  I°222I 41102
—5°5 —G6'5020 24569 239°19 *004079 —o'5 —1-8751 3-0238  1°148% ‘44107
—54 —6'4023  222°41 21601 *004500 —0'4 —1+8425% 2:9163 I'0918 44057
—5°3 —G-3025  201°34 195°04 1004977 —0'3 —1-7817 2°8316  1'0499 *49999
—52 —06+2028 18229 17607 003501 —o-2 —1°7483 2-7697  1'0214 52880
—5°I —06r1031 105°02 158-92 006048 —o0'1I —17263 27315  I'0052 55638
—50 —06r0034 149°'4I 143°41 *006715 oo —1x+7183 2*7183  1'0000 58198
—4'9 | —5'9037  135'29 12939 | *007419 o'x —~I°7275 2'7323 1'0048 | 60473
—48 —5°8041 122°5X 11671 008196 o'z —1+45384 2*7971  1'018% 62369
—47 —5'7046  110'Q93 10525 00905 3 03 —1-8164 2:8572  1°0408 63780
—46 —5'6o50  x00°489 94°884 | ‘oro00 o4 —1°9094 2997  1°0703 *64598
—4'5 —5'5036 91'023 85517 | 01105 045 —2-04%6 3'I541  1°1006% 64716
—44 —5°40062 82:457 44+051 | *0I220 06 —2°2456 33944  1°1488 <64034
—4°'3 —5'3068 74707 69-400 | 01348 07 —2'5235 37201 1°1966 62471
—4°2 —5-2075 67°694 62:486 | 01488 o8 —2'g108 4°1601  1'2403 59975
—4'1 | —5-1083 61°348 56240 | ‘01644 09 —3'4097 47163 13066 | ‘57071
—4'0 —5-0092 35+GoY 50°598 | +01815 1'0 —4+2071 5'5750  1°36%9 *52204
—3'0 —4°'9102 50412 45°502 | ‘02004 11 —52809 6:4y138 14329 47080
—3'8 —4°8113 45712 40'90I | 02212 1°2 —6:8300 8+3321  1'5012 ‘41342
—3'7 | —47125 41°459 36747 | 02442 13 —g'1174 106899  1°572§5 | 35222
—3°6 —4°6138 376012 32°998 | *02005 14 —12°'581 14228 1:6466 *2900§ "
—3'5 | —4°5153 34°130 29°615 | 02974 1’5 —17°998 Ig'721 177231 | -22985
—3'4 —4°4169 30°981 26°5364 | ‘03282 16 —26:484 28+589 1+8019 17448
-—3'3 —4°3187 28+132 23°813 | r03621 1Y —41+669 43552 1:8829 ‘12622
—3°2 —4°220% 25°554 21°333 | '03994 18 —68115 70°080 1:9653 08653
—3'1 —4'1229 23'221 19098 | *04404 19 ~117'76 11981 2+0406 05587
~3'0 | —4'0253 2I°ITI 17086 | '04856 20 —216-86 219'00 2°1353 *03376
—2'0 —3'9280 19°202 15°2%4 | *05352 2'r —428-8x 431'03 22225 *01895
—2°8 —3+8310 17°496 13:645 | *05898 22 —g18°28 92059 2+3108 ‘009805
—2°7 —3'7344 15'914 12'180 | *06497 23 —2149%Y 2152°I 2°4003 004635
—2'6 —3'6381 14°502 10864 | *07155 2'4 —5556°3 55590 2:4907 *001984

The working value is given by ¢ Min. Value+p Max. Value, Min, Valuet-p Range, or Max, Value—g Range, For the
direct loglog transformation interchange # and ¢ in these formule,
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TABLE XIII. SCORES FOR LINKAGE DATA FROM INTERCROSSES
Coupling Repulsion
Recombination
fraction. Double Single Double Double Single Double
¥ per cent. domix;ant recessives recessive dominant recessives recessive

I ‘6644072  99°4974874  2-0202020 10099995 ‘0200020  200°0000000

2 6620727  49°4949495  2°0408163 *0199960 ‘0400160  I00°0000000

3 6596620  32+8257191  2°0618557 0296865 0600540 666666667

4 ‘6571742 244897950  2:0833333 *0399680 ‘0801282 50'0000000

5 6546081  19°4871795  2°1052632 0499376 ‘1002506 40'0000000

6 6519628  16:1512027  2°12765096 ‘0598922 *1204336 33°3333333

7 6492373 137675796  2'1505376 0608289 1406894  28-5714286

8 6464306  11°979166%  2°1739130 0797448 ‘1610306 250000000

9 ‘0435416  10°5875509  2°'1978022 0896370 1814699 22'2222222
10 6405694 0°4736842  2-2222222 *0995025 2020202 20°0000000
1 6375130 8:5618086  2'24719I0 1093385 2226946 18-1818182
12 6343714 78014184  2+272%273 *I1QI422 2435065 166666667
13 6311437  7°1575483  2°2988506 ‘1289107 2644695  15°3846154
14 6278289 66052227  2-3255814 1386413 2855977 142857143
15 6244261 6-1261261  2-3520412 1483313 +3069054 13°3333333
16 6209344 57065219  2:3809524 *I579%79 3284072 12*5000000
17 6173528  5:3359049  2°4096386 ‘1675785 +3501184  11+7647059
18 6136806 5°000I050  2°4390244 *1771305 *3720546 II'IIIIIXI
19 6099168 47106717 24691358 1866313 3942318 10°5263158
20 6060606 4'4444444  2*5000000 ‘1960784 4166667 10°0000000
21 6o21112  4'2032455  2°5316456 2054694 4393765 95238095
22 *5980678 3'9836568  2:5641026 2148018 4623792 910909091
23 "5939206 37828543  2°5974026 2240733 4856932 86956522
24 5896958  3°5084848 26315789 2332815 *5093379 83333333
25 *5853659 3'4285714  2°6666667% 2424242 *5333333 8-0000000
26 "5809389 32714412  2°7027027 "2514993  *§577006 7:6923077
27 *5764144 31256690  2:7397260 2605046  +5824614 7°4074074
28 ‘5717916 2:9900332  2°7777778 *2694380  +6076389 7- 1428571
29 5670700 2:8634805 =2-8169014 +2782976 +6332569 68965517
30 5622490 2°7450980 28571429 +2870813 +6593407 66666664
31 "5573281 26340905  2-8985507 2957874  +6850166 6-4516129
32 5523067 2°5297619  2°94I1%763 * 3044140 *7130I25 6* 2500000
33 *5471845 274315006  2:9850746 "3129504 7406576 6+ 0606061
34 * 5419609 2-3387668  3-0303030 +3214218 +7688829 58823529
35 *5366357  2°2510823 30769231 *3297998  +7977208 5+ 7142857
36 5312085 2:168021%7 3 1250000 3380917 *82%2059 5'5555556
37 *5256790  2'0892058 31746032 *3462960  +8573746 5'4054054
38 * 5200470 20142950 32258065 *3544113 8882655 52631579
39 5143122 1'9420846  3-2786885 3624367  +9199198 5' 1282051
40 '5084746 18750000  3'3333333 *3703704 9523810 50000000
41 5025340 108100936  3'3808305 +3782113 0856954 48780488
42 *4964903  1'7480410  3'4482759 *3850585 10199126 47619048
43 *4903437 1-6886387  3'5087719 3936107 10550853 46511628
44 *4840941 1'6317016  3'5714286 ‘4011670 10912608 4°5454545
45 "4777416 15770609  3:6363636 *4086266 11285266 4" 4444444
46 "4712864  1'5245624  3:7037037 *4159884 11669203 4" 3478261
47 "4647288 14740648  3-7735849 *4232518 12065203 42553191
48 *4580691 14254386  3:8461538 *4304161  I°2474012 4" 1666667
49 4513075 1:3785647  3'9215686 *4374805  1°2896434 40816327
50 *4444444 I:3333333 40000000 ‘4444444 13333333 4" 0000000
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TABLE XIII1, PRODUCT RATIOS FOR DIFFERENT RECOMBINATION FRACTIONS

Recombination Coupling Repulsion
per cent. bclad op VH%) adlbe op V(%)
I 013558 0991y *0%20005 0'9998
2 0%55155 19667 *0%80080 1:9980
3 ‘0212623 29251 ‘0?18041 2°'9933
4 0222828 38670 0332128 3'9840
5 "o®36290 4+7922 ‘0%50314 49689
6 ~0?53176 57009 *0*72652 5:9463
i *0%73661 65931 ‘0%gg210 6:9150
8 *0%97929 74686 ‘013007 7-8735
9 012618 8-32476 016532 8:8204
Io *015860 9'1700 *020508 07544
Ix *019543 9°9958 *024946 10°6743
12 023689 10:8050 029861 115789
13 *028321 115975 035268 12°4669
14 *033466 123733 *041183 13'3373
I5 039149 13°1323 "047625 14:1890
6 045400 13'8745 054616 150209
17 ‘052248 14°5998 062177 158322
18 *059725 153082 " *070334 166219
19 067866 159995 " cof9I1Z 17:3892
20 076705 16°673% ‘088542 18:1333
21 086280 17+3307 008654 18:8536
22 *096632 17°9703 *10948 19'5494
23 10780 18-5925 ‘12107 202202
24 11984 19° 1971 *13345 20°8653
25 *13279 197840 T w1466 21°4844
26 *I4671 203531 <1607y 22:07%0
24 +16164 20'9041 17581 226428
28 +174766 214371 19185 231815
29 ‘19481 21°9516 20894 236929
30 21318 2274477 22715 24° 1767
31 23283 2249251 24654 246329
32 25383 23-3836 26721 250613
33 *27627 238230 28922 254619
34 *30025 242430 -31268 258347
35 *32585 246435 *33767 26-1796
36 *35317 25°0242 *36431 26°4969
37 *38234 253849 *39270 267865
38 "41346 25'7253 42299 27-0486
39 *44667 26'0452 *45530 27°2833
40 48211 263442 *48980 27°4909
41 *51993 266221 *52663 276715
42 56029 2648787 56598 278254
43 60337 27°1135 *60806 279527
44 64937 273264 *65307 28:0538
45 69850 27°5170 10126 28-1289
46 +75008 27+6851 45289 281783
47 80709 278302 80824 ;{8~zoz3
48 86408 27+9521 +864963 282012
49 "93128 28-0505 '93142 28:1754
50 1400000 28-1250 1°00000 281250
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TABLE

XIV. SEGMENTAL FUNCTIONS

cosh x sinh x
00 100000 0O ‘00000 ©O 00000 00 *00000 00 I'00000 00 *00000 00
02 100000 00 102000 ©O 100020 00 *00000 I3 1'00020 00 *02000 I3
04 100000 OI 104000 00 *00080 oo *0000I 0% 100080 oI ‘04001 07
06 100000 O ‘06ooo oo ‘00180 00 *00003 60 1*00180 oOf 06003 .60
-08 1°00000 17 08000 oo 100320 00 *00008 53 1'00320 IY ‘08008 53
‘10 1-00000 42 *10000 OI *00500 00 00016 6% I'00500 42 *10016 68
‘12 100000 86 *12000 Q2 *00%20 00 -00028 8o 1'00%720 86 *12028 82
‘14 100001 60O *14000 04 ‘00980 o006 *00045 73 1-00981 6o *14045 %7
16 100002 73 ‘16000 09 ‘01280 oo 00068 2% 101282 %3 *16068 36
18 100004 37 ‘18000 16 ‘01620 00 ‘00097 20 1-01624 37 ‘18097 36
*20 1-00006 67 *20000 27 *02000 OI ‘00133 33 1-02006 68 *20133 6o
22 1+00009 76 +22000 43 02420 02 *00I%7 47 1'02420 %8 221977 QO
24 1'00013 82 -24000 66 02880 03 *00230 40 1:02893 853 24231 06
26 1°00019 O4 +26000 99 03380 04 *00202 93 1:03399 08 26293 92
28 1-00025 61 28001 43 *03920 07 00365 87 103945 68 -28367 30
130 1:00033 75 30002 03 ‘04500 IO 00450 00 104533 85 30452 03
*32 1-00043 69 -32002 80 *05I20 If -00546 14 1'05163 84 32548 o4
34 1-00055 68 *34003 79 -05780 21 *00655 08 1-05835 89 *34658 87
-36 100069 98 36005 04 ‘06480 30 00777 G2 106550 28 36782 66
<38 1-00086 88 *38006 60 ‘07220 42 00914 56 107307 30 38921 16
40 1'00106 67 *40008 353 08000 57 ‘01066 70 1-08107 24 41075 23
42 100129 66 ‘42010 89 ‘08820 76 ‘01234 85 1'08950 42 43245 %4
44 1-00156 17 ‘44013 74 ‘00681 o1 ‘01419 8o 1-09837 18 *45433 54
46 100186 57 46017 16 ‘10581 32 ‘01622 35§ 1-1076% 89 47639 5I
48 1°0022I IQ 48021 23 *II1521 40 01843 32 1-11742 89 49864 53
‘50 1-00260 43 *50026 04 ‘I2502 17 *02083 49 112762 6o 52109 53
‘52 1:00304 66 "52031 68 ‘13522 75 r02343 67 1-13827 41 "54375 35
‘54 1-00354 31 ‘54038 26 14583 44 ‘02624 67 1-14937 75 *56662 93
‘56 I1°00409 79 ‘56045 go +15684 28 ‘02927 28 1°16004 07 58973 18
58 I-0047I 5§ *58034 70 ‘16825 29 ‘03252 30 1°17296 84 ‘61307 00
60 I*00540 04 ‘60064 8o 18006 48 03600 56 1-18546 52 63665 36
62 1°00015 73 *62076 35 ‘19227 89 ‘03972 83 1-19843 62 ‘66049 18
64 I-006Q99 I2 *64089 48 20489 54 04369 94 1-21188 66 68459 42
66 100790 70 ‘66104 37 21791 48 ‘04792 68 122582 18 70897 05
68 1°00891 00 *68121 17 *23133 73 ‘05241 87 1'24024 73 43363 o4
70 1-01000 56 *70140 O *24516 34 ‘05718 30 1°25516 9o 75858 37
2 I'0IX1Q g2 72161 26 *25939 35 ‘06222 79 1°27059 27 78384 o5
74 101249 66 *74184 94 27402 81 06756 14 128652 47 80941 08
06 I'0I1300 37 76211 32 *28906 717 07319 I7 1'302097 I ‘83530 49
78 1°01542 63 +78240 63 *30451 28 ‘07912 69 1°31993 9 86153 32
80 1-01707 08" 80273 10 *32036 41 ‘08537 49 133743 49 88810 59
82 1-01884 35 ‘82309 oo +33662 23 ‘09194 41 135546 58 ‘01503 4I
84 1'02075 o8 ‘84348 57 +35328 8o ‘09884 26 1°37403 88 ‘04232 83
86 102279 04 *86392 o9 *37036 20 ‘10607 84 139316 14 96999 93
88 102499 62 88439 86 +38784 51 ‘11365 98 1°41284 13 ‘99805 84
*go 1°02%34 82 *90492 18 40573 82 *I2I5Q 49 143308 64 102651 6%
‘92 1402986 24 92549 36 *42404 23 ‘12089 20 145390 47 105538 56
‘04 103254 63 ‘94611 74 *44275 83 ‘13855 93 1'47530 46 1-08467 67
‘96 1°03540 73 '96679 67 46188 73 ‘14760 51 1°49729 46 111440 18
‘98 1°03845 31 ‘08753 50 48143 06 ‘15703 76 1'51988 37 1-14457 26
1'00 X-04169 I5 100833 61 *50138 92 16686 51 1°54308 o7 I°17520 12
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TABLE X1V, SEGMENTAL FUNCTIONS—-continued

2 () B(x) (&) 5(x cosh x sinh x
=) s@+rm) A+
I’ " .
I'z: 1.241?9 (1)5 1'00833 61 50138 92 ‘16686 51 154308 oF 117520 I2
T _ 43 3 84 102920 40 *52176 45 *17709 59 1-56689 49 1+20629 99
‘ ‘é 104877 o1 I-05014 27 "54255 78 ‘18773 85 I'59133 59 1-23788 12
10 105264 2% 107115 05 56377 o7 19880 11 161641 34 1+26995 76
108 1-05673 30 109224 99 58540 46 *2¥029 2I 164213 %6 130254 20
I'X0 106105 73 1°11342 74 ‘60746 12 ‘22222 OI 1668
_ _ 51 85 1:33564 75
1'12 106562 47 113469 38 62904 23 *23459 34 1:69556 70 1-36928 72
114 1:07044 41 115605 41 65284 96 "24742 06 1-72329 37 1°40347 47
116 1-07552 46 I'I7751 33 67618 51 26071 02 1'75170 97 1°43822 35
118 1:08087 56 1°1990% 69 69995 08 247447 09 1-78082 64 1°47354 78
1:20 1+08650 67 122075 02 ‘12414 89 28871 11 1-81065 56 1-50046 13
I-22 109242 73 124253 91 *74878 16 *30343 97 184120 89 1'54597 88
I:g 1:00864 76 1°26444 93 77385 13 31866 53 187249 89 1°58311 46
12 110517 73 1:28648 7o '79936 o4 *33439 67 1:90453 77 1:62088 37
1:28 1'11202 69 1'30865 85 82531 17 35004 27 193733 86 1'65930 12
1°30 111920 65 1330947 03 ‘85170 7% 36741 21 1:9709I 42 169838 24
132 1:126%2 69 135342 9I 81855 14 38471 40 200527 83 173814 31
134 113459 87 1:37604 17 ‘90584 59 ‘40255 72 2704044 46 1'77859 89
1-36 114283 29 1:30881 54 03359 42 42095 08 207642 71 1-819%76 62
x'38 1'I15144 05 142175 7§ 961479 96 43990 40 211324 oI 1:86166 15
I'4o0 1:16043 28 1'44487 56 *99046 57 ‘45942 59 2-15089 83 1'90430 1§
1°42 1416982 13 1:468x7 75 1'01959 59 "47952 57 2+18941 72 1:94770 32
144 1-1796x 77 1'49167 12 1'04919 40 ‘5oo2x 28 2-22881 17 199188 40
1°46 1:18¢83 38 1'51536 50 1°07926 41 52149 66 226909 79 2'03686 16
1°48 120048 17 153926 ¥4 110981 o0 54338 60 2+31029 17 2:08265 40
1'50 121157 34 1°50338 72 1-14083 62 56589 22 2-35240 96 2:120927 94
1°52 1°22312 15 158773 34 1°17234 71 *58902 33 2°39546 86 2:17675 67
1°54 1:23513 86 161231 52 120434 71 61278 094 243948 57 2+22510 46
1°56 1°24763 74 163714 22 1°23684 13 63720 04 2:48447 87 2'27434 26
1'58 1+26063 10 166222 40 1:26983 45 *66226 64 2:53046 55 2:32449 04
1'60 1'27413 25 168757 o8 130333 20 *68799 72 2'57746 45 2:37556 8o
1:62 128815 53 171319 28 133733 92 71440 30 262549 45 2°42759 58
1:64 x*30271 32 1:739x0 of 1-37186 16 M4149 42 2467457 48 2+48059 48
1'66 1-31781 97 170530 50 1+40690 5§53 76928 10 272472 49 2'53458 6o
168 133348 91 179181 71 1'44247 59 79777 39 277596 50 2'58959 10
170 1°349%73 55 1-81864 84 1:47858 oo 82698 36 2-82831 55 2464563 20
172 1:36657 33 1:84581 o5 1°51522 40 -85692 o7 2:881479 73 270273 12
174 1-38401 72 1+87331 53 1'55241 47 ‘88759 62 2'93643 19 2+76091 15
146 1'40208 21 1'9o117 53 1'59015 QO *9Igo2 IO 299224 11 2-82019 63
178 142078 31 1'92040 29 1628406 41 ‘95120 63 3°04924 73 2-88060 92
1'80 1'44013 55 195801 10 1:66733 76 '98416 33 3'10747 31 2'94217 43
1-82 1-46015 49 198701 2% 170678 72 1°01790 36 3'16694 21 300491 63
1:84 148085 70 2:01642 17 174682 o9 105243 87 3°22767 19 3106886 o4
1°86 1-50225 78 2*04625 17 178744 69 1-08778 o4 3°28970 47 313403 21
1'88 1°52437 37 2-07651 68 1+82867 38 112394 of 3'35304 75 320045 74
1'90 1'54722 Io 2'10723 I§ 187051 o5 1°16093 14 3°41773 15 326816 29
1'92 1°57081 63 2:13841 of 1:91206 62 1°19876 51 3°48378 27 333717 57
1:94 159517 73 2*17006 93 195605 02 1°23745 42 3'55122 75 3'40752 35
1°96 162032 0% 2°20222 29 1'99977 23 I'27701 14 3'62009 28 347923 43
198 1+64626 36 2'23488 74 204414 25 1°31744 95 369040 61 3'55233 69
2°00 167302 44 2+26807 89 2°08917 13 1:35878 18 376219 57 362686 o4

85



TABLE XV, T.ATIN SQUARES

The 4% 4 Latin Squares

Second Transformation Set:
1t Self-Conjugate Standard Square

First Transformation Set:
3 Self-Conjugate Standard Squares

ALum<
OA<dm
m<AQ
<moA

ALmMm<
udAm
mA<40
<moA

A<mo
vRA<dm
mOA<
<m0A

ALV<mM
VRMm<
m<AoO
4moOA

The X5 Latin Squares

25 Standard Squares and their Conjugates

First Transformation Set:

Mm<AOUM
AREm<tmO
OnmME<g
MO LA
<AMO0AR

HOm<A
AmM<Om
OAMmMm<
MC<AMO
<m0OAmM

HAM<O
AL<L@EA
ORAM<
m<yoOA
<mOAM

ROA4A
AM<AO
OAmM<
m<mORA
<moAM[

BHAMO<
ALM<CA
om<mA
M<ARO
<m0 E

9, 10

7, 8

5,6

35 4

BAMO<
AR<4mMmO
O<$AMEM
MOE <A
<moAMm

Mm<<AMmMmO
ARMO<
vAE<4M
moO<4HA
<MmOAMX

HAMm<<O
A<KEOA
OmAMm<
MO<KMAA
<mOUAMA

RA<KAO
AdmOM
OEM<LA
MUAM™S
<mOUARHA

H4AMmO
AmAMO<«
ovAa<HEM
moUE<A
<moOAm

19, 20

14, 18

15, 16

13, 14

11, 12

RO<AaA

T ARMOg

O<LAMEM
MAR<KO
<m0AM

BH<mOA
ALU@M
OEA<A/
mMA<HEO
<moOAmMm

mo<dmA
AEM<O
Oo<CAMEM
mAmO<
<mOAMA

m<AO0Mm
ApoEmg
VEm<A
AA<CEO
oge:Jeyagc

mA<4OmM
AEM<CO
u<EM@mA
mOAMm<
<moAm™

29, 3°

27, 28

25, 26

23, 24

2X, 22

HOAM<
AdmMBEaO
VA<M
mE<CORA
<muAm

ROA<M
A<d@moO
OAMMK<
mE<OA
<moAaM

HOA<A
A<mMmE@O
om<gmA
mAEO <
<AMOAMA

RnOAM<
A<COm
o<mEA
MARM<CO
<MmOAME

HO<mA
AdmmoO
oEmA<m
MARO<
<pmoAM

39, 40

37, 38

35, 36

33, 34

31, 32

Bom<dA/
A<LEMO
OAgHEMm
MEAQ<
<Pp0AM

RA<L4MO
ALUE </
vdmEA
mRAQ
<mpoO0AM

BEmORA
RAUCEMA
VAEM<
aEA<O
<mO0AM

BH<4AmMmO
AomME<
voAE<A
MmE<OA
<mMmORAA

HA<0M
AOMmm<
OgEMmA
AEA<CO
<4m0O0AM

49, 50

47, 48

45, 46

43, 44

41, 42

6 Seif-Conjugate Standard Squares

Second Transformation Set:

MAM<O
ALE A <
O<dAEA
mE<oA
<m0 AM

moO<mA
A<KEOM
OAMAE<
mEA<CO
<mOAME

roA<m
ARMO<
vu<EMmA
MmA<LEO
<moA[M

A<AmMO
AOo<<mEmMm
OEMm<A
RAEO<
<m0 AR

m<mOA
AA-<MO
VAMm<adm
MORAA <
<mpoAM

RA<KOM
A<mmEO
OEAMm<
MOM<LA
<AO0AQA

56

When constructing squares for use in experimental arrangements use the randomization procedure described in the

Introduction.

55

54

53

52

51
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The numbers sbove the squares
Each pair of conjugate sets can be

v

and twelve sets containing conjugates,
111

self-conjugate and ¢ for conjugate,
changing rows or columns with letters.

The 6x6 Latin Squares

11
18os4-450-+4-450¢

TABLE XV. LATIN SQUARES~—continued
Five conjugate pairs of transformation sets,
ABCDE

indicate the number in each set, s standing for
turned into the following transformation set by inter

mRm<om
o MmALM
N0 < M
gorAm<A
YPodEEAO
<RUAMK

mARAEO<m
$HOARMY
Tam<mom
.WCEBAFD
Tm<r@AvQ

<MUAR K

HRAMmM<<OM
wECDFBA
Som<dmrO
wCFBEAD
MBAFCDE

<m0 AR K

= A OM<
A<4ARKOM
m<<mlO
FER<EAR
V@O
MOAR K

r

EEAUVUM
BA<kOM
A<CEmMmEO
ORMmgAX
MURR<A
<MUOAEK

1080

~

1080

5401-5940
5941-6480

6os+60--60c¢

IX

4321-5400
180-180¢

3241-4320
VIII
360, 360

2161-3240
VII
2%70-+270¢

oooI-1080
VI
os+225+225¢

1081-2160

BHEAOUM
HMAR<XROMQ

(sl

A<EAROS

Lol

CFBEADM.
MOEm<CLAM®

<ROARAMAK

EAmO<m
mOARM< o
AERm<4OM™S
oM<= A Y
Bl EAD®
<PMOUAMEKN

=RMmMmE<gO
BOARM<
AEE<COMm
O A
MEHOAK
<RVUAMAMD

HE<OAROM
BERO<A
AMEK<4MO
VA<M K
FORAKA
<PnO0AEK

FOAR0U<GM
HFOARKM<
AEA<C<ARKO
ORm<AE
M<EROAY

CdmUARX

XIv
20--20¢

7921-8280
XIII

7561-7920

7021-7560
XII
6os+30--30¢

XI

481-7020

HORmMA
MARO<®
S AMMA<EO
CUOm<mmA
MCAEOE
<mUAM™RK

EAmO<m
BRA<GAO
AREMKOg
O<mpE=A
MOk AE
<mOAMK

EEAOMA
HAR<GgOMm
AEMEMAgO
O<mpE A
MO AX
<HRUAEK

Gos

HAROAMY
REA40mMm
A MmO
O<AaxAA
RO<KERIA
<A0AMAIK

HERAL<A
HAR<mO
AEEMO
duo<dmEAmA
"mo<dmA®

<PMOAMK

I20

9281-931
9317-9352

9241-9280

XVII

9181-9240

XVI

gotir-918o

8821-8940
8941-9060

HEAOM<
EDFBACD%
ARM<OM

o <A E S
MO<E KA K

<PHOARMK

“+x0¢

I

EAMEO <
BEmAm<O
Taom<dar
OF<AmM
ML<EOEA
<mOAM MK

9353-9388

r}
T

ty
=}

A; By C3 D, E; Fa Gy
By C, DgEy Fy Gy Ag

Ay B, C3 Dy Ef Fy Gy

Examples of 7X7 Latin Squares

Cs D Ey F3 Gy A, By
D, Ey Fp Gg A3 B; G4
F, Gy A, B, C, D, Eq
Gy Ag By Cy D, By Fy

B3 F7 EG Gl C4 A2 DE
C, Dy A By By Gy Fy
DG C5 G2 A3 Fl E7 B4
E, Gy B; Fs A, Dy Gy
FZ A4 D7 CG G3 BE El
G5 EB F4 B7 D2 Cl AG

Vom<dmA
FA400mEA
FEAMmgDO
AbmELAE™
OO mmAKX
PMEEOAU
CPRORE XY

vom<dEmA
A<M OERO
HRROUCDM
AUMEOL4H
V<O EmAK
AMEEREOAL
<mURAR”KT

(@)

()
When constructing squares for use in experimental arrangements use the randomization procedure described in the

87

@

(@)

Introduction,



TABLE XV, LATIN SQUARES—continued

Examples of Squares from 8X 8 to 12X 12

SARTO<EMAU K
HRAEOTO4Eo
M €@ om0
OREAO<C~TIAM
HROMMO~O -«
HED—-A<bOm
ARO R OAam ST
RMOT<d @m0 A
< mOAREOE - —

IHBGACEDF

ML E 0 A0M

Omm-HOAdTmA
F-ORIAM<O
EDHFCBAIGW
RO U T
<O KT~

TR0
OEREmmR<dmAO
EARIOOVm<
EFHAGBCDM
ARMVUOU<TA®
O<AQAbAIRA
AU ETDTAMAY
<APALUAEKMOE

10X 10

HeFAMO—am0OR<dn
MO EGoE3a0
SR A0 ARG KM
HIO-O<AMAmAE K
CEAbAaAm< , MrO—
OMO<dA-mEdam
FHAAd AMOE <40 mAa
AALI-OMODI< /A
ALV COE @~ M T~
DO EmMAMEa T
AMEAT~ @ =m0 <
<PVAREOE~mMA

MEAODEHELAO <4 ~m
~O@<d=INMOnmA
~ I AERSAEOMO -
GF.JEDKABCHI
BOMO<d—nmAmo
HAMAMOOd-:O
AR~ 0mEOMde
OB U0Mm~AME <
ACMO—RAE~Q0H
4NOUAME DT =M

12X 12

ITX1II

COMPLETE SETS OF ORTHOGONAL LATIN SQUARES

TABLE XVTI.

4X4

3X3

III

II
123 4

34 1 2

11

4
3

14 3

2

4 3 21

2

3 41

I 4 3
ACD, BC

2

4 321

AD, BCD

AC, BD

TX7

5X5

III

I

M~ MY N W -
O N H N
WV H I~ DO Q
<t I~NO N N M
NY Q4 N N T I
NIRRT B o)
H <t~ MO g wm
M~ O H N

O H W~ a <t

N~ A O - ™
PO H O Wm N
HOWI~SA O H
Qa0 H D

H DN ~Sa g¢\0

M~ 8 < O
O N H 8 g
MY I~ H 8 o
+ WO INH Q™M
Nt NO IS O
N <t NO I~
H Q& < WY >
N - ™
<+ H 0w N
MW+ H W
Nt H DN
H 1N <
wvH 8 <t
<+ WV H ™

III

o <t Wy
N ¢ H

H O )<t

VI

iv

w
<+ ™
N

N

-

wn e
<+ o
0 M
a v

m

SO Nt 0 N H
O Nt N H I~
Wt A HIND
<+ MmN H N W

NN H N0 WG
N HINO INnY o

H IO n ey q

NN ) MW N
O ¢+ QN I~ o) -
N HW O~
<+ I~ HY
N H WO N~
@I~ D
HO NSNS Inm

Nt H N AO ™
O It H 0N
WO D~ kM
<+ H W QO M~
IS¢ H DoAY
WD I~ H W

H 1 N\WO ™I~

N e
8o W
H W <
ot ™

<+ M N

o
w 60
<+ 8 n
o

a ™
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v

8x8
III

II

COMPLETE SETS OF ORTHOGONAL LATIN SQUARES—continued

TABLE XVI.

QW H & I~ D0
NN HOW Mg
O M NI~ a -0
Wt MO0 H O~
<+ W1NWO ™M HO A
MO N+ A g H
N ~00 H MY N <+

HOoO I~ ¢ 1N ™

0 N O NN
~H ¢y oo o <+
O TN MW~
M H SO 0w
<O 0 NN W) - I~
MW~ - \DO <+ N oD
N WO <t I~H W
H I 11 o 8N ¢O

0O FILNN N0 H WY
S0 S H 1N NY
O & 1 H <+ 0~
W HW A ™M <t
<+ MY QN
M~ <0 1 H WO N
MO H NO FI~w

H N QWY ~mM0 <+

0 N0 N F NN M
N0 N0 M Ho®
O W0 SN - ;o
N0 N0 H 8 M
+T S HO SO N
Mt H NN IO
A g NO N I~

H N ™t N~

ADE, BEF, CD ADEF, BDE, CEF
VI VII

AEF, BD, CE

BE,CF

A

WY MH IS o

N~ a0 MHE R
W0 H 0w~ 4.ﬂDu
W)~ 46813E
<t QS H 0O R
M HW o~ Ry
[ B R TR ] 368A

H MY 8 ¢ W

0 ™M QO H I~

F

N <tO H ¥ o) ¢

O H I~ <0 352@
n N 0 37461Fn
47162538D
M0 N N MO 47B

-
a4 W o 4716F

A4

H\O Y~ 8 W

8
5
1
4
3
2
6
7

SO 88 o<t H oo
O~ H 0
N0 <+ H N MDI~D

F H M) O M

BDEF, CDE

D ANY N0 N H

R DILSD N0 I+ H

ADPF,

H 40 Y -~ N

v

111

9Xx9

11

(=T o B TR TR - )
VWY HFO AN
N MY HO 8§ <
O HO 8§ Ot~
VSO oot w
<+ ey SN0 O -
DI~V H 8O
A NI~ O H O

HOO\W oA

A H 8 N0 N

N <+ H A0 N~
~NWO 8 enod W= O

o QIS k- Oy N
MmH A0 6 M
T o n H N N0
o0 T\ H YISO ®
N NY 0 A H
H OO A ~c0 <+ o

C\N\O M~ <t =0 1Ny
0 WM AN AND ™Mb~ k-
st HO N VO
O Oy H IS oo
oo O M00Ng -
<t H DS RO WO A
M OAND H IS N W
N0 WY H I~

H IS+ N N0

IO M H OO W
S I~ 8 M H NG
N0 OV N )<t Y
O WA~ M HQ
WO <+ A~ M
FTIO N0 OVH Q™M
MOH A0 T A~
N O H NGO oo O~

H § <t nNO NG O

ABC(X); ABD(Y),
ACD(X), BCI(Z).
VIII

ABD(W),
BCD(Y), ACD(Z).

