L

1 PHYSICA &

ELSEVIER Physica D 162 (2002) 155-187

www.elsevier.com/locate/physd

Heteroclinic dynamics in the nonlocal parametrically
driven nonlinear Schrédinger equation

M. Higuera®P, J. Portef-?, E. KnoblocH-d:*

a8 E.T.SI. Aeronauticos, Universidad Politécnica de Madrid, 28040 Madrid, Spain
b Department of Engineering Sciences and Applied Mathematics, Northwestern University, Evanston, IL 60208, USA
¢ Department of Physics, University of California, Berkeley, CA 94720, USA
d Department of Applied Mathematics, University of Leeds, Leeds LS2 9JT, UK

Received 7 November 2000; received in revised form 2 July 2001 ; accepted 1 November 2001
Communicated by A. Doelman

Abstract

Faraday waves are described, under appropriate conditions, by a damped nonlocal parametrically driven nonlinear Schré-
dinger equation. As the strength of the applied forcing increases this equation undergoes a sequence of transitions to chaotic
dynamics. The origin of these transitions is explained using a careful study of a two-mode Galerkin truncation and linked to
the presence of heteroclinic connections between the trivial state and spatially periodic standing waves. These connections
are associated with cascades of gluing and symmetry-switching bifurcations; such bifurcations are located in the partial
differential equations as well. © 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The effect of parametric forcing on continuous systems undergoing a Hopf bifurcation has received considerable
attention in the past few years [1-4]. In the absence of forcing, systems with only one extended dimension (hereafter
x) and reflection symmetry (i.e. invariance under> —x) support both traveling and standing waves, at most one
of which can be stable. Parametric forcing is known to stabilize the latter even when these states would otherwise
be unstable to traveling wave disturbances [1]. Similar behavior occurs even in the absence of the primary Hopf
bifurcation. In this case both wave types decay but the standing waves can be maintained against decay by parametric
forcing. The Faraday system [5] provides perhaps the best known example of this setup. In this system standing
surface waves with frequency neag are excited by vertical vibration of a container of liquid with frequeney.2
In a narrow annular container the Faraday system becomes essentially one-dimensional, and near threshold of the
Faraday instability the physical variables can be written as a superposition of two counterpropagating waves:

u(x, 1) = [A(x, )d® % 4 p(x 1)do = L celug+--- . (1)
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Herewy is half the forcing frequency aridis the associated wavenumber. The complex amplitudles)d B, are
assumed to be small and to depend slowlycamdyt, i.e. |Ax| <K |Ax] K |Al, |Bx| < |Bx| < |B|, |At] < |A]

and|B;| < |B|. When the dissipation is appropriately weak and the amplitude of the forcing correspondingly small
the amplitudesA and B satisfy a pair of evolution equations that are coupled to a two-dimensional Navier—Stokes
equation for a large-scale mean flow in the bulk [6]. This mean flow is driven by boundary conditions obtained by
matching the solutions in the oscillatory boundary layers near the bottom and the free surface to the bulk flow. While
complicated such equations already provide a simplified description of the Faraday system since the fast oscillation
frequency has been eliminated and the boundary conditions on the mean flow are imposed on the undisturbec
surface. Moreover, in particular regimes a further simplification is possible, as discussed in [6]. These depend on
the relative magnitude of the detuningdampings, and forcing amplitude:, and the inverse aspect ratio ! of

the domain. Whetl is large compared to the wavelength of the excited wavesyand ~ u ~ L~1 the growth

of the instability occurs on the timescale corresponding to advection at the group vejotigreafter scaled such

thatcg = 1), while the dispersive terms are of higher order, i.eL ). The slow evolution of the system is then
described by ayperbolic system of partial differential equations farand B. In contrast, in the regime of interest

here,y ~ § ~ u ~ L~2, advection at the group velocity fast compared to the growth rate of the instability, and

the evolution equations are then written in terms of the characteristic varigbtes + x)/L andé = (r — x) /L.

These take the form of a pair of damped parametrically driven nonlinear Schrédinger (NLS) equations with nonlocall
coupling [6,7],

Ar =iaA,, — (8 +iv)A+i(BIAI? 4+ y(BI?)A + u(B), 2)
B, = iaBgz — (8 +iv)B +i(BIBI*> + y (|AI?) B + n(A), ®)

together with a decoupled equation that relates the spatial phase of the waves to the mean flow they generat
whenevelA| # |B|. Egs. (2) and (3) are to be solved subject to the boundary conditions

A(77+1, T) =A(777 7:)7 B(f‘f‘l, T)=B(r§, T) (4)

appropriate for a periodic (i.e. annular) domain of lengthHere (---) = f01-~-dn or folmds, T = t/L?
ande, 8, v, B,y,u € R, with @, 8, and y measuring the magnitude of the dispersion, self-interaction, and
cross-interaction terms, respectively.

The form of these equations relies on the presence of three timescales: gfasiim@scale determined by
the frequency of the applied forcing, a slowO'1) advective timescale determined by the group velocity and
the domain sizd., and an even slower @ ~2) timescale over which the instability develops and equilibrates.
The nonlocal termsy. - - ), arise because under the current scaling assumptions the timescale on which the spa-
tial inhomogeneities are advected is fast relative to the slower timescale on which damping, dispersion, and
nonlinear terms act. This timescale separation is the reason why the wavetrains interact only via the average of
their amplitudes over the advective timescale. In generic systems the large-scale flow is damped rapidly, and the
resulting equations are those derived by Knobloch and De Luca [8]. In the present case, the assumed weak dis
sipation is responsible for two additional features of the problem, the coupling of the spatial phase to the weakly
damped large-scale mean flow, and the presence of purely imaginary coefficients of the dispersive and nonlin-
ear terms. Real parts of these coefficients enter only at higher order in the theory. This is so also in nonlinear
optics, where related equations describe the propagation of electromagnetic waves along an optical fiber in a ring
geometry [9] and, under certain conditions, explain the subcritical bistable behavior of both front and pulse solu-
tions in degenerate optical parametric oscillators [10]. In these systems coupling to a large scale mode does no
arise.
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Observe that Egs. (2)—(4) have an invariant subspdeer) = B(-, ) (=C(:, 1), say), in which the dynamics
are described by the following equations:

C; =iaCx — (8 +i1v)C +i(BICI? + y(IC1?))C + u(C), %)
C(x+1,1)=C(x,1). (6)

Hereafter the variable stands for either or &, depending on whethef stands forA or B. Egs. (5) and (6)
describestanding wave (hereafter SW) solutions of Egs. (2)—(4); such solutions are a characteristic property of
systems that are invariant under spatial reflectior —x, and do not generate a mean flow. Martel et al. [7] show

that identical equations also describe standing waves in a system bounded by lateral walls, provided only that the
reflection coefficient at the walls is close to unity, i.e. provided the walls are almost perfectly reflecting. Although
this paper is devoted to the study of the simpler system defined by Eqgs. (5) and (6) it must be emphasized that at
large enough forcing amplitude the SW may become unstable to perturbations transverse to the SW subspace; if
this is so the dynamics of Egs. (2)—(4) and Egs. (5)—(6) will differ (see Fig. 1). Such instabilities are associated with
the spontaneous generation of mean flows [11].

The dynamics of the systems (2)-(4) and (5)—(6) have been studied by Martel et al. [7]. In the following we refer
to solutions that are independentoés steady; such solutions describe single frequency waves, oscillating at the
frequencyw. Inboth (2)-(4) and (5)—(6) the first instability produces uniform steady solutions (corresponding to peri-
odic standing waves in both space and time) and these subsequently lose stability in a steady-state symmetry-breaking
bifurcation that breaks translation invariance producing time-independent but spatially nonuniform states (i.e. stand-
ing waves with spatially varying amplitude). Both these bifurcations preserve the idantityB and hence are
common to both sets of equations. As shown by Martel et al. [7] the subsequent behavior of these equations can be
divided into four broad classes, depending on the linear stability properties of the spatially uniform steady solutions.
These classes are therefore the same for both sets of equations. In the case shown in Fig. 1a and b the nonuniforn
states soon undergo a Hopf bifurcation and produce a branch of oscillatory solutions. Shortly thereafter chaos sets in,
interspersed with nonuniform temporally periodic motion. Some of the observed transitions are the result of crises
while others appear to be due to period-doubling cascades. Observe that the details of this behavior differ in the two
figures, indicating that the invariant subspace- B does not remain attracting for all valuegofThe present paper
is devoted to understanding of the origin of this more complicated dynamical behavior in the simpler of these two
systems, viz. (5)—(6).

