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The AdS/CFT Correspondence

lIB Superstrings on AdSs x S°
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tension: — string coupling: g

N = 4 Super Yang-Mills Theory

1

't Hooft coupling: A = Ng3,, inverse size of group: +

Maldacena’s conjecture: These two theories are dual. [Maldacena ‘977
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The symmetry psu(2,2|4) matches! Problem: String theory is
tractable if o’ — 0, while Gauge theory is tractable if A — 0.



1B Superstrings on AdS5 x S°

A background preserving all superymmetries (very few do):

ds? = R? (ds3 g, + ds?, )
alsixds5 = dp? — cosh? p dt? dsgg, = db? + cos® 0 dyp?
+ sinh? p dQ3 + sin? 0 dQ)5

Two-dimensional worldsheet with coordinates o, 7 embedded
into this 10-dim. space: X™ = X™(1,0),Y™ =Y"™(7,0).

Bosonic action of the worldsheet string o-model:
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Classically the full o-model (fermions included) is integrable.
[ Bena,Polchinski,Roiban ‘03]

The quantization of the model is currently ill-understood.
Thus even the spectrum of free strings (gs = 0) is unknown.

This situation is likely to change soon (more on this later).




N = 4 Super Yang-Mills Theory

Gauge group SU(N), where N is the number of “colors”.

Field content: gauge field A,,, three complex scalars X, ), Z
(or: six real), fermions U4, T4, All fields are N x N matrices.

Technically (Feynman diagrams!) very similar to the gauge
theories describing nature (QCD, Standard Model).

Physics different: 8 = 0=- Theory is (super)conformal, with
symmetry psu(2,2|4). This places strong constraints on the
structure of correlation functions. E.g. two-point functions:

Here A,, is the anomalous conformal (or scaling) dimension of
the quantum operator O,,. “Good"” operators are complicated
composites of the elementary fields (mixing problem), and
depend on N and the gauge coupling A = Ng2,, :

O=Tr (XYVZFLYE(DLZ)...)Tr(c.oo) o+ ...

Resolving the mixing problem leads to the spectral problem of
N = 4: One should diagonalize the dilatation operator D :

D -0O,=A,0,.




String Predictions for N/ = 4

A key proposa| for AdS/CFT [ Maldacena ‘97; Gubser,Klebanov, Polyakov; Witten ‘98 ]

string energy <> conformal dimension
E = A

Recent dramatic progress in certain limits involving states with
large angular momentum Ji, Ja, J3 on the five-sphere S°. E.g.:

Tr X127

I BMN limit “plane wave limait” [ Berenstein,Maldacena,Nastase ‘02 ]
Js>1, J=23,...

IT Near-BMN Ilimit [Parnachev,Ryzhov'02; Callan,Lee,McLoughlin,Schwarz,Swanson,Wu ‘03,04]
Like I, but focusing on 1/J3 corrections.

IIT Frolov-Tseytlin limit “spinning strings limit” [ Frolov, Tseytiin ‘03 ]
J3>1, Ji>1.

In all cases an effective, analytic expansion parameter emerges:

X:% L=J+J3

II: [ Callan et.al.'03] III: [ Serban,MS ‘04]
I appears to work beautifully, II, III have subtle problems ...



The BMN Limit

In the BMN limit one focuses on the geometry seen by a “tiny”
string moving along a great circle on S°:

P
It effectively sees a plane wave background with metric

ds?* = —4datdz™ — p? (2%)?(dz™)? + (dz*)?

The worldsheet theory becomes free, albeit massive: [ Metsaev ‘01]
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Sb—/dea(i(?ax 0%x' — & x' x")
So quantization may be performed in a “textbook fashion”, the
spectrum is found explicitly, and yields predictions for conformal

dimensions in N = 4 gauge theory. E.g. (N = \/J?with J > 1)

Tr X227 + ... =X A, =J+2V1+Nn2.

This is an all-loop prediction! It requires “"BMN scaling”. Highly
non-trivial, unproven property of gauge theory. It is known to fail in closely
related models. [ Serban,MS ‘04; Fischbacher,Klose,Plefka ‘04 ]



Integrable Spin Chains and AdS/CFT

In the remainder of this talk | will present a lot of evidence that
both sides of the correspondence can be described by an
integrable long-range spin chain.

| suggest that, for N = oo, in gauge theory we may identify the
dilatation operator with a long-range spin chain Hamiltonian.

| also suggest that free strings on AdS5 x S° are described by a
spin chain. It is currently not known how to derive the spin
chain from the quantum o-model, but | will present compelling
“spectroscopic evidence” .