VII

ABC(Y),

BC(/), AD(I),
BC (/)X AD(Z).
VI

AC(]), BD()),
AC(/)xBD(J).

OOt HOW W™
M0 =W N~ N
Ea B R P I B ol = e e I )
WO H NN T O
M~ N ¢+ HWOXR
<+ AN HO M
MWt NN 0 H\O
Nt RO 0 H ™
HWYOO WS mOa

AAH WV t+0 M QO

00 N O r~N =
SN WOW MmO )G

O I~ H 1N QW oy <+
VA M0 I~ N WY
<t M A0V IS H W
)0 N0 VAN
QAD S~ H WO M

H W O M FO A

S"MO 0 W
O N WI~H <+ DY
N~ FAMOO N N
O NG N <+ o~ H
med &8 <t~ =W Oy
T~ HWO M N N
MO N N = <t~
N W = I~ N0 O
H <t~ 8 nod

QOO N0 W ) N R
R~ GO N H™
>SN $\O N H N
O W™ - Chod o~
W FTWOW QA H O ~OCh
W0 WV H A~ N0
NN - AN O N+
W H MO >~ O
H N QS OhG O W

ABC(W), ABD(Z),
ACD(Y), BCD(W).

ABD(X),

ABC(Z),
BCD(X), ACD(W).

BCI), AD(]),
89

BCI)X AD(]).

AC(I), BD(I),
AC) x BD().



BALANCED INCOMPLETE BLOCKS

TABLE XVII.

Combinatorial Solutions

7t

IIx

15

18

20

23

26

27

» § % 3 Use 2, deleting any set of five varieties|| 2 |2 5§ A 2z Cyclic solution
v 6 410 occurring in the same block vb 11 aefgi
A 2
r 6 %, 4 Use 3, deleting any set of six varieties 4 216 i g Cyelic solution n two families
P 3 b2 act
vI0 & 1§ oceurring in the same block A I bfe
A 2
r& 6 Dicyclic solution 6fir v abed abgh acfh adfg
vd 16 a5 a3 0, ¢4 dy v 8 efgh cdef bdeg beehk
A2 k 4
bi4a abef aceg adeh
r 7 abe ade afg aki ajk aim X3 cdgh bdfh befg
2)15 dhl dhj bik bmo bln beg
3 ejo cmn ¢clo cdg cef cij 1 t
535 fhkm fio din ekn dim dko 9 ;g Ig A3 Cy:;c‘_iajlgfn
N1 gin gkl ehm fjl gho fhn
ano bdf chk e¢il gim 137 8 % 4 Dicyclic solution in two families
vz2y d5o ay @g by e
r 8 k& 4 Cyclic solution in two families Ax ay ay ¢y d
v 9 418 abdce
A3 adfi 16 |» 9 % 5 TUse 19, deleting any set of nine
vIo 18 varieties occurring in the same block
¥ 9 a;dy by ¢y 040, Cyclic A4
v10 byéy By @, ¢4 d; - permutation
'§ 3 b bcoe J (@bcde) 17l 9 % 6 Use z0, deleting any set of nine
5 3: v16 424 varieties occurring in the same block
A3
9 % 3 Cyclic solution in three families . .
vig & 357 agh benm dfi 19 {72 9 A4 Cyclic solution
AT vb19 acefghbno
rko abcdefghi nxeqlhkcygw 21f| » 9 Invariant variety I, and 2% others 2,. . a,°,
vbes b hjespnlu oulfhkiprce v 28 byt 88 ol .. es®.  Blocks ap! agt 82 43,
AN 3 cgomjeuvpy pigotswahk A 4 aP b al B 1 ad bt . Cyclic per-
dmxc¢c hjuwwr gabpucaxy!? b 63 mutation (z b¢) generates 7 blocks in a
edyuwgsof 7rcsaowbvn A 1 replication; (1z3) in suffixes and indices
fFqgtjnmics s k dhcovy ! generates the ¢ replications.
grml dagsp tjngadouk
Rt rkgbmeo unhrivyrgeg 22 1y J2 ; ;
i ! 9 7 Use 23, deleting any set of nine
iypwbankdm vwaliulme 28 & 36 varieties occurring in the same block
Flwygrt fb wplhkvfhajog A 2
ks uamgfobo xforptend
;g}ix‘;i'a{x yeisrxjla 25t|710abec de f ghi jEI mno pgr stu
4 varado bek cip fqgt gls hmr jnu
. . k 3aeq bdn cgk frs khpt fo7r Imu
;'g 9 Az Egc}ll(;ioluztlglj byoafi bgp chu dgs ejm kot Inr
37 4 N vagu bmg cjr dhk eps flo int
. hj brs cog dip eiu fhkn gm!
r10 42 7 A3 Use 27, deleting any set of ten a . .
v2r &30 varieties occurring in the same a?r ijt cel dim fpu gng hos
block el t bfh cns dru ego ijq kmp
ams bi ]l cdt ehn fgr jop kgu
ko ayagbybscyandydsdse | e anp bowu cfm dgj ert klg iks
yclic
v 31 ayaybybyciégdydy dof permutation . . .
A 3 aga by dgnesdydsdg g (123456 29 |10 & 5 Cyclic solution in two families
Qo By by bady €4 €q ¢4 & 34567) v4r b8z ejpr K
1 Gy G401 0904 €1 ¢ €4 &7 . Jor
@, ay ya,05840, ¢ f g  Permutation (24 ¢) A1 asEFT

1 Divisibleinto groups, each containing a complete replication, No. 25 by rows, Nos. 6, 7 and 21 asindicated. (See Introduction.)
o = 3k, A = r{k—1)/(v—1),

Q0




TABLE XVIII.

Index by Number of Replications

;ri’:,?,h(c:): Vu&e)fles Bl(gik! H:étl: (pke)r Reference. &;‘;h("‘:): v’(’,i,ﬁfi"’ B?z)c.ks B:ﬁ: &e)r Reference, 'liz;nl:“(c:): Va(rs.ties Bl(gih H;’é}: &3’ Reference,
3 4 6 2 u i 8 28 2 u 9 19 59 3 18
4 4 3 u 8 14 4 6 19 | 19 9 19
7 7 3 0.5 8 8 i u 25 25 9 20
15 35 3 7 28 63 4 21
4 5 10 2 u 15 21 5 8* 28 36 Vi 22
5 5| 4 # 15 | 15 7 9 31 | 31 9 | 23
i i 4 o.s. 22 22 " 1o0* 46 69 6 241
9 12 3 0.5 64 72 8 0.5,
13 13 4 0.5 8 9 36 2 u "3 73 9 0.5.
9 18 4 1I
5 6 15 2 u 9 12 6 0.5. 10 6 15 4 u
6 Io 3 1 9 9 8 u 9 18 5 I
6 6 5 % I5 15 8 9 1x 55 2 %
11 11 5 2 21 28 6 12* 11 11 10 %
16 20 4 0.5. 25 50 4 13 16 16 10 5
21 21 5 0.5, 29 29 8 14% 19 19 10 19
49 56 i 0.5, 21 70 3 25
6 5 10 3 u 5% 57 8 0.5, 21 30 i 26
7 21 2 u 31 31 10 27
7 vi 6 77 9 10 45 2 % 36 45 8 28*
1o 15 4 3 To 30 3 15 41 | 82 5 29
1 1T 6 2 10 18 5 16 46 46 10 30%
13 26 3 4 10 15 6 3 [3: 85 6 3rt
16 16 6 5 1o 10 9 u 81 9o 9 0.5,
25 30 5 0.5, 13 13 9 0.5. 91 oI 10 2.5,
31 31 6 0.5, 16 24 6 17
TABLE XIX. Index by Number of Units in a Block
e gy | Plgpee | Veistes | Bonten: | Returnce | Gl | Bigis | Versis | Besen | Roternce | Uniaper| Blgen | Variste| Renlie-| erace
3 4 4 3 % 5 18 9 10 II 8 9 9 8 u
7 Vi 3 0.5, 18 10 9 16 15 15 8 9
10 5 6 4 21 15 Vi 8* 29 29 8 14*
10 6 5 I 21 21 5 0.8, 45 36 10 28%
12 9 4 0.5. 30 25 6 0.5. 57 57 8 0.5,
26 13 6 4 82 41 10 29 72 64 9 0.5,
30 10 9 15
35 15 7 7 6 7 7 6 % 9 10 Io 9 u
i 19 9 18 1r 1X 6 2 13 13 9 0.5,
7o 21 10 25 12 9 8 0.5. 19 19 9 19
15 10 9 3 25 25 9 20
4 5 5 4 #“ 16 16 6 5 37 | 37 9 23
7 7 4 0.5, 24 16 9 17 73 | 13 9 | o
13 13 4 0.5, 28 21 8 12%* 90 81 10 0.5,
14 8 i 6 3x 31 6 0.5,
15 6 10 % 69 46 9 241 10 11 11 10 u
15 10 6 3 8s 51 10 arf 16 16 10 5
18 9 8 1x 19 19 10 19
20 16 5 2.5, vi 8 8 i % 31 31 10 27
50 | 25 8 13 15 | 15 7 9 46 | 46 | 10 | 30*
63 28 9 21 22 22 Vi 1o%* 91 91 10 0.5,
30 21 10 26 ‘
5 6 6 5 % 36 28 9 22
1I 11 5 2 56 49 8 0.5.

* Proved non-existent.

t No solution yet discovered.

9I




TABLE XIXT. Cyclic solutions, #=11—15.

BALANCED INCOMPLETE BLOCKS
(Based on C. R. Rao.)

XVIlr

32 OF | [r24),(5610), (397, @28 1) mod 11
@ | (124)(25),(x37), (216 mod 11
337 [(1248), (35 10 11), (26 7 9)] mod 11
34 (124809 11),(x216% 9 11) mod 11
35 (1234689121316 18) mod 23
36 (121 131 213 313 112), (321 231 333 223 I112) mod (3,3,5) ; (IIr 112 113 114 115) mod (3,3,-)
41 (1247812), (12348 12)mod 13
42 (12413),(12619), (157 10) mod 19
43 (11 16 25 22 33 34), (1T 12 14 21 22 24) mod (3,7)
45 ® | (24),(514), (16712, (8 18) mod 25
(if) (12 52 24), (21 44 23), (43 32 13), (22 35 31) mod (5,5)
46, 49 See Introduction
48 (1,1 1,2 2,3 2,6), (1)2 L,4 1,9 2;1): (I’Iz 1,8 2,6 3’2) mod (3;11);
(I 1,1 2,1 3,1) mod (—,11); (I 1,12 2,12 3,12)
E(z,11):1 PC(x2) [(x 10 28 30 47 5% 7% 105 108 115 116)S(12) ; (2 14 26 38 50 62 74 86 98 110 121)]
mod 120
P2,11) 1 (1241321 35 39 82 89 95 105 110) mod 133
E(3,3):1 (1223), (1 3 9), (14 15), (x 8 18) mod 26 ; PC(13) (27  14) mod 26
E@z,9:21 PC(13) [(1 2 39 1219 21 23 24)S5(13); (4 57 13 17 18 20 26 2%)] mod 26
53 (112 211 231 222 313 221 213 13T 132 232 322 133 332) mod (3,3,3)
P(3,3):1 (1 2 27 33), (1 8 20 37), (1 4 17 39) mod 40; PC(10) (x 11 21 31) mod 40
P(3,3): 2 (12361519 23 25 27 28 30 33 34) mod 40
61 (1251012), (T2 5 11 13), (x5 1 2 3 8) mod 14
62 (L 1z 21 22 23 25), (1 a1 71 27 6 14), (12 13 15 21 22 24), (13 24 16 21 22 24),
(11 15 16 21 22 24) mod (%)
63 (1,1 1,4 1,10 1,11), (1,1 2,1 2,3 ,8), (1,1 2,T 2,10 2,11), (1,I 1,3 2,6 2,9), (3,1 1,4 2,5 2,8),
(1,1 1,5 2,4 2,10), (1,1 1,6 2,3 2,7) mod (—,11)
64 (123%131621),(1345111620) mod 22
65 (17 16 20 23 24 25), (3 21 19 2 11 14 17) mod 29
66 1 [(xz 17 26 23 34 35) mod (5,-); (I 11 21 31 41 51)] mod (-,7) ;
[(12 17 46 43 24 25) mod (5,-) ; (I =1 21 31 41 51)] mod (~7)
67 (61 12 17 26 23 34 35), (61 12 17 46 43 24 25) mod (5,7) ; (I 11 21 31 41 51 61),
(I 11 21 31 41 51 61) mod (%) ; (61 62 63 64 65 66 67), (61 62 63 64 65 66 67)
E(z,33): 1t PC(14) [(1 20 24 36 73 93 98 111 137 152 158 159 161)5(14) ;
(2 16 30 44 58 72 86 100 114 128 142 156 169)] mod 168
P2,13): 1 (12425 42 53 58 67 71 97 103 150 165 177) mod 183
7 (124), (126), (138), (129), (1 46) mod 11
72 (12359),(124713), (1367 11)mod 13
73 (@ (124), (149, (1313), 128), (1510) mod 16
(i1) (21 22 23), (21 23 26), (21 18 21), (22 17 21), (23 16 21), (14 15 21), (x2 18 21), (13 17 21),
(x4 16 21), (x1 21 25) mod (-,8)
74 (12358),(x269r11), (1248 12)mod 16
75 (1t2461013),(1234713)mod 16; PC(8) (1 2 4 9 10 12) mod 16
E(4,2): 371 [(45679111215), (1238101314 16)] mod 15
76 (11 x2 13 15 21 22 23 25 33), (11 17 16 14 37 35 34 33 21), (21 27 26 24 37 35 34 33 10),
(x5 12 14 21 23 27 35 32 33), (2T 13 17 25 22 24 35 32 33) mod 7
77 (12 15 23 24 32 35), (12 15 33 34 43 44) mod (5,5) ;
(I 1 24 32 45 83), (I 1123 35 42 54), (I 21 21 31 41 51) mod (~;5)
Pg,2): 1 (12 19), (1.36), (15 x1), (1 9 21), (1 10 17) Mod 31
79 (124 8 16), (36122417, (918 5 10 20) mod 31
Pl42):3 (1) (12346%9121319 2021 24 28 30) mod 31
(ii) (124578091014 161819 20 25 28) mod 31
(iii) (123468121516 17 2324 27 29 30) mod 31
8o (11 12 14 16 21 24 26 35 41 42 46 §3 61 62 64) mod (6,6)
84 (1 9 20 58 34), (4 36 19 49 14), (16 22 15 13 56) mod 61
87 (L,x 1,13 2,5 2,9 6,2 6,12 3,7), (4,4 4,10 5,3 5,11 7,6 7,8 3,7) mod (7,13);
(I,I 2,I 3,1 4,1 5,1 6,1 7:1) mod (—,13)
T Divisible into complete replicates, indicated by []. (i), (ii), (ifi) indicate alternative solutions. Bold-face numbers are not
cyclically permuted. I indicates an invariant variety. 2C(x) indicates a partial cycle, I to x; S(x) indicates steps of x, all such

steps being included.
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TABLE XIX7. Index by Number of Replications, r=11—1s.

Replica«

Varieties

Blacks
()

Units per

Conjunct-

Reference

Replica.

Varieties

Conjunct.

tions (#). v). blogk (Z). | ions (A), tions (#), ) BB‘):!‘! glﬁ f;)' fons (A). Reference
II 12 44 3 2 32 14 15 42 5 4 6I(d)
12 33 4 3 33 15 3s 6 5 62
12 22 6 [ 34 22 77 4 2 63
23 23 I 5 35 22 44 7 4 64(4)
45 99 5 I 36 29 58 7 3 65
45 55 9 2 art 36 84 6 2 66(d)
56 56 1I 2 381 43 86 y 2 67(d)
100 110 10 I 397 78 91 12 2 68 *
11X 11 11 X 40P 35 170 Vi I 69 t
92 92 14 2 70 *
12 13 26 6 5 4x 169 182 13 1 E(z,13) 11
19 3 4 2 42 183 183 14 I P(2,13): 1
21 42 6 3 43
22 33 8 4 44 1 15 I 55 3 3 71
25 100 3 I 45 13 39 5 5 72
33 44 9 3 46 16 8o 3 2 73
34 34 12 4 47* 16 48 5 4 74
37 IIX 4 X 48 16 40 6 5 45
45 45 12 3 49 16 30 8 7 | £E@2):3
55 66 10 2 50 * 21 35 0 6 76
61 122 6 1 sx 7t 26 65 6 3 77
67 67 12 2 52 ¥ 28 42 Io 5 78
121 132 xr I E(z,11): 1 3I 155 3 b4 Plg,2) 1 1
133 | 133 12 T | Plzax):x 31 93 5 2 79
31 31 15 7 | Pl4,2):3
13 2y 11y 3 1 E(3,3): 1 36 36 15 6 8o
27 39 9 4 | £(3,3):2 43 43 | 15 5 8t f
2% 2y 13 6 53 46 69 10 3 827
40 130 4 I P(3,3): 1 56 70 Iz 3 83t
40 52 10 3 54T 61 183 5 I 84
40 40 13 4 | P(33):2 7T 71 15 3 85t
53 53 13 3 s5* 76 | 190 6 1 86
66 | 143 6 I 56 1 91 | 195 7 I 87
66 78 1x 2 57t 01 105 13 2 88 *
79 79 13 2 581 106 106 15 2 89 *
144 156 12 1 597 136 204 10 I gof
157 157 13 I 6o? 196 210 14 I g1 *
21X 211 x5 1 92 ¥

* Proved non-existent.

+ No solution yet discovered.

? Presumably non-existent.
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TABLE XX, ScORES FOR ORDINAL (OR RANKED) DATA

The mean deviations of the 1st, 2nd, ard . . .

zero and negative values omitted.

Size of Sample

largest members of samples of different sizes ;

Ordinal
number. —_ 2 3 4 5 6 7 8 9 10
I 56 +85 103 116 127 135 I'42 I'49 I'54
2 +30 *50 <64 =76 -85 93 1°00
3 ‘20 *35 ‘47 *57 *66
4 ‘15 ‘27 *38
5 *I2
1 Iz 13 14 15 16 17 18 19 20
1 1°59 1:63 1-67 170 174 1-76 179 182 184 1-87
2 1°06 I'1I2 1'16 12X 1'25 1°28 1°32 1'35 1-38 141
3 *73 79 ‘85 ‘90 ‘95 ‘99 103 o7 I'10 113
4 <46 *54 +60 +66 ‘71 <76 <81 85 -89 ‘92
5 ‘22 31 ‘39 *46 '52 "57 -62 67 71 75
6 ‘10 ‘19 “27 *34 *39 *45 *50 ‘55 ‘59
7 *09 17 "23 "30 "35 *40 ‘45
8 08 15 21 26 31
9 ‘07 ‘13 ‘19
10 +06
21 22 23 24 25 26 27 28 29 30
1 1-8¢9 1-91 1-93 1°95 1°97 1-98 2°00 2:01 2'03 2'04
2 143 1-46 1°48 I°50 152 1°54 1°56 1:58 1 6o 162
3 I'16 1-19 I°21 124 126 1-29 1-31 1:33 I35 136
4 ‘95 *g8 I'oI 10 107 109 I°II 114 1716 118
5 18 =82 85 -88 ‘91 ‘93 <96 98 I'00 1°03
6 *63 *67 "70 *73 “76 *79 *82 85 -87 *89
7 '49 *53 ‘57 ~60 "64 "67 *70 73 75 78
8 *36 41 ‘45 “48 *52 °55 *58 61 64 *67
9 ‘24 ‘29 *33 37 "41 ‘44 *48 *5T ‘54 "57
I0 ‘Iz *17 *22 ~26 'SOV * 34 "38 ‘41 44 '4.7
I *06 ‘1T *16 *20 =24 +28 ‘32 *35 <38
12 *05 °10 ‘14 ‘19 22 .26 29
13 <05 09 ‘13 ‘17 21
14 ‘04 els) ‘12
15 ‘04

Tests of psychological preference and some other experimental data suffice to place a series of magnitudes in order

of preference, without supplying metrical values.

Analyses of variance, correlations, etc., can be carried out on such

data by using the normal scores, appropriate to each position in order, in a sample of the size observed. Ties may be
scored with the means of the ordinal values involved, but in such cases the sums of squares given in Table XXI will
require correction,

TaBLE XXI. SUMS OF SQUARES OF MEAN DEVIATIONS TABULATED

n 1 2 4 5 6 8 9 10 7
I 06272 1°4450  2°3018 31912 4'I250 50452 59646 6:9656 7°9320 | 10
11 | 88892 9'8662 108104 11°7846 128232 136600 14°7258 157454 16°6864 17°7144 | 20
21 | 18:6242 196862 206176 =21:6040 22°6352 23'5470 24°5092 255808 26-5806 27°5454 | 30
31 | 285730 29-5960 30-5562 31-5152 3225618 33'5166 345346 35:'4840 36'4414 37°4288 | 40
41 | 384660 39°4654 40°4366 41-5788 43'4922 444548 453626 46:5110 473830 | 50

42°5194
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TABLE XX. SCORES FOR ORDINAL (OR RANKED) DATA—continued

Ordinal Size of Sample
number.| 31 32 33 34 35 36 37 38 39 40
I 2:06 2:0% 2:08 2°09 2-11 212 2:13 2°14 2°15 2°16
2 1463 1°65 1-66 1-68 169 170 192 173 174 1475
3 1-38 I"40 1°42 1°43 145 146 148 I'49 I50 152
4 120 122 1'23 125 127 1-28 130 I 32 133 134
5 1°05 1°07 I'09 I'II 112 I'14 1-16 1°17 I'19 I'20
6 *92 04 96 98 1:00 I-02 1:03 I1°05 1'07 1-08
Vi 80 82 -85 8% 89 ‘g1 ‘92 94 <96 ‘g8
8 69 72 74 76 79 81 © 83 -85 86 88
9 6o 62 +65 <67 .69 2 93 -7 N7t 79
10 ‘50 ‘53 *56 58 6o 63 65 67 69 71
e ‘41 44 ‘47 *50 *52 54 57 59 61 63
Iz ‘33 "36 *39 41 "44 47 ‘49 "5I ‘54 56
13 24 ‘28 31 34 *36 *39 ‘42 “44 46 ‘49
14 <16 120 23 26 *29 *32 34 *37 39 ‘42
15 <08 (12 15 ‘18 <22 24 27 ‘30 33 .35
16 ‘04 <08 ‘11 ‘14 ‘17 ‘20 23 26 28
Xy “04 ‘oy *I0 ‘14 <16 ‘19 - 122
18 ‘03 *oy ‘10 *13 116
19 03 <06 *09
20 "03
41 42 43 44 45 46 47 48 49 50
1 217 218  2'19 2'20 221 222 222 223 2424 225
2 176 178 179 1-80 1°81 182 1:83 184 185 1-85
3 1°53 I'54 1'55 157 1-38 159 160 161 1°62 1°63
4 1-36 137 1-38 140 141 142 1443 144 1'45 146
5 122 1-23 I°25 1-26 127 128 1'30 131 1-32 1°33
6 I°10 11 1'13 114 116 114 1018 I-19 121 122
7 *99 I'0I 1'02 I'04 1°05 I'o% 108 I'09 I'II I"I2
8 ‘go ‘91 ‘93 ‘95 <96 98 ‘99 I'00 I-02 1°03
9 81 83 84 -86 -88 89 ‘91 ‘92 *04 ‘95
Io 73 75 76 78 -80 81 83 +84 +86 - 87
11 *65 -67 *69 "1 “72 ‘74 "76 11 “79 *80
12 -58 *Go 62 64 <65 67 69 ) 72 “74
13 "5t '53 '35 '57 '59 *60 *62 64 66 "6y
14 44 "46 48 *50 ‘52 ‘54 ‘56 *58 *59 -61
15 37 *40 ‘42 ‘44 *46 48 *50 ‘52 °53 *55
16 "31 *33 -36 "38 *40 ‘42 ‘44 '46 *48 "49
1y -25 <27 *29 ‘32 ‘34 36 *38 ‘40 *42 "44
18 ‘18 ‘21 123 <26 <28 *30 ‘32 34 <36 -38
19 ‘12 I3 ‘17 *20 ‘22 25 <29 ‘29 31 33
20 06 ‘09 ‘12 "14 ‘17 '19 e21 24 26 -28
21 +03 06 09 ‘11 ‘14 16 -18 21 <23
22 *03 <06 ‘08 “II ‘13 *I5 <18
23 ‘03 05 08 ‘10 *13
24 ‘03 ‘08 +08
25 *03
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TABLE XXII, INITIAL DIFFERENCES OF POWERS OF NATURAL NUMBERS

These values, the so-called ** differences of zero,” enter into many combinatorial formule, as in Whitworth’s Chosee
and Chance, They afford exact solutions of seme important sampling problems (Stevens, (12), (13), 1937). In particular if
s objects are distributed among » classes, the probabilities of any one object falling into each class being equal, the

distribution of 7, the number of occupied classes, is
1 nl
Ar

;t—‘ (m—r) 17!
The values tabulated, 47 of [r1, are the rth differences of powers of natural numbers, .advancing from o’, divided by #1,
for values of s from 2 to 25.

2 I 3 v 15 31 63 127
3 1 6 25 90 ot 966
4 1 10 65 350 1701
5 I 15 140 1050
6 1 21 266
7 I 28
8 I

r:: d 9 10 1T 12 13

2 255 511 1023 20477 4095

3 3025 9330 28501 86526 2 61625

4 7170 34105 1 45750 6 11501 25 32530

5 6951 42525 z 46730 I3 79400 75 08501

6 2646 22829 1 79489 " 13 23652 93 21312

7 462 5880 63987 6 27396 57 15424

8 36 750 11880 1 59027 18 99612

9 1 45 1155 22275 3 59502

10 1 33 1705 39325

1 X 66 2431

12 I 78

13 1

:?\\\;i 14 15 16 17 18
2 8191 16383 32767 65535 I 3I07I
3 7 88g70 23 7510I 71 41686 214 57823 644 39010
4 103 91745 ' 423 55950 1717 98901 6943 37290 27988 06985
5 400 75035 2107 66920 10961 go550 56527 51651 2 89580 95545
6 634 36373 4206 93273 27349 26558 1 75057 49898 11 06872 51039
i 493 29280 4087 41333 32818 82604 2 57081 04786 19 74624 83400
8 209 12320 2166 27840 21417 64053 2 04159 95028 18 go360 65010
9 5I 35130 671 28490 8207 84250 05288 22303 10 61753 95755
10 7 52752 126 62650 1937 54990 27583 34150 3 71121 63803
1I 66066 14 79448 289 36908 5120 60g%8 83910 04908
12 3367 I 06470 27 57118 620 22324 12563 28866
13 o1 4550 1 65620 49 10148 1258 54638
14 I 105 6oz0 2 49900 84 08748
15 I 120 v820 3 64200
16 1 136 4996
17 1 ¢

18 52
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TABLE XXII.

INITIAL DIFFERENCES

OF POWERS OF NATURAL NUMBERS—continued

<

19 20 21 22
2 2 62143 5 24287 10 48575 20 97I5I
3 1934 48101 5806 06446 17423 43625 52280 79450
4 1 12596 66950 4 52321 15901 18 15090 70050 72 77786 23825
5 14 75892 84710 74 92060 90500 379 12625 68401 1913 78219 12055
6 69 30816 01779 430 60788 95384 2658 56704 62804 16330 53393 45225
7 149 29246 34839 1114 35540 45652 8231 09572 14948 60276 23799 67440
8 170 97510 03480 1517 00326 62679 13251 IOI53 47084 I I4239 go799 9I620
9 114 46146 26805 1201 12826 44725 12327 24764 65204 I 24196 33035 33920
Io 47 72970 33785 591 75849 64655 7118 71322 91275 83514 37993 77954
11 12 94132 I779I 190 08424 29486 2682 68516 8goox 36628 25008 470286
12 2 34669 51300 41 10166 33391 683 30420 30148 10882 33560 51137
13 28924 39160 6 10686 60380 120 49092 18331 2249 68618 68481
14 2435 77530 63025 24580 14 93040 04500 329 51652 81331
15 139 16748 4523 29200 1 30874 62580 34 56159 43200
16 5 27136 223 50954 8099 44464 2 60465 74004
17 12597 7 41285 349 52799 14041 42047
18 171 15675 I0 23435 533 74629
19 1 190 19285 13 89850
20 I 210 23483
21 1 231
22 I

\ 23 24 25

,
2 41 94303 83 88607 167 77215
3 1 56863 35501 4 470632 00806 14 11979 902§
4 291 63425 74750 1168 10566 34501 4677 12897 38810
5 9641 68881 84100 48500 07834 95250 2 43668 49741 10731
6 99896 98579 83405 6 og9o23 60360 84530 37 02641 70000 02430
7 4 38264 19991 17305 31 67746 38518 04540 227 83248 29987 16310
8 9 74195 50199 00400 82 31828 21583 20505 690 22372 11183 68580
9 12z 32006 88117 96900 120 62257 432060 Y2500 1167 92145 10929 73005
10 9 59340 12973 13460 108 25408 17849 31500 1203 16339 21753 87500
11 4 86425 13089 51100 63 10016 56957 75560 802 35500 44384 62660
12 1 67216 27734 83930 24 93020 45907 58260 362 26262 07848 74680
13 40128 25603 41390 6 88883 60579 22000 114 48507 33437 44260
14 6862 91758 o711} I 36209 10216 41000 25 95811 03608 g6ooo
15 847 94044 29331 19582 02422 47080 4 29939 46553 47200
16 46 23611 272064 2067 71824 65555 52665 51616 95960
17 4 99169 88803 161 09499 36915 4806 33313 93110
18 23648 85369 9 24849 25445 327 56785 94925
19 797 81779 38807 39170 16 62189 69675
20 18 59550 1169 72779 62201 94750
21 28336 24 54606 1685 195058
22 253 33902 32 00450
23 I 276 40250
24 I 300
25 1
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TABLE XXIII.