Analysis of the system (5)—(6) is complicated by the absence of wavenumber-dependent dissipation: the damping
(measured by the coefficiesitisidentical for all modes. Although such damping implies the absence of wavenumber
selection through dissipative processes in the present problem this fact poses no problem since the wavenumber
is selected by the forcing frequency via the dispersion relation for gravity—capillary waves. However, the absence
of dissipation at leading order does result in a number of mathematical difficulties. For example, the theorem of
Duan et al. [12] establishing the existence of a finite-dimensional inertial manifold for a nonlocal Ginzburg—Landau
equation of the type (5)—(6) does not apply. Nonetheless, for the weakly damped NLS equation with direct external
forcing, Ghidaglia [13] was able to demonstrate the existence of a weak finite-dimensional attractor. This result was
improved upon by Wang [14] who used an energy equation to obtain strong convergence, showing that the attractor
is in fact a strong, finite-dimensional, global attractor. Subsequent work (see, e.g. [15,16]) has dealt with the task
of proving additional regularity properties of the attractor. In particular, Oliver and Titi [16] showed that the global
attractor for the weakly damped driven (but local) NLS equation with direct forcing is analytic, indicating that the
Fourier expansion of a solution on the attractor converges exponentially fast (as the number of terms is increased) to
the exact solution. We assume here that these properties continue to hold for the nonlocal equation with parametric
forcing, and construct a simple truncation of Egs. (5) and (6) involving two complex mode amplitudes. We find that
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Fig. 1. Bifurcation diagrams for (a) the system (5)—(6), and (b) the system (2)—(4y wit0.1, §

C. Martel.
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in relatively large regions of parameter space this truncation describes the observed dynamics very well, and use it
to elucidate their origin and to locate additional solution types in the partial differential equations (PDESs) that were
missed by Martel et al.

The analysis of low-order models of PDEs is a commonly used technique which often provides considerable insight
into the dynamics of the PDEs. This technique was particularly successful in studies of doubly diffusive systems
(see [17] for a review), and more recently has been used with similar success to understand the behavior of both the
complex Ginzburg—Landau equation [18—20], and the dynamics in the weakly damped driven sine-Gordon equation
[21,22]. This last example is closest to the spirit of the present paper. After time-averaging, this system can be written
in the form of an autonomous weakly damped NLS equation with direct forcing. When the forcing is appropriately
small a two-mode description of this system can be written as a perturbed two-degree-of-freedom completely
integrable Hamiltonian system. Wiggins and co-workers [22—-25] developed a general geometric theory for systems
of this type that describes the changes that occur under both Hamiltonian and non-Hamiltonian perturbations,
including the generation of multipulse orbits, and their progressive destruction as the damping increases. Since the
underlying Hamiltonian system for the problem under investigation is identical to that studied by these authors, we
expect that much of this behavior carries over to the non-Hamiltonian perturbation encountered in our problem,
provided only that it is sufficiently small. In our case, however, the presence of the symthetry—C and the
concomitant trivial stat€ = 0 exert a profound effect on the behavior of the system. As a result in our system
much interesting dynamics occur ‘far’ from the Hamiltonian limit that would not be expected of the corresponding
system with direct forcing. It is this regime that is the subject of the present paper. By near-Hamiltonian we
mean that, © <« O(L~2) while the term far-from-Hamiltonian refers &y u = O(L~2). As shown below in
the latter regime the system (5)—(6) exhibits dynamics that resemble more closely those familiar from studies of
D,-symmetric dynamical systems, such as the shearing instability of convection or magnetoconvection [26,27],
rather than the damped nonlinear Schrédinger equation with direct forcing. We begin Section 2 by discussing the
symmetries of Egs. (5) and (6), and summarizing the properties of their simplest solutions. We then introduce the
two-mode truncation of these equations and describe in Section 3 the results of a detailed numerical study of this
two-mode model. Much of the behavior is seen to be organized by a heteroclinic bifurcation involving the trivial
and the nontrivial but spatially uniform states. This bifurcation is associated with infinite cascades of gluing and
symmetry-switching bifurcations which themselves give rise to chaotic dynamics of Shil'nikov type. In Section 4 we
construct analytically Poincaré maps to investigate the properties of this heteroclinic bifurcation and to understand
the role of the symmetries of the PDEs in generating the dynamics that accompany it. In Section 5 the two-mode
model is used to locate solutions in the PDEs resembling the results from the ordinary differential equations (ODES)
at identical parameter values, and its limitations for understanding the PDE results are examined. Implications of
our work for the Faraday problem are discussed in the concluding section.

2. Thetwo-mode model

In this section we introduce the two-mode truncation of Egs. (5) and (6) which we write in the simpler form
Cr = =(L+v)C +iaCx +i[IC* + (A = D{CIA]C + p(C), @
Cx+1,7)=C(,1), (8)

using the rescaling

1:—>Z C - L (o, v, ) = 8 (o, v, ) 9)
5’ pic O e
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If B < O the transformationC, o, v) — (C, —a, —v) is performed first. Here the relative size of the nonlinear
terms is measured by the single real paramdtes 1 + y /8. In view of the above scaling all of the coefficients
appearing in Eq. (7) are formally @). Due to the periodic boundary conditiod%x, ) may be expanded in a
Fourier series,

Cx.t)= Y Cu(r)€?™, (10)

n=—oo

which, upon substitution into Eq. (7), yields an infinite set of ODEs:

o0
Co=—(L+iv)Cy + 18u0Co+i(A=DCy Y [GlP+ Y. GCiC. (12)
k=—00 k—Il4+m=n

Here the dot denotes differentiation with respect 16, is the Kronecker delta;, = v + «(27n)?, and the last
summation is a triple sum over integérd, andm with each variable ranging fromoo to co. Observe that due
to the spatial (i.ex-) averaging, the forcing only couples to theiform mode,Co. Consequently, the trivial state
is always stable with respect to nonuniform modes>( 0) and the only primary bifurcation is to the nontrivial
uniform state Co # 0, C,, = 0if n # 0).

Egs. (7) and (8) are equivariant under the actions of the following three symmetries:

Ty :x —>x+x, R:x = —x, k:C— —C, (12)

which generate the group = O(2) x Zp. The first two symmetries together generate the group O(2), while the

last symmetryx € Zo, is a manifestation of the invariance of the original problem under translations through a half

period on the fast temporal scale (a full period of the forcing), and is a consequence of the parametric nature of the

forcing. These symmetries, when viewed within the expansion (11) are responsible for the existence of multiple

invariant subspaces. These include thi&orm subspace corresponding to spatially uniform solutions,(= 0 if

n # 0), fixed by O(2); thesven subspace (C, = 0 if n is odd), fixed byTy,; the odd subspace (C,, = 0 if n is

even), fixed by T1/2; the cosine subspace (C, = C_,), fixed byR; and thesine subspace (C,, = —C_,), fixed by

k'R. In fact, the action of’, on either of the last two subspaces generates an entire circle of equivalent subspaces.
Since the first bifurcation from the trivial solution asncreases is always/a-breaking pitchfork which produces

a pair of uniform states (related &y it is the secondary bifurcations which are of greatest interest. To study them

we write the uniform states in the for@y = a €7, where

1
Ad® =v £ u?—1, cosZ?:;. (13)

After linearizing Egs. (11) about this solution we find that it is unstable to uniform perturbationsafhen/A.

More precisely, ifv A > 0 the primary pitchfork is subcritical and the state (13) is unstable to uniform perturbations
until a saddle-node bifurcation at= 1. Stability with respect to modes with> 0 is described by the dispersion
relations

(s + 1)2 + (v, — Aaz)2 + 2c12(Aa2 —v,) =0. (14)

The corresponding neutral stability curves in {lae a) plane are illustrated in Fig. 2a far= 0.1 andv = 0. Note
that there are three distinct regionsAlf> 0 anda (equivalentlyw) is increased the uniform state repeatedly enters
and emerges from an infinite series of perhaps overlapping instability tongues-AsD+ the latter bifurcation
occurs at higher and higher amplitude (cf. Eq. (13)) with the amplitude becoming infinite in the lihita+.
Within each tongue the uniform mode is unstable with respect to the corresponding me&e<IfA < 0 the
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(b)

Fig. 2. Neutral stability curves for (@) = 0.1,v =0 and (b)x = 0.2,v = —9.

uniform state enters (and does not leave) successively higher and higher instability tongues, accumulating instability
asitdoesso. Lastly, il < —2there are no secondary bifurcations and the uniform state remains stablefdtadl

other choices af andv this last situation may be modified, as seenin Fig. 2bfer 0.2 andv = —9. Large detuning

has an especially visible effect on the shape of the instability tonguesmibeamall but is less important for higher
modes. Neutral stability curves far < 0 can be obtained from the transformati@n v, A) — — (o, v, A + 2)

which leaves Eq. (14) invariant. This transformation, however, changes the ampljtade so is not a symmetry

of Eq. (7). As a result the properties of Eq. (7) for- 0 andx < O are quite different (see Fig. 3). Fig. 3b indicates

that, fora = —0.1 and—2 < A < 0, the uniform state loses stability to each mode just onge iasreases, with

the amplitude at which it does so tending to infinity both with the mode number and-as0— (cf. Eq. (13)).