So what is a spin chain, and what does it mean for it to be
integrable?




Quantum Spin Chains

The Heisenberg X X X spin % chain: [ Heisenberg ‘28 |
State space: ... C*°C*®C? ® ... ,Palimarix

Hamiltonian: H = Zle (1= Fet1)-

Spectral problem: H -V = E U,

This involves diagonalizing a 2% x 2 matrix! Easy for small L,

. | Permutation
direct approach hopeless for large L | Operator

Rewrite Hamiltonian: | H = Zle (1 —Ppog1) -

Ferromagnetic ground state: H - | 111111 1111) =0.

Excitations | (magnons): | T4/ 1t1T . T111).

Clearly H conserves the number of 1 and | spins.

Action: m m
H-|.1T1lt.0=2]..1tl1t..0—|- 1Tt 0—]-1T1]..)




Magnons are Particles

t= Z-particle = hole 1= X-particle = magnon
| TTL T L Tt =|2ZXZZXZ2Z2)=|. . X..X...) .

One-magnon States:
¢

1
) = e W) [ EZXZ.),

Schrodinger equation H - |U) = E |U):
EV()=29{)—V({l—-1)—P(L+1).
Fourier transforming, magnons start to “move”,
U (f) = e'Pt,

with the dispersion law E =2 — ¢'? — e¢7*P j.e.

This solves the one-magnon problem. What about many?



Magnon Scattering: The Bethe Ansatz

Two-magnon states:
0 2
1 X

O) =1 cpcryer, P01, 0) | ZXZ.ZXZ..).

First guess nearly works, with (K = 2):

K
U0y, by) = eiprbr+ipats E:,;4Sin2§’

except when the magnons collide at /5 = ¢1 + 1, where:
EV(l1,02) =2V (l1,03) —V(ly —1,4o) — P (l1,02+1).

Problem fixed by Bethe's ansatz: [ Bethe ‘31 ]

@(51752) — etP1litipa by 4+ S(pz,]h) etP2litipr by

Elementary algebra gives:

eP1tP2 _ 9ptP1 | |

S(p17p2) — _ez'pl_H;pZ _ 26ip2 + 1 |

We can think of S(p1,p2) as an S-matrix.



Bethe’'s Equations and Factorized Scattering
Periodic boundary conditions W (/1,/s) = W({3,¢1 + L) yield
the spectrum through Bethe's equations

eiplL

= S(p1,p2) and €2 = S(ps,p1).
A little extra work allows to solve the K-magnon problem in
the same fashion (k=1,...,K):
zpkL

H S Pk, Pj)
J#k

The S-matrix is factorized, and the spin chain is integrable
The (hidden) reason is the existence of L conserved charges

Qr,Qs] =0
Here Q1 = ) pr = momentum and Q2 = H = energy.
It is useful to change variables to rapidities u; = %cot 2’2—"" ;
\ L % %

ug + 5 Up — U; + 1 1

k f _ H k J + : B Z
'U,k—§ jzl'ulk;_'u,j—’l,

i#k




Spin Chains and A/ = 4 Gauge Theory

Now recall the dilatation operator:

D-O=A0.

The dimensions A may be computed in perturbation theory,
case-by-case. It is much more efficient to directly study D:

D = Z 92l DQZ where g2 = W .
[=1

This way we can disentangle the mixing problem from the
Feynman diagram computation. At one-loop, one e.g. finds

[ Minahan,Zarembo; Beisert,Kristjansen,Plefka,MS, ‘02 ]

o 9
=Tr X5z 8: D=L+ Tr[Z2, X[, —=] + ..
O d —|_g r[ ) ][5X7 52] —|_
Let us see how D5 acts; e.g. for K = 2:
Op=Tr XZPXZ' 2 P=Dy - Oy =2 (20, 0p_1— Opy1)
+ double trace operators
The XXX spin chain! | Dy = H = Zle (1 —Pryya)-

[ Minahan,Zarembo ‘02 ]




Curiosity, or Tip of the Iceberg?

This was the special case of planar one-loop anomalous
dimensions for operators made from the partons Z, X.
This led to an integrable spin chain.

Is this just a curiosity, or something deeper?

e What about all other operators in N/ = 47
e What about higher loops?

e And what about the conjectured dual string description?