ORTHOGONAL POLYNOMIALS
(Values from »' = 32 to »' = 75 are due to V. Satakopan)

3 4 5 6 7 8
gy Ea| €y € E5 |8y & s Eu |y Ea & Eu E5 €1 Er & &y &5 |6 £ & £y £
=7 +7 -1 +7 -7
_ _ B -3 +5 I +3 -1 | _ -
-2 +2 -1 +I 5 +5 5 +I ! -2 o +1 -7 +4 5 +1 45 -rg 423
-1 +I -3 +r I - -I 42z —4 =3 -1 47 =3 45 ~I ~3 +I +1 -§ =3 =3 7 =3 -7
o —2| T I M| o L, o 46| T 4 R4 FZoIOL L 6 46 o T TSt H9 IS
+1 ~1 -3 +1 —4 —4 -+2+I10 4 +1 -5 -3 +¢9 +I5
+1 -1 +1r -1 -2 —4 +1 -3 —-I +1 +j5
AL AT s g2 x4 |73 T T T8 TS 4, o ar o g |73 T3 7T =3 I
R T N b i T B
3 R E A A A Y
2 6 20 4 20] 10 14 10 Yo (%70 84 180 28 252 | 28 84 6 154 84 [168 168 264 616 2184
r 3|2 1 R 1 § #l2 § § H HiIi1 o1 F & Ablz 1§ 5 1o
9 10 1I 12
£ s & W 5| €1 Er £ ‘s s £ & €5 €4 & & & &8 &y €'
o -—zo0 c +18 o| +1 -4 -12 +18 +6 o -Io o +6 o +1 ~35 -7 -+28 +20
+1 -17 -9 +9 +¢| +3 -3 -31 HKg +1r| +I -9 -I4 +4 4 +3 —29 -19 +12 -44
+2 -8 -13 -11 44| +5 - -35 —-x7 41| +2 -6 =23 -I +4 +5 —17 -25 -~13 +29
+3 +% =7 —21 -I1| +4 +2z -14 —22 —-14 | +3 -1 -22 -6 -I +%7 41 -21 -33 -—2I
+4 +28 +14 +14 +4 | +9 +6 +42 +18 +6| +4 +6 -6 -6 6| 49 +258 -3 —27 —57
+5 +15 +30 +6 +3 | +11 +55 +33 +33 +33
60 990 468 | 330 8,580 780 110 4,290 156 572 5,148 15,012
2,772 2,002 132 2,860 858 286 12,012 ,008
r 3 & T oAl oz 3 F A Al o ol o2 3 % A% A%
13 14 15
& "2 € £y £ £ s s s £'s £ &y s £ £'s
o -I4 o +84 o +1 -8 —-24 +108 +60 o ~56 o] +756 o
+1  ~13 —~4 +64 +20 +3 -7 —67 +63 +145% +1  -53 —27 +621 +6%95
+2 ~Io ~7 +I1 26 +5 -5 —95 -I13 +139 +2 —44 49 +25r +IcoO
+3 -5 -8 -54 +1I +7 -2 —98 —92 +28 +3 -—29 —61 —249 +751
+4 +2 -6 —96 -—18 +9 42 -66 ~132 -132 +4 -8 —38 —704 ~44
+5 +II o -66 —33 +I1x +7 +11 77 =187 +5 -Ig -~3% -~869 -9%79
+6 +22 +I1I  +g99 +2z22 +13 +r3 +I143 +I143 +143 +6 +52 +13 —420 —1144
+% +491 +91 +Iocor +I00OX
182 572 6,188 910 240 235,1 280 9,780 10,581,480
2,002 68,068 728 97,24 136,136 35:144 37,128 397 6,466,460 ’
1 1 ¥ 1z Tio ¥ % Tz i 1 3 £ H 3
16 1y 18
& & & & s £ & &y & & & € Ea Eu £
+1 -2I -63 +18g +45 o 24 o +36 o) +1  —~40 -8 +44 +z220
+3 =~I19 -—-I79 +I20 -I1I§ +1 —23 -7 +3I +55 - +3 =37 —23 +33 +583
+5 ~15 —265 +23 4131 +2 —20 -13 417 +88 +5 —-31 -—35 +13 +733
+7 -9 =301 -Iol +977 +3 ~-I5 ~-IY -3 +83 +7 —22 —42 -12 +588
+9 -1 -267 —20r -33 +4 -8 -18 ~24 436 +9 -10 —42 —36 +I56
+11 +9  ~I43 -—z22I  -I43 +5 +r -I5 -39 =39 +I1 +5 —33 -5I 429
+13 +2r +91 —0x -I43 +6 +12 -7 -39 ~-Io4 +13 +23 ~-13 47 -871
+15 +35 +455 +273 +143 +7 25 +7 -13 —91 +15 -+44 +20 -1z —676
+8 +40 +28 +52 4104 +17 +68 +68 +63 +884
1,360 1,007,760 201,552 408 3,876 100,776 1,938 23,256 6,953,544
5,712 470,288 7,752 16,796 23,256 28,424
2 1 k-x T 1o 11 ¥ T 7 2 g LI T &
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TABLE XXIII,

ORTHOGONAL POLYNOMIALS—continued

, 19 20 21
(4 (4 ! ’ ’ ’ ’ ’ ’ ’ ’ ’ (4
‘51 §2 §3 §4 ’fs 'fl fz fa ’5’4 ’55 §1 §2 ‘fa §4 fs
o =30 o +396 o +1 -33 -99 +1188 +396 © -IIo o +594 o
+1  -29 —44 +352 +44 | +3 -31 -287 +948 +1076| +1 -107 —54 +540 +I404
+2 -26 -83 4227  +74 | +5 -27 —445 +503 +144I | +2 -98 -103 +385 2444
+3 —21 -112 442 479 | +9 ~2I —553 -77 +1351 ) +3 -83 -I42 +150 +2819
+4 -14 -126 -168 454 | +9 -13 -591 -687 +y7r | +4 ~62 -166 ~-130 +2354
+5 -5 =~I20 =—354 +3 (+11 -3 -539 -1187 ~-187 | +5 -35 -I70 ~—4o06 +I063
+6  +6 -89 —453 —-58 |+13 +9 -—377 =~1402 -1222 | +6 -2 -149 615 —788
+7 419 —28 —388 -98 |+15 +23 -85 -1122 -1802 | +7 +37 —98 -680 —2618
+8 434 +68 —68 —68 |+17 +39 +357 ~r102 -~I1122 | +8 482 -I2 —5I0 —3468
+9 +51 4204 +612 +102 [+19 +57 +969 +1938 +1938 | +9 +133 +114 o -1938
+10 +190 +285 +96g9 +3846
570 213,180 89,148 |2,660 4,903,140 31,201,800 | 770 432,630 121,687,020
13,566 2,288,132 17,556 22,831,320 201,804 5,720,330
1 1 T2 |2 1 ¥ 75 13 8 Tz i
22 23 24
£ & & & Es| &1 €0 &5 &0 &5 & £a Es Ea &
+1 -20 ~12 4702 +390 o —44 o +3858 of +1 -143 -143 +143 +715
+3 -~19 -35 +585 +x079 | +1 —-43 =-13 +793 +65} +3 -137 -419 +I23 +200§
+5 -17 -55 +365 +1509 | +2 —-40 —25 +6o5 +116| +5 -125 665 +85 42893
+7 -14 ~y0 ‘+70 41554 | +3 -—-35 -35 4315 +141| +7 -107 861 433 +317I
+9 -10 -~78 -258 +1158 | +4 -—28 —42 —-42 +132 | +9 -83 —-987 -27 2721
+1r -5 —-77 -563 +363| +5 -19 —45% -417 487 |+11 -§53 -~-1023 87 +1551
+13 +1 65 -495 —~663 | +6 -8 -—43 ~747  +12 | +I13 -I7 -949 -137 -169
+15 +8 ~40 ~810 -x598 | +7 +5 -35 -955 —77 1+15 +25 745 -165 -207I
+17 16 o ~-570 -19038| +8 +20 -20 ~950 -—152 |+I7 +%3 —39I -—I57 -—3553
+19 +25 57 +57 =969 | +9 +37 +3 627 —171 | +19 +127  +I33  -97 -3743
+21 +35 +133 1197 +2261 |[+10 +56 +35 +133 —76 {421 +187 +847 +33 -1463
+11  +%7 +%7 +1463 +zo09 |+23 +253 +I1771 +253 +4807
3,542 96,140 40,562,340 |1,012 32,390 340,860 |4,600 17,760,600 177,928,920
7,034 8,748,740 35,420 13,123,110 394,680 394,680
z ¥ 13 5 1 1 ¥ b¥:4 ¥ 2 3 'z 1o
25 26 27
§’1 5’2 fla gld. glﬁ l gll ’2 5'3 §Id §’5 5’1 5’2 ’fls §4 ES
o -52 o +858 o +1 -28 -84 +1386 +330 o ~182 o +1638 o
+1 -5t ~77 4803 +275| +3 -27 —247 +1221 +935 | +1 -179 -18 +1548 +3960
+2 —48 -149 +643 +500 | +5 -25 —395 +9o5 +1381 | +z ~Iy0 —35 +1285 +7304
+3 —43 -2I1 4393 +631| +7 -22 —518 +466 +1582 | +3 ~155 —50 +870 +94%9
+4 -36 ~238 +78 +636 | +9 -18 —606 -54 +1482 | +4 -134 ~62 +338 +10058
45 —29 -—285 ~267 4501 [+II -13 —649 —599 +1067 | +5 -Io7 —jo 262 +8803
+6 -16 -287 -g597 +236 [+13 —7 —637 -Togg +377( +6 -~74 —73 867 +5728
+7 -3 -259 -85y ~—119 |+15 © —560 -I470 —482 | +7 -35 7o -1400 +1162
+8 +12 -196 —982 —488 |+17 +8 —408 -1614 -1326 | +8 +10 —60 -1770 —4188
+9 +20 -93 -897 —753 |+19 +17 -171 ~1419 -188r | +9 +61 —42 -18y2 -9174
+10 +48 +55 —517 748 |+21 +27 4161 —y59 -1771 |+10 +118 -I5 ~1587 12144
411 +69 -+253 +253 —253 |+23 +38 +3508 4506 —506 |+I1r +18r +22 —782 —-108%9
+312 +9z +506 +1518 <101z |+25 +50 +I150 +2530 +2530 [+I2 +250 70 +6go0  -2530
+13 +325 +I30 42990 416445
1,300 1,480,050 7,803,900 |5,850 7,803,900 48,384,180 [1,638 101,790 2,032,135,560
53,820 14,307,150 16,380 40,060,020 712,530 56,448,210 X
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TABLE XXIII. ORTHOGONAL POLYNOMIALS—rcontinued

28 29 30
£ 2 & §'s £51 &4 £ £'s §'s £5| & £y £y s £
+1  -65 - -39 4936 +is60 o —%o o +2184 o| 41 -112 -I12 412376 41768
+3 —63 -115 +840 +4456 | +1 69 —Iog +2080 +1768 | +3 -109 —331 +I11z71  +5083
+5 —59 ~185 +655 +670r | +2 —66 -203 +1775 +3298 | +5 -103 —535 +9I131 +7753
+7  —53 -245 4395 +7931 | +3 —61 —292 +1200 +4373 | +7 ~94 -714 +60g6  +9408
+9 —45 —20I +81 +7887 | +4 -54 -—366 +660 +4818 | +9 82 =858 +2376 +9768
+11 -35 —319 -259 +6457 | +5 —45 —420  ~—66 +452r |+11 67 -957 -~I749 +8679
+13 ~23 -325 —590 +3718 | +6 -34 —449 -~825 +3454 |+13 —49 -Toor  ~-5929 +6I49
+158 -9 —305 -8y0 —22 | +7 -—21 448 -1540 +1604 |+15 28 —980 -9744 +2384
+17 +4 —255 -Iog5o0o —4182 | +8 ~6 —412 —2120 —556 |+17% ~4 ~884 -12704 —21%6
+19 +25 -171 -1074 ~7866 | +9 +II —336 =—-2460 -2046 |+19 +23 —~703 -—I4249 —6821
+21  +45 -49 -879 ~9821 |+Io +30 —215 —2441 —4958 |+21 +53 —427 -13749 —10535
+23 467 +115 —395 ~8395 |+II 435I -44 -1930 -5885 |+23 +86 -46 ~logso4 -I196o
+25 491 +325 +455  ~1495 |+12 +74 +182 780 —4810 |+25 +122 +450 3744 -9360
+27 +117 +585 +1755 +13455 |[+13 +99 +468 +1170 =585 (429 4161 +I071 47371 -585
+14 +126 4819 +4095 +81go |+29 +203 +1827 +23751 +16965
7,308 2,103,660 1,354,757,040 | 2,030 4,207,320 500,671,080 | 8,990 21,360,240 2,1435,733,200
95,004 19,634,160 113,274 107,987,880 302:064 3,671,587,920
2 1 3 A T L I A T u %
31 32 33
ERRE - TR R 5| & & &5 & | & En & £, &
+o -80 o +408 ol +1 -85 -5 +459 +255 o =-292 o +3672 o
+1  —-79 -I119 +39I +221 | +3 -83 -151 +423 +737| +1 —269 -2%7  +3537 +2565
+z  —76 -233 +341 +416 | +5 -79 ~-245 +353 +r1137 | +2 -—z260 -53 +3139 +4864
+3 71 =337 +261  +561 ) 47 —73  -329 +253 +1407 | +3 -245  ~77  +2499 +6649
+4 64 —426 +156 +636 | +9 -65 =309 +12g +1509 | +4 -—224 -~98 +1652 +%7708
+5 -55 —495 +33 +627 {+11  -55 —45I —11 41419 | +5 ~-I19y -It5 4647 47883
+6 44 -539 -99 +528 | +13 —43 —481 -157 +1131 | +6 -164 —127 -453 +7088
+7 =31  -553 -—229  +343 |+15 —29 =485 -—297 +G601 | +7 ~-I25 133 -1571 +5327
+8 -16 -533 —344 +88 | +17 -I13 —459 —417 +51| +8 8o —132 —2616 42912
+9 41 —471 -429  -207 |+19 45 -399 -§or -627| 49 -29 —123 3483  ~519
+10 420 —365 ~—467 ~496 | +21 425 —301 -§531 -1267 |+10 +28 -Toy ~4053 —3984
+I11  +41  -200 —439 —715 | +23 4497 161 —487 -1725 |+I1 401 —79  =4193 ~7139
+12 464 +2 —324 =780 | +25 471 +25 -347 -1815 |+12 +160 ~-38 —3756 —9260
+13 +89 +273 -~99  —585 |+27 +97 4261  -87 -1305 |+I3 +235 413 -258T 942§
+14 +116 +609 +2061 o |+29 4125 +551 +319 +87 |+14 +316  +77 —493  —6496
+15 +145 +r015 +783 113r |+31 +155 +899 +8g9 2007 |+15 403 +155 +2697 +899
+16 +496 +248 +7192 +14384
2,480 6,724,520 9,536,592 | 10912 5,379,616 54,285,216 | 2,992 417,384 1,547,128,656
158,224 4,034,712 185,504 5:379,616 X,047,792 348,330,136
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TABLE XXIII.

ORTHOGONAL POLYNOMIALS—continued

\ , :34 ) . , , ) 35 , 36
& & &y € £ €1 &a £ &y £160 & & € £'s
1 —48 -144 +4104 +6840 | o -I02 o +23256 o| 1 -323 323 +2584 12920
3 —47 —427 +3819 +19855 | 1 -Tor  —152 +22496 +3800 | 3 —317 959 +2424 +37640
5 —45 ~—695 +3263 +30917 | 2 —98 —299 +20251 +7250 | §5 —305 ~I565 -+2111 -+59063
7 —42 —938 -+2464 +38864 | 3 -93 436 +16626 +1c021 7 -287 -—a121 41659 +75201
9 —38 ~1146 +1464 -+42744 | 4 86 —3558 +11796 +11826 | 9 ~-263 2607 -+1089 +84381
11 —33 =-1309 +319 +41899 | 5 —77 —~660 +G6oo6 +12441 | 1T -233 =—3003 +429 +85371
13 ~27 -1417 —9oI +36o49 | G ~66 —737  ~429 +11726 | 13 —197 -3289 -286 +77506
15 -20 ~-1460 =211z -25376 | 7 -53 784 -7124 -+9646 | 15 -I55 3445 -—I1014 +60814
17 -1z =-1428 —3216 +10608 | 8 —38 ~796 ~13624 +62092 | 17 ~I07 —345I -~I706 +306142
19 -3 =-1311 —-4101 6897 | 9 —21 768 -I9404 1902 | 19 ~53 -—3287 =-2306  +5282
21 +7 ~1099 —4641 -25067 | IO -2 ~6g5 =-23869 —3118 | 21 +% —2033 =275t -28903
23 +18 —782 —4696 —41032 | 1T +19 —-572 =-26354 ~8173 ;23 +73 -2309 —2971 -62353
25 +30 ~—350 —4II2 —§Io4o | I2 42 ~304 ~26124 -12458 | 25 +145 ~-I575 ~2889 -8968j
27 +43 207 -2721 ~50373 | 13 +67 -156 -22374 -14937 | 27 -+223 -531 -2421 -I04067
29 +57 -+899 =341 -33203 | 14 +94 +I47 -I4229 -14322 | 29 +307 +783 -1476 -9j092
31 4z +1736 +3224 7192 | 15 -+123 +520  ~744 —9o52 | 31 +397 +2387  +44 -58652
33 +88 +2728 8184 +y9112 | 16 +154 -+968 +190g6 +2728 | 33 +493 +4301 +2244 +23188
17 +187 +1496 +46376 +23183 | 35 +595 +6545 +5236 -+162316
13,000  §1,477,300  46,029,569,232{3,570 15,775,320 4,045,652,520(15,540 307,618,740 199,046,103,984
62,832 456,432,592 290,598 14,834,059,240 3,011,052 191,407,216
2 % i T 16 1 I % 10 2 3 3R or i
37 138 ! ’ ! ! ?9 1 [
& &y & &y &5 &1 & £y ¢y Elér & & & &'
o -II4 o 5814 o| 1 ~6o -36  +918 +1530| o -380 o +1026 o
t -113 -34 -+5644 +G80| 3 ~59 -—107  +867 +447r | 1 -377 189 +999  +5049
2 -130 ~67 45141 1304 | 5 -57 175  +767  +7obr | 2 -368 =373 +919  +9724
3 -10§ ~08 -+q326 +1819 | 7 -54 -—238  +0622 +908G | 3 -353 -547 +789 +13669
4 —o8 =-126 +3234 42178 | 9 -50 -394  +438 +10362 | 4 —332 —7o6 614 +16564
5 -89 -150 -+I914 +2343 | 1T —45 341 4223 +r0747 | 5 —305 845 +401 +18143
6 -78 -169  +429 -+2288 |13 -39 -377 -13 +10153 | 6 —272 ~959 +159 +i8z12
7 —6s -182 ~-I144 -2002 | 15 —32 400 —258 +8558 | 7 —233 ~lo43 ~I101 +I16667
8 -zo -188 —2y14 +1492 | 17 ~24 —408 —498 -+6o18 | 8 -188 -1092 —366 +13512
o -33 ~186 —4176 +786 |19 ~I5 —399 -717  +2679 | 9 -137 -I1ot =621  +8877
10 -—14 =175 —54II ~64 | 21 -5 371 -89y -1211 | 10 -80 -I065 —849  +3036
1 +7 -154 ~6286 —979 | 23 +6 ~—322 -1018 ~5z290 | II —-I7 ~979 ~-I03I -3575
12 k30 -122 ~6654 -1850 | 25 +18 250 1058 -goyo | X2 +52 ~838 -1146 ~-I0340
13 g5 ~78 6354 =—2535 |27 +31 —I53 993 -—r1ga2s | 13 +I27 037 -—II7I -16445
14 +82 -21 -5211 ~-2856 |29 +45 —29 —707 —130%79 | 14 +208 ~371 —108I —-20860
15 4111 +50 ~—3036 -2596 | 31 +60  +124 —442 ~-11594 | I5 +295 -35 —849 ~22321
16 -+142 +136  +374 —1496 | 33 +76 +308  +lo2 ~6358 | 16 +388 +376 —446 -193I2
17 +175 -+238 +5236 +748 | 35 +93 +525 +867 -h3g27 | 17 +487 +867 +159 —10047
18 210 -+357 +11781 -+4488 | 37 +IIT  +777 +1887 +zo0757 | 18 +502 +1443 +999  +7548
19 +703 +2109 +2109 +35853
8,884
2,178 152,877,192(18,278 4,496,388 3,286,859,6284,940 33,722,010 9,860,578,
4’218383,83893 ¥ 980,961,982 ’ " 109,668 25,479,532 4,496,388 32,224,114
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TABLE XXIII.

ORTHOGONAL POLYNOMIALS—continued

40 41 2
g &, s £y §'5 1€ ) £'s £ s | &4 £ £ £y 3
1 -133 —399 +39501 +627 | o -I40 o 48748 ol 1 —220 —44 +9614 +48070
3 -131 ~I187 +37521 +1837 1 -139 -—209 +8569 44807 3 —217 -—I131 +9I%77 -+I4IIgI
5 —Iz7 —I945 -+33631 +29I7 2 -136  —413 47949 +9202 5 ~211 -—215 +8317 +225181
v —121 -2653 427971 +3787 3 -I131 —6o7 +6939 +13I47 ¥y —202 ~2094 +47062 +204546
9 -113 ~—3291 +20751 +4377 | 4 -I24 —786 +5574 +16092 | 9 -190 —366 +5454 +344262
11 -103 —3839 +I2251 +4631 | § -II5 —945 +3903 +17889 | 1T -175 —429 +3549 +370227
13 -9I —42977 +2821 +451I 6 -104 -1079 41989 418356 | 13 ~-157 —481 +1417 +360473
1§ -977 —4585 —71I19 --400I 7 —9I ~-1183 —o1 +17381 | 15 ~136 —520 —858 340418
17 -6 —4%743 —17079 +3IILI 8 —76 -1252 ~2246 +14936 | 17 -II2 —544 -3178 +2B3118
19 =-43 —4731 —26499 +1881 | 9 —59 -1281  —4q37r +Iro9r | 19 -85 —55I -543T +I995Ig
21 -23 -4529 —34749 +385 | 10 —40 -x265 6347 46028 | 21 ~§5 -539 —749I +93709
23 —I —4II7 —4II29 —1205 | II —I9 -I1199 —8041 +55 | 23 ~22 ~506 —g218 —2%830
2§ +23 -3475 —44869 —2915 | 12 +4 -1078 —9306 6380 | 25 +14 —450 -10458 -155970
27  +49 -2583 —45129 —4365 | 13 +29 —897 -9981 -—12675 | 27 +53 —369 -11043 -27868;
20 +7%7 -—1421 —40999 —5365 | 14 +56 —651 ~g98gr —18060 | 20 +95 —261 -10791 -380709
31 4107 431 -31499 —s611 | 15 +85 —335 -8847 -—21583 | 31 +140 -I24 ~9506 —443734
33 +I139 +I793 -I5579 —474I | 16 +116 456  ~6646 -—22006 | 33 +188 +44 ~69%8 —445258
35 +173 +3885 47881 —2331 | 17 +I149 527 —3071 ~18241 | 35 +239 +245 —2983 —359233
37 +209 +6327 +40071 +2109 | 18 +184 +1083 42109 8436 | 37 +203 +481 +2717 -155363
39 +247 49139 +82251 +9139 | 19 +221 +1729 +9I139 +9I39 | 39 -+350 +754 10374 +201058
20 +260 +2470 +18278 436556 | 41 4410 +1066 +20254 +749398
21,320 644,482,280 644,482,280(5,740 47,900,710 10,376,164,708/24,682 9,075,924  4,380,11%,671,484
567,112 49,625,135,560 641,732 2,481,256,778 1,629,012 3,084,805,724
2 I R 15 3 1 I 0l Tr 2 & ¥ = i
43 44 ) ) i 45 .
€' §2 € £y s | £ £ £y s £y | &1 £ s £'s £'s
o -I54 o +10626 o} 1 ~161 -483 +5796 +1380| o —500 o +9108 o
1 -153 —46 +10396 +8740 3 -I59 -1439 -+5556 4060 I -503 —252 48928 +4500
4+ -I150 —9I  +g713 +16948 | 5 -155 -2365 +5083 +6503 | 2 —494 ~499 +8393  +8750
3 —145 -I34 +8598 +24113 | 7 -I149 -3241 +4391 +8561 | 3 —479 —736 +7518 +x2509
4 ~-138 —174 47086 +209766 | 9 -—~I4I ~—4047 +350I +I0IoI [ 4 —458 -958 +6328 +15554
4 —120 —2I0 +5226 +3350I | 1X ~I13I -—4763 +244Y +IIoII | 5 —43I -1160 44858 +1768¢
6 —118 —241 +308r +34996 | 13 -119 -5369 +I246 +11200| 6 —398 -1337 +3153 +18754
7 ~—Iog =—266 +728 +34034 | 15 -105 -5845% ~42 +10634 | 7 -359 -1484 +1268 418634
8 —9o —284 -1742 430524 | 17 -89 -61y1  -1374 49282 | 8 -314 -1I596 —32 +17268
9 =73 —204 —4224 +24522 | 19 -1 6327 —2604 +7182 9 —263 -1668 —=2%72 414658
Io =—54 —295 -6599 +16252 | 21 —5I -6293 —3939 +4417 | 10 —206 -1695 —4%767 410878
1Ix  —33 —286 -873¢ +6x27 | 23 ~—29 —-6049 —5039 +II27 | II -143 -1672 ~6G22 +6083
Iz -I0 —206 -10482 ~5230 | 25 -5 -5875 —59I7 —2485 | 12 -44 -1594 —8232 +518
13 415 -234 -I11682 -16965 | 27 421 -—485T1 6489 —6147 | 13 +1 -1456 0482 ~5473
14 +42 -18¢9 -1215¢ -279%2 | 20 +49 -3857 -6664 —og512 | 14 +82 -1253 -Io249 ~I1438
15 4471 —130 -I1724 —36872 | 31 +79 -2573 —6344 -I2152 ] 15 +169 980 -I0392 —16808
16 +102 —56 -Iol74 —4I1992 | 33 +IIT —979 —5424 -—13552 | 16 +262 —632 —97y2z —20888
17 +135 +34 -7202 41344 | 35 +I45 +945 —3792 —I3104 | 17 +361 —204 8232 22848
18 +170 +14r  —2847 ~—32604 | 37 +181 +3219 —I329 -—Iolor | 18 +466 +309 —5607 -21714
19 +207 -+266 +3406 -~1309I | 30 +219 +5863 42091 —3731 | 19 +577 491z —Iy22 ~16359
20 +246 +410 +11726 +20254 | 41 +259 +8897 +660o1 +6929 | 20 +694 +1610 +3608 ~5494
21 +287 +574 +22386 +70889 | 43 +30I +1234T +1234I 422919 | 21 4817 42408 +10578 +12341
r 22 +946 +331I +I19393 +38786
6,622 2,676,234 39,541,600,644(28,380 1,257,829,980 4,162,273,752/7,590 92,036,340 12,006,558,900
814,506 3,815,417,606 913,836 1,173,974,648 9,203,634 2,934,936,620
1o 3 1z 15 2 I . 7 E) 13 Tz &
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TABLE XXIV. CALCULATION OF INTEGRALS FROM EQUALLY SPACED ORDINATES

Each panel over which the integral is required is divided by calculated ordinates into a number of sub-panels, usually
an even number, and often a power of 2, The formula may involve only internal and terminal ordinates, or also adjacent
external ordinates, Ordinates equidistant from the centre have equal coefficients, The central coefficient is the last given,

Number of | No external ordinates, Divi One external ordinate. Divi

sub-pancls, Coefficients. 1visor. Coefficients, lvisor.
2 1, 4 6 -1, 34, 114 180
4 7, 32, 12 9o -4, 171, 6125 332 1890
6 471, 216) 27, 272 840 =9 482: 1908! 774, 2090 8400

Equally we may usc the central ordinate and its even differences with the following coefficients :

b | @ 8 o 3 ey i
2 1 o016 00§ *00066 1375 —*00010 I4I *oooo0I 76
4 1 066 | ‘074  ~oo0zi1 640% 00022 928 — 00003 31
6 1 130 550 04880 9523  —coI07 143 +00010 28
8 1 2266 1gri  +48677 2486 03488 536 —+ 00063 28
10 I 416 486F 227843 9153 - 44587 743 02683 41
L

When the number of sub-panels is large, Gregory’s formule, in terms of terminal differences, is valuable:
r
| Fedte— kit - kA
o
= —a,(Af,._l—-Aj},)——aa(Agf,-,-}-A’f,,)—-a,(d‘ff,_s—-A“f,,)ma‘(d‘f,_‘-}- 4fg) . .

where a, is the coefficient of 27 in the expansion of —1/log (1—=).

Values of a; to a4

I <08333 g | -01426 91799 9 +006%8 585 13 c00421 5
2 04166 6 01136 73942 10 00592 406 14 | r003827
3 | 02638 | 7 00935 6537 BT ‘00523 67 I8 +00350
4 ‘01875 8 100789 2554 12 +0046% 75 16 *00321I
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TABLE XXV. LOGARITHMS
o 1 2 3 4 5 6 v 8 9 1 2z 3 4 3
10 | *oooco 00432 o©o860 01284 01703 — — — — — 43 85 128 170 =213
— —_ — — — 02119 02531 02938 03342 03743 | 41 81 122 162 =203
II | 04139 04532 04922 05308 o5690 — — — — — 39 78 116 155 104
— — — —_ — oboyo 06446 06819 071883 o7555 | 37 74 IIT 148 186
12 | 07918 08279 08636 08991 09342 — — — — — 36 71 107 142 148
— — — — — 09691 10037 10380 10721 11050 | 34 68 103 137 171
13 | *11394 11927 112057 12385 12710 — — — — — 33 66 99 132 164
— — —_ — — 13033 13354 13672 13988 14301 | 32 63 95 127 158
14 | *14613 14922 15229 15534 15836 — — — — —_— 31 61 92 122 153
— —_ — — — 16137 16435 16932 17026 17319 | 30 59 89 118 148
15 | *17609 17898 18184 18469 18752 — — — — — 29 57 86 114 143
— — — — — 19033 19312 Ig9590 19866 20140 | 28 55 83 111 138
16 | -20412 20083 20052 21219 21484 — — — — — 27 54 8o 107 134
— — — — — 21748 22011 222972 22531 22789 26 52 48 104 130
17 | +23045 23300 23553 23805 24055 — — — — — 25 50 %6 101 126
- — — — — 24304 24551 24797 25042 25285 | 25 49 74 98 123
18 | -25527 25768 26007 26245 26482 — — — — — 24 48 72 96 119
—_ — — — — 26717 26951 27184 27416 27646 | 23 46 70 93 116
19 | +278y5 28103 28330 28556 28480 — — — — — 23 45 69 9o 113
— — — — — 29003 29226 29447 29667 20885 | 22 44 66 88 110
2o | 30103 30320 30535 30750 30963 31175 31387 31597 31806 32015 { 21 42 64 85 106
21 | -32222 32428 32634 32838 33041 33244 33445 33646 33846 34044 | 20 40 61 81 10I
22 | 34242 34439 34635 34830 35025 35218 35411 35603 35793 35984 | 19 39 58 77 9f
23 | 36173 36361 36549 36736 36922 37107 37291 37475 37658 37840 | 19 37 56 74 93
24 | -38021 3820z 38382 38561 38739 38917 39094 39270 39445 39620 | 18 36 53 71 89
25 | *39794 39967 40140 40312 40483 40654 40824 40993 41162 41330 | 17 34 51 68 85
26 | 41497 41664 41830 41996 42160 42325 42488 42651 42813 42995 | 16 33 49 66 82
27 | "43136 43207 43457 43616 43775 43933 44091 44248 44404 44560 | 16 32 47 63 79
28 | -44716 44871 45025 45179 45332 45484 45637 45788 45939 46090 | 15 3T 46 61 76
29 | "46240 46389 46538 46687 46835 46982 47129 47276 47422 47567 | 15 29 44 59 74
301 *47712 47857 4B800x 48144 48287 48430 48572 48714 48855 48996 | 14 29 43 57 7T
311 49136 49276 49415 49554 49693 49831 49969 5Foro6 50243 50379 ( 14 28 41 55 69
32 | '50515 50651 50786 50920 51055 51188 51322 51455 51587 51720 | I3 27 40 54 67
33 | *51851 51983 52T14 52244 52375 52504 52634 52763 52892 53020 13 26 39 52 65
34 | *53148 53275 53403 53529 53656 53782 53908 54033 54158 54283 | 13 25 38 50 63
35 | 54407 54531 54654 54777 54900 55023 55145 55207 55388 55509 | 12 24 37 49 61
36 | -55630 55751 55871 55991 561ro 56229 56348 56467 56585 56703 | 12 24 36 48 6o
37| *56820 56937 57054 s57I7r 57287 57403 57519 57634 57749 57864 | 12 23 35 46 58
381 '57978 5809z 58206 58320 58433 58546 58650 58771 58883 58995 | rr 23 34 45 56
39 | 59106 59218 59329 59439 59550 59660 59770 59879 59988 6oogy | 11 22 33 44 55
40 | *60206 6o314 60423 6Gos53I 60638 60746 60853 60959 61066 O6Iryz | 1T 2I 32 43 54
41 | *61278 61384 61490 61595 61700 61805 619og 62014 62118 62221 | 10 2I 3T 42 52
42 | 62325 62428 62531 62634 62737 62839 0620941 63043 63144 63246 | 10 20 3T 4TI  5I
43 { *63347 63448 63548 63649 63749 63849 63949 64048 64147 64246 | 10 20 30 40 50
44 | *64345 64444 64542 64640 64738 64836 64933 65031 65128 65225 | 10 20 29 39 49
45 | -65321 65418 65514 65610 65706 65801 65896 65992 66087 66181 | 10 19 29 38 48
46 | 66276 66370 66464 66558 66652 66745 66839 66932 Oyoz5 6%117 | 9 19 28 37 47
47 | *67210 6730z 67394 67486 67578 67669 67761 67852 67943 68034 | 9 18 27 37 46
48| 68124 68215 68305 68395 68485 68574 68664 68753 68842 68931 | 9 18 27 36 45
49 | *6go20 69108 69197 69285 69373 69461 69548 69636 69723 69810 | g 18 26 35 44
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TABLE XXV.

