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The Soddy Circles

Nikolaos Dergiades

Abstract. Given three circles externally tangent to each other, we investigate
the construction of the two so called Soddy circles, that are tangent to the given
three circles. From this construction we get easily the formulas of the radii and
the barycentric coordinates of Soddy centers relative to the triah@€' that

has vertices the centers of the three given circles.

1. Construction of Soddy circles

In the general Apollonius problem it is known that, given three arbitrary circles
with noncollinear centers, there are at m®strcles tangent to each of them. In the
special case when three given circles are tangent externally to each other, there are
only two such circles. These are called the inner and outer Soddy circles respec-
tively of the given circles. Let the mutually externally tangent circleghel, 1),
¢y(B,r2), ¢.(C,13), and Ay, By, C; be their tangency points (see Figure 1).

Figure 1.

Consider the inversiom with pole A; that mapsé, to %,. This also maps the
circles%;, €. to the two lines perpendicular t8C' and tangent t&, at the points
P, P; where P, P; is parallel fromA to BC. The only circles tangent t&, and
to the above lines are the circléS(T;), K'(1]) whereT}, T} are lying on%, and
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the A-altitude of ABC'. These circles are the images, in the above inversion, of the
Soddy circles we are trying to construct. Since the cif€[d;) must be the inverse

of the inner SOddy circle, the line4; Ty, A1T5, AqTs3, (PQTQ = P3Ty = P2P3)
meets,, ¢, %, at the pointsly,, T, T, respectively, that are the tangency points of
the inner Soddy circle. Hence the linB9; andCT. give the center S of the inner
SOddy circle. Slmllarly the |in8311T1/, A1T2/, AlTé, (P2T2/ = PgTé = P2P3),
meet%,, ¢, €. at the pointsl),, T}, T/ respectively, that are the tangency points
of the outer Soddy circle. Triangl&37 1., 1,1, are the inner and outer Soddy
triangles. A construction by the so called Soddy hyperbolas can be found in [5,
§12.4.2].

2. Theradii of Soddy circles
If the sidelengths o BC area, b, ¢, ands = 3(a + b + ¢), then
a=r9+ T3, b:’l”g-l-Tl, c=7r1+7T9,;
r =S —a, r9 =8 —b, r3 =8 —C.

If A isthe area oABC, thenA = \/r1r2r3(r1 + r9 + 13). The A-altitude of
ABC'is AD = h, = 22, and the inradius is =

ri+reo+rs”

Figure 2.

The pointsA;, By, C; are the points of tangency of the incirdér) of ABC
with the sidelines. If4; P is perpendicular td% P; andl B meetsA;C; atQ, then
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the inversionr mapsC; to P, and the quadrilateralQ P is cyclic (see Figure

2). The power of the inversion is
4
d2 = A101 . Alpg = 2A1Q . A1P2 = 2A1[ . A1P = 27“ha = T1T2T3. (1)
ro + T3

2.1 Inner Soddy circle. Since the inner Soddy circle is the inverse of the circle
K(ry), its radius is given by

d2
T ALK =3
In triangle A;AK, Ay K? — Ay A%2 = 2AK - T\ D = 4r{(r1 + h,). Hence,
A K% — 12 = A A2 — 92 1 4y (ry 4 he) = d? + 471 (r1 + he),
and from (1), (2),

T

T 2)

r1irers
T = . (3)
rorg 4+ r3ry + rirg + 2A
Here is an alternative expression for If r,, r, 7. are the exradii of triangle

ABC, andR its circumradius, it is well known that
re +1p+7r.=4R + 1.
See, for example, [42.4.1]. Now also that,r, = rory, = r3r. = A. Therefore,

- 17273
rary +rary + rirg 4 240
B A
S+L4242.
B A
CTa 7y e+ 2(r1 +ro 4 73)
A
AR+ 7 +2s ()
As a special case, iff — oo, then the circleg;, tends to a common tangent of
%, €., and

T

A2
riTra2r3

L1 1 5)
VT \fra T3

In this case the outer Soddy circle degenerates into the common tanggratnaf

G-

2.2 Outer Soddy circle. If %, is the smallest of the three circl&s, €3, 6. and is
greater than the circle of (5).e., \/% < V% + V% then the outer Soddy circle

is internally tangent t&,, %, ¢.. Otherwise, the outer Soddy circle is externally
tangent toé,, ¢, €..
Since the outer Soddy circle is the inverse of the cifcle ), its radius is given
by
/ &

r = ——7:
AlKQ—’F%

1. (6)
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This is a signed radius and is negative whgnis inside the circleg’(r1) or when
the outer Soddy circle is tangent internally 4, %, ¢.. In triangle A;AK’,
A1A%? — A K? = 2AK' - T|D = 4r1(h, — r1), and from (6),

/ r1rars

= . 7
v rire + rors + ryr; — 20 (7)

Analogous to (4) we also have
AN
/
=—. 8
YT AR+ —2s ®
Hence this radius is negative, equivalently, the outer Soddy circle is tangent inter-
nally to ¢, ¢, 6., whendR + r < 2s. From (4) and (8), we have
1 1 2s 4

A AAN

If 4R +r = 2s, thenz = 7.