-10

-15

(b)

Fig. 3. Neutral stability curves for = 0: (a)a = 0.1; (b)a = —0.1. In (a) only four curves are shown but all curvasx 1) pass through
(n, 4) = (1,0.
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When A = 0 the system (7)—(8) is highly degenerate, as can be seen by examining the subspace of spatially
uniform solutions:

Co =—1+iv)Co+ /Léo. (15)

Due to the complete cancellation of the nonlinear termsAoe 0 the flow in this subspace is linear and, when
u? > 1+ v?, unbounded. The branch of uniform states (plotted verguis completely vertical; dine of such
states exists whem? = 1+ v? but for no other values qf, cf. [28]. Despite this nongeneric behavior, we will see
in Section 3 that the limitA = 0 plays a crucial role in understanding the complex behavior exhibited by Egs. (7)
and (8) for nonzero values of.

As already mentioned, we hope to gain insight into the properties of the full system (7)—(8) with the aid of
a low-dimensional model. To construct one, we observe that the primary bifurcation in Egs. (7) and (8) is to a
nontrivial uniform state while the secondary bifurcation of this state produces a steady nonuniform state, both of
which are symmetric with respect to the reflecti®@rand hence lie in the invariant cosine subspace (or a translation
of it). Consequently, we focus on the class of reflection-invariant solutions to Eqgs. (7) and (8), i.e. solutions of the
form

Clx,7) = %co(r) + ) ca(t) cCOS 20N, (16)
n=1

and retain only the first two terms:

C(x,7)= %Co(‘[) + c1(t) COS Zrx. a7

Note the factor of/2 relatingco to Co. A similar procedure has been employed with success for the Kuramoto—
Sivashinsky [29] and complex Ginzburg—Landau equations [19,20]. Substituting the ansatz (17) into Eq. (7) yields
the following two-mode ODE model:

¢o=—(1+iv)co+ 2iA(lco® + |c1P)eo + 3i(Goct + E1co)e1 + pco, (18)
o - 1; 2 2 1= . 1.2
¢1=—(1+ivy)er + 51 A(Jcol” + |c1|)er + 5i(coct + c1co)co + Filc1l“c1. (19)

These equations, for which the action7fis now trivial, are still equivariant under the actionsZaf, andk but
we choose instead to define the equivalent pair of operations:

Ro : (co, c1) = (—co, c1), Ry : (co, 1) — (co, —c1), (20)

whereRo = kT1/2 andRy = Ty/2. These actions generate the graup(as did7y/» andk). As a result the equations
share many features common to other systems jtsymmetry [26,27].

Egs. (18) and (19) contain three types of fixed points whose properties are summarized below. In what follows
we writecg = xg +iyo, c1 = x1+1iy1, wherexg, x1, yo andys are all real, and set= 0. In general the presence of
detuning is a consequence of a slight mismatch between the wavenumber selected by the forcing fregaedcy 2
the domain lengtlL. However, the passage through the different resonance tongues identified in the linear theory of
[7] does not depend on the exact value @dopted despite the fact that the initial pitchfork bifurcation to spatially
uniform states U becomes subcriticabifi < 0. Moreover, under appropriate nondegeneracy conditions for the
eigenvalues involved, the global connections discussed in Sections 3 and 4 persist under the addition of (small)
detuning. Thus, the choiage= 0 is made merely for simplicity and ease of comparison with [7].
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2.1. Trivial state (O)

This solution has the full symmet®,. Its stability is determined by the four eigenvaldes — 1 and—1+iw,
wherew = 4n2a. The first two give the growth rate of perturbations within the invariant ptane- 0, while
the complex conjugate pair describes perturbations within the invariant ptape 0. Wheny = 1 there is a
supercritical pitchfork bifurcation giving rise to a branch of spatially uniform stateg ¥ 0, ¢c1 = 0; note that
there are no fixed points of the foreg = 0, c1 # 0.

2.2. Uniform steady states (U)

These solutions take the foreg # 0, c1 = 0, and are invariant undet®; but not underRg; when necessary we
distinguish between the twRp-related branches using the notation (the + reflects the sign of they coordinate).
From Eg. (13) we obtain

1
|Alleol> =2\/u2 =1,  cos = =, (21)

u

where? is again the phase @f. Sincev = 0 (see above) these solutions are always stable to perturbations within
the planer; = 0 with the corresponding eigenvaluessatisfying

(s+1%—5-4u> =0. (22)

Note that these eigenvalues are complex when +/5/2. Stability with respect to the mode is described by the
characteristic equation (cf. Eq. (14))

2 2
(s—i—l)z—i—wz—l—uz—l—l—z(uz—l)—|7w|(A—|—1) u2—1=0, (23)
where againw = 472«. Thus, wheny = 0, the uniform states U undergo a pitchfork bifurcation which breaks the

R1 symmetry and produces time-independent nonuniform statesiwitil (NU). In the following we refer to this
bifurcation as a symmetry-breaking bifurcation (SB) since it produces states that break translation invariance. Note
that because of the form of Egs. (22) and (23) Hopf bifurcations are not possible.

2.3. Nonuniform steady states (NU)

The fixed points NU have no symmetry; consequently, the NU solutions come in quartets, related by the actions
of Ry, R1, andRoR1. Depending on the value of, the NU states may become unstable, with increagirag either
a saddle-node or a Hopf bifurcation. If a Hopf bifurcation occurs it generates four symmetry-related periodic orbits.
The fate of these and other time-dependent solutions is investigated in the following section.

Since Egs. (18) and (19) are exact in the invariant uniform subspace of the PDE we may expect them to be
quantitatively correct only near the threshold predicted by Eqg. (23), i.e. near the stability threshold fer fhmode
shown in Fig. 3. In fact, as discussed in detail in Section 5, their qualitative validity extends much beyond this region.
Consequently, we focus in the next section on the properties of these equations for general values of the parameter

3. Numerical results

In this section we present the results of a careful numerical investigation of Egs. (18) and (19) using a combination
of AUTO [30] and XPPAUT [31]. In addition to the simple bifurcations mentioned above these equations can exhibit
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SN : saddle-node
SB : symmetry-breaking

SN

Hopf
_1 SN SB SN

2 4 6 8 M
Fig. 4. Local bifurcation sets with = 0 anda = 0.1: symmetry-breaking bifurcation (SB) on the U branch, and Hopf and saddle-node (SN)
bifurcations on the NU branch.

extremely complicated dynamics. We find that over a large range of parameters this complex behavior is organized
by a codimension-one heteroclinic connection between the uniform and trivial states, a global bifurcation which
can be best understood in the context of a two-parameter study. We therefore Setr = 0.1 and varyA along

with the forcing amplitudex.

Fig. 4 shows the important local bifurcation sets in €pe A) plane: then = 1 neutral stability curve (labeled
SB) from Fig. 3a and the loci of Hopf and saddle-node (SN) bifurcations on the NU branch which bifurcates from
the U state along the neutral curve. Fig. 5 shows the bifurcation diagrams obtained on traversing this plane in the
direction of increasing: at several different (but fixed) values af Fig. 4 reveals the presence of two singularities.
There is, as discussed in Section 2, a degeneracy wher0; at this value ofA spatially uniform states exist only
atu = 1 and at no other value @f. It is thus not surprising that there are many bifurcation sets emanating from
the singular poinfu, A) = (1, 0). The same type of singular behavior was observed in a model of the shearing
instability [27] in the limit of vanishing Prandtl number. In the present problem there is, in addition, evidence of
singular behavior att >~ —1.1428, where the amplitude of the NU branch (but not the U branch) becomes infinite.
As A decreases toward this value the two saddle-node bifurcations on the NU branch~(é.33 and 5.67)
occur at roughly constamt values but at larger and larger amplitude (see Fig. 5g). When—1.1428 these two
saddle-node bifurcations no longer occur at all (see Fig. 5h).

The bifurcation diagrams of Fig. 5 show not only the U and NU branches, but also record the fate of the branches
of periodic orbits (when present) generated in Hopf bifurcations on the NU branch (Fig. 5a—f). For typical parameter
values the NU branch is S-shaped, with the Hopf bifurcations occurring on the lower part. For example, a cut (not
shown) atA = 1 barely crosses the locus of Hopf bifurcations but does so twice in quick succession indicating
the presence of two Hopf bifurcations back to back (see Fig. 4); connecting these bifurcations is a stable branch
of periodic orbits. WithA = 0.9 (Fig. 5a) there is a period-doubling bifurcation on this original branch but the
cascade (not shown) is incomplete (there are just two period-doublings followed by two reverse period-doublings).
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lel 4
3
2 SB Hopf 2
Hopf NU
1 U 1
1 2 3 4 5 W 1 2 3 4 5
4 4
(c) A=0.645 (d) A=0.633
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2 2
1 1
1 2 3 4 5 1 2 3 4 5
(e) A=2/9 ) A=-2/9
6 9
4 6
2 3
1 2 3 4 5 6 7 1 5 10 15
200 | (g) A=-1.1425 (h) A=-12
150 9
100 6
50 3
1 5 10 15 1 5 10 15

Fig. 5. Series of bifurcation diagranis| = (|col? + |c11%)Y? vs. u, for different values ofA. Stable (unstable) solutions are rendered with thick
(thin) lines. Branches of periodic solutions originating in Hopf bifurcations are also shown.