LOGARITHMS—continued

o I 2 3 4 5 6 7 8 9 I 2 3 4 §
50 | 169897 69984 70070 70157 70243 70329 70415 70501 70586 70672 9 17 26 34 43
St | 70757 70842 70927 71012 71096 71181 71265 71349 71433 71517 8 17 25 34 4z
52 *71600 71684 71767 41850 %1933 72016 72099 72181 72203 72346 8 14 =25 33 41
53 | 72428 72509 72591 72673 72754 72835 72916 72997 73078 73159 | 8 16 24 3z 41
54 | 73239 73320 733400 73480 73560 73640 73719 73799 73878 73957 8 16 24 32 4o
55 | *74036 74115 74194 74273 74351 74429 74507 74586 74663 74741 | 8 16 23 31 39
56 | 74819 74896 74974 75051 75128 75205 75282 75358 75435 75511 | 8 15 23 31 38
57 | +75587 75664 75740 75815 %5891 75967 76042 76118 76193 76268 8 15 23 30 38
58 | +76343 76418 76492 76567 76641 76716 76790 76864 76938 7701z | 7 15 22 3o 37
59 77085 77159 77232 77305 77379 77452 77525 77597 71670 77743 7 15 22 29 37
6o +77815 77887 77960 478032 78104 78176 78247 48319 78390 78462 7 14 22 29 36
61 | -78533 78Go4 78675 78746 78817 78888 78958 79029 79099 79169 7 14 21 28 35
62 | +79239 79309 79379 79449 79518 79588 79657 79727 79796 79865 | 7 14 21 28 35
63 79934 8oc03 80072 8o14o B8oz09 80277 80346 80414 80482 80530 ¥ 14 21 297 34
64 -80618 80686 80754 80821 80889 80956 81023 81090 81158 81224 7 I3 20 27 34
65 -8129r 81358 81425 81491 81558 81624 81690 81757 81823 81889 7 I3 20 27 33
66 ‘81954 82020 82086 82151 82217 82282 82344 82413 82478 82543 7 13 20 26 33
67 82607 8206472 82737 8280z 82866 82930 82995 83050 83123 83187 6 13 19 26 32
68 83251 83315 83378 83442 83506 83569 83632 83696 83759 83822 6 13 19 25 32
6g -83885 83948 84011 84073 84136 84108 84261 84323 84386 84448 6 13 19 25 3I
70 84510 84572 84634 84696 84757 84819 84880 84942 83003 85065 6 12 19 =25 3I
73X +85126 85187 85248 85309 85370 85431 85491 85552 85612 85673 6 12 18 24 30
72 85733 85794 85854 85914 85974 86034 86094 86153 86213 86273 6 12 18 24 30
73 | -86332 86392 86451 86510 86570 86629 86688 86747 86806 86864 6 12 18 24 30
74 86923 8698z 87040 84099 8y157 87216 87274 87332 87390 87448 6. 12 17 23 29
75 ‘87506 87564 84622 84679 87737 87795 8%852 87910 87967 88024 6 12 17 23 29
76 -88081 88138 88195 88252 88309 88366 88423 88480 88536 88593 6 11 17 23 28
77 -88649 88705 88762 88818 88874 88930 88986 89042 89098 8gisg 6 11 17 22 28
»8 ‘89209 89265 89321 89376 89432 89487 89542 89597 89653 89708 6 11 17 22 28
ng +89763 89818 89873 89927 8998z 90037 9009I QoI46 Qo200 Q0255 5 I1 16 22 27
8o '90309 00363 90417 Qo472 Qo526 90580 90634 090687 o741 9o¥95 5 11 16 22 27
81 ‘90849 9090z 90956 9Io0g QIob2 91116 9r169 gI222 9QI275 91328 5 11 16 =2I 27
82 91381 91434 91487 91540 01593 91645 91698 91751 91803 01855 5§ 11 16 =21 =26
83 ‘g1go8 91960 02012 92065 Q2117 92169 92221 92243 92324 02376 5 1o 16 =21 26
84 +92428 92480 92531 92583 92634 92686 92737 92788 92840 92891 5 10 I5 2I 26
85 | *92942z 92993 93044 93095 93146 93197 93247 93298 93349 93399 | 5 10 15 20 25
86 | 93450 93500 03551 936or 93651 93702 93752 9380z 93852 93902 | 5 o I5 20 25
87 "93952 94002 94032 Q4I0T 94I5T 04201 94250 94300 04349 94399 5§ 1o I5 20 25
88 | ‘04448 04498 04547 04596 94645 94604 94743 94792 94841 94890 5 10 15 z0 2
80 | '94939 94988 95036 95085 95134 95182 95231 95279 95328 95376 | 5 10 15 19 24
90 | ‘95424 05472 9552 095569 05617 95665 95713 95761 95809 95856 | 5 10 I4 I9 24
or | -95004 95952 95999 96047 96ogs 9614z 9b1go 96237 96284 9633z |\ 5 10 I4 19 24
9z | '96379 06426 96473 06520 96567 96614 96661 96708 96755 9680z | 5 9 14 19 24
03 | 96848 06895 96942 06988 97035 97081 97128 97174 97220 97267 | 5 9 I4 I9 23
04 | 97313 97359 97405 97451 97497 97543 97589 97635 97681 97727 5 9 14 18 23
95 | *97772 97818 97864 97909 97955 98000 98046 gBogr gBig7 98182 | 5 9 14 18 23
96 | +98227 08272 98318 08363 98408 98453 08498 98543 98588 98632 | 4 9 14 18 22
97 | '98677 o872z 98767 o881r 98856  98goo 98945 98989 99034 99078 | 4 9 13 18 22
98 | +99123 99167 992IT 99255 99300 99344 99388 99432 99476 99520 4 9 13 18 22
99 | '99564 99607 99651 99695 99739 99782 99826 99870 99913 99957 | 4 9 13 17 22
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TBLAE XXVI,

NATURAL LOGARITHMS
Negative Values, Decreasing

o 1 2 5 4 5 6 7 8 9 I z 3 4 5

9+2103 8-5172 8-1117 7-8240  7:6009 74186 7-2644 7-1309 %0131

6°90776 81245 72543 64539 57128 50229 43775 37713 31997 26590

6-21461 16582 11930 04485 03229 99146 95224 91450 87814 84304

580914 %7635 474460 71383 68398 65499 62682 50942 57275 54678 | Forintermediate values

5'52146 49677 47267 44914 42615 40368 38170 36019 33914 31852 | use other parts of the

table, taking log,x =

5°29832 27851 25010 24005 22136 2030r 18499 16729 14990 13280 log,10%% —log, 107

5°11600 09947 08321 06721 05146 03595 02069 00565 99083 97623 ° o

496185 04766 03367 01988 Q0628 89285 87961 86653 85363 84089

4'82831 81589 80362 y9150 77952 76769 75599 74443 73300 72170

4'71053 69948 68855 67774 66705 65646 64599 63563 62537 61522

4'60517 59522 58537 57561 56505 55638 54690 53751 52821 51899

4'50986 50081 49184 48295 47414 46541 45675 44817 43966 43122

442285 41455 40632 30816 39006 38203 37406 36615 35831 35053

4°3428r 33514 32754 31999 3I250 30507 29769 29036 28309 27587

426870 26158 25451 24750 24053 23361 22673 21991 21313 20639

4°19971 19306 18646 17990 17339 16692 16048 15400 14775 14144

4*13517 12894 12274 11659 1104% 10439 00835 09235 08638 08044

4°07454 06868 06285 o5705 05129 04555 03986 03419 02856 02295

401738 o1184 00633 000835 99540  9B99B 98459 97923 97390 96859

3'96332 95807 95284 94765 04248 93734 93223 92714 92207 QI704

3'91202 Qo704 gozoy7 89413 89222 88733 88246 87762 87280 86801 | 40 98 147 196 244

386323 85848 85375 84905 84436 83970 83506 83044 82585 82127 | 47 93 140 186 233

3-81671 81218 80766 8o3ry 49869 79424 78981 48539 48099 77662 | 45 89 134 178 =223

377226 76792 76360 75930 75502 75075 74651 74228 73807 73388 | 43 85 128 171 213

3'72070 72554 ‘72140 71728 41317 70908 fJosor 70095 69691 69289 | 41 82 123 164 204

3-68888 68489 68091 67695 67301 66908 66516 66126 65738 65351 | 39 79 118 157 196

364966 64582 64200 63819 63439 6306r 62684 62309 61935 61563 | 38 76 rr3 151 189

3'61192 60822 60454 60084 59721 59357 58994 58632 58272 57913 | 36 472 109 146 182

357555 57199 56843 56489 56137 55785 55435 55086 54738 54391 | 35 4o o5 141 176

354046 53702 53359 53017 52676 52337 51998 51661 51325 50990 | 34 68 Ioz 136 170

350656 50323 4999 49661 49331 49003 48676 48349 48024 47700 | 33 66 99 131 164

3°47377 47055 46734 464X4 46095 45777 45460 45144 44829 44515 | 32 64 95 127 159

3'44202 43890 43579 43269 42960 42652 42344 42038 41733 41428 | 31 62 g2 123 154

3'41125 40822 40521 40220 39920 39621 39323 39026 38729 38434 | 30 60 go 120 1Z0

338139 37846 37553 37261 36970 36680 36390 36102 35814 35527 | 20 58 87 116 148

3°3524T 34955 34671 34387 34104 33822 33541 33260 32081 32702 | 28 56 85 113 141

3'32424 32146 31870 31504 31319 31044 3077% 30498 30226 29954 | 27 55 82 110 137

320684 20414 29145 28876 28608 28341 28075 27810 27545 27280 | 27 53 80 107 134

3'27017 26754 26492 26231 25970 25710 25450 25192 24934 24676 | 26 52 48 104 130

3°24419 24163 23908 23653 23399 23145 22893 22640 22389 22138 | 25 51 46 101 12Y

3'21888 21638 21389 21140 20893 20645 20399 20153 19907 9663 | 25 49 74 99 124

319418 19175 18932 18689 18447 18206 17966 17725 17486 17247 | 24 48 42 96 121

3'I7009 16771 16534 16297 1606T 15825 15590 15356 15122 14888 | 24 44 71 94 118

3°14656 14423 14191 13960 13730 13499 13270 13041 12812 12584 | 23 46 69 9z 115

3°I2357 1I2I30 IIQ03 IIGYY TI452 I1227 1IIo02 10778 1Io555 10332 | 22 45 68 go 112

3101090 00887 09666 09445 09224 09oo4 08785 08566 08347 08129 22 44 66 88 110

3'0791I1 07694 07478 07261 o0%046 06830 06615 ob6401 06187 05974 | 22 43 65 86 108

3'05761 05548 05336 o05I24 04913 04703 04492 04282 04073 03864 | 21 42 63 84 103

303655 03447 03240 03032 02826 02619 02413 02208 02002 01798 | 21 41 62 83 103

3’01593 or3go0 o1186 00983 00780 00578 00376 00175 99974 99773 | 20 40 61 81 10T

log, 10 = 230259,

log, 100 = 4-60517,

112

log, 1000 == 6-90776



TABLE XXVI.

Negative Values, Decreasing

NATURAL LOGARITHMS—continued

° I 2 3 4 5 6 7 8 9 I 2 3 4 3
‘050 | 2°99573 99373 99174 98975 98776 98578 98380 98183 97986 97789 | 20 40 59 79 99
‘O5T | 2°97593 97397 97202 97006 96812 96617 96423 96230 96037 95844 | 19 39 58 78 97
'052 | 295651 95459 95267 95076 04885 04604 04504 94314 94124 93935 | 19 38 57 76 o5
‘053 | 2'93746 93558 03370 93182 92994 92807 92621 92434 92248 9206z | 19 37 56 75 o4
‘054 | 2'91877 91692 91507 91323 gII39 90955 90772 90589 90407 go224 18 37 55 73 oz
055 | 2-goo4z 89861 89679 89498 89318 89137 88957 88778 88598 88419 18 35 54 72 9o
056 | 2-88240 88062 87884 87706 84529 87351 87175 86998 86822 86646 18 35 53 71 89
057 | 2'86470 86295 86120 85945 85771 85597 85423 85250 85077 84904 | 17 35 52 70 8y
058 | 284731 84559 84387 84215 84044 83873 8370z 83532 83361 83r9r | 17 34 51 68 86
‘059 | 283022 82852 82683 82515 82346 82178 82010 81842z 81645 81508 17 34 50 67 84
‘060 | 281341 81175 81008 80842 8067y So511 80346 80181 8oory 79852 17 33 50 66 83
061 | 2°79688 79524 79361 79198 79035 7887z 78709 78547 78385 78224 | 16 33 49 65 81
‘06z | 278062 77901 77740 77579 77419 77259 77099 76939 76780 76621 | 16 32 48 64 8o
003 | 276462 76303 76145 75987 75829 75672 75514 75357 75200 75044 | 16 32 47 63 79
‘064 | 274887 74731 74575 74420 74264 74109 73954 73799 73645 73491 | 16 31 47 62 48
065 | 273337 73183 73030 72876 ‘2723 72571 72418 42266 2114 71962 IS 31 46 61 76
'066 | 2-71810 71659 71507 71357 71206 71055 70905 70755 70605 70456 | 15 30 45 6o 75
‘067 | 2*70306 Y0157 70008 69860 GgyIT 69563 69415 69267 69119 68972 IS5 30 44 59 74
‘068 | 2-68825 68678 68531 68385 68238 68092 67946 67801 67655 67510 I3 20 44 58 3
‘069 | 267365 64220 67075 66931 66787 66643 66499 66355 66212 66069 I4 29 43 58 72
ro70 | 2°65926 65783 65641 65498 65356 65214 635073 64931 64790 64648 | 14 28 43 57 n
‘o1 | 264508 64367 64226 64086 63946 63806 63666 63526 63387 63248 14 28 42 56 7o
‘o7z | 2'63109 62970 62832 62693 625355 62417 62279 62141 62004 61867 14 28 41 55 69
‘o3 | 2+61730 61593 61456 61319 61183 61047 6ogil 60775 6ob4o 60504 14 27 41 54 68
‘074 | 2°60369 Goz234 Googy 59964 59830 59696 59561 59428 59204 59160 | I3 27 40 54 67
‘075 | 2'59027 58893 58760 58628 58495 58362 58230 58098 57966 57834 | 13 27 40 53 66
076 | 257702 5757I 57439 57308 57177 57046 56916 56785 56655 56525 | 13 26 39 52 65
077 | 2°56395 56265 56136 56006 55877 55748 55610 55490 55361 55233 | 13 26 39 52 65
078 | 2°55105 54977 54849 54721 354593 54466 54338 54211 54084 53957 | 13 25 38 51 64
079 | 253831 53704 53578 53452 53326 53200 53074 52049 52823 52698 | 13 25 38 5o 63
w080 | 2:52573 52448 52323 52199 s2074 51950 51826 sI70z §I578 SI454 | 12 25 37 50 62
081 | 2°51331 51207 51084 50961 50838 50715 50503 50470 50348 50226 12 25 37 49 61
082 | 2'50104 4998z 49860 49738 49617 49496 49375 49254 49133 4901z | 1z 24 36 49 61
083 | 248891 4877xr 48651 48531 48411 48291 48171 48052 47932 47813 12 24 36 48 6o
084 | 247694 47575 47456 47337 47219 47100 46082 46864 46746 46628 | 12 24 36 47 59
085 | 2:46510 46393 46275 46158 46041 45924 45807 45690 45574 45457 | Iz 23 35 47 58
1086 | 245341 45225 45100 44993 44877 44761 44646 44530 44415 44300 | Iz 23 35 46 58
087 | 244185 44070 43955 43840 43726 43612 43497 43383 43269 43156 | II 23 34 46 357
088 | 2:43042 42028 42815 42702 42588 42475 42362 42250 42137 42024 II 23 34 45 356
089 | 2°41912 41800 41687 41575 41463 41352 41240 41128 41017 40906 IT 22 34 45 56
0go | 2'40 40684 40573 40462 40351 4024T 40130 40020 309I0 39800 1T 22 33 44 5§
-ogr 2';9232 39580 39470 39360 39251 39142 39032z 38923 38814 387os | II 22 33 44 55
092 | 238597 38488 38380 38271 38163 38055 37947 37839 37731 37623 | IT 22 32 43 54
093 | 2'37516 37408 37301 37194 37086 36979 36872 36766 36659 36552 | II 21 32 43 54
w094 | 2:36446 36340 36234 36127 36021 35916 35810 35704 35599 35493 | IT 2T 32 42 33
‘o 2:33388 35283 35178 35073 34968 34863 34758 34654 34549 34445 | To 2T 31 42 5z
‘ogg 2'3134! gizsi 34133 34020 33925 33821 33718 33614 33511 33408, | I0 2I 3X 41 52
007 | 233304 33201 33098 32096 32893 32790 32688 32585 32483 32381 | o 2 3T 4l Si
o8 | 2-32279 32177 32075 31973 31871 31770 31668 31367 31466 31365 | To 20 30 41 5o
‘099 | 2'31264 31163 3I062 30961 30860 30760 30659 30559 30459 30359 10 20 30 40 §

log, 10,000 == 9-21034, log, 100,000 == 1151293, log, 1,000,000 = 13-81551
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' TABLE XXVI.

Negative Values, Decreasing

NATURAL LOGARITHBMS—contined

o 1 2 3 4 5 6 7 8 9 I 2 3 4 5
230259 20263 28278 27303 20336 — — — — — 08 196 204 392 400
—_ — — — — 25379 24432 23493 2256z 21641 | 93 187 280 374 467
2-20727 10823 18926 18037 17156 — — —_ — — 89 179 268 357 446
— — — — — 16282 15417 14558 13707 12863 | 85 171 256 342 427
2:12026 Y1106 10373 09557 08747 — — — — — 82 164 246 328 410
— — — — — 07944 07147 00357 05573 04794 | 79 158 236 315 394
2'04022 03250 02495 O©OI74I 00092 — — — — — | 76 152 =227 303 379
— — — — — 00248 99510 98777 9Boso 97328 | 73 146 219 292 365
I'966r1 95900 95193 94491 93794 — — — — — |70 141 211 282 352
— —_ — -— — 03102 02415 0I732 9Io54 00381 | 68 136 204 272 340
1:89712 89048 88387 87732 87080 — — — -_— — |66 132 197 263 329
— — — — — 86433 85790 85151 84516 83885 | 64 127 101 255 318
1-83258 82635 82016 81401 80789 — —_ — — —_ 62 123 185 247 300
— — — — — 80:r81 49577 478976 478379 77786 | 60 120 180 240 =299
177196 76609 76026 75446 74870 — — — —_ — 58 116 174 233 201
- — - — — 74297 73727 73161 72597 72037 | 56 113 170 226 282
1°71480 70926 70375 69827 69282 — — — —_ — §5 IIo 165 220 275
— — — — — (8740 68201 67665 67131 G6GGoI | 53 107 160 214 267
1:66073 65548 65026 064507 63990 — — — — — 52 104 156 208 260
— — —_ —_— — 63476 62964 62455 061949 61445 | 51 102 152 203 254
160944 60445 59949 59455 58964 58475 57988 57504 57022 56542 [ 49 98 147 196 245
156065 55590 55117 54646 54178 53712 53248 352786 52326 51868 | 47 93 140 187 233
I'51413 50959 50508 50058 49611 49165 48722 48281 47841 47403 | 45 89 134 173 =223
1°46968 46534 46102 45672 45243 44817 44392 43970 43548 43129 | 43 85 128 171 213
1°42712 42296 41882 41469 41059 40650 40242z 39837 39433 39030 | 41 8z 123 1064 205
1-38629 38230 37833 37437 37042 36649 36258 35868 35480 35003 | 39 79 118 157 196
I:34707 34323 33941 33560 33181 32803 32426 32051 31677 31304 | 38 76 113 151 18y
1°30933 30564 30195 20828 20463 29098 28735 28374 28013 27654 | 36 73 109 146 182
1°27297 26g40 26585 26231 25878 25527 25176 24827 24479 24133 | 35 7o 1Io5 I41 176
1°23787 23443 23100 224958 22418 22078 21740 21402 21066 20731 | 34 68 102 136 170
120397 20005 19733 10402 19073 18744 18417 18Bogr 17766 717441 | 33 66 99 131 164
117118 16796 16475 16155 15836 15518 15201 14885 14570 14256 | 32 64 95 127 159
113943 13631 13320 13010 I2701 12393 12086 11780 114%4 1II170{ 31 62 92 123 154
I'10866 10564 10262 09961 09661 09362 o©gob4 08767 08471 08176 | 36 6o go 120 149
1-0788r 07587 07294 o700z o071t 06421 o613z 05843 05555 05268 | 29 58 87 116 145
104982 046097 04412 04129 03846 03564 03282 o300z o2722 02443 | 28 56 85 113 141
102165 01888 01611 01335 oIobo 00786 o051z 00239 99967 09696 | 27 55 82 110 137
0'99425 99135 08886 08618 98350 98083 949817 97551 07286 97022 | 27 53 8o 107 134
0°96758 96496 96233 95972 95711 95451 95192 94933 94675 94418 | 26 52 78 104 130
094161 93905 93649 93395 93140 92887 92634 02382 92130 91879 | 25 5T 76 Ior 127
091629 91379 9II30 9088z 90634 90387 ogorqo 89894 89649 89404 ) 25 49 74 99 124
0-8g160 88916 88673 88431 88189 87048 87707 87467 84227 86988 | 24 48 4z 96 121
086750 86512 86275 86038 85802 85567 85332 85007 84863 84630 |24 47 71 94 118
084397 84165 83033 8370z 83471 83241 83011 82782 82554 82326 |23 46 69 92 115
0°82008 81871 81645 8r419 81193 80968 80744 8os520 80296 80073 | 22 45 68 9o 112
079851 79620 79407 79186 48966 78746 48526 48307 78089 447841 |22 44 66 88 110
077653 77436 77219 77003 76787 76572 76357 76143 75929 75715 |22 43 65 86 108
o'75502 75200 75078 74866 74655 74444 74234 74024 73814 73605 | 21 42z 63 84 103
©'73397 73189 72981 72774 72567 72361 72155 71949 71744 71539 [ 21 41 62 83 103
071335 #4II3X 40928 70725 Y0522 70320 40118 69917 69716 69515 | 20 40 61 81 101

log, 10 = 2+30259, log, 100 = 4-60517, log, 1000 = 690776
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NATURAL LOGARITHMS—continued
Negative Values, Decreasing

3 4 5 7 8 9 I 2 3 4 5
*50| 069315 69115 68916 68717 68518 68320 68122 67924 67727 67531 | 20 40 59 79 99
“81| 0°67334 67139 66943 66748 66553 66359 66165 65971 65778 65585 | 19 39 58 78 o7
52| 0°65393 65201 63009 64817 64626 64436 64245 64055 63866 63677 | 19 38 57 476 95
"53| 063488 63299 6311r 62923 62736 62549 62362 62176 61990 61804 | 19 37 56 75 94
*54 | 0°61619 61434 061249 61065 60881 60697 Gosr4 6033r 60148 59966 | 18 37 55 73 92
"55 | 0'59784 5960z 59421 59240 59059 38879 58699 58519 58340 58161 | 18 36 54 72 go
‘56| 0'57982 57803 57625 57448 57270 57093 56916 56740 56563 56387 | 18 35 53 71 89
"57| o'56212 56037 55862 55687 55513 55339 55165 54991 54818 54645 | 17 35 52 70 87
'58| 0°54473 54300 54128 53957 53785 53014 53444 53273 53103 52933 | 17 34 SI 68 86
59| ©52763 52594 52425 52256 52088 §I919 51751 51584 51416 51249 | 17 34 S50 67 84
6o | 0'51083 50916 50750 50584 50418 50253 50088 49923 49758 49594 | 17 33 S0 66 83
‘61| 049430 49266 49102 48930 48776 48613 48451 48289 48127 47965 | 16 33 49 65 8
62 | 0°47804 47642 47482 47321 47160 47000 46840 46681 46522 46362 | 16 32 48 64 8o
63 | 0°46204 46045 45887 45728 45571 45413 45256 45099 44942 44785 | 16 32 47 63 79
64 | 0744620 44473 44317 44161 44006 43850 43696 43541 43386 43232 | 16 31 47 62 78
*65 | 0°43078 42925 42771 42618 424653 42312 42159 42007 41855 41703 | I5 31 46 61 %6
*66 | 041552 4I400 41249 4I098 40047 40797 400647 40497 40347 40197 | 15 30 45 6o 75
67 | 040048 39899 39750 39601 39453 39304 39156 3goo8 38861 38713 | 15 30 44 59 74
68 | 0°38566 38419 38273 38126 37980 37834 37688 37542 37397 37251 | 15 29 44 58 73
69 | or37106 36962 36817 36673 36528 36384 36241 36097 35954 35810 | 14 29 43 58 72
70| 0°35668 35525 35382 35240 35098 34056 34814 34672 34531 34390 | 14 28 43 57 I
71| 0°34249 34108 33968 33827 33687 33547 33408 33268 33129 32089 { 14 28 42 56 70
+72 | 0-32850 32712 32573 32435 32296 32158 32021 31883 31745 31608 | 14 28 41 55 69
*73 | 0°31471 31334 31197 31061 30925 30788 30653 30517 30381 30246 | 14 27 41 54 68
74 | 0°30IIT 29975 29841 29706 29571 20437 29303 29169 29035 28902 | 13 27 40 54 67
«n5 | 028768 28635 28502 28369 28236 28104 27971 29839 27707 27575 | 13 27 40 53 66
76| 0°27444 27312 27181 27050 26919 26788 26657 20527 26397 26266 | 13 26 39 52 6§
vy | 0226136 26007 25877 25748 25618 25489 25360 2523r 25103 24974 | I3 26 39 52 65
#8 | 0°24846 24718 24590 24462 24335 24207 24080 23953 23826 23699 | 13 25 38 51 64
g | 0°23572 23446 23319 23193 230067 22941 22816 22000 22565 22439 | 13 25 38 50 63
‘80| 022314 22189 220065 21940 21816 21691 21567 21443 21319 21196 | X2 25 37 50 62
-8x | o"21072 20949 208235 20702 20579 20457 20334 20212 20089 19967 | 1z 25 37 49 61
+82 | 0019845 19723 19601 19480 19358 19237 19116 18995 18844 18454 | 12 24 36 49 61
83| 018633 18513 18392 18272 18152 18032 17913 19793 176%4 17555 | 12 24 36 48 6o
84| o°17435 17316 17198 17079 16960 16842 16424 16605 16487 16370 | 12 24 36 47 59
85| or16252 16134 16017 15900 15782 15665 15548 15432 15315 I5I99 j I2 23 35 47 58
-86) 015082 14966 148350 14734 14618 14503 14387 14292 14156 14041 { 12 23 35 46 58
87| 0013926 13811 13697 13582 13407 13353 13239 13125 13011 12807 | 1T 23 34 46 57
:88| 012983 12670 12556 12443 12330 12219 12104 11991 11878 11766 | IT 23 34 45 56
+89| or11653 II54I II429 II3I7 TII20§ 11093 10981 10870 10¥59 10647 | II 22 34 45 56
go | 010536 10425 10314 10203 10093 09982 0987z 09761 09651 09541 | I 22 33 44 55
g1 | 009431 09321 09212 o910z 08992 08883 08774 08665 08556 08447 | 1T 22 33 44 55
g2 | 0008338 08230 o812 08013 07904 07796 07688 o7580 07472 o365 | 11 22 32 43 54
*g3 | 007257 07150 07042 06935 06828 06721 06614 06507 06401 06294 | IT 2T 32 43 54
94| 006188 06081 05975 05869 05763 05657 ©05551 05446 05340 05235 | II 2T 32 42 53
+g5 | 005129 05024 04919 04814 04709 04604 04500 04395 04291 04186 | 10 21 31 42 52
g6 | 0*04082 03978 03874 03770 03666 03563 03459 03356 03252 03149 [ Io 2I 31 4I 52
97 0°03046 02943 02840 02737 02634 02532 02429 02327 02225 ©02I22 | Io 2I 31 41 35I
98 | 0'02020 01918 01816 o1715 01613 OI5II 0I4I0 0I30Q9 ©0I207 OIIoG | Io 20 30 4I  5I
-gg | 0r0I005 00904 00803 00702 o0o6o2 OO50I 00401 00300 00200 OOICO | IO 20 30 40 50

log, 10,000 = 9:21034, log, 100,000 = 11°51293, log, 1,000,000 = 13-81551
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TABLE XXVI,

NATURAL LOGARITHMS—continued

o 1 2 3 4 5 6 7 8 9 1 2 3 4 5
orooo0e 00995 01980 02956 03922 — — — — — | 98 196 294 392 490

— — —_ — — 04879 05827 06766 07696 08618 | 93 187 280 374 467
009531 10436 11333 12222 I3I03 —_ — — — — 89 179 268 357 446

— — — — — 13976 14842 15700 16551 17395 | 85 171 256 342 427
o0'18232 19062z 19885 20701 21511 —_ — — — — 82 164 246 328 410

— —_ — — —_ 22314 23111 23902 24686 25464 | 79 158 236 315 394
026236 27003 27763 28518 292067 — — — — — 76 152 227 303 379

— — — — — 30010 30748 31481 32208 32030 | 73 146 219 292 305
033647 34359 35066 35767 36464 — — — — — | 70 141 =211 282 352

— — — — — 37156 37844 38526 39204 39878 | 68 136 204 272 340
040547 41211 41871 42527 43178 — — — — — 66 132 197 263 329

— — — — — 43825 44469 45108 45742 46373 | 64 127 191 255 318
047000 47623 48243 48858 49470 — — — — — | 62 124 185 247 309

— —_ — — — 50078 5068z 51282 51879 52473 | Go 120 180 240 209
053063 53649 54232 54812 55389 — — — — — |58 116 174 233 29I

— —_ —_ —_ — 55962 56531 57098 57661 58222 | 56 113 169 2206 282
058779 59333 59884 60432 60977 — — — — — |55 110 165 220 275

— — _ — — 61519 62058 62594 63127 63658 | 53 107 160 214 2067
0:04185 64410 65233 065752 66269 — — — — — 32 104 156 208 260

— — — — — 66783 67294 67803 68310 68813 | 51 102 152 203 254
069315 69813 70310 7oBo4 71295 71784 72271 72755 73237 73716 | 49 98 147 196 244
074194 74669 75142 75612 7608r 76547 77011 77473 77932 78390 | 47 93 140 186 233
0-78846 %9299 79751 8ozo00 80648 81093 81536 81978 82418 82855 45 89 134 178 223
083201 83725 84157 84587 83015 85442 85866 86289 86710 87129 | 43 85 128 171 213
087547 84963 88377 88789 89200 89609 gooi6 gog422z o826 91228 | 41 82 123 164 204
0'91629 92028 02426 02822z 93216 03600 94001 94391 04779 95166 | 39 79 118 157 196
095551 95935 96317 96698 97078 97456 97833 98208 98582 98954 | 38 76 113 15T 189
099325 99695 00063 00430 00796 oII60 or523 01885 ozz45 02604 | 36 73 109 146 182
102062 03318 03674 04028 ©4380 04732 05082 085431 05779 06126 | 35 4o 105 141 146
106471 ©6815 07158 o%500 07841 08181 08519 08856 09192z 09527 | 34 68 102z 136 170
109861 10194 1Io0526 10856 11186 11514 11841 12168 12493 12817 |33 66 99 131 164
I'13140 13462 13783 14103 14422 14740 15057 15373 15688 16002 | 32 64 95 127 159
116315 16627 16938 17248 17557 17865 18173 184479 18784 19089 | 31 62 92 123 154
1-19392 19695 19996 20297 20597 20896 21194 21491 21788 22083 | 30 60 9o 120 1I5O
1-22378 22071 229064 23256 23547 23839 24127 24415 24703 24990 | 20 58 87 116 14§
1-25276 25562 25846 206130 26413 26695 26976 =2%25% 24536 27815 | 28 56 85 113 141
1-28093 28371 28647 28923 29198 20473 29746 3ooig 30291 30563 | 27 55 82 1IIo 137
1-30833 31103 31372 31641 31909 32176 32442 32708 32972 33237 | 27 53 8o 107 134
133500 33763 34025 34286 34547 34807 35067 35325 35584 35841 | 26 52 78 104 130
1:36008 36354 36609 36864 37118 37372 37624 37877 38128 38379 | 25 51 46 Iol 127
1-38629 38879 30128 39377 39624 39872 40II8 40364 40610 40854 | 25 49 74 99 124
I'41099 41342 41585 41828 42070 42311 42552 42792 43031 43270 | 24 48 472 96 121
1'43508 43746 43984 44220 44456 44692 44927 45161 45395 45629 | 24 47 71 94 118
1-45862 46094 46326 46557 46787 47018 47247 47476 47705 47933 | 23 46 69 92 11§
148160 48387 48614 48840 49065 49290 49515 49739 49962 50185 | 22 45 68 go 112
1°50408 50630 508351 §5Ioy2z 51293 5I513 5I732 5Ig95I 52170 52388 | 22 44 66 88 110
152606 52823 53039 53256 53471 53687 53902z 54116 54330 54543 | 22 43 65 86 108
1:54756 54969 55181 55393 55604 55814 56025 56235 56444 56653 | 21 42 63 84 10§
1156862 57070 57277 57485 57691 57808 58104 58309 58515 58719 | 21 41 62 83 103
1-58924 59127 59331 59534 59737 59939 060141 60342 60543 60744 | 20 40 61 81 101

log, 10 = 2:30259, log, 100 = 460517,
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log, 1000 = 690776