3. Thebarycentric coordinates of Soddy centers

3.1 Thelnner Soddy center. If d; is the distance of the inner Soddy circle center
S from BC, then since4; is the center of similitute of the inner Soddy circle and
the circle (1) we have 25 = £, or

dl:wzm 14_& — 9 1+L
1 2ry a(s—a) /)’

Similarly we obtain the distances, ds from S to the sides”’ A and AB respec-
tively. Hence the homogeneous barycentric coordinatésare

A A A)

(adlzbdgzcdg):(a-i- b+ e+
s—a s—b s—c
The inner Soddy cente¥ appears in [3] as the triangle centEr¢, also called
the equal detour point. It is obvious that for the Inner Soddy cefténe “detour”

of triangle SBC' is
SB+ SC — BC = (z 4 73) + (z +13) — (ra +13) = 2.

Similarly the trianglesSC' A and SAB also have detour8z. Hence the three
incircles of trianglesSBC, SC A, SAB are tangent to each other and their three
tangency pointds, Bs, Cs are the pointd},, Ty, T, on the inner Soddy circle [1]
sinceSAs = SBy = SCy = x. See Figure 3.

Working with absolute barycentric coordinates, we have

(a+ﬁ)A+<b+$)B+<c+$)c
a+ 2 b+ S et 2

(a—i—b—i—c)I—I—A(s a+ﬁ+ﬁ>Ge
— , )

S =

-

s[>
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Figure 3.

whereG, = (ﬁ Pt é) is the Gergonne point. Hence, the inner Soddy

centersS lies on the line connecting the incenteandG,. This explains whey G,
is called the Soddy line. Indeed,divides I G, in the ratio

IS :SGe=rqo+rp+rc:a+b+c=4R+1r:2s.

3.2 The outer Soddy center. If ] is the distance of the outer Soddy circle center
S’ from BC, then sinced; is the center of similitute of the outer Soddy circle and
the circleK’(r), a similar calculation referring to Figure 1 shows that

d) = —2x (1— a(f_a)).

Similarly, we have the distances andd; from S’ to C'A and AB respectively.
The homogeneous barycentric coordinates’ afre

A A A
(adﬁ:bdé:cdé)z(a— tb— - )

e
s—a s—b s—c¢

This is the triangle centeX; 75 of [3], called the isoperimetric point. It is obvi-
ous that if the outer Soddy circle is tangent internallygtp%;,, 6. or4R+r < 2s,
then the perimeter of triangl€ BC'is

S'B+S'C+ BC = (2' —r9) + (2’ —r3) + (ro +1r3) = 22'.

Similarly the perimeters of triangleS'C A and S’AB are also2x’. Therefore
the S’-excircles of triangless’ BC', S’C A, S’ AB are tangent to each other at the
tangency pointd}, T;, T.. of the outer Soddy circle witl,, €, ¢..

If the outer Soddy circle is tangent externallydh %), %., equivalently4R +
r > 2s, then the triangle$’ BC, S’C A, S’ AB have equal detourd’ because for
triangle S'BC,

S'B+5'C —BC = (2'+7r9)+ (2’ +r3) — (ro +1r3) = 22,
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and similarly for the other two triangles. In this casgjs second equal detour
point. Analogous to (9), we have

S§—C

o (a—l—b—l—c)[—A(ﬁ—i—ﬁ—i—%)Ge

(10)

>

x/

A comparison of (9) and (10) shows théitand S' are harmonic conjugates with
respect ta Ge.

4. Thebarycentric equations of Soddy circles
We find the barycentric equation of the inner Soddy circle in the form
a’yz + b2z + Pay — (x4 y + 2)(prz + poy + p3z) =0,

wherepy, p2, ps are the powers oA, B, C with respect to the circle. See [5,
Proposition 7.2.3]. It is easy to see that

p1 =ri(r1 +2z) = (s — a)(s — a + 2x),
p2 =r2(r2 + 2x) = (s — b)(s — b+ 2x),
p3 =r3(rs +2x) = (s — ¢)(s — ¢+ 2x).
Similarly, the barycentric equation of the outer Soddy circle is
a’yz +0za + ey — (@ +y + 2) (@ + gy + g32) = 0,
where
¢ =(s —a)(s —a+ 20"),
q2 =(s — b)(s — b+ 21",
q3 =(s —c)(s — c+227),

wherez’ is thesigned radius of the circle given by (8), treated as negative when
2s > 4R + 1.

5. The Soddy triangles and the Eppstein points

The incenter of ABC is the radical center of the circlég, €, €.. The inver-
sion with respect to the incircle leaves eachéf¢;, 4. invariant and swaps the
inner and outer Soddy circles. In particular, it interchanges the points of tangency
T, andT}; similarly, T, andT}, T, and.. The Soddy triangle$,T,T. andT,T;T;
are clearly perspective at the incenferThey are also perspective withBC', at
S and S’ respectively. SincelT, : 7,5 = ri : z, we haveT, = 4012, |n
homogeneous barycentric coordinates,

Ta—(a—l—%: b—i—é: c—l—é>.

™ T2 3
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Since the intouch poin#; has coordinate€0 : % : %) the lineT, A; clearly
contains the point
2/ 2/ 2/
FE= <a+—: b+ —: c+—).
1 T2 r3

Similarly, the linesI, B, and7.C; also contain the same poift, which is there-
fore the perspector of the triangl@s1,T,. and the intouch triangle. This is the
Eppstein pontX,g; in [3]. See also [2]. It is clear thak' also lies on the Soddy
line. See Figure 4.

Figure 4.

The triangleT, T, T/ is also perspective with the intouch triangle, at a point
2\ 2\ 2\
E = (a——: b— —: c——>,

on the Soddy line, dividing with®' the segmeni GG, harmonically. This is the
second Eppstein pointg, of [3].
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