NOTES ON PROJECTIVE DIFFERENTIAL (GEOMETRY
Michael Eastwood!

These are Very Rough Stream-of-Consciousness Notes for two expository lectures at the
IMA in July 2006. The finished product will have references and, hopefully, make sense!

Projective differential geometry was initiated in the 1920s, especially by Elie Cartan
and Tracey Thomas. Nowadays, the subject is not so well-known. These notes aim to
remedy this deficit and present several reasons why this should be done at this time.
The deeper underlying reason is that projective differential geometry provides the most
basic application of what has come to be known as the ‘Bernstein-Gelfand-Gelfand
machinery’. As such, it is completely parallel to conformal differential geometry. On
the other hand, there are direct applications within Riemannian differential geometry.
We shall soon see, for example, a good geometric reason why the symmetries of the
Riemann curvature tensor constitute an irreducible representation of SL(n,R) (rather
than SO(n) as one might naively expect). Projective differential geometry also provides
the simplest setting in which overdetermined systems of partial differential equations
naturally arise.

Let M be a smooth real manifold of dimension n. There are two ways to define a
projective differential geometry on M. One is geometric and intuitive. The other is
more operational and useful in practice. Their equivalence is the subject of the following
proposition.

Proposition 1 Two torsion-free connections V, and V, on M have the same geodesics
as unparameterised curves if and only if

A~

Vawb = Vawb — Tawb — waa (1)
for some 1-form Y.

Proof. Let m : T'M — M denote the tangent bundle to M and let V' denote the
vertical subbundle of T'(T'M) so that we have the exact sequence

0=V —->T(TM)— n"TM — 0 (2)

of vector bundles on T'M. The connection V, may be viewed as defining a splitting
of this exact sequence, in other words defining a horizontal subbundle complementary
to V. Each element X* € T,M then pulls back to a unique horizontal vector. We
obtain a vector field X on T'M whose integral curves define the geodesics spray of V.
To say that the connection V, has the same unparameterised geodesics as V, is to say
that the corresponding vector field A differs from X by a multiple of the Euler field
along the fibres of V.
Any two torsion-free connections are related by

A~

vaWb = VaWb - Fabcwc
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for some tensor I'y,® = I'(43)¢. This tensor defines the corresponding change of splitting
of (2). Specifically, at X* € T,M the change is given by the X“I';;°, regarded as a
homomorphism from T,M to T,M = V,. It follows that V, and V. have the same
unparameterised geodesics if and only if X*X°T,,¢ is a multiple of X¢ for all X¢. But
it is a matter of linear algebra to check that

XXX =0 for all X if and only if ') = 100" + T4, for some T,.
This completes the proof. 0

Definition 1 We shall say that two torsion-free connections V, and @a on M are
projectively equivalent if and only if they have the same geodesics as unparameterised
curves. A projective structure on M is a projective equivalence class of torsion-free
connections on M.

Proposition 1 gives an alternative, more operational, definition of projective equivalence
according to (1). From this point of view, is it also clear that a projective structure is
really a local notion (that can be patched together with a partition of unity).

To proceed further, let us now consider the consequences of (1) for other tensor
fields. For X® a vector field we have, dual to (1),

V, Xl =V, X0+ T, X"+ 1.X,°.

If wep is a 2-form (a covariant tensor we, = wiey)), then

6awbc = Vawbc - 2Tawbc - waac - Tcwba
- Vawbc - 3Tawbc + Tawbc + waca + Tcwab
= Vawpe — 3T qwpe + BT[awa]

and, more generally, for an p-form wy....q,

A~

Vawbc...d = Vawbc‘..d — (p + 1)Tawbc...d + (p + 1)T[awbc_._d}.