TABLE XXVI. NATURAL LOGARITHMS—continued

o 1 2 3 4 5 6 7 8 9 I 2 3.4 5§
50 160944 61144 061343 61542 61741 61939 62137 62334 62531 62728 | 20 40 S9 79 99
51 1-62924 63120 63315 63511 63705 63900 64004 64287 64481 64643 19 39 58 78 g7
52 1-64866 65058 65250 65441 65632 65823 66013 66203 66303 66582 19 38 57 76 95
53 | 166771 66959 67147 67335 67523 67710 67896 68083 68269 68455 | 19 37 56 75 94
gy 1'68640 68825 6goio 6grg4 69378 69562 69745 69928 4JoIIr 40293 18 37 55 73 92
55 1-70475 70656 70838 yrorg 71199 71380 71560 71740 71919 72098 | 18 36 54 72 QO
56 172277 72455 720633 72811 72988 73166 473342 73519 73695 73871 18 35 53 71 89
57 | 174047 74222 74397 74572 74746 74920 75094 75267 75440 75613 | 17 35 52 70 87
58 | 175786 75958 76130 76302 76473 76644 76815 76985 77156 77326 | 17 34 51 68 86
59 | 177495 77665 77834 78002z 78171 78339 78507 78675 78842 79009 | 17 34 50 67 84
60 1.79176 79342 79509 179675 79840 80006 80171 80336 8osoo 80665 17 33 50 66 83
6'1 1-80829 8ogg3 81156 81319 81482 81645 81808 81970 82132 82204 16 33 49 65 81
62 1°82455 82016 82777 82038 83098 83258 83418 83578 834737 83896 16 32 48 64 8o
603 1-84055 84214 84372 84530 34088  B4845 Bso03 85160 85317 83473 | 16 32 47 63 79
64 185630 85786 85042 86ogy 86253 86408 86563 86418 86872 87026 16 31 47 62 %8
65 1°87180 87334 87487 87641 87794 87047 88099 88251 88403 88555 15 31 46 61 76
66 1-88707 88858 8goro 89i16o 8g3rr 89462 89612 89762 89g9r2 goobI 15 30 45 6o 45
67 1'9o21t 90360 90509 90658 ¢oBo6 90954 grroz 9I250 QI398 QI545 | I5 30 44 59 74
6-8 191692 91839 91986 gz132 92279 092425 92571 02716 02862 93007 15 29 44 58 43
6'9 193152 93297 03442 93586 93730 93874 94018 94162 04305 94448 | 14 29 43 58 72
770 | 1°9459T 94734 94876 95019 9s161 95303 95445 95586 95727 95809 | 14 28 43 57 71
71 19600y 96150 96291 96431 9bs7r 96711 9GBS 96gyr 97130 97209 | 14 28 42 56 7o
772 | 1:97408 07547 97685 97824 9796z 98100 98238 98376 98513 98650 | 14 28 41 55 69
73 | 198787 08924 99061 99198 99334 99470 99606 99742 99877. 00013 | 14 27 4Y 54 68
74 200148 00283 00418 00553 000687 oo821 00956 o108g o©I1223 ©I1357 13 27 40 54 07
75 2101490 01624 01757 o18go o02022 02155 02287 o024I9 02551 02683 13 27 40 53 66
76 2:02815 02946 03078 03200 03340 03471 03601 03732 03862 03992 13 26 39 52 63
7T 2004122 04252 04381 04511 040640 04769 04898 o5027 o©5156 05284 13 26 39 52 6§
78 2:05412 05540 050068 05796 05924 o6o51 06179 06306 006433 06560 13 25 38 51 64
79 206686 06813 06939 07065 04191 07317 07443 07568 07694 07819 13 25 38 50 63
80 2:07944 08069 08194 08318 08443 08567 08691 08815 08939 09063 12 25 37 50 62
81 2:09186 00310 09433 09556 09679 0980z 09924 I0047 10169 1029I 12 25 37 49 61
82 2'10413 10535 10657 10779 10900 11021 1X142 11263 11384 1II50% 12 24 36 49 61
83 211626 11746 11866 11986 12106 12226 12346 12465 12585 12704 12 24 36 48 6o
84 2:12823 12042 13061 13180 13298 13417 13535 13653 13771 13889 12 24 36 47 59
85 214007 14124 14242 14350 14476 14593 14710 14827 14943 15060 | 12 23 35 47 58
86 2015176 15292 15409 15524 15040 15756 15871 15087 16102 16217 12 23 35 46 58
87 2:16332 106447 16562 16677 16791 16905 17020 17134 17248 17361 1T 23 34 46 §7
88 2:17475 17589 17702 17816 17929 18042 18155 182647 18380 18493 IT 23 34 45 356
89 2:18605 18717 18830 18942 19054 19165 10277 19389 19500 1961I 1T 22 34 45 56
9'0 2019722 19834 19944 20055 20166 20276 20387 20497 20607 20717 IT 22 33 44 55
oI 2r20827 209347 21047 21157 21266 21375 21485 21594 21703 21812 11 22 33 44 55
92 2:21920 22029 22138 22246 22354 22462 22570 22678 22786 22894 1t 22 32 43 54
9'3 2:2300T 23109 23216 23324 23431 23538 23645 23751 23858 23965 Ir 2I 32 43 54
9'4 2:2407T 24177 24284 24390 24496 24601 24707 24813 24918 25024 IT 21 32 42 53
9'5 2°25120 25234 25330 25444 25549 25654 25759 25863 25968 26072 | 10 21 3T 42 52
96 2026176 26280 26384 206488 26592 26696 26799 26903 27006 27109 10 21 31 4I 52
97 2:27213 29316 27419 27521 270624 27724 297829 27932 28034 28136 I0 21 3I 4I 5I
98 228238 28340 28442 28544 28646 28747 28849 28950 29051 29152 10 20 30 4I 5I
9'9 229253 20354 20455 29556 29657 20757 29858 29958 < 3oos8 30158 | 10 20 30 40 50

log, 10,000 = §-21034, log, 100,000 = 1151293, log, 1,000,000 = I13:81551
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TABLE XXVI., NATURAL LOGARITHMS—continued

f ° I 2 3 4 5 6 7 8 9 |t =2z 3 4 35
—
Io | 2°30259 31254 32239 33214 34181 — — — — — | 98 196 204 392 490
- — - — — 35138 36085 37024 37955 38876 | 93 187 280 374 467
I1 | 2°39790 40695 41591 42480 43361 — — — — — |89 179 268 357 446
— — — — — 44235 45101 45959 46810 47654 | 85 171 256 342 427
12 | 2248491 49321 50144 50960 51770 —_ —_— — — — 82 164 246 328 410
— — — — — 52573 53370 54160 54945 55723 | 79 158 236 315 394
13 | 2°56495 57261 58022 58776 59525 — — — — — | 76 152 227 303 379
— — — — — 60269 61ooy7 O174o0 62467 63189 | 73 146 219 2092 365
14 | 263906 64617 65324 66026 66723 — — — —_ —_ 7o 141 211 282 352
- -— — — — 67415 68102 68785 69463 70136 | 68 136 204 272 340
15 | 2770805 71469 72130 72785 73437 — — — — — |66 132 197 263 329
—_ —_ — — — 74084 74727 45366 46oor 46632 | 64 127 191 255 318
16 | 277259 77882 78501 79117 79728 — — — — — |62 124 185 247 309
—_ — — — — 80336 80940 81541 82138 82731 | 6o 120 180 240 299
17 | 283321 83908 84491 85071 85647 — — — — — 58 116 174 233 29I
— — — —_— — 86220 86790 87356 87920 88480 | 56 113 169 2206 282
18 | 289037 89591 gor4z gobgo 91235 — — —_ — — | 55 110 165 220 275§

— — — — — o147y 92316 92852 93386 93916 | 53 107 16o 214 267
19 | 2794444 04969 95491 9gGorr 96527 — — — — — | 52 104 156 208 260
— — —_ —_ —_ 97041 97553 08062 98568 99oyz [ 5T 102 152 203 254

20 | 2°99573 00072 00568 01062 01553 02042 02529 030I3 03495 03975 [ 49 98 147 196 244
21 | 3'04452 04927 ©5400 05871 06339 06805 07269 o0%4731 08191 08649 | 47 93 140 186 233
22 | 309Io4 09558 10009 10459 10906 11352 11795 1I2237 12676 13114 | 45 89 134 178 223
23 | 3713549 13983 14415 14845 15274 15700 16125 16548 16969 14388 | 43 85 128 171 213
24 | 317805 18221 18635 19048 10458 10867 202495 20680 21084 21487 |41 82 123 164 =204

25 | 3'21888 22287 22684 23080 23475 23868 24259 24649 25037 25424 | 39 79 18 157 196
26 | 325810 26194 26576 26957 27336 27714 28091 28466 28840 209213 (38 76 113 151 189
27 | 329584 29953 30322 30689 31054 31419 31782 32143 32504 32863 | 36 73 109 146 182
28 | 333220 33577 33932 34286 34639 34990 35341 35690 36038 36384 | 35 7o 105 141 176
29 | 336730 37074 37417 37759 38099 38439 38777 39115 39451 39786 | 34 68 102 136 170

30 | 3'40120 40453 40784 4III5 41444 41773 42100 42426 42751 43076 | 33 66 99 131 164
31 | 343399 43721 44042 44362 44681 44999 45316 45632 45947 46261 | 32 64 95 127 159
32 | 346574 46886 47197 47507 47816 48124 48431 48738 49043 49347 |31 62 9z 123 154
33 | 349651 49953 50255 50556 50856 51155 51453 51750 52046 52342 | 3o 6o go 120 150
34 | 352636 52930 53223 53515 53806 54096 54385 54674 54962 55249 | 29 58 87 116 145

35 | 355535 55820 56105 56388 56671 56053 57235 57515 57795 58074 | 28 56 85 113 141
36 | 358352 58629 58906 59182 50457 59731 G6ooos 60278 6ogsso Go821 | 27 55 82 IIo 134
37 | 361092 61362 61631 61899 62167 62434 62700 62966 63231 63495 | 27 53 8o Io7 134
38 | 363759 64021 64284 64545 64806 €5066 65325 65584 65842 66099 | 26 52 %78 104 130
30 | 366356 66612 66868 67122 67377 67630 67883 68135 68387 68638 | 25 51 %6 101 127

40 | 368888 69138 69387 69635 69883 70130 470377 70623 470868 71113 |25 49 74 99 124
41 371357 41601 41844 42086 72328 72569 72810 73050 73290 473529 | 24 48 72 96 121
42 | 3°73767 74005 74242 74479 74715 74950 75185 75420 75654 75887 |24 47 71 94 118
43 | 376120 76352 76584 76815 77046 77276 77506 77735 77963 78191 | 23 46 69 9z 11§
44 | 378419 78646 78872 79098 79324 79549 79773 79997 Bo221 Bo444 | 22 45 68 9o 112

45 | 380666 80888 8rrio 81331 81551 81741 81991 82210 82428 82647 |22 44 66 88 110
46 | 382864 83081 83298 83514 83730 83945 84160 84374 84588 84802 | 22 43 65 86 108
47 | 385015 85227 85439 85651 85862 86073 86283 86493 864703 86g1z [ 21 42 63 84 105§
48 | 387120 87328 87536 87743 8%9s50 88156 88362 88568 88473 889478 |21 41 62 83 103
49 | 380182 80386 89589 89792 89995 90197 90399 906oo go8oI grooz | 20 40 61 81 10T

log, 10 = 2+30259, log, 100 = 4-60517, log, 1000 = 6-90776
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TABLE XXVI.

NATURAL LOGARITHMS—continued

° ! 2 3 4 5 6 7 8 9 I 2 3 4 5
391202 91402 91601 91801 9I999 92197 92395 92593 92790 92086 | 20 40 59 79 99
393183 93378 93574 93769 03964 94158 04352 04546 04739 94932 | 19 39 88 78 97
3'95124 95316 95508 95700 95891 96081 96272 96462 96651 96840 19 38 357 76 95
3:97029 97218 97406 97594 9778T 97968 98155 98341 98527 98713 | 19 37 56 75 94
3'98898 99083 09268 ggo452 99636 99820 00003 00186 00369 00551 18 37 5§55 473 92
4'00733 00915 0I0g6 o©0I1277 0I4538 01638 01818 01998 02177 02356 18 36 54 72 go
4 02535 o2714 02892 03069 03247 03424 03601 03777 03954 04130 18 35 53 71 89
4'04305 04480 04655 04830 o5oo4  o5178 05352 05526 05699 05872 | 17 35 52 70 87
406044 06217 06389 06560 06732 06go3 07073 07244 07414 07584 17 34 51 68 86
4°07754 07923 08092 08261 08429 08598 08766 08933 o9IoI 09268 17 34 50 67 84
4'09434 09601 09767 00933 10099 10264 10429 10504 10759 10923 17 33 5o 66 83
4'11087 11251 11415 11578 11941 11904 12066 12228 12390 128552 16 33 49 65 8r
412713 12875 13036 13196 13357  I3517 13677 13836 13995 14155 | 16 32 48 64 8o
4'14313 14472 14630 14789 14946  15To4 15261 15418 15575 15732 | I6 32 47 63 79
4'15888 16044 16200 16356 165IX 16667 16821 16976 17131 17285 16 31 47 62z 748
4'17439 17592 17746 17899 18052 18205 18358 183510 18662 18814 I5 31 46 61 76
4:18965 19117 19268 19419 19570 19720 19870 20020 20170 20320 15 30 45 6o 75
4'20469 20618 20767 20916 2I06§ 21213 21361 21509 21656 21804 I5 30 44 59 74
4'21951 22008 22244 22391 22537 22683 22829 22975 23120 23266 15 29 44 58 73
4'23411 23555 23700 23844 23989 24133 24276 24420 24563 24707 | 14 20 43 58 72
4'24850 2499z 25135 25277 25419 25561 25703 25845 25986 26127 | 14 28 43 57 I
426268 26409 206549 2669o 206830 26970 27110 27249 27388 24528 14 28 42 56 7o
427667 24805 27944 28082 28221 28359 28496 28634 28772 28909 14 28 41 55 69
4°20046 20183 20320 29456 29502 29729 29865 30000 30136 30271 14 27 41 34 68
430407 30542 30676 30811 30946 31080 31214 31348 31482 31615 I3 27 40 54 6%
4°31749 31882 32015 32148 32281 32413 32546 32678 32810 32042 I3 27 40 §3 66
433073 33205 33336 33467 33598 33729 33800 33990 34120 34251 | 13 26 39 52 6§
434381 34510 34640 34769 34899 35028 35157 35286 35414 35543 | I3 26 39 52 65
435671 35799 35927 306055 36182 36310 36437 36564 36691 36818 | 13 25 38 ST 64
436945 37071 37198 37324 37450 37576 37701 37827 37952 38078 | 13 25 38 50 63
438203 38328 38452 38577 38701 38820 38950 39074 39198 39321 | Iz 25 37 5o 62
4°39445 39568 39602 39815 39938 40060 40183 40305 40428 40550 | Iz 25 37 49 61
4°40672 40794 409I6 41037 41159 41280 41401 41522 41643 41763 12 24 36 49 61
441884 42004 42125 42245 42303 42485 42604 42724 42843 42963 12 24 36 48 6o
4°43082 43201 43319 43438 43557 43675 43793 43912 44030 44147 12 24 36 47 59
444205 44383 44500 44617 44735 44852 44969 45085 45202 45318 | 12 23 35 47 58
4'45435 45551 45667 45783 45899 46014 46130 46245 46361 46476 | 12 23 35 46 58
446591 46706 46820 46935 47050 47164 47278 47392 47506 47620 | II 23 34 46 57
4°'47734 47847 47961 48074 48187 48300 48413 48526 48639 48751 | 1T 23 34 45 56
448864 48976 49088 49200 49312 49424 49536 49647 49758 49870 | II 22 34 45 SO
449981 50092 50203 50314 50424 50535 50645 50756 30866 50976 | IX 22 33 44 55
451086 51196 51305 51415 51525 51634 51743 51852 51961 52070 | II 22 33 44 55
452179 52287 52396 52504 52613 52721 52829 52937 53045 53152 | II 22 32 43 54
453260 53367 53475 53582 53680 53796 53903 54010 54116 54223 | I 21 32 43 54
454320 54436 54542 54648 54754 54860 54906 55071 55177 55282 | II 2X 32 42 53
455388 55493 55598 55703 55808 55913 56017 56122 56226 56331 10 21 31 42 §2
4'56435 56539 56643 56747 56851 56954 57058 57161 572605 57368 | To 21 3T 41 52
457471 57574 57677 57780 57883 57985 58088 358190 58202 58395 | Io 21 3T 4T §I
4'58497 58599 58701 58802 58904 59006 59107 59209 59310 5G4II 10 20 30 4f &I
4°59512 59613 59714 59815 59915 60016 60116 Go217 60317 60417 10 20 30 40 50

log, 10,000 == 9'21034, log, 100,000 = I1:51293, log, 1,000,000 = 13-81551
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TAaBLE XXVII. SQUARES
o I 2 3 4 5 6 i 8 9

o o 1 4 9 16 25 36 49 64 81
I 100 121 144 169 196 225 256 289 324 361
2 400 441 484 529 576 625 676 729 784 841
3 goo 961 1024 1089 1156 1225 1296 1369 1444 1521
4 1600 1681 1764 1849 1536 2025 2116 2209 2304 2401
5 2500 2601 2704 2809 2916 3025 3136 3249 3364 3481
6 3600 3721 3844 3969 4096 4225 4356 4489 4624 4761
7 4900 5041 5184 5329 5476 5625 5776 5929 6084 6241
8 6400 6561 6724 6889 7056 7225 7396 7569 7744 7921
9 8100 8281 8464 8649 8836 goz5§ 9216 9409 9604 9801
10 10000 10201 10404 10609 10816 11025 11236 11449 11664 11881
1z 12100 12321 12544 12769 12996 13223 13456 13689 13924 14161
12 14400 14641 14884 15129 15376 15623 15876 16129 16384 16641
13 16900 17161 17424 17689 17956 18225 18496 18769 10044 19321
14 19600 19881 20164 20449 20736 21028 21316 21609 21904 22201
15 22500 22801 23104 23409 23716 24025 24336 24649 24964 25281
16 25600 25921 26244 26569 26896 27225 27556 27889 28224 28561
14 28goo 209241 29584 29929 30276 30625 30976 31329 31684 32041
18 32400 32761 33124 33489 33836 34225 34596 34969 35344 35721
19 36100 36481 36864 37249 37636 38023 38416 38809 39204 39601
20 40000 40401 40804 41209 41616 42025 42436 42849 43264 43681
21 44100 44521 44944 45369 45796 46225 46656 47089 47524 47961
22 48400 48841 49284 49729 50176 50625 51076 51529 51084 52441
23 52900 53361 53824 54289 54756 55225 55696 56169 56644 57121
24 57600 58081 58564 59049 59536 60025 60516 61009 61504 62001
25 62500 63001 63504 64009 64516 65025 65536 66049 66564 67081
26 64600 68121 68644 69169 69696 70228 70756 71289 71824 72361
27 72900 73441 73984 74529 75076 75625 76176 76729 77284 77841
28 78400 78961 79524 8oo89 80656 81225 81796 82369 82944 83521
29 84100 84681 85264 85849 86436 87025 87616 88209 88804 89401
30 90000 gobo1 QI204 91809 92416 93025 93636 94249 94864 05481
3z g6100 96721 97344 97969 98596 99225 99856 100489 Tollz4 I0I76I
32 102400 103041 103684 104329 104976 105625 106276 106929 107584 108241
33 108goo 109561  ITo224 1Y0889 111556 112225 112896 1135609 114244 II492I
34 115600 116281 116964 117649 118336 119025 IIQ7I6 I20409 I2Ilo4 121801
35 122500 123201 123904 124609 125316 126025 126736 127449 128164 128881
36 129600 130321 I3Io44 131769 132496 133225 133986 134689 135424 136101
37 136900 137641 138384 139120 139876 140625 141376 142129 142884 143641
38 144400 I45161 145024 146689 147456 148225 148996 149769 150544  I5I32I
39 152100 152881 153664 154449 155236 156025 156816 157609 158404 159201
40 160000 160801 161604 162409 163216 164025 164836 165649 166464 167281
41 168100 168921 169744 170569 171396 172225 173056 173889 174724 175561
42 176400 177241 178084 178929 179776 180625 181476 182329 183184 18404X
43 184900 185761 186624 187489 188356 189225 190096 19096y  Ig1844  IQ272I
44 193600 194481 195364 196249 197136 198025 198916 199809 200704  20I60I
45 202500 203401 204304 205209 206116 207025 207936 208849 209764 210681
46 211600 212521 213444 214369 215296 216225 217156 218089 21go24 219961
47 220900 221841 222784 223729 224676 225625 220576 227529 228484 220441
48 230400 231361 232324 233280 234256 235225 236196 237169 238144 239121
49 240100 241081 242004 243049 244036 245025 246016 247000 248004 249001

Exact squares of 4 figure numbers can be quickly calculated from the identity (a-8)® = a®+2a5-+-5%
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TABLE XXVII.

2

SQUARES—continued

6

3 4 5 Vi 8 9
250000 251001 252004 253009 254016 255025 256036 257049 258064 259081
260100 261121 2062144 263169 264196 265225 266256 267289 268324 269361
270400 271441 272484 273529 274576 275625 276676 277729 278784 279841
280900 281961 283024 284089 283156 286225 287296 288369 280444 290521
291600 292681 293764 204849 295936 297025 298116 299209 300304 301401
302500 30360I 304704 305809 306916 308025 300136 = 310249 311364 312481
313600 314721 315844 316069 318096 319225 320356 321489 322624 323761
324900 326041 327184 328329 320476 330625 331776 332929 334084 335241
336400 337561 338724 339889 3410506 342225 343396 344569 345744 346921
348100 349281 350464 351649 352836 354025 355216 356409 357604 358801
360000 361201 362404 363609 364816 366025 367236 368449 369664 370881
372100 373321 374544 375769 376996 378225 379456 380689 381924 383161
384400 385641 386884 388129 389376 390625 391876 393129 394384 395641
396900 398161 399424 400689 401956 403225 404496 405769 407044 408321
409600 410881 412164 413449 414736 416025 417316 418609 419904 421201
422500 423801 425104 426409 427716 429025 430336 431649 4329064 434281
435600 436921 438244 439569 440896 442225 443556 444889 446224 447561
448900 450241 451584 452029 454276 455625 456076 458329 459684 461041
462400 463761 465124 466489 467856 469225 470596 471969 473344 474721
476100 477481 4478864 480249 481636 483025 484416 485800 487204 488601
490000 491401 492804 494209 495616 497025 498436 499849 501264 502681
504100 505521 506044 508369 509796 511225 512656 514089 5I5524 516961
518400 519841 521284 522729 524176 525625 527076 528529 529984 531441
532900 534361 535824 537289 538756 540225 541696 543169 544644 546121
547600 549081 550564 552049 553536 555025 556516 558009 559504 561001
562500 564001 565504 567009 568516 570025 571536 573049 574564 576081
577600 579121 580644 582169 583696 ‘585225 586756 588289 589824 591361
592000 594441 595984 597529 599076 Goobzs 602176 603729 605284 606841
608400 Gogg6r  Grrgz4 613089 614656 616225 617796 619369 620044 622521
624100 625681 627264 628849 630436 632025 633616 635209 636804 638401
640000 641601 643204 644809 646416 648025 649636 651249 652864 654481
656100 657721 0659344 660969 662566 664225 665856 667489 669124 670761
672400 674041 675684 677329 678976 680625 682276 683929 685584 687241
688goo  6gos61  Gg2224 693889 695556 Ggy225 698896  7oos569 702244 703921
705600 407281 408964 410649 712336 714025 715716 717409 I9io4 720801
722500 724201 725904 727609 729316 731025 732736 734449 736164 737881
739600 741321 743044 744769 746496 748225 749956 751689 753424 755161
756900 758641 760384 762129 763876 765625 767376 769129 770884 772641
774400 776161 777924 779689 781456 783225 784996 786769 788544 790321
792100 793881 795664 797449 799236 801025 802816 804609 806404  Bo8201
810000 811801 813604 815409 817216 8rgozg 820836 822649 824464 826281
828100 829921 831744 833560 835396 837225 839056 840889 842724 844561
846400 848241 850084 851929 853776 855625 857476 859329 861184 863041
864900 866761 868624 870489 872356 874225 876096 877969 879844 881721
883600 885481 887364 889249 891136 893025 894916 896809 898704  goobor
902500 904401 906304 908209 - QIOIIG 912025 913936 915849 917764 019681
921600 923521 925444 927369 929296 931225 933156 935089 937024 938961
040000 942841 944784 946729 948676 950625 952576 954520 956484 958441
960400 962361 964324 966289 968256 970225 972196 974169 976144 978321
g8otoo 982081 984064 986049 988036 990025 992016 994009 996004 998001

Thus 693:3! == 480249-+415:8+4-0'09 = 480664°89.
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TABLE XXVIII,

SQUARE RooTs

6

o 1 2 3 4 5 7 8 9 1 2 3 4 3

I0 | 10000 10050 I0IO0 10149 10198 10247 10296 10344 10392 10440 § Io 15 20 24
31623 31780 31937 32004 32249 32404 32558 32711 32863 33015 | 15 31 46 62 7y

11 | 10488 10536 10583 10630 106%% 10724 10770 10817 10863 10009 | 5 9 14 I9 23
33166 33317 33466 33615 33764 33912 34059 34205 34351 34496 | I5 30 44 59 74

Iz | 10054 1I000 II045 II0Q9I I1I36 11180 11225 11269 11314 11358 | 4 9 13 I8 22
34641 34785 34928 35071 35214 35355 35496 35637 35777 35917 | 14 28 43 57 71

13 | 11402 11446 11489 11533 11576 11619 11662 11705 IXI74%7 11790 | 4 9 I3 17 =22
36056 36194 36332 36469 36606 36742 36878 37014 37148 37283 | 14 27 41 55 68

14 | 11832 118%4 11916 11958 12000 12042 12083 12124 12166 12207 ] 4 8 13 17 21
37417 37550 37683 37815 37947 38079 38210 38341 38471 38601 | 13 26 39 53 66

15 | 1224% 12288 12320 12369 12410 12450 I2490 12530 12570 12010 4 8 12 16 20
38730 38859 38987 39115 39243 39370 39497 39623 39749 39875 | 13 25 38 51 64

16 | 12649 12689 12728 12967 12806 12845 12884 12023 12961 13000 | 4 8 12 16 20
40000 40125 40249 40373 40497 40620 40743 40866 40988 41110 | 12 25 37 49 62

17 | 13038 13077 13115 13153 1I3I0I 13229 13266 13304 13342 13379 4 8 11 15 1I9
41231 41352 41473 41593 41713 41833 41052 42071 42190 42308 | 12 24 36 48 6o

18 | 13416 13454 13491 13528 13563 13601 13638 13675 13711 13748 | 4 7 11 15 18
42426 42544 42661 42778 42805 43012 43128 43243 43359 43474 | 12 23 35 47 58

19 | 13784 13820 13856 13892 13928 13064 14000 14036 14071 14107 | 4 7 11 14 18
43589 43704 43818 43932 44045 44150 44272 44385 44497 44609 | 11 23 34 45 57

20 | 14142 14177 14213 4248 14283 14318 14353 14387 14422 14457 | 4 7 10 14 18
44721 44833 44944 45056 45166 45277 45387 45497 045607 45717 | 1T 22 33 44 5§

21 | 14491 14526 14560 14595 14629 14663 14697 14731 14765 14799 [ 3 7 1o 14 17
45826 45035 46043 46152 46260 46368 46476 46583 46690 46797 | 1T 22 32 43 54

22 | 14832 14866 14900 14933 14967 15000 15033 15067 15100 15133 | 3 % 10 13 17
46904 47011 47IX7 47223 47329 47434 47539 47645 47749 47854 | 11 21 32 42 53

23 | 15166 151009 15232 15204 15297 15330 15362 15395 15427 15460 | 3 7 10 13 16
47958 48062 48166 48270 48374 48477 48580 48683 48785 48888 | 10 21 31 41 52

24 | 15492 15524 15556 15588 15620 15652 15684 15716 15748 15780 | 3 6 10 13 16
48990 49002 49193 49295 49396 49497 49598 49699 49800 49900 | 1o 20 30 40 51

25 | 15811 15843 15875 15506 15937 15969 16000 16031 16062 16093 | 3 6 9 13 16
50000 §0IOO §O200 50209 50398 50498 50596 50695 50794 508092 | I0 20 30 40 50

26 | 16125 16155 16186 16217 16248 16279 16310 16340 16371 16401 | 3 6 g 12 1§
50990 51088 51186 51284 51381 51478 51575 51672 51769 51865 | TOo 19 20 39 49

27 | 16432 16462 16492 16523 16553 16583 16613 16043 16673 16703 | 3 6 g9 12 1§
51962 52058 52154 52249 52345 52440 52536 52631 52726 52820 | 10 19 20 38 48

28 | 16733 16463 16793 16823 16852 16882 16912 16941 16971 17000 | 3 6 9 12 1§
52915 53009 53104 53198 53292 53385 53479 53572 53666 53759 | 9 19 28 38 47

29 | 17029 17059 17088 17117 17146 17176 17205 17234 17263 17292 3 6 9 12 13
53852 53944 54037 54129 54222 54314 54406 54498 54589 54681 ) o 18 28 37 46
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TABLE XXVIII. SQUARE ROOTS—continued
o I 2 3 4 5 6 7 8 9 1 z 3 4 §
30 | 17321 17349 17378 17407 17436 17464 17493 17521 17550 17578 3 6 9 II 14
54772 54863 54955 55045 55136 55227 55317 55408 55498 55588 | 9 18 27 36 45
31 | 17607 17635 17664 17692 17720 17748 17776 17804 17833 17861 3 6 8 11 14
55678 55767 55857 55946 56036 56125 56214 56303 56391 56480 | 9 18 27 36 45
3z | 17889 197916 14944 17972 18000 18028 18055 18083 18rrr 18138 3 6 8 11 14
56569 56657 56745 56833 56921 57009 57096 57184 57271 57359 | 9 18 26 35 44
33 | 18166 18193 18221 18248 18276 18303 18330 18358 18385 18412 3 5 8 11 14
57446 57533 57619 57706 57793 57879 57966 5805z 58138 $8224 | 9 17 26 35 43
34 | 18439 18466 18493 18520 18547 18574 18601 18628 18655 18682 3 5 8 11 14
58310 58395 58481 58566 58652 58737 58822 58907 5899z 59076 | 9 17 26 34 43
35 | 18708 18735 18762 18788 18815 18841 18868 18894 1892r 18947! 3 5 8 11 13
59161 59245 59330 59414 59498 59582 59666 59749 59833 59917 | 8 17 25 34 42
36 | 18974 19000 19026 19053 19079 19105 1I9I3r 19157 19183 Ig9209| 3 5 & 10 13
6oooo 60083 60166 Goz49 60332 60415 60498 6osB81 60663 607451 8 17 25 33 4I
37 | 19235 19261 19287 19313 19339 19365 10301 19416 Igg4z 19468 | 3 5 8 10 13
60828 6ogio 6oggz 61074 61156 61237 61319 614co 61482 61563 | 8 16 25 33 4I
38 | 19494 19519 19545 19570 19596 19621 19647 19672 19698 19723 | 3 5 8 10 13
61644 61725 61806 61887 61968 62048 62129 62209 62200 62370 | 8 16 24 32 4o
30 | 19748 19774 19799 19824 19849 19875 19900 19925 19950 19975 | 3 5 8 10 13
62450 62530 62610 62690 62769 62849 62929 63008 63087 63166 8 16 24 32 40
40 | 20000 20025 20050 20075 20100 20125 20I49 20I74 20199 20224 | 2 § 7 IO 1I2
63246 63325 63403 63482 63561 63640 63718 63797 63875 63953 | 8 16 24 3r 39
41 | 20248 20293 20298 20322 20347 20372 20396 20421 20445 20469 | 2z 5 7 10 1I2
64031 64100 064187 64265 64343 64420 64498 64576 64653 64730 | 8 16 23 31 39
42 | 20494 20518 20543 20567 20591 20616 20640 20664 20688 =zo7I12| 2 5 7 Io I2
64807 64885 64962 65038 65115 65192 65269 65345 65422 65498 | 8 15 23 3T 38
43 | 20736 20761 20785 20809 20833 20857 20881 20905 20928 20952 | 2 5 7 Io 12
65374 65651 65727 65803 65879 65955 66030 66106 66182 66257 | 8 15 23 30 38
44 | 20076 21000 21024 21048 21071 21095 2II19 2II42 21166 21190 | 2 5 7 Io 1I2
66332 66408 66483 66558 66633 66708 66783 66858 66933 67007 | 8 15 22 30 38
45 | 21213 21237 21260 21284 21307 21331 21354 21378 21401 21424 2 5 7 9 I2
67082 67157 67231 67305 67380 67434 67528 67602 67676 67750 | 7 15 22 30 37
46 | 21448 21491 21494 21517 21541 21564 21587 21610 21633 21656 2 5 7 9 1I2
67823 64897 67971 68044 68118 68191 68264 68337 68411 68484 | 7 15 22 29 37
47 | 21679 21703 21726 21749 21772 21794 21817 21840 21863 21886 | 2 5 7 9O 12
68557 68629 68702 68775 68848 68920 68993 69obs 69138 69210 | 7 IS 22 29 36
48 | 21909 21932 21954 21977 22000 22023 22045 22068 22091 22113 2 5 7 9 II
69282 69354 69426 69408 Gosyo 69642 69714 69785 69857 69920\ 7 14 22 29 36
49 | 22136 22159 22181 22204 22226 22249 22271 22293 22316 22338 2 4 7 9 1I
#0000 J0O71 JOI43 70214 70285 70356 ‘o427 170498 70569 7obq0 | 7 14 21 28 36
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TABLE XXVIII. SQUARE RooOTS—continued
o I 2 3 4 5 6 7 8 9 1 2 3 4 5§
5o | 22361 22383 22405 22428 22450 22472 22494 22517 22539 2256I 2 4 7 9 1II
70711 70781 70852 70922 70993 71063 71134 71204 71274 71344 | 7 14 21 28 35
51 | 22583 22605 22627 22650 22672 22604 22716 22738 22760 22782 2 4 %7 9 II
71414 71484 71554 71624 71694 71764 71833 71903 71972 72042 | 7 14 21 28 3j
52 | 22804 22825 22847 22869 228g1 22913 22935 22956 220978 23000 | 2 4 7 9 II
72111 472180 42250 472319 %2388 v248%7 ‘4725206 472595 72664 72732 ¥ 14 21 28 34
53 | 23022 23043 23005 23087 23108 23130 23152 23I73 23195 23216 | 2 4 6 g9 II
72801 72870 72938 73007 73075 73144 73212 73280 73348 73417 | 7 14 21 27 34
54 | 23238 23259 23281 23302 23324 23345 23367 23388 23409 23431 | z 4 6 9 II
73485 73553 73621 73689 73756 73824 73892z 73959 74027 74095 | 7 14 20 27 34
55 | 23452 23473 23495 23516 23537 23558 23580 23601 23622 23643 2 4 6 8 1I
74162 74229 74207 74364 74431 74498 74565 74632 74699 74766 | 7 13 20 27 34
56 | 23664 23685 23707 23728 23749 23770 23791 23812 23833 23854 | 2 4 6 8 11
74833 74900 74967 75033 75100 75166 75233 75299 75366 75432 | 7 I3 20 27 33
57 | 23875 23896 23917 23937 23958 23979 24000 24021 24042 24062 | 2 4 6 8 10
75498 75565 75631 75697 75763 75820 75895 75961 76026 76og2 | 7 13 20 26 33
58 | 24083 24104 24125 24145 24166 24187 24207 24228 24249 24269 | 2 4 6 8 10
76158 76223 76289 %6354 76420 76485 %6551 46616 76681 76746 | 7 13 20 26 33
59 | 24200 24310 24331 24352 24372 24303 24413 24434 24454 24474 | 2 4 6 8 10
76811 76877 76942 77006 07T 77136 77201 77266 77330 77395 | 6 13 19 26 3z
60 | 24495 24515 24536 24556 24576 24597 24617 24637 24658 24678 | 2z 4 6 8 1o
77460 77524 77589 77653 77717 77782 77846 77910 77974 78038 | 6 13 19 26 32
61 | 24608 24718 24739 24750 24779 24799 24819 24839 24860 24880 2 4 6 8 10
78102 48166 48230 %8294 78358 #8422 %8486 478549 78613 78677 | 6 13 19 26 32
62 | 24900 24920 24940 24960 24980 25000 25020 25040 25060 25080 | 2 4 6 8 10
78740 78804 78867 78930 78994 79057 79120 79183 79246 79310 | 6 I3 19 25 32
63 | 25100 25120 25140 25159 25I79 25199 25219 25239 25259 25278 2 4 6 8 10
79373 79436 79498 79561 79624 79687 79750 79812 79875 79937 | 6 I3 19 25 3I
64 | 25208 25318 25338 25357 25377 25397 25417 25436 25456 25475 | 2 4 6 & 10
80ocoo 8oo62 8o1i2s 80187 8ozs0 80312 80374 80436 80498 8os561 6 12 19 25 31
65 | 25495 25515 25534 25554 25573 25503 25612 25632 25652 25671 | 2 4 6 8 1o
80623 80685 80747 80808 80870 80932 80994 81056 8rrry 8rry9 | 6 12 19 =25 3I
66 | 25690 25710 25729 25749 25768 25788 25807 25826 25846 25865 2 4 6 8 10
81240 81302 81363 81425 81486 81548 81609 81670 81731 81792 | 6 12 18 25 3I
67 | 25884 25904 25923 25942 25962 25081 26000 26019 26038 26058 2 4 6 8 10
81854 81g1s 81976 82037 82008 82158 82219 82280 82341 B2401 | 6 12 18 24 30
68 | 26077 26096 26115 26134 206153 26173 26192 26211 26230 26249 | 2 4 6 8 10
82462 82523 82583 820644 82704 82765 82825 82885 82946 83006 | 6 12 18 24 30
69 | 26268 26287 26306 206325 26344 26363 26382 26401 26420 26439 | 2 4 6 8 10
83066 83126 83187 83247 83307 83367 83427 83487 83546 83606 | 6 12 18 24 30
70 | 26458 26476 26495 206514 26533 26552 26571 26589 26608 26627 | 2 4 6 8 9
83666 83726 83985 83845 83905 83964 84024 84083 84143 84202 | 6 12 18 24 30
71 | 26646 26665 206683 26702 26721 26739 26758 26777 26796 26814 | 2 4 6 7 9
84261 84321 84380 84430 84499 84558 84617 84676 84735 84794 | 6 12 18 24 30
w2 | 26833 26851 26870 26889 26907 26926 260944 26063 26981 27000 | 2 4 6 7 9o
84853 84912 84971 85020 85088 85147 85206 852064 85323 85381 6 12 18 23 =2
%3 | 27019 27037 27055 27074 27092 27111 27129 27148 27166 27185 f 2 4 6 7 9
85440 854099 85557 85615 85674 85732 85790 85849 85907 85965 | 6 12 17 23 =2
ya | 27203 27221 27240 27258 27276 27295 27313 27331 27350 27368 | z 4 5 7 9
86023 8608r 86139 86197 86255 86313 86371 86429 86487 86545 | 6 12 17 23 29
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TABLE XXVIII. SQUARE ROOTS—continued