Scattering with Fermions and Derivatives

Let us consider two further interesting examples:
o O =TrUKZE=E y(1|1) symmetry. U is a “gaugino.”

Two-magnon states: ) £y

I I
U) = o cpper U1, b2) | ZUZ..2ZUZ...).

Making Bethe's ansatz, one now finds

\I’(€17€2) — etPrlitipaly _ pipafitipile

This means that the fermion U/ is free at one loop, and the

S-matrix is (XY model!) [ Callan,Heckmann,McLoughlin,Swanson ‘04; MS ‘04 |
Su(1|1) =—1.
o O =TrDEZL s1(2) symmetry. D is a covariant derivative.
Two-magnon states: 4 o
\: X

0) = S cpcrser, Y1, ) .. Z(DZ)..Z(DE)...).

Here one finds for the S-matrix “almost” the same result as
for su(2) (XXX Heisenberg magnet with spin = —1 1) [ Beisert ‘03 ]

1
Ssi(2) = Sgu(2) -




The N = 4 Integrable Super Spin Chain
The partons Z, X form a closed su(2) subsector of N' = 4.

All six scalars at one loop form s0(6) spin chain. [Minahan zarembo ‘02 ]

Integrable spin chain techniques for anomalous dimensions had
already been applled In QCD [ Lipatov ‘97; Braun, Derkachov, Manashov '98 ]

Now recall that the full superconformal symmetry is psu(2, 2(4).

= Full set of one-loop Bethe equations: [ Beisert,MS ‘03]
(p) K uP) (D)
< uy + 3 ) H ﬁ up’ —u; 4 5Mpg
uép) . ; g U;(gp) ug-Q) . %Mpq
(p,k)sé(q,y)

M, - Cartan matrix, V), - Dynkin labels of spin irrep:

(= ) (=
My, = - J—r? :L; ~1 , Vp= 2
—1 42| -1 0
\ =\
Dynkin diagram: +1

O—R—0O——0O—C0O—R——-0
Kl K2 K3 K4 K5 K6 K'?'



Higher Loop Integrability

It is possible to construct the dilatation operator to higher loop
order. In the su(2) sector one finds to three loops, with

D = Zle (1 + g2 Ho + 94 Hy + 96 HG + ) , | Beisert,Kristjansen,MS ‘03 ]

Ho = 5(1—3£'3£+1)7
He = —(1—5’e°5’e+1)+1(1—5'3'5'“2)
15 o 3 L L
He = —(1—=0¢-Ger1) — (1 —3F¢-Ger2) +—~ (1 — G- Grys)
4 2 4
1

~3 (1 =3¢+ 0ry3)(1 — Gry1* Gog2)

L (=G ) (1 = G

We see that the spin chain becomes increasingly long range.
Notice the presence of four-spin terms!

Truncating the Hamiltonian breaks integrability, however the
model is perturbatively integrable in the sense that

[Q:(9),Qs(9)] =0

We conjectured that the model is non-perturbatively integrable.

The 3-loop result may be proven algebraically and, impressively,
extended to the maximally compact subsector su(2|3). [ seisert ‘03]



S-Matrix Extraction (Gauge Theory)

In order exploit the integrability we need to find the S-matrix.
The usual Bethe ansatz does not work anymore. However,
asymptotically (i.e. the particles are “far” apart) we still expect

\11(61,62) ~ eipl bitipa by + S(pg,pl) 6ip2£1+ip1 £2 for 61 < 22 .

The 3-loop su(2) chain may be embedded into the integrable
long-range Inozemtsev spin chain. Knowledge of the exact
wavefunctions yields a 3-loop Bethe ansatz. [ Serban,MS ‘04 |
However, the embedding is inconsistent with BMN scaling.

A novel type of chain appears to exist which exhibits BMN
scaling. The Hamiltonian was constructed to 5 loops, and a
Bethe ansatz conjectured. The S-matrix reads [ Beisert,Dippel, M ‘04 |

Pr— Y+t ,
Sau) (P Pj) = — . BE=) alp), with
Pk — pj— 1 P

p : p 1 Y
¢(pg,) = % cot (f) \/1 + 8 g2 sin2 (é‘“) . a2(pg) = — (\/1 + 842 sin2 ?k: _ 1) _
g

Similarily a 3-loop S-matrix may be extracted for u(1|1) (but
not for s[(2)) from Beisert’s Hamiltonian by applying a new
technique, the perturbative asymptotic Bethe ansatz (PABA).
[ MS ‘04].