In particular, for an n-form wy....q. we find that

A~

Vac“)bc-ude = Va(v‘-)bonde - (TL + 1)Tawbc~~de

or, more succinctly R
Vo =V —(n+1)T,0

for a volume form o (for simplicity let us suppose that M is oriented). If we introduce the
terminology projective density of weight w for sections of the line bundle (A™)~®/(n+1),
then we see that

A~

V. =V.,o+wY,o

when o is such a density. Let us write £(w) for the bundle of projective densities of
weight w (and also for its sheaf of smooth sections). Let us also write &, for the bundle



of 1-forms and &,(w) for the bundle of 1-forms of weight w obtained by tensoring the
1-forms with £(w). For o, such a projectively weighted 1-form we find that

6(10'1, = V.05 + (w — 1)Ta0'b — Yyo,.
In particular, when w = 2 we conclude that
@a(fb =V,op+ Yoo, — Ypo, whence ﬁ(a(fb) = V(aO'b).

In other words
€a(2) 3 wa > V(aoy) € Ear)(2) (3)

is projectively invariant. Similarly

Eqa D wy — V[aO'b] S S[Qb]

is projectively invariant: this is the familiar exterior derivative d : A1 — A2,

Now let us suppose that the projective structure on M arises from a Riemannian
metric g.. A vector field X* on M said to be a Killing field if and only if Lxg., = 0
where Lx is the Lie derivative along X®. Equivalently,

V(aXp) =0, (4)

where V, is the Levi Civita connection associated to g, and the vector field X is
identified with the 1-form X, by means of the metric. Geometrically, the Killing fields
are the infinitesimal isometries of M. In the presence of the metric g4, the bundle of
volume forms A™ is canonically trivialised and so we may regard X, as having projective
weight 2 if we so wish. In this sense we have shown:—

Proposition 2 The Killing operator X +— V (,Xy) is projectively invariant.

This observation may seem a little contrived but it acquires more significance when it
is realised that (3) is the first in a natural sequence of projectively invariant differential
operators. In order the describe this sequence we need firstly to develop a little more
basic projective differential geometry and we start with some curvature conventions.
For any torsion-free connection V, on T'M, define its curvature tensor R, q by

(VaVy — Vi Vo) X = Ry X

or, equivalently,
(VaVy = ViV wa = —Rap“qwe. (5)

It satisfies the Bianchi symmetry R, = 0 and may be uniquely and conveniently
written as

Rapa = Wap a + 201“Pyjq + Bapd a, (6)

where
Wiwaq =0, Wy is totally trace-free, [y = —2P ).

If we replace the connection V, by V. is accordance with (1), then we find that

War’a = War'a,  Pap = Pap = Vo Ty + TaXs,  Bap = B + 2V, Ty). (7)
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In particular, the Weyl curvature W,;; is projectively invariant. The Bianchi identity
V[aRbc}de = 0 may be rewritten as

4V[an][05d}e - VGWCdeb + vbVVCdea = 4V[0Pd][a56]e - chabed + VdWabe(r (8)
It has the following consequences
VcWabcd = 2(n — Q)V[an]d and V[aﬁbc] == 0. (9)

Therefore, the cohomology class [3] € H?(M,R) is a global invariant of the projective
structure and the obstruction to choosing a connection in the projective class with
symmetric Schouten tensor P,,. The tensor 3., also finds a geometric interpretation as
the curvature on densities. Specifically,

(VoVe = Vi Vo)o = whyo  for o € E(w). (10)

If there is a connection in the projective class with £, = 0 (and this is always the
case locally), then we may work exclusively with such connections to obtain a more
restricted notion of equivalence. Specifically, we allow only closed 1-forms in (1). The
resulting structure is called special projective or equi-projective. The analogy with
the conformal case is stronger and many of the formulae below are simpler for special
projective structures.

We are now in a position to construct the claimed next operator in the sequence.
There is a general theory to be explained later. Here, we shall construct it ‘by hand’.
It will be a second order operator acting on &p)(2) so let us consider now V.,V hyq for
a symmetric covariant tensor hyg of projective weight 2. Under a projective change of
connection, we find

Ve = Vehng — Tyhea — Yahue

— VoVihoa = ValVehsa — Tohed — Tahve) — Yol Vehpa — Tohoa — Tahioe)
- Tc<vahbd - Tbhad - Tdhba) - Tb(vchad - Tahcd - Tdhac)
— Td(v hba — Tbhca -7 hbc)