) I 2 3 4 5 6 5 8 0 T 2 3 4 5§

75 | 27386 27404 27423 27441 27459 27477 27495 27514 27532 27550 2 4 5 7 9
86603 86660 86718 86776 86833 86891 86948 87006 87063 87121 6 12 17 23 29

76 | 27568 27586 27604 27622 27641 27659 27677 27695 27713 27731 2 4 5 7 9
87178 87235 87293 87350 87407 87464 87521 87579 87636 87693 | 6 1T 17 23 29

77 | 27749 27767 27785 29803 27821 27839 27857 27875 27893 27911 2 4 5 7 9
87750 87807 87864 87920 87977 88034 88091 88148 88204 88261 | 6 11 17 23 28

98 | 27928 270946 27964 27982 28000 28018 28036 28054 28071 28089 2 4 5 7 9
88318 88374 88431 88487 88544 88600 88657 88713 88769 88826 6 11 17 23 28

79 | 28107 28125 28142 28160 28178 28196 28213 28231 28249 28207 2 4 5 7 9
88882 88938 88994 8gosr 8gro7 89163 89219 892y5 8933r 803871 6 11 17 22 =28

80 | 28284 28302z 28320 28337 283553 28373 28390 28408 28425 28443 2 -4 5 7T 9
80443 89499 89554 89610 89666 89722 89778 89833 80889 89944 | 6 11 17 22 =28

81 | 28460 28478 28496 28513 28531 28548 28566 28583 286or 28618 2 4 5 7 9
Qo000 Qo056 QOIII QoIb6y Qo222 90277 90333 90388 90443 90499 ] 6 II 17 22 28

82 | 28636 28653 28671 28688 28705 28723 28740 28758 28775 28792 z 3 5 7 9
90554 goGog gobb4 Qo719 90774 90830 90885 90940 G0g95 9In49 6 1I 16 22 28

83 | 28810 28827 28844 28862 28879 28896 28914 28931 28048 2Bg6s | 2 3 5 7 ¢
91104 9II59 91214 91269 91324 91378 91433 91488 91542 9I597 | 5 II 16 22 27

84 | 28983 29000 29017 20034 29052 29069 29086 29103 29Iz0 29138 2 3 5 7 9
91652 91706 gi76r 91815 91869 91924 91978 092033 92087 92141 5 11 16 22 27

85 | 29155 29172 29189 202006 29223 20240 29257 29275 20292 29309 2 3 5 7 9
92195 02250 92304 92358 gz41z 92466 gz252¢ 92574 92628 92682 5 Ir 16 22 2y

86 | 29326 29343 29300 29377 29394 20411 29428 20445 20462 29479 2 3 5 7 8
92736 92790 92844 92898 92952 93005 93059 93113 93167 93220 | 5 II 16 22 27

87 | 20496 29513 29530 20547 29563 20580 29597 29614 29631 29648 | 2 3 5 7 8
93274 93327 93381 93434 03488 93541 93595 03648 93702 93755 | 5 II 16 21 27

88 | 29665 29682 29698 29715 29732 29749 29766 29783 29799 29816} 2 3 5 7 8
93808 093862 93915 93968 94021 04074 94128 04181 094234 94287 | 5 11 16 21 27

89 | 29833 29850 29866 29883 29900 209917 20933 29950 29967 29983 ] =z 3 5 7 8
04340 04393 94446 094499 094552 94004 940657 94710 94763 94816 | 5 11 16 21 26

go | 30000 30017 30033 30050 30067 30083 3oioo 30116 30133 30I50 2 3 5 17 8
94868 04921 04974 95026 095079 95131 95184 95237 9528¢ 95341 | 5 II 16 21 26

g1 | 30166 30183 30199 30216 30232 30249 30265 30282 30299 303I5 2 3 §5 7 8
95394 95446 95499 95551 95603 95656 95708 95760 95812 95864 | 5 10 I6 =21 26

92 | 30332 30348 30364 30381 30397 30414 30430 30447 30463 30480 | 2z 3 5 7 8
95917 95969 gGo2r 9Go73 96I25 96177 66229 96281 96333 96385 5 10 16 21 26

93 | 30496 30512 30529 30545 30561 30578 30594 3o6ro 30627 30643 | 2 3 5 7 8
96437 96488 96540 96592 96644 96695 96747 96799 96850 9Ggoz | 5 10 I6 =21 26

04 | 30659 30676 30692 30708 30725 30741 30757 30773 30790 30806 2z 3 5 7 8
96954 97005 97057 97108 97160 97211 97263 97314 97365 97417 | 5 10 15 21 26

95 | 30822 30838 30854 30871 30887 30903 30919 30935 30952 30968 | 2z 3 5 6 8
97468 97519 97570 97622 97673 97724 97775 97826 97877 97926 | 5 10 15 20 26

96 | 30984 31000 31016 31032 31048 3ro64 31081 31097 3III3 31129 2 3 5 6 8
97980 98031 98082z 98133 98184 08234 098285 98336 08387 08438 5 Io I5 20 25

97 | 31145 31161 3II77 31193 31209 31225 3r241 31257 31273 31289 =z 3 5 6 8
98489 98539 98590 08641 098691 98742 08793 98843 98894 08944 | 5 10 15 20 25

98 | 31305 31321 31337 31353 31369 31385 31401 31417 31432 31448 | 2 3 5 6 8
98995 99045 99096 99146 99197 99247 99208 09348 99398 99448 | 5 10 15 20 2§

99 | 31464 31480 31496 3151z 31528 31544 31559 31575 31591 31607 | 2z 3 5 6 8
99499 99549 99599 99649 99700 99750 99800 99850 gggoo 99950 | 5 10 I5 20 25
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TABLE XXIX. RECIPROCALS

o 1 2 3 4 5 6 i 8 9 \Iﬁﬁs*
I'o | I'cooooo 990099 980392 970874 961538 952381 943396 934579 925926 91743

-9g01 -9707 -9518  -9336  -~9157 ~8985  -8817 8653  -8495  -¥340
11 ‘gogo9I googor 892857 884056 877193 860565 862069 854701 847458 840336

-8190 —8o44 —7901 ~7763 ~7628 ~7496 ~7368 ~7243 —7122 -7003
12 833333 826446 819672 813008 806452 800000 793651 487402 481250 775194

-6887 -6774 ~6664, -6556  —6452 ~6349 —6249 —6152 —-6056 -5063
13 | 769231 763359 757576 751880 746269 740741 735204 729927 724638 719424

-5872 5783 -5696  -§611  —s5528 —-5447  -=5367  -5289  -g5214  -5I38
14 714286 7Jog22z0 704225 609301 694444 689655 684932 680272 675696 671141

~5066  —~4995  -4924  —4857  —4789 —4723  —4660  —4596  —4535  —4474
I's +666667 662252 657895 653505 649351 645161 641026 636943 632911 628931

—4415  —4357  —4300  —4244 —41%0 —4135  —4083  —4032  -3980  -—393I
16 *625000 621118 617284 613497 609756 606061 602410 598802 595238 501716

~3882  -3834  -3787  -3741 3695 —-3651  —3608  ~3564  ~3522  —3481
7 | -588235 584795 581395 578035 574713 571429 3568182 564972 561798 558659

—3440  —3400  -3360  ~3322  —3284 —3247  —3210  =3174  ~3139  —3103
'8 | -555556 552486 549451 546448 543478 540541 537634 534759 531915 529101

—3070  -—3033 -3003  -2970  —2937 —2g07  -2875  -2844  -2814 2785
19 +526316 523560 520833 518135 515464 512821 510204 507614 50505I 502513

—2756 —272% —2608 —2671 —2643 ~2617 —2590 ~2563 ~2538 —2513
2'0 | 500000 497512 495050 402611 490196 487805 485437 483092 480769 478469

—2488 —2462 —2439 —2415% —2391 ~2368 —2345 ~2323 ~2300 —2279
21 476190 473934 471698 460484 467290 465116 462963 460829 458716 456621

—2256 ~2236 -2214 —2104 -2174 -2153 -2134 -2113 ~2095 —2076
2°2 *454545 452480 450450 448430 446429 444444 442478 440529 438596 436081

—2056 -2039 —2020 —2001 —1985 -1966 ~1949 -1933 ~1915 ~1898
2:3 434783 432000 431034 429185 427350 425532 423729 421941 420168 418410

—-1883 —-1866 ~1849 —-1835 -1818 —-1803 -1788 ~1773 ~1758 ~1743
2°4 +416667 414938 413223 411523 409836 408163 4006504 404858 403226 401606

—1729 -1715 ~1700 —1687 ~1673 —1659 —1646 -1632 ~1620 —1606
2'5 400000 398406 396825 395257 393701 392157 390625 389105 387597 386100 | —1544
26 | 384615 383142 381679 380228 378788 377358 375940 374532z 373134 371747 | —1430
2:7 | +370370 3069004 367647 366300 364964 363636 362319 361011 359712 358423 | —1327
2:8 357143 355872 354610 353357 352113 350877 349050 34843z 347222 346021 | -1236
2'9 *344828 343643 342466 341297 340136 338983 337838 336700 335570 334448 | —II53
3'0 | -333333 332226 331126 330033 328947 327869 326797 325733 324675 323625 | —1079
31 *322581 321543 320513 319489 318471 317460 316456 315457 314465 313480 | —101I
32 +312500 3II520 310559 309598 308642 307692 306748 305810 304898 303951 —950
33 +303030 302II5 30I205 300300 29040L 298507 297619 296736 295858 294985 —894
34 +204118 203255 292398 201545 200698 289855 289017 288184 287356 286533 -843
35 285714 284900 284091 283286 282486 281690 280899 280112 2%9330 278552 -796
36 277778 277008 276243 275482 274725 273973 273224 272480 271739 271003 -753
37 270270 269542 268817 268097 267380 266667 265957 265252 2064550 263852 —713
38 +263158 262467 261780 261097 260417 259740 259067 258398 257732 257069 —677
39 | +256410 255754 255102 254453 253807 253165 252525 251889 251256 250627 | —643
40 ‘250000 240377 248756 248139 247525 246914 246305 245700 245098 244499 —611
41 12430902 243300 242718 242131 241546 240064 240385 239808 239234 238663 ~582
42 238095 237530 236967 236407 235849 235204 234742 234192 233645 233100 | =555
43 +232558 232019 231481 230047 230415 220885 229358 228833 228311 227790 -530
4'4 <22%2493 2206957 220244 225734 225225 224719 224215 223714 223214 222717 —-506
45 *222222 22I729 221239 220751 220204 219780 219208 218818 218341 217865 ~484
4-6 +217391 216920 216450 215983 215517 215054 214592 214133 2136975 213220 —463
47 +212766 212314 211864 211416 210970 2710526 210084 200644 200205 208768 —444
48 +208333 207900 204469 207039 206612 206186 205761 205339 204918 204499 —426
4'9 ‘204082 203666 203252 202840 202429 202020 201013 201207 200803 200401 —409

* Tabular differences up to 2+5, and mean differences thereafter,
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TABLE XXIX., RECIPROCALS—continued

° 1 2 3 4 5 6 7 3 9
50 *200000 199601 199203 198807 198413 198020 197628 197239 196850 196464
51 | +196078 195695 195312 194032 104553 104175 193708 193424 193050 192678
52 192308 101939 IQI57I 191205 190840 190476 190114 189753 189304 189036
53 188679 188324 187970 187617 187266 186916 186567 186220 185874 185529
54 185185 184843 184502 184162 183824 183486 183150 182815 182482 182149
53 181818 181488 181159 180832 180505 180180 179856 179533 179211 178891
56 | -178571 178253 177936 177620 177305 176991 176678 176367 176056 175747
§7 | 175439 175131 174825 174520 174216 173913 173611 173310 173010 172712
58 ‘172414 172117 171821 171527 171233 170940 170648 170358 170068 169779
5'0 169492 169205 168919 168634 168350 168067 167785 169504 167224 166945
60 ‘166667 166389 166113 165837 165563 165289 165017 164745 164474 164204
61 163934 163666 163300 163132 162866 162602 162338 162075 161812 161551
62 ‘161290 161031 160772 160514 160256 160000 159744 159490 159236 158983
63 | r158730 158479 158228 157978 157729 157480 157233 156986 156740 156403
64 | r156250 156006 155763 155521 155280 155039 154799 154560 154321 154083
65 ‘153846 153610 153374 153130 152005 152672 152439 152207 151976 151745
66 *151515 151286 151057 150830 150602 150376 150150 149925 149701 1409447
Gy '149254 149031 148810 148588 148368 148148 147929 147710 147493 147273
68 | 147059 146843 1460628 146413 146199 145085 145773 145560 145349 145138
69 144928 144718 144500 144300 144092 143885 143678 143472 143266 143062
70 142857 142653 142450 142248 142045 141844 141643 141443 141243 141044
71 ‘140845 140047 140449 140252 140056 139860 139665 139470 139276 139082
7°2 | 138889 138696 138504 138313 138122 137931 137741 137352 137363 137174
73 136086 136799 136612 136426 136240 136054 135870 135085 135501 135318
74 | "I35135 134953 134771 134590 134409 134228 134048 133869 133690 13351T
75 *133333 1331560 132079 132802 132626 132450 132295 132100 131926 I31752
70 *131579 131406 131234 131062 130890 130719 130548 130378 130208 130039
i ‘129870 129702 129534 129366 129199 129032 128866 128700 128535 128370
78 *128205 128041 127877 127714 127551 127380 127226 127065 126904 120743
7°9 ‘126582 120422 126263 126103 125945 125786 125628 125471 125313 125156
80 *125000 124844 124688 124533 124378 124224 124009 123916 123762 123609
81 *123457 123305 123153 123001 122850 122600 122540 122390 122249 122100
82 *121951 121803 121655 1I2I507 121350 121212 121005 I209IQ 120773 120627
83 *120482 120337 120192 120048 119go4 119760 119617 110474 119332 IIQIQO
84 ‘119048 118906 118765 118624 118483 118343 118203 118064 117925 117786
83 ‘117647 117509 117371 119233 117006 116959 116822 116686 116550 116414
86 +116279 116144 116009 115875 115741 115607 115473 115340 II§207 115075
87 *114943 114811 114679 114548 114416 114286 114155 114025 113805 113766
8-8 »113636 113507 XI3379 13250 TII3I22 112994 112867 112740 112613 112486
89 *112300 112233 112108 111982 11185% 111732 IX16oy 111483 111359 111235
g0 ‘111711 110988 110865 110742 110619 110497 110375 110254 II0I32 IXOOII
91 *10908g0 109769 109649 109529 100409 109290 109170 I09o5I 108932 108814
92 *108696 108578 108460 108342 108225 108108 107991 I0%875 107759 107643
9'3 *10%7527 109411 107296 ro718I 107066 106952 106838 106724 106610 106496
9'4 *106383 100270 100157 106045 105932 105820 105708 105597 105485 105374
9'5 +1052063 105152 105042 104032 I04822 104712 104603 104493 104384 104275
0°6 *104167 1040358 103950 103842 103734 103624 103520 103413 103306 103199
o7 *103093 102987 102881 102775 102669 102564 102459 102354 102249 102145
9'8 ‘102041 101937 101833 1I0Iy29 101626 101523 1I0I420 1I0I3IJ TI0I2I5 IOIIIz
9'9 *101010 100908 100806 100705 100604 100503 100402 I0030I 100200 XOOIO00

Diffs.*

-393
-378
-364
-350
-337

=325
=314
=303
—293
-283

-274
~265
—256
—248
—241

—233
—225
-220
-213
—207%

—201
-196
-191
~185
-180

-176
—171
~167
-162
~158

153
—~15I
—147
~144
—140

-137
—134
-13X
—128
—125

~122
~120
-117
-115§
-112

-110
-108
~10§
-103
—101

Thus 1/4:214 = 0:237530=~0000222 == 0237308, since 0'¢ X 555 = 222 (correct value 0-237304)
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-

]
-

12

13
14
15

16
17

18
19
20
21
22
23
24
25
26
27
28
29
30

31
32
33
34
35
36
37
38
39
40

4%
42
43
44
45

46
47

49
50

TABLE XXX. FACTORIALS

Factorial, Logarithm. No. Factorial. Logarithm. No. Factorial, Logarithm,
I 0*000 0000 51 I"55112 66190 6450 101 9°'42505 159'074. 3250
2 0-30I 0300 52 8:06582 67906 6484 102 961447 161°982 ga252
6 o778 1513 53 | 427488 69'630 9243 103 | 9'go290 | 163995 7624
24 1380 2112 54 2* 30844 71°363 3180 104 102990 166:0x= 7958
120 2*079 1812 55 1°26064 73 103 6807 105 1'08140 168:033 9851
720 2:857 3325 56 7-10999 74-851 8689 106 1°14628 170'059 2909
5040 3'702 4305 59 405269 76+60% 7436 107 122652 172°088 64747
40320 4'605 5205 58 2: 35056 78371 1716 108 1°32464 174122 0985
362880 5559 4630 59 1- 38683 80142 0236 109 1:44386 176'159 5250
3+62880 6:559 7630 60 8+32009 81-920 1748 110 1-58825 178200 g176
399168 7601 1557 61 507580 83-705 5047 III 1-76295 180246 2406
479002 8680 3370 62 3 14700 85:497 8964 112 1°97451 182:29 5 4586
6:22402 9°794 2803 63 1°98261 87.299 2369 113 2'2311I9 184'348 5371
871483 10°940 4084 64 1-26887 89:103 4169 114 2°54356 186'g085 4419
130767 12:116 4996 65 8:24465 90'916 3303 115 2'92509 188-466 1398
209228 13-320 6196 66 544345 92:735 8742 116 339311 190:539 5978
355687 14551 0683 67 364711 94:561 9490 117 | 396994 | 192°598 7836
G 40237 15806 3410 68 248004 96394 4579 118 468453 194:67S 6656
1- 21645 17-085 0946 69 I'Y1122 98:233 3070 119 5'57459 196: 746 2126
243290 18: 386 1246 70 1r19786 100078 4050 120 668950 | 198:82%5 3938
510909 19'708 3439 71 850479 101°929 6634 121 8-09430 200-go8 1792
I- 12400 21°050 7666 72 612345 103-786 9959 122 987504 | 202'99Q4 5390
2+ 58520 22'412 4944 73 4*47012 105650 3187 123 1°21463 205'084 4443
6+20448 23792 7057 74 330789 107519 5505 124 150614 | zo07°x777 8658
1'55112 25190 6457 75 2:48091 109°394 6117 125 1088268 | 200'2%7.4 7759
4°03291 26+605 6190 76 1:88549 I111'2975 4253 126 2:37217 211°3%7 5 1464
1-08889 28:036 9828 77 1'45183 113161 9160 129 301266 213'478 gsot
3704888 2G:484 1408 78 113243 1157054 o106 128 385620 | 215586 1601
8-84176 307946 5388 79 | 8:94618 116-951 6377 129 | 4'97450 | 217°696 7498
2:65253 32°423 6601 8o 715695 118:854 7277 130 646686 | 2190810 6932
8:22284 33915 0218 8r 579713 120763 2127 131 847158 221'92 7 9645
203131 35'420 14717 82 475364 122:6797 0266 132 111825 224048 5384
868332 36938 6857 83 | 3'94552 124°596 1047 133 148727 | 226:17=2 3900
295233 38470 1646 84 | 331424 126:520 3840 134 199294 | 228299 4948
103331 40'014 2326 85 2:81710 128:449 Bozg 135 2:6904Y7 230429 8286
371993 41°570 5351 86 | 242271 130°384 3013 136 | 365004 | 232563 3675
1-37638 43138 7360 8y 2:10776 132°323 82006 137 501289 234 700 0881
523023 | 44'718 5205 88 | 185483 134°268 3033 138 | 691779 | 236:839 9672
2'03979 46+ 309 5851 89 165080 136°217 6933 139 9 61572 238- 982 9820
8:15915 47°911 6451 90 1-48572 138171 9358 140 134620 241-E29g II00
334525 49'524 4289 91 I 35200 140130 9772 141 189814 | 243278 3201
I+ 40501 51°147 6782 92 1:24384 142°094 7650 142 269536 245430 6174
6'04153 52°781 1467 93 | 115677 144063 2480 143 | 385437 | 247585 9535
2:65827 54424 5993 94 | 108737 146-036 3758 144 | 555029 | 249-744 3160
1°19622 56077 8119 95 103300 148014 0994 145 804793 2519085 6840
550262 57'740 5697 96 | 9791678 149'996 3707 146 | 117500 | 254070 0368
258623 59412 6676 97 9:61928 151°983 1424 147 172725 256° 237 3542
1-24139 61-093 9088 98 942689 153974 3685 148 2:55632 258- 407 6159
608282 62784 1049 99 | 9-33262 155970 0037 149 380892 260+ 580 Boz2z
3 04141 64-483 0749 100 | 933262 157°970 0037 150 | 571338 | 262-756 8934

The power of 10 by which to multiply the factorial is given by the whole number of the logarithm,
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TABLE XXX. FACTORIALS——conrrnuea

151
152
x53
154
IS5
156
157
158

I59
160

161
162
163
164
168

166
167
168
169
170

71
172
173
174
175

176
77
178
179
180

181
182
183
184
185

186
187
188
189
190

19X
192
193
194
195
196
197
198

159
200

Factorial.

862721
I"31134
200034
308977
478914

747106
1°149296
1-85327
2:94670
471472

7:5907T
1-22969
2°00440
328722
5'42391
900369
1-50362
2:52608
4-26g907
7'25742
1-24102
213455
369277
642543
1°12445§

1:97903
350289
6-23514
111609
2:00896

363622
661792
1:21108
2:22839
412281

766787
143389
2:69572
5°09491
968032

1-84894
354997
685144
1° 32018
259190
508012
1:000%8
198155
3'94329
7-88658

Logarithm, No. Factorial, Logarithm, No. Factorial. Logarithm,
264'035 8704 || 201 | 58520 | 377200 0847 | 251 | 811447 | 49490 2601
267117 %139 202 | 320211 379'505 4361 252 | 204485 | 497310 66oy
269302 4054 203 | 6'50028 381812 9321 253 | 517346 | 499°713 7812
271-489 9261 204 | 132606 384:122 5623 254 | 1'31406 | 502°118 6149
273:680 2578 || 205 | 271842 | 386-434 3161 | 255 | 3'35085 | 504525 1551
275873 3824 || 206 | 5'50004 | 388-748 1834 [ 256 | 8:57818 | 506:933 3950
278:069 2820 207 | I'I59IQ 301°064 1537 257 | 220459 | 509'343 3282
280267 9391 208 | 2:41111 393 382 2170 258 | 568785 | 511754 9479
282:469 3363 | 209 | 503922 | 395702 3633 || 259 | 147315 | 514'168 2476
284°673 4562 210 | 1'05824 398024 5826 260 | 383020 | 516583 2210
286:880 2821 211 | 2:23288 400°348 8651 261 | 999681 | 518:999 8615
289-089 7971 212 | 473370 402*675 2009 262 | 261916 | 521418 1628
291: 301 9847 213 | 100828 405003 5805 263 | 688840 | 523838 1185
293516 8286 214 | 2'15772 407°333 9943 264 | 181854 | 526-259 7225
205°734 3125 215 | 463909 409666 4328 265 | 481913 | 528682 9683
299954 4206 216 | 100204 | 4I2:000 8865 266 | 128189 | 531-107 8500
300177 1371 || 217 | 217443 | 414:337 3463 || 267 | 342264 | 533'534 3612
302402 4464 | 218 | 4'74027 | 416:675 Boz7 || 268 | 917268 | 535962 4960
304:630 3331 219 | 103812 419°016 2469 269 | 246745 | 538392 2483
306:86o 7820 220 | 228386 421+358 6695 270 | 666211 | 540'823 612I
309-093 7781 | 221 | 5104733 | 423'703 0618 | 271 | 180543 | 543256 5814
311°329 3066 222 | 112051 426049 4148 272 | 491078 | 545°691 1503
313-567 3527 || 223 | 2°49873 | 428:397 7197 || 273 | 1'34064 | 548'127 3129
315-807 gorg || 224 | 559716 | 430747 9677 || 274 | 367336 | 5507565 0635
318+050 9400 225 1-25936 433100 1502 275 I'0I01%7 553'004 3962
320296 4526 226 | 2-84616 435°454 2586 276 | 2278808 | 555'445 3052
322:544 4259 | 227 | 6°46077 | 437:810 2845 || 277 | 772208 | 557-887 7850
324794 8459 228 | 1447306 440°168 2193 278 | 214699 | 560331 8298
327-047 6989 || 229 | 337330 | 442'528 0548 || 279 | 5'99010 | 562777 4340
329302 9714 | 230 | 7475859 | 444'889 7827 | 280 | 167723 | 565224 5920
331°560 6500 || 231 | 179223 | 447-253 3046 || 281 | 471301 | 567°673 2084
333820 7214 232 | 4°15798 449618 8826 282 | 1:32007 | 570123 5475
336:083 1725 233 9+ 68810 451°986 2385 283 376126 | 572'575 3339
338-347 0903 || 234 | 226702 | 454'355 4544 || 284 | 106820 | 575028 6523
340615 1620 | 235 | 5:32749 | 456'726 5223 || 285 | 304437 | 577483 4971
342:884 6750 || 236 | 125720 | 4597099 4343 || 286 | 8:70689 | 579'939 8631
345156 5166 || 237 | 2797977 | 461474 1826 || 287 | 249888 | 582397 7450
347430 6744 || 238 | 7°00185 | 463850 7596 | 288 | 7719677 | 584857 1375
349-707 1362 || 239 | 160495 | 466'229 1575 || 289 | 207987 | 587°318 0354
351-985 8898 240 | 406789 468-609 3687 290 | 603161 | 589780 4334
354266 9232 241 | 9+80360 470991 3857 291 | 1-75520 | 592244 3264
356-550 2244 || 242 | 237247 | 473375 2011 || 292 | §'I2518 | 594'709 7092
358-835 7817 || 243 | 576311 | 475760 Boy4 | 203 | 1’50168 | 597176 576
361123 5835 || 244 | 1°40669 | 478:148 1972 | 264 | 4°41493 599° 644 92g2
363413 6181 || 245 | 3'44638 | 480'537 3633 || 295 | 130241 6oz 114 7462
365-705 8742 || 246 | 8:47810 422:928 2984 296 ifssr; gzz;gig ;g:g
368-000 3404 247 | 2°09409 435°320 9954 97 449 e 43
370°297 o056 || 248 | 5'19334 | 487'715 447° 298 | 3'41201 609. ssg 2828
372595 8586 || 249 | 1°20314 | 4gor1ir 6464 |} 299 | 1'02019 612.02 Bono
374°806 8886 || 250 | 323286 | 492509 5864 || 300 | 306058 | 614485 B03

For higher values, and non-integral x>>6 (or x> 1'5 for 4-figure accuracy), use :

log &l = (x-+§)log #-+ilog 2r— (x
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TABLE XXXI. NATURAL SINES

o’ 6’ 12’ 8’ 24’ 30’ 36’ 42’ 48’ 54’ ' 2 3

o 100000 00I75 00349 00524 00698 00873 ©Io4] o1222 01396 OIF7I 29 58 87

I *01745 ©0IQ920 02004 ©2269 02443 02618 02792 02967 03141 03316 29 58 84

2 *03490 03604 03839 04013 04188 04362 04536 04711 04885 05059 29 58 8y

3 ‘05234 05408 035582 05756 035931 ob105 06279 06453 06627 06802 29 58 84

4 *06976 07150 ©7324 07498 07672 07846 o8020 08194 08368 08542 29 58 87

5 ‘08716 08889 09063 09237 009411 09585 ©09758 09932 1IoIlo6 10279 29 58 8y

6 *10453 10026 10800 100973 III4Y 11320 1II494 11667 11840 1I20I4 29 58 8y

7 +12187 12360 12533 12906 12880 13053 1I3226 13309 1I3572 13744 29 58 86

8 *13917 14000 14203 14436 14608 14781 14954 15126 152909 I54%I 29 58 86

9 *15643 15816 15988 16160 16333 16505 16677 16849 17021 17193 29 57 86

1o +17365 147537 17708 17880 18052 18224 18395 18567 18738 1891 29 57 86
11 ‘19081 19252 19423 I9595 19766 19937 20108 20279 20450 20620 28 357 86
1z *20791 20962 21132 2I303 21474 21644 21814 21985 22155 22325 28 57 8;g
13 22495 22665 22835 23005 23175 23345 23514 23684 23853 24023 28 357 83
14 +24192 24362 24531 24700 24869 25038 25207 25376 25545 25713 28 56 85
15 +25882 26050 26219 26387 26556 26724 26892 247060 27228 24396 28 56 84
16 «27564 27731 27899 28067 28234 28402 28569 28736 28903 29070 28 56 84
17 | +29237 20404 29571 29737 29904 30071 30237 30403 3os7o 30736 | 28 56 83
18 -30902 31068 31233 31399 31565 31730 31896 32061 32227 32392 28 55 83
19 | -32557 32722 32887 33051 33216 33381 33545 33710 33874 34038 27 55 82
20 | 34202 34366 34530 34694 34857 35021 35184 35347 35511 35674 27 55 82
21 35837 36000 36162 36325 36488 36650 3681z 36975 37137 37299 27 54 81
2z | 37461 3762z 37784 37946 38107 38268 38430 38591 38752 38912 27 54 81
23 139073 39234 39394 39555 39715 39875 40035 40105 40355 40514 27 53 8o
24 | 40674 40833 4099z 4IISI 41310 41469 41628 41787 41945 42104 26 53 79
25 | 42262 42420 42578 42736 42804 43051 43209 43366 43523 43680 26 53 79
26 | +43837 43994 44I51 44307 44464 44620 44776 44932 45088 45243 26 52 78
27 | °45399 45554 45710 45865 46020 46175 46330 46484 46639 46793 26 52 77
28 46947 47101 47255 47409 47562 47716 47869 4802z 48175 48328 26 51 77
29 | -48481 48634 48786 48938 49090 49242 49394 49546 49697 49849 25 5T 76
30 50000 5OIST 50302 50453 50603 50754 50904 51054 51204 51354 25 50 75
31 51504 51653 51803 51952 52I01 52250 52399 52547 52696 52844 25 50 74
32 52992 53140 53288 53435 53583 53730 53877 54024 54171 54317 25 49 74
33 | 54464 54610 54756 54902 55048 55104 55339 55484 55630 55775 24 49 73
34 | -55919 56064 56208 56353 56497 56641 56784 56928 57071 57215 24 48 72
35 | -57358 57501 57643 57786 57928 58070 58212 358354 58496 58637 | 24 47 71
36 | 58779 58920 59061 59201 59342 59482 59622 59763 59902 Gooqz | 23 47 70
37 <60182 60321 60460 60599 60738 60876 6ro15 61153 61291 6I429 23 46 69
38 61566 61704 61841 61978 62115 62251 62388 62524 62660 62796 23 46 68
39 +62932 63068 63203 63338 63473 63608 63742 63877 64011 64145 22 45 67
40 | 64279 64412 64546 64679 64812 64945 65077 65210 65342 65474 | 22 44 66
41 +65606 65738 65869 66000 66131 66262 66393 66523 66653 66783 22 44 65
42 +66913 67043 67172 67301 67430 67559 67688 67816 67944 68072 21 43 64
43 *68200 68327 68455 683582 68709 68835 68962 69088 69214 69340 21 42 63
44 | 69466 69501 69717 69842 69966  7o09T Jo215 70339 70463 70587 21 42 62
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TABLE XXXI.