Bifurcation “bubbles” of this type are familiar from problems related to the Shil'nikov bifurcation [32,33]. For

A = 2/3 (Fig. 5b), the value corresponding to Fig. 6, there is (presumably) a complete period-doubling cascade
and one can easily find a variety of periodic and chaotic attractors (see Fig. 6). Evidence that this cascade is not
the whole story, however, is provided in Fig. 5c. The figure shows thatAfes 0.645, the branch of periodic

orbits has split apart, each half terminating in a Shil’nikov-type homoclinic connection with the uniform state. The
abruptness of this transition suggests the presence of other periodic orbits with which the original periodic branch
is colliding. This interpretation is further supported by a second abrupt transition which occurs=by.633

(Fig. 5d); the branch of periodic states produced in the second Hopf bifurcatipn{a#.8) now terminates in

a homoclinic bifurcation on the NU states rather than the U statest Asdecreased even further (see Fig. 5e)
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Fig. 6. Attractors fon = 0, = 0.1, A = 2/3 and (a)u = 1.86, (b)u = 2.2, and (c)u = 2.5.

the first homoclinic bifurcation (with the U state) moves very close to the initial Hopf bifurcation, occurring
atu ~ 1.112 whenA = 2/9, while the second homoclinic bifurcation (on the NU branch) moves closer to
the rightmost saddle-node bifurcation. The branch of periodic solutions corresponding to the former is almost
invisible on the scale of the figure. A comparison of Fig. 5e and f shows that wh&snsmall in magnitude
the bifurcation diagrams on either side 4f= 0 are qualitatively similar. The main differences are the change
in scale (largem values for negativel) and the absence of the rightmost SB whén< 0: although the NU
branch comes very close to the U branch for laugine two branches remain distinct, in contrast to the situation
for A > 0.

It turns out that the interesting periodic and chaotic behavior which one finds for valuésoéh as those
used in Fig. 5b—f is associated withhateroclinic bifurcation involving both O and U. The bifurcation sets for
this global connection, U-> O — U, are shown in Fig. 7. In this figure there are three curves of heteroclinic
bifurcations which emerge frorqu, A) = (1, 0) into the regionA > 0 and three that emerge into the region
A < 0. ForA > 0 two of these connect up smoothly forming a loop while the third oscillates back and forth
an infinite number of times before terminating in a codimension-two heteroclinic bifurcation pdijnt a) ~
(2.5803 0.1877. The heteroclinic cycle at this point involves all three types of fixed points: O, U, and the NU
state between the two saddle-node bifurcations on the NU branch (see Section 42)<F0rthe three curves
of heteroclinic bifurcations remain separate (the upper two are almost indistinguishable on the scale of the figure).
Two of them continue out to large valuesof(they have been followed to > 50) while the third wiggles back
and forth before terminating in another codimension-two heteroclinic cycle involving O, U, and NU. This point,
(e, A) ~ (5.065 —0.159), is marked in Fig. 7 by a small circle; the wiggles are not visible on this scale. This point
differs from the previous codimension-two point far > 0 in a fundamental way because it involves the small
amplitude NU state (after the first Hopf bifurcation) whose stable and unstable manifolds are each two-dimensional.
We defer the details until Section 4 but, to summarize, the codimension-two heteroclinic cydle-f@rinvolves
three points with one-dimensional unstable manifolds; the connectien O is structurally stable (due to the
invariance of the uniform plane) while the connectionss3UNU and NU— O areeach of codimension-one. For
A < 0 the connections 6> U and NU— O, are both structurally stable but the third,& NU, is itself of
codimension-two.

Fig. 7 also shows the cut = 2/9. This cut corresponds to the bifurcation diagram of Fig. 5e and crosses the
heteroclinic bifurcation set four times. We use thivalue to investigate further the dynamics associated with this
bifurcation. Along this path the first Hopf bifurcation ¢at~ 1.106) occurs almostimmediately after the birth of the
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Fig. 7. Heteroclinic (Het) bifurcation sets (solid lines) representing the cycle @ — U. The inset shows an enlargement of one of these
curves near its termination in the codimension-two heteroclinic cycle WU — O — U. Note that the cutt = 2/9 passes through four
heteroclinic bifurcations.

NU branch (see Fig. 7). Between this Hopf bifurcation and the leftmost saddle-node bifurcation on the NU branch
at u ~ 2.674 there are no stable fixed points; in this region one can easily find chaotic attractors, such as those
shown in Fig. 8, as well as a variety of interesting periodic solutions (see Fig. 9). Notice that the periodic orbits in
Fig. 9 haveZ, symmetry, i.e. they are invariant under one of the reflecti®psR1, RoR1. Although these particular

Fig. 8. Chaotic attractors for=0,o¢ = 0.1, A = 2/9 and (a)u = 1.51, (b)u = 2.0, and (c)u = 2.54.
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Fig. 9.Z,-symmetric periodic attractors for= 0,a = 0.1, A = 2/9 and (a)x = 1.41, RgR1-symmetry; (b)u = 1.64, R1-symmetry; and (c)
1 = 1.875, Ro-symmetry.

periodic orbits are somewhat exotic (in the sense that they do not belong to one of the basic families of periodic
solutions analyzed below but resemble something like the ‘multi-pulse’ orbits identified in perturbations of the
Hamiltonian problem) there are also sequences of simpler periodic orbits which come close to both O and U. These
orbits, characterized by their symmetry (or lack thereof) and by the number of oscillations they experience near O,
are related in a fundamental way to the heteroclinic connectien @ — U. A bifurcation diagram obtained by
following many of these solutions numerically is displayed in Fig. 10, along with four representative orbits. This
figure shows the period (half-period for symmetric orbits) as a functign @ivo of the branches shown (the ones

with lowest period) close on themselves to form isolas but most of the solutions terminate in homoalirie (W)

gluing bifurcations or heteroclinic (J — Uz) symmetry-switching bifurcations. This is evident from the dramatic
increase in period which occurs as the periodic orbits approach the fixed points. In the gluing bifurcations two
asymmetric periodic orbits come together (using & U_) to create a singl&1-symmetric periodic orbit. In the
symmetry-switching bifurcations tw&g-symmetric periodic orbits transform (using both @nd U-) into two
RoR1-symmetric periodic orbits. In this second case the symmetry neither increases nor decreases but switche:
from oneZ, symmetry to another. Under appropriate conditions each of these processes is associated, as in the
usual Shil'nikov scenario [33,34], with cascades of saddle-node and either period-doubling or symmetry-breaking
bifurcations; theZ,-symmetric branches undergo symmetry-breaking instead of period-doubling bifurcations since
Zo-symmetric periodic orbits do not (generically) have negative Floquet multipliers [35]. Note also that the way
the two branches (e.g. an asymmetric andvgrsymmetric branch) merge with increasing period differs from that

of the corresponding Shil’nikov problem in three dimensions with symmetry [36]. This is because the reflection
symmetry in the latter case must be a complete inversion [34,37], while in our case the relevant syRinetry

not (see Eq. (20)); in particula?; does not act on the swirling part of the flow near th the planec; = 0. In

our case the two types of branches oscillate “in phase” around the homoclinic or heteroclinic points as their period
increases (cf. Fig. 10), while they oscillate “out of phase” in the three-dimensional case with inversion symmetry.
These differences between the standard situation and ours are a direct consequence of the fact that our two-moc
truncation is four-dimensional, allowing new types of connection that are not possible in three dimensions. Note
that in Fig. 10 we have only investigated the first two of the main heteroclinic bifurcations (recall that there are
four such bifurcations wherd = 2/9) and that there am@any periodic solutions (e.g. those of Fig. 9) which have

not been shown; these may form isolas or terminate at other, subsidiary, connections. In short, the full situation is
extremely complex.
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Fig. 10. Cascades of gluing4- A <> R1) and symmetry-switchinglp + Ro <> RoR1 + RoR1) bifurcations forv = 0, = 0.1 andA = 2/9.