= VoVl — 2T,V heyd — 2¥aV ahep — 2T (Ve s
— (VT =T n)hcd —(Va Td — YL a)hoe
+ 27 (whera + 2T a Y @heys + 275 T ahae,

which we may rewrite using (7) as

VoV ehpa — 2§a(bhd)c = V.Vihpg — 2Pyphaye
— 2T,V (aheya — 2T aVghey — 2T Ve hyg
T bt 2T oy 2, Tt

It follows straightforwardly that
(VVe) + Placy)hea — (Ve Ve) + Py ) had — (V(aVay + Plaa) hoe + (Ve Va) + Poa)) hac

is projectively invariant. Notice that the resulting tensor r.,.q has the symmetries of
the usual Riemann tensor:—

Tabed = —Thacd;  Tabed = —Tabde, Tabed T Toecad + Teabd = 0.
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Next, it is easily verified that if r4;.s has Riemann tensor symmetries and is of projective
weight 2, then
Tabed v[arbc]de

is projectively invariant (cf. Bianchi identity).
TRACTORS

We define a canonical rank n + 1 vector bundle £4 on M as follows. For each choice of
connection in the projective class £4 is identified as a direct sum

Ea=E(1) ®Ea(L).

Under change of connection (1), however, this splitting changes accordingly

()= (e )

Notice that there is a canonical exact sequence
0—&(l) = &4 — E(1) — 0.

The bundle €4 is called a tractor bundle and comes equipped with an invariantly defined
connection. For a particular connection V, in the projective class define

v o _ Va0 — Ut
“ Vatty +Papo )~

It is straightforward to check that this definition is projectively invariant:—

= g = g
Va = V,
[ Ha ] [ My + Tba ]
ﬁaa — (ptg + Yo0)
Va(,ub + de) + PabU
- Voo + Yoo — (g + Yo0)
Va(,ub + de) — Tb(ua + Ta0'> + (Pab — VaTb + TaTb)O'
_ ( Va0 — lg
Va,ub + Tbvao- - Tbﬂ/a + Pabo-
_ ( Va0 — pg
Va,ub + Paba + Tb(vaa - ,ua)

—

() o{)
Vapp + Papo N )




The curvature of the tractor connection is easily calculated:—

o _ Vo — 1y
VeV [ e ] = Ve [ Vipe + Pyeo ]

= ( vd(vba - ,Ub) - (Vb,ua + Pbaa) ]
\ va(vb,uc + Pbca) + Pac(vba - /jlb)
. g _ ( (Vavb - vaa>a - Pbao' + Paba
— <VaVb vaa) [ c ] N L (vavb - vbva),uc + Q(V[apb]c)a - 2N/[bPa]c ]
_ ( 5{11)0 + 2P[ab}o— ]
L _Rabdcﬂd + ﬁab,uc + 2<v[an}c)O— - QM[bPa}c .

However, from (6) we obtain
Rabdc,ud = (Wabdc + 25[ade]c + ﬂab5dc)ud = Wabdc,ud + QM[an}c + ﬁab,uc-
Also, recall that G, = —2P4,. Therefore,

o 0
ViV, = ViV, = ‘
( ’ V) [ Pe ] [ ~Wap’epta + 2(ViaPic)o ]

Of course, this curvature must be projectively invariant: it is easily verified that
ﬁ[aﬁb]c = v[an]c + %Wabdch. (11)
Proposition 3 The tractor connection s flat if and only if

Wabcdzo anZS
ViePye =0 ifn=2.