NATURAL SINES—continued

ol 61 Izl 18' 241 301 36’ 421 48' 54: 1’ 2: 3:
45 ‘70711 70834 7Jogs7 71080 71203 71325 71447 71569 71691 71813 | 20 41 61
46 71934 72055 72176 72297 72417 72537 72657 ‘72777 72897 73016 | 20 40 6o
47 73135 73254 73373 73491 73610 73728 73846 73963 74080 74198 | 20 39 59
48 74314 74431 74548 74664 74780 74896 7sorr 75126 75241 75356 | 19 39 58
49 75471 75585 45700 75813 75927  76oq1 76154 76267 76380 76492 | 19 38 57
50 76604 76717 76828 76940 77051 77162 77273 77384 77494 77605 | 19 37 56
51 “77715 77824 77934 78043 78152 78261 78369 78478 78586 78694 | 18 36 54
52 78801 78908 79016 79122 79229 79335 7944% 79547 79653 79758 | 18 35 53
53 -79864 79968 8oo73 80178 80282 80386 80489 8o593 80696 8o799 17 35 52
54 +80902 81004 81106 81208 81310 8141z 81513 81614 81714 81813 17 34 51
85 ‘81915 82015 82115 82214 82314 82413 82511 82610 82708 82806 16 33 50
56 ‘82904 83001 83008 83195 83292 83389 83485 83581 83676 83772 16 32 48
57 83867 83962 84057 84151 84245 84339 84433 84526 84619 84712 | 16 31 47
58 | -84805 84897 84989 85081 85173 85264 85355 85446 85536 85627 | 15 30 46
59 83717 85806 85896 85985 86074 86163 86251 86340 86427 86515 I5 30 44
6o 86603 86690 86777 86863 86949 87036 87121 87207 87202 87377 14 29 43
01 87462 847546 87631 87715 87798 87882 87965 88048 88130 88213 14 28 42
02 88205 88377 88458 88539 88620 88701 88782 88862 88942 8gozr 13 27 40
63 | +891o1 89180 89259 89337 89415 80493 89s7r 89649 89726 89803 | 13 26 39
64 | +89879 89956 goo3z 9oro8 90183 90259 90334 90408 90483 g9oss7 | 13 25 38
65 *go631 goy7o4 90778 90851 90924 90996 gIo68 9rI40 9I2I2 QI283 12 24 36
66 | +91355 or425 91496 091566 01636 91706 9I775 91845 01914 91082 | Iz 23 35
67 <92050 92IIQ 92186 92254 92321 92388 02455 92521 92587 92653 1T 22 34
68 02718 92784 02849 92013 92978 9304z 93106 93169 . 93232 93295 | II 21 32
69 193388 93420 03483 03544 93606 93667 93728 93789 93849 93909 | 10 20 3I
70 -03960 94029 04088 04147 04206 94264 94322 94380 04438 94495 | 10 I9 29
71 04552 04609 04665 94721 04777 94832 04888 04943 94997 95052 9 19 28
72 '05106 95159 05213 95266 05319 95372 95424 95476 05528 95579 yp 18 26
73 .05630 03681 05732 95782 95832 95882 95931 95981 g6ozg 96078 8 17 25
"4 96126 96174 96222 96269 96316 96363 ob4a10 06456 96502 96547 8 16 23
75 .06503 06638 0668z 96727 96771 96815 96858 9690z 96945 96987 7 15 22
76 .g7030 9072 97113 97155 97196 97237 97278 97318 97358 97398 7 14 20
77 | -omasr 97476 97515 97553 97592 97630 97667 97705 07742 97778 g 13 19
78 97815 97851 07887 97922 97958 9799z 98027 98061 98096 93129 12 Ig
79 98163 98196 98229 98261 98294 98325 98357 98389 08420 98450 5 11 1

198481 o851 98341 98570 98600 08629 98657 08686 98714 98741 5 I0 14
2? -28369 38596 38823 08849 98876 9890z 98927 98953 98978 99002 4 g 13
82 99027 99OST 99075 99098 9912z 99T44 99167 99189 99211 99233 4 :;
83 .99255 90276 99297 99317 99337 99357 99377 99396 994;3 99@34 3 g °
84 | -00452 00470 99488 99506 99523 99540 99556 99572 99588 99004 3

-9901 6 0649 09664 99678 99692 99705 997I9 9973 99744 2 5 7
gg '3375g 33722 39780 99792 99803 99813 99824 99834 9984g 99854 i 4 3
87 .99863 9987z 99881 09889 99897 99905 99912 99919 99928 999@3 ' z 2
88 | +99939 99945 99951 99956 99961 99966 99970 99974 9997 929 Z rozo
89 | +99985 99988 99990 99993 99995 99996 99998 99999 99999 10000
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TABLE XXXII. NATURAL TANGENTS

o’ 6 12’ 18’ 24’ 30 36 42’ 48’ 54’ S
o 000000 ‘00175 *00340 ‘00524 ‘00698 ‘00873 ‘01047 ‘orzzz +o0r396 *orgyI 29 58 By
1 0'01746 *01920 *020Q95 02209 *02444 +02019 -02793 02968 03143 ‘03317 29 58 8y
2 0'03492 *03607 03842 +04016 *04191 +04366 *0454I 04716 04891 ‘05066 29 38 8y
3 0°0524I *054I16 ‘0530 +05766 *05041 +06116 -06291 06467 06642 0681y 29 58 88
4 006993 07168 07344 07519 *07695 *07870 08046 -08221 08397 :08573 29 59 88
5 0'08749 *08925 *09IOI *09277 09453 *09629 09805 ‘09981 10158 °10334 29 59 88
6 o 10510 *10687 +10863 -11040 *II2IY% *X1394 *II570 *IIJ47 *11924 *I2I0I 29 59 88
7 o'12278 -12456 +12633 *12810 +12988 *13165 13343 ‘13521 +13698 13876 30 59 89
8 014054 °*14232 *I441I0 ~14588 +14767 *14045 *15124 *15302 *I5481 -15660 30 59 89
9 0'15838 16017 16196 +16376 16555 *16734 16914 *17093 *I72%3 17453 30 6o go
10 017633 17813 *17993 +18173 18353 -18534 -18714 -18895 -19076 -19257% 30 6o go
II 0'19438 *19619 *19801 19982 -20164 *20345 *20527 *20%709 *20891 ‘21073 30 61 g1
12 021256 21438 °21621 -21804 *21986 +22169 -22353 22536 22719 22903 30 61 g2
13 0'23087 23271 23455 °23639 23823  +24008 -24193 °24377 *24562 ‘24747 31 61 g2
14 024933 *25I18 25304 ‘25490 25676 +25862 -26048 +26235 *26421 -26608 31 62 93
15 026795 26982 +27169 27357 *27545 *2%74732 27921 '28109 -28297 -28486 31 63 o4
16 028675 28864 *20053 *20242 *20432 +29621 29811 ‘30001 ‘30192 *30382 32 63 o5
17 0°30573 30764 30955 -31147 +31338  +31530 31722 *319I4 32106 32299 32 64 96
18 032492 32685 32878 -33072 33266  +33460 -33654 '33848 :34043 '34238 32 65 97
19 034433 *34628 -34824 +35020 -35216 *35412 - 35608 - 35805 36002 :36199 33 G5 o8
20 036397 *36595 *36793 -36991 -37190  -37388 -37588 37787 37986 -38186 33 66 99
21 038386 38587 -38787 38988 -30190  -3939I '39593 39795 39997 ‘40200 34 67 101
22 0740403 *40606 :40809 -4I0I3 41217 *41421 41626 41831 42036 *42242 34 68 102
23 0'42447 *42654 ‘42860 43067 43274 43481 -43089 *43897 *44105 ‘44314 35 69 104
24 044523 44732 '44942 "45152 *45362 45573 45784 '45995 46206 46418 35 7o 103
25 | 0°46631 46843 °47056 ‘47280 47483 47698 -47912 48127 48342z 48557 | 36 71 107
26 048773 48989 49206 -49423 '49640 49858 -50076 50295 50514 *50733 36 73 109
27 ©0'50953 51173 *51393 *51614 ‘51835 *52057 52279 °52501 °52724 °52047 37 14 11I
28 | 053171 -53395 * 53620 53844 54070 54296 -54522 *54748 54975 *55203 | 38 75 113
29 ©'55431 '55659 *55888 +56117 +56347  +56577 56808 r57039 57271 *57503 38 77 115
30 057735 *57968 -58201 -58435 58670  -58905 -59140 '59376 *59612 ‘59849 39 718 117
3r 0-60086 60324 *60562 -60801 ‘61040 +61280 61520 61761 +62003 -62245 40 8o 120
32 062487 +62730 +62973 *63217 63462 63707 *63953 '64199 '64446 +64693 41 82z 123
33 0°64941 -65189 -65438 -65688 -65938 +66189 +66440 *+66692 *66944 67197 42 84 125
34 067451 67705 67960 68215 68471 +68728 +68985 69243 *69502 69761 43 86 128
35 o'70021 -%70281 +70542 70804 <71066 *71329 *71593 71857 72122 +72388 44 88 131
36 | o'72654 *72921 73189 73457 73726 -73996 -74267 ‘74538 -74810 -75082 | 45 go 135
37 | ©°75355 75629 ‘75904 -76180 +76456 76733 77010 77289 77568 77848 | 46 9z 139
38 | o-78129 -78410 -78692 78975 79259  *79544 ‘79829 -8o11s -Bogoz -Bobgo | 47 95 142
39 0-80978 +81268 :81558 81849 -82141 *82434 +82%27 *83022 -83317 83613 49 98 146
40 083910 +84208 -8B4507 -84806 -8510%7 *85408 +85710 *86014 *86318 -86623 30 Ioo I5I
41 086929 -87236 +87543 *87852z :88162 -88473 -88784 *8gagy :89410 -8972;5 52 104 IS5
42 0'goo40 *90357 90674 °90993 ‘91313 91633 *9I955 92277 *9260I -92926 53 107 160
43 0°93252 *93578 93906 °94235 94565 94896 -95229 +95562 +95897 96232 55 110 166
44 096569 *96907 +97246 -97586 97927  +9Ba270 98613 98958 99304 +99652 57 114 171
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TABLE XXXII.

NATURAL TANGENTS—continued

o' ¢ 2 a8 ey 3 36 a2’ 48 s | 2 3
45 1:00000 ‘00350 °*0070I ‘01053 01406  *0I76I -02117 *02474 *02832 03192 59 118 177
46 1:03553 03015 ‘04279 ‘04044 -05010 05378 r05747 06117 +06489 06862 | 61 123 184
47 1'07237 07613 *07990 ‘08369 r08749  +09131 09514 *09899 *10285 10672 | 64 127 191
48 111061 -11452 *11844 12238 +12033  r13029 '13428 +13828 14229 +14632 | 66 132 198
49 | 115037 *15443 15851 ‘16261 16672  -17085 ‘17500 *17916 18334 *18754 | 69 138 206
50 1"I9I75 'I9509 20024 °2045I 20879 *2I310 *21742 -22176 -22612 -23050 72 144 218
51 1:23490 *23931 *24375 ‘24820 +25268  -25717 26169 +26622 27077 27535 | 75 150 225
52 127994 *28456 -28019 *20385 +20853  *30323 *30795 31269 *31745 -32224 78 187 235
53 132704 *33187 33673 341060 +34650  -35142 *35637 30134 36633 ‘37134 | 82 164 246
54 1-37638 +38145 +38653 39105 39679 ‘40105 ‘40714 -41235 *41759 42286 | 86 17z 258
55 142815 *43347 43881 44418 44958  +45501 46046 46595 47146 *47699 | 9o 181 271
56 148256 48816 + 19378 °49944 50512 51084 ‘51658 +52235 52816 -53400 | 95 191 286
57 1-53986 +54576 55170 *55766 56366 50969 -57575 +58184 +58797 +59414 | 100 201 302
58 1:6o033 *GoG57 61283 61914 62548  -63185 *63826 +64471 65120 65772 | 106 213 319
59 166428 67088 +67752 68419 +6gogr 69766 +70446 +7x129 71817 -72509 | 113 225 338
6o 1-73205 73905 ‘74610 75319 76032 76749 77471 78198 78929 +79665 | — — —
(90°—0) tan 8
o 6 12’ 18 24’ 30 36’ 42’ 48’ 54’ ' 2 3 |tan §
Go 51962 51'998 52:034 52070 52'10§ §2:141 §2°177 §2°212 52247 52°282 | 6 12 18 1'23
61 52:317 52352 52°387 52'422 527456 52490 52°525 52559 52°503 52627 | 6 11 17| 180
6z 52:660 52:004 52'727 527061 52°794 52:827 52:860 52893 52'925 52'958 | 6 II 17 1:88
63 52'990 53'023 53'055 53'087 53119 53151 53182 53'214 53245 53277 |5 11 16| 196
64 53'308 53'339 53370 53401 53'431 53'462 53492 53'523 53553 53583 | 5 10 15| 205
65 53613 53'642 53672 53702 53731 53760 53'790 53'8r9 53847 53876 | 5 10 15 214
66 €3'905 53'933 53902 53'990 54018  54'040 54'074 54102 54130 54°157 |5 9 14 2_22
67 54185 54:212 54'239 54°206 54°293 54320 54°346 54°373 54'309 54'426 | 4 913 2~33
68 54'452 54'478 54'504 54530 54'555 54'581 541006 54632 54'057 54:682 | 4 913 z.g
69 54:707 54732 54'756 54781 54805 54'830 54'854 54'878 54'90z 54'926 | 4 8 12| 201
70 54'950 54'973 54'997 55'020 55'043 §5:066 55'089 55°112 §5'135 55158 | 4 & I2 2:75
71 55180 55202 55225 55247 55209  55°201 55'312 §5'334 55350 55377 4 7 I 2_9;
72 55'308 55419 55'441 55°401 55°482 55°503 55°523 55'544 55564 55°584 |3 7 10 3.2
73 35 6o4 55:624 55044 55664 55684 55703 55722 55'742 55761 55780 | 3 gro 3 7
74 §5700 55817 55836 55855 55873 . 55'89T 557909 55927 55°945 55963 | 3 9| 349
. , . . . ‘067 56+084 56-101 56:118 56°134 | 3 6 8| 373
75 55981 55998 56'016 56033 56:050  56'0 '
76 56+ 151 56-167 56184 356-200 56 2106 86232 56'247 56'263 56278 56°294 |3 5 8 4‘01
77 56-300 56324 56339 56354 56'369  56:384 56'398 56:413 50427 56441 |2 5 7| 433
. . . 6 224 56538 56°551 56'564 56°577 |2 4 7| 470
78 561456 56'470 506483 56°497 56'511 56524 506°538 5655 4 I
79 86290 56:603 56616 56:628 56+041 56:653 56°665 56-677 56'689 s6-701 | 2 4
. . n -67
. . . . . . 6781 56792 56'803 56-813 | 2 4 6| 5
8o 56 713 56724 56736 56747 561759 567779 5 ' 5
81 56-824 56'834 56845 56:855 56'865  56:875 56:885 56894 56904 56914 |2 3 5 7?2
82 56-923 56'932 56'941 56'950 56°959 56968 56'977 §6-985 56'994 §7'002 | T 3 4 o
&3 §7'0I0 57°0I9 57°027 §7'034 57042 §7°050 57°057 57'065 57'072 57:079 I 3 4 -
84 57-086 57093 57°700 57°107 57°113 g7-120 §7°126 §7°132 577138 §7°144 | T 2 3
85 57150 §7156 §7162 57167 57173 57178 57183 57:188 57°193 57:198 ; i i II:;
86 | 871203 §7z07 7212 57°216 57220 57224 57229 57'232 57236 57240 S
87 57°243 59247 57.250 57.253 57-256 57259 57'262 57'265 57'268 57.2;;0 Z N B
88 7273 57275 §7°277 57279 57281 57283 57-284 57286 57'282 572 2 SO
89 57-290 57291 57292 §7'293 57°204  57°294 57°295 57°295 5729 5729 \
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96
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RAaNDOM NUMBERS (I)

63
32
79
73
43
93
74
50
o7
46
86
46
32
76
o7
51
25
36
34
37
78
38
69
57
91
00
37

45
66

82
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10
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5o
63
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87
21
12
15
90
o6
20
32
8o
54
17
70
o4
12
52
o4
13
96
10
34
6o
76
16
40
00
76
22
59
39
40
59
o6
44
32
13
44
o7
13
24
go
74
o8
72

02
94

26
o7
55
12
18

35
46
86
51
52
76
4
98
22
42
76
33
43
v2
85

33
58
46
45
25

47
7o
92
oI
52
83
98
33
54
78
56
5I
95
17
o8

95
02
41
30
35

94
31
89
48
37

16
36
38
10
44

8o
o7
58
14
32
96
50
58
13
77
o3
88
o7
53
87

13
03
66

34
6o

o9
24
42
04
57
29
30
56
91
48
37
22
43
49
89
06
16
63
85
o1
36
36
89
48
29
o4
46
o5
70
69

45
51
59

21

53

43
25
o7
42
27
10
45
72
53
o8

o4
54
79
45
44

52

45
26
27
68
86
16
62
85

9o
o8
90
36
62

93
16
74
50

99
o7
20
6o
12

o4
31
6o
37
32

6o
24
88
88

23

83
44

99
o8

55

I0

93
86

35
o7
97
94
99

68
15
97
11
40
oz
38
o2
48
27
57
o7
49

47
o2

52

29
94
15
o2
25
97
18
82

45
53
35
16

90

1I
5I
97
26
83
26
92
39
66
oz

23
93
85

85

74
77
77
27
68
o7
54
6o
o4
48
02
45
75
51
55
16
52
37
95

91
o5
56
44
29

99
17
99
62

o7

94
8o

o4

14
79
54

49
oI

34
Iz
52
02
73
64
72
79
42
29
21
46
24
72
88

97
55
49
96
73

37
o4
50
84
26

00
74
38
93
74
o5
717
24

39

74
32
14
10
54
31
13
39
61
oo

10
89
14
81
30
91
o6
38
79
43
o5
88
10
4
48
19
44
21

95
1I
o6

95
o4

51

o3
30
95
08
89
II

95
44
13
17

70
o9
29
16
39

30
70
49
72
65

66

94
67
76

95

73
10

76
30
64
76
79

54
28

o5
71
75
53
39
30
8o
90
14
8o

57
52
oI
24
92

31

98
32
62
66
8o
59
30
33
74
5I
48
94
43
83
23
Ly
34
60

49

47
88

87
33



53

35
63
98

02

85
58
34
03
62
o8
o7
o1
n2
88
45
96
43
50
22
96
31

84
36
o7
I0

55

53
3
35
37
93
02
49
84
18
79

75

51
21
29
95
go
46
20

71

74
38
30
43
25
63
55
o7
54
85

92
95

45
o8

85

84
78
17
76
3I
44
66
24
73
60

37
67
28
15
19
81
86
o1
71
66
96
83
6o
17
69

93
30
29
31
o1

33
84
40
31

23
o6
58
36
37
21
22
26
16
27
18
30
93
55
89
7T
28
75
28
67
66
22
40
91
73
90
1o
59
83
68

29
32
70
67
13
o8
43
71
30
10
36
92
50
38
23
95
60
62

99
86

21
82

55
17
21
I3
24
84
27
27
15
18
95
14
16
65
12
72
44
15
14
61
99
61
o8
o7
87
97
13
68
29
95
83
45
48
62
88
61

57
29
10
86
87
22
79
98

67
54
46
69
26
69
82
89
15
87

46
59
22
40
66
35
84
57
54
30
21
86
5T
19
84
56
23
48
6o
65

39
92
13
I3
27
65
35
46
71
78
83
03
34
24
38
00
8o
82

89 03 43
59 73 ©5 50

TaBLE XXXIII,

61 32
99 00
06 Y2
65 51
oI 9I

71 50
48 22
oI Io
5T 54
61 48
57 99
37 175
6o 21

45 44
5I IO

19 11
13 52
28 40
22 o1
24 02
66 o6
26 63
23 22
6o 20
43 89
70 I0
98 93
8g 64
79 24
03 73
35 o1

33 98
80 o3

20 02
92 79
13 0§
82 88
40 8o
44 91
71 32
56 20
o6 28
31 57
3779
58 o2

18 74

28
65
17
18
82

8o
28
o7
44
64
16
41
75
75
19
58
53
19
II
94
58
75
30
2
94
23
35
58
31
52
20
74
54
44
64
00
33
81
14
76
14
81
75
81
39

72
59

20

32

69
26
10
37
81

89
ob
82
82
56
96
66
46
13
34
49
94
72

94
o8

05
41
88

00
87
56
68

84
94
94
88
46
56
[e]e)
04
0o
26
56
48
oI
90
88
26

38
95
"2

23 7177

94
02
25
61

74
38
61
59
62
90
30
86
g8
24
15
50
75
25

I

38
68
58
95
98
56
85
99
83
21
(o]0}

RANDOM NUMBERS (I1I)

62
82
21
38
71

I5
54
63
61
18

33
97
77
94
84
11
45
12
96
32
I5
42
67
57
69
II
29
8s
48
53
33
14
94
85
54
o7
36
39
23
oo
21
25
97
24
1o

79
o7
74

67
[8]e]
31
44
I2

70
13
69
65
48
72
8o
27
96
97

17
69
74
16
36

54
36
47
o7
47

34
76
62
24
55
74
71
78
o4
96

54
o4
23
30
22

97
o6

02
16

14
58

53
8o

14 82

oI

93

135

86
23
75
12
94
II
43
36
o4
I3
85
61
85
61
19
17
30
75
16
66

35
72
29
23
o7
76
29
27
06
g0
82
94
32
05
53
n2
19
o5
63
58
90
84
74
10
20

69

89
o8

99

24
o7
96
45
97

48
91
o3
69
26
22

45
42
o2

75
76
g6
67
88

02

35
32
70

20 49

98
79
49
32
24
43
82
69
38
37
84
23
28
57

I2

86
73
6o
68
69
42
58
94
65
90
76
33
30
g1
33
53
45
50
oI
48
21
47
25
56
92
96
61
76
52
16

81
96
16
8o
82

33
62

28
92
02
40
78
II
18
70
64
53
88
55
76
3I
89
40
64
36

35
37
69

95
22

48
34
14
98
42

73
94
95
32
14

45
45
15
34
54

42
29
15
83
55

76
35
46
60

96 59 26 94

41
67
24
85
7T
45
12
15
65
15
38
o4
61
66

39

19 95
80 6o

00 49
88 63

37 o7
86 98
23 29
83 8o
18 97
42 57
56 98
oI 63
o8 84
83 15
43 78

47 53
75 91
55 65
54 34
03 92
oo 83
o6 66
13 29
85 72
65 65

99 oI
45 76
69 62
73 42
64 63

95 6o
99 17
24 62
19 59
48 o3
14 52
03 37
18 16
56 8o
78 35
o1 64
63 14

OI 47
22 13

56 54
14 44
13 8o
53 89
56 o7
19 48
82 11
88 12
99 82
43 11

74 54
04 32
18 55
70 47
54 96
82 8o
o5 98
67 72
63 49
66 39

53
12

79
81
18

26
24
54
13
8o
30
o8
o3
37
9I
78
43
oI
50
45
41
18
36
30
34
18
52
59

59
88

29
99
55
74
93
56
08
57
93
71
I3
92
63
14
o9
84
90
16
30

38 o9

81
78
85
66

o1
12
19
49
39

98
64
42
i
o8
46
48
61
88
15
52
39
78
19
08
39
32
8o

83
56
81
62
6o
89

27
95
21
24
99
26
08

77

54
II

2§
o7
42
21

19
o7
35
75
03
27
28
21
o7

64
27
73
61
25

75
76

92
22

48
Iz
86
44
72

g6
52
02
oo

34

93
o7
54
41
30
44
97
71
98
31
94
00
o9

ob

39
35
79
30

67 08 6o



22
19
16
78
o3
93

23
I5
58
57
48
61

18

88
o9
I2
8s
38
53
40
02
95
35
26
77

37
61

93
21
95
97

o4
61
8s
21
15
02
87
98
10
47
22
67
27
33
I3

17
36
77

43
28

22
76
68
39
71
35
50
96
93
87
56
72

94
64

44

17
1y
76
29
8o
40
56
65

43

20
86
92
3
06
93

74
69

18
83
o8
9o
8s
8o
62
78
I3

65
59
oz
71
26
64
54
26
70
30
33
54
95
41
42

27

17
24
59
42
26
18
o6
42
56
75

44
18

68
64
12
97

34
21
°3
86

47
82

o4
89
94
21
I0

68
79
96
87
66

84
46
77
61
o8

39
74
oo
99
24
72
48
o3
26
3z

59
29
31
16
98
72
84
05
53
92
41
82
52
o9
66
o7
99
97
73
13
56
91
88

45
8o

49
79
22
66
08

90
33
72
15
99

68
13
o9
20
73
o7
92
99

93
8

24
22
o7
29
57
33
49
65
02
98
[e]e)
57
12
31

85
72
91
77
37
34
11
27

I0

59
33

72
73
79
20
85
59
72
88

49
12
79
38
47

TABLE XXXIII.

95
79
61
44
37
1o
38
53
86
46
53
o6
16
70
9o
35
41
19
o9
77
41
99
59
51
II

47
82

36
53
27
18
20
37
65
71
73
14
87
96
96
21
43

97
68

02
64
83
44
30
24

23
93
87
go
32
63
70
93
52
23
63
34
39
83
I2

72
3
69
84
87
86

99
52
10
83

o4
32
74
84
47

o4
99
83
81
74

99
77
o8
o7
23
I4
o1
50
49
84
92
1I
61
06

49

92
37
25
32
o4
76
96
61
77
34

94
72
33
63
02
67
o6
02
38
68

79
9o
57
g6
44
66
99
43
46
39
52
45
28
92
17
19
43
62
94
53
63
72
99
29
27
85
41
40
38
57

35
55
21
64
o5

35

92 -

28
65
27
o9
52
66
5L
o7
47
70
83
76
o7

79
37
02
46
8o
o8
go
53
47
19
35
18
NI
59
32
87
96
40
52

I0

86
73
52
31
83
44
16
15
21
74

87
39
28
97
69
87
52
52
15
85
41
82
98
99
23
77
42
60
22
9
68
36
22
92
34

34
63
30
3I
84
56
48
00
58
27
26
43
16
o9
65
87
o8
o8
89
42
16
25
14
14
32

RANDOM NUMBERS (III)

o2
77
ob
67
30
o3
ob
70
33
13
10
21
56
74
47
34
38
75
00
5I
47
63
o7
o6
68

72
95
82
91
83
27
13
06
76
55
72
0o
o6
65
39
63
61
52
8s
29
40
58
53
47
25

22
32
24
63
16

o4
79
o§
59
99
76
15
IO
20

37

55
o6

86
27
67
22
32
9o
88
35

57
73
I3
18
70

o9
93
41
17

I0

39
65
I0
[o]e]
o7
93
74
85
84
72
12
19
40
47
43

57
77
25
99
°9
79
79
48
o5
24
47
6s
56
52
17
45
45
90
69
62

oo
08
47
7
48
59
76
54
95
o7
24
55
41
14
24
a7
98
89
77
16

95
51
o8
46
23
89
68
65
o7
62

51
o9
93
61
o5
88
45

34
28

61
85
16
46
88
08
82
56
22
49

44
33
77
87
54
o8
64
24
29
40
35
37
28
56
33
82
89
78
24
53
61
18
45
o4
23
53
45
23
25
45
II
89
87
59
66

50
77
27
54

10

o9
52
e
38
69

43
o5
13
03
58
13
18
05
26
o9
95
94
30
41
o1

27
73
19
94
o5

3L
13
I
50
40
8o

44
63
74
40

53
79
o9
62
82

57
33

34
16

o2

oI

39
61
I9
45

49
54
58
87
II

95
30
59
93
28

85
27
61
o7
79
49
NI
27
15
88
38
31
35
78
93
51
68
30
81
go
46
99
08
11
o6
83
49

39
16

I3
68

o6
62
78
22
99

51
44
86
47
49
66
II
I2
09
63
go
65
51
70
78
51
97
79
69
60

15
o5
35
53
71
45
go
84
17
74
93
o7
97
33
70
8o
15
31
23
79
06
52
28
32
84

o3

47
99
75
72
19
70
29
23
59
1z
23
03
92
7o
97
39
9o
41
22
o7
40
5I
97
7o
43
67

88
99

Z0
52
45
oI

22
50
29
53
41
35
41
32
75

20

45
15
34

32

47
74
25
23

47
69
09
8o
o6
o2

81
oz
62
03
1o
75
I5
12
12
18

55

08
39
86

o4
18
68
57
54
©0
46
49

‘8o

41
61

47
63
30
45
33

44
63
25
I2
26

25
76

98



10
28
34
61
61
9t
0o

88
o4

78
&7
47
56
02
31
28
63
45

39
73
72
75
37
68
14
49
48
37
14
58
I0
44
Q0
41
91
8o
67
59
o5
44
61
42
77
48
87
QI
84
8y

27 53
4I 50
2I 42
8r 77
15 18
76 21

97 79
46 18

37 59
62 ob
47 23
68 62
6o gz
88 8%

57 45
54 14
50 16
29 62

65 36
71 98
20 56
17 26
48 6o

o8 oz
23 98
o8 96
37 06
2I 34

29 09
43 28
43 67
38 88
69 59

47 10
94 14
o6 54
72 77
40 24
9¢ 35
43 8o
81 31
88 oy
94 30

76 59
43 05
97 77
41 6o

96 23
61 88
57 o2
23 23
13 54
64 04
o8 o6
34 94
6o 3o
87 21

34 41
53 990
15 43
10 77
59 41
86 64
13 17
43 36
66 50
26 51

63 70
16 o4
20 II

99 76
82 29

8o 72
61 67
21 44

08 43
17 68
34 °4
o6 36
29 7o
39 54
19 §I
25 62
63 19
18 66
63 48
13 27
89 95
69 98
96 82
10 0§
o5 39
76 106
61 81
96 47
72 73
76 83

7I
64
59
82
16

44
37
75

o5
94

34

53
88

65

73
48
28
oz
76

77
29
n2
89
81

83
70
25
63
63
8y
49
8o
86
85

97
75
09
84
79
oI

46
00
24
28
94
43

09
44

TAarLe XXXIII.