These accumulate from opposite sides on the principal heteroclinic bifurcations, the first two of which, labeled (1) and (2), are shown (upper
panel). At point (3) there is a homoclinic connection to NU. The lower panel shows an enlargement of the region near point (1). The diagrams
show the period (half-period) of asymmetric (symmetric) periodic orbits as a functien of
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4. Analysis

In this section we offer a geometric interpretation for the heteroclinic behavior observed in Egs. (18) and (19) and
use Poincaré return maps (cf. [33,38]) to analyze the global bifurcations responsible for it. Since heteroclinic cycles
involve multiple connections they are in general difficult to observe unless the problem in question possesses a
symmetry which preserves some of these connections. In Egs. (18) and (19},dlimmetry is responsible for the
existence of the two invariant planes= 0 andcp = 0. Since there are no nontrivial solutions of the fagm= 0
this second invariant plane is of minimal consequence. The invariance of the space of spatially uniform solutions is,
however, a property not only of Egs. (18) and (19) but of the PDEs (7) and (8) as well, and this fact has a substantial
influence on the dynamics of both systems. This is because once the trivial state O loses stability to4 (for
A # 0in a supercritical pitchfork bifurcation) the one-dimensional unstable manifold of‘@QyVYlies within the
uniform planec; = 0 and is therefore contained in the stable manifold of S(W. This is because the states U
are the only spatially uniform attractors of both the model and the PDEs. When U subsequently loses stability giving
rise to the NU branch it acquires a one-dimensional unstable manifdlfl)Mwhich may, upon tuning a single
parameter, intersect the three-dimensional stable manifold of WRWIn this case there are structurally stable
connections G- U (related by the symmetrgg) which when combined with the structurally unstable connections
U+ — Ogenerate codimension-one heteroclinic cyclesUD — U. In this situation four symmetry-related cycles
(excluding cycles with more than two segments) are simultaneously present (see Fig. 11), each associated with one ¢
the four parts of W(U). We denote these by WU, ), wherex = +, Ro takes U to U_,, andR relates W (U,) to
WY (U,).

4.1. Heteroclinic bifurcation: U - O — U

To understand what happens in the neighborhood of the heteroclinic cyele©UJ- U it is useful to construct
Poincaré return maps and study the fixed point solutions which correspond to periodic solutions of the original
vector field. We proceed by first obtaining local maps from the linearized flow at O and U. Near O, the eigenvalues
in thecp = 0 plane are complex and it is natural to use polar coordinates definéd by;) = r(cosd, sing).

Wi ()

WU (U_)

Fig. 11. Sketch of the codimension-one heteroclinic connection with the four cygles ® — U..



We therefore write

Xo = oxo, Yo

whereo = 1 —1 > 0,0 = u+ 1, andw = 472« (see Section 2). Next we define appropriate Poincaré

sections,

2o {(x0, y0,7, 0)|lx0l <€, |yol < €, 7 =€},

and obtain the mafo : o — g U Xg:
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= —0)o,

0 =-ow,

=3 {(x0, yo, 7, 0)|x0 = %€, |yo| < €, 7 < €},

171

(24)

€ sign(xop)
X0 xq |e/o
o] 2
Yo
To: > xo |10 (25)
€
6
w €
6 — —log|—
o X0

Near the uniform fixed points U we assume> /5/2 and therefore that the eigenvalues within ¢he@lane are
complex conjugates; 1+ i£2. The other two eigenvalues, > 0 and—s, < 0, are taken to be real. One can then
choose normal coordinates which satisfy

R =—R, b=, 7 = 512, W= —s2w. (26)

Here we have again used a polar representation for two of the local variables (within the uniform plane) and, to
simplify notation, the reflectio®g has been absorbed into the definition of these coordinates; a(int z, w)
in the neighborhood of Jis mapped byRp to a point in the neighborhood of 1} with exactly the same local

coordinates. We next define the surfaces
Zui{(R, ¢, z,wIR =€, |z]| <€, |w| < €}, Eﬂf (R, ¢, 2, w)|R < €,z = %€, |w| < €},

and arrive at the local mafy : Xy — X} U X}:

Ha
E [—
‘ 2
€
1) ¢ + —log |-
Ty : > 5172 (27)
2 € sign(z)
w Z |52/51
w|Z|

€

Note that, by construction, this map is independent.of
The next step is to construct global maps by expanding about the exact heteroclinic cycle created'Wwhea W
WS(0). For convenience we introduce a rescaled bifurcation parametatisfyings = 0 at the heteroclinic
bifurcation, and write W.(U,) N Zo = (—«A, k¥o + ckh, €, + dr £ 7/2); WY(O) N Ty = (€, ¢h + b2, 0, 0).
Expanding to first order and taking into account the symmeRigand R; leads to the mapfo .y, : X5 — Zu
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and7yy o Xy — Zo:

Ke €
bh + A1k yo + b
Toou, - Yo L ®n 1K Y0 ’ (28)
r Aor cos(f2 + 0)
2] Asr cos(f3 + 0)

k(B1R coS(¢1 + ¢) = Baw — X)

é k(Yo + B2R cos(¢2 + ¢) = Bsw + cA)
Tt > (29)
U, —>O +e € .
w éi%+Bchos(¢3+¢)iBew+d/\

Here, the symmetryR; is responsible for eliminating many of the terms #8_.y, while the form of each

map is also subject to requirements sucth‘Ksﬁo(R, $.€,w) = RioTy (R, ¢, —€, —w); near the ori-

gin R1(xo, yo, 1, 0) = (x0, yo, 1, 0 + 7). These maps, in appropriate combinations, can be used to study the many
periodic solutions of Egs. (18) and (19). We do not attempt to address all of the possibilities but concentrate on
the prominent gluing and symmetry-switching bifurcations observed in Section 3. To do this we note that the first
componentfy = —« 1) of WY (U,.) N Xo determines whether the next intersection is vﬂ@; or X5 . Specifically,

if 2 < 0, W (U,) may intersect’§ and return to a neighborhood of Ubut if » > 0 (and small) then WU, )
crossesy5“ and subsequently visits the neighborhood af,UIn other words, ifx < 0 there is the possibility

of exact homoclinic connections,.U— (neighborhood of O}> U,, while if » > 0 there is potential for exact
heteroclinic connections, U— (neighborhood of O}> U_,. In the first case homoclinic connections occur when
To-u,oToo TUiK_)O (0, ¢, e, 0) e W3(U,,)N Xy while if » > 0 the heteroclinic connections betweepahnd U_,
requireToy_, o Too Tji_)o (0, ¢, €, 0) € WS(U_,) N Xy. Each of these conditions leads to the same equation

sin (ég +dr+ glogm) =0, (30)

wheref, = 6 + 6 — (w/o)loge. The solutions of Eq. (30) are easy to visualize (see Fig. 12). There is an infi-
nite cascade of homoclinic connectiong, ¥ U,, for . < 0 and an infinite cascade of heteroclinic connections,

homoclinic cascade heteroclinic cascade

[\ |
WAl 'AVA

A=0

Fig. 12. Intersections with the horizontal axis, and4,,, give solutions to Eq. (30).
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U. — U_,, for » > 0. Both series of parameters, < 0 anda,, > 0, accumulate geometrically at= 0 with
the scaling:

A A
fim Potl iy At roje (31)

n—oo |)\n| m— 00 )Lm

Note that this accumulation rate depends on the eigenvalues at the origin, and hence is honuniversal.

To understand what happens neanttiehomoclinic connection (at = 4, < 0) one can perform a local analysis
by definingi = X, + A, where|i| < |, |. With 2 small enough, the time spent near the origin, O, can be neglected
in comparison with the much larger amount of time spent ngaftis allows the compositiofo_, uy, o Too Ti_)o
to be replaced by a single mdpy _,, : £j — Xy which comes from linearizing about Y¥U,). Thus, after
defining WL(U,) N Zy = (¢, ¢ + €k, = f 4, £ + g)) we obtain

R €
¢ ® + €k + D1R cos(¢1 + ¢) £ Daw
lel)i—)Uk : Zl: = 5 g : (32)
€ +(fX+ D2Rcos(¢2 + ¢) £ Dsw)
w +( + gA + D3R cos(¢3 + ¢) + Dew)

The compositiorTjiHUK o Ty defines areturn map froty into itself. Fixed points of this map correspond to asym-
metric periodic orbits of Egs. (18) and (19) white-symmetric periodic orbits satisﬁyji_)uk oTy(e, ¢, z, w) =
(e, ¢, —z, —w). Both of these cases are described simultaneously by the equation

- - ) - 2 ~ e
+|z| — fi = Dalz|*** cos (qbz - s—log|z|) + Ds|z|*?/L, (33)
1
where
N 1-1/51 N - _—S2/51 5 7 7 2
Dy=¢ Dy, Ds = Dswe , ¢2=¢>2+¢+E|096-

In deriving this expression we assumed |%| < €. Eq. (33) is similar to the Shil'nikov equation [33,34] and
depends critically on the magnitudeafandss. In fact Eg. (23) implies that, = 2 + 51, indicating thatsy/s1 >

1/s1 and hence that the last term in Eq. (33) becomes negligible compared with the first for sufficiently small
|z|. In this case the conditiosy > 1 guarantees that there are cascades of saddle-node, period-doubling, and
symmetry-breaking bifurcations centerediat 0. For example, wher = 2/9 this condition is satisfied in the
interval 1123 < u < 3.960. We construct the solutions of Eq. (33) in Fig. 13 by plotting separately the left-hand
and right-hand sides of the equation. Intersections along the line with positive slope correspond to asymmetric

A A

U |2 |2

(a) R ®) R

Fig. 13. Sketch of solutions to Eq. (33) indicating that both asymmetricRarslmmetric periodic orbits are created in pairs. In case )0
there is an even (and finite) number of both types, while irk.(8) 0 the numbers are infinite.
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1.2 1.3 1.4 1.5 1.6 123 2.22 2.24 2.26 2.28 2.3 2.32 4

Fig. 14. Enlargements of the two gluing and symmetry-switching cascades from Fig. 10 illustrating the geometric scaling of Eq. (30).

solutions while those along the line of negative slope indi®atsymmetric solutions. Note that these solutions are
created, respectively, in quartets and pairs.