{?

i 0(pg,pj) Seiz) =

Sy = —e :



A Gedankenexperiment for AdS Strings

Let us assume that string theory on AdSs x S° is integrable,
and that it is also described by some long-range spin chain.

Then a Bethe ansatz should exist

K
e'Prl = H S Pk, j) E=) alp),
k=1
J#k

Let us, in addition, assume the same dispersion law as in
gauge theory: ¢2(pr) = 9—12 (\/1 + 8 ¢2 sin? B — 1) :

Consider the large L limit. Then, with S = €%,

1
Pr = _nk+ Ze—nk, ')+O(ﬁ)-
Thus, integrability predicts for large L [ MS ‘04 ]
27r 2T
FE = qu —nk +— Zl q2 —nk fnk,fnj)—l—...
k,j

Let's check!



S-Matrix Extraction (String Theory)

Luckily the % corrections dA to the spectrum of strings in the
plane wave geometry (near-BMN limit) have been computed.

[Parnachev,Ryzhov'02; Callan,Lee,McLoughlin,Schwarz,Swanson,Wu ‘03,04]

1

- — A
A=J+Y \/1+)\nk+—+(’)(J2).

J
k=1

The result for A in the multi-excitation case indeed exhibits
the above form of a double sum! This allows to “extract” the
S-matrix in the following sectors to O(4) : [ Arutyunov, Frolov, MS; MS ‘04

. 0
_ pr—pite H €21 0rr11(Phps)

S
su(2) Pk — Q5 =1 =
Seay ~ —e t02
SOk—‘Pj_ioo —246 (Pk,P5)
S ~ r,r+1\Pk:DP; :
5[(2) (pk_(p]_i_zge

Where HT,H_l(pk,pj) == (%'92)7’ (qr,k q’r'—i—l,j — Q’r‘—i-l,k Qr,j)- NOtlce the
following interesting relation between the three S-matrices:

Se(2) = Su(1]1) Spu(z) Su(1]1)




Is the AdS/CFT Conjecture Wrong?

Note that the S-matrices we found, while similar, are different
in gauge and string theory.

This (technically) explains the three-loop discrepancies between
gauge and string theory found in the near-BMN and the
Frolov-Tseytlin (spinning strings) limit.

Does this disprove the AdS/CFT conjecture? Not necessarily.
The underlying spin chain structures are valid for different
regimes of the coupling constant.

It is quite conceivable that the S-matrix gets “dressed” as the
coupling strength increases.

It is very interesting that the dispersion relations appear to be
unaffected when one goes from weak to strong coupling.

Right or wrong, | will finish by using the correspondence to
learn something for the gauge theory from string theory.




An Application of the AdS/CFT Correspondence

Recently a many-year effort to compute three-loop anomalous
dimensions of twist-two operators in QCD was completed.

[ Moch,Vermaseren,Vogt ‘04 |

Based on experience with “translating” scaling dimensions at
one and two loops from QCD to N = 4, a conjecture for the
three-loop dimensions of these operators in N’ = 4 was put
forward. [ Kotikov,Lipatov,Onishchenko, Velizhanin ‘04 |

Twist-two operators are, in the present language, very short
spin chains of length L = 2 in the sl(2) sector:

Tr DK Z2

Their space-time spin K can be arbitrary.

Can we check the above conjecture, using integrability? Let us
apply the relation Sy = Suap) Sy, Suapy We found on the
string side to gauge theory. This yields the Bethe ansatz
K :
el =TT Pk~ Y5 b 2i0(ppp;) |
Pk — Pj T2

j=1

Solving it for twist two we reproduce the above conjecture!
Note that the ansatz should work for any twist; recently it was
successfully tested against field theory for twist three. [ Eden05]



Physics is One

This subject nicely demonstrates that what was true in 1905
remains true 100 years later: Good problems interconnect
many subdisciplines. Here we have an interesting example,
novel types of integrable long-range spin chains, which appear
in subjects which naively look completely different:

e A theory containing quantum gravity such as string theory on
AdSs x S°.

e A supersymmetric gauge theory such as N/ = 4 Yang-Mills,
which is closely related to the theory of the strong interactions

(QCD).

e Condensed matter theory? Long-range systems have not been
studied so much, and these new systems might find interesting
applications in solid state theory.