Proof. If n > 3 and Wy°; = 0, then (9) implies that V[,Py). also vanishes. When
n = 2, however, the Weyl curvature automatically vanishes by symmetry considerations
and (11) says that the Cotton-York tensor V,Py is projectively invariant. a

RELATE TO Cartan connection and other tractor bundles.
There are induced connections on all tractor bundles. For example

A25A = S[AB] = ga(2) + 5[(1(,](2)

Oq . Oq
Hab pap + 2T g0y

and inherits a canonical tractor connection defined by

v o | _ Va0y — pab
¢ Hbe Va,ch + 2Pa[b00}

with curvature given by

transforms by

d
O¢ —Wab cOd
V.V, — VY. — . : 12
( b b ) [ Lhed ] [ 2Wap [Cud]e—l—él(v[apb][c)dd] ] ( )
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BLURB about PROLONGATION and OVERDETERMINED stuff.
We may prolong the Killing equation (4). To compare with tractors, let us write o,
instead of X,. Then (4) may be written as
vaab = Hab
for some skew tensor fi,. Since o, has weight 2, from (5) and (10) we find
(VaVy = Vi Vo)oa = —Rap a0 + 28404
whence
v[a,ubc] = V[aVbUc] = ﬁ[abo-c]a
which we may rewrite as
va,ubc - vc,U/ba - vb/vbca + 3ﬁ[abo-c]
= V.Vyo, — Vi Veo, + 3/6[abac]
= Rbcdaad - 2ﬁch-a + 3ﬁ[abo-c]
= Rbcdaad - 6bco'zz + 26&[120-6]'

However, from (6) we find that
Rbcdao-d = (Wbcda + 25[deC]a + Bbc(;da)o'd

Wbcdaad + 20[bPC]a + ﬁbcaa
= Wbcdaad - 2Pa[bac] - 2ﬁa[bo-c] + 612(:0-(1-

Therefore,
vcL,Mbc = Wbcdao-d_2pa[b0-c]

and we conclude that Killing fields are equivalent to parallel sections of the connection

D o | _ Va0y — ab
¢ Mo Va,ubc + 2Pa[bac] - Wbcdaad .

Somewhat unexpectedly, this is not the tractor connection on &pc. Specifically,

Jp Oy 0
D, =V, — .
[ Hbe ] [ Hbe ] [ Wbcdagd ]

The curvature of the connection D, is

v () = o) o (i)
- ¢ 0 0
= VeV \ /jcd ) Weta(Vooe — pine) ] e [ Wed“so ]
( ) ( - ‘
= VeV L ,5; ) chea(vl?ae—ﬂbe) ] - [ VG(I;[/[/;;::UZ) ]
( ( — ¢
= VeV L /jccd ) 2che(aVb)Ue—Wc§§aZi:+(Vacheb)Ue ]
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Therefore, bearing (12) and some Bianchi symmetry in mind,

0
(Dan - DbDa) [ :cd ] = [ 2Wabe[c,ud]e + 2ch6[a,ub]e
‘ + 4(v[an][c)0d] - (vacheb)Oe + (vchdea>Ue

Notice that the Bianchi identity (8) implies that the tensor
Tabed = QWabe[cﬂd]e + 2ch€[a,ub]e + 4(v[an][c)Ud] - (vacheb)Ue + (vchdea)Ue
has the symmetries of the usual Riemann tensor.

BGG IN FLAT PROJECTIVE CASE

The one we've been discovering by hand is

Xo = Vi Xy
hay = VVihya — VaVighye
Tabed = V[aT be]de
Bavedze '+ ViaBieqes
and here are their homes as Young tableau -

[ ANy Yy A AN o,y N

where these tableau denote representations of SL(n,R). But better are the bundles on

* *
R" < RP, = SL(n + 1,R)/
0 GL(n,R)
namely (case n = 5):—
01000 01000 —22000 —40200 50110
— /
a finite-dimensional representation of SL(6,R)  —6 0 1 01 -7 0 1 0 0

— X—eo—0-o0-90 — ()

(= linear elasticity complex when n = 3) and, in general (for n = 5),

a b c d e a b c d e vetl —a—2 a+b+1 ¢ d e —a—b—3 a bt+ct+l d e
0—>.—H-.—.—)>€’.°m————> X—e—0—0—90 — X—e—0—0—0

S/

-~
a nice overdetermined linear differential operator

!

—a—b—c—4 a b c+d+1 e —a—b—c—d—5 a b c¢ d+e+l —a—b—c—d—e—6 a b ¢ d
X o oo o — X— o oo — X—eo-0-90-90 — (.