Whenx > 0 one can concentrate on the neighborhood of the heteroclinic connections U_, and perform
the same type of analysis. In fact, the two cases are formally identical. The difference is that this timh&ithe “
Eq. (33) signifieskp- and RoR1-symmetric periodic orbits, respectively. Thus, altogether, the analysis which led
to Egs. (30), (31) and (33) is consistent with the numerical results of Section 3. In particular, it predicts cascades
of homoclinic ¢ < 0) and heteroclinic > 0) connections accumulating at the principal heteroclinic bifurcation
(A = 0). These can be identified as the gluing and symmetry-switching bifurcations shown in Fig. 102 \AH&n
the periodic solutions created are alternately asymmetricRarglymmetric while ifx. > 0 the symmetry switches
betweenRy and RgR1. Furthermore, each of these associated connections can contaia (forl) dynamics
of Shil'nikov type and its attendant chaos. The scaling predicted by Eq. (30), approximately 0.70 and 0.36 for
the heteroclinic bifurcations at ~ 1.455 and 2.278, respectively, can be compared with Fig. 14 which shows
enlargements of the two cascades in Fig. 10. Direct measurement from this figure yields ratios of 0.69 and 0.35
which are in excellent agreement with Eq. (30). In addition, Eq. (33) leads to a prediction for the scaling of individual
saddle-node cascades:

A
lim 2L — /@, (34)
k— o0 )Lk

where the saddle-node bifurcations, on alternating sides (of,,8,dvave been denoted by. Eq. (34) gives values
of —0.1853 atu ~ 1.455 and—0.4534 atu ~ 2.278; this is also consistent with Fig. 14 and the fact that in the
second cascade (Fig. 14b) the saddle-node bifurcations are considerably more prominent than in the first.

4.2. Codimension-two point: U - NU - O — U

Fig. 7 shows that for positivel one of the curves marking heteroclinic bifurcations terminategiaA) ~
(2.5803 0.1877. This value ofu falls between the two saddle-node bifurcations on the NU branch; three distinct
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NU solutions are therefore present (see Fig. 5e). One of these is stable and cannot be involved in heteroclinic
dynamics while the lower branch after the Hopf bifurcation has a two-dimensional stable and a two-dimensional
unstable manifold. The third NU state, NUying between the two saddle-node bifurcations has a three-dimensional
stable manifold VB(NUg) and a one-dimensional unstable manifold®WUg), and can therefore participate in the
simplest heteroclinic connections involving either O or U. Since the intersectidtfdfl) (one-dimensional) with
WS5(NUp) is of codimension-one the locus of connections%) NUg is represented by a curve in tlig, A)

plane. Likewise, the intersection of WNUg) with WS(O) (three-dimensional) is also of codimension-one and

so is represented by a second curve in(heA) plane. Generically, these two curves intersect, and the point of
intersection corresponds to a heteroclinic cycle of the type-lINU — O — U. In the neighborhood of such a
codimension-two point one can again use Poincaré maps to study nearby periodic solutions and related bifurcations.
We focus first on the curve of heteroclinic bifurcationst) O — U (see Fig. 7) which appears to emanate from

this sort of intersection. We assume that the NU state of interesi(Mueafter simply NU), is hyperbolic with two

real eigenvalues (one stable, and one unstable) and two complex eigenvalues (both stable). This is the case wher
(u, A) ~ (2.5803 0.1877. Near NU we can therefore find normal coordinatesv, p, ¥) satisfying

i = Bu, b= —yv, p=—8p, Vv =w. (35)

Hereg, y, ands$ are positive and unrelated to the earlier variables of the same names. We define next the Poincaré
sections

2N A, v, 0, ) |lul <€, v <€, 0 =¢€}, T A, v, 0, 9)|u = *e€, [v] <€, p < €},

and obtain the mapu : Znu — Ziy U Dy

€ sign(u)
u uy/p
v Ule
TnU - = u18/8 . (36)
€ €|l—
€
Y vt 7 ‘E)
e

Although there are four symmetry-related NU states, we have once again absorbed the symipedrielsR()
into the definition of the local variablés, v, p, ¥). The maplyy lacks any explicit dependence on the sign of its
absolute coordinates. It will sometimes be necessary, nonetheless, to distinguish the four symmetry-related states;
we do this with the notation, Nf. Here NUL is associated with W(U.) and the symmetries act according to
RO(NU,ﬂf) = NUfK, Rl(NU,ﬂf) = NU;[. Furthermore, we can assume without loss of generality that any trajectory
approaching O after leaving NU crossﬁﬁ“u. Trajectories which crosEy, are lost (they may, e.g. be attracted to
the stable NU state). We can now expand about the exact heteroclinic cycle at the codimension-two point to obtain

two global maps7y, .y : gy — Enu andTyy:_o: Zyy — o

R E1R cOS(¢1 + ¢) + Eqw + A1
¢ 4 E2R cos(da + ¢) & Esw + eh1 + fho
TU,(—>NUi . :b = . (37)
K € €

w ¥ + E3R cos(¢3 + ¢) & Egw + gh1 + hio
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Fig. 15. (a) Bifurcation set for the heteroclinic cycle ) O — U in the (11, A2) plane. (b) Sketch of a heteroclinic cycle at a particular point
along this curve.

¢ k (G1pcos(¥r+ ¥) + Gav + A2)

v K (§o + Gap cos(y2 + ) + Gsv + [r1 + mhz)
TNU%—)O . o = ¢ . (38)
~ b
14 ES >+ Gzpcos(yz + ¥) + Gev + pA1+ gho

Hered, ¥/, 3o, andd are parameters determined by the location of the exact heteroclinic cyclé(s) as) = (0, 0)
while A1 anda; are linear combinations @f and A measuring the distance from the codimension-two point. Note
that because of the way they have been chosergntrols the breaking of the connection NU while a nonzero
A2 breaks the connection NbY> O. In other words, the.; andi, axes are precisely the bifurcation sets for the
heteroclinic connections N&J> O and U— NU, respectively.

The goal of explaining Fig. 7 prompts us to look for exact heteroclinic connections of the fesnfriighborhood
of NU) - O — U (see Fig. 15b). This can be done, for example, by starting 8rnl¥y) N EJ = (0,¢,¢,0)
and requiring that the compositidiy,+ o © Thu © Ty, _,ny+ Maps this point somewhere within¥D). Such a
prescription leads to the equation

- ~ w ~
2+ G12Y/? cos (w + gh1+ hip — Elogkl) +Ga@+eri+ frr)f =0, (39)
with A1 positive and
~ ~ - - w
G1 =P Gy, Ga=e7PGy, ¢=1/f1+1/f+g|096-

The curve defined by Eq. (39) has been plotted in Fig. 15a (cf. Fig. 7) using the numerical gatuels204,

y ~ 3206, = 1, andw =~ 7.454 obtained from the eigenvalues of the relevant NU stateuatl) ~
(2.5803 0.1877, and arbitrary choices for the remaining parameters. In Fig. 15b we sketch the simplest kind
(asymmetric, two segments) of heteroclinic cycle along this curve. We identify the oscillations (hithe)

plane with those along the curve of heteroclinic cyclest) O — U in Fig. 7 near the codimension-two
point.
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Fig. 16. Bifurcation sets for the heteroclinic connections NUU accumulating on th&; axis, the locus of the connections N&J O — U.

Although an analysis of the codimension-two point&) NU — O — U has been successful in explaining
several features of Fig. 7 this bifurcation point is also the organizing center for a great deal of additional dynamics.
We begin a more thorough exploration by recalling thatithaxis represents the heteroclinic connection NUO.

At a small but finite distance away from that axis the connection is broken. However, because of the structurally
stable connection G» U the unstable manifold of NU is propelled, after missing O, toward the neighborhood
of either U or U_; this suggests the possibility of additional connections NUU. Furthermore, from the map
Tyuz—o One can see that heteroclinic connections of the fornfNY U, are only possible if.; > 0 while

the other kind, N — U_,, requirer, < 0. To search for such connections we start df(MU) and apply the
condition:To_.u,, o To o Tnuz—o (¢,0,0,v) € WS(U) N Xy, wheres = sign(1,). This leads to the equation (cf.