50
85
19
82
86

91
30
20

95

02

21
41
14
59
28

43
62
97
63
96
45
18
05
37
30
71
52
27
61
96
83
52
62
97
39
o5
89
18
o8
26

61
68
57
98
10

II
63
78
62
88

54
27
18
II
20
13
28
8o
79
03
78
oz
36
53
o4
o7
1T
85
45
59
85
94
7T
20
I5
46
85
99
62
83

o7
83
8o
37
52
SI
II
94
31
88

16
o5
25
Gs
99
68
64
99
o6

96

36
20
97

54
206

32
59
27
42
24
55

45

59
II

67

34
9o
58
52
38

50
5I
o8
70
39
30
o1
41
42
23
55
51
03
44
85
03
47
o6
55
86
96
14
6o
63
00
84
61
95
65
o7

23
18
48
o8
88

97
85
77
94
17
o9
71
25
52
53
48
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99
38
72
51
23
86
oI
14
49
50
28
29
56
o7
14
42
22
13
61
1%
19
58
30
94
8z

59
21
27
26
61
24
72
8o

RaNDpoM NUMBERS (IV)

3I
36

30
28
74
3I
56
oI
62
97
76
23
47
25
79
206

I2
o5

o4
36
o3
70
8o
62
68
69
40
81

45
70
33
69
88
87
93
52
47
45

39
94
95
61

75

95
o2

o8

95
6o

30
91
21
oI
37
36
34
o7
45
6o

13
50
6o
61

73
20
36
8s
49
83

137

8z
o5
30
58
55
66
53
16
89
56
16
70
70
o7
37
93
64
76
54
71
35
84
13
95
93
88
78
34
10
I5
83
29
38
31
o7
3I
19
17
77
I0
69
o5
18
88

o4
39
o5
44
14
84
oI
o8
43
92
29
12
59
48
50
77
46
24
83
44
30
79

97
26

ob

o2
1o
19
o9
44
87
o5
9o
17
i
68
79
22
8o

53

37
77

55

27
49
23
18
ox
41
73

14
71
24
o7
53
8o

74
43
56
34

95
38
24
68
41

o9
24
70
24
67

53
03
48
97
87

39
G2
42
24
73
29
8y
56
16
16

69
57
45
45
58
68
79
66
8o
99
86
48
48
15
7o

12 I5
65 o9
67 70
39 55
90 51

32 75
39 59
18 73

47 71
86 o1

81 83
92 79
48 40
64 91
o6 94
61 67
79 16
36 54
78 43
76 14
36 oz
96 38
vz 66
o5 73
37 18

56 o3
98 19
74 39
23 00
67 34
25 58
31 o6
35 03
29 56
36 27
86 95
92 36
44 84
67 93
47 70

53 37
13 57
12 62
30 21

57 94

66 99
27 45
41 19
20 46
66 8r

o9
62
o7
43
17
77

73
68

66
82

33
43

35
ob

76
84
76
54
20

55

95
63
48
5I
48
46
41
9I
62
77

84
95
09

o3

44

59
1

93

31
44
11
6o
82
o7
68
Io
27
90

47

25 47 47

62
50
43
63
25
99
61
29
33
oI
11
42
70
17
44
25
61
13
or

88
25
17
18
00

o6

99
53
8o
79
6o
57
74
94
72
48
87
20
16
56

35
10
55
35
57
34
65

54
02

I
87
39

oI

70
8s
34
67
12

97
47

99
22

16

77
5I
71
47
62

73
58
24
vz
84
56
47
78
73
74
o]0]
o9
49
49
04
46
81
42
o8
39
03
39
64
36
17
92
30
o7
29

56 10 48

89
46
28
59
29
48
25
02
9I
30
23
36
12

33
75
o1
96
48
12

61
94
89
87
47
17
99
72
16
58

25
o9
14
81
95

45
40
31
24
38
71
66
57
12
91
o9
72
73
16

59



28
30
95
oI
10

05
o4
o5
84
28

73
10
91
o3
89
13
71
19
56
39
73
81
o5
62
31
97
32
31
45
11
14
40
44
41
o7

8o
27
54
02
83
82
38
o1
21
32
04

48

89
29
74

g1

33
43

go
55
83
20

50
45

41
43
71
28
38

27
13
6o
62

97
13
38
11
99
74
84
66
25
48
94
I2
27
7T
06
68

92
52
82
61
or

66
29
59
64
33

o8
42
53
72
86
51
fole]
24
71
48
8o
68
21

37
88

63
26
72
41
30
II
o1

57

18

o8
19
82
05
o5
oI
22
82
43
57

84
52
03
92
54

99
62

33
49
38
28
59
47
36
53

13
78
51

66

19
51

79
73
63
86
97
93
40
o6
97
65
6
62
92
45
00
o5
12
o7
52
16
89
g1
o8
69
88
59
84
65
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TAaBLE XXXIIIi. RANDOM PERMUTATIONS OF 10 NUMBERS

o 1 2 3 4 3 6 7 8 9 o 1 2 3 4

5 6 7 8 9 o 1 2 3 4 5 6 7 8 9
o | 03528 28071 97041 45167 35421 71345 47286 83567 94170 46789 56471 65132 18204 73618 89714
49761 39465 52683 82003 09867 06982 10359 4910z 63328 02531 93208 474809 50376 04952 02365
15 | Boz19 20485 85093 45687 32579 52867 70851 03621 51490 53180 76283 90287 34605 67295 82906
43657 70361 24176 30129 48016 03194 29463 94587 32768 76924 90451 56314 12879 10834 45137
30 | 36524 o7561 67820 20739 69045 54978 90317 64529 57319 74861 94816 10798 06431 53984 07196
97801 08234 13459 58146 13782 36102 48562 48301 64802 39502 o5723 32546 20857 16072 32584
45 | 56913 06289 64527 30205 43209 84152 69183 01278 41973 03471 85014 01628 42016 goib4 Qo418
84027 51734 80193 49718 81675 69307 47250 39546 25068 56829 27639 73954 58379 53827 73625
6o | 70523 83297 81239 035913 75206 18350 81623 59327 08317 39581 45736 12987 40568 20915 40819
68194 60541 06745 68742 38491 67924 07549 64081 56492 60247 19802 354360 23917 48367 52367
75 | 59208 56078 74268 54981 12573 51246 43985 04628 54670 93108 86341 10678 70468 53920 91478
13674 3149z 09351 27630 68490 38097 27160 97531 32918 67542 95207 42593 51239 74618 32650
90 | 40329 15237 65897 18693 43709 10783 41237 72168 87194 8047z 38125 23945 73981 31749 52831
71568 098604 13402 20547 58612 05426 89603 35904 23506 69351 46970 10687 06254 26580 49760
105 | 78136 62531 92143 28035 08410 78059 76901 24618 85102 30642 10378 61739 41980 59761 65043
09452 84097 05876 46107 75236 61432 35482 57093 93647 15987 24956 08245 25763 42803 8o172
120 | 58236 29871 53107 50762 47103 81973 35716 83924 21593 098432 95260 83496 27810 82193 24851
10974 64350 89264 41839 69852 6504z 42089 67501 40678 57601 84371 17250 95634 67450 90367
135 | 83417 26179 19562 71358 78542 72806 74312 57346 16248 68102 76581 73204 02698 42850 35710
29065 45038 38704 90246 13069 43105 85960 82019 97305 53794 24309 86015 43517 04316 98624
150 | 48210 25789 52193 36489 82167 01325 52839 2530 24150 71306 06417 23057 8oizg 82439 34620
79365 31460 04687 17502 49053 74896 70614 78649 63987 94258 58329 94168 65374 16075 87915
165 | 67439 45961 21035 64530 84067 32516 57819 23461 158094 20935 37198 67983 94786 96408 58037
10285 80723 64789 81972 51923 07498 04623 80957 06723 478641 65240 02514 02315 57I23 92164
180 | 25481 69345 02391 32647 27845 9zo17 82401 95342 02538 15230 Goizs 97813 57493 27386 13450
70063 17820 68574 85091 16093 64538 93756 01786 67419 84679 84937 04625 20681 go514 94286
195 | 59816 13897 31250 32040 28754 48721 31748 43960 93028 93802 26039 47605 84961 39274 13064
47023 45260 47896 68751 61039 63905 96250 78521 54176 447651 48145 81239 75203 86105 58927
210 | 03957 87529 60895 27615 21875 74500 90758 29064 57408 28947 69210 89710 53076 10578 36809
84612 61403 23714 40839 69403 31286 34621 87513 63219 16053 37485 54236 92184 34269 14275
225 | 6go12 15203 04652 47395 93605 43895 60274 40519 06384 27149 58302z 76523 89631 18594 41059
74385 47689 18073 01628 72148 20167 18359 28736 95721 30586 41679 091408 07524 07236 62738
240 | 57693 32816 87162 61348 15237 17620 17096 50139 56192 31970 32781 79358 23695 13864 24538
48012 50749 45930 72509 86094 08543 34258 74286 73048 28564 50469 42061 04817 07529 6091y
255 | 60407 45982 71896 32801 67984 093618 54867 28730 12674 84715 74269 28940 50628 92810 49168
52138 70316 20453 64057 ©0I325 25470 3091z 51946 03895 23069 03851 65317 39417 34576 53270
270 | 20531 59762 71692 25684 30425 go13z 14379 16720 16732 07423 71893 48307 64192 76915 79431
08746 81340 84305 17309 86107 68547 56802 45983 84590 89165 02546 15269 85307 84023 05628
285 | 03124 41920 20834 61239 45723 12539 76530 38720 23697 19875 31256 83914 79064 74296 71326
58967 %3865 69175 80547 06081 04768 84291 19564 58104 06324 70984 20657 15832 53801 04859
300 | 36574 78296 04258 92407 82051 14928 78423 92530 85791 96513 49580 59671 20413 01534 19532
90182 13045 37169 38651 473469 63570 01659 84671 34260 42807 72163 40823 05786 72086 67804
315 | 42689 70964 36297 68294 93784 31920 03621 27610 95274 46082 03529 35064 30176 46087 46208
71503 81235 58140 30715 20651 86475 57948 35948 63081 31075 18764 21087 08254 19532 37159
330 [ 35709 90582 o138z 81564 07952 97462 90584 52048 50176 40791 28059 49650 gro23 84723 34820
41286 64371 57496 02397 18436 35801 21736 63197 43928 65328 17634 78312 65478 9bosr 9675T
345 | 5018z 61045 68974 354673 43782 48517 68975 29783 48591 08793 41986 32607 3og9rz 07253 89536
43967 79328 13205 01208 65091 06329 13420 54016 76032 54216 57023 95481 45867 61984 74201
360 | 40756 86974 43075 12690 06234 42905 6035t 56148 94237 31056 o1274 91724 59136 51082 89132
38921 35021 80621 834357 78915 31786 78429 73092 18065 82794 65398 36508 07842 34679 47056

140
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RANDOM PERMUTATIONS OF

10 NUMBERS—contznued

9 ° I 2 3 4 5 6 7 8 9
© I 2 3 4 5 6 8 9 (o] I 2 3 4
375 | 10759 51908 064982 87132 43718 03218 72186 62014 64389 84105 40735 40973 18320 31204 16402
26348 42763 31075 94560 90256 94567 43059 87395 1Tosyz 37629 69218 26185 07645 76805 75398
390 | 63850 13069 57238 47958 41952 10798 43751 13508 32108 40913 27538 72104 57214 47068 06135
94721 82457 16og4 16302 08673 46352 86209 74260 47596 68725 04601 69358 06398 92135 78942
405 | 20459 59746 04659 46179 08913 13694 04398 47021 28937 50273 35410 82047 23841 10748 91385
31786 x8023 82137 23850 75624 02758 15267 38056 50461 04618 79862 01356 07596 52036 70246
430 | 51048 81502 98734 34015 79162 37298 04351 90485 42065 85200 31547 19864 28175 27319 96780
32907 43679 21650 69278 83540 45160 06287 36721 91387 13674 06928 27530 64039 54806 12543
435 | 74302 34521 58640 87420 29536 68543 05179 7589x 80574 10462 81537 45270 31270 08451 34295
89561 96087 91732 36501 14870 79120 68243 36024 29316 50873 062094 16983 06854 72369 76801
450 | 80104 61943 12050 13045 81407 41002 83052 31854 48065 20485 86174 76483 79356 13809 86702
72593 20857 68734 89267 02365 37685 61479 Goygz 32719 36710 25039 02013 14028 25647 35T49
465 | 06853 48592 10835 42705 46792 70156 34876 02359 54736 08453 02967 54063 45139 37854 76014
12749 061307 064207 38091 81530 23498 50912 G8r4y o1280 21967 45183 91842 80426 61920 25893
480 | 87912 70324 OGoozy 30815 51673 24897 14500 08297 05217 36581 14360 01829 50324 68271 49172
03546 061985 54281 24967 82004 O1503 73862 31645 48360 00427 29587 36475 69187 39540 03586
495 | 60294 25316 24936 48193 74318 78629 31609 92045 50729 34792 42795 56780 87056 87204 39208
83175 Bouy4 40815 5700z 52609 41530 85427 68731 81643 Gosi8 13608 21493 13924 56391 54761
510 | 67943 94068 91452 97510 17362 57093 83109 27364 96237 21395 87159 27138 32105 35067 51298
52108 57132 GoB3y 42380 49805 62418 27645 95180 51480 64078 02463 69540 48796 89241 03746
525 | 18506 61842 73260 86702 46293 67039 97625 17304 18456 50291 60784 21074 13520 47518 36795
97342 09357 81934 19453 Bo7sr 21458 01843 08562 07239 67834 31502 83695 46978 30296 10428
540 | 0B613 03286 47801 32769 58296 39021 10894 61238 72103 71043 56384 42136 73610 79318 04513
95742 50471 56239 85014 70143 45678 57326 54079 96854 02568 o179z 08795 52498 20465 27680
555 | Gr270 80264 52680 o5479 38512 54602 93052 51406 51342 78190 51937 40615 76238 87935 69048
04835 05173 70314 86231 49076 81937 17468 127938 0768y 36425 68420 83972 45190 6Gol4z 73215
8941 24385 74513
570 | 54901 81326 58063 04053 36978 93048 90168 7610z 60275 14935 04385 82453 o©
86372 57490 24917 62781 gorzq 26715 74523 34958 93814 27860 91627 90671 25367 79610 28260
8 501z 60287
85 | 43027 59671 09746 20837 12436 87543 16482 75204 47038 42183 32509 o695z 27589 3
5 69815 80324 52813 49361 58790 16029 9o753 30186 20516 56970 87614 38174 01436 98644 34591
& 14903
6oo | 12487 73960 00485 26340 75402 03279 17932 53160 73924 96823 52134 18532 49027 5721
56239 12458 62731 51897 18369 46851 56804 78204 15068 04517 08769 47960 58163 43906 85272
8 27509 95243 9074
61 0928 47028 46120 63172 61283 15400 49752 85172 03126 13894 35980 3407
’ grg76 31065 75398 84050 45907 83672 36801 46093 80475 67250 17426 16259 14863 78016 52138
630 | 08564 57064 53692 46273 87014 70256 12004 40986 86274 56308 90786 10928 96320 25634 26051
79123 31208 74081 18590 59632 34981 63785 57132 05391 gri4z 21435 73654 42571 09281 32874
6 82 96438 87094 07248 00473 76120 92867 91854 72196 08164 83497 41035 08725 74629 9040l
> ggi76 20271 63215 06513 52618 85340 05314 20637 40835 92573 15620 28697 32914 53108 85;32
31 8397 23751 48205 03721 5480
660 | 0164 2768 81069 83214 56798 26389 o30r5 02863 79316 54760 2
35233 24019 32745 59760 14230 05471 47628 01574 84520 21389 06154 69oB4 13697 86594 29173
672 26459 23541 83602
I 89230 05326 08697 20185 76951 70563 19368 85093 85736 82094 54
o75 ggggs 4?7%1 ?4087 33124 76349 38204 81294 24570 24176 02419 56137 91038 30187 70968 19547
690 | 07615 81049 54628 61394 28097 47302 47235 81075 90841 63914 96820 86312 86p21 78610 92205
92843 27653 03071 28507 31546 89165 86gor 29346 62573 02857 34715 59704 50734 9324g 4783
' 83 50239 12497 §7208 45312
8 2581 43582 63014 476039 92063 38045 63781 54231 85490 921
o8 Ziig; ;3294 g097I 92785 4i528 71845 097261 05924 79806 73261 56047 6;487 08563 63214 28972
897 38795 92130 93825 0302
24503 06538 06532 73256 47510 30421 78439 87591 12087 1589
720 ;252; 1338% 41297 41087 40891 23869 79856 50126 02463 96534 04326 06241 67584 7640; 39;;:
829 35492 78532 52134 40175 73054
628 81025 9368r 035681 86431 21863 73920 81930 53829
738 Z%ﬁ %ﬁiﬁuw 7054z 32497 50027 70495 41586 54726 16074 70816 96140 86790 32869 20691
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TABLE XXXIV. CONSTANTS, WEIGHTS AND MEASURES, ETC.
Mathematical Constants

n=3'14159 26535 89793 23846 e=2'71828 18284 50045 23536 v=0'57721 56649 01532 860061
logipr==0"49714 98726 94133 85435 logje=0"43429 44819 03251 82765  e¥=1'78107 24179 go197 98522
1/\/2#:0-39894 22804 01432 67794 log,ro=2'30258 50929 94045 68402 ¢~V=0"56145 94835 66885 16983

Phystcal Constants

Velocity of light = 3-00xX 101 cm.[sec. = 186,000 miles/sec. The first number is the ratio of electromagnetic
to clectrostatic unit of charge.

Ionic (electronic) charge (¢) = 4-80X 1072 E.S.U.=r+60xX102 E.M.U. Mass of electron (m,) =
9'Ir X 10728 g,

Planck’s constant {#) = 655 X 1027 erg secs.

Energy of gas molecule per 1° C. absolute = 2+0% X 10716 ergs.

Number of molecules in 1 gm. molecule of gas = 6-02 X 10%,

Electrical charge of 1 gm. equivalent in electrolysis (Faraday) = 9+65 X 1c® E.M. U,

Gas constant (&) = 8-315 X 107 c.g.s. (pv = K7 Xmass in gram molecules),

Constant of gravitation (G) = 6+67 X 1078 c.g.5. (f = Gmm'[+%).

. Acceleration due to gravity (g). Teddington (N. 51° 28-1"): 981-181 cm.fsec.? = 32191 ft.[sec?;
Washington (38°56°5') : 980-082; whence at lat. A, height & m.: 980-618 — 2586 cos 2) -~ ‘003 COS 4A,
— 0003086 H.

The earth. Equatorial radius = 39633 miles, polar radius = 39500 miles, 1° of Latitude = 6870 mls.
(equator), 6g-4x mls. (pole). Mean density = 345 Ib./ft.® = 5517 g.Jcm3

Distance of sun = 93X 10° miles. Distance of moon = 239,000 miles,

Solar radiation (Washington, D.C.) = o35 cal./cm.?/sec.

Velocity of sound (6° C.) = 3°35 X 10* cm.[sec. = r10o ft.[sec. Audible sound : Lower limit, 30 vibr.[sec.;
upper limit, 24,000-41,000 vibr./sec. Middle C of piano, 261 vibr.sec. Wave-lengths of visible light :
4 to 7X107% cm.

Centigrade —40 —30 —20 ~10 010 20 30 40 50100 1°F.=5°C. 1°R.=4°C,

Temperature{Fahrenheit —40 —22 —4 14 32 50 68 86 104 122 212  Absolute zero of temperature =

Equivalent
quivalents | p o umur —32 24 -16 -8 o 81624 32 40 8o —273-1° C,

Mechanical and Electrical Units

Force, g dynes = 1 gm. weight, g poundals == 1 lb. weight, where g is acceleration due to gravity measured
in appropriate units (cm./sec.? or ft.[sec.?). 1 poundal = 1-3825 X 10% dynes,

Pressyre. 1 atmosphere = 760 mm. (29921 ins.) of mercury (o° C., Lat. 45°) = 33+ 8gg ft. of water (4° C.)
= 14696 lb./in.? = 1-01325 X 10% dynesjcm.2 1 bar = 10® dynes/cm.? =-9869z atmos. 1 1b.[in.2 = 70307
(1/-014223) gm.[/cm.?

Work, Power, e2¢. 1 erg =1 dyne cm. 1 joule = 107 ergs = 1 watt second. 1 foot pound = 1°356 X ro?
ergs. 1 horse power (H.P.) = 530 ft. Ib. per sec. = 746 watts (continental H.P. = 736 watts). 1 calorie = heat
to raise 1 gm. of water 1° C. at a specified temperature. 1 15° C. calorie = 1 mean calorie (0® C.-100° C.) =
4185 X 107 ergs. 1 British Thermal Unit (x lb. water X 1° F.) = 2520 calories = 2:930 X 10~ kilowatt hours =
3929 X 10~% horse power hours = 10~% gas therms. 1 Board of Trade Unit = 1 kilowatt hour.

Electrical. Relations between engineering units and electromagnetic units. Charge: coulomb = 10™1
E.M.U. Current: ampere = 1072 E.M.U. Potential : volt == 10® E.M.U. Resistance : ohm = 10® E.M.U.
Capacity: farad = 10— E.M.U. Inductance: henry =10® EM.U. Flux: maxwell=10° EM.U.
Magnetic force : gauss = 10° E.M.U.

Supposed Duration of Geologic Periods (E. W. Barnes)

Duration Duration
Million Years, Million Years.
Pleistocene Permian
Tertiary or Cainozoic era Pliocene Newer Paleozoic era  Carboniferous } 175
Miocene 6o Devonian
Age of Mammals Oligocene
Eocene
Silurian
Older Palzozoic era  Ordovician } 250
Secondary or Mesozoic Cretaceous Cambrian
era Jurassic 83 Archzozoic era . . . . . 300
Age of reptiles Triassic Eozoic era . . . . . 500

Possible age of planet 2000-4000 million years.
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TABLE XXXIV. CONSTANTS, WEIGHTS AND MEASURES, ETC.~—continued
The Elements and their Atomic Weights

H I~ch}rogen 1°0080 || Fe { Iron 55'85 || Sb [ Antimony 121476 [ Re ; Rhenium 186+31
I-I.e I-»I'eh}uu 4003 1 Co | Cobalt 58:94 | Te | Tellurium rz27:6xr | Os [ Osmium 190°z
Li thluulxn 6'940 || Ni | Nickel 5869 i I | Jodine 126.91 || Ir | Iridium 1922
Be | Beryllium 9:013 | Cu | Copper 6354 || Xe | Xenon 13103 || Pt | Platinum 19523
B | Boron 10+82 Zn | Zine 6538 || Cs | Caesium 132°91 | Au| Gold 197°0
C Ce}rb(m 12011 || Ga | Gallium 69-72 || Ba | Barium 137°36 | Hg| Mercury 200°61
N Nxtrogen 14'008 || Ge | Germanium 72+60 | La | Lanthanum 138:92 [ Tl | Thallium 204°39
0 Qxygfm 16000 || As | Arsenic 74°91 || Ce | Cerium 140'13 | Pb | Lead 207721
F | Fluorine 19+00 Se | Selenium 78:96 || Pr | Praseodymium| 140'92 | Bi | Bismuth 209*00
Ne Neo.n 20183 | Br | Bromine 79°916 || Nd | Neodymium | 144°27 | Po | Polonium 209
Na | Sodium 22:991 || Kr | Krypton 83:80 || Pm| Promethium | 145 At | Astatine 210
Mg | Magnesium 24:32 || Rb | Rubidium 8548 || Sm| Samarium 150'43 || Em| Emanation. | 222

Aluminium 2698 Sr ! Strontium 87:63 | Eu | Buropium 152°0 || Fr | Francium 223
Si | Silicon 2809 (|'Y | Yitelun 88:9z || Gd | Gadolinium [156'9 [ Ra { Radium 226705
P | Phosphorus 30978 || Zr | Zirconium g1-22 || 'Th | Terbium 158+03 | Ac | Actinium 224
S | Sulphur 32060 Ji Nb | Niobium 92:91 |l Dy | Dysprosium | 162:46 | Th | Thoriumn 232°05
Cl | Chlorine 35457 || Mo| Molybdenum | 95:95 { Ho | Holmium 164'94 | Pa | Protactium | 23x
A | Argon 39:044 || Te | Technetium 99 Ir | Erbium 167+2 | U | Uraniuim 2380y
K | Potagsiwum 39100 [l Ru | Ruthenium tor'r || Tm| Thulium 16894 | Np| Neptunium | 237
Ca | Calcium 4008 |t Rhv{ Rhodium roz.gx | Vb Vtterbium 173'04 || Pu | Plutonium 239
Sc | Seandium 44'96 | Pd | Palladium 106+7 | Lu | Lutetium 174'99 | Amj Americium | 243
Ti | Titanium 4790 || A | Silver 107880 || Hf | Hafmium 1986 || Cm| Curium 243
V| Vanadium 50°04 Cd | Cadmium txz+4r || Ta | Tantalum 18095 | Bk | Berkelium 245
Cr | Chromium 2.0t | In | Indium 11476 ||'W | Tungsten 183'g92 | Cf | Californium | 246
Mn | Manganese 54'94 || S { Tin 118+70 (Wolfram)

Densities

Aluminium 270 | Tron 7+86 | Platinum 2150 | Coal  1°2-1-8 | White pine +4 - *5 | Glass 2'4 -4’5
Copper 843 | Lead 11-37 | Silver 10'5 | Granite 2:5-3 | Beeeh, oak +7 - 9 | Sea water  1-o1-1'0§
DPinond 3052 | Magnesium  xe74 | Lin 7°29 { Quartz 266 [Iibony 11 -rr3 {Loosec snow 1z approx,
Gold e | Mereury  xge56 | Zine 71 | Slate  245-27 | Cork 22 - 20| Soil 1*6  approx.

Unit density =a 1 g, per eu, em, == 036128 b, per cu, in,

Lquation of Time
Joaneorep gmuoves, | Mar, z-bram, ges | May @ g7s. | July  x--gmages. Sept. 16 ~ sm. 6s.| Nov, 16 —15m, 108,
w 1049 a3 w 164 8 5t wo I4e=3  4u*| ,, 2046 1% Oct. 1 ~10 16 |Dec, 1-10 56
Feb, xbag 37 |Apr. 144 I JJune -2 27 [Aug 16 }4 1 » 16 ~14 20|, 12—06 1§
»o I2cbxg oas* ) o, 16 o o s 1§ © o [Sept. 1 o o |[Nov, 3~16 =21% ,, 25 o o
When positive add the equatinn of time to appurent solar time to obtain mean solar time,  The values given are
st vidues,  Maxing and minime wre marked with asterlsks, 1 siderenl day == 23 h, §6 m. 4'09 5.

Saturated Vapour Pressure of Waler (Millibars)

", —50 -0 -30 20 —10 -5 ~2 40 7376

Tee 030 rr2y 1381 1035 2' 600 4+017 50143 50 123'3
Water o 1250 2865 421y 5274 6o 1992
s S— - 70 3116

°C. o 1 2 3 ¢ 5 6 7 4 9 8o 4734

o 00105 G056 7-054 7:579 8134 8:72;5 9’350 1oroz  I0°73 148 9o 7010

10 | 1a28 1312 1402 14:97 15:98 17'08 1818 19°37 2003  =21'9% 100 10132
20 | 2338 24+ 86 20043 28109 29°83 3107 3301 3565 37'80  4oro5 200 |I5544
3o 4243 da9z 47855 so3r 319 56433 Sgqr 6275 G625 69'92 || 300 | 85903

Critieal temperature s 374°%  Critical prossure : 2206 burs,  Interpolate logarithmically,

Composition of Fertilizers (Commercial Grades on the English Marker)

JoN %T40g %KD
Sulphate of ammoniu , . 206 Superphosphate P 1618 soluble Sulphate of potash . 48
Nitrate of soda . . . 10 Triple superphosphate 48 o Muriate of potash . 50-6o
Nitrochalk . . . 15°% Basic slag . , 10-18 } total Potash manure . . 40
Rock phosphate . 26-28

Some of these fertilizers are mixturea of two or more constituents in naturally occurring or conventional proportions, 1952 values are given,
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Lengeh
£ foot =12 ins. 1 yard = 3 ft.
1 mile = 1760 yds. = 5280 ft.
(60 m.p.h. = 88 ft. per sec.)

I surveyor’ 5 chain = 22 yds,

(z engineer’s chain = 100 ft.)

1 link = 13+ chain = 4+ 9z ins.

(1 rod, pole, or perch = % chain.)
1 furlong = ro chains = § mile.

1 fathom = 6 ft. 1 cable = 100 fath.
1 nautical mile = 6080 ft.

= 1 minute of arc of equator.
(1 knot = 1 nautical mile per hour.)

Archaic (approximate) :
1 hand = 4 ins. 1 cubit = 18 ins,
rell = 451ins. 1 league = 3miles.
Area
f acre = 10 sq. chains=4840 sq. yds.
1 sq. mile = 640 acres.
(1 rod = t¥v ac, 1 rood = } ac.)

English Weights and Measures

Weight
Avotrdupats (General System)
1 ounce {(o0z.) = 16 drams (dm.).
1 pound (Ib.) = 16 oz.
1 stone = 14 lb. 1 quarter = 28 Ib,
1 hundredweight (cwt.) = 112 lb.
= 4 quarters = & stones.

I ton = 20 cwt. = 2240 lb,
Apothecary Troy
(Drugs) (Precions Metals)
1 drachm==06o grs. |1 pennyweight
(x scruple==20 grs.) | (dwt.) = 24 grs.

1 ounce = 20 dwt. = 8 drachms.
1 pound = 12 oz. = 5760 gr5,
(z 1b. avoirdupois = o0 grs.)

Money
1 shilling (s.) = 12 pence (d.).
1 pound (£) = 20s.
Also farthing (3d.), florin (zs.), half-
crown (2s. 64.) and guinea (21s.).

Volume
(Liguid)
1 gallon = 4 quarts = 8 pints
= 32 gills = 16054 (1/6+2290) cu. ft.
I gallon water (62° F.) weighs 10 1b. av.
(in air against brass weights).

1 fluid drachm (3) = 6o minims (M).
1 fluid oz. (3) = 8 dr. = ¥ pint.
1 fluid oz, water (62° F.) weighs 1 oz. av.

(Dry)

1 bushel = 8 gals.

1 quarter = 8 bush.
1 barrel = 36 gals.)

1 peck = 2 gals.
I sack = 4 bush.
(z firkin = g gals.

I register ton = 100 cu, ft.

| 1 rod = 1000 cu. ft.

Weights and Measures of the United States of America
Welghts and measures are the same as the English systems, except for small differences in standards, and the follow-

ing exceptions :—

1 hundredweight (short) = 100 lb., and 1 ton (short) = zo cwt. == 2000 Ib. The English' (long) ton, 2240 1b,,

also used.

Dry measures of volume are 3 per cent. less than the corresponding English measures, being based on the Winchester

bushel instead of the Imperial bushel.

Fluid measures of volume are § of the corresponding English measures.

(Hence

in the U.S. system 1 bushel = g- 3092 fluid gallons.) Also @ U.S. fluid ounce = ¢ U.S. pint, so that a fluid ounce of

water weighs 1-0408 oz. av,
A township = 36 sq. miles,
= 10%)

The metre is (very nearly) 10~7 of the distance from the pole to the equator.

(See also conversion factors,)
A billion (French Milliard) = 109, a trillion = 102,

The Metric System

(English billion = 10%4, trillion

The gram is (very nearly) the mass of 1 cubic cm. of water at maximum density (3-98°C.). (Actual mass of 1 c.c.

of water = 999973 g.)

The litre is (very nearly) 1000 c.c.
Also 1 are = 100 sq. metres, so that r hectare = 10,000 sq. m. = ¥y sq. km. ;
U.5.8.R. centner) = 100 kg.; 1 metric ton = 1000 kg.; 1 Continental pound = % kg ; I stere =1 cu. m.
1 angstrom unit (A) = 10~ m,
micro-, 10~%; mille-, 107%; centi-, 107%;

(p) == 1078 m.
Prefixes:
Mega-~, 108,

Basie Factors
1 yard (G.B.) = -914,399 metres.
1 yard (U.S.A)) == -914,402 metres.
1 pound = 453° 5924 grams.
1 gallon (G.B.) = 4- 545,063 litres.
1 gellon (U.S.A.) = 3-785,332 litres.
1 bushel (U.S.A.) = 35-238,33 litres.

Capacity (Great Briinin)
1 pint =+ 56828 (1/1-7598) litres.
£ gallon == 4*5460 (1/-21998) litres.
1 bushel = 36368 (1/-02449%) litres.

(1 litre = the volume of 1000 g. of water at 3+98° C. = 1000027 c.C.)

Conversion Factors
Length
1 inch = 2+5400 (1/°39370) cm,
1 foot = * 30480 (1/3-2808) m.
1 yard = -g1440 (1/1°0936) m.
I mile = 1°6093 (1/-62137) km.

Capacity (U.S.4.)
.o [T pint =-44317 (1/2:1134) lit,
Fluld{x gall. = 39853 (1/-26418) lit.
Dry:

1 British pint, gallon, etc. = 1-20094 (1/°83268) U.S. fluid pints, gallons, etc,
I"PBritish bushel, etc. = 1-03205 (1/-96895) U.S. bushels, etc. (dry).

I 5q. inch == 6'4516 (1/-15500) sq. cm.
1 5q. foot = +092903 (1/10*764) sq. m.

1 §q. yard = -83613 (1/11960) 5q. m,

1 sq. mile = 2-5900 (1/-38610) sq. km,

Area, etc.

I acre = *40468 (1/2'4711) hectares,
1lb. peracre = 1°1209 (1/-89218) kg.

per ha.

I cwt. per acre = 1-2554 (1/79659)

m.q. per ha.

deci-, 1071; Deka-, 10; Hecto-, 102;

1 bush. = 35-238 (1/-0283%8) lit.

I metric quintal (doppe! zentner,
1 micron

Kilo-, 10%; Myria-, 10%:

Weight
I grain = +064799 (1/15°432) 8.
1 ounce = 28-350 (1/°035274) E.
1 pound == +45359 (1/2°2046) kg.
I cwt. = *5o802 (1/1-9684) m. quintals.
1 short cwt. = *45359 (1 /2* 2046) m.q.
I ton = 1-0160 (1/-9842I) metric tons.
1 short ton = -go718 (1/1°1023) m.t.

Volume
I cu. inch = 16384 (1/-061024) C.C.
1 cu. foot = 028317 (1/35°313) cu. m.
£ cu. yard=+76455 (1/1°3080) cu.m.

1 ton per acre = 25107 (3/*39829) m.
tons per ha.

1 bushel per acre = 89+86% (1/-o1r128)
litres per ha. (U.S.A.) = 87046
(1/-011484) litres per ha.,

Bushel weights (average) : wheat, 63 Ib.; oats, 42 Ib.; barley, 56 1b.; maize, 60 1b,; beans, peas, 64 1b.
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