Eq. (30)):

sin (62 + pr1+q2 + ~loglizl ) = 0. (40)

wheref, = 6,+6 —(w/o)loge. The solutions are sketched (for smiall 1.2) in Fig. 16. Note that there are an infinite
number of curves representing each connection and that these accumulate with the scaling of Eq. {314,/@xp(

on thei; axis from either side. What makes these curves interesting is the fact that they crosaxtse Whenever
this happens there are codimension-two heteroctiydbes. For 1, > 0 these take the form U— NU?; — U,
while for > < O the cycles |} — NU% - U_, — NUj_EK — U, alternate between Uand U_ (i.e. they haveRrg

or RoR1 symmetry). Thus, associated with the original codimension-two poirt(lU — O — U) are cascades

of additional codimension-two points (&~ NU — U) which have their own dynamical consequences. To pursue
this issue, we focus (fak, > 0) on one of these points, s&y1, 12) = (0, 1), and perform a local analysis by
settingis = As + A2 With |A2] < Ao. If 15 is small enough then trajectories come much closer to U and NU than
they do to O. It is thus advantageous to neglect the origin and use a new globar,qggp,UK : ZJU — Xy,
given by

€ €
v ¢ + br1 + Ehp + Hip cos(Y1 + ¥) + Hav
Inut—u, - g 5z - : (41)
“ Jo +(dr2 + Hap cOS(Yr2 + ) + Hsv)
W £ + ér1+ frz + Hap COS(Yr3 + ) + Hev)

This new map in combination witiy, Ty, and TUK_)NUKi allows, among other things, the determination of
additional (codimension-one) bifurcation curves. For example, breaking the connectierNW may lead (for
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A1 > 0) to homoclinic orbits, I — U,.. Finding these homoclinic bifurcation sets is equivalent to finding points
(0, ¢, €,0) € WY.(U,) N =} which are mapped to WU, ) underTyy: .y, © Thu o Ty, .y - Such points satisfy
the equation

A~ ~ N ~ w A ~
diz + H22.Y/F cos (wz + gh1+ hip — Flog M) + Hs(d + ers+ fian? =0, (42)
wherei; must be positive, and

I:Izszel_S/ﬂ, @2:1/;'2+1/_/'+hiz+%|0g6, D=1+ fio, ['A]5=H5€_y/’3.

Eq. (42) is virtually identical in form to Eq. (39) and defines a curve in(the1,) plane which is well represented
by Fig. 15a under the substitutian — 1.

The other way of breaking the cycle.U> NUE — U, (i.e. perturbing the connection N& U) provides two
more possibilities for codimension-one cycles: NJ> NUE and NUf — NUF — NUZ. These cycles can be
located, for example, by looking at NUand subjecting a poirit, 0, 0, ) € WY(NU) N E,ju to the requirement
Ty, —nus © Tu o Tyys u, (e,0,0,v) € WS(NU). Heree = sign(aig), reflecting the fact that it is the parameter
X2 which determines whether the connection N> U, breaks ‘up’ or ‘down’. Both cases are described by the
equation

- . A Y s S . A\ -
a + E1liolY/" cos (451 + by + &g — —|og|xz|> t by (111 Fon+ fk2> 7al*2/1 = 0, (43)
51
where
~11/s1 o . ~|52/851
E1= Eq1€ |— , ¢1:¢1+¢+—Iog<7), Eq4=E4|—
€ S1 d €

This equation is analogous to Egs. (39) and (42) except that now the ‘independent’ variaplanid may be

either positive or negative. We remark that the other cascade: (0) of codimension-two points can be treated

in a similar manner. The required maRy:_,y_, is of the same form a%yy:_,y, given above (the parameters

will take different values, of course) and the relevant codimension-one connections (which imply cycles) are also
completely analogous. Eq. (42), with appropriate reinterpretation, describes the bifurcation set-forWlL,

while the connections N — NUfK and NUt — NUT, correspond to solutions of Eq. (43). We illustrate

the full situation predicted by the Poincaré maps in Fig. 17. This can be compared with Fig. 18 which shows
many of the same bifurcation sets obtained from Eqgs. (18) and (19). Here we have continuezhdm, the

first three gluing bifurcations of Fig. 10 (at >~ 1.112, 1.149, and 1.204) and the first three symmetry-switching
bifurcations (atu >~ 1.647, 1.573, and 1.533). Because the symmetry-switching bifurcations are bounded by a
curve of heteroclinic bifurcations they form closed curves and do not reach the region of the codimension-two
point (i, A) ~ (2.5803 0.1877 (there are presumably others, below the oscillating curve of heteroclinic bifur-
cations, which do). However, the three gluing bifurcationg (& U, ) terminate at three of the codimension-two
points (U— NU — U) identified above. Evidence of this is provided by following the connections-INU

(close to the set of saddle-node bifurcations in Fig. 18), as well as-MNWD, and NL,iJE — U, (only three of

the latter are shown). It is clear that the cascades of this section and of Section 4.1 are not independent. The
cascade of gluing bifurcations associated with the principal heteroclinic bifurcatien @ — U terminates

in the cascade of codimension-two cycles-4 NU — U associated with the main codimension-two point
U—-NU—-O— U.
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U—NU
A2

AU = Uy, U—->0—-U
NU* » NUE

NUE - U,

NUZE - NUF

|
L

NU — O (A axis)

NUE - NUZ,

NUE U,

NUZ - NUF,

\.\‘"/
U, > U_,

Fig. 17. Dynamics near the codimension-two point-t) NU — O — U. A curve of heteroclinic cycles U- O — U emerges from
(M1, 22) = (0, 0) while three separate curves (dotted) of homoclinic or heteroclinic cycles are generated at each of the associated codimension-two

points (solid dots) U-> NU — U.

(a) 7 (b)

Fig. 18. Additional global bifurcation sets for Egs. (18) and (19) including three gluipg$UJ, ) and three symmetry-switching (U- U_,)
bifurcations (dotted lines). (b) Enlargement near the codimension-two piril (—~ NU — O — U.
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5. Comparison with the PDEs

Since it is the dynamics of the PDEs that are of ultimate interest, one would like to understand how faithfully
their behavior is represented by a truncated set of ODEs. While there is no a priori reason to assume that a finite
number of modes can accurately capture the effect of the nonlinear terms, it turns out that in many problems they
do [17,20,27]. To investigate this question we have integrated the PDE system (7)—(8) using fast Fourier transforms
(FFTs) in space and a fourth-order Runge—Kutta method in time. Starting with random initial conditions, we find
that attractors for Eqgs. (7) and (8) are frequently reflection-symmetrie)(end as such are well described by
restricting to the cosine subspace. Whenever this is the case we have used initial conditions close to the cosine
subspace for ease of comparison with the results from the ODEs. In addition, numerical simulations of Egs. (7) and
(8) indicate that the influence of the higher modes is often negligible, particularly for periodic orbits and chaotic
attractors which are approximately heteroclinic. Fig. 19 shows that this heteroclinic behavior, described in Sections
2—4 within the two-mode model (18)—(19), also occurs in the full PDEs.

To examine the influence of higher modes & 1) on the dynamics we have computed|, |c1]|, and
Er’lV:2|c,,| as functions of time, after first allowing transients to die away. The solutions in Fig. 20 represent
typical chaotic attractors that can be found for= 2/9 and 15 < u < 2.8, together with the time series
representing their harmonic content. Notice that in all cases the amplitude of the higher modes (thick lines in
the right-hand set of panels) remains small, indicating that these modes do not play a significant role in the
dynamics.

While such a low-dimensional description is not unexpected for small amplitudes (i.e. near opset &)

Egs. (7) and (8) continue to be described by the two-mode truncation even relatively far from the primary bifurcation.
Notice, e.g., that fort = 2/9 andu = 1.875 (see Fig. 3a) the uniform states are unstable to at least two nonuniform
modes and one might therefore suppose that a two-mode truncation will be of dubious validity. However, we
often find that the system (18)—(19) continues to apply (see Fig. 20b and c). This increased range of validity is
likely due to the prominence of the heteroclinic bifurcation since for orbits which are approximately heteroclinic
the potentially complicated dynamics of the full PDEs are controlled mainly by symmetries and by the local
properties of the fixed points O and U where most time is spent; recall that O and U are the same in both the PDEs
(7)-(8) and the ODE model (18)—(19). Also important is the fact, mentioned in Section 2, that due to the spatial
averaging of the forcing term in Eq. (7) the origin is always stable with respect to nonuniform modes. The higher
modes are thus quickly damped under the attracting influence of the trivial state. We conclude that the evident
low-dimensional behavior of the PDEs (7)—(8) is related to the presence of the heteroclinic bifurcation involving
the origin and its associated cascades. Whenever one is relatively close to these bifurcations in parameter spac

TR
} il

tf S| -1
-1 -
p=125 =126 L/ =133 | n=136

-2 0 2 -2 0 2 -2 0 2 -2 0 2

Fig. 19. Stable periodic orbits of the PDEs with different symmetries whea 2/9. Gluing and symmetry-switching bifurcations, as in the
ODEs, appear to be present.
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20! 202 204 206 208 210

200 202 204 206 208 210
Fig. 20. Relative importance of the Fourier componentsAfee 2/9: chaotic attractor at (g) = 1.51, (b)u = 2.0, and (c)u = 2.8. The thin,
medium and thick lines correspond|t@|, |c1| and E,{V=2|c,,|, respectively.

(see Fig. 7) the dynamics will typically be dominated by the many periodic and chaotic attractors associated with
them (cf. Section 4). For parameter values outside of this regimey(exg.3 whenA = 2/9) the dynamics are

no longer heteroclinic and hence are more likely to involve other modes. Additional numerical simulations with
u 2 3.5 (not shown) confirm that the two-mode ODE model no longer gives an adequate description of the PDE
dynamics.

When A = 2/3, the value used in [7] for Fig. 1, the heteroclinic bifurcation does not actually occur (see Fig. 7),
but the dynamics may nonetheless be dominated by the various periodic orbits and related chaotic attractors which
exist in nearby regions of parameter space; gluing bifurcations still occur (see Fig. 18a) even though the full cascade
does not. Fig. 21 shows several chaotic attractorgdfer 2/3 demonstrating that the dynamics are again dominated
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Fig. 21. Relative importance of the different Fourier components when2/3 and (a)x = 1.85, (b)x = 1.925, and (cx = 3.2. The thin,
medium and thick lines correspond|t®|, |c1] andZ‘,{V:2|c,, |, respectively.

by the first two modes. As fon = 2/9, this low-dimensional behavior does not hold for all valueg @nd the
two-mode ODE model eventually fails. But in contrast to the case 2/9, whenA = 2/3 this failure can arise

for two reasons. The first failure of Egs. (18) and (19) is dueRosymmetry-breaking bifurcation, which occurs at

u ~ 3.4. In this case it is not the two-mode nature of the model that becomes inappropriate (the uniform state does
not lose stability to the = 2 mode untilu >~ 4.093) but the restriction to the cosine subspace. Fig. 22a shows a
solution, which possesses low-dimensional character but is not reflection-symmetric and is therefore not containec
in the system (18)—(19). After a narrow interval{X u < 3.46) the dynamics recover their reflection-symmetric
character, and subsequently (see Fig. 1) a second window of stable uniform states appeass for34.3. The

system becomes abruptly chaotic fo> 4.3, with many modes playing a role in the dynamics and no detectable
heteroclinic (or homoclinic) structure. This situation, however, does not persist uniformlyisamcreased even
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Fig. 22. Space—time diagrams corresponding to (a) a quasiperiodic attractor without reflection symmetsy 88 andu = 3.4 and (b) a
periodic attractor with reflection symmetry far= 2/9 andu = 3.46.

further. In particular, for = 4.65 trajectories spend a long time near the invareeh subspace@, = 0 if n is

odd), occasionally coming under the influence of unstable periodic orbits in this subspace and being briefly ejected
from the even subspace (see Fig. 23). These excursions are associated with episodic drift of the solution (type | drift
in the terminology of Martel et al.). This interesting behavior is reminiscent of the so-called blowout bifurcation
(see, e.g. [39]) but its description is beyond the scope of the present paper. In the present case, the attractor is
completely contained in the even subspace (with dynamics dominated by the first two evenimedes?, see

Fig. 24) over a moderately large interval055 u < 6.5, but loses stability, apparently in the above manney, as
decreases below ~ 5.0. We remark that blowout bifurcations provide a general mechanism by which attractors

in invariant subspaces lose stability with respect to perturbations out of the subspace.

h

Ui

il l“ Al “

460 560
T

Fig. 23. Norm of the first three modes vsfor A = 2/3 andu = 4.65. The thin, medium, and thick lines dengigl, |c2|, and|c1|, respectively.
Note the episodic excitation of the modge
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Fig. 24. Relative importance of the even Fourier modestfes 2/3 andu = 5.5. The thin, medium and thick lines corresponddsi, |c2| and
ZN lcaul, respectively.

6. Conclusions

In this paper we have examined in detail the mechanism responsible for the presence of complex dynamics in the
damped nonlocal parametrically forced nonlinear Schrédinger equation. Equations of this type arise naturally in
the nearly inviscid Faraday system, as well as in optics where they describe pulse propagation down optical fibers
with dispersion management. The results shed much light on earlier results for this equation obtained numerically
by Martel et al. [7] in the two cased = 2/3, —1. Positive values oft are in general much more interesting. We
have seen that for this problem a two-mode Galerkin truncation not only captured the dynamics of the PDEs over
a substantial range of forcing amplitudes, but also enabled us to establish that the observed behavior in the PDE
is very likely due to the presence of a heteroclinic connection between nontrivial spatially uniform states and the
trivial state. We have seen how the reflection symmetries inherited by the truncation are responsible for the cascade
of gluing bifurcations and symmetry-switching bifurcations that accumulate on the heteroclinic bifurcation from
opposite sides. We presented the results of an extensive numerical study of the truncated equations demonstratir
the presence of these cascades and establishing their scaling properties. Finally, we have used these results to fir
analogous behavior in the PDES, thereby extending the study of Martel et al. [7]. The latter paper presents extensive
reconstructions of the physically relevant field (1) from the solutions of the PDEs, indicating the various possible
types of space—time dependence that results. Identical reconstructions hold for the solutions obtained here. It mustb
emphasized, however, that these reconstructions ignore the presence of mean flows, and that such mean flows requi
the solution of a two-dimensional Navier—Stokes equation whenavet | B| [11]. This is not, however, an issue
for reconstructing the space—time behavior from the solutitins t), and the resulting space—time reconstructions
resemble Fig. 12c of [7], i.e. patterns of spatially nonuniform standing waves. All such patterns are characterized
by a plane of reflection symmetry that is preserved for all time. Since all the coefficients are known (see [6]) a
comparison with experiments is in principle possible. Unfortunately, detailed experiments under conditions where
Egs. (2)—(4) or (5) and (6) apply are not yet available. Vega et al. [6] discuss the experimental situation, and suggest
appropriate physical parameters for such experiments.

The behavior described in the present paper bears a substantial resemblance to that discussed by Rucklidge at
Matthews [27] in their study of the dynamics of the shearing instability in magnetoconvection. This system also
hasD, symmetry and exhibits global bifurcations involving both the origin (corresponding to the conduction state)
and the convective state SS. The latter state is reflection-symmetric and can undergo a pitchfork bifurcation to a
tilted convection state STC. From a symmetry point of view these states play the same role as O, U and NU in our
problem. The essential difference between our system and that studied by Rucklidge and Matthews lies in the fact
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that in our case the leading stable eigenvalues of both O and U are complex (the formetgn=tiesubspace,

and the latter in the; = 0). To our knowledge such heteroclinic connections between a pair of saddle-foci have
not hitherto been studied (this case was left essentially untreated in [27]), although homoclinic connections to a
double saddle-focus have been partially analyzed [40]. Rucklidge and Matthews discuss connections of the form
U — O — U (without encountering the STC states) including the case in which the leading eigenvalues of both O
and U are real (cf. [41,42]) and the case in which the least stable eigenvalues of O are complex angl i#a the
subspace while those of U remain real. In the latter case they identify behavior similar to ours, namely cascades of
gluing and symmetry-switching bifurcations accumulating on a heteroclinic bifurcation from opposite sides. They
point out, moreover, that in contrast to their Galerkin prediction the leading eigenvalues of the U state within their
PDEs may in fact be complex. The present paper may therefore be viewed as a detailed investigation of this very
interesting case using both general arguments based on appropriate equivariant maps, and specific computationa
results to illustrate them. In particular the involvement of the NU fixed points (a situation that appears to have little
significance for the problem studied in [27]) in the dynamics results in a number of interesting and hitherto unseen
complications.

The paper of Rucklidge and Matthews is notable in comparing not only the results from Poincaré maps with
those from a system of ODEs but also with PDE simulations. We have followed here the same approach and have
likewise been able to demonstrate the utility of both the maps and the drastically truncated Galerkin expansion
to the understanding of the dynamics initially observed in the PDEs by Martel et al. [7]. Of course, truncated
Galerkin expansions have also been used to study the effect of direct forcing on the sine-Gordon equation, a system
much more closely related to ours. Here, too, the study of the finite-dimensional system proved of substantial help
in understanding the PDE simulations [21,43]. In the limit of weak forcing and driving the resulting system is a
perturbed two-degree-of-freedom completely integrable Hamiltonian system. This Hamiltonian system is identical
to the corresponding one in the present system. In particular it posse®sesagace consisting of a circle of fixed
points each with a pair of symmetry-related homoclinic orbits. The geometric techniques that have been developed to
study perturbations of this situation [22—-25] provide a detailed picture of the complex multipulse orbits homoclinic
to slow periodic orbits or heteroclinic to fixed points, produced by the breakup of the resonance. In the present
paper we have explored a different regime, one with a much higher level of both forcing and damping. As a result
many (if not most) of the orbits created from the perturbation of the Hamiltonian case are absent. We have seen,
however, that there is a great variety of other homoclinic and heteroclinic structures in this regime, made possible
fundamentally by the pair of reflection symmetries of Egs. (20), and that the two-mode model continues to represent
these structures faithfully. As emphasized already by Bishop et al. [21,44] this is the reason for the success of the
two-mode system as a model of the PDE behavior even at substantial amplitudes. An exploration of the connection
between the nearly Hamiltonian dynamics and the ones identified here remains at present unclear, and constitutes
an interesting direction for further study.
